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1. Introduction

The study of quantum groups was initiated by Kulish and Reshetikhin in [11] and
developed independently by Drinfeld [2] and Jimbo [8] in the 1980s. Over the past three
decades, the area has seen major activity in various directions.

Quantum groups are deformations of universal enveloping algebras of Lie algebras.
More specifically, if F' is a field of characteristic zero, then by a quantum group we
understand a topologically free Hopf algebra Uy, over the ring F[[A]] of formal power series
in F', such that, over F, the quotient Uy /hU} is isomorphic to the universal enveloping
algebra U(g) of some F-Lie algebra g. In [3] and [4], Etingof and Kazhdan constructed
their quantization functors, thereby establishing an equivalence of categories that relates
the problem of classifying quantum groups to that of classifying Lie bialgebras over F[[A]].
If g is finite-dimensional, the problem can largely be reduced to the classification of Lie
bialgebra structures on the scalar extension gp((x) of g to the field F'((7)). This spurred
the motivation to classify Lie bialgebras over fields of characteristic zero which are not
algebraically closed.

Over algebraically closed fields, Lie bialgebra structures on simple Lie algebras have
been classified by Belavin and Drinfeld [1]. Over non-closed fields, results have been
obtained by Stolin and co-authors, upon introducing a cohomology theory known as
Belavin—Drinfeld cohomology. This descent-type method resembles that of Galois co-
homology, and has been applied to various split Lie algebras over fields which are not
algebraically closed. The aim of this paper is to extend it to non-split Lie algebras. We
investigate the situation for such algebras of type A.

More specifically, over a field F' of characteristic zero with a quadratic field exten-
sion K = F(\/d), we consider the Lie algebra su(n, F,d) of all A € sl(n, K) satisfying
ar + A = 0, where the conjugation A — A is induced by the non-trivial element of the
Galois group Gal(K/F'). We then ask when a Lie bialgebra structure on sl(n, K) descends
to su(n, F, d), and study the behaviour of these structures. Over the algebraic closure F,
any such structure is a coboundary Lie bialgebra, gauge equivalent to the coboundary of
Argp for some A € F and a non-skew symmetric r-matrix rgp in the Belavin—Drinfeld
classification. We prove that there are three possibilities for \; namely, up to a scalar
multiple in F, we have A = 1, A = v/d and X\ = V/d for some d' € K* \ K*?. We will
refer to these three types of Lie bialgebra structures as basic, quadratic and twisted, re-
spectively. In the quadratic and twisted case, we show that such Lie bialgebra structures
exist only if rpp is essentially of Drinfeld—Jimbo type. Our investigation is particularly
detailed in the quadratic case, where the Drinfeld double of the Lie bialgebra is sl(n, K)
itself. There we achieve a classification of these Lie bialgebra structures for r-matrices of
Drinfeld—Jimbo type, over fields of cohomological dimension at most 2, as well as over
function fields in at most 2 indeterminates over real-closed fields.

The paper is organized as follows. In Section 2 we give the necessary preliminaries and
then focus on preparing the setting for the definition and characterization of the necessary
cohomology theory in the case where the Lie bialgebra is of quadratic Drinfeld—Jimbo
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type. We then derive the cohomology theory in Section 3. In Section 4 we use quaternion
algebras to give a construction of certain cocycles over arbitrary fields of characteristic
zero. This enables us to accomplish, in Section 5, a fairly explicit classification over
several classes of fields, linking the problem to Pfister’s theory of quadratic forms and
Hilbert’s Seventeenth Problem. In Section 6 we consider structures of basic type, and
set up the Belavin—Drinfeld cohomology. We get a classification of Lie bialgebras of
Drinfeld—Jimbo type, and structural results for the other types. In Section 7 we finally
consider the twisted case, showing that Drinfeld—Jimbo Lie bialgebras are essentially the
only ones possible, and deriving a cohomology theory in this case.

2. Preliminaries
2.1. Lie bialgebras and r-matrices

Let G be a finite-dimensional reductive algebraic group over a field F of characteristic
zero, and g = (g,[,]) the semisimple part of Lie(G). A Lie coalgebra structure on g is a
map 4 : g — g® g such that its transpose is a Lie algebra structure on the dual space g*.
If 6 moreover satisfies the cocycle condition

d([a,b]) = (adq ® 1 + 1 ®@ad,)d(b) — (adp ® 1 + 1 ® adp)d(a)

for any a,b € g, then (g,[,],9) is called a Lie bialgebra. Abusing notation, we will speak
of g as a Lie bialgebra, suppressing the algebra and coalgebra structures whenever they
are understood. Two Lie bialgebra structures §; and 5 on (g, [,]) are called equivalent if
there exists A € F* and X € G(F) such that

5y = MAdx ® Adx)éy,

and gauge equivalent if this holds with A\ = 1. A Lie bialgebra (g,[,],d) is called a
coboundary Lie bialgebra if § = Or for some r € g® g, viz.

0(a) = —(ad, ® 1 + 1 ®ad,)r

for all a € g. Embedding into the universal enveloping algebra of g, will often write this
in the form

0(a)=[r,a®1+1®a].

We will use the term (gauge) equivalent referring to r-matrices whose coboundary Lie
bialgebras are (gauge) equivalent. Note that both equivalence and gauge equivalence
depend on the field of scalars.

Over algebraically closed fields, it is known that every Lie bialgebra structure on a
finite-dimensional simple Lie algebra g is a coboundary Lie bialgebra structure dr where
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r is an r-matrix, i.e. a solution to the classical Yang—Baxter equation CYB(r) = 0, which
further satisfies that r +r2! is g-invariant, where r2! = > b;®a; whenever r = > a; ®b;.
The Yang-Baxter operator CYB : g®? — g®3 is defined by

CYB(r) = [r12,713] + [r12,723] + [113,723],

where the commutator is that of the tensor power of the universal enveloping algebra,
and the notation r;; is defined by setting e.g. (¢ ® b)13 = a ® 1 ® b, and extending by
linearity.

Belavin and Drinfeld achieved, in [1], a classification of such r-matrices. Let g be
a finite-dimensional simple Lie algebra over an algebraically closed field F, and fix a
Cartan subalgebra b of g with an orthonormal basis {h;}, a root system A and a subset
AT of positive roots. Write e,, for the Chevalley generator corresponding to oo € A, € for
the Casimir element, and Qg for its h-component. An admissible triple is then a triple
(T'1,Ty,7), where T'y and 'y are subsets of the set ' of simple roots, and 7 : I’y — T’y
is an isometric bijection such that for each a € 'y there is k € N such that 7%(a) ¢ Ty.
The Belavin—Drinfeld classification then reads as follows.

Theorem 2.1. Fvery Lie bialgebra structure § on g satisfies 6 = Or for some r-matriz r.
If r is not skewsymmetric, then r is equivalent to

TBD =T0 +T1

where o € h ® b satisfies ro + 13t = Qo, and for some admissible triple (T1,Ta,T),

ry = Z eqa ®e_q+ Z Z ea N e_rk(q)

acAT a€Span(I'y)* keEN

and
Va el : ((a) ®Id +1d ® a)(rg) = 0.

Remark 2.2. We call any such r-matrix rgp a Belavin—Drinfeld r-matriz. Whenever we
write rgp = 1o + r1, this will refer to the decomposition above.

For the most part, we shall focus on a particular such r-matrix, namely the standard or
Drinfeld—Jimbo r-matrix which, in a sense, is the simplest case. Fixing b, {h;}, A and AT,
and writing e, as above, the associated Drinfeld—Jimbo r-matrix is

TDjzlzhi(g)hi—i— Z ea ®e_q.
2 % aeAt

For the remainder of the paper, we fix a field F of characteristic zero having a quadratic
extension K, and fix d € F*\ F*? with K = F(v/d). When additional assumptions are
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made on the field, these will be stated explicitly. All algebras and bialgebras are assumed
to be finite-dimensional over their respective ground fields.

The non-identity element of the Galois group Gal(K/F) maps z = a + bV/d to its
conjugate Z = a — bv/d for any a,b € F, and extends in the usual way to gl(n, K) for
any positive integer n. We let N : K — F denote the norm function, which is given
by N(z) = zz. For any n, we consider the F-algebraic group U(n,d), whose group of
rational points is

U(n,d)(F) = {X € GL(n,K) : X' X =1}
and the corresponding simple Lie algebra
su(n, F,d) = {A €sl(n,K): A" +A=0}.

This generalizes the well-known su,, = su(n,R, —1).
We will henceforth write g for su(n, F, d). Extending scalars to K and writing gx the
corresponding extension K ®p g of g, we see that gx = sl(n, K).

Remark 2.3. When n > 2, the algebra g = su(n, F, d) is never split: indeed sl(n, F') is the
F-subalgebra of sl(n, K) on which A + A acts as identity, while g is the F-subalgebra
on which A — A coincides with the outer automorphism A — —AT. For n = 2, this
automorphism is given by conjugation by ¥ = (7(1) (1)), and su(2, F,d) is split if and
only if —1 is in the image of the norm map N : K — F. (This is seen e.g. upon
computing its Galois cohomology class, which, it appears, is trivial if and only if there
exists B € GL(2, K) such that B~ B is a scalar multiple of ¥, which is possible precisely
when the scalar can be chosen to have norm —1.)

Let 6 be a Lie bialgebra structure on g. Extending scalars to an algebraic closure F'
containing K, we obtain a Lie bialgebra structure éz on g = sl(n, F). By the above
there exists \ € F*, X € GL(n, F) and a Belavin-Drinfeld r-matrix 7zp such that
0 = Or with

r = AMAdx ® Adx)(rBD).

However, the converse is not true, i.e. not every choice of A\, X and rgp is such that Or
descends to a Lie bialgebra structure on g.

A first step is to determine those values of A for which Or descends to gx. This was
done in [16] and gives the following necessary conditions.

Theorem 2.4. Let 6k be a Lie bialgebra structure on sl(n, K) with Drinfeld double D.
Then D satisfies precisely one of the following conditions.

(1) D ~sl(n, K)® K2. Then 65 = Or where r = \(Adx ® Adx)(rgp) for some A € K*,

X € GL(n, F) and with rgp a Belavin-Drinfeld r-matriz over F.
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(2) D ~ sl(n,K) ® K(Vd') for some d € K*\ K*>. Then g = Or where r =
MWd' (Adx ® Adx)(rpp) for some A € K*, X € GL(n, F) and with rpp a Belavin—

Drinfeld r-matriz over F.
(3) D ~sl(n,K)® K[e] with € = 0.

We refer to [5] or [16] for the definition of the Drinfeld double of a Lie bialgebra.
Throughout, we will use the notation X* = X" and (XY) = X @Y for any
X,Y € gl(n, K), which we extend to gl(n, K) ® gl(n, K).

Remark 2.5. An r-matrix s € g7 ® gz defines a Lie bialgebra structure on g if and only
if for all a € g there exists b € g ® g such that

b=1[s,1®a+a®1].

Since b and a are invariant under the action induced by any o € Gal(F/K), we find that
for any such o, s — o(s) commutes with 1 ® a +a ® 1 for all a € g. Noting further that
b* = b and applying * to both sides, we get

b=[1®(—a)+ (—a)®1,s*] = [s*,1®a+a®1].

Thus s — s* commutes with 1 ® a + a® 1 for all a € g as well. Since gz has an F-basis
consisting of elements in g, this implies that

Vo € Gal(F/K):s—o0(s) € FQ and s—s* ¢ FQ.

Conversely, if s satisfies these two conditions, then for all @ € g, [s,1 ® a + a ® 1] is
invariant under any o € Gal(F/K) and under *. Using the fact that g has an F-basis
consisting of elements in g, one then deduces that [s,1®a+a® 1] € g® g.

To determine the possible values of A for which one also has a Lie bialgebra structure
on g, the following result from [10] is useful.

Lemma 2.6. If r and r' are non-skewsymmetric r-matrices satisfying r + r** = X\Q and
' =1 — uf, then either u =0 or p = A.

The above remark asserts that if ¢ is a Lie bialgebra structure on g such that 6z = 0r,
then r satisfies

r* =r—puQ and (7“21)* =72 — 40 (2.1)

for some p € F. Theorem 2.4 then implies that, since in particular dr should define a
Lie bialgebra structure on gg, then either p € K or u = j for some j € F satisfying
j2 € K and j ¢ K. The next result refines this under the condition that dr defines a Lie
bialgebra structure on g.
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Proposition 2.7. Assume that § is a Lie bialgebra structure on g with 6 = Or. Then
r = MAdx ® Adx)(rgp), where rgp is a Belavin-Drinfeld r-matriz, X € GL(n, F),
and where X € F satisfies one of the following conditions.

(1) X e F,
(2) A= cVd for some ¢ € F*,
(3) A= d' for some d' € F*\ F*d.

We shall refer to Lie bialgebra structures corresponding to these three cases as basic,
quadratic and twisted, respectively.

Proof. By Theorem 2.4, we know that the statement holds either with A\ = o 4+ 8v/d or
A¢ K and A2 =a+ Bvd, where o, 3 € F. In either case,

r+r?t =\ (2.2)

Let us first consider the case where A = a+ $v/d € K. Then (2.1) applies with p € F,
and adding these two equations and applying (2.2) we get

A—A=2u,

whence 1 = Svd. On the other hand, by Lemma 2.6, either x = 0, implying A = a,
or u = A, implying A = 8v/d. Thus if (2.2) holds with A € K, then X satisfies item (1)
or (2).

Consider next the case where A ¢ K and A\ = v/d’ with d’ = a + v/d. Then ) is an
element of the splitting field K’ of the polynomial (X? —«)? — 3%d € F[X]. The element

of the Galois group Gal(K’/F) defined by v/d — —v/d sends A to A = \/a — 8v/d. As in
the previous case we add the equations in (2.1) and apply (2.2), obtaining

A—X:Qu,

and apply Lemma 2.6. If u = 0, then N = A, and upon squaring one gets § = 0 and
diy = a. If p = )\, then A = =\, then squaring again gives § = 0. (However this then
implies that o = 0 as well, which is impossible.) Thus A\? € F*, and item (3) applies. O

2.2. Quadratic DJ-Lie bialgebra structures

We shall consider at some length Lie bialgebra structures § on g such that é5 is a
coboundary bialgebra structure with r-matrix A(Adx ® Adx)(rpys) with A satisfying
item (2) above. We call any § satisfying these conditions a quadratic DJ-Lie bialgebra.
Note that we may assume that in fact A = v/d, since non-zero F-multiples give equivalent
Lie bialgebra structures.
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We begin by giving a construction of 7 = v/drpy using a Manin triple in a convenient
way. For the next lemma, we write g for the image of the embedding g — gk, z — 1®x.
Moreover we set

g_:{AegKVZAHGF/\(]<Z:>AZ]:0)}
Finally, we define the F-bilinear form (,) on gx by
(A4 VdB,C + VdD) = 2ntr(AD + BO)

for all A, B,C, D € g,. Note that if x denotes the Killing form on gg, then (A + VdB,
C +VdD) = j3, where k(A + VdB,C + VdD) = o+ 8v/d with a, € F.

Lemma 2.8. The triple (gx,8+,9-) is a Manin triple with respect to the form (,). In
particular, the Drinfeld double of g is isomorphic over F to g .

We recall that a triple of Lie algebras (g', ¢, ,¢") is a Manin triple with respect to a
non-degenerate bilinear form b on g’ if g/, and g’_ are b-isotropic Lie subalgebras of g’
with g' = g/, ® g’ as a vector space.

Proof. It is clear that gy and g_ are F-Lie subalgebras of gx having trivial intersection,
and counting dimensions one verifies that gx = g+ ® g— as a vector space. It remains to
be shown that (,) is non-degenerate and that g4 and g_ are isotropic. Let X € gx. By
Cartan’s criterion there exists Y € gx such that x(X,Y") # 0, and then either (X,Y) # 0
or (X,V/dY) # 0, whence the form is non-degenerate. On the other hand if X € g Ug_,
then each diagonal entry of X2, and hence the trace of X2, is in F, whence (X, X) = 0,
showing that g4 and g_ are isotropic. O

Given a Lie bialgebra structure § on a Lie algebra g;, the Drinfeld double
D =D(g4,0) is, as a vector space, equal to g4 @ g% . The triple (D, g4, g% ) is a Manin
triple, where the bilinear form is the usual duality pairing, extended to D by being
isotropic on g4 and g% . Conversely, given a Manin triple (g’,g/,, g’ ), one can construct
a Lie bialgebra structure on g4. This gives a well-known one-to-one correspondence
between Manin triples and Lie bialgebra structures.

The above lemma provides us with a Lie bialgebra structure on g, as follows. Fix the
Cartan subalgebra hx C gx of diagonal matrices with orthogonal basis {h; : 1 < i < n},

where
i
hi = Ejj = i)
j=1
and let A be the corresponding root system. Let {a1,...,a,} be the set of positive

roots and write e,, and e_,;, respectively, for the upper triangular and lower triangular
K-basis element of gx corresponding to each a;. Then an F-basis for g is given by
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B+ = ((\/Ehl)?;llv (6047‘ — €—q; );'n:lv (\/E(eaj + e*aj));'nzl) )

and an F-basis of g_, dual to the above with respect to (,), is given by
1 1 n—1 \/_ m m
B_ = m (H_—ighi)izl (= deaj)j:u (eaj)j:]. .

Setting r = ZeeB+ e ® €', where for each e € By, ¢ € B_ is the unique vector not

orthogonal to e, we find that r = V/drp .
The following result is well-known and describes the centralizer of r.

Proposition 2.9. The centralizer C(rpy) of rpy, i.e. the set of all M € GL(n, F) such
that (Adpy ® Adpr)(rpg) = rpy, consists of all diagonal matrices.

As a consequence, the same holds for 7 = Vdrp .
3. Belavin—Drinfeld cohomology

We are thus interested in classifying, up to gauge equivalence over F', those Lie bial-
gebra structures § on g that, upon extending scalars to F, become gauge equivalent
to Vdrpy. Our tool will be a descent-type argument using certain cohomology sets
which we shall introduce. For notational convenience, we continue to write r for vV/drp..
The following result implies that we need only extend scalars to K for any two such
bialgebra structures to become isomorphic.

Lemma 3.1. Let X € GL(n, F'), and assume that (Adx ® Adx)(r) defines a Lie bialgebra
structure on gi . Then

(Adx ® Adx)(r) = (Ady ® Ady)(r)
for some Y € GL(n, K).

The condition that (Adx ® Adx)(r) defines a Lie bialgebra structure on gy is clearly
necessary for it to define a Lie bialgebra structure on g ~ g4 C gg.

Proof. If (Adx ® Adx)(r) defines a Lie bialgebra structure on gg, then we have, for any
o € Gal(F/K),

(0 ®0)((Adx ® Adx)(r)) = (Adx ® Adx)(r) + af
for some o € F. A standard computation then gives o = 0. Since (0 ® o)(r) = r, the left

hand side equals (Ady(x) ® Ad,(x))(r), and altogether X'o(X) e C(r). AsrT=drpy
and o fixes V/d, it follows that X 'o(X) € C(rpy), whence X 'o(X) is diagonal. By
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an argument similar to that of Lemma 2 of [9] we conclude that XD € GL(n, K) for
some diagonal D € GL(n, F). The claim follows as the r-matrices (Adx ® Adx)(r) and
(Adxp ® Adxp)(r) are equal. O

Our next concern is thus to determine precisely which X € GL(n, K) give rise to
r-matrices which define Lie bialgebra structures on g. This is the content of the following
result.

Theorem 3.2. Let X € GL(n, K). Then (Adx ® Adx)(r) defines a Lie bialgebra structure
on g if and only if X*X = D for some diagonal D € GL(n, F).

Proof. By Remark 2.5, an r-matrix s € gx ® gx defines a Lie bialgebra structure on g
precisely when

s—s"=af)
for some o € K. Thereby
S91 — 851 = af)

holds as well. (We write the superscript 21 as a subscript to enhance legibility.) If now
s = (Ady ® Adx)(r) for some X € GL(n, K), then using rps + r%,; = Q, we find

5 — 8"+ 591 — 55, = 2VdQ,

which combined with the above gives a = v/d. Now since r%,;, = r2}, = Q — rpy, and
moreover Ady ® Ady fixes Q for any Y € GL(n, K), we get

s = VdQ+ s*
= XoX)rps/(X1eX Y = (X* ToX* Vrpy (X teX )
<~ (Adx*X ®AdX*X)(rDJ) = TDyJ,

which is equivalent to X*X = D for some diagonal matrix D € GL(n, K), since the
centralizer C(rpy) of rp s contains no non-diagonal elements. Any such matrix D satisfies
D € GL(n, F), since for each 1 <i <n

(X*X)ii = Y N(Xpi).
k
This concludes the proof. O
This in fact re-proves that r itself induces a Lie bialgebra structure on g. The above

result paves the road for introducing the following tool for the problem of classifying Lie
bialgebra structures on g.
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Definition 3.3. We say that X € GL(n, K) is a diagonal type Belavin—Drinfeld cocycle, or
cocycle for short, if X*X = Dy for some diagonal Dx € GL(n, F'). The set of cocycles is
denoted by Z,(r, F,d). Two cocycles X and Y are cohomologous if Y = QX D for some
Q € U(n,d)(F) and diagonal D € GL(n, K). The set of cohomology classes is denoted by
Hl(rpy,F,d). If c € H(rpy, F,d) is a cohomology class and D € GL(n, F) is diagonal
and satisfies D = Dx for some X € ¢, we say that D represents c.

The assignment X — 9((Adx ® Adx)(r)) thus defines a map F from Z,(r, F,d) to the
class of all quadratic DJ-Lie bialgebra structures on g. From the definition of equivalence
and the description of the centralizer of r it follows that two cocycles X,Y € Z;(r, F,d)
are cohomologous if and only if F(X) and F(Y) are gauge equivalent. (Note that if
F(X) and F(Y) are gauge equivalent, with Y = QXD as above, then it follows that
D € GL(n, K).) This proves the following.

Proposition 3.4. There is a one-to-one correspondence between Hé (rpg, F,d) and gauge
equivalence classes of quadratic DJ-Lie bialgebra structures on g.

The cohomology condition can be further simplified as follows.

Lemma 3.5. Two cocycles X and Y are cohomologous if and only if Dx = DDDy for
some diagonal D € GL(n, K). In particular, each diagonal D € GL(n, F') represents at
most one cohomology class.

Proof. If two cocycles X and Y are cohomologous, say with Y = QXD with @ and D
as above, then

Dy =Y*Y = D*X*Q*QXD = DDDx.

(This is in fact equivalent to (Dx),; belonging to the same coset as (Dy );; in F*/N(K*)
for each 1 < i < n.) Conversely, if Dy = DDDyx, then Q = YD 'X~! satisfies
0*Q0=1. O

Note that in general, not every diagonal matrix Dy represents a cohomology class.
For example if FF = R and d = —1 (whence g is the ordinary su,-algebra), then every
diagonal element of X*X is a sum of Euclidean norms, whence no diagonal matrix D
with negative entries satisfies Dy = Dx.

On the other hand, if the field F' is such that we can determine the class C(F) of all
Dy that represent a cohomology class, then, loosely speaking, we obtain a classification
upon factoring C(F') by copies of N(K™*) in a suitable fashion. The main task is thus
to determine, for each Dy, whether Dy = Dx for some cocycle X. We will fulfill this
task over a large class of fields to be specified later. The main step is proving a sufficient
condition on Dy over any field of characteristic zero, in terms of quaternion algebras.
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4. Quaternion algebras

Let a,b € F*. The quaternion algebra (a,b) r is the four-dimensional unital associative
F-algebra with basis {1,4, j,4j} and multiplication given by 1 being the unity and by
i =a, j2 =05, and ji = —ij.
(As before, we assume that charF = 0. The definition, however, works for any field
of characteristic different from 2.) The prototypical example is Hamilton’s real division
quaternion algebra (—1,—1)g discovered in 1843. Quaternion algebras over arbitrary
fields have been extensively studied since, and we shall only recall those results which
will be needed for our purposes. A thorough account can be found in e.g. [7]. The algebra
A = (a,b)F is equipped with a multiplicative quadratic form @, known as the norm form
of A, given in the basis above by

Q(z1 +yi + zj +wij) = (2% — ay®) — b(2? — aw?).

This is indeed a 2-Pfister form (see Section 5.2), and there is in fact a one-to-one corre-
spondence between quaternion algebras and 2-Pfister forms over F'.

The linear span of {1,i} is a commutative subalgebra of (a,b)r. If a ¢ F*?, then this
subalgebra is a quadratic field extension of F' isomorphic to F'(1/a). The restriction of the
norm form to this field extension is the usual field norm. In general, given a € F* \ F*2,
a quaternion algebra A over F contains F(y/a) as a subalgebra if and only if A ~ (a,b)F
for some b € F*.

Every quaternion algebra A is central simple (i.e. the centre of A is F'1 and A has no
proper non-trivial two-sided ideals). Thus A defines an element [A] in the Brauer group
Br(F), whose elements are all Brauer equivalence classes of central simple F-algebras,
with multiplication induced by the tensor product over F'. Recall that any central simple
F-algebra A becomes isomorphic to the matrix algebra M, (F) for some n = n(A) € N
upon extending scalars to an algebraic closure. Two central simple algebras A and B are
called Brauer equivalent if A ®@p M, (F) ~ B ®p M, (F) for some m,m’ € N.

4.1. Belavin—Drinfeld cohomology and quaternion algebras

Our first use of quaternion algebras will be to elucidate the structure of the coho-
mology introduced above. For each n > 0, let Q"(F,d) be the class of all n-tuples of
quaternion algebras over F that contain a subalgebra isomorphic to K = F(v/d). Con-
sider the map G : Zy(rps, F,d) — Q(F,d)™ defined by mapping the cocycle X to the
n-tuple ((d,d1),...,(d,d,)), where diag(dy,...,d,) = Dx. The following result shows
that cohomology classes correspond to isomorphism classes of quaternion algebras.

Proposition 4.1. Let X,Y € Zy(rpy, F,d). Then X andY are cohomologous if and only
if G(X) ~G(Y).
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Here, two n-tuples (Ay,...,A,) and (4],..., A") of quaternion algebras are said to
be isomorphic if for all 1 <4 <n, A; ~ AL

Proof. By Lemma 3.5, X and Y are cohomologous if and only if Dy = DDDx for some
diagonal D € GL(n,K). If Dx = diag(ds,...,d,) and Dy = diag(dy,...,d,,), this is
equivalent to the statement that

Vie {1,...,n},did;t € N(K*),

since each diagonal element of DD is of the form pp = N(p) for some p € K*. Now it
is known that two quaternion algebras (a,b)r and (a,d’)r are isomorphic if and only if
Vb1 € N(F(y/a)*). Thus X and Y are cohomologous if and only if their images under
G are component-wise isomorphic, as desired. 0O

4.2. Existence of cocycles and nested quaternion algebras

The map G is in general not surjective since, as remarked earlier, not every diagonal
matrix arises as Dx for some cocycle X. We will therefore give a sufficient condition for
a diagonal matrix to satisfy this, in terms of norms of quaternion algebras. While we do
not know of a necessary condition over general field, the condition we will give will be
enough to obtain a classification over an important class of fields.

Let n be a positive integer and A = {dy,...,d,} C F*. We call A norm closed or,
briefly, closed if [[,c A di € N(K), and quaternionically nested if

1—1
Jdo €8, :Vie{l,...,n} : dy) is the norm of some q € (d, H dg(k)> ,
k=0 F

where S, is the symmetric group on {1,...,n}, and where we set dg = —1 and extend
o to {0,...,n} by o(0) = 0. By definition of the norm of a quaternion algebra, the
property of being quaternionically nested amounts to saying that for each i € {1,...,n}
there exist x,y € K such that

i—1
N(z) + N(y) H do(k) = do(i)-
k=1

We are interested in finite subsets I C F™* such that
every norm closed subset of I is quaternionically nested. (Q)
Note that this property trivially holds for all I over fields where the norm of every

quaternion algebra is surjective, as is the case over p-adic fields and, more generally,
fields of cohomological dimension at most 2. We can now prove the following.
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Theorem 4.2. Assume that D = diag(ds,...,d,) € GL(n, F) where {ds,...,d,} is norm
closed and satisfies property (Q). Then there exists a matrix X € GL(n, K) satisfying
X*X =D.

If two finite sets I and J of F* are norm closed with I C J, then J \ I is closed.
Tterating this process, one can partition {dy,...,d,} into closed subsets, none of which
contains a proper, non-empty closed subset. If for each such set I = {d;,,...,d; } we
can construct Xy such that XjX; = diag(d;,,...,d;, ), then the block-diagonal matrix
X with blocks X; will satisfy X*X = D.

Proof. In view of the above remark, we may assume that {dy, ..., d,} contains no proper,
non-empty closed subsets. We may also assume, upon renumbering the diagonal elements
of D, that o is the identity permutation.

We will construct the rows x; of X™* inductively. Note that X*X = D is equivalent to
(x4, ;) = 0;;d;, where the F-bilinear pairing (,) : K™ x K™ — K is defined by

1 n 1 N Ty
((#0, ™), (1)) = S alPa®.
k

In particular

(z5,2;) = ZN (xl(-k)> .

k

If n =1, then dy = N(a;) for some a; € K, and setting X = a;, we are done.
If n > 1, then we set

Tr1 = (a1,a2,0,...,0)

where ay, a9 € K satisfy N(a1)+ N(a2) = di. Such a1 and ag exist by property (Q), and
then (z1,21) = dy. If n = 2, then dy = N(uq1)d;, and setting

Ty = pi(—ar, az),
we are done. If n > 2, then by property (Q) there exist p1,as € K such that
N(pa1)d1 + N(az) = da,
and then we set
Ty = (—p1a1, p1Gz2, a3,0,...,0).
In both cases (z1,22) = 0 and (x2,x2) = da. Note that in the latter case,
N(a5") + N(25”) = N(u)d,

and a3 # 0 since {dy, d2} is not closed.
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Assume that
T; = (xz(-l), e ,a:l(-Hl),O, e ,0)

has been constructed, 2 < i < n — 1, and satisfies (x;, z;) = d;;d; for all j < i as well as
(i+1)
x; # 0 and

[ i—1
HAlEKZN(.ﬁy)) :N(/\z)Hd]
Jj=1 Jj=1

Denoting Z;’:l N (:L'l(»j)) by s;, we then set

Tit+1 = (/J/z (1)7 sy Mg T ( ) _ﬂisi/$§i+1)7 Ai+2, 07 teey 0)
where p;, a; 4o satisfy

Again, such elements exist by property (Q), since

N(pi) + N(aiv2) = dit1.

Jj=1

Thus constructed, x;11 satisfies the properties assumed for z;. Indeed, xl(j_ﬁQ) =a;42 #0
by the non-closedness of {dy,...,d;+1}, and

(), Tiv1) = pilzj, ;) = 0
whenever j < i. An easy computation shows that (z;, z;11) = 0. Furthermore,

2

i+1 Eh
D N( H-)l) = sit iy
i (i+1)
= sty (Y () + )
— sids/N (x§i+1)> (/\ Jz (z+1)) HJ Ldy.
This finally implies
52
(Tiy1,zit1) = N(uq) <Sz + W) + N(aiy2)

(uz/x(H_1 ) sid; + N(aiq2) = diy1.
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In this fashion we construct zs,...,x,_1 inductively. Having done so it remains to con-
struct x,,, for which we set

y= (1‘521’ SRR xin:f)v —sn,l/x;@l) ’

Then as before we have (x;,y) = 0 for all j < n, and a computation similar to the above
shows that

n—1
(5:9) = N (Ar/252 ) TT o
j=1

and since {dy,...,d,} is closed there exists u, such that x, = u,y satisfies

($7L7 iEn) =dy.
This completes the proof. O

Remark 4.3. Observe that the requirement that {di,...,d,} be closed is necessary, for
indeed, if X*X = D, then

ﬁdi = det(D) = det(X™) det(X) = det(X) det(X) = N(det(X)).

5. Classification over special fields
5.1. Fields of cohomological dimension at most 2

Recall that F' is assumed to have characteristic zero. In this section, we in addition
assume that F' has the property that the norm of any quaternion algebra over F' is
surjective.

It is known (see e.g. [15]) that this property is satisfied by any field of cohomological
dimension at most 2; these include all algebraically closed fields, p-adic fields (for any
prime p), totally imaginary number fields, function fields of surfaces and curves over
algebraically closed fields, and Merkurjev’s Tower of fields. Such fields appear in the
literature, for example, in connection with Serre’s Conjecture IT on the vanishing of
Galois cohomology. (See e.g. [6] for a survey.) From another viewpoint, let d and 4
be positive integers. A field F' is said to have the property Ci(d) if every homogeneous
polynomial of degree d in n > d’ variables has a non-trivial zero. If I satisfies this for any
d > 0, then F is said to have the property C;. It is an established fact that if a quadratic
form ¢ in n variables over a field F' of characteristic 0 represents zero, then there exist
ai,...,an € F* such that ¢(ay,...,a,) = 0. Therefore if F' has the property 6’2(2), and in
particular if F' is a Cs-field, then the norm of any quaternion algebra over F' is surjective.
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Under this assumption, the property (Q) assumed in Theorem 4.2 above is trivially
satisfied. Thus Lemma 3.5 and Theorem 4.2 then imply the following.

Proposition 5.1. Let F' be a field over which the norm of any quaternion algebra is
surjective, d € F* \F*2, and set K = F(\/E) Then there is a one-to-one correspondence
between Hi(rpy, F,d) and (F*/N(K*))"~1.

Proof. Define the map Z}(rpy, F,d) — (F*/N(K*))"~! by
X = (1N(K™),...,dp—1 N(K™)),

where Dy = diag(dy,...,dy,). This map is surjective by Theorem 4.2 since for any
dy,...,dn_1 € F* there exists d,, € F* such that {dy, ..., d,} is norm closed. It induces a
map H}(rpy, F,d) — (F*/N(K*))"~!, which is well-defined by Lemma 3.5, and injective
by the same lemma, since the requirement that det Dx € N(K*) for any cocycle X
implies that the class of d,, in F*/N(K™*) is determined by those of dy,...,dp,—1. O

In terms of the Brauer group, the following holds, where by S(F') we denote a transver-
sal of the cosets of F*2 in F*.

Corollary 5.2. Let F be a field over which the norm of any quaternion algebra is sur-
jective. Let Hy(F) = |Uqes(r) Hy(rpJ, F,d). Then there is a map Hj(F) — Br(F)"~!,
whose image generates Bro(F)" 1, where Bra(F) is the subgroup of Br(F) formed by all
2-torsion elements.

Proof. The existence of such a map follows from Proposition 4.1, the map being induced
by G defined there. An argument similar to that of the above proof shows that its image
consists of all n— 1-tuples of Brauer classes of quaternion algebras. Due to the celebrated
theorem by Merkurjev [12], these classes generate Bro(F). O

5.2. Extensions of real closed fields

A field R is said to be formally real if —1 cannot be represented as a sum of squares
in R. A formally real field with no formally real algebraic field extension R C R’ is called
real closed. The real field R is real closed, and in fact every real closed field is elementarily
equivalent to R in the language of rings, meaning that it satisfies precisely the same
first-order statements in this language. We will now extend the results obtained above
to the fields R, R(X) and R(X,Y"), where R is real closed. The Artin—Schreier Theorem
asserts that if a field is real closed, then it admits a unique ordering: namely, a < b if
and only if b — a is a square in R. We will call a rational function f € R(Xq,...,X,)
positive if f(x1,...,2,) >0 for all (z1,...,2,) € R" at which f is defined.

Hilbert asked, in what became known as Hilbert’s Seventeenth Problem, whether it is
true that every positive f € R(Xy,..., X,) is a finite sum of squares. This was answered
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in the affirmative by Artin, without giving any bound for the number of squares needed.
(The corresponding question for polynomials was answered in the negative by Hilbert
himself.) Pfister [13] later gave the upper bound 2" for R(X;y,...,X,,) for cach n € N
and each real closed field R. The bound is sharp for n < 2. Pfister in fact proved the
following more general statement in [14].

Proposition 5.3. Let R be a real closed field, n € N, and let f € R(X1,...,X,) be positive.
Then every n-Pfister form over R(Xy,...,X,) represents f.

A quadratic form ¢ over a field F' of characteristic not 2 is called an n-Pfister form
or a multiplicative n-form if ¢ = (1,a1) ® --- ® (1, ay,,) for some ay,...,a, € F*, where

(La)(z,y) =2® —ay’.

One then writes ¢ = ({a1,...,a,)). A consequence of the above proposition is that
the n-Pfister form ((1,...,1)) represents any f € R(Xy,...,X,), which is precisely the
statement that f is a sum of 2" squares.

Remark 5.4. A quadratic form is a 2-Pfister form if and only if it is the norm of a
quaternion algebra. More specifically, (1, a)®(1, b) is the norm of (a, b) p for any a,b € F*.
This is true over any field of characteristic not 2.

Let now F' be any of R, R(X) or R(X,Y) with R real closed (of characteristic 0).
An extension K = F(v/d) with d € F* is called imaginary if d negative (i.e. —d positive
in F'). This terminology is in analogy with the classical notion of an imaginary number
field, i.e. a quadratic extension Q(\/&) of Q with d < 0. In view of Pfister’s results, we
can prove the following analogue of Theorem 4.2.

Proposition 5.5. Let F be any of R, R(X) or R(X,Y) with R a real closed field and
K = F(Vd) an imaginary extension, and let D = diag(dy,...,d,) € GL(n,F). The
following are equivalent.

(1) The set {dy,...,dn} is norm closed and for each 1 < i < n, d; is positive.
(2) There exists a matriz X € GL(n, K) satisfying X*X = D.

Proof. If D satisfies (1), then {di,...,d,} satisfies property (Q)) since any positive ele-
ment in F is in the image of the norm of any quaternion algebra over F', by Proposition 5.3
and the subsequent remark. Then Theorem 4.2 applies and implies (2). To prove the con-
verse, note, as in Remark 4.3, that if X*X = D, then det D = N(det X). Moreover,

di = ZN((X)Jz)
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for each i. From this follows that [])"_, d; € N(K), and moreover each d; is positive since
the negativity of d implies that N(x) is positive for each x € K. This completes the
proof. O

We therefore have the following classification result, where F'™ denotes the set of all
positive elements of F* whenever F' = R(X;,...,X,,) with R real closed and n < 2.

Proposition 5.6. Let F' be a rational function field in at most two indeterminates over a
real closed field, and d € F* negative. Then there is a one-to-one correspondence between
Hé(’r‘pj, F, d) and (F+/N(K*))n_1.

5.8. Norm classes of certain field extensions

The above results classify quadratic DJ-Lie bialgebra structures on g whenever all
quaternion algebras over F' have surjective norms, up to a description of F*/N(K*),
and whenever F' is a rational function field in at most two indeterminates over a real
closed field and K is imaginary, up to a description of F+/N(F(+/d)). As the next result
shows, these groups are in some cases trivial.

Proposition 5.7. Let F' be a field.

(1) If Fisa C’f)-ﬁeld, and d € F*, then N(F(\/d)*) = F*.

(2) If F is a p-adic field and d € F*\ F*2, then F*/N(F(V/d)*) is a cyclic group of
order 2.

(3) If F = R or F = R(X) with R real closed, and d € (—1)F*, then N(F(v/d)) = F*.

(4) If F=C(X,Y), and d € F* \ F*?, then F*/N(F(\/d)*) is infinite."

Note that the first item subsumes the case F' = C(X) with C algebraically closed.

Proof. If F is a 01(2)—ﬁeld, then every quadratic form in at least 3 variables represents
zero non-trivially, whence every quadratic form in two variables represents every a € F*.
Since N = (1,d) is such a form this proves the first item. The second item is classical,
while the third follows from Proposition 5.3 since (1,d) is a 1-Pfister form. As for the
fourth item, we may assume that d € C[X,Y]. Let p be a prime factor of d, and let E
be the field of fractions of C[X,Y]/(p). Then E is a finite field extension of C(X), and
the quotient projection onto C[X,Y]/(p) defines a map F — E. A norm element a € F
is mapped to a square in E. Since the square class group of C(X), and hence of E, is
infinite, the result follows. O

In this context, one may note that a diagonal element a of X*X for a cocycle X
is a sum of n norms, i.e. a = ¢q(z1,...,2,) = N(x1) + -+ + N(x,). One may ask if

1 'We are grateful to Professor A. Merkurjev for drawing our attention to this example.
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the image of the form ¢ always forms a subgroup of F*. This is equivalent to asking
whether the form q is multiplicative, i.e. for each x,y € F™ there exists z € F"™ such that
q(x)q(y) = q(2). If n = 2™ for some m € N, this form is a Pfister form. The answer is, in
general, no when n is not a power of 2, as detailed by the following result due to Pfister
(see [13]).

Proposition 5.8. Let ¢ be a quadratic form in n variables over an arbitrary field F of
characteristic zero. Then q is multiplicative if and only if either q is isotropic, or n = 2™
for some m € N and q is an m-Pfister form.

Remark 5.9. Together with Theorem 4.2, this implies that over any field of characteristic
zero with quadratic extension K = F(v/d), if g = su(2, F, d), then the set H}(rp, F,d) is
a multiplicative group (in fact, a subgroup of F*/N(K*)). Moreover, if g = su(2™, F,d)
for some m € N, then Hé (rpy, F,d) contains, in a natural way, such a subgroup. An
interesting question is under which conditions H é (rpg, F,d) is then itself a group.

6. The general non-twisted case

We shall now consider Lie bialgebra structures 6 on g such that 07z = Or with
r = MAdxy ® Adx)(rpp), for more general choices of A and rpp. As regards A, by
Proposition 2.7 we may assume that A = 1, A = v/d or A = /d' for some d’ € F. Re-
call that we refer to the three types as basic, quadratic and twisted, respectively. In this
section we will consider the first two cases, and in the next we consider the last.

As above we fix the diagonal Cartan subalgebra b of gx with the orthonormal basis
{h;} from Section 2, root system A and a subset AT of positive roots. We write e, for
the Chevalley generator corresponding to a € A, 2 for the Casimir element, and € for
its Cartan part.

We introduce the anti-diagonal matrix S € GL(n, F') defined by S;; = ; n+1—;, and
the map s : I' = I' defined by s(a;) = ay—;.

When 7 is GL(n, F)-equivalent to Argp with A € K, one may assume the equivalence
to be effected by some Y € GL(n, K). This is made precise as follows.

Proposition 6.1. Let r = A(Adx ® Adx)(rgp) with A\ € K, X € GL(n,F) and rgp a
Belavin—Drinfeld r-matriz. If Or defines a Lie bialgebra structure on sl(n, K), then

(1) every o € Gal(F/K) satisfies o(rgp) = rgp and X 'o(X) € C(rgp), and
(2) r = AAdy ® Ady)(rgp) for some Y € GL(n, K).

A proof of the first item is given in [16], while the second is established in [10].
In general, the following result will be helpful when determining the possible choices
of X € GL(n, F). As in Theorem 2.1 we decompose rgp as

rgp =179+ 171
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Since rg + rgl = Qo we have rg = r, + %Qo with s skewsymmetric in the sense that

rs + 121 =0.

Lemma 6.2. Let rgp = 7o + 11 be a Belavin-Drinfeld r-matriz and Y € GL(n, F). If
(Ady ® Ady ) (ry + 1) =7TBD

for some 1|, € bE @ bg, then vl =19 and 'Y € C(rpp).

This generalizes Theorem 3 of [9], and the proof is analogous; we give a brief sketch
of it here.

Proof. We extend scalars to F and apply the map ® : g ® g — End(g) defined through
®(a ® b)(u) = k(a,u)b, where x is the killing form. Consider, for each A € F the gener-
alized eigenspace

and set

A¢{0,1}

One then finds that g’ + g° = b_, and ¢’ + g' = b, the Borel subalgebras of g#. Since
ry + r1 only differs from rgpp by a term in hz @ hz, the same holds for that r-matrix.
Thus Ady preserves the Borel subalgebras, whence Y is diagonal and Ady leaves hz
invariant. The result follows upon inspecting the diagonal and off-diagonal parts of the
left and right hand sides of the equation. O

6.1. Non-DJ-Lie bialgebra structures of quadratic type

One may ask if there exist other Belavin—Drinfeld r-matrices rgp # rpy such that
d(Vdrgp) induces a Lie bialgebra structure on g. The following result severely limits
the possibilities.

Proposition 6.3. Let rgp be a Belavin—Drinfeld r-matriz associated to the admissible
triple (I'1,Ta, 7). If § is a Lie bialgebra structure on g such that éz is gauge equivalent
to 8(\/37“3[)) over I, then Ty =Ty = 0.

The proof mimics a technique used in [9].

Proof. Set 67 = Or with r = Vd(Adx ® Adx)(rpp). By Proposition 6.1 we may assume
that X € GL(n, K). Then (2.1) together with the fact that 747y = v/dQ and vVd = —/d
imply that
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(AdX*X ® AdX*X)(TBD) = Q — T*BD,
and applying the map s +— s2! to both sides gives
(Adx-x ® Adx-x)(rEp) = TBp: (6.1)

where on the right hand side we have used rgp + 7"231,3 = Q. Now, with the same notation
as in Theorem 2.1,

rgp =79+ Z eqa ®e_q+ Z Zea/\e_Tk(a)

aeAT a€Span (')t kEN
whence
rgp =To+ E e_a®eq+ E E e—a N erk(q)
acAt a€Span(I'y)*+ kEN
while

T2B1D = Tgl + Z €_aq e+ Z Z €_rk(q) AP

acAt a€Span(l'y)* keEN

Since r%,, is gauge equivalent to r3, this implies that for each o € 'y and k € N there

is o/ € 'y with 7%(a) = o'. Since for some k we have 7%(«) € T'y \ T'y by definition of an
admissible triple, this implies that I'; = 'y = () as desired. O
Thus rgp = rs + rpy, where rs € hx Ahg. Thus (6.1) implies
(Adx-x @ Adx-x)(=rs +7D;) =T5 + 15,
whence applying the mapping s — s?! and rearranging terms we get
(Ad(x-x)-1 ® Ad(x+x)-1)(~T5 +7pj) =75 + 7D,
whence Lemma 6.2 gives 7y = —rs and X*X € C(rpy). Therefore, we have the following.
Corollary 6.4. Assume that a Lie bialgebra structure § on g satisfies dxg = Or with
r =Vd(Adx ®Adx)(rpp) for some X € GL(n, K). Then X*X = Dy for some diagonal

D e GL(n,F) and rgp = rs + rpy for some rs € (b Abg) with 75 = —rs.

Note that any quadratic Lie bialgebra structure § on g satisfies 6x = Or with r as
above, and that any such r defines a quadratic Lie bialgebra structure on g.
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6.2. Lie bialgebra structures of basic type

We shall now consider the case where d = Or, where r = A(Adx ® Adx)(rpp) with
A € F*. We may thus assume that A = 1 and, by Proposition 6.1, that X € GL(n, K).

Proposition 6.5. Let r = (Adx ® Adx )(rgp) for some Belavin—Drinfeld r-matriz rgp =
ro+r1 over K and X € GL(n, K). Then Or defines a Lie bialgebra structure on g if and
only if X*X = SD for some D € C(rgp), To = (Ads ® Adg)(ro), and the corresponding
admissible triple (T'1,Ta, 7) satisfies s(T';) =T fori € {1,2} and sT = 7s.

Remark 6.6. For each n > 6, there exists a non-trivial admissible triple satisfying the con-
ditions of the proposition. Indeed, viewing I" as the Dynkin diagramme of type A,,_; with
vertices enumerated aq,...,a,_1 in the usual way, one may e.g. take I'; = {a;, an—;}
and 7 any bijection I'1 — I's. For graph theoretical reasons the case n = 6 is the smallest
possible.

Proof of Proposition 6.5. As in the proof of Proposition 2.7 we find that » defines a Lie
bialgebra structure on g if and only if » = r*, i.e.

(Adx~x ® Adx-x)(rBD) =TBD
and applying Adg ® Adg to both sides this is equivalent to
(AdSX*X®AdSX*X)(TBD) = (Ads@Ads)(T*BD) (62)

Now,

rBD =70+ Z €q ®e_q+ Z Z@a/\G_Tk(a).

acAt a€Span(I'y)*+ kEN

Upon noticing that Adg(en) = e_s(q) for any a € I', and following the proof of Propo-
sition 6.3, we get

(Ads ® Adg)(rgp) = 7”6 + Z €s(a) @ €_s(a) T+ Z Z €s(a) N €—srk(a)s
acAt a€gSpan(T';)* keN

where 7, = Ads ® Adg(7g) € hx ® hi. If, as in (6.2), these are gauge equivalent, we
may proceed as in the proof of Proposition 6.3. We then find that for each € I'; and
k € N there is o/ € I'y with s(a) = o’ and 7%(a’) = s7%(). This implies that s7 = 7s
and s(I';) =T for i = 1,2.

Furthermore, if this holds, then (6.2) becomes

(AdSX*X X AdSX*X)(TBD) = 7‘6 + r1.
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Lemma 6.2 with Y = (SX*X)™! then gives Y € C(rgp) and 7, = ro. If conversely X,
ro, 4 and the admissible triple satisfy these conditions, then (6.2) holds. This completes
the proof. O

Definition 6.7. Let rgp be a Belavin—Drinfeld r-matrix with associated admis-
sible triple (I'1,T9,7) satisfying the conditions of Proposition 6.5. We say that
X € GL(n, K) is an anti-diagonal type Belavin—Drinfeld cocycle if X*X = SDx for some
Dx € C(rpp). The set of cocycles is denoted by Z,(rgp, F,d). Two cocycles X and YV
are cohomologous if Y = QXD for some Q € U(n,d)(F) and diagonal D € GL(n, K).
The set of cohomology classes is denoted by Hl(rpp, F,d). If ¢ € H:(rpp, F,d) is a
cohomology class and D € GL(n, K) is diagonal and satisfies D = Dx for some X € ¢,
we say that D represents c.

As in the case of diagonal type cocycles, the assignment X — 9(Adx ® Adx)(r) defines
a map F' from Z,(rpp, F, d) to the class of all basic type Lie bialgebra structures on g.
It then follows from the definition that X,Y € Z,(rpp, F,d) are cohomologous if and
only if 7/(X) and F'(Y) are equivalent over F. This proves the following.

Proposition 6.8. Assume that rgp is a Belavin—Drinfeld r-matrixz with associated ad-
missible triple (I'1,T2,7) satisfying the conditions of Proposition 6.5. Then there is a
one-to-one correspondence between H:(rpp, F,d) and F-equivalence classes of basic Lie
bialgebra structures § on g such that 6 is F-equivalent to rpp.

If X*X = Y*Y for two cocycles X and Y, then Q = Y X! satisfies QX = Y
and @*Q = I. Thus any given diagonal D € GL(n, K) represents at most one cocycle.
The problem of classifying such structures is, in its full generality, beyond the scope of
this paper. However, when the admissible triple (I'y, s, 7) associated to rpp is trivial
(i.e. satisfies I’y = 'y = 0), as is the case when rgp = rpy, then the corresponding
cohomology is small, as made precise by the following.

Proposition 6.9. Assume that rgp is a Belavin—Drinfeld r-matriz associated to the triv-
ial admissible triple, and such that H}(rgp, F,d) # 0. Then H}(rgp, F,d) consists of
precisely one element if n is even, and is in bijection to F*/N(K*) if n is odd.

Proof. Assume that X*X = SDx with Dx = diag(dy,...d,). Applying * to both
sides leaves the left hand side invariant, while the right hand side becomes Dx S. Thus
Dx = SDxS, which implies that d; = d,,;_; for all i. Let now D be the diagonal
matrix with Dy; = d; ! for all i < n/2 and D;; = 1 otherwise. Then D € C(rpp) since
the admissible triple associated to rgp is trivial, whence X is cohomologous to Y = X D.
On the other hand,

Y*Y = DX*XD = DSDxD.
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If n is even, then a computation shows that the right hand side is .S. Thus the identity
represents the class of X, and since X was an arbitrary cocycle, this proves the claim in
this case.

If n is odd, the right hand side equals SD(a) where D(a) is the diagonal matrix
diag(1,...,1,a,1,...,1), where the entry in position (n 4 1)/2 is a = d(,,41)/2 € F*. If
Z = QY D satisfies Z*Z = SD(b) for some b € F*, then in particular b = N(c)a where ¢
is the middle element on the diagonal of D. Thus b € N(K*)a. Conversely if b = N(c)a
for some ¢ € K, then Z = Y D(c) satisfies Z*Z = D(b). This proves the statement in
the case where n is odd. O

If the admissible triple associated to rpp satisfies the conditions of Proposition 6.5,
then the set H!(rgp, F,d) may indeed be non-empty, even when the admissible triple is
non-trivial. This follows from the following.

Proposition 6.10. If —1 and 2 are squares in F, then there exists X € GL(n, K) with
X*X =5.

Proof. Consider first the matrix Y with entries Y;; = Y; 41— = 1 for ¢ < ”TH, and
~Yii=Yint1-i = V-1 for i > ""‘1, and with all other entries equal to zero. If n is
even, then X = \}—Y satisfies X*X = S. If n is odd, then X*X = § is satisfied by
X = 7 D(V/2)Y, where D(v/2) is the diagonal matrix diag(1,...,1,v/2,1,...,1), where

v/2 is in position (n +1)/2. O
7. The twisted case

By Proposition 2.7, what remains is the case where r = v/d'(Adx ® Adx)(rpp), where
d' € F* satisfies Vd' ¢ K, X € GL(n, F) and rgp is a Belavin-Drinfeld r-matrix over F.

Proposition 7.1. If Or defines a Lie bialgebra structure on g, then the admissible triple
(T'1,T2, 7) associated to rpp is trivial.

Proof. From [16] we know that (I'y, 'z, 7) must satisfy s(I'y) = I'y for Or to define a Lie

bialgebra structure on gx. From the proof of Proposition 2.7 we moreover know that
r = r* must hold in order for dr to descend to g. Thus

\/E(Adx*x ® Adx-x)(rgp) = (ﬁ(TBD))*7

and using the fact that, by the same proposition, v/d’ is invariant under lift to Gal(F/F)
of the involution with respect to Vd, we get

(AdX*X ® AdX*X)(TBD) = TED'
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Applying Ads ® Adg to both sides and arguing as in Proposition 6.5, the gauge equiva-
lence of rpp and (Ads ® Adg) (15 p) implies that s(I'y) = I';. Altogether we get I'y = I'y,
whence both sets are empty by construction of an admissible triple. O

A classification of those X for which Or defines a Lie bialgebra structure on gx were
given in [16] and implies the following characterization.

Proposition 7.2. The r-matriz r = v/d' (Adx ® Adx)(rpy) defines a Lie bialgebra struc-
ture on gx if and only if X = QJD for some Q € GL(n,K) and D € C(rpy).

The matrix J is given by Jii = Jint1—i = 1 for ¢ < nTH, —Jii = Jint1—i = \/E

for ¢ > "TH, and with all other entries equal to zero. Note that the triviality of the

admissible triple implies that C(rgp) consists of all diagonal matrices in GL(n, F).

Remark 7.3. The arguments used and quoted in [16] to derive this result work equally
well if rp s is replaced by rs + rps with 5 € b= A bz. It is then necessary, in order for
this new r-matrix to define a Lie bialgebra structure on gy, that r, satisfies

(Adg ® Adg)(rs) = —o'(rs), (7.1)

where ¢’ is the involution with respect to v/d’. The extension is effected by applying
Lemma 6.2. Thus the proposition applies to any Belavin—Drinfeld r-matrix associated
to the trivial admissible triple. We omit the proof.

Applying the condition that r defines a Lie bialgebra structure on g gives the following.

Proposition 7.4. Let rgp = 19 + 1 be a Belavin—Drinfeld r-matriz associated to the
trivial admissible triple, such that rs = rpp — rpy satisfies (7.1). Then the r-matric
r=+Vd(Adx ® Adx)(rpp) with X = QJD defines a Lie bialgebra structure on g if and
only if (Ads®Adg)(ro) = 7o and JTQ*QJ = SD for some diagonal D € GL(n, K(/d)).

Here the map z + 7 is the lift to Gal(F/F) of the involution with respect to v/d. By
Proposition 2.7, it leaves v/d' invariant. The same holds for the map = — z*.

Proof. From the proof of Proposition 2.7 we get r* = r, whence
(Adx+x ® Adx+x)(rBD) =TED-

The methods used in the proof of Proposition 6.5 are thus applicable. Since the associated
triple is trivial, they imply that Or defines a Lie bialgebra structure on g if and only if
(Ads ® Adg)(ro) =Tg and X*X = SD for some D € C(rgp). The statement follows by
construction of X, upon observing that the entries of D belong to K (v/d') as this holds
for those of the left hand side. O
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This allows us to define the following cohomology.

Definition 7.5. Let rpp be a Belavin—Drinfeld r-matrix with trivial associated admissi-
ble triple. We say that @Q € GL(n, K) is a compact twisted Belavin—Drinfeld cocycle if
JTQ*QJ = SDg for some diagonal Dg € GL(n, K(v/d')). The set of cocycles is de-
noted by Z.(rpp, F,d). Two cocycles Q and R are cohomologous if RJ = TQJD for
some T € U(n,d)(F) and diagonal D € GL(n, K (v/d')). The set of cohomology classes

is denoted by Hi(rBD, F,d).
As in the non-twisted cases, the following is easy to prove.

Proposition 7.6. There is a one-to-one correspondence between ﬁi (rgp, F,d) and
F-equivalence classes of basic Lie bialgebra structures § on g such that 6% is F-equivalent

to TBD-

The computation of the cohomology is however beyond the scope of this paper.
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