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1. Introduction

The study of algebra-subalgebra pairs is an important technique used in the represen-
tation theory of Lie algebras [16], [2]. In 2010, Futorny and Ovsienko focused on so called
semicommutative pairs I' C %, where % is an associative (noncommutative) C-algebra
and I is an integral domain [7]. This situation generalizes the pair (T, U(gl,,)) where I" is
the Gelfand-Tsetlin subalgebra I' = C(UY_, Z(U(gl},))) [12], [2]. Galois rings and Galois
orders were originally defined and studied by Futorny and Ovsienko in [7] and [8]. They
form a collection of algebras that contains many important examples including: general-
ized Weyl algebras defined by independently by Bavula [1] and Rosenberg [19] in the early
nineties, the universal enveloping algebra of gl,,, shifted Yangians and finite W-algebras
[6], Coulomb branches [21], and U,(gl,,) [5]. Their structures and representations have
been studied in [4], [9], [14], and [18].

In [7], Futorny and Ovsienko described U(gl,,) as the subalgebra of the ring of invari-
ants of a certain noncommutative ring with respect to the action of S; x So X -+ x Sy,
where S is the symmetric group on j variables such that U(gl,,) was a Galois order with
respect to its Gelfand-Tsetlin subalgebra T'.

We recall in Galois theory, given a Galois extension L/K with Gal(L/ K) = G the
subgroups G of G correspond to intermediate fields K with Gal(L/ K )= G with normal
subgroups of particular interest. Since S, has only one normal subgroup for n > 5, one
might wonder what the object similar to U(gl,,) would be if we considered the invariants
with respect to the normal subgroup A; x Az x --- x A,, where A; is the alternating
group on j variables. This paper describes such an algebra, denoted by < (gl,,) (see
Definition 2.1). This provides the first natural example of a Galois ring whose ring T is
not a semi-Laurent polynomial ring, that is, a tensor product of polynomial rings and
Laurent polynomial rings. Additionally, our symmetry group A; x As X ---x A, is not a
complex reflection group. Our algebra &7 (gl,,) is an extension of U(gl,,) by n—1 elements
Vs, ..., Vn. In Proposition 2.2, we prove some properties of </ (gl,,) that are quite similar
to U(gl,,). For example, it is shown that the “Weyl Group” of & (gl,,) is the alternating
group A,, in the sense that there is a natural extension gyc of the Harish-Chandra
homomorphism ¢pc: Z(U(gl,)) — S(h) = Clxy,...,z,], such that

Puc: Z((gl)) = Clay, ..., xn] .

Moreover, there is a chain of subalgebras </ (gl;) C 7 (gly) C --- C «/(gl,,). In Section 3,
we give multiple descriptions of «7(gl,) and prove it is realizable as a Galois order.
Example 4.2 shows that <7 (gl,,) is not a Galois order for n > 3. The rest of Section 4
lists a set of generators and some verified relations for «/(gl;), but this list may be
incomplete. In Section 5, we show that the category of finite-dimensional modules in
not semi-simple, that is we show the existence of non-simple irreducible module, and
classify simple finite-dimensional weight modules. In Section 6, we provide a technique
to turn a general Galois ring into a Galois order that is related to localization (see
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Theorem 6.2). We use this to prove that a family of simple examples are Galois orders
(see Corollary 6.8) and that a localization of «7(gl,,) is a (co-)principal Galois order
over the localized T (see Definition 1.13 and Corollary 6.11). We use this localization
to construct canonical Gelfand-Tsetlin modules over 7(gl,,) in Section 7. Finally, in
Section 8, we compute the division ring of fractions and prove, that for n < 5, <7 (gl,,)
satisfies the Gelfand-Kirillov conjecture (see [13]). For the latter, we use Maeda’s positive
solution to Noether’s problem for the alternating group As [17], and Futorny-Schwarz’s
Theorem 1.1 in [10].

1.1. Galois orders
Galois orders were introduced in [7]. We will be following the set up from [14]. Let A

be an integrally closed domain, G a finite subgroup of Aut(A), and .# a submonoid of
Aut(A). We will adhere to the following assumptions for the entire paper:

(A1) (AA")NG = Tauea (separation)
(A2) VgeGVue l:9%p=qgopog el (invariance)
(A3) A is Noetherian as a module over A¢ (finiteness)

Let L = Frac(A) and ¥ = L#.4#, the skew monoid ring, which is defined as the
free left L-module on .# with multiplication given by ajuy - aspe = (a1p1(a2)) (1 p2)
for a; € L and p; € 4. As G acts on A by automorphisms, we can easily extend this
action to L, and by (A2), G acts on .Z. So we consider the following G-invariant subrings
' =A% K =LY and % = £C.

A benefit of these assumptions is the following lemma.

Lemma 1.1 ([1/], Lemma 2.1 (%), (iv) & (v)).

(i) K = Frac(T).
(ii) A is the integral closure of T in L.
(iii) A 4s a finitely generated T'-module and a Noetherian ring.

What follows are some definitions and propositions from [7].

Definition 1.2 (/7/). A finitely generated I'-subring % C ¢ is called a Galois I'-ring (or
Galois ring with respect to ) it K% = %K = ¥ .

Definition 1.3. Let u € .Z such that u = Z#G% aup. The support of u over 4 is the
following;:

suppuz{ue,///’au#Oforu: Zauu}

neM
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Proposition 1.4 ([7], Proposition 4.1). Assume a T-ring % C X is generated by
U, ..., U € U.

(1) If Ule suppu; generate A as a monoid, then % is a Galois ring.
(2) If L% = L#4, then % is a Galois ring.

Theorem 1.5 ([7], Theorem 4.1 (4)). Let % be a Galois T'-ring. Then the center Z(%)
of the algebra % equals % N K7, where K* = {k € K | u(k) =k Vu € .#}

Definition 1.6 (/7/). A Galois I'-ring % in J¢ is a left (respectively right) Galois I'-order
in ¢ if for any finite-dimensional left (respectively right) K-subspace W C 2", W N %
is a finitely generated left (respectively right) I-module. A Galois I'-ring % in ¢ is a
Galois T'-order in J if % is a left and right Galois I'-order in JZ".

Definition 1.7 (/2/). Let ' C % be a commutative subalgebra. I' is called a Harish-
Chandra subalgebra in 7% if for any v € %, T'ul' is finitely generated as both a left and
as a right I'-module.

Let % be a Galois ring and e € .# the unit element. We denote %, = % N Le.

Theorem 1.8 ([7], Theorem 5.2). Assume that % is a Galois ring, T is finitely generated
and M is a group.

(1) Let m € . Assume m~1(T') C A (respectively m(T') C A). Then % is right (re-
spectively left) Galois order if and only if . is an integral extension of T.

(2) Assume that T is a Harish-Chandra subalgebra in % . Then % is a Galois order if
and only if %. is an integral extension of T'.

The following are some useful results from [14].

Proposition 1.9 (/1/], Proposition 2.14). T is mazimal commutative in any left or right
Galois T'-order U in A .

Lemma 1.10 (/14], Lemma 2.16). Let 74 and % be two Galois I'-rings in & such that
U, C U. If U is a Galois I'-order, then so too is U .

It is common to write elements of L on the right side of elements of .Z.

Definition 1.11. For X =3  , puoy, € £ and a € L defines the evaluation of X at a
to be



572 E.C. Jauch / Journal of Algebra 569 (2021) 568-59/4

Similarly defined is co-evaluation by

xta)= 3 ap-(n (@) € L

neA

The following was independently defined by [20] called the universal ring.
Definition 1.12. The standard Galois I'-order is as follows:
Jr={Xex | X(y)el'VyeTl}.
Similarly we define the co-standard Galois T'-order by
v ={X e |X(y) el Vyel}

Definition 1.13. Let % be a Galois I'-ring in . If % C J#t (vesp. % C r*'), then %
is called a principal (resp. co-principal) Galois T'-order.

In [14] it was shown that any (co-)principal Galois I'-order is a Galois order in the
sense of Definition 1.6.

2. Defining the extension
2.1. Galois order realization of U(gl,,)

We first recall the realization of U(gl,) as a Galois I-order from [7]. Let A = C[xzy; |
1 < i < k < n] the polynomial algebra in indeterminates xy;, S,, = S1 X Sz X -+ X S,
anszASnz(C[e;ﬂ-|1§i§k‘§n].Here

eri = €ri(Th, -, Thk) = Z Thjr = Thji (1)
1<j1<-<gi<k

are the elementary symmetric polynomials. Also, let L = Frac(A) and K = Frac(T).
Now, we construct a skew monoid ring. Let .# be the subgroup of Aut(A) generated by
{6%} 1 <ick<n—1, where 6% is defined by

5ki($zj) = (Ezj — 5Zk5ij' (2)

We observe that .# = Z"("~1/2 Let & = L#t.# and A = (L#t.#)S7. In [7], the
authors describe an embedding ¢: U(gl,,) — ¢ defined by

k k -1

p(Byr) =Y (6")*ai;, (Bre) =Y (whj+5—1) =Y (wp-1i+i—1), (3)
1

e

i=1 j=1 i
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where

k+
. :Fszll(wkilJ — Thi)
e Hj;éi(xk?j — Tpi)

; (4)

and B} = Ej 41, E;, = Ej41,, where E;; denotes the matrix units. Let U, = ¢(U(gl,,)).
The algebra U, is a Galois I'-order.

Let A,, = A; x Ay x --- x A,, and

T =A% = Clep, V| 1<i<k<n2<{<n) (5)
Here
Ve =Ve(zar,...,%u) = H(ﬂﬁei — xgj) (6)
i<j
denotes the Vandermonde polynomial in the ¢ variables xyq,..., 2. Abstractly, T is

isomorphic to the following quotient
ClThi, Ve | 1 <i <k <n,2 < <n]/(V@ = De(Twr, ..., Tue) | 2< £ <),

where Ty;, V; are indeterminates and Dy(Ty1, ..., Ty) is the Vandermonde discriminant.
Also, let K = Frac(T") and % = (L#///)A".

Definition 2.1. Consider the following extension of U(gl,,), denoted </ (gl,,), defined as the
subalgebra of .Z" generated by U, U{Vs, Vs, -+, V, }. Explicitly, <7 (gl,,) is the subalgebra
of .Z generated by

in = Ef:1(5ki)ila%i fork=1,...,n—1,
Xpp =X (o +5-1) S @i +i—1) fork=1,....n,

Vi = Vi@t 2kk) = [Lic; (@0 — 2ky) fork=1,...,n—1,
+

where ag; are defined in (4).
The following proposition lists some basic properties of 27 (gl,,).

Proposition 2.2.

() Ulgh,) 2 Uy € (ol,).
(ii) </ (gl,,) is a Galois T'-ring.
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) Vi is central in </ (gl,,).

(iv) Z(e(gl,)) = Clay, ..., 204"

(v) There is a chain of subalgebras <7 (gl;) C </ (gly) C --- C (gl,,).

(vi) & (gl,,) is the minimal extension of U(gl,) with properties (iv) and (v).

(iii

Proof. (i) Clear because ¢ is injective and </ (gl,,) contains go(E,:f), p(Erk).
(ii) Define 2 as follows:

={XF X,V |1<i<n,2<j<n}

Since XijE € %, it is clear that (J,. 5 suppu generates .#. Thus, </ (gl,) is a Galois
I'-ring for every n > 1 by Proposition 1.4.

(iii) As 6% fixes @y, iff £ # k and k # n, it follows that V), is central in </ (gl,).

(iv) We first show that Z(</(gl,,) = C(Z(U,), V). C{(Z(U,), Vy)) C Z(</(gl,,)) is clear.
Next, we observe that o7 (gl,) C (L'#.#)*, where L' = C(zp; | 1 < i <k <n —
D[zn1,- .., Tnn]. By Theorem 1.5, we have

Z( (gl,)) = o (gl,) N K C (L't )A» N K C C{Z(Uy), V).

Consider the Harish-Chandra homomorphism ¢gc: Z(U(gl,)) — Clxy,...,z,])%". We
can define an extension of this map gpc: Z(</(gl,,)) = Clz,...,x,] as follows:

prc(e (X)), X € Z(Un),
&HC(X) = H (Q?Z — LL’j), X = Vn (7)

1=i<j=n

In conjunction with Chevalley’s Theorem (see [15]), ¢ e provides an isomorphism with
C[z1,...,2,)°". The claim follows by recalling that C[z1,...,z,]" is generated by the
symmetric polynomials and the Vandermonde polynomial.

(v) Follows from the definition.

(vi) We prove this result by induction on n. Since <7 (gly) = U(gl,), the base step is
clear. Assuming the claim holds for «7(gl,_;), now consider an extension < of U(gl,,)
satisfying (iv) and (v). By (v), & contains V,; for £ = 1,...,n — 1, and it contains
U(gl,) by definition. From (iv) we get an element V that is central in & that maps
to [[;;(zi —x;) € Clay, ... , ). This allows us to define an isomorphism 7: &/ —
o (gl,,) by sending {U(gl,,),Ve | £ =1,...,n — 1} to themselves and V — V,,. O

Remark 1. In [11] another Galois algebra is described in the invariants of a Weyl algebra
with respect to a single alternating group in Corollary 24 in [11].



E.C. Jauch / Journal of Algebra 569 (2021) 568-59/4 575

3. The structure of <7 (gl,)

In this section, we find a presentation for <7 (gl,) as an extension of U(gl,) and as a
generalized Weyl algebra as well as prove that it is a Galois I'-order.

Lemma 3.1.

(i) V2 commutes with every element of Us.
(i) o (gly) = Uz @ (U - V2)

Proof. (i) Follows by Proposition 2.2 (iii).
(ii) Since Vo commutes with everything in Us,
0 .
o (gly) = Zujvg | u; € Ua, at most finitely many u; # 0
7=0

Since V3 € Us, o (gly) = Uz + Us - Va. Now consider (12)5 := ((1), (12)) € S acting on
% by automorphisms. We have,

(12)2|v, = 1d vy,  (12)2]v,v, = (=1) - Id|y,v,-
This implies that @7 (gly) = Us @ (Us - Vo). O

Definition 3.2. The k-th Gelfand invariant for gl,, is defined as follows

Cnk = E Ei iy Eisis - By igFig iy -

(i1,82,..,0a)€E[n]d

There are n such Gelfand invariants for gl,,, and they generate the center of U(gl,).
We now give a presentation for 7 (gl,) in terms of U(gl,).

Proposition 3.3. There is an isomorphism

@ U(gly)[T5]

(T3 = (¢35, +2c2 + 1)) = laba), ®)

where Ty is an indeterminate and co; are the Gelfand invariants for gly. Explicitly

Pluy) =9, #(Tz) = Vo, 9)

where ¢ is the embedding from (3).
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Proof. Let p(Ty) = T§ — (—c3; + 2caa — 1) € U(gly)[T2]. Since p(T») is degree two,
U(gly)[T2]/(p(T2)) is free of rank 2 as a left U(gl,)-module with basis {1, 75} where Ty =
To+ (p(T»)). It follows Lemma 3.1 (ii) that o7 (gls) is also free of rank 2 with basis {1, V»}
via the isomorphism ¢ in (3). Therefore there is an isomorphism @: U(gly)[T2]/(p(T2)) —
4 (gl,) as U(gly)-modules sending 1 to 1 and Ty to V,. Thus, it suffices to show that
P(T27) = V3.

To show this, we calculate the images of co; under ¢:

o(ca1) = @(Fr1 + Eaz) = (z11) + (w21 + @22 — 211 + 1) = 21 + @22 + 1,
¢(con) = (B}, + EY Ey + Ef Ef + E3,) = 231 + 23, + 221 + T20.

As such,

~ 2 ~
P(T2") = @3y + 222 + 1) = —p(ca1)” + 2p(caz) + 1
= 7(‘%21 —+ X292 —+ 1)2 + 2(1‘%1 + IE%Q + To1 + IEQQ) —+ 1

= ($21 — $22)2 = V22
Therefore, ¢ is an algebra isomorphism. 0O
Theorem 3.4. </ (gl,) is a Galois T-order.

Proof. We first observe that <7 (gl,) is a Galois [-ring by Proposition 2.2 (ii). To prove
that «(gl,) is a Galois [-order, we will use Theorem 1.8. Since T is a Harish-Chandra
subalgebra of U(gl,), [ is a Harish-Chandra subalgebra of 27 (gly). Since A, is a group,
all we need to show is that I' is maximal commutative in . (gl,). This is clear because
I" is maximal commutative in Us, and T is just an extension by a central element by
Proposition 3.3. I' is maximal commutative in < (gl,); therefore, < (gl,) is a Galois
T-order. O

The following shows that <7 (gl,) is a generalized Weyl algebra [1], which gives another
way to show it is a Galois order [7]. First we recall the definition of a generalized Weyl
algebra.

Definition 3.5 (/1]). Let D be a ring, o a ring automorphism of D, and ¢ a central element
of D. The generalized Weyl algebra of rank 1, D(o,t) is a ring generated by the ring D
and two elements z and y subject to the following relations:

xd = o(d)z and yd = o~ (d)y for all d € D; (10)
yr =t and zy = o(t). (11)

Proposition 3.6. <7(gl,) is isomorphic to the generalized Weyl algebra I:(a7 t), where o =
U, t = —egn + e11€01 — €34, and T is defined in (5).
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Proof. Recall that o7 (gl,) is the subalgebra generated by I, X £ (see Definition 2.1). We

define ¢: I'(0,t) — «/(gl,) by
re X, y|—>Xf,andfyl—>7fora117€f.

One can verify that the defining relations (10) and (11) are preserved by 1, making it
well-defined. Clearly v is surjective. For injectivity, we note ¢ is graded, when T'(o,t)
and 7 (gl,) are equipped with the Z-gradations determined by

deg X{ = +1, degy=0Vy €L, degz =1, degy=—1. (12)

As such, ker) is a graded ideal. But rn (ker ) = 0. Since the only graded ideal I in a
generalized Weyl algebra D(o,t), where D is a domain, with DN I =01is I =0, we get
kervy=0. O

We observe the following interesting property of <7(gl,) that we prove does not hold
for general n (see Proposition 4.3).

Proposition 3.7. o7 (gly) has the property that (<7 (gly))S? = Us.

Proof. This becomes clear when we consider the direct sum decomposition shown in
Lemma 3.1 (ii). Consider a + bV, € o7 (gl,):
a+bVy e (A (ghy))%? <= (12)2(a+bV2) = a+ bV,
<~ a—bVy =a-+ bl
= b=0

<~ a+bVy =a € Us.

Therefore, (o (gly))S? = Uy. O
4. The structure of 7 (gl3)

Based on the result of the previous section, the next logical step is to see if similar
results hold for gl, with n > 3. We will continue using the notation of the images of the
generators of the U(gl,,) as before. As such:

X5 = p(EF) and X = o(Ey).

K2

4.1. Non-polynomial rational functions in <7 (gls)

Unlike in U(gls) and <7(gl,), we can construct non-polynomial rational functions in
27 (gls). Tt follows that for n > 3, &7(gl,,) is not a Galois T'-order, and the invariant
property of &7 (gl,) does not hold.
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Lemma 4.1. The following identity holds in <7 (gls):
£[X5,Va] = (87)ay; — (6%) " ag,. (13)
Proof. To show this, consider Vo X3
Vo X5 = (w21 — 222)((621)  ag; + (6%) % ajy)

= (6°")F a3y (v21 £ 1 — @99) + (67)Fagy(wa1 — w22 F 1)

= XV () Fa, — (%) Fa).
Therefore, £[X5, V] = (021)*lad;, — (62)*ad,. O

Let us denote the element described in (13) by Xj. We define the following;

+ o
AZ) =
T
Ay =

(X;_ + X;) = 521“3_1 Ay =

X (X3 +X5) = () ay
(Xz+ - X2+) = 622a2+2 Agy =

(Xy — X5) = (6%%)"ag,

SIS
SIS

By their definition, it is clear that they are in <7 (gl;).
The following example shows that if n > 3, then I' is not maximal commutative;
hence, «7(gl,,) is not a Galois I'-order by Proposition 1.9.

Example 4.2. The following element belongs to <7(gl,,) for n > 3:

3
[Tisi(@si —a21+1) 211 —an
(x99 — w21 + 1) Tog — Top

A;1A§1 = -

This is a rational function; hence, it lies in Cent g (g1, ().

The following rather surprising fact shows that the property in Proposition 3.7 does
not hold for larger n.

Proposition 4.3. For n >3, </ (gl,))S" D U,.

Proof. The fact that U,, C .27 (gl,,)S" is obvious by definition. To show the containment
is strict, we recall that because U, is a Galois I'-order, it is known that U, N K = T.
Therefore, we consider .7 (gl,,)S» N K. Since Us C U, for every n > 3, it suffices to show
that o7 (gl;)Ss N K D T.

The object to prove this claim is constructed in the same way as in Example 4.2. Tt
is quickly observed that

3 3
[ (@i — w21 + 1) Ty — Ty [[i i (@si —wa2+1) x11 — 220

Af A7 AL AL, = '
2144214122422 (222 — 221 + 1) Tos — To1 (o1 —x22 + 1) To1 — Taz

is invariant under the action of S3. This element is clearly not in I, so this element is in
o (gly)S N K \ T, thereby proving the claim. O
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4.2. Generators and relations for n = 3

Based on the previous subsection, we determine a set of generators and some verified
relations for <7 (gl;). However, we do not know if this constitutes a presentation, that is,
this may be an incomplete list.

Proposition 4.4. The algebm o (gls) is generated by {X11,X227X33,Alil,Aétl,Aétz,Vg,
Vs}, where A;tj = () ElaE, Vo = 91 — x99, and V3 = [Licj(si — x35). What follows
s a list of known relations:

'L]’

(i) [V3,X] =0 for all X € o/ (gl3) (i.e. V3 is central in </ (gls)),
(ii) [X,Y] =0 for all X,Y € b = Spanc{Xi11, Xoo, X33, V2, Vs},
(iii) [h,Aiij] = :I:aij(h)A;‘; for allh € h and 1 < j < i <2, where y;(h) are given by
the following matriz:

Xll X22 X33 V2 VS

11 1 -1 0 0 0
a1 0 1 -1 1 0|
22 0 1 -1 -1 0

(iv) [4%, AT,] =

(v) [AL, AT, ]—OfO’I“Z—l 2,

(vi) [Af Al = X1 — Xoo,

(vii) [AZ; A 1+ [AS, Agy] = Xog — Xas,
(vil) [A%, (A%, AZ] = 0 fori =12,
(ix) A2i2V2A2il —A2i1V2A2iz-

Proof. Any of the relations involving only elements from U(gl;) (such as (vi)) follow
from U (gly) relations by recalling that {X11, Xo2g, X33, Af;, A7, } € #(gl;) correspond to
{E11, Eas, E33, F12, Eo1} € U(gly). All that remains is to prove the relations involving
new elements.

(i) This follows from Proposition 2.2 (iii).

(ii) This follows by observing that each is an element of I which is a commutative ring.
(iii) By the statement at the beginning of this proof and (i), we only need to check the
second two rows and the second to last column. Each is proved in an identical manner,
we provide one below:

3
52 Hi:l T3; — T21

Vo - A, = (w91 — w92) - p——

3
52t [y 73 — 221

(w1 — 222 + 1)
€22 — T21
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= A;Vz + A;rl.

Thus, [VQ, A2+1] = A2+1 = Oégl(Vg)A;l.
(iv) Consider the following calculation:

3
Af Az, = 6% [Tisy @i — 21 (572)-1 211 = 222
€22 — T21 T21 — T22

3 .
— —621(522)_1 [ 230 — 22 S Zi1 — T2
Tog — T2l —1 T2l — To2

3
— _521(522)—1 [ 23 — 2 A >
Tog — T21 T — w22 + 1

3
B K- Y U SR
21 — T22 T22 — T21

= A52A§rl'

The other relation is proved similarly.
(v) Consider the following calculation:

) . (622)_1x11 — T22

+ o4- _ 11
A11A22 = -0 (9521 - 9611)(3322 — T11
T21 — T22

_ T —
=~ (0%) N(wa1 — 211) (w22 — 1y — 1) - 2
L21 — T22

_ T11 — X2 +1
= =61 (6%%) (w1 — w11) (w22 — 211) - =T
T21 — T22
(522)—13311 — 22 —611(
21 — T22

= A2_2A;r1-

xo1 — 211)(T22 — Z11)

The other relations are proved similarly.
(vii) We consider the relation [Eas3, E32] = Fao — E33 mapped under ¢ from (3):

Xoo — X33 = [ X5, X5 ]
= [A3) + A%, A5y + Ap)
= [A;17A2_1] + [A;p Agpl + [A;rw Anl + [A;rQa Ag]
= [A3), A] +[Ady, Ap] by (iv).

This demonstrates that (vii) holds.
(viii) We observe that
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Apdp = (V)7 ()

€21 — T22

(511522)71 L11 — T22
To1 — T22

_ (52! T — T+ 1 R

T21 — T22
1
— ALAT — 611522 -1 -
2241 — ( ) Tt — o9
1
A_,A_ — _ 511522 -1 ,
[A11, Agy) ( ) To1 — 29
which has no z11’s and as such commutes with Aj;. Thus, [A};,[A7;, A5]] = 0. The

others are proved identically.
(ix) We prove this by direct computation as follows:

2:+1
ALV, AL = (621522)F! [155 (ot — @21) (won1,i — 222)
22 21 p—
2+1 H?il o
— _(521)11 H Tot1s — ol - (522)i1 i=1 42£1,4 22
i=1 T21 — T22
241 241
= (Y ] w21 — w1 - ﬁ((gm)ﬂ [ zoa1,i — 222
= p
i=1 —Va T21 — X22
- A;:l\}QAg:Q'

This verifies that relation (ix) holds. O

Open Problem 1. Determine whether the relations in Proposition 4.4 constitute a pre-
sentation for the algebra <7 (gls).

5. Finite-dimensional modules over </ (gl,,)

Since, as was shown in Section 4, & (gl,,) is not a Galois f—order, techniques different
from [8] are required to study representations of <7(gl,,).

If we consider the case of n = 2, we recall that < (gly) = U(gly)[Ts]/(T% — (—c3, +
2c99 + 1)). As such, it makes sense to consider the induction and restriction functors
between the categories of o (gl,)-modules and U (gl,)-modules.

By applying the restriction functor to a given finite-dimensional simple module, we
see that it decomposes to a direct sum of finite-dimensional simple U (gl,)-modules, so
the induction functor should help us to construct all of the possible finite-dimensional
simple & (glsy)-modules.
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Proposition 5.1. The finite-dimensional simple o (gly)-modules are characterized by or-
dered pairs (Mg, €2), where Ay == (Xa1, Aa2) € C? is a dominant integral weight for U(gl,)
(i.e. A1 — Ao € Zzo) and g9 € {1,—1}.

Proof. Recall that every finite-dimensional simple U(gl,)-module is characterized by a
weight denoted by a pair of complex numbers Ay = (A21, Ag2) with Ao1 — Aoo € Z>o;
we will denote this module by V(Az). We can induce such a module V(A2) to a <7 (gls)-
module as follows,

A (9ly) @u(at,) V(A2).
So, it is important to describe <7 (gl,) as a right U(gl,)-module. By Proposition 3.3:

U(gly)[13]

of o
00) = Te "2, + 20m 1 1))

= U(gly) ®© 12U (gly)

as right U(gl,)-modules. Thus:

A (gly) Qu(qr,) V(A2) = (U(gly) ® T2U(gly)) ®ugr,) V(A2)
(U(gly) ®ugry) V(A2)) @ (T2U (gly) @u(gry) V(A2))
(1 ®u(a,) V(X)) & (T2 Quar,) V(A2))-

1

12

As such, we can determine the action of T5 on this modules now. For v € V(A2), we have
that Tg(l X U) = TQ ® v, and TQ.(TQ ®’U) = T22 XUV = 1 ® T22’U = ()\21 — )\22)2(1 X ’U).
Thus, T can be characterized by the following matrix:

0 ()\21 — )\22)2[ ~ (/\21 — )\22)] 0
1 0 - 0 —()\21 — /\22)1 ’

so we can see that &7 (gly) ®p(q1,) V(N2) decomposes into the two eigenspaces of the
action of To: V(A2,+1) := ((A21 — A2)(1 ®@v) + To @ v | v € V(A2)) and V(Ag,—1) :=
(—(A21 = A22)(1®@v) + T @ v | v € V(A2)) both of which are clearly simple. It is also
clear that as vector spaces V(Ag, 1) = V(Ag).

Conversely, if we have a finite-dimensional simple &7 (gl,)-module V restricted to a
U (gl,)-module, it must remain simple, as T» is a central element. As such, V = V(A2)
for some weight Ao. Thus, V = V(Ag,e2) for some e2 € {£1}. O

Next, we classify a collection of finite-dimensional simple weight modules over <7 (gl,,).

Definition 5.2. Let V(A,) be a weight module of U(gl,,), we extend it to a module for
o (gl,,), denoted V (A, en,En—1,...,62), by describing the actions of each Vj, for k =
2,3,...,n as follows:
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V0 =&y H()\m — Anj + 7 —9)v,

1<

with &, = £1. Recall that when we restrict V' (X\,) to a U(gl;,) module, the number of
simple U(gl;,) modules it decomposes into is the same as the number of ways to fill in
the k-th row of a Gelfand-Tsetlin pattern with top row A,. Denote this number by 7y, 1.

Then let V. act diagonallizably on a v = (vi,...,vr, ) € V(An,€ns€n—1,...,62) by the
following ry, x X 7,k matrix,

€k,1 Higj(AllciiAi‘j +3—1) 0 0
0 Ek»2Hi§J(/\ii_>‘ij +i—4) - 0
)
0 ek Tliy 3" = A" 45 = 4)

where )\f;i denotes the ki entry from the /-th pattern in the decomposition of v as a
U(gly)-module, and e = (ex,1,€k,2,- -+ Ek,ra, ) € {EL} P00k,

Theorem 5.3. Fvery finite-dimensional simple module over <7 (gl,)), on which Va,...,
V-1 act diagonallizably, is of the form V (An, €nyEn—1,...,€2) (see Definition 5.2), where
An = (An1, An2s ..., Anp) is a dominant integral weight of U(gl,), €; € {£1}™ 3, with
Tx,.; denoting the number of ways to fill the j-th row of Gelfand-Tsetlin pattern with
fixed top row N\, and 7 =2,3,...,n.

Proof. We prove this by induction on n. For the base case, n = 3, we have the following
commutative diagram:

o (gly) -Mod® 4 ——— o7(gl,) -Modf-

U(gly) -Modf4 ——— U(gl,) -Mod® <

s

where each arrow is the restriction functor. If we consider a simple V € 7 (gl;) -Mod™®
and its image in the bottom right corner, we see that V' = @, @D,,V(X2)r, €
U(gly)-Mod"™?, where A3 and o are weights for U(gly) and U(gly), respectively, by
the semi-simplicity of U(gl;) and U(gly). Moreover, V(A2),,’s are the components of
the restriction of V(A3) to U(gly). We know that Vo must have a diagonal action by
assumption. As such, we have V = @)\3 @/\2 V(A2,€2)a, in the upper right corner by
Proposition 5.1, where €5 = £5(\2) depends As. This is because otherwise the dimensions
of the Ao weight spaces would not match. Since Vs acts diagonally, Vs is central, and
the diagram commutes, it follows that V 2 V(\3,e3,2) € o (gly) -Mod™®", where €3 is
determined as in Proposition 5.1, and €2 = {e2(A2)},, is indexed by the number ry, o.
To finish the induction we look at a similar diagram:
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o (gl,,) -Mod" ¢ ——— o7(gl,_;)-Mod"® — -+ —> &(gl,)-Mod® ¢

U(gl,)-Mod®? ——— U(gl,,_,)-Mod"® — ... — U(gl,)-Mod®

n

Following the image of a simple V' € 7 (gl,,) -Mod"? and using identical arguments,
we observe that:

V= @ @ V()\nfl))\n < U(g[n—l)'MOdf'd' )
A An—1

By the induction hypothesis,

VPP VOt 1:6n 2,56, € (gl,_;)-Mod"™""
>\n >\n—1

Finally by V), central, V; acting diagonally for j = 2,...,n — 1, and the diagram com-
muting, it follows that V=2V (\,,en,n—1,...,62). O

The following example demonstrates that <7 (gl,,) -Mod"?" is not semi-simple for every
n > 2.

Example 5.4. We recall that V3 must act diagonally on any .7 (gl,)-module V' because
Res”z,{((;[[;)) V can be viewed as a direct sum of irreducible U(gl,)-modules and V3 is a
quadratic polynomial of Gelfand invariants in U(gly). Let V' = V(0) & V(0), where

U(gly) acts trivially. This means that V5 must act as Idy. We define the following action

of VQ
vy _ (1 « U1
v ()= (0 %) ()
with 0 # « € C. It is clear then that V2 acts as the identity on V, but the subrepresen-
tation W = {(v1,0) | v1 € V(0)} is not a direct summand of V as a o/ (gl,)-module.

6. A technique for creating Galois orders from Galois rings via localization

In this section, we describe a technique that allows us to turn a Galois ring into
a Galois order involving localization. We use this technique on a toy example and a
localized version of 7(gl,,) denoted 27 (gl,,) (see Definition 6.10).

6.1. The general result

We recall that Proposition 1.9 states that I' is maximal commutative in a Galois I'-
order. We observe that for a general Galois I'-ring %/, while I" might not be maximal
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commutative, its centralizer Co (I') in % will be [7]. This can be seen from the following
remark:

Remark 2. For Galois I'-ring %, the centralizer of I in %, denoted Cy (T'), is equal to
% NK.

First we define a subring of L that is needed in our result.
Definition 6.1. Let % be a subalgebra of Z. We define the ring of coefficients of % :
Dy :={a € L|3X € % such that «a is a left coefficient of some p € supp_jy X)ring.

Similarly, we define the opposite ring of coefficients of %, denoted D3}, using right
coefficients.

Now for the result.

Theorem 6.2. Let G be arbitrary and % be a Galois T-ring in (L#.#)C. If C = Cy(T)
is the G invariants of the localization of A with respect to a set that is M -invariant,
that is C = (ST'A)C, where S is . -invariant, and D, is a finitely generated module
over C, then % is a Galois C-order in (L#.#)¢. Moreover, if Dgyy C S™'A (resp.
D3} € S7YA), then % is a (co-)principal Galois C-order.

Proof. First, we find a A’ such that (A, G,.#) satisfies the assumptions in Section 1.1.
We define A’ = C, the integral closure of C' in L. We observe that C' = (S%)7'T. As
such, C' is a localization, and it follows that:

C=(SY7'T=S'A. (14)

Since S is .#-invariant and C is integral over C, it follows that .# and G are subgroups
of Aut(A’). The first two assumptions clearly hold, and the third follows by A’ = S™1A.

We have that % is a Galois C-ring since it is a Galois I'-ring and Frac(C') = Frac(T") =
K. All that remains is to show that % is a Galois C-order. We consider W C .Z a finite-
dimensional left L-subspace and aim to show that W N % is finitely generated as a left
C-module. W has a finite basis wq, ..., w, such that:

W = {Zaiwi ‘ o; € L}

Note that for each ¢, w; = ZHE% Bi,utt; as such, since C is a localization of a Noetherian
ring and therefore Noetherian, WLOG we can assume w; = p; for some u; € .# . Hence:
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So, WN% C Y, Doy u;, and is therefore finitely generated. A similar argument justifies
the claim if W is instead a right L-module. Therefore, U is a Galois C-order.

If additionally we assume Dy C S™1A, we need to show that X (c) € C for all X € %
and ¢ € C. So, we consider an arbitrary ¢ € C' and X € %. By Lemma 2.19 in [14], it
follows that X (c) € K. Since C = (SY)~'T, it follows that X(c) € STtA. As such:

X()e STIANK = (S7'A)¢ =C. (15)

Thus X(c) € C. If instead D3, C S™'A, a similar argument shows that X'(c) € C,
thereby proving the claim. O

The above theorem also gives an alternate proof to one direction of Corollary 2.15 in
[14].

6.2. A toy example

In this subsection, we provide a family of simple examples of Galois rings to which
Theorem 6.2 can be applied.

Let A = CJz] the polynomial algebra in one indeterminate z, 6 € Aut A such that
d(xz) = o —1, M = (6)grp, and G the trivial group. Then, let £ = L#.# be the
skew-monoid ring and f(z) € C|z] such that f(0) # 0. We define X,Y € .Z such that:

X = (5ﬁ and Y =061 (16)

Let Uy = C(A, X, Y )ag and Cy, (A)(= Cu, ) the centralizer of A in Uy. We note, as G is
trivial, that A =I'. First, we will show that U; is Galois I'-ring.

Proposition 6.3. The algebra Uy is a Galois I'-ring in L#. A .
Proof. This immediately follows from Proposition 1.4 letting 2" = {X,Y}. 0O

In order to apply Theorem 6.2, we need to describe Cy,. The next three lemmas are
used to do just that.

1 1
Lemma 6.4. For any f(x) such that f(0) # 0, we have —, —— € Cy;,.
x x—

1
Proof. First, we show that — € Cy,. Now, f(x) = ap2™ + - -+ a1x + ag with ag # 0 by
x

assumption. As such:

O
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1 1
This shows that — € Cy, . To see that " € Cy,, we follow a similar division algorithm
T T —

-1
argument with Ll) O
T —

1
Lemma 6.5. For any f(x) such that f(0) # 0 and k > 1, we have Tk € Cy,.
T
k—1
Proof. Let m be the order of (z + k) in H f(z + 7). Then consider the following:
=0

Yk+1(Xy)ka+1 — 5k1(f(x - 1 ) 5kz+1 H f :L’-l—j

z—1
([ fz+k) flx+37)
( r+k > H T+j

_ (f(xﬂ))"’““ fz+3)
T+ o T+

As such, there are m factors of (z + k) in the numerator and m + 1 factors in the
k—1

denominator. Thus, multiplying by H (x + j) and using a division algorithm argument,
j=0

1
it follows that pra € CUf. O

1
Lemma 6.6. For any f(x) such that f(0) #0 and k > 2, we have A € Cy,.
Tz —
k—1
Proof. Let m be the order of (z — k) in H f(xz — 7). Then consider the following:
j=1

ety

_ (M)mHM

A 4
=1
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As such, there are m factors of (z — k) in the numerator and m + 1 factors in the
k—1

denominator. Thus, multiplying by H (z — j) and using a division algorithm argument,
j=1

1
it follows that —— €& C’Uf. O
Tz —k

Proposition 6.7. If f(x) is a polynomial such that f(0) # 0, then Cy, = C|x] {L ke

z+k

Z|.

Proof. Cy, 2 Clx] {w—}rk k € Z| by Lemmas 6.4, 6.5, and 6.6. To show the reverse

inclusion, we observe that for Z € Cy,, Z must be of “degree 07 with regards to § that
is:

ﬁ Xnyn k_n Yan)

_ ggkm f[oo (H)
S Gue) Hmmecm[xik‘kez}
kez).

where k; # 0 for at most finitely many terms. Thus Cy, C Clx] [x}rk |

We can now prove that Uy is a Galois Cy,-order using Theorem 6.2.
Corollary 6.8. The algebra Uy is a principal and co-principal Galois Cy,-order in L4t 4 .

Proof. Proposition 6.7 gives us that the main supposition of Theorem 6.2. All that
remains to show is DUf,DE}jr CS7IA= Cu, in this case. However, this is clear since Uy
is generated by X, Y, and A. O

6.3. Localizing </ (gl,,)

In this subsection, we construct a localization of <7 (gl,) denoted ;{7(9[”), to which
Theorem 6.2 can be applied.

In order to construct this localization, we describe shifted Vandermonde polynomials
using the following notation:

Notation. Let V;, be the Vandermonde in the zy; variables. Let | := (I1,la,...,lp_1) €
Z*=1. We denote the (I-)shifted V) as follows:
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j—1
Vk,l = H(Jckz — Tpj + Z ln)

i<j

This notation makes sense because for ¢ < j:

Thi — Thj = (Thi — Thyit1) + (Thyit1 — Thyit2) + - -+ (Th,j—1 — Thj)-

Therefore, any shift of V}, is uniquely determined by the shifts of xy; — ;41 for ¢ =
1,2,...k—1.

Now to construct our localization.

Definition 6.9. Let S := (Vi |l € ZFY k=2,....,n — monoia- We observe that S is
a multiplicatively closed set in A, and «(gl,,) C (ST 'A#t.#)"». We also note that S is
the smallest .#Z-invariant multiplicatively closed set that contains Vs, ..., V,_1.

As Example 4.2 demonstrates, C’g{(g[n)(f‘) C (S7'A)A». Tt is not known if this con-
tainment is strict, so this motivates the construction of the following localization of

o (gl,)-

Definition 6.10. Our new algebra of interest in % is Zt{\?(g[n) = C(Up, (STIA)A) 1.
Notice this coincides with the definitions of &7 (gl,) for n = 2.

Remark 3. It follows from Lemma 2.10 in [14] that ?,dj(g[n) is a Galois I-ring since it

contains «7(gl,,). Moreover, C~, (T) = (S~TA)A» as well.

o (gly,)

Remark 4. In ;(g[n), relation (ix) from Section 4.2 can be rewritten either as

. +2

(ix)’ [AétpAziQ] = mA2i1A§tQ» or
) Vo F1

(ix)"” AQiQAQil = mAétlA;Z'

Corollary 6.11. The subalgebra g(g[n) C K is both a principal and co-principal Galois
(S~1A)An-order.

Proof. It is clear by construction that E(g[n) satisfies the main supposition of Theo-
rem 6.2. Also, it follows from the definition of the aif’s in (4) that Dty D%;(g[ ) C
S~1A. We can therefore apply Theorem 6.2. O

In [21], it was shown that every (co-)principal Galois order has a corresponding
(co-)principal flag order. This leads us to the following:

Open Problem 2. What is the corresponding (co-)principal flag order of 7(gl,,)?
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7. (Generic) Gelfand-Tsetlin modules over <7 (gl,,)
7.1. Some general results

Following the techniques in [3] and [14], we construct canonical simple Gelfand-Tsetlin
modules over &7 (gl,,). We need the following additional assumptions for these next two
results:

(A4) A is finitely generated over an algebraically closed field k of characteristic 0,
(Ab) G and M act by k-algebra homomorphisms on A.

Let I' be the set of all T-characters (i.e., k-algebra homomorphisms ¢: I' — k).

Definition 7.1. Let % be a Galois I'-ring in JZ". A left %-modules V is said to be a
Gelfand-Tsetlin module (with respect to T') if T acts locally finitely on V. Equivalently:

V=PV, Ve={veV|(ker&)"v=0,N>0}.
cel

Similarly, one can define a right Gelfand-Tsetlin modules.
The details for the following lemma can be found in [2].
Lemma 7.2. Let % be a Galois I'-ring in 2 .

(i) Any submodule and any quotient of a Gelfand-Tsetlin module is a Gelfand-Tsetlin
module.
(ii) Any % -module generated by generalized weight vectors is a Gelfand-Tsetlin module.

Theorem 7.3 ([1/], Theorem 3.3 (ii)). Let € € T’ be any character. If % is a co-principal
Galois T'-order in &, then the left cyclic % -module % £ has a unique simple quotient
V(). Moreover, V(&) is a Gelfand-Tsetlin over % with V'(§)e # 0 and is called the
canonical simple left Gelfand-Tsetlin % -module associated to .

7.2. The case of </ (gl,)
We note that for n > 3 that A is not finitely generated as a C-algebra. This prevents us
from using all of the results as is, but all is not lost. The main arguments of Theorem 7.3

rest on:

Homp(F/m,F*) = Hom]k(F/m Xr F,ﬂ{) =~ k.
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If we want a similar result for S~'T" we need to recall that every maximal ideal m of
S7IT is of the form S~!p, where p is a prime (not necessarily maximal) ideal of '\ S.
Therefore we have the following result.

Theorem 7.4. Let £ be a character of S~ T such that ker & = S™'m, for some mazximal
ideal m of . Then the left cyclic module sz(g[ )¢ has a unique simple quotient V' ()
which is a Gelfand-Tsetlin module over sz(g[ ) with V'(§)e # 0.

Proof. The key difference in this proof compared to Theorem 7.3 is observing that
STI0/S'm = 5~(/m) 2 k
Otherwise, the proof follows the same structure. O

Since g(g[n) is created by localizing T and A, we can view any g(g[n)—module V as
a </ (gl,,)-module by precomposing with the embedding ¢: <7/ (gl,,) — </ (gl,,).

8. Gelfand-Kirillov conjecture for <7 (gl,,)

In this section we will discuss for which n’s the algebras </ (gl,,) and ;z?(g[n) satisfy the
Gelfand-Kirillov Conjecture. This is related to the Noncommutative Noether Problem
for the alternating group A,, as discussed in [10].

An algebra A is said to satisfy Gelfand-Kirillov Conjecture if it is birationally equiv-
alent to a Weyl algebra. That is its skew-field of fractions is isomorphic to a skew Weyl
field.

Lemma 8.1. Frac(«/(gl,,)) = Frac(«(gl,)).
Proof. This follows because Zz?(gIn) is created by localizing T’ and A. O

Hence, ;z?(g[n) and 7 (gl,,) either both will or will not satisfy the Gelfand-Kirillov
Conjecture for each n.

Proposition 8.2. For every n,
n—1 4
Frac(</(gl,,)) = Frac ((C(xl, R C ® (Frac(#4(C))) k),

k=1

where #;.(C) is the k-dimensional Weyl algebra over C.
Proof. It is clear by construction that:

Frac(</ (gl,,)) = Frac(LA) = Frac((L#.4)A"). (17)
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Since L = Frac(A):
Frac((L#.#)*") = Frac((A#.4)%"). (18)

We now recall that .# is generated by 6%"’s and §** fixes xg; if £ # k. As such, we have:

Frac((A#.4)%") = Frac((A, ® ® Ax#tli)™m), (19)

k=1

where A, = Clzg1,...,2pe) C A and A = (68 |1 < i < E)grp < . Now, the k-th
component of A, acts only on the k-th component of the tensor product. Therefore:
n—1 n—1
Frac((An ® Q) Ax#h i) ) = Frac(Afl" @ Q) (Ax#ar)™). (20)

k=1 k=1

Finally, since Ay, is finite for each k we have:

Frac(A2" ® &)(Ak#///k)f‘k) = Frac ((Frac(A,))*" ® @(Frac(Ak#///k))A’“). (21)
k=1 k=1

Combining the equations (17)-(21), we have:

n—1

Frac(/(gl,)) & Frac ((Frac(A, )" @ Q) (Frac(Ax#.44)) ™). (22)

k=1

We finish the proof by observing that Frac(A,) = C(zy,...,x,) and Ap# 40 = #4(C)
by sending 6¥xy; — X; and ()1 = Y. O

We recall for readers both the classical Noether’s problem and the noncommutative
Noether’s problem as stated in [10]. The classical problem asks, given a finite group G
and a rational function field k(x1,...,x,) over a field k such that G acts linearly on
k(x1,..., %), is k(z1,...,7,)¢ a purely transcendental extension of k. The noncommu-
tative problem exchanges the rational function field with the skew field of fractions of a
Weyl algebra and asks if the G invariants are the skew field of some purely transcendental
extension of k.

Theorem 8.3 (Theorem 1.1 in [10]). If G satisfies the Commutative Noether’s problem,
then G satisfies the Noncommutative Noether’s Problem.

Noether’s problem for A,, is still open for n > 5. However, we obtain the following
result:
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Theorem 8.4. If the alternating groups Aq, As,..., A, provide a positive solution to
Noether’s problem, then < (gl,,) satisfies the Gelfand-Kirillov conjecture.

Proof. If Ay satisfies Noether’s problem, then Frac(#4(C))#* 2 Frac(#4(C)). The rest
follows from Proposition 8.2. O

Hence, as a corollary to Theorem 8.4 and Maeda’s results in [17], we have:
Corollary 8.5. For n <5, @/(gl,,) satisfies the Gelfand-Kirillov Conjecture.
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