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1. Introduction

This article develops some basic properties of a congruence lattice operation, called
the higher commutator, for varieties of algebras that are congruence modular. The higher
commutator is a higher arity generalization of the binary commutator, which was first
defined in full generality in the seventies. While the binary commutator has a rich theory
for congruence modular varieties, the theory of the higher arity commutator was poorly
understood outside of the context of congruence permutability.

We begin by discussing the evolution of centrality in Universal Algebra. Centrality
is easily understood in groups as the commutativity of multiplication. Here, it plays an
essential role in defining important group-theoretic notions such as abelianness, solvabil-
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ity, nilpotence, etc. Naturally, a systematic calculus to study centrality was developed.
For a group G and a,b € G, the group commutator of a and b is defined to be

[a,b] = a" b~ ab.

Actually, one can go further and use group commutators to define a very useful oper-
ation on the lattice of normal subgroups of G.

Definition 1.1. Suppose that G is a group and M and N are normal subgroups of G. The
group commutator of M and N is defined to be

[M,N] =Sga({[m,n] :m e M,n € N}),

where Sg(.S) denotes the subgroup generated by the elements belonging to S. It is easily
checked that [M, N] is a normal subgroup of G.

Suppose that f: G — H is a surjective homomorphism and {N; : i € I} are normal
subgroups of G. The following properties are easy consequences of Definition 1.1, where
A and V denote the operations of meet and join in the lattice of normal subgroups of G:

[M,N]C M AN,

[f(M), f(N)] = f([M,N]),

[M,N] = [N, M],

[M \/zeIN] \/ie[[MvNi]a

For any normal subgroup K of G contained in M AN, the elements of M /K commute
with N/K if and only if [M,N] C K.

A

Rings have an analogous commutator theory. For two ideals I, J of a ring R the com-
mutator is [I,J] = I.J — JI. This operation satisfies the same basic properties as the
commutator for groups and allows one to analogously define abelian, solvable and nilpo-
tent rings. As it turns out, the notion of centrality and the existence of a well-behaved
commutator operation is not an idiosyncrasy of groups or rings. In [13], J.D.H. Smith
defined a language-independent type of centrality that generalized the known examples.
He then used this definition to show that any algebra belonging to a Mal’cev variety
came equipped with a commutator as powerful as the commutator for groups or rings.

Joachim Hagemann and Christian Herrmann later extended the results of Smith to
congruence modular varieties in [8]. The language-independent definition of centrality
allows for language-independent definitions of abelianness and related notions such solv-
ability and nilpotence. The existence of a robust commutator for a congruence modular
variety means that these definitions are powerful and well-behaved, and provide an im-
portant tool to study the consequences of congruence modularity. For example, quotients
of abelian algebras that belong to a modular variety are abelian, but this need not be
true in general.
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The importance of these investigations was immediately apparent and the theory was
rapidly developed, see [6] and [7]. While the entirety of the theory is too broad for this
introduction, we do mention an aspect related to nilpotence, because it is a prelude to
the higher arity commutator.

Roger Lyndon showed in [11] that the equational theory of a nilpotent group is finitely
based. Now, finite nilpotent groups are the product of their Sylow subgroups, so for finite
groups Lyndon’s result states that a group that is a product of p-groups has a finite basis
for its equational theory. A result of Michael Vaughan-Lee, with an improvement due to
Ralph Freese and Ralph McKenzie, generalizes this finite basis result to finite algebras
generating a modular variety that are a product of prime power order nilpotent algebras,
see [6]. Keith Kearnes showed in [9] that for a modular variety the algebras that are the
product of prime power order nilpotent algebras are exactly the algebras that generate
a variety with a small growth rate of the size of free algebras.

Note that while for the variety of groups the condition of being a product of prime
power order nilpotent algebras is equivalent to being nilpotent, this condition is in general
stronger than nilpotence. This stronger condition is now known as supernilpotence, which
is definable from the higher arity commutator that is the subject of our work, see [2].

The definition of higher centrality was first introduced formally by Andrei Bulatov,
see [4]. Bulatov was interested in counting the number of distinct polynomial clones
on a finite set that contain a Mal’cev operation. Although this problem was solved in
[1] using other methods, higher commutators have found other important uses. In [3],
supernilpotence is shown to be an obstacle to a Mal’cev algebra having a natural duality.
Also, as noted earlier, finite supernilpotent algebras that generate congruence permutable
varieties must have a finitely based equational theory.

Erhard Aichinger and Nebojsa Mudrinski developed the basic properties of the higher
commutator for congruence permutable varieties, see [2]. In [12], Jakub Oprsal con-
tributed to the properties of the higher commutator for Mal’cev varieties by developing
a relational description that is similar to the original definition of centrality used by
J.D.H. Smith, Hagemann and Hermann.

The structure of this article is as follows: In Section 2 we introduce higher centrality,
recall some important characterizations of congruence modularity and develop some
notation. The main properties of the higher commutator are shown in Sections 3-5.
In Section 6 we prove that for congruence modular varieties the higher commutator is
equivalent to a higher commutator defined with a two term condition.

2. Preliminaries
2.1. Background
We begin with the term condition definition of the k-ary commutator as introduced

by Bulatov in [4]. The following notation is used. Let A be an algebra with § € Con(A).
A tuple will be written in bold: x = (zo,...,zn—1). The length of this tuple is denoted
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by |x|. For two tuples x,y such that |x| = |y| we write x =5 y to indicate that x; =5 y;
for 0 < < |x|, where z; =5 y; indicates that (z,y) € d.

Definition 2.1.

Let A be an algebra, & € N>3, and choose ag,...,ar—1,0 € Con(A). We
say that ag,...,ax_o centralize ap_; modulo 0 if for all f € Pol(A) and tuples
ag,bg,...,ap_1,br_1 from A such that

1. a; =4, b; and a; # b; for each i € k
2. If f(ZO, . ,Zk_g,ak_l) =5 f(Zo, R ,Zk_g,bk_l) for all (Zo, c.. ,Zk_g) S {ao,bo} X
- x{ag_g2,bg_2} \ {(bo,...,br_2)}

we have that

f(bo,...,bp_2,ar_1) =5 f(bo,...,br_2,br_1).
This condition is abbreviated as C'(ay, ..., ak—1;0).

It is easy to see that if for some collection {0; : ¢ € I} C Con(A) we have
C(ao,...,ar_1;0;), then C(ao,...,ar_1; \;c; 0:). We therefore make the following

Definition 2.2. Let A be an algebra, and let «y, ..., ar—1 € Con(A) for k£ > 2. The k-ary
commutator of aq, ..., a,_1 is defined to be

[ag, ..., ap—1] = /\{6 :C(agy ... ak—1;0)}
The following properties are immediate consequences of the definition:

1. [Oéo,...,Oék_l] S /\Ogigk—l (67

2. For ag < Bo,...,ap—1 < Br—1 in Con(A), we have [ag,...,ax—1] < [Bo,-- -, Br-1]
(Monotonicity),

3. [aoy. - ap—1] <[ag,..., 1]

We will demonstrate the following additional properties of the higher commutator for a
congruence modular variety V), which are developed for the binary commutator in [6]:

(4) [ao, .y ar—1] = [Ag(0)s s Qo(i—1y] for any permutation of o of the congruences
g, ..., 1 (Symmetry),

(5) Vierviroa, s ar—1] = Vierlvi, o, - ag—1] (Additivity),

(6) [0,y ak_1]VT = fH[f(ao V), ..., flax_1V))]), where f : A — B is a surjective
homomorphism with kernel 7 (Homomorphism property),
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(9) Kiss showed in [10] that for congruence modular varieties the binary commutator is
equivalent to a binary commutator defined with a two term condition. This is true
for the higher commutator also.

2.2. Day terms

The classical development of the binary commutator for congruence modular varieties
relies on the relationship between the modularity of congruences for a variety and its
equational theory. The first equational description of a modular variety is due to Alan
Day, see [5]. The identities he discovered are listed below. We refer the reader to [5], [6]
and [7] for the full details of this characterization of congruence modularity.

Proposition 2.3 (Day terms). A variety V is congruence modular if and only if there exist
term operations me(x,y, z,u) for e € n+ 1 satisfying the following identities:

me(z,y,y,x) = x for each 0 < e <mn,
mo(z,y,z,u) ~ x,

my(z,y,2,u) ~ u,

(z,z,u,u) = Mei1(z, x,u,u) for even e, and
(z,y,y,u) = Met1(z,y,y,u) for odd e.

Me

Ok W=

Me

Actually, the treatment of the higher commutator presented in this paper relies only
on the following description of congruences of algebras belonging to a modular variety.

Proposition 2.4 (Lemma 2.3 of [6]). Let V be a variety with Day terms me for e € n+1.
Take 6 € Con(A) and assume (b,d) € 8. For a tuple {(a,c) € A? the following are
equivalent:

1. {a,c) €,
2. (me(a,a,c,c),me(a,b,d,c)) €9 foralle e n+ 1.

2.8. Matrices and centralization

Take A € V and 6y, 0, € Con(A). The development of the binary commutator in [6]
relies on a so-called term condition that can be defined with respect to a subalgebra of
A*, the subalgebra of (6, 01 )-matrices. We will now generalize these ideas to the higher
commutator. To motivate the definitions, we state them for the binary commutator.

Definition 2.5 (Binary). Take A € V, and 6y, 01, € Con(A). Define

t(ag,a1) t(ag,b1)
M = : Pol(A =4, b =o, b
(00,61) {lt(bo,al) t(bo,bl) te O( ),ao 0o Po,ar 0, b1
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0 )
t(ao,al) t(ag,b1> t(ao,al) t(ao,bl)
0o % 0o
)
t(bo, a1) 0 t(bo, b1) t(bo, a1) 0 t(bo, b1)
1 1

C(60o,61;9) is the condition that any (6p,6;)-matrix with
its top row a J-pair also has its bottom row as a d-pair.

t(ag, a1) t(ag, by) t(agp, a1) t(ag, by)

6o 0 % 6o 4 )

t(bo,a;) 0 t(bg, b1) t(bg,a;) o t(bo, by)
1 1

C(64,6p;9) is the condition that any (6p, 61 )-matrix with
its left column a d-pair also has its right column as a §-pair.

Fig. 1. Binary centrality.

It is readily seen that M (6, 6;) is a subalgebra of A*, with a generating set of the

(L sl oemee}

The notion of centrality given in Definition 2.1 with congruences 6, 01,6 is expressible

form

as a condition on (6, 01 )-matrices. This is shown in Fig. 1, where for § € Con(A) the
implications depicted hold for all

t(ao,al) t(ao,bl)
t(b(Jval) t(bO;bl)

] e M(0o,61).

It is easy to generalize the idea of matrices to three dimensions. For congruences
00,01, 02,6 of an algebra A, the condition C(61, 05, 00;0) is equivalent to the implication
depicted in Fig. 2 for all ¢ € Pol(A) and ag =g, bo, a1 =g, b1, az =g, bo.

The main arguments in this paper are essentially combinatorial and rely on isolating
certain squares and lines in matrices. In the case of the matrix shown in Fig. 2, we distin-
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6,
t(ag, a1, az) t(ap, by, az)

6o 5 tlao,ay, ba) t(ag, b1, b2)
\
\
\
\\
1
t(bo, ai, az) 1(bo, bk, az) \‘ This §-pair follows from C(6y, 65, 6y;9)
’V
0o B
!
1
t(bo, a1, by)——————— t(bo, b1, b2)

Fig. 2. Ternary centrality.

guish the squares shown in Fig. 3, which we label as (0, 1)-supporting and pivot squares
(see Definition 2.9). Notice that both squares are (6, 61)-matrices, where the supporting
square corresponds to the polynomial ¢(zp,z1,a2) and the pivot square corresponds to
the polynomial ¢(zg, 21, bs).

We also distinguish the lines shown in Fig. 3, which are labeled as either a
(0)-supporting line or a (0)-pivot line (see Definition 2.9). Notice that each line cor-
responds to a polynomial s(zg) = t(zo,X1,X2), where x; € {aj,b;} and x5 € {as,bs}.
Notice that C(61, 02, 0p; 9) is equivalent to the statement that if every (0)-supporting line
of such a matrix is a d-pair, then the (0)-pivot line is a §-pair.

We therefore require for a sequence of congruences (g, ...,0;—1) the notion of a
matrix, as well as notation to distinguish a matrice’s supporting or pivot squares and
lines.

Definition 2.6. Let 7' = (fp,...,0;_1) € Con(A)* be a sequence of congruences of A.
A pair 7 = (t,P) is called a T-matrix label if

1. t =t(zp,...,2k—1) € Pol(A)
2. P=(Fo,...,Pr_1) is a sequence of pairs P; = (a;,b;) such that a, =g, b;

Let 7 = (t(zo,...,2k—1), P) be a T-matrix label. From the above examples, we see
that 7 can be used to construct a k-dimensional cube whose vertices correspond to
evaluating each variable tuple z; in t at one of the tuples belonging to P;. We also need
to distinguish the squares and lines of this matrix, which are in fact 2 and 1-dimensional
matrices. As in the above examples, these objects correspond to the evaluation of some of
the z; at tuples in P. We introduce notation to specify which of the z; in ¢(zo, ..., zx—1)
are being evaluated and which variable tuples z; remain free.
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t(ag,ar,ay) t(ag, by, as)

t(ag,ar, by) t(ag, by, by)

\
\
\

\
|
t(bg, a1, as) t(bo, b1, a2)

|
(0, 1)-Supporting Square

!
t(bo, a1, ba) t(bg, by, ba)
(0, 1)-Pivot Square

t(ag,a1,a2) t(ag,b1,a2) t(ap,ar, ba) t(ag, b1, b2)
\
\
\
\
\

|
Il
|
I
I

!
1

!

!
t(bo, by, ba)
(0)-Pivot Line

t(bo,a1,as) t(bo,b1,a2) (b, a1, bz)
(0)-Supporting Lines

Fig. 3. Squares and lines.

Let S = {i1,...,is} C k. Denote by Ts the subsequence (6;,,...,60;.) of those con-
gruences from T that are indexed by S. For a function f € 25\ let 75 = (tf, Ps) be the
Ts-matrix label such that

1. ty(2iy,...,2;,) = t(x1,...,X;) with
(a) (ziy,...,2;,) is the collection of variable tuples indexed by S
(b) x, =2z, ifi1 € S
(c) x,=a;if f(i)=0

(d) x; =b; if f(i) =1

2. Pg is the subsequence (P, ..., P;,) of pairs of those tuples from P that are indexed
by S.

Notice that if S = () then each 74 specifies a way in which to evaluate each tuple z;
at either a; or b;. As we will see, these are vertices of the matrices which we now define.

Definition 2.7. Choose k > 1. Let T' = (6,

...,0k—1) be a sequence of congruences of A.
Let 7 = (¢,P) be a T-matrix label. The T-matrix labeled by 7 is the element
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me [] a=a%

fe2k

such that m; = t; for all f € 2¥. Denote by M (T) = M (6, ...,0;) the collection of all
T-matrices.

If we consider the set k as a set of coordinates, the set of functions 2% can be viewed as
a k-dimensional cube, where f is connected to g by an edge if f(i) = g(¢) for all i € k\{j}
for some coordinate j. Each T-matrix m labeled by 7 is therefore a k-dimensional cube,
with a vertex my for each f € 2. Moreover, if ms and m, are connected by an edge
where f(i) = g(i) for all i € k\ {j} for some coordinate j, then m; =g, my.

As noted in the case of the binary commutator, the collection of («, 8)-matrices is a
subalgebra of A* and is generated by those m € M(a, 3) that are constant across rows
or columns. These facts easily generalize to the collection of T-matrices.

Lemma 2.8. Let T = (6p,...,0k_1) be a sequence of congruences of an algebra A. The
collection M(T) is a subalgebra of A% and is generated by those matrices m € M(T)
that are labeled by some T = (m, P), where 7 is a projection operation.

We now define the ideas of a cross-section square and a cross-section line. Let T =
(0o ...,0k_1) be a sequence of congruences and m € M(T) be labeled by 7 = (¢, P).
Choose two coordinates j,I € k with j # [. For f* € 28\l let my. € M(0;,6,) be
the (6;,6;)-matrix labeled by 7p+. We call my« the (j,!)-cross-section square of m at
f*. Similarly, for a coordinate j € k and f € 2"\U5} let m; € M(6;) be the (6;)-matrix
labeled by 7. We call my in this case the (j)-cross-section line of m at f.

A typical (j,)-cross-section square m¢- will be displayed as

mye = | 1@ 2) tf*(ajvbl)]_lrf* Sf*]

a tf*(bj7al) tf*(bj,bl) Ups  Vps

and a typical (j) or (I)-cross-section line of m is a column or row, respectively, of such a
square.
We set

S(m;j,0) = {my : f* € 2\ and
L(m;j) = {my : f € 2"\U}}

to be the collections of all (j,1)-cross-section squares and (j)-cross-section lines of m,
respectively.

Definition 2.9. Let T = (6, ...,0;_1) € Con(A)*, and take m € M(T). Choose j,1 € k
such that j # 1. Let jl € 2P\31} j € 2°Mi} and 1 € 2% be the constant functions
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that take value 1 on their respective domains. We call the (j,1)-cross-section square
of m at jl the (j,1)-pivot square. All other (j,l) cross-section squares of m will be
called (j,1)-supporting squares. Similarly, we call the (j) cross-section square of m at
j the (j)-pivot line, and all other (j) cross-section lines will be called (j)-supporting
lines.

We now reformulate Definition 2.1 with respect to these definitions.

Definition 2.10. We say that T is centralized at j modulo § if the following property
holds for all T-matrices m € M(T):

(*) If every (j)-supporting line of m is a d-pair, then the (j)-pivot line of m is a d-pair.
We abbreviate this property C(T'; j; ).
Definition 2.11. We define [T, = A{¢ : C(T’;5;0)}.

Remark 2.12. Notice that [T], = [0
congruences that are not 0;, where the left side is given by Definition 2.11 and the right

,0i_5,0;] for any permutation of the k — 1

TIERE

is given by Definition 2.2.

We conclude this section with a general picture of the (j,!)-supporting and pivot
squares of a T-matrix m labeled by some 7 = (¢,P), a T-matrix label for a sequence
of congruences T' = (0, . ..,0;_1). The conditions C(T; j; ) and C(T;1;§) are shown in
Fig. 4, respectively.

3. Symmetry of higher commutator

For the remainder of this document a variety V is assumed to be congruence modular.
In this section we will show that the commutator of Definition 2.2 is symmetric.
We begin with the following

Lemma 3.1. Let V be a congruence modular variety with Day terms me fore € n+ 1,
and let A € V. Let T = (0y,...0x_1) € Con(A)*. Fiz j,l € k such that j # | and fix
e €n+1. There is a map RS : M(T) — M(T) with the following properties:

1. If h € M(T) has the set of (j,1)-cross-section squares

’LLf* ’Uf*

S(h;j,1) = {hf* _ [Tf* wf*] e Qk\{jvl}}
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(4,1)-Supporting Squares m ¢« for

Fre MG 1 (4, 1)-Pivot Square |
\ tlaga) — t5(a5,b1)

\

ty=(ay, ar) tr=(aj,by) !

]

|

|

I

]

/l

1

/ [ '
/ t51(bs, ) tj1(bj, br)

tge(bjoay)— tp(bj,by) The j-pivot line of m, denoted my

The I-pivot line of m, denoted my

tjl(aj,a;) Cltj](a],bz)

T
tr+(aj, ty+(aj,bi)

tr-(bj, ar) ty+(bj, br)

Fig. 4. Higher centrality, squares and lines.

then R, (h) has the set of (j,1)-cross-section squares S(RS,(h); j,1) =

_ wye wy L e ok\{i}
RS (m) s = s ffe 2\ .
{ s [me(wf*vrf*vuf*»vf*) me(wf*»wf*vvf*vvf*)]

2. If every (j)-supporting line of h is a d-pair, then every (1)-supporting line of Rj,l(h)
s a d-pair.
3. Suppose the (j)-supporting line belonging to the (j,1)-pivot square of h is a d-pair.

The (j)-pivot line of h is a 6-pair if and only if the (I)-pivot line of RS ,(h) is a 5-pair
foralleen+1.

The map RS, will be called the eth shift rotation at (j,1).

Proof. Let h € M(T) be labeled by 7 = (¢, P), where t = #(zo,...,2x—1) and P =
(Po, .. '7Pk:—1) with P, = (ai,bi). Let
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5(¥os s Ye—1) = me(to, L, ta, t3)
where

to :t(yo,...,yg,...,y?,...7yk71)
(yO""vY;a--'aYl17"'7Yk-—1)
to :t(yo,...,y?,...,y%,...,yk_l)
t3 :t(yo,...,yg?,...,y?,...,ykfl)

and y; =y37y; " y;y5 v =¥y "yi "y} are concatenations.
For each i € k, define a pair of tuples Q; = (a},b;) as follows:

1. Q=P ifijl
2. Q; = (a},b}) = ((a;"b;"b;"a;), (a; "a;"b;"b;))

3. Ql = (a;,b;) = ((bl’\a Aal’\bl), (blmbl/_\blr\bl))

Let Q@ = (Qo,...,Qx-1), and set 7" = (s,Q). Define RS;(h) € M(T) to be the
T-matrix labeled by 7’.

We now compute S(R5;(h); j,1), the set of (j, 1) cross-section squares of RS (h). Take
f* € 2K\ Consider the (4,1) cross-section square of h at f*:

hf*zlzf* “’f*]
£ v

By the definitions given above we therefore compute

, [ spe(al,a))  spe(a), b))
€ (h) e = J J
s = al) sy (), b)

— mg(UJf*,Uf*,Uf*,UJf*) me(wf*yvf*avf*vwf*)
_me('LUf*,'l"f*7U,f*,’Uf*) me(UJf*,Wf*,Uf*,Uf*)

_ [ W wy=
_me(lUf*,’/'f*,Uf*7'Uf*) me(wf*vwf*avf*vvf*)

where the final equality follows from identity (1) in Proposition 2.3. This proves (1) of
the lemma.

We now prove (2) and (3). A picture is given in Fig. 5, where a typical (3, [)-supporting
square and the (j,)-pivot square are shown for both h and RS ;(h). Supporting lines are
drawn in bold.

Indeed, any constant pair (s, s) is a d-pair, so the top row of any (j,)-cross-section
square of R¢;(h) is a d-pair. That the other (I)-supporting lines of R{,(h) are d-pairs
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h € M(T) Supporting and Pivot squares

tye(aj, 1) =7y tye(az,bi) = wy- ti(ag, &) =y ti(ag, bi) = wj

Prop. 24 —»

te(by, 1) = upe tr+(by, by) = vpe ti(bj, ar) = uy) tj1(bj, br) = vy

RS, (h) € M(T) Supporting and Pivot squares

N ’ n o, . ’ 7\ —
sf-(aj, a)) = wy~ s¢-(aj, b)) = wy- siy(al, b)) = w;

s‘il(a;,a;) = Wil _]1

T

constant pair

sy- (b}, ap) =
Me (W, Tpx, Upx, V=)

T

Prop. 2.4

sy-(aj, by) =
Me(Wes, We=, Ve, Vfx)

!

constant pair

sj1(bj, ap) =

Me (wjl7 T3l Yl vjl)

sj1(bj, bp) =
mg(wjl7 wi1; Vi1 ”jl)

Prop. 2.4

Fig. 5. Shift rotations.

follows from Proposition 2.4. Finally, Proposition 2.4 shows that the (j)-pivot line of h
is a d-pair if and only if for every e € n+1 the (I)-pivot line of R ,(h) is a d-pair, which
is indicated in the picture with dashed curved lines. This proves (3). O

Proposition 3.2. Let T = (0y,...,0t_1) € Con(A)*. Suppose for § € Con(A) that
C(T;1;0) holds for somel € k. Then C(T;i;6) holds for alli € k.

Proof. Choose j # [. By Definition 2.10, it suffices to show that for each h € M(T)
that if each (j)-supporting line of h is a d-pair then the (j)-pivot line of h is a §-pair.
For e € n + 1 consider the eth shift rotation at (j,1) of h. By (2) of Lemma 3.1, each
(I)-supporting line of Rf,(h) is a 6-pair. We assume that C(T’;/;4) holds, therefore the
(1)-pivot line of R, is a d-pair. Because this is true for every e € n+1, (3) of Lemma 3.1
shows that the (j)-pivot line of h is a d-pair. We therefore conclude that C(T;j;9)
holds. O
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h € M(0o,0.,6>) rotations at 0,1 rotations at 1,2
0 T b1
) 6o 0o
— —
0y 0 0o / \\

(2)-pivot line must belong to any ¢ such that C'((6o, 61, 602);9)

Fig. 6. Ternary generators.

Theorem 3.3 (Symmetry). Let V be a congruence modular variety and let A € V. For
k>21letT = (6g,...,06_1) € Con(A)* be a sequence of congruences of A. Then,
(00, s Or—1] = [05(0), -+» Oo(—1)] for any permutation of o of the elements of k.

Proof. Our aim is to show that [0y, ...,0k_1] = [05(0), -+ 0s—1)]- By Remark 2.12 it
will suffice to see that [T']; = [T; for all j,I € k. Applications of Definition 2.11 and
Proposition 3.2 show that

[T); = \{6: C(T;5;:6)} = N{6: C(T31;6)} = [TV,
and the proof is finished. O

A consequence of symmetry is that we may unambiguously write C(T’;0) in place of
C(T; j;0) and unambiguously write [T] instead of [T];. We shall take advantage of this
simpler notation from now on.

4. Generators of higher commutator

In this section we construct for a sequence of congruences T = (6g,...,0k_1) €
Con(A)¥ a set of generators X (T) for [T]. The idea of the construction is to consider all
possible sequences of consecutive shift rotations for an arbitrary T-matrix h. Each such
sequence will produce a T-matrix that is constant on all (k — 1)-supporting lines. The
(k — 1)-pivot line of such a T-matrix must belong to any ¢ such that C(T'; §) holds. This
is illustrated for 3-dimensional matrices in Fig. 6, where constant pairs are indicated
with bold.

As usual, let V be a congruence modular variety with Day terms m, for e € n + 1,
and let T = (6p,...,0r_1) € Con(A)* for A € V. For a T-matrix h we will apply
a composition of k — 1 many shift rotations, first at (0,1), then at (1,2), ending at
(k — 2,k — 1). For each stage there are n + 1 many choices of Day terms, each giving
a different shift rotation. It is therefore quite natural to label these sequences of shift
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rotations with branches belonging to the tree of height & with n + 1 many successors of
each vertex. Set

Dy, = {(n + 1)< <),

where (n + 1)<k = J{(n +1)* : 5 € k} and d; < dy indicates that d; C dy for sequences
di,dy € (n+1)<k. Note that D, has the empty sequence () as a root.

Lemma 4.1. Let V be a variety with Day terms me fore € n+1. Let T = (bg,...,0k_1) €
Con(A)k. Let h € M(T) be labeled by T = (t,P). Set h’ = h. For each non-empty
d = (do,...,d;) € Dy there is a T-matriz h® € M(T) labeled by some 7% = (t%;P?) such
that
1. bt = Rigl(hc), where ¢ is the predecessor of d.
2. Let f € 2°\H1} pe such that f(5) =0 for some j € i+ 1. Then the (i+1)-supporting
line of h* at f:

() = [ #Ds(ad)  (¢5(bL) |
s a constant pair.
Proof. The lemma is trivially true for h? = h. Suppose it holds for ¢ and let d be a

successor of ¢. Let f € 28\{i+1} be such that f(7) =0 for some j € i + 1. We need to
establish that the supporting line

() = [ plady) (45 04) |

is a constant pair. Let f* = f|yr\(ii41) be the restriction of f to k\ {i,i + 1}. We treat
two cases:

1. Suppose j = 4, and for no other j € i+ 1 does f(j) = 0. Consider the (i,¢ + 1)-
cross-section square of h¢ at f*:

() = [”* Sf*]

ups vy

By Lemma 3.1, the (4,4 + 1)-cross-section of m? at f* is:

(hd)f* _ [ Sfx S ‘|

M) (8, T, Upe, Vg ) Mgy (Spe, Spe, Ve, V)
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rotations at 0, 1

rotations at 1,2

h? for d a leaf. The (k — 1)-pivot line is a generator.

Fig. 7. Tree.

The (i + 1)-supporting line of h¢ at f is the top row of the above square, that is,

(hd)f = [sf* Spe ] .

2. Suppose that f(j) = 0 for some j € 4. In this case the inductive assumption applies
to h€, so columns of the (i, + 1)-cross-section of h¢ at f* are therefore constant:

(h%) g+ = lrf* sf*]

T‘f* Sf*

We therefore compute the (i, + 1)-cross-section of hf_H at f* as:

O R

md(i)(sf*arf*arf*asf*) md(i)(sf*asf*7sf*7sf*) Sfx Sfx

The (i + 1)-cross-section line of h? at f is either the top or bottom row of the above
square, if f(i) = 0 or f(i) = 1 respectively. Therefore

(hd)f = [Sf* Sfx ] . O
Let d = (do,...,dr_2) be a leaf of Dy. By 4.1, all (k — 1)-supporting lines of h¢ are
constant pairs (s, s). If we assume that C(T;6) holds then the (k — 1)-pivot line of h?
must belong to 6. That is, (h%)x.1 € § for any h € M(T) and any leaf d € Dy, (recall that
k-1:2°\Mk=1} 5 9 is the constant function with value 1, see Definition 2.9). Set

X(T) = {(h)1 : h € M(T),d € Dy, a leaf },

see Fig. 7 for a picture.
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| (3) of Lemma 3.1

& generator

Fig. 8. Ternary generator tree.

We have just observed that

Lemma 4.2. Let T = (0, ...,0,_1) € Con(A)* for A € V, where V is congruence modu-
lar. Suppose that § € Con(A) is such that C(T; ) holds. Then X (T) C 6. In particular,
Cg(X(T)) < [T7.

By induction over D we now demonstrate the following
Lemma 4.3. Let 6 = Cg(X(T')). Then C(T;9) holds. In particular, [T] < Cg(X(T)).

Proof. Our aim is to show that C(T;¢) holds. By Proposition 3.2, it suffices to show
that C(T;0;6) holds. So, take h € M(T) so that all (0)-supporting lines of h are §-pairs.
We need to show that the (0)-pivot line of & is also a d-pair.

The proof proceeds by two inductions over the tree Dg. The first induction proceeds
from the root to the leaves and will demonstrate that some particular supporting lines
of the T-matrix h?¢ are §-pairs, for every d € Dy. The second induction proceeds from
the leaves to the root and will demonstrate that a particular pivot line of A% is a é-pair
as well, for every d € Dy. See Fig. 8.

For the first induction we show that, for d = (do,...,d;—1) € Dy, every (i)-supporting
line of h? is a -pair. We assume that every (0)-supporting line of h = h? is a &-pair,
which is the base case for the induction. Let d' = (dp,...,d;_2) be the predecessor of d

and assume that every (i — 1)-supporting line of h? is a §-pair. Now, h? = R

io1i > S0it

follows from (3) of Lemma 3.1 that every (i)-supporting line of A% is a J-pair, as desired.
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For the second induction we show that, for d = (dy,...,d;—1) a nonempty tuple, the
(i)-pivot line of h? is a d-pair. If d is the empty sequence, then the induction demonstrates
that the (0)-supporting line of h = h? is a d-pair, which is what we want to show. The

base case corresponds to the leaves of Dy. Each leaf of Dy is a sequence d = (d, . . . , dx—2)
and for such a d the (k — 1)-pivot line of h? is a generator of & by the definition of X (7).
Now, take ¢ = (cg,...,ci—1) € Dy and suppose that all successors d = (co,...,¢i—1,d;)

of ¢ are such that the (i + 1)-pivot line of h? is a é-pair. By the first induction, each
of these h? also has the property that every (i + 1)-supporting line is also a §-pair. An
application of (3) of Lemma 3.1 yields that the (i)-pivot line of h¢ is a d-pair, and we
are finished. O

Theorem 4.4. Let V be a congruence modular variety and take A € V. For k > 2, let
T = (0y,...,0k_1) € Con(A)*. The following hold:

L [T] = Ceg(X(T))
2. C(T;6) if and only if [T] <6

Proof. This follows from Lemmas 4.2 and 4.3. O
5. Additivity and homomorphism property

We are now ready to show that the commutator is additive and is preserved by
surjections. We begin by example, demonstrating additivity for the 3-ary commuta-
tor. Let 6p,601,v:(i € I) be a collection of congruences of A. We want to show that
(00,01, Vicr i) = Vierlfo, 01,7 It is immediate that [0, 601, \,;c; Vil > Vierl00,01,7il,
because of monotonicity. To demonstrate the other direction, it suffices to show that
C((00,01,V,cr vi); ) holds, where o = \/, [0, 01, 73]

Let h € M(0o,01,\,c; i) be labeled by 7 = (t(20,21,22), ((a0, bo)), (a1, b1), (a2, b2))).
Suppose that each (0)-supporting line of h is an a-pair. We need to show that the
(0)-pivot line of h is also an a-pair.

Because as by, there exist tuples ¢y, ..., ¢, such that

:\/1‘61 Vi
A =€) =y €1 €2 =y, | Cg = b,

This sequence of tuples produces the sequence of cross-section squares shown in Fig. 9.
Each square is a (6, 61 )-matrix labeled by (¢(zo, 21, ¢p), ((a0, bo)), (a1, b1))), for ¢, a tuple
from co, ..., cq. Each consecutive pair of squares labeled by

(t(20,21,¢p), ((a0, bo)), (a1, b1))) and (¢(zo,21,¢p+1), (a0, bo)), (a1, b1)))

are the (2)-cross-section squares of a (6, 01,;,)-matrix. As usual, a-pairs are indicated
with curved lines.
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S

T \

\
1 . .
, 0-pivot line of h

/

v

f f t

(o, 01, i, )-matrix (6o, 01, 7i, )-matrix (6o, 01, 7i,_, )-matrix

Fig. 9. Sequence of matrices.

- P L= —=m.(s,s,v,v)
. . . . .

me(s, 7, u,v)

1-pivot line of R§ ;(h)

Fig. 10. Rotated sequence.

To show that the (0)-pivot line of h is an a-pair it suffices to show that
(me(s,s,v,v), me(s,7,u,v)) €

for all e € n+ 1, where 7, s, u, v are the elements shown in Fig. 9. Therefore, we consider
for each e € n+1 the e-th shift rotation at (0, 1) of the above sequence of matrices. This
is shown in Fig. 10. Constant pairs are indicated with bold.

Because [0y, 01,7:] < « for all ¢ € I, we have that C(6g,01,;; @) holds. Because each
cube in the above sequence is a (6, 01, 7;)-matrix for some i € I, it follows by induction
that the (1)-pivot line of R§ ;(h) is an a-pair, as desired.

To show the additivity of a commutator of any arity, the same argument is used. For
h € M(T) we consider all h? for any d € D}, that is a predecessor of a leaf. By 4.1, all
(k — 2)-supporting lines that do not belong to the (k — 2,k — 1)-pivot square of h? are
constant pairs. The argument is then essentially the same as the 3-ary example above,
complicated slightly by an induction over the tree Dy.

Theorem 5.1 (Additivity). Let ~; for i € I be a collection of congruences of A. Set
T = (0o, ...,0k-1,V,;c;vi) and T; = (0o, ..., 0k—1,7:), where Op, ...,0,_1 € Con(A). Then
[T] = Vie,[Ti]-

Proof. By monotonicity, \/,.;[Ti] < [T]. Set o = \/,;[T}]. We need to show that C(T’; «)
holds. Let h € M(T) be labeled by 7 = (t(zo, - .. ,2x), P), where P is a sequence of pairs
of tuples ((ag, bo), .., (ag,bg)). Suppose that every (0)-supporting line of h is a a-pair.
We will show that the (0)-pivot line of h is an a-pair also.
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b @i

Vierv 0-pivot line

hs € M(T3,)

MO0

0-pivot line

(h’s)d € ]M<T' )

(k — 1, k)-pivot square (k — 1)-pivot line of (1;)?
is an a-pair

Fig. 11. Sequence of matrices and rotations.

Here we have that ar =y, _, -, br. We illustrate the (k + 1)-dimensional matrix h as
the product of two k-dimensional matrices in Fig. 11, given by evaluating z; at either
ay, or bg. These two matrices are called 79 and 7, respectively.

Notice that the (0)-pivot line of h is equal to the (0)-pivot line of 7;. By an induction
identical to that given in the proof of Lemma 4.3 it therefore suffices to show that the
(k — 1)-pivot line of (1) is an a-pair, for each d € Dy, that is a leaf.

Because a; =y, by, there exist tuples cg, ..., ¢, such that

er Vi

ap =€) =y, C1..-Cq-2 =y, | €= by
Evaluating z; at each of the cs gives the sequence of matrices shown in Fig. 11, where
each consecutive pair of matrices corresponding to the tuples cg, ¢s1 forms a T;_-matrix
which we call hg.

Now, take d € Dy, to be a leaf. Notice that d € Dy41 and that d is a predecessor of a leaf
in this tree. For each h;_ in the above sequence, consider the T;_-matrix (h;_)?. This gives
the final sequence of matrices shown in Fig. 11. By Lemma 4.1, every (k — 1)-supporting
line that does not belong to a (k — 1, k)-pivot square is a constant pair. These are drawn
with bold. The sequence of (k — 1, k)-pivot squares is drawn underneath the constant

supporting lines.
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As in the 3-dimensional example, we observe that C(7;;a) holds. It follows from
induction that the (k — 1)-pivot line of (1;)? is an a-pair, as desired. O

Let f: A — B be a surjective homomorphism with kernel 7. Abusing notation, we
denote by TV 7 the sequence of congruences (61 V, ..., 0, V7), and by f(T) the sequence
of congruences (f(601),..., f(0x)). We then have the following

Theorem 5.2 (Homomorphism property). Let f : A — B be a surjective homomorphism
with kernel . Then [TV« = f=([f(T Vv n))).

Proof. We argue by generators again. By Proposition 5.1 we have that [T|vr = [TVr|Vvr.
So, we assume without loss that 6; > m for 1 < ¢ < k. Notice that [T|V7 = Cg(X(T)Um)
and that f(X(T)Un) = X(f(T)). But [f(T)] = Ceg(X(f(T)), so f carries a set of
generators for [T] V m onto a set of generators for [f(T)]. Therefore f([T]V w) = [f(T)]
as desired. O

6. Two term commutator

Kiss showed in [10] that the term condition definition of the binary commutator is
equivalent to a commutator defined with a two term condition. The method of proof uses
a difference term. We begin this section be examining the binary case. The equivalence
of the commutator defined with the term condition to the commutator defined with a
two term condition can be shown using Day terms. This approach easily generalizes to
the higher commutator. Recall that for a matrix h € M(fy,...,0,_1) and f € 2% we
denote by hy the vertex of h that is indexed by f.

Definition 6.1 (Binary two term centralization). Let V be a congruence modular variety
and take A € V. For «, 3,6 € Con(A) we say that « two term centralizes S modulo

0 if the following condition holds for all h,g € M(«, 8), where we assume h and g are
respectively labeled by (¢(zo,21), ((a0, bo), (a1,b1))) and (s(x0,x1), ((co,do), (c1,d1))):

This condition is abbreviated as Cy (o, §).

Fig. 12 depicts the condition Cy(«, §). Curved lines represent d-pairs. The top matrix
is labeled by

(t(20,21), ((a0, bo), (a1, b1)))
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s(do,c1) s(do, dy)

Fig. 12. Binary two term condition.

Fig. 13. Ciy (e, ;) implies C(a, B; 8).
and the bottom matrix is labeled by

(5(x0,%1), (€0, do), (c1,d1)))

Proposition 6.2. C(«, 8;0) holds if and only if Cy(a, 5;6) holds.

Proof. Suppose Cy(«, 3;0) holds. To show that C(a,;d) holds we take [a Z €
c

M (o, 8) such that (a,c) € §. Because (a,b) € 0, it is also the case that “ lb) €
a

M (e, B). These two matrices satisfy the antecedent of the implication that defines the
condition Cy(a, 5;0), so we conclude that (b,d) € §, see Fig. 13.
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a geM(@p) b

¢ € M(a, 8)

meb.5, . F)— mo(base, f)
VYeen+1
me(d,d, h,h)—— m.(d,c,g,h)

he M(a,p)

Fig. 14. C(«, 3;9) implies Cyi (e, B8;6).

Suppose now that C(a, 8;0) holds. Let g, h € M («, 8) be labeled by (s(zg, z1), ((ag, bo),
(a1,b1))) and (t(x0,%1), ((co,do), (c1,d1))) respectively. Suppose that

1. {s(ag,a1),t(co,c1)) = {a,e) € §
2. <5(b07a1)7t(d03c1)> = <b7 f> €46
3. (s(ag,b1),t(co,d1)) = (c,9) €9

We need to show that (s(dy,d;),t(bg,b1)) = (d, h) € 4.

We construct a matrix that is similar to a shift rotation. For each e € n + 1 consider
the polynomial

Pe(¥o¥1) = me(t(y0, ¥9), t(y4, ¥), s(¥5, ¥1), s(¥i, ¥1))

where yo = y0"y$ "y3 " yd and y, =y "yl

Set
1. Uy — boﬁbor\domdo
2. Vo = boAaOACOAdU
3. u; =a;" ¢
4. V] = blr\dl

Let ¢ € M(«, B) be labeled by (pe, ((ug, vo), (u1,v1))). The relationship between h, g
and ¢, is shown in Fig. 14.

Proposition 2.4 show that (m.(b,a,e, f),me(b,b, f, f)) € 0 because (a,e) and (b, f)
are d-pairs. We assume that C(a, 8;6) holds, so (m.(d,c,g,h),m.(d,d,g,h)) € §. This
holds for all e € n + 1 so applying Proposition 2.4 again shows that (d,h) € §. O

We now generalize this notion to the higher commutator.
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he M(T) g€ M(T)

C

ap  Qgk-1_7

ag  Qok—-1_17

Fig. 15. C(T; 6) implies C(T; §).

Definition 6.3 (Two term centralization). Let V be a congruence modular variety and
take A € V. For T = (6,...,0r_1) € Con(A)* and § € Con(A) we say that T is two
term centralized at j modulo § if the following condition holds for all h, g € M (T):

1. If hy =5 gf for all f € 2% except the function that takes constant value 1 then
hy=gy forall f e 2k,

This condition is abbreviated as Cy (T 9).

Theorem 6.4 (Two term higher commutator = Bulatov higher commutator). Let V be a
congruence modular variety and take A € V. Fork > 2 let T = (fp, ..., 0,_1) € Con(A)*.
For 6 € Con(A), C(T;6) holds if and only if Cet(T';0) holds.

Proof. Suppose Cy(T;d) holds. To show that C(T;d) holds, take h € M(T) with
0-supporting lines (a;,b;) for i € 2*=! — 1 and O-pivot line (c,d). Suppose that each
0-supporting line (a;, b;) is a d-pair. There is a g € M (T') with O-supporting lines (a;, a;)
for i € 271 — 1 and O-pivot line (c,c). We have that hy =5 g; for all f € 2¥ except
possibly the constant function with value 1. The assumption that Cy(T';0) implies that
hy =s gy for all f € 2%, In particular, (c,d) € §. This is shown in Fig. 15.

Suppose now that C(T’;6) holds. Take h,g € M(T) such that hy =5 g; for all f € 2%
except the function that takes constant value 1. We want to show that hy = gy for all
fe2k.

Suppose that h and g are labeled by

(t(Zo, AN ,Zk_l), ((.‘:lo,bo)7 ey (ak_l,bk_l))) and
(S(XO7 e 7xk—1)7 ((C(),do), N (Ck_l, dk—l)))

respectively. Choose i € k. Fig. 16 shows the i-cross-section lines of h and g, with vertices
that are d-pairs connected by curved lines.

We label the i-pivot line of h as the pair (a,c) and the i-pivot line of g as the pair
(b,d). For a function f € 25\i} the supporting lines h; and g; are named (ay,cs) and
(bs,dy) respectively. We want to show that (c,d) € §. By Proposition 2.4, it suffices to
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4
h e M(T) g€ M(T)
- by
i-supporting line of h —® <—— j-supporting line of g
Cf d f

i-pivot line of h —® <—— j-pivot line of g

Fig. 16. C(T;8) implies Ct:(T;6).

me(cy,ayp, by, dy) me(c, a,b,d)
\
\
\
\
) |
I
/
/
/
me(cy,cp,dy, dy) me(c, e, d, d)
i-supporting lines i-pivot line

Fig. 17. Supporting and pivot lines.

show that (m.(c,a,b,d),mq(c,c,d,d)) € § for all e € n 4+ 1. This will follow from the
assumption that C(T; §) holds and the existence of a T-matrix g. with the i-cross-section
lines shown in Fig. 17.

Indeed, for each e € n + 1 consider the polynomial p.(yg, ..., ¥5_1) =

Me (t(yg, .. ,y?, .. .yg_l),t(yg, .. ,yil7 .. .yg_l),

S(Y(1)7 ce aY?’ N .y,lc,l),s(y(l), te ,Y?7 . "YI1c1)>

0N, 17,27

where y, = 9"yl "y27y? and y; = y?my} for j # i. We now define the following pairs
of tuples:

1. (lli,Vi) = ((bz/\blf\(lll/\dl)7 (bi’\ai’\c/\di))
2. (u5,v;) = ((a;7¢j), (b;"dy)) if j #i.
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Let g. € M(T) be labeled by (pe, ((ug,vo),--.,(ux—1,vk—1))). By Proposition 2.4,
every i-supporting line of ¢, is a d-pair. We assume that C(T;6) holds, so the i-pivot
line of ¢, is a §-pair. This holds for all e € n + 1, so {¢,d) € § as desired. O
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