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Endo-permutation modules
Nilpotent blocks

1. Introduction

Let G be a finite group, let p be a prime number such that p | |G|, and let k be an
algebraically closed field of characteristic p > 3. Moreover, assume that we are given
a p-modular system (K, O, k) which is large enough for G and all of its subgroups and
quotients. The main aim of this article is to provide a complete description of the ordinary
characters of the trivial source modules lying in a p-block B with a non-trivial cyclic
defect group D.

First of all, it is well-known that trivial source kG-modules are liftable to OG-lattices,
and moreover that they lift in a unique way to a trivial source OG-lattice. Therefore it
is natural to consider the K-character afforded by this trivial source lift and consider
the following problem.

Problem A. Given a p-block B of kG with non-trivial cyclic defect groups, describe all
the irreducible constituents of the ordinary characters afforded by the trivial source lift
to O of all trivial source B-modules.

Of course a solution to Problem A should be given in terms of certain block invariants,
which we will determine in due course. To begin with, trivial source modules in blocks
with cyclic defect groups are classified by [8] using the much older classification of the
indecomposable modules in such blocks by Janusz [10] through a so-called path on the
Brauer tree of B. See §2.4. However, as trivial source modules are not invariants of the
Morita equivalence class of the block B, the data of the Brauer tree is not sufficient
in general. However, they are invariants of the source-algebra-equivalence class of B.
Hence the classification of [8] also makes use of further parameters parametrising the
source algebra of B according to [15, Theorem 2.7]. Namely a certain endo-permutation
kD-module, which we will denote W, and a sign function that can be determined from
the values of the ordinary irreducible characters of B at certain elements of D.

Our main result is Theorem 7.1, which provides us with a solution to Problem A, and
indeed describes the K-character afforded by the trivial source lift of all trivial source
B-modules with arbitrary non-trivial vertices in terms of the above parameters, that
is the Brauer tree of B, the kD-module W and the sign function. We postpone the
precise statement of our main result to Section 7 because it requires introducing a lot of
notation and concepts. However, more accurately, the irreducible constituents of these
characters which are non-exceptional characters of B can easily be determined from the
aforementioned path associated to the module. On the other hand, the constituents of
these characters which are exceptional characters of B are much more difficult to describe
and all our results in this article focus on this problem. Also notice that trivial source
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B-modules with trivial vertices are just the projective indecomposable modules and their
characters are well-known. See §2.5.

Theorem 7.1 generalises on the one hand results on characters of trivial source modules
in cyclic blocks obtained by the first author and N. Kunugi in [11], and on the other
hand results of M. Takahashi [17] describing the characters of Scott modules for finite
groups with cyclic Sylow p-subgroups (see Remark 7.3).

The paper is organised as follows. In Section 2, we introduce our notation and recall
the necessary background results on blocks with cyclic defect groups. In Section 3, we
point out some general results about characters of trivial source modules in blocks with
cyclic defect groups. In Sections 4, 5, and 6, we describe a reduction procedure in three
steps bringing us back to computing certain distinguished K-characters of the defect
group D of the block B. Finally, in Section 7, we recover all characters of all trivial
source B-modules from those of the trivial source b-modules, where b is the Brauer
correspondent of B in Ng(D;) and D; denotes the unique cyclic subgroup of order p
of D. This is achieved using a perfect isometry between b and B induced by a Rickard
complex from Rickard’s and Rouquier’s work on blocks with cyclic defect groups. (See
[16, Theorem 11.12.1].)

Finally, we note that we leave the case p = 2 for a further piece of work as it requires
further technical computations on characters afforded by endo-permutation lattices with
determinant one.

2. Notation and quoted results
2.1. General notation

Throughout, we let p be an odd prime number and G a finite group of order divisible
by p. We let (K,0,k) be a p-modular system, where O denotes a complete discrete
valuation ring of characteristic zero with unique maximal ideal p := J(O), algebraically
closed residue field k := O/p of characteristic p, and field of fractions K = Frac(O), which
we assume to be large enough for G and its subgroups in the sense that K contains a
root of unity of order exp(G), the exponent of G.

Unless otherwise stated, for R € {O,k}, RG-modules are assumed to be finitely
generated left RG-lattices, that is, free as R-modules, and by a block B of G, we mean a
block of kG. Given a subgroup H < G, we let R denote the trivial RG-lattice, we write
Res% (M) for the restriction of the RG-lattice M to H, and Ind% (N) for the induction
of the RH-lattice N to G. Given a normal subgroup U of G, we write Infg/U(M) for the
inflation of the R[G/U]-module M to G. If M is a uniserial kG-module, then we denote
by £(M) its composition length. If P is a p-group and @ < P, then 2p,o denotes the
relative Heller operator with respect to Q. In other words, if M is an RP-lattice, then
Qp/o(M) is the kernel of a Q-relative projective cover Pp,qo(M) of M. (See [19,21] for
this less standard notion.) In particular € := Qp/(1; is the usual Heller operator. We
denote by Irr(G) (resp. Irr(B)) the set of irreducible K-characters of G (resp. of the
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block B of kG). In general, we continue using the notation of [8] inasmuch as it was
introduced therein and we refer the reader to [16,20] for further standard notation.

2.2. Trivial source and cotrivial source lattices

An indecomposable RG-lattice M with vertex @ < G is called a trivial source RG-
lattice if the trivial RQ-lattice R is a source of M. We adopt the convention that trivial
source RG-lattices are indecomposable by definition.

It is well-known that any trivial source kG-module M is liftable to an OG-lattice. In
other words, there exists an OG-lattice M such that M = M /pM (sce e.g. [2, Corol-
lary 3.11.4]). More accurately, in general, such modules afford several lifts, but, up to
isomorphism, there is a unique one amongst these which is a trivial source OG-lattice.
We denote this trivial source lift by M and simply by xas the K-character afforded by
M , that is the character of K ®¢ M. Character values of trivial source lattices have the
following properties.

Lemma 2.1 ([13, Lemma II.12.6]). Let M be a trivial source kG-module and let x be a
p-element of G. Then:

(a) xar(x) equals the number of indecomposable direct summands of Resgw(M) isomor-
phic to the trivial k(x)-module. In particular, xp(x) is a non-negative integer.
(b) xam(z) # 0 if and only if © belongs to some vertex of M.

Following the terminology of [9, Definition 4.1.10], an indecomposable RG-lattice M with
vertex Q < G is called a cotrivial source RG-lattice if the RQ-lattice Q(R) is a source
of M. It follows that any cotrivial source kG-module M is liftable to an OG-lattice and
affords a unique lift M which is a cotrivial source OG-lattice. We denote by xar the
character afforded by K ®¢ M.

2.8. Blocks with cyclic defect groups

From now on, unless otherwise stated, we let B denote a block of kG with cyclic defect
group D = Cpn with n > 1. For 0 < ¢ < n, we denote by D; the unique cyclic subgroup

of order p* and we set N; := Ng(D;). We let e denote the inertial index of B and set
._ D=1
m:= ,

simple B-modules Sy, ..., S, and e + m ordinary irreducible characters. We write

which we call the exceptional multiplicity of B. Then e | p — 1. There are e

Er(B) = {x1,- - xe} U {xa | A€ A},

where A is an index set with |A| := m (we will give a precise definition of A in Section 7).
If m > 1, the characters {xx | A € A} denote the exceptional characters of B, which
all restrict in the same way to the p-regular conjugacy classes of G and the characters
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X1, .., Xe denote the non-exceptional characters of B, which are p-rational. For A’ C A,
we set

XAr = Z XX -

AEN’

We write Irt®(B) := {x1,. -+, Xes Xa }> I’ (B) := {x1,..., Xe} and Irrpx(B) := {x» | A €
A}. We let o(B) denote the Brauer tree of B. The vertices of o(B) are labelled by the or-
dinary characters in Irr°(B) and the edges of o(B) are labelled by the simple B-modules
Si,...,8e. If m > 1 the vertex corresponding to x, is called the exceptional vertex and
is indicated with a black circle in the drawings of o(B). Furthermore, we assume that
o(B) is given with a planar embedding, determined by specifying, for each vertex of
o(B), a cyclic ordering of the edges adjacent to this vertex. We use the convention that
in a drawing of ¢(B) in the plane, the successor of an edge is the counter-clockwise
neighbour of this edge. Let now u be a generator of D;. A vertex x € Irr®(B) of o(B)
is said to be positive if x(u) > 0 and we write xy > 0, whereas it is said to be negative if
x(u) < 0 and in this case we write x < 0. See [8, §4.2]. The character theory of blocks
with cyclic defect groups is essentially described by Dade’s work [4]. For more detailed
information relative to Brauer trees we also refer the reader to [1, §17] and [9, Chapters

1& 2.
2.4. Indecomposable modules in blocks with cyclic defect groups

By results of Janusz [10, §5], each indecomposable B-module X which is neither
projective nor simple can be encoded using a path on o(B), which is by definition a
certain connected subgraph of ¢(B). This path may be seen as an ordered sequence
(E1,...,Es) of edges of 0(B), called a top-socle sequence of X, where E;, E;11 have a
common vertex for every 1 < i < s — 1, where the odd-labelled edges are in the head
of X and the even-labelled edges are in the socle of X, or conversely, and where some
edges may be passed twice if necessary. Moreover, [3] associates to each indecomposable
B-module X two further parameters: a direction € = (£1,¢5) and a multiplicity u. For
i € {1,s} we set ¢;, = 11if F; is in the head of X and ¢; = —1 if E; is in the socle of
X. If m =1, then p := 0. If m > 1, then p corresponds to the number of times that
a simple module E; connected to the exceptional vertex occurs as a composition factor
of X (this is independent of the choice of E;). The module X is entirely parametrised
by its path, direction and multiplicity. We refer to [10,3,8] for further details. We will
use this classification in order to state our main result in Section 7.

2.5. PIMs and hooks in blocks with cyclic defect groups

Blocks with cyclic defect groups being Brauer graph algebras (with respect to the
Brauer tree), the structure of the PIMs of B, can be described as follows (see e.g. [2,
§4.18]). If S is a simple B-module, then its projective cover Pg is of the form
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PS - Qa,@Qb bl
S

where S = soc(Ps) = head(Ps) and the heart of Py is rad(Ps)/soc(Ps) = Q. ® Qb
for two uniserial (possibly zero) B-modules @), and Q. Furthermore, if the end vertices
of the edge of o(B) corresponding to S are labelled by the irreducible characters y,
and xy, then the projective indecomposable character corresponding to Pg is &g =
Xa + Xb- The PIMs of B are precisely the trivial source B-module with vertex Dy = {1}.
Furthermore, Green’s walk around the Brauer tree [7] provides us with a description
of certain distinguished indecomposable B-modules, called hooks in [3]. More precisely,
following [3, §2.3], the uniserial modules of the form

H, = Ci and Hy = (i

for a simple B-module S are called the hooks of B. The vertices of such modules are the
defect groups of B, and if e > 1 any lift of H, affords the character y, and any lift of
H,, affords the character xp.

2.6. Trivial source modules in blocks with cyclic defect groups, reduction to kD

We quickly recall the principal steps in the [8] classification of trivial source B-
modules.

First of all, up to isomorphism, the set of trivial source B-modules with a given vertex
D; < D (1 <i<n) form exactly one Q2-orbit {Q?*(M) | 0 < a < e — 1} of B-modules,
where M is a given trivial source B-module with vertex D;, and the set of cotrivial
source modules with vertex D; forms the Q2-orbit {Q?¢*1(M) | 0 < a < e — 1}. This
follows from the fact that the trivial kD;-module is periodic of period 2. Now, the trivial
source B-modules are classified by [8, Theorem 5.4] in terms of their path on the Brauer
tree o(B). Our aim is to use this classification in order to determine the K-characters of
their trivial source lift to O. More precisely, we are going to go through the reduction to
kD used in [8] to recover the trivial source B-modules in order to compute their ordinary
characters, as well.

Thus, throughout we let b denote the Brauer correspondent of B in Ny, we let ¢ be a
block of Cg(D1) covered by b, and we let A denote a source algebra of ¢. Furthermore,
we let T'(c) be the inertia group of ¢ in N7 and b’ be the unique block of T'(c) covering
c, i.e,, b’N1 = b and b’ is the Fong-Reynolds correspondent of b. Then D is a defect
group of the blocks b, b’ and c. The block ¢ is nilpotent, whereas the blocks b and b’
have inertial index e and exceptional multiplicity m. Furthermore, we let W denote the
indecomposable capped endo-permutation kD-module parametrising the block B up to
source-algebra equivalence. (See [15, Theorem 2.7].) Concretely, W may be thought of,
either as a source of the simple b-modules, or as a source of the unique simple c-module.
Hence D; acts trivially on W.
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First, we recall that if P is a finite p-group, then a kP-module M is called endo-
permutation if its k-endomorphism algebra Endg(M) is a permutation kP-module.
Moreover, an endo-permutation kP-module M is said to be capped if it has an inde-
composable direct summand with vertex P, which is usually denoted by Cap(M). For
further details, we refer the reader to the survey [21]. Endo-permutation modules over
abelian p-groups were classified by Dade [5,6]. This classification — see [21] and [8, §4.5]
— allows us to write the module W parametrising the source-algebra of B as follows:

Notation 2.2. The kD-module W has the form

Ap —
W = Q%]/Do o QaDl/Dl 0---0 QD/[;,L,l(k)
with a; € {0,1} for each 0 <7 < n — 1. Moreover, we assume that ig < iy < ... < i4 are
the indices such that a;, = ... =a;, =1l and a; =0if i € {0,...,n — 1} \ {éo,..., 15},
and we set s := —1 if W = k. We may in fact also assume that ag = 0, since Dy acts
trivially on W. Hence, in the sequel, we will write

W=W0<ip<ig<...<is<mn).

Furthermore, for each 1 < ¢ < n we set ¢; := dimy (Cap(ResBi(W))), which can be
explicitly computed as ¢; = Zogijq(fl)jpi’if + (—1)710=45<iH (see [8, Theorem 5.1]).

The reduction to kD works as follows. Firstly, the Green correspondence with respect
to (G, N1; D), which we denote by f~! (upwards) and f (downwards), commutes with the
Brauer correspondence and preserves vertices and sources, hence trivial source modules.
Secondly, the theorem of Fong-Reynolds provides us with a source-algebra equivalence
between b and b’, which obviously preserve trivial source modules. Thirdly, we can then
reduce to ¢, which is a nilpotent block, via induction /restriction using Clifford’s theory,
which also preserve vertices and sources. We can then further reduce to kD via two
Morita equivalences (see §2.7 for details):

kD — mod <M;TM> A—mod «+——+ ¢—mod
o
If M is an indecomposable c-module, then we simply call Morita correspondent of M,
the Morita correspondent of M in kD under the composition of these two Morita equiv-
alences. In the sequel, by abuse of notation, we will drop the module category notation
and we will simply write our equivalences in terms of algebras.

Lemma 2.3 ([8, Lemma 4.6]). Let M be the unique trivial source c-module with vertex
1< D; < D. Then the Morita correspondent of M is the kD-module

Up,(W) := (Indgi oCapo Resgi) (W)
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and satisfies dimg(Up, (W)) = £; - p"~°.

We emphasise that Up, (W) is not a trivial source module any more in general. We refer
the reader to [8] for proofs and further details on this subsection.

2.7. On Puig’s characterisation of source algebras of nilpotent blocks

The block c lifts uniquely to a block of OCg(D1), say € Then Puig’s theorem on
nilpotent blocks (see [16, Theorem 8.11.5, Corollary 8.11.11]) states that any source
algebra A of the block € is isomorphic to

g@o@D

as interior D-algebra, where S := End@(W) for an indecomposable endo-permutation
OD-module W with vertex D and of determinant 1. Moreover, if W := k ®o W, then
any source algebra A of the block ¢ is isomorphic to

S Q@ kD

as interior D-algebra, where S := Endi(W) and W is also an indecomposable endo-
permutation kD-module with vertex D. Moreover, the module W can be explicitly
realised as a source of the unique simple c-module V', and hence also as a source of
the simple b-modules. As D1 < Cg(D1) it follows from Clifford’s theory that D; acts
trivially on V', hence also on W.

More precisely, we have Morita equivalences:

. ~M ~M
q)k- kD Wean— A C

The first one is obtained by tensoring over k with W viewed as an S-module. In other
words, an arbitrary indecomposable A-module is of the form W ®j U, where U is an
indecomposable kD-module. For the second one let i € ¢ be a source idempotent of ¢
such that A = ikGi. Then the (c, A)-bimodule ci and the (A, c)-bimodule ic realise a
Morita equivalence between A and ¢, where an indecomposable c-module M corresponds
to the A-module iM. See [20, (38.2)]. There are also two Morita equivalences analogously
defined over O:

Pp: OD <M 4 A M ¢

W®o—

Tensoring everything with K we write Wg := K ®¢ W, Sk =K ®p S =Endg(Wgk),
so that there are Morita equivalences

D KD%»K@OEgSK@mKD%K@oE.
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These in turn induce bijections
Tg: Irg(D) —=— Irrg (K @0 A) —=— Trrg(c)

between the sets of K-characters of D and ¢, where Irrg (K ®p A) = {pw - A A€
Irrg (D)} (see [20, (52.6)]) and pg; is the K-character afforded by W. By abuse of
notation, we also denote by I'c its Z-linear extension to Z Irrx (D). Finally, we may use
these bijections to label the K-characters of c. In other words, we may write

Irrg(c) = {¢Ya | A € it (D)} where ¢y ;=T (N).
See [20, (52.8)(a) and its proof].
3. Ordinary characters of trivial source modules: general results
3.1. PIMs and hooks

We start with two elementary cases, which already let us rule out the case in which
the exceptional multiplicity is one.

Lemma 3.1.

(a) If M is a trivial source B-module with vertex Do = {1}, then M is a PIM. In other
words, there exists a simple B-module S such that M = Pg and

XM = Xa + Xb

where X, and xp label the vertices of o(B) adjacent to the edge labelled by S.
(b) If a hook M of B is a trivial source module, then xp € Irt°(B) and xp(z) > 0 for
each x € D.

Proof. (a) Well-known. See §2.5.
(b) See §2.5 and Lemma 2.1. O

Corollary 3.2 (The case m = 1). If m = 1, then the trivial source B-modules are precisely
the PIMs and the hooks of B whose Green correspondents in b are simple. Their K-
characters are described by Lemma 3.1(a) and (b).

Proof. If m = 1, then e = |D| — 1, hence D = Dj is cyclic of order p. The trivial
source B-modules with vertex Dy are the PIMs of B. Now as D = Di, and hence
N¢g(D) = N¢(Dy), the simple b-modules, which all have vertex D, are trivial source
modules by Clifford theory. These are then all the trivial source b-modules with vertex
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D and their Green correspondents in B must be exactly the trivial source B-modules
with vertex D. The claim follows. O

Thus, henceforth, we may assume that m > 1.

3.2. Arbitrary vertices

Next we state some general facts about characters of trivial source modules with
arbitrary vertices.

Notation 3.3. If M is a trivial source B-module (with an arbitrary vertex), then the
K-character y,; afforded by M, the trivial source lift of M, satisfies

(xm,X)a € {0,1} for all x € Irr(B)

e.g. by [8, Theorem A.1(d)] if e > 1, whereas it is obvious if e = 1. Therefore, throughout
we shall write

xv =Yy +Em

where U, is a sum (possibly empty) of pairwise distinct non-exceptional irreducible char-
acters in Irr’(B) and =, is a sum (possibly empty) of pairwise distinct non-exceptional
irreducible characters in Irrgx(B). We call ¥, the non-exceptional part of xps and ZEps
the exceptional part of xar. By the above Ejs is of the form = = x,, for sum A’ C A
and A= Em,ZEM)a-

The irreducible constituents of the character ¥y, are entirely determined by [8, The-
orem 5.4] together with [8, Theorem A.1l]. Hence our main task is to determine the
constituents of Zj; in the general case.

We start by proving that for a non-projective trivial source module M which is not a
hook, Zj; is invariant under 92, hence depends only on the order of the vertices.

Lemma 3.4. Assumee > 1 andm > 1. Let M be a non-projective trivial source B-module
which is not a hook. Then

EQ2G.+1(M) :XAfEM and Egza(M) :EM

for each 0 < a < e. In particular, if M and N are two non-isomorphic trivial source
B-modules with a common vertex D; (where 1 < i < n) and which are not hooks, then

—

SN = SN

Proof. As recalled at the beginning of the section Q2¢+1(M) is a cotrivial source B-
module for each 0 < a < e and Q2*(M) is a trivial source B-module for each 0 <
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a < e. Since M is not a hook, by [8, Theorem A.1], the head of M has exactly one
constituent corresponding to a simple B-module F labelling an edge of o(B) adjacent

to the exceptional vertex. Therefore the multiplicity of P(FE) as a direct summand of
P(M) is one and

Xpm) = O +Xxa,

where by Lemma 3.1 all the irreducible constituents of © are in Irr’(B).
Now if Q(M) — P(M) — M is a projective cover of M, then Q(M) — P(M\) — M

is a projective cover of M. It follows that in the Grothendieck group of KG we have

X = Xp) — XM =0 +xp =¥y —En,

hence Zq () = X4 —Znm- The same argument applied to Q(M) yields Eqz2(ar) = x4 +Em
and the first claim follows by iteration of this argument.

The second claim is then straightforward, because D; is a common vertex of M and
N, there exists an integer 1 < a < e such that N = Q?¢(M). 0O

With these general results, we can proceed in the next four sections in four successive
steps to recover the characters of the trivial source B-modules in the general case.

4. Step 1: characters of the Morita correspondents in kD

In this section, we compute the K-characters of the Morita correspondents in kD of
the trivial source c-modules, that is of the modules Ug(W) (1 < @ < D). To achieve this
aim, in an intermediary step, we describe the character of the capped endo-permutation
kD-module W.

4.1. Representation theory of D

The representation theory of kD is well-known. In particular, kD has finite repre-
sentation type. Letting u denote a generator of D, there is a k-algebra isomorphism
kD = k[X]/(X — 1)?" mapping u — X := X + (X —1)?", and for 1 < r < p” the
module M, := k[X]/(X — 1)" is the unique indecomposable kD-module of k-dimension
r. In fact, these form a complete set of representatives of the isomorphism classes of
indecomposable kD-modules, and are all uniserial. We refer the reader to [20, Exercises
17.2 and 28.3] for further details.

Similarly all indecomposable modules over all subgroups and quotients of D are
parametrised by their k-dimension. Thus, when the module structure is clear from the
context, we use the same notational conventions for quotients and subgroups of D as
for D itself. [20, Exercises 17.2 and 28.3] in particular tell us that (endo-permutation)
kD-modules can be understood inductively from proper subgroups making repetitive use
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of the Heller operator and inflation. Now, it follows directly from the definition of M,
that f 0 <i<nm—1land1<r <pt?—1,then D; = (up%i) acts trivially on M,., so
that M, may be considered as k[D/D;]-module, namely by abuse of notation we may
write M, = Infp, p, (M, ).

Notation 4.1. We let ¢ € K* denote a primitive p"-th root of unity in K. Then

Irg(D)={\?:D=(u) — K*,u— (" |k€Zand 0 <k <p" —1}.

K

Then \Y = 1p is the unique non-exceptional K-character of D and
NP1 <k <p" —1} = Tirpy (kD)

(see e.g. [4]). Clearly (see e.g. Lemma 3.1(a)) the projective indecomposable module kD
affords the K-character

p"—1

XkD = Z )\HD~
k=0

Remark 4.2. Given 0 < i < n — 1, the character \? may be seen as inflated from a
character of D/D; if and only if D; < ker AP, Thus,

Infg/Di (Irr (D/D;)) = {Infg/Di()\E/Di) 10<v<pi1)
={\2|0<rk<p"—1andp'|}.

4.2. Character of the endo-permutation kD-module W

In view of §2.6 and §2.7, we first need to describe the K-characters of the capped endo-
permutation O D-lattices of determinant 1 lifting a module of the form Wp(aq, - .., an-1)
with ap = 0. We recall that given an OD-lattice L, we may consider the compo-
sition of the underlying representation of D with the determinant homomorphism
det : GL(L) — O*. This is a linear character of D, called the determinant of L. If
this character is the trivial character, then it is said that L is an OD-lattice of determi-
nant 1.

Lemma 4.3.

(a) Any permutation OD-lattice has determinant 1.

(b) If N is an indecomposable capped endo-permutation kD-module, then N is liftable
to an OD-lattice, and amongst all possible lifts of N there is a unique lift N with
determinant 1.

Proof. (a) This holds because p is odd. See [14, Lemma 3.3(a)].
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(b) Tt is well-known that all modules belonging to a cyclic block with inertial index 1
are liftable. The claim about the determinant holds by [20, (28.1)]. O

Notation 4.4. If N is an indecomposable capped endo-permutation kD-module, then we
denote by xn the K-character of its unique lift of determinant 1. Notice that the unique
indecomposable capped endo-permutation kD-module which is also a trivial source mod-
ule is the trivial module k. Its trivial source lift is the trivial OD-lattice O, which
obviously has determinant 1, hence the above notation agrees with the notation chosen
for the character of the trivial source lift.

Lemma 4.5. If B = kD, then there is a unique trivial source module with vertex D; for
each 1 < i < n, namely Indgi(k) = Infg/Di(k[D/D,;]) = M\p/p,|, which we may also
see as the permutation kD-module k[D/D;] with stabiliser D;.

(a) The trivial source lift of k[D/D;] is O[D/D;] and has determinant 1.
(b) We have

_ D
XMip/p,| = Z A -

0<k<p"—1
p'lk

Proof. The module Indgi (k) is indecomposable, hence is the unique trivial source kD-
module with vertex D; and has dimension |D/D;|. It is also clear that Indgi (k) is the
inflation from D/D; to D of the projective indecomposable k[D/D;]-module k[D/D;].
Now the trivial source lift of k[D/D,] is Indgi((’)) = O[D/D;], which has determinant 1
by Lemma 4.3(a). Hence, it follows from the above and Remark 4.2 that

|D/D;|-1
D i —
XMp/p,| = Xlnfg/Di (k[D/D;]) — InfD/D,., Z AE/D = Z )\KD' u
v=0 0<k<p"-1

p'lr

Now we recall that in all generality, with the notation introduced in Subsection 2.1,
we have: M is an endo-permutation kP-module if and only if Qp,o(M) is an endo-
permutation kP-module (i.e. here P is an arbitrary p-group and @ < P). This is
essentially because, by definition, Qp,o(M) is the kernel of a Q-projective cover of
M, so that tensoring it with its dual gives a permutation kP-module if and only if
Endg (M) = M* ®;, M is a permutation kP-module.

Lemma 4.6. Let 0<i<n—1and1l <r< p”‘i — 1. Then the following holds:

(a) Qp,p,(M,) =Infp,p; (UM,)) = Mipp,|—r;
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(b) Let N be an indecomposable capped endo-permutation kD-module and let N denote
its unique lift with determinant 1. If 1 < i < n and dimi(N) < p"~% — 1, then
Qp,p,(N) is the unique lift of determinant 1 of Qp,p,(N).

(c) Qp,p,(k) = M|p/p,|-1, its lift of determinant 1 is Qp,p,(O) and it affords the
K-character

_ D D _ D
XQD/Di(k) - ( E : )‘m ) - /\0 - E )‘m i
0<Kk<p™—1 1<k<p" -1
p'|K p'lK

Proof. (a) Let M, be the unique k[D/D;]-module of dimension r and let
0— QM,) — P(M,) = M, —0
be a projective cover of M,. Because D/D; is a p-group and M, is uniserial, the
head of M, is the trivial k[D/D;]-module and it follows that P(M,) = k[D/D;],
i.e. the unique projective indecomposable k[D/D;]-module. Moreover, Q(M,.) is in-

decomposable because M,. is indecomposable. Therefore, taking inflation to D yields
a D;-relative projective cover of M, seen as a kD-module

0 — Infp,p, (UM,)) — Infp,p, (P(M,)) — Infp,p (M) — 0

since Infp, . (M,) = M,. Thus, Pp,p,(M,) =Infp,p, (P(M,)) = k[D/D], i.e. the
indecomposable permutation kD-module with stabiliser D;, and

QD/Di(Mr) = Infg/Di (QUM,)) .
Moreover,
dimy (Qp,p, (M;)) = dimy k[D/D;] — dimg M, = |D/D;| —r.
(b) For the second claim, let

0— Qp,p,(N) — Pp/p,(N) — N —0
be a D;-relative projective cover of N. Then, by the arguments of the proof of (a),
Pp/p;(N) = k[D/D;] is a permutation kD-module and this short exact sequence
lifts to a D;-relative projective cover of N:

0— QD/Di(]V) — O[D/D;] — N — 0

(see e.g. [7, (3.6)]). But then for each g € D, by Lemma 4.5(a) and the assumption
that N has determinant 1, we have
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det(g,Qp,p,(N))det(g, N) = det(g9,O[D/D;]) = 1,
=1

hence det(g,2p/p,(IN)) = 1, as required.

(¢) The first claim follows from (a) since k = M;. The second claim holds by (b). For
the third claim, we consider again the D;-relative projective cover of the trivial OD-
lattice

0— Qp/p,(0) — O[D/Di] — O —0.

Thus, computing in the Grothendieck ring of KD, we obtain that the K-character
afforded by the lift of determinant 1 of Qp,p, (k) is

XQp, p, (k) = Xk[D/D:] — Xk = ( Z AD) = AF = Z AL,

0<k<p"—1 1<k<p™ -1
p'lk p'lr

where the second equality holds by Lemma 4.5(b). O
Proposition 4.7. Let W := Qpp, ) © Qp/p,, © - © QD/Di(S)(k) be an indecomposable
capped endo-permutation kD-module, where s > 0, 0 <i(0) <i(l) <---<i(s) <n-—1

are integers, and we set s = —1 if W = k. Then, in the Grothendieck ring of KD, the
ordinary K-character afforded by the lift of determinant 1 of W is

o =2 (Y AD) (A
3=0 0<K<pm—1
pi(j)|,,C

Proof. We proceed by induction on s. If s = —1, then W = k = My = Mp,p, , hence
xw =AY by Lemma 4.5. If s = 0, then W = Qpp, , (k) and by Lemma 4.6 we have

w= > A= D A)-Ap

1<k<p"-—1 0<k<p"-—1
PO POk
Hence the formula holds for s = —1 and s = 0. So let us assume that s > 1 and set

W':=Qp/p,,, © 2 Qp/p,, (k)

rW) = dimpy(W'). Because i(0) < (1) < --- < i(s) < m — 1, we have
1<rW) < p*~0) — 1, hence

W =Qp/p, W) =MD, |-row)

by Lemma 4.6(a). Now, by Lemma 4.6(c) and (b) (applied inductively), we obtain that
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QD/Dm) -0 QD/Di(S)(O) =W

is the unique lift of determinant 1 of W’ and by the induction hypothesis

S

v =D AR) + ()ap
j=1 0<r<p"—1
pi(j)‘,,i

Again, by Lemma 4.6(b), the module Qp/p, (17\7’) is the unique lift of determinant 1
of QD/Di(O) (W') = W. Hence in the Grothendieck ring of K D, we have

XW = XMpyp, ) — XW = Z AP - (Z(—l)j( Z )\E) + (—1)5/\(?)

0<k<p™—1 Jj=1 0<k<p™—1
p Ok p'P |k
S
_ J D s+1\D
=Y (Y A) AL o
=0 0<k<p"—1
p'D |k

4.8. Characters of the Morita correspondents

We can now proceed to describe the K-characters of the Morita correspondents of the
trivial source c-modules under the character bijection I'x of §2.7.

Throughout this subsection we fix a vertex D; < D with 1 < ¢ < n and we de-
note by p(;w for the K-character afforded by the unique lift of determinant 1 of the
indecomposable capped endo-permutation kD;-module Cap o Resgi (W).

Lemma 4.8. Let M be the unique trivial source c-module with vertex 1 < D; < D and let
Vs denote the K-character afforded by its trivial source lift. Then

I (Yar) = IndD, (piw)) -

Proof. Follows directly from Lemma 2.3 and the definition of the character bijection I'g
of §2.7. O

Lemma 4.9. Let 1 < i <n and let W := QDi/Di(O) 0---0 QDi/Di(t)(k)’ where t > 0 and
0<i(0) <i(l) <---<i(t) <i—1 are integers. Then:

(a) W= Z;ZO(—I)j Indg:m (k) + (=1)"*1k in the Grothendieck ring of kD;; and
(b) Indp, (W) = 3i_o(—1)/ Indp, (k) + (~1)* ' Indp (k) in the Grothendieck ring
of kD.
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Moreover, in the Grothendieck ring of KD,

mdp,0ov) = 3 (=17 (3 AP)+ 0t Y AD).
Jj=0 0<k<p™—1 0<r<p"—1
P |k Pk
Proof. First we note that VW is an indecomposable capped endo-permutation kD;-

module.

(a) We proceed by induction on ¢. If ¢ = 0, then considering a D;)-relative projective
cover of the trivial module

0— Qp,p, (k) — Indg;(m (k) — k—0

yields W = Indgjm) (k) — k, as required. Now, given ¢ > 1, we may decompose

W= QDi/Di(O) [QDz‘/Dm) O---0 QDi/Di(t) (k/‘)}

= PDz‘/Di(U) [QDi/Di(l) 00 QDi/Di(t) (k)} - [QDi/Di(w o QDi/Di(t) (k)} :
As dimy <QDi/Di(1) o0---0 QDi/Di“)(k)) < |Di/Dj(l, we have

PDi/Di(O) [QDi/Dm) -0 QDi/Di(t) (k)} = PDi/Di(O) (k)
and the induction hypothesis yields

t

W = Pp,/p,q (k) = [Z(— 1/ Indp; (k) + (_1)%}

Jj=1
t

=Y (-1 Indp (k) + (=1)"'k

7=0
(b) Tt follows from (a) that

t

Indp, (W) =ndp, (D(~1) B’ (k) + (~1)" k)

j=0

t
S (-1 (Indgi olndg;(]_)(k)) T (—1)" mdB, (k)

=0

[
o~

(1) Indp,

(k) + (=1)"** Ind}3, (k)

S
I
o
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The last claim is now a direct consequence of Lemma 4.5(b). O

Proposition 4.10. Let W = W(0 < ig < i1 < ... < ig < n) be the indecomposable
capped endo-permutation module parametrising the source algebra of the block B. Let M
be the unique trivial source c-module with vertex D; and let 1p; denote the K-character
afforded by its trivial source lift to O. Then

(i)

I (V) = Z(—l)j( Z MD) I (,1)t(i)+1( Z >\~D> 7
3=0 0<r<p™—1 0<npi—1
P |k i

where t(i) ;= maz{0 < j <s|i; <i—1} f W2k and t(i) == -1 if W =k.

Proof. By Lemma 4.8, F;{l (Yum) = Indgi (p(i,wy), where p wy is the K-character of
the lift of determinant 1 of the indecomposable capped endo-permutation k£D;-module
CapOResgi (W). By [8, §4.5], we have

Capo Resgi (W) = Q%)i/Do o QIBL'/Dl 0---0 Q(B;/lDi,l (k)
= QDI/Dlo (O OQDi/Dz‘t (k),

where ¢ := (7). Therefore it follows from Lemma 4.9(b) that

Uit ($ar) = Indp, (p(s,w))
(@)
=S (Y )@Y AP). o
j=0 Ogm_gp"—l 0§K§|p"—1
p'ilk p'|k

5. Step 2: characters of the trivial source b-modules

Throughout this section, we assume W = W (0 < ip < i1 < ... < i5 < n) according
to Notation 2.2 is the indecomposable capped endo-permutation module parametrising
the source algebra of the block B. We let 1 < D; < D (1 < < n) be a fixed vertex and
we set (1) :=max{0 < j<s|i; <i—1}if W 2k and ¢(i) := —1 when W = k.

First we recover the characters of the trivial source c-modules.

Lemma 5.1. Let M be the unique trivial source c-module with vertex D; and let s
denote the K-character afforded by its trivial source lift to O. Then

Yy = Z(—l)j( Z 1/}>\g> + (—1)t(i)+1< Z 1/}/\,5_’)
Jj=0 0<r<p™—1 0<r<p™—1
plj‘f{ pllﬁ
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:%_m( >0 ap) H V(DT ) A Do

7=0 1<k<p" -1 1<k<p™—1
|k Pl

where d(W, D;) := 0 if t(i) is even and d(W, D;) := 1 if t(i) is odd.

Proof. Applying ' to the formula in Proposition 4.10 yields the first equality. The
second equality is straightforward, indeed, we only write the unique non-exceptional
character 1 Ap In a separate summand. O

Next we need to induce the above characters in turn to the stabiliser T'(c) and then
N7 in order to compute the K-characters of the trivial source b’-modules and b-modules.

Remark 5.2. Recall that we write Irri(c) = {tp | 1 < x < p" —1}. Then the following
assertions follow from Clifford-theoretic arguments (see [1, §19]):

(1) For 1/))\[1)3, the unique non-exceptional character of ¢, we have

T(c - it
C(G()Dl)(w/\oD) =1 +.. .+ Y.,

Ind
where {11, ...,1.} = Ir’(b") (each Jj extends ¥,p);
(2) Indgéc()Dl)(d)/\g) =: ’(ZAE € Irrpy (b') for each exceptional character ¥yp € Irrpx(c);
(3) Irr'(b) = {61,...,0.} where 6; := Ind}, (¢;) for each 1 < j < e and
Indg(lc)(zz/\hp) =:0xp € Iirpx(b) foreach 1 <x <p" -1

as the theorem of Fong-Reynolds gives a source-algebra equivalence between b’ and
b induced by induction from T'(c) to N;. (See [12, 1.5. Theorem].)

(4) Let E be the inertial quotient of B. This is a cyclic subgroup of order e of
Ng(D)/Cq(D), hence acts by inner automorphisms on D = (u) and embeds as
a subgroup of Aut(D) = (Z/p"Z)*. Hence, writing E = (h) with h € Ng(D), there
exists a € (Z/p"Z)* of order e such that

h=tuh = u®,

where 0 < a < p" is coprime to p since e | p — 1, so that the group F acts by
conjugation on Irrgy (D) via

(A2Y(u) = AP (h~tuh) = AP (u?) = (" = AL, (u).

Hence (AP)h" = AP

ra®

and each orbit has length e. Therefore, fixing a set of repre-
sentatives of the orbits of this action, say {A.) [ 1 <r <m} =: A (where m is the
exceptional multiplicity of B), we may rewrite
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m

I (D) = [ {Adyae [0S @ <e =1},
r=1
where A 0 D — K™, u s (5% Tt follows that

Ind’(© (1

T
Co(Dr ) = Indcg;c()Dl)(’l/})\D ) = r=r,

D
K(r)a® () ac

thus we may set

Oy ::Indgé(pl)(% ) foreachl1<r<m,0<a<e-—1,

D
K(r)a®

so that by the above Irrpx(b) = {0x ., | 1 <7 <m} = {0\ | A € A}.

Corollary 5.3. Let 1 < D; < D be as above. Let Yy,...,Y. be the e pairwise
non-isomorphic trivial source b-modules with vertex D;. For each 1 < x < e let
Xy, = Py, + Ey, be the K-character afforded by the trivial source lift of Yy to O (see
Notation 3.3). Then the following assertions hold:

(a) ift(i) is odd, then without loss of generality we may assume that we have chosen the
labelling such that ¥y, = 0,, whereas Uy, = 0 if t(i) is even; and

(b)

£(4)

S = 2N ) H DY 0n,,)-
7=0 1<r<m 1<r<m
Pl |k (r) Pl lr(r)

Proof. First assume that Y7,...,Y, are hooks. Then by [8, Corollary 5.2(c)], we must
have W = k and D; = D,, and Y3,...,Y, are precisely the simple b-modules. (This is
because the simple b-modules are hooks since o(b) is a star with e edges and exceptional
vertex at its centre, and moreover D; acts trivially on them, hence they are trivial source
modules.) In consequence, we may assume that we have chosen the labelling such that
Xy, =0, = ¥y, and Ey, =0 for each 1 < z < e. Hence (a) and (b) hold in this case.

We may now assume that Y7,...,Y. are not hooks. If M denotes the unique trivial
source c-module with vertex D;, then by Clifford theory

T
Indcgc()Dl)(M) =M@ ®M,

is the direct sum of the e pairwise non-isomorphic trivial source b’-modules with vertex
D; and

Indgt o (M) =Y1®--- @Y.  with Y =Indyl, (M;) V1< j<e (wlog)
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is the direct sum of the e pairwise non-isomorphic trivial source b-modules with vertex
D;. At the level of K-characters, we obtain from Lemma 5.1 and Remark 5.2 that

£(3)
dffs () = 317 (0 I (ap)

§=0 1<k<p"—1
K
DO (ST mdd (@) ) + AW, D) Ind3E o (6sp)
1<k<p" -1
p'lr
(i)
= Z(fl)]e( Z '9/\H(,,,))
7=0 1<r<m
P |rK(r)
+ (—1)t<i>+1e( 3 9AW>) +d(W, D)0y + ... +0.).
1<r<m
p'lR(r)
As by Lemma 3.4 we have Zy;, = ... = Ey, and the multiplicity of each irreducible

constituent of this character is one, we have

Eymzz ( Z 9)\,,(7‘)> t(Z)H( Z eAn(r))

7=0 1<r<m 1<r<m
pY|k(r) plr(r)

foreachl1 <z <e. O

Remark 5.4. According to Janusz’ classification of the indecomposable modules in blocks
with cyclic defect groups [10] a non-simple trivial source b-module Y, (1 <z <e) as in
Corollary 5.3 can only correspond to paths on the Brauer tree o(b) of the form

[ LN

Sa

x

or of the form

0z
O
Say
XA
[ J
%fﬁg
@)
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because o(b) is a star with exceptional vertex at its centre. Therefore, if e > 1, it is
a priori clear that any lift of Y, affords a K-character of the form d,0, + 0, for some
d, € {0,1} and some A’ C A. See [8, Theorem A.1].

Now, if e > 1, then a trivial source b-module Y, with ¥y, = 6, corresponds to a path
of the first type and if ¥y, = 0, then Y, corresponds to a path of the second type. See
[8, Theorem A.1]. If e = 1 only the first type of paths exists. In this case Corollary 5.3
tells us whether 6, occurs as a constituent in yy, or not.

6. Step 3: from b to B, the exceptional constituents

For the passage from b to B, we first need to describe the labelling of the ex-
ceptional K-characters of B which we will use in the sequel. Recall that we write
Irr'(b) = {61, ...,60.} and Irrgy(b) = {0 | A € A}, where

A:{/\K(T)|1ST§7TL}

is defined in Remark 5.2. Moreover, we write Irt’(B) = {x1,...,Xe}, where we may
assume that for each 1 < x < e, x, is the K-character of the Green correspondent in
B of the simple b-module S, affording the K-character 6,.. Then the standard labelling
of the exceptional characters of B is achieved as follows: if A : ZIrr(b) — ZIrr(B)
denotes the homomorphism of abelian groups induced by the functor 15 ~Ind%17 there
exists a sign 6 € {£1} and {xx | A € A} such that for all pairs A, A" € A, we have

A(G)\ - 9,\/) = 5()()\ - X)\/) .
By [16, Theorems 11.10.2(ii)] this yields the existence of a perfect isometry
Z:ZTIrr(b) — ZTIrr(B)

sending each 6, € Irr'(b) to Z(0,) = §(0,)x. with 6(0,) € {£1} and each 0 € Irrgy(b)
to Z(0x) = dx with 6 € {£1} independent of X € A.

Remark 6.1. By results of Rickard and Rouquier, see [16, Theorem 11.12.1], there is a
2-term splendid Rickard complex

M®*: 0= N—-M-—=0

of (B,b)-bimodules, where N and M are in degrees —1 and 0 respectively,
M = 1g5-kG-1p, and N is a certain direct summand of the projective cover of M as
(B, b)-bimodule. Thus, by [16, Corollary 9.3.3], the complex M*® induces another perfect
isometry

I:ZIrr(b) — ZIrr(B)
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such that on the one hand for each 6 € Irr(b), we have I(0) = ¢(0)x for a certain
X € Irr(B) and a sign £(0) € {£1}, and on the other hand

I(0) = (xm — xn) @kp 0 (1)

for every 6 € ZIrr(b). Moreover, because I and Z are two perfect isometries, in fact
it follows from [16, Theorems 11.1.12 and 11.10.2(ii)] that I sends the non-exceptional
characters 0, € Irr'(b) to I(6,) = £(0.)x. for each 1 < z < e and the exceptional
characters 0 € Irrgx(b) to

I(0x) = - xa
where ¢ := 5(9,\(1)) =...= 6(9>\(m))~

Lemma 6.2. Let x be a K-character of G afforded by an OG-lattice which is a lift of an
indecomposable B-module X. Furthermore, suppose that there exist a subset A’ of A, a
sign € € {x1} and integers oy, -+ , ., 8 € Z such that

e
X = Z Az Xx +BXA +exar-

r=1

Then, either

e e
X = Z Az Xz + X or X = Z Oz Xz + XA\A’ .

x=1 =1

(See Notation 3.3.)

Proof. We have

e e
X = Zaer +ﬂXA +exan = ZQIXE + Z BX)\ + Z (5+6)X>\-
r=1

z=1 AEA\AN AeN’

Since (A\A)NA’ = () and (x, x»)¢ € {0, 1} for each A € A, we have that 3, 3+¢ € {0,1}
(see Notation 3.3). Hence 3 = 1 — e. Therefore, ¢ = 1 yields x = > 0_; quXa + Xars
whereas ¢ = —1 yields x =Y 0 _; auXa + Xaa O

Proposition 6.3. Let Y be a non-projective trivial source b-module and let X := f=1(Y)

be its Green correspondent in B. Write Ey = 0p with A’ C A for the exceptional part
of xy . Then the exceptional part of xx is

Ex =xa  or EX =Xaw -
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Proof. According to Remark 5.4, we may write Uy = dpf,, for some 1 < zy < e and
some dy € {0, 1}, so that xy = dpbz, + 0a:. Then, it follows from Remark 6.1 that
(xm — xn) @xb Xy = L(xy) = I(dobz, +04r)

= I(doamo + Z 9)«) = €(0z0)doX o, + Z EX N
AEA/ AEA!

= &(0x, ) doXa, + X/
Now, on the one hand, as M induces a stable equivalence of Morita type between b and
B, we have

M ®p Y = X @ (projective B-module).

Thus x v,y = Xx + @, where ® is the character a projective B-module. By Lemma 3.1
we can write

€
= auxs +oxa
z=1

for non-negative integers o, ..., ae, @ € Z>o. On the other hand, NV is projective as a
(B, b)-bimodule, hence N ®yp Y is a projective left B-module. Thus again by Lemma 3.1
we can write

e
XN = BaXa + Bxa
x=1

for non-negative integers 1, ..., B¢, B € Z>¢. It follows that

(xar = xv) ®xb Xy = (Xar @xb Xv) — (XN Kb Xv) = Xx + D YeXa + (@ — B)xa

z=1
for integers ~y1,...,7. € Z. Hence
Xx + i YaXe + (@ = B)xa = €(0z)doXa, +EXAr
z=1
so that
xXx = €(0s)doXa, + zn: (—=Y2)Xz + (B — a)xa +exar
z=1

and the claim follows from Lemma 6.2. O

Next, we count the number of exceptional constituents of the trivial source b-modules.
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Lemma 6.4. Let Y be a non-projective trivial source b-module with vertex D; (1 <i <n).
Write Uy = doby, for some 1 < xg < e and some dy € {0,1} for the non-exceptional
part of xy and Zy = 0x, with ' C A for the exceptional part of xy. Then

0 -p"Tt—dy G- pnTt—dy

[A] =
e

and [A\A|=m—

Proof. On the one hand, because the multiplicity of each irreducible constituent of Zy
is one, we have that

A= (Ey,Eyv)e = (Xv.xv)e — do-

Now, reduction modulo p of 6, yields one simple constituent of Y and for each A € A’
reduction modulo p of @) yields e simple constituents of Y, hence reduction modulo p of
Xy = dobg, + 0ar yields

UY) =do +e|N]

as b is uniserial. On the other hand, as trivial source b-modules and trivial source c-
modules with vertex D; have the same length (see [8, Corollary 4.5]) and c is Morita
equivalent to kD, it follows from Lemma 2.3 that the length of Y is

UY) = {(Up,(W)) = dimy,(Up, (W)).

Therefore

. dimk(UDi (W)) - do

A | = and IA\A|=m

dlmk(UD1 (W)) - do

and the claim follows from the fact that dimy(Up,(W)) =¢; - p"~*. O
7. Step 4: characters of the trivial source modules at the level of G

We can now state our main result. Note that in this section the indecomposable B-
modules are expressed in terms of their path, direction and multiplicity, as introduced
in §2.4.

Theorem 7.1. Let B be a block with non-trivial cyclic defect group D, inertial indez e,
and exceptional multiplicity m > 1. Let W = W(0 < ip < i1 < ... < is < n) be the
endo-permutation kD-module parametrising the source algebra of B. Let X be a trivial
source B-module with vertex D; (1 <i<n). Set

10)
=(W, i) == Z(_l)j( Z XAW)> n (_1>t(i)+1( Z XAW))
7=0 1<r<m 1<r<m

P |k (r) plr(r)
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and

S0 =D 07D )+ (0O

7=0 1<r<m
p'itr(r)

021) 375-408

Z X/\m))

1<r<m

pt(r)

where t(3) ;= maz{0 < j <s|i; <i—1} f W2k and t(i) == -1 if W =k.

(a) If e = 1 and the Brauer tree of B is o(B) =0
assertions hold:
(1) xx =dox1 + E(W,1) in case x1 > 0, and
(i) xx = (1 —do)x1 +E(W,i) in case x1 <0,
where dg = 1 if t(3) is odd and dy = 0 if t(i) is even.
(b) If e > 1, then the following assertions hold.

X1 S

° , then the following

(1) Ifthe vertexis D; = D and W = k, then X is a hook and there exists x € Irr°(B)

such that x >0 and xx = Xx-
(2) If X corresponds to the path

Xeg g X Xy g, Xa
O =—=0 O=——=e©o
Es Eiy2

where the direction is € = (1,—1), 1 >0, and x4, 15 a

leaf of o(B), then:

(i) xx = Ei:o Xz +E(W, 1) in case l is odd, Xg, >0, e | (¢;-p"~* —1) and the

multiplicity 2 < u < m of X is given by u =m +

Lip" -1,
1— =

(ii) xx = 22:0 Xz + E(W,i) in case | is even, xaz, > 0, e | (4 -p"~t—1) and

the multiplicity 2 < u < m of X is given by u = Lip
(iii) xx = le:o Xz +E(W, i) in case | is odd, Xz, <0,

2< < m of X is given by p = 42

—1 + 1;
e | ¢; and the multiplicity

(iv) xx = lezo X=+E(W, 1) in case l is even, x5, <0, e | £; and the multiplicity

n—1

2<pu<m of X is given by,uzm—l—l—elpT
(3) If X corresponds to the path

Xg,-o B XA
O=——=e
Es

where the direction is € = (—1,1) and x, is a leaf of o(B), then:

(i) xx = E(W,i) in case x, > 0, e | (¢ -p"~
nil

2<pu<m-—1 of X is given by p =m —

e

Li-p

© — 1) and the multiplicity

(ii) xx = Z(W,1) in case x, <0, e | {; and the multzpl@czty 2<pu<m-1of X

is given by p = Lﬂl



S. Koshitani, C. Lassueur / Journal of Algebra 574 (2021) 375—408 401

(4) If X corresponds to the path

Xz Xz Xz XA
o Eq " “u B

O O = O O=———®e
Eq Es_1 Epq2

where | > 0, the successor of Ey around X, is Es, the direction is ¢ = (1,1),
then:
(i) xx = lezo Xz +E(W, 1) in case | is odd, Xo, >0, e | (;-p"~" —1) and the
o L Lip" i1,
multzplzcity 2<p<mof X is given by p =m +1 — =L—-; _
(i) xx = > ._qX= +E(W,i) in case l is even, x5, >0, e | ({;-p"~" — 1) and
the multz;plz'cz'ty 2<u<m of X is given by = % +1;
(iii) xx = > ._o Xz +E(W,i) in casel is odd, xz, <0, e | £; and the multiplicity

2 < u<m of X is given by p = L2
(iv) xx = le:o Xz +E(W,i) in case l is even, Xo, <0, e | £; and the multiplicity

n—i

2<u<m of X is given byuzm—kl—é"pT
(5) If X corresponds to the path

X X Xa XA
E; ‘o Es o i Ej 42

O O=———=0O O=——=e®
E; Ei i3

where | > 0, the successor of Ey around X, is Es, the direction is ¢ = (=1, 1),

then:

(i) xx = le o Xz +EW,4) in case l is odd, Xz, >0, €| (6;-p"~" —1) and the
multzplzczty 2<pu<mof X is given by p =m+1 — ¢,

(i) xx = Zz:O X + E(W,i) in case | is even, x5, >0, e | (¢; - p"~* — 1) and
the multiplicity 2 < u < m of X is given by u = M +1;

(iil) xx = lezo Xz +ZE(W,4) in case l is odd, xz, <0, e | 4; and the multiplicity
2<u<m of X is given byu:%—i-l;

(iv) xx = Zi:o Xz +E(W, 1) in casel is even, x5, <0, e | £; and the multiplicity
2<u<m of X is given byuzm—l—l—%

(6) If X corresponds to the path

{

X X X XA
o E> 1 “ Epi2
A

[

s—1 Eiys

where | > 0, the successor of E1 around X, is Es, the direction is € = (-1,1),
then:
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(i) xx = le:o X +E(W,4) in case l is odd, Xg, >0, e | (¢;-p"~* —1) and the
multiplicity 2 < p <m of X is given by p=m+1— %;
(i) xx = Zi:o X + E(W,4) in case | is even, x5, >0, e | (¢; - p"~* — 1) and
the multiplicity 2 < p < m of X is given by u = L +1;
(iii) xx = Zi:o Xz +E(W,i) in casel is odd, x5, <0, e | 4; and the multiplicity
2<pu<mof X isgivenby,uz%ﬁ—l;

iv) xx = l: Xz +Z2(W,1) in case l is even, x,, <0, e | {; and the multiplicity
2=0 0

n—i

2<u<mofX z'sgz'venby,uzm—i—l—&pT
(7) If X corresponds to the path

where the successor of E1 around X, is Eo and the direction is e = (—1,1), then:

(i) xx = E(W,i) in case x, > 0, e | (4; - p"~" — 1) and the multiplicity

L;pt 1

(i) xx =E(W,i) in case x, <0, e|{; and the multzplzczty 1<pu<m-—-1oX
% :v -

1<pu<m-—1of X is given by up =m —

is given by p = .
In all drawings of the paths, the vertices Xz, - - -, Xa, € Irt'(B).

Remark 7.2. To simplify, we say that the trivial source module X has type (2) (resp.
(3), (4), (5), (6), (7)) if X corresponds to a path of type (2), (resp. (3), (4), (5), (6),
(7)) in the statement of Theorem 7.1(b). We also note that this labelling agrees with the
labelling of [8, Theorem 5.3].

Proof. We shall go through the classification of the trivial source B-modules with ver-
tex D; provided by [8, Theorem 5.3]. Let Y := f(X) be the Green correspondent of X
in b. Write Uy = dob,, for some 1 < zy < e and some dy € {0, 1} for the non-exceptional
part of xy and Zy = 05, with A’ C A for the exceptional part of xy.

For each module occurring in [8, Theorem 5.3], we determine both the non-exceptional
part ¥x and the exceptional part Zx of xyx from xy as follows.

(a) If e = 1, then B is uniserial and there is a unique trivial source B-module X with
vertex D;. Also, more precisely, xy = dof1 + x,, and xx must also have the form
Xx = dyx1 + Ex for some df, € {0,1}. Hence,

(Y)=do+|N] and  £(X)=dj+ (Ex,Ex)c-
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By Proposition 6.3, either Ex = x,, or Ex = Xa\as hence (Ex,Z2x)¢ €
{|A],m — |A'|}. Now, by [8, Theorem 5.3(a)] there are two cases to distinguish for X.
- Case 1: x1 > 0. Then, it follows from [8, Theorem 5.3(a) and its proof] that

By the above, the only possibility is Ex = x,, and dj = do, i.e. ¥x = dox1.
- Case 2: x1 < 0. Then by [8, Theorem 5.3(a) and its proof],

UQUY)) = UX) =p" — L p" "

Now, as the unique PIM of b affords the character 6, + 8,, the cotrivial source
module Q(Y) affords the character

Xay) = (1 —do)01 + Ox\a

and it follows that the only possibility is Zx = XA\A/ and d6 = 1—d, i.e.
Ux = (do — 1)xa.
Now, by Corollary 5.3(b), x,, = ZE(W,i), whereas Xaar = E(W,i). By Corol-
lary 5.3(a) yields do = 1 if ¢(4) is odd and dy = 0 if ¢(7) is even.

(b) We can now go through the classification of the trivial source B-modules with vertex
D; provided by [8, Theorem 5.3(b)]. To begin with, if X has vertex D and W = k,
then X is a hook and the claim follows from Lemma 3.1.

Thus, from now on we assume that X has type (2), (3), (4), (5), (6) or (7). First of
all, in all cases the non-exceptional part ¥x of xx is given by [8, Theorem A.1(d)],
namely Uy = le:O X- if X is of type (2), (4), (5) or (6), whereas ¥x = 0 if X is
of type (3) or (7). Therefore, it remains to compute the exceptional part Zx of xx.
Now, [8, Theorem A.1(d)] also provides us with the number of constituents of Ex,
namely

(Ex.Ex)e = w—1 if X corresponds to a path of type (2), (4), (5) or (6);

e 7 if X corresponds to a path of type (3) or (7).

Let Y := f(X) be the Green correspondent of X in b. Write ¥y = dob,, for
some 1 < zy < e and some dy € {0,1} for the non-exceptional part of yy and
Hy = 0x with A’ C A for the exceptional part of yy. By Lemma 6.4, the number of
constituents of ZEy is

|A/| — E’L ‘Pnﬂ' - dO
—6 .

Now, by Proposition 6.3 there are two possibilities for Zx. First, Ex = x,, if and
only if (Ex,Zx)¢ = |A']. Hence by the above
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- Lep"=do 41 if X s of type (2), (4), (5) or (6);
X = XA n= n—i
A Lipt "—do if X is of type (3) or (7).

e

[1]

Second, Ex = X\, if and only if (ZEx,Ex)c = [A\ A’| = m — |A’]. Hence by the
above

_ " m41— 2o it X s of type (2), (4), (5) or (6);
ox =X ’ = n—i
AA : — Lpt T odo if X is of type (3) or (7).

In addition, by Corollary 5.3(b), x,, = =Z(W,1), whereas Xaa = =(W,4). Finally,
we note that by Corollary 5.3(a), we have dy = 1 if and only if #(¢) is even, which by
construction happens if and only if e | (¢; - p"~¢ — do) and dy = 0 if and only if #(4)
is odd, which by construction happens if and only if e | ¢;.
This data together with the classification theorem [8, Theorem 5.3(b)] yields the
following form for Ex.
1. Types (2), (4), (5) and (6) all work identically. By [8, Theorem 5.3(b)] there are
four cases to distinguish.
Case 1: X is such that [ is odd, x5, > 0, e | (¢; - p"~* — 1) and the multiplicity
2§u§moinsgivenby,uzm—l—l—%.
In this case it follows from the above that dg = 1 and

EX = XA\A’ = E(W, Z)

Case 2: X is such that [ is even, x, > 0, ¢ | (¢; - p"~* — 1) and the multiplicity
2§,u§moinsgivenby,u:w+l.
In this case it follows from the above that dy = 1 and =x = x,, = E(W, 7).
Case 3: X is such that [ is odd, x,, <0, e | £; and the multiplicity 2 < u < m of
X is given by p = e”’:ii + 1.

In this case it follows from the above that dy = 0 and Ex = x,, = Z(W,1).
Case 4: X is such that [ is odd, x,, <0, e | £; and the multiplicity 2 < p < m of

n—i

Li-p
€

Xisgivenby u=m+1—
In this case it follows from the above that dy = 0 and

[1]

X = XA\A/ = E(W, Z)

2. Type (3): By [8, Theorem 5.3(b)] there are two cases to distinguish.
Case 1: X is such that x, > 0, e | (¢;-p"~*—1) and the multiplicity 2 < u < m—1
L;p" i1
P
In this case it follows from the above that dy = 1 and

of X is given by p =m —

[1]

X = Xa\a = E(W, ).
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Case 2: X is such that x, <0, e | ¢; and the multiplicity 2 < p < m —1 of X is

given by u = &L:ﬂ.

In this case it follows from the above that dy = 0 and Ex = x,, = Z(W, 7).
3. Type (7): By [8, Theorem 5.3(b)] there are two cases to distinguish.

Case 1: X issuch that x, > 0, e | (¢;-p" *—1) and the multiplicity 1 < u <m—1
ei.pnfi_l
e

of X is given by p =m — .
In this case it follows from the above that dg = 1 and

Ex = xaw = E(W, i)

Case 2: X is such that x, <0, e | ¢; and the multiplicity 1 < p <m —1 of X is
given by u = Z""”;ﬂ

In this case it follows from the above that do = 0 and

Ex = xa = 2(W,0).

O

Remark 7.3. In [17] M. Takahashi computed the ordinary characters afforded by Scott
modules in groups with cyclic Sylow p-subgroups, where the inertial index of the principal
block is greater than one. Scott modules all belong to the principal block and correspond
to paths of the form

Xeg L Xe Xei gy, Xa
O =—=0 O=———=0
Eiyo

with x,, = 1¢ > 0 and £y = E; = k. For the principal block, W = k, because it is
isomorphic to a source of the trivial kG-module. Hence ¢; = 1 and e | (p"~% — 1) for each
1 <4 < n. Thus the Scott module with vertex D; correspond to a module of type (2) in
Theorem 7.1(b) with x5, >0 and e | (p"~* — 1).

8. An example a la dade

Dade [4, §9] proves that all isomorphism classes of capped endo-permutation kD-
module on which D; acts trivially arise for the module W parametrising the source
algebra of the block B. We also note that all examples given by Dade in [4, §9] are in the
setting of nilpotent blocks. Here we give such an example, where W 2 k. In such a case
Ng(D) # Ng(D1) and such examples are of particular interest because the two Brauer
corresponding blocks of B in Ng(D;) and in Ng(D) are not source algebra equivalent,
although they are Morita equivalent.

Example 8.1 (See [/, §9]). Let p := 3, let D := (u) be the cyclic group of order 3%, and
let @ := 17}%+2 be the extra-special group of order 173 of exponent 17. Let G := Q x D
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be a semi-direct product of @ by D, where D acts on @ in such a way that Cp(Q) = D;.
Then [Z(Q), D] =1 and Aut(Q) = (Cy7 x Ci7) x GL2(17). Thus,

Ng(D)=Cq(D)=2Z(Q)x D= Ci7 x D,
while G = Ng(D1) = Ce(D1) = Q x D, so that B=b =c.
Computing in GAP4 [18], we see that this group has ninety-six 3-blocks of defect D,

and seventeen 3-blocks of defect D. We let B be a non-principal 3-block of G with the
defect group D and

ITY(B) = {ngs, X314, X315, X346, X347, X3485 X394, X395, X396} .

The values of these characters at 3-elements are given in the following table:

Degree  Character la 3a 9a

17 X1 ‘&= X298 17 17 —1

17 X1, ‘= X396 17 17w —C

17 X, = X348 17 17w? —¢2

17 X, = X315 17 17 ¢ =—w
17 Xa, = Xxsos 17 17w —¢*

17 Xa, = Xsar 17 1Tw® (0

17 Xa, = Xs1a 17 17 —(0 = —w?
17 X, = X394 17 17w —(7

17 Xa, = Xsas 17 17w? —¢®

where ( € K* is a primitive 9th root of unity and w := ¢* and x; is the unique

non-exceptional character. Furthermore, the labelling of the exceptional characters is
obtained via the bijection ' of §2.7 using the generalised decomposition numbers of
B = c according to [20, (52.8)(a)].

Now, we compute the trivial source modules of B and their characters as follows.
First, the unique PIM of B is the projective cover P(S) of the simple module S, has
length 9, and affords the character x; + x, by Lemma 3.1(a).

Next we recall that the simple module S must be a hook of B, which affords the
character xi1. As x1(3a) = 17 > 0, we have that x; > 0. Therefore, it follows from [8,
Corollary 5.2(a)] that the unique trivial source B-module with vertex D; has length
32-! = 3. Thus it must be Pp/p,(S), the relative D;-projective cover of S.

Therefore, it remains to find the unique trivial source B-module X with vertex D. By
[8, Corollary 5.2(a)](b) we know that X has length dimy (W) (where as usual W denotes
the endo-permutation kD-module parametrising the source algebra of the block B). Since
D is cyclic of oder 9 and D, acts trivially on W, there are in fact only two possibilities:
W =kor W = Qp,p,(k). As W is by definition a source of S, Lemma 2.1 excludes
the case W = k, because otherwise S would be a trivial source module contradicting the
fact that x1(9a) = —1 < 0. Hence W = Qp,p, (k) and dimg (W) = 2. It follows that
X =Qp/p,(S) and has length 2.
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Finally using the formulae of Theorem 7.1(a), we obtain that the trivial source B-
modules and their characters are given by the following table:

Length ~ Module Vertex Character la 3a 9a

9 P(S) {1} X1+ Xa 9x17 0 0

3 Pp/p,(S)  Di X1+ Xa, FXa, B3%x17 3x17 0

2 Qp/p,(5) D2=D x5, +Xxx, 2x17 2x17 1
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