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1. Introduction and preliminaries

For a finite group G, a semi-Mackey functor (resp. a Tambara functor) is regarded as a G-bivariant
analog of a commutative monoid (resp. ring), as seen in [8]. As such, some naive algebraic
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constructions are generalized to this G-bivariant setting. For example an analog of ideal theory was
considered in [5], and an analog of monoid-ring construction was considered in [4].

In the ordinary ring theory, fraction is another well-established construction. If we are given a
multiplicatively closed subset S of a ring R, then there are associated a ring S~!R and a natural ring
homomorphism £s : R — S™!R satisfying some universality. Similarly for monoids.

As a G-bivariant analog of this, we consider fraction of a Tambara (and a semi-Mackey) functor, by
a multiplicative semi-Mackey subfunctor.

In this article, a monoid is always assumed to be unitary and commutative. Similarly a ring is
assumed to be commutative, with an additive unit 0 and a multiplicative unit 1. We denote the
category of monoids by Mon, the category of rings by Ring, and the category of abelian groups by Ab.
A monoid homomorphism preserves units, and a ring homomorphism preserves 0 and 1. A G-set is a
set equipped with a G-action G x X — X, and a G-monoid is a monoid equipped with a compatible
G-action. Equivalently, a G-monoid is a pair (M, @) of monoid M and group homomorphism u : G —
Autpon (M), where Autpon(M) denotes the group of monoid automorphisms of M.

We always assume that a multiplicatively closed subset S € R contains 1. Thus a multiplicatively
closed subset is nothing other than a submonoid of R¥, where R* denotes the underlying multiplica-
tive monoid of R. For any submonoid S of a monoid M, its saturation S is defined by

S={xeM|ax=sforsomeac M, secS}.

Then § C M is again a submonoid. S is called saturated if it satisfies S =S5.

Remark also that if M is a G-monoid and S € M is G-invariant, its saturation 5 is also G-invariant.

Throughout this article, we use the same basic notation as in [5]. We fix a finite group G, whose
unit element is denoted by e. Abbreviately we denote the trivial subgroup of G by e, instead of {e}.
H < G means H is a subgroup of G. gset denotes the category of finite G-sets and G-equivariant
maps. The order of H is denoted by |H|, and the index of K in H is denoted by |H : K|, for any
K <H<KG.

For any category %, we denote by Ob(%¥) the class of its objects, and for any pair of objects X
and Y in %, the set of morphisms from X to Y in ¥ is denoted by € (X, Y).

2. Fraction of a semi-Mackey functor
Before constructing a fraction of a Tambara functor, we introduce the fraction of a semi-Mackey
functor. First, we briefly recall the definition of a (semi-)Mackey functor. Although the notion of
(semi-)Mackey functor seems to be well known, we add this section for the sake of self-containedness
and to fix the notation.
Definition 2.1. A semi-Mackey functor M on G is a pair M = (M*, M,) of a covariant functor
M, : gset — Set,
and a contravariant functor
M* : gset — Set
which satisfies the following. Here Set denotes the category of sets.
(1) For each object X € Ob(gset), we have M, (X) = M*(X). We denote this simply by M(X).
(2) For any pair X,Y € Ob(gset), if we denote the inclusions into X 1Y by tx : X — X LY and
ty:Y— X1Y, then

(M*(Lx), M*(Ly)) TMXLOY) > M(X) x M(Y)

becomes an isomorphism. M () = {x} for the empty set @.
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(3) (Mackey condition) If we are given a pullback diagram
X —X
f ’j/ 0 lf

Y —Y

in gset, then

M. (€)
M(X) — M(X)
M*(f") T O T M*(f)

M(Y") T M(Y)

is commutative.

If M is a semi-Mackey functor, then M(X) becomes a monoid for each X € Ob(gset), and M*, M,
become monoid-valued functors gset — Mon. In fact, a commutative multiplication on X is given by
the folding map V: X X — X as

M(X) x M(X) = M(X 11 X) 2V pox,

and the inclusion of the empty set ¢ : @ — X gives the unit M,() : M(@#) — M(X). Those
M*(f), M.(f) for morphisms f in gset are called structure morphisms of M. M*(f), M. (f) are of-
ten abbreviated to f*, f.. Also remark that if H is a subgroup of G, then M(G/H) is equipped with
a natural N¢g(H)/H-monoid structure. Here, Ng(H) < G is the normalizer of H in G. Indeed for each
ne Ng(H)/H, the G-map

¢n:G/H— G/H; gHw> gnH (¥geG)

induces a monoid automorphism M*(c;) on M(G/H).
A morphism of semi-Mackey functors @ : M — N is a family of monoid homomorphisms
U= {0)(: M(X) — N(X)}Xeob(cset)’
natural with respect to the contravariant and the covariant parts. We denote the category of semi-
Mackey functors by SMack(G).

If M is a semi-Mackey functor on G, a semi-Mackey subfunctor . C M is a family of submonoids
{Z(X) € M(X)}xeob(gser), satisfying

(W) cFX),  fu FX)) S L)

for any f € gset(X,Y). Then .7 itself becomes a semi-Mackey functor, and this is nothing other than
a subobject in SMack(G).

A semi-Mackey functor M on G is called a Mackey functor if it satisfies M(X) € Ob(Ab) for any
X € Ob(gset). The full subcategory of Mackey functors is denoted by Mack(G) € SMack(G). For the
properties of Mackey functors, see for example [1].

Trivial example is the following.
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Example 2.2. Let M be a semi-Mackey functor on G. If we define M* € M by

M*(X) = (M(X))" = {invertible elements in M(X)}
for each X € Ob(gset), then M* C M becomes a semi-Mackey subfunctor.

Proposition 2.3. Let ¥ C M be a semi-Mackey subfunctor.
(1) M= {sX)! M(X)}xeob(csery has a structure of a semi-Mackey functor induced from that on M.

Here, . (X)~'M(X) denotes the ordinary fraction of monoids.
(2) The natural monoid homomorphisms

Lo x MX)—> 2 IMX):; x> ? (VX € Ob(gset))

form a morphism of semi-Mackey functors £.o» : M — .~ M.
(3) For any semi-Mackey functor M’, the above £ s gives a bijection between the morphisms . ~'M — M’
and the morphisms ¢ : M — M’ satisfying 9 (%*) C M’ *:

SMack(G)(# "M, M) = {9 € SMack(G)(M, M) | 9(#) < M'*}.

Proof. By the universality of the fraction of monoids, for any f € gset(X,Y), there exists a unique
monoid homomorphism

f*: 7 IMY) > S TM(X)

compatible with f* for M, given by

JY\N_ W y -1
f (;)- O (vt € M(Y)).

Similarly f, for .#~1M is obtained uniquely by

X\ _LH® (X
f*<§> AT (Vs < M(X)>’

compatibly with f, for M. Obviously .#~'M becomes a semi-Mackey functor, with these structure
morphisms.

The rest also immediately follows from the properties of ordinary fraction of monoids. Since we
discuss this again for Tambara functors in Proposition 4.6, we omit the details here. We remark that
analogs of Corollary 4.8 and Corollary 4.9 also hold, which will be left to the reader. O

In particular, we can take the fraction M—!M of a semi-Mackey functor M by itself. This can be
understood in a more functorial way as follows.

Remark 2.4. If F : Mon — Ab is a functor preserving finite products, then from any semi-Mackey
functor M, we obtain a Mackey functor

F(M) = {F(M(X))}Xeob(GSEI)'
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This gives a functor, which we also abbreviate to F
F : SMack(G) — Mack(G).
(Similarly for functors Mon — Mon, Ab — Ab, and Ab — Mon.)
Example 2.5. The group-completion functor
Ko : Mon — Ab
and the functor taking the group of invertible elements

()* :Mon — Ab

yield functors

Ko : SMack(G) — Mack(G),

()* : SMack(G) — Mack(G).

Moreover the adjoint properties of the original functors are enhanced to this Mackey-functorial
level. In fact, it can be easily shown that Ky is left adjoint to the inclusion functor Mack(G) —
SMack(G), and ( )* is right adjoint to the same functor.

Thus for any pair of semi-Mackey functors M and M’, we have a natural isomorphism

SMack(G)(Ko(M), M') = Mack(G)(Ko(M), M'*)
= SMack(G)(M, M"*)

= {® € SMack(G)(M, M') | (M) € M"*},
which re-creates the adjoint isomorphism in Proposition 2.3, in the case of .% = M.

Definition 2.6. For any semi-Mackey subfunctor . € M, we define its saturation 2 by

FX) = (LX)

57§ M becomes again a semi-Mackey subfunctor. We say . is saturated if it satisfies . = .
Remark 2.7. Let M be a semi-Mackey functor on G.
(1) If a semi-Mackey subfunctor .%¥ C M satisfies . € M*, then ¢ o becomes an isomorphism. In

particular if . belongs to Mack(G), then we have . € M* and thus ¢ s is an isomorphism.

(2) For any semi-Mackey subfunctor . € M, we have a natural isomorphism .#~'M = I7IMm
compatible with £ & and £ .

Proof. These can be confirmed on each object X € Ob(gset). See also Remark 4.5. O
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3. Semi-Mackey subfunctors generated by S € M(G/e)

In this section, we state the construction of semi-Mackey subfunctors . € M from a saturated
G-invariant submonoid S € M(G/e).

The following proposition is also used critically in the next section.
Proposition 3.1. Let . C M be a semi-Mackey subfunctor. Then, for any f € ¢set(X,Y),

LX) S (f*7 W)

is satisfied. Namely, for any s € % (X), there exist some a € M(X) and s € #(Y) satisfying f*(5) = as. Indeed,
s can be chosen as s = f,(s).

Proof. Let

be a pullback diagram, and let A : X — X xy X be the diagonal map. If we put

7= (XXX) — AX).
Y
a1 =Dpilz, q2 = Dp2lz,

then

also becomes a pullback diagram. Thus by Mackey condition, we obtain
f*fi(s) = (idx Uq)«(idx Uq2)*(s) =5 - (q1+45(5))

for any s € M(X).

In particular when s € .#(X), if we put a =q1.q5(s) and s = f,(s), then it follows f*(s) =as and
seZY). O
Corollary 3.2. If ¥ € M is a saturated semi-Mackey subfunctor, then for any X € Ob(gset), we have

Z(X) = (ptx (£(G/G))) ",

where pty : X — G/G is the constant map. Thus . is determined by % (G/G).

Proof. This immediately follows from pty((G/G)) € Z(X) € (pt(~(G/G)))” and F(X) =
(ZX)~. O
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Remark 3.3. Let M be a semi-Mackey functor on G. To give a semi-Mackey subfunctor ¥ C M is
equivalent to give a submonoid .¥(X) € M(X) for each transitive X € Ob(gset), in such a way that

(i) f(Z(X) € L),
(i) () € F(X)

are satisfied for any f € gset(X,Y) between transitive X, Y € Ob(gset).
In fact, if we define .%/(X) for any (not necessarily transitive) X € Ob(gset) by

LX) ={(s1.....50) e M(X) | si € L (Xp) (1 Vi< m)}

using the orbit decomposition X = X; LI --- LI X;;, then . € M becomes a semi-Mackey subfunctor.
(Here, we are identifying M(X) with M(X1) x --- x M(Xp) by the isomorphism (:{)1<ign : M(X) =
n1<z<n M(X;) induced from the inclusions ¢; : X; < X.)

Starting from a G-invariant submonoid S € M(G/e), we can construct semi-Mackey subfunctors
of M in the following way.

Proposition 3.4. Let S € M(G/e) be a saturated G-invariant submonoid. For each transitive X € Ob(¢set),
define £s(X) by

ZLs(X) = yx«(5)

for some yx € gset(G/e, X). Then Zs € M becomes a semi-Mackey subfunctor.
Obviously we have £s(G/e) = S, and Zs is the minimum one among the semi-Mackey subfunctors .
satisfying #(G/e) 2 S.

Proof. First remark that the definition of .Z5(X) does not depend on the choice of yx, since X is
transitive and S is G-invariant. We show the conditions in Remark 3.3 are satisfied.

Let f € gset(X,Y) be any morphism between transitive X,Y € Ob(gset). Obviously we have
Fe(Zs (X)) = (f o yx)«(S) = ZLs(Y).

For a morphism yy € ¢set(G/e, Y), the fiber product of f and yy can be written in the form

v
i<ix<nG/e — GJe

Ulgignyil/ O lw

X ———>Y

with some y1, ..., ¥n € ¢gset(G/e, X). Thus for any s € S we have

Py =[] vies) € Zs(X).

1<ign
Namely, we have f*(Zs(Y)) C %s(X). O

Proposition 3.5. Let S € M(G/e) be a saturated G-invariant submonoid. Put So = (pt’{;/e)‘l (S) €S M(G/G).
For each transitive X € Ob(gset), define %s(X) by

Us(X) = ((ptx)*(S0))

Then %s C M becomes a semi-Mackey subfunctor. Obviously we have %s(G/e) C S.
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Proof. We show the conditions in Remark 3.3 are satisfied.
Let f € gset(X,Y) be any morphism between transitive X,Y € Ob(gset). For any s € %s(Y), by
definition, there exist a € M(Y) and t € So such that as = ptj (t) holds. Then we have

f¥@ f*(s) = f*pty (t) = ptx (D),

which means f*(%s(Y)) C %s(X).
It remains to show (i). We use the following lemma.

Lemma 3.6. For any transitive X € Ob(gset) and any t € Sg, we have
(Ptx)«ptx (t) € So.

Proof. If we take a pullback diagram

W=Ui<icnti
m,G/e —— X

Vl O \Lptx
Gle —~ G/G
PtG e

then we have

Pth o (Pt)«Pty () = Vo *pty () = [ ¢'ptx(®) = (pth®)" €S. O
1<ign

For any s € %s(X), by definition, there exist a € M(X) and t € So such that as = pt}(t). Thus we
have f.(a) f«(s) = f«pt}(t). By Proposition 3.1, there exists b € M(Y) satisfying

b+ £tk (t) = Pty (Pty)s Pty (1) = Pty (Pty)sPtx (£).
Thus we obtain
bf:(@) f+(s) = Pty (Ptx)«Ptx (t). B1)
By Lemma 3.6, we have (pty).pty(t) € So, and thus (3.1) implies
Fi(s) € (Pt (S0)) " = Us(Y),
and condition (i) follows. O

Proposition 3.7. Let S € M(G/e) be a saturated G-invariant submonoid. Then %5 is the maximum one
among semi-Mackey subfunctors . satisfying . (G/e) C S.

Proof. Let ¥ be any semi-Mackey subfunctor satisfying .#(G/e) C S. We have . C . Since S is
saturated, . also satisfies Y(G/e) CS. Since . € M is a semi- -Mackey subfunctor, we have

Pt o (F(G/G)) € P (Gle) C S.
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Thus it follows
F(G/6) < (pthse) " (5) (= So.
Since .7 is saturated, for any X € Ob(gset) we have
LX) = (Pt (L(G/6))” < (ptx(S0) = %s(X)
by Corollary 3.2. Thus we obtain .%¥ € 57§ Us. O
Corollary 3.8. For any saturated G-invariant submonoid S € M(G/e), we have £s C %s. In particular we
have %s(G/e) = S.
Moreover, for any semi-Mackey subfunctor ¥ C M satisfying (G /e) = S, we have £s C . C Us.
Proof. This follows from Proposition 3.4 and Proposition 3.7. O
4. Fraction of a Tambara functor

First we briefly recall the definition of exponential diagrams and Tambara functors.

Remark 4.1. (See [7].) For each X € Ob(gset), let gset/X denote the slice category of gset over X.
(Namely, its objects are G-maps to X.) For any G-map f € gset(X,Y) and any object (A LN X) e
Ob(gset/X), we define IT¢(A LN X) =TI (A) Z5Y) by

yevy,
Hp(A) = (y,0)| o: f~1(y) > Aamapofsets, ¢,
pOO':idf—l(y)

w(y,0)=y.
G acts on I1;(A) by g- (y,0) = (gy,%0), where &0 is the map defined by

Sox)=go(g7'x) (vxe f'(gy)).

If a € (gset/X)((A 25 X), (A’ LN X)) is a morphism (namely, a € gset(A, A’) satisfying p’ oa = p),
then we define (IT;(a)) € (gset/Y)(IT; (A £ X), (A" £ X)) by

i@ (y,0)=(y,a00).

Then [Ty gives a functor Ty : gset/X — gset/Y, which is right adjoint to the functor taking pullback
along f

X x —:¢gset/Y — gset/X.
Y

By the adjoint property, for any p € gset(A, X), we have a commutative diagram

p A
X=——A~" Xxy (A
f) o % (41)

-
Y ——— 1154
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where p is the pullback of f by s, and A is the morphism corresponding to id;(a) under the adjoint
isomorphism and p o A becomes the pullback of & by f.
Any commutative diagram in ¢set

p A
<~ A <—

X
| e
Y

o<— N
>

-

q

isomorphic to (4.1) is called an exponential diagram. For the properties of exponential diagrams,
see [7].

Definition 4.2. A Tambara functor T on G is a triplet T = (T*, T4, T,) of two covariant functors
T+ : gset — Set, T, : gset — Set
and one contravariant functor
T*: gset — Set
which satisfies the following.

(1) T* =(T*, Ty) is a Mackey functor on G.
(2) TH =(T*,T,) is a semi-Mackey functor on G.

Since T, T* are semi-Mackey functors, we have T*(X) = T+ (X) = T(X) for each X € Ob(gset).

We denote this by T(X).
(3) (Distributive law) If we are given an exponential diagram

p A
<~ A <—

~
~ <— X

z
o |
B

<~
q
in gset, then

T4(p) T*()
T(X) T(A) T(Z)

T.(f)l O lT-(p)

T(Y) T(B)
T4(q)

is commutative.

If T=(T*T4,T,) is a Tambara functor, then T(X) becomes a ring for each X € Ob(gset),
whose additive (resp. multiplicative) structure is induced from that on T*(X) (resp. T#(X)). Those

T*(f), T+(f), To(f) for morphisms f in gset are called structure morphisms of T. For each f €
cset(X,Y),



H. Nakaoka / Journal of Algebra 352 (2012) 79-103 89

o T*(f):T(Y) — T(X) is a ring homomorphism, called the restriction along f.
e T, (f): T(X)— T(Y) is an additive homomorphism, called the additive transfer along f.
o T,(f): T(X)— T(Y) is a multiplicative homomorphism, called the multiplicative transfer along f.

T*(f), T+(f), To(f) are often abbreviated to f*, f, f,.
A morphism of Tambara functors ¢ : T — S is a family of ring homomorphisms

¢ ={px: TX) — S(X)}XeOb(Gset)’

natural with respect to all of the contravariant and the covariant parts. We denote the category of
Tambara functors by Tam(G).

Example 4.3.
(1) If we define 2 by
£2(X) = Ko(gset/X)
for each X € Ob(gset), where the right hand side is the Grothendieck ring of the category of finite
G-sets over X, then §2 becomes a Tambara functor on G. This is called the Burnside Tambara
functor ([7] or [5]).
(2) Let R be a G-ring. If we define Py by
Pr(X) = {G-maps from X to R}
for each X € Ob(gset), then Pr becomes a Tambara functor on G. This is called the fixed

point functor associated to R ([7] or [5]). For each f € gset(X,Y), the multiplicative transfer
fo : Pr(X) — Pr(Y) is given by

(fi@)n= J] e (YaePX)).
xef )

In this section, we construct a fraction of a Tambara functor by a semi-Mackey subfunctor . C TH.
As in Example 2.2, we have a trivial semi-Mackey subfunctor (T#)*, which we also denote simply
by T*.

Proposition 4.4. Let T be a Tambara functor on G and let ¥ C T* be a semi-Mackey subfunctor. Then
ST ={7X)! T(X)}xeob(cser) has a structure of a Tambara functor induced from thaton T.
Moreover, the natural ring homomorphisms

Lyx:T(X) > F7IT(X) x> ? (VX € Ob(gset))

form a morphism of Tambara functors £ o : T — #1T.

Proof. As shown in Proposition 2.3, %/~ 1T has a structure of a semi-Mackey functor, with structure

morphisms defined by
*k

t) [
X\ _ fo®) X -1
f.(;)— it (vs e T(X>),

for each f € gset(X,Y).
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Thus it suffices to give additive transfers for . ~!T, compatibly with the structure on %~ 1T#, Let
f € ¢set(X,Y) be any morphism.

Let ’s—‘ € . 1T(X) be any element. If we put 5 = f,(s), then by Proposition 3.1, we have f*(5) =as
for some a € T(X). We define the additive transfer of . ~!T along f by

X ax
fr: Z7ITX) > Z7IT(Y); as M (4.2)
To show the well-definedness, suppose we have ’S—‘ = ’Si/ in .#~1T(X). Namely, there exists t €
Z(X) such that ts’x =tsx’. Let a,a’, b e T(X) and 5,5, t € .#(Y) be elements satisfying
f*G) =as, f*E)=ds (4.3)

and
f*(t) =bt.

Then, by the projection formula, we have

t5' f(ax) = fo (axf*(t5')) = f(axbta’s’) = fy(aa'bts'x),
65f(a'x) = fr(a'% f*(85)) = fy(a'x'btas) = f, (aa'bts'x).

This means we have @ = f“s—a/x/) in #~1T(Y), and f, is well defined. Also, this argument shows
that we can use arbitrary a € T(X) and s € %(Y) instead of f,(s) to define f+(’$—‘) by (4.2), as long
as they satisfy f*(5) =as.

To show the additivity of f, let § and ’Si: be arbitrary elements in Z~1T(X), and take a,d’,5,§
satisfying (4.3). Then we have f*(55") =aad’ss’, and thus

f+(§ N x’) _ er(s/x—l—sx’) _ f+(aa’(f’_x+sx’)).

s/ ss’ ss’

On the other hand, we have

f+<§> + f+<)i/> _ f+EaX) + fr@x) _ §' f1(ax) +§f+(alx/)'

s/ s s/ ss’
By the projection formula, we have

§fr@) +5f(aX) = fi(axf*(5')) + f(aX f*(5)
= f4(ad'(s'x + sx')),

n(22)onE)on(2)

With these definitions, we can easily confirm £ x o f*= f*ol oy, L.y o fo= feol . x and
Loyofy=frols x foreach f egset(X,Y).
It remains to show the compatibilities between these (to-be) structure morphisms.

and thus
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(i) (Functoriality of ()+)

Let X EN Y Zbea sequence of morphisms in ¢set. For any ’S—‘ e 1T (X), there exist a € T(X)
and b € T(Y) satisfying

[ fe(s) =as, (4.4)
g*go(fo(s)) :bf.(S), (45)

by Proposition 3.1. Thus we have

X\ [fi@)\ g (bfi@)
g+f+<s>_g+< f.(s))_ g fos)

On the other hand by (4.4) and (4.5), we have

(8o ) (go fels)=f*B)f*fu(s) = f*(b)as,

and thus

(gof) (f) _ (go fH+(f*(b)ax) _ g (bf4 (ax))
s (&0 /)a(s) gofels)

(i) (Mackey condition for (%*~1T)%)
Let

X —X

f’l g J/f

Y —Y
n

be any pullback diagram in ¢set. For any % e Z~1T(Y"), there exists b’ € T(Y’) satisfying

n*ne(t) =b't, (4.6)

and

o <X> _ f*<n+(b/y)> _ e 'y) & f0'y)
"\t Ne(0) Fne® — &FFO

On the other hand by (4.6), we have
X6 f () =E* f na(t) = f 0 na(t) = f*(b) f* (D),

and thus

(VY L (O EFFO)F W)
Sf <t>_§+<f’*(t>>_ R0
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(iii) (Distributive law for #~1T)
Let

p A
<~ A <—

X V4
|
Y<~—8B
q
be any exponential diagram in ¢set. For any ’S—‘ e .#~1T(A), there exists a € T(A) satisfying
P*pe(s) =as, (4.7)

and

fup <§) _ <p+(ax)> _ Jepi(@) _ g4per"(ax)
s *\ pe(s) feDo(s) fopo(s)

On the other hand, if we put s = f,p.(s) and b = p,A*(a), then by (4.7), we have
4" (5) =q" fepe(5) = Per™ P Pa($) = pel™(as) = bper*(5),

and thus

q+p-**<§> = q+<m*®) _ 40P 0) _ 4+(pah* @)

poAE(s) ) 5  feDe(s)

Thus #~1T becomes a Tambara functor, and Proposition 4.4 is shown. O

Remark 4.5. Let T be a Tambara functor on G.

(1) If a semi-Mackey subfunctor . C TH satisfies ./ C T*, then ¢ becomes an isomorphism of
Tambara functors. In particular if . belongs to Mack(G), then we have . C T* and thus ¢ & is
an isomorphism.

(2) For any semi-Mackey subfunctor . C T, we have a natural isomorphism .#~1T = F7IT of
Tambara functors compatible with £ and £ 5.

Proof. These can be confirmed on each object X € Ob(gset), by the ordinary commutative ring the-
ory. O

Naturally, the morphism €. : T — .~ IT satisfies the expected universality.

Proposition 4.6. Let ¢ : T — T’ be a morphism of Tambara functors, and let ¥ C T, ¥/ C T'* be semi-
Mackey subfunctors. If ¢ satisfies ¢ (.#) C ', then there exists unique morphism

¢ ST —» 7711
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compatible with ¢

T T’

lfkyl/ O \Lﬁyz

ST ——=
¢

Proof. By the ordinary commutative ring theory, there exists a unique ring homomorphism
ox: LITX) —» 7 1T'(X)

for each X € Ob(gset), satisfying @x o £.o» x = £ o x o @x. This is given by

- (X _ ex(X)
(pX(S) - ex(s)
for any ¥ € 71T(X).

It suffices to show @ = {@x}xecob(csery 1S compatible with f*, f,, f, for any morphism f €
cset(X, Y). Compatibility with f* and f, immediately follows from the definitions.

We show the compatibility with f,. For any % e F~1T(X), there exists a € T(X) satisfying
f* fo(s) = as. It follows

F¥ feox(8) = @x f* fo(s) = px (@) @x (S),

and thus we obtain

@Yf+(§) =¢Y<f+(ax)> _yrfi@)

fo(s) @y fo(s)
_ frex(ax) <§0X(X)>_ _ ({)
= Tox® ke ) TS
LIT(X) L IT(X)
f+¢ o in
LITY) L -IT(Y) O

Corollary 4.7. Let T be a Tambara functor, and let ¥ C TH be a semi-Mackey subfunctor. Then € » gives a
bijection between the morphisms .~ !T — T’ and the morphisms ¢ : T — T’ satisfying (%) € T'*:

—oly :Tam(G)(#7'T, T') =N {¢ € Tam(G)(T, T') | () € T'*}.
Proof. This immediately follows from Remark 4.5 and Proposition 4.6. O

Once Proposition 4.4 is shown, some natural compatibilities immediately follow from Proposi-
tion 4.6.

Corollary 4.8. Let ¢ : T — T’ be a morphism of Tambara functors.



94 H. Nakaoka / Journal of Algebra 352 (2012) 79-103
(1) If & C TH is a semi-Mackey subfunctor, then
@) = {ex (LX) }XEOb(Gset)

gives a semi-Mackey subfunctor ¢(.%) € T'*, and we obtain a morphism %~ 'T — (¢(.%)) "' T’ com-
patible with .
(2) If &' C T'* is a semi-Mackey subfunctor, then

(/)71 (‘Sﬂ/) = {(p)?l (y/(X)) }Xeob(cset)

gives a semi-Mackey subfunctor ¢~1(.") C T, and we obtain a morphism (¢~ ("))~ 'T — &'~ 1T’
compatible with .

Proof. This immediately follows from Proposition 4.6. 0O
Corollary 4.9. Let T be a Tambara functor, and let ¥ € ¥’ C T be semi-Mackey subfunctors. Then the

image S =05 (") of & under the morphism .o : T — .~ 'T becomes a semi-Mackey subfunctor
F' C.#~T, and there is a natural isomorphism

F' T 5 27N ()
compatible with £ 5o and £ &, o € 5.

Proof. This immediately follows from Corollary 4.8 and an objectwise argument from ordinary com-
mutative ring theory. O

5. Compatibility with the Tambarization
In [4], we constructed a functor (Tambarization)
T : SMack(G) — Tam(G),
which is left adjoint to the functor taking multiplicative parts
(=)* : Tam(G) — SMack(G).
7 is regarded as a G-bivariant analog of the monoid-ring functor
Mon — Ring; Q — Z[Q].

In this view, we denote 7 (M) by £2[M] for any M € Ob(SMack(G)).
For each X € Ob(gset), by definition (§2[M])(X) is the Grothendieck ring

L[M](X) = Ko(M-gset/X),
where M-gset/X is the category defined as follows.

- An object in M-gset/X is a pair (A LN X, m) of (A LN X) € Ob(gset/X) and m € M(A).

- A morphism from (Aq AN X,mq) to (Ay LI X, my) is a morphism f € gset(A1, Ay) satisfying

p2o f =p1 and M*(f)(m2) =my.
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~ The sum of (A7 2% X,m7) and (A 225 X, my) is
(A1 10 Ay 2222 X my Limy),
where mq LI m; is the element in M(A1 LI Ay) corresponding to (my, my) under the natural iso-
morphism M(A; LI Ay) = M(A1) x M(A>).
~ The product of (A7 25> X, my) and (A2 22> X, my) is (A 2> X, my *my), where

@
A— A

w) o |

AL — X
b1

is a pullback diagram, and
DP=Pp1o@W1=Dp20@2,
my xmy =@ *(my) - w5 (My).

We denote the equivalence class of (A LN X,m) in 2[M](X) by [A LN X,m]. Any element in
2[M](X) can be written in the form of

[A1 AN X,m1] — [Az LEN X,mz]

for some (Aq RN X,myq), (A LN X, my) € Ob(M-gset/X).
Remark 5.1. This kind of construction seems to be firstly done by Jacobson in [3], and later by Hart-
mann and Yal¢in in [2], to obtain a Green functor from a monoid-valued additive contravariant functor.

Recently this construction was utilized to obtain a Tambara functor from a semi-Mackey functor
in [4]. This can be also regarded as a generalization of crossed Burnside Tambara functors considered
in [6].

For the later use, we briefly recall the construction of the adjoint isomorphism

Tam(G)(2[M], T) = SMack(G)(M, T*),
@ < 0,

for each M € Ob(SMack(G)), T € Ob(Tam(G)) (Theorem 2.15 in [4]).
For any ¢ € Tam(G)(£2[M], T), the corresponding ¥ is given by

Ox : M(X) — TH(X),
m— gx([X dx, X, m))

for each X € Ob(gset).
For any ¢ € SMack(G)(M, TH), the corresponding ¢ is given by

ox 1 2[MI(X) — T(X).
[A1 25 X,mq] — [A2 B2 X,ma] > To(p1) o 9a, (M1) — T (P2) 0 DA, (M2)

for each X € Ob(gset).
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From this, for any semi-Mackey functor M € Ob(SMack(G)), the adjunction morphism
&:M— Q[M*

corresponding to idg[yy is given by

ex : M(X) — £2[M](X),

m|—>[Xid—X>X,m]

(5.1)

for each X € Ob(gset). Remark that, for any ¢ € Tam(G)(£2[M],T) and corresponding ¢ €

SMack(G)(M, TH), we have

poe=71.

(5.2)

By (5.1), it is shown that &x is monomorphic for any X, and thus M can be regarded as a semi-
Mackey subfunctor M € 2[M]* through ¢. Thus if we are given a semi-Mackey subfunctor ¥ C M,
we can localize 2[M] by £(.%). We denote the fraction &(.%*)~1(£2[M]) simply by .~ 1(22[M]).

Proposition 5.2. Let M be a semi-Mackey functor on G, and let . € M be a semi-Mackey subfunctor. We

have a natural isomorphism of Tambara functors
s (emM) = e[ 'M].
Proof. It suffices to construct a natural bijection
Tam(G)( " (22[M1), T) = Tam(G)(22[~'M], T)

for each T € Ob(Tam(G)). This is obtained from

Tam(G)(22[#~'M], T) = SMack(G)(~'M, TH)

= {9 € SMack(G)(M, T#) | 9(#) < (TH)" =T*}

and

Tam(G)(.# ' (22[M]), T) = Tam(G) (e ()1 (2[M]). T)

= {p e Tam(G)(2[M1. T) | ¢(e()) € T*}
=9 € SMack(G)(M, TH) |9(#) cT*}. O

6. Compatibility with ideal quotients

In [5], an ideal of a Tambara functor T was defined as follows.

Definition 6.1. Let T be a Tambara functor. An ideal .# of T is a family of ideals .#(X) C T(X)

(VX € Ob(gset)) satisfying
(i) fA(FY) S IX),
(il) fH(IX) S H(Y),
(iii) fo(F (X)) C fo(0) + A (Y)

for any f € gset(X,Y).
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As shown in [5], for any ideal .# C T, the quotients
(T/2)X)=T(X)/F(X) (X eOb(gset))
form a Tambara functor T/.#, and the projections
px:T(X) = T(X)/Z(X) (X e€O0b(gset))

form a morphism of Tambara functors p: T — T/.#.
The following gives some examples of ideals [5].

Example 6.2. Let T be a Tambara functor, and I C T(G/e) be a G-invariant ideal of T(G/e). For each
X € Ob(gset), define .Z;(X) by

0= @) 0. (6.1)

yegset(G/e,X)

Then .#; C T becomes an ideal of T, which is the maximum one among ideals .# satisfying
F(GJe)=1.

Remark 6.3. Let T be a Tambara functor. Let I C T(G/e) be a G-invariant ideal and let S C T(G/e)* be
a saturated G-invariant submonoid. For any ideal .# C T satisfying .# (G/e) = I and any semi-Mackey

subfunctor . C T satisfying . (G/e) = S, the following are equivalent.

(1) INS=4@.
(2) £ N =0@. Namely, £ (X) N (X) =0 for any non-empty X € Ob(gset).

Proof. Obviously (2) implies (1). Conversely, assume (1) holds. Then, for any X € Ob(gset) and y €
cset(G/e, X), since

YH(LOO) ST and yH(F0) S S,
we obtain
LXONLXC(y) ' dnS)=0. 0O

Proposition 6.4. Let T be a Tambara functor. Let % C T be an ideal and ¥ C T* be a semi-Mackey subfunc-
tor, satisfying # N . = 0.

(1) Ifwe define #~'.# € =T by
SV 7X) = {a ceITX) |a= ;forsomexe S (X), se.ﬁ”(X)]

for each X € Ob(gset), then =1 becomes an ideal of #~T.
(2) Letp: T — T/.# be the projection, and put . = p(.). Then we have a natural isomorphism of Tambara
functors

v T )V S FTNT) ),
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compatible with projections

T T,
\ i
e 0 7 _l(TT/ 7 (62)
LT 77

7T
Proof. By the ordinary ideal theory for rings, .7~'.#(X) € . ~!1T(X) becomes an ideal for each
X € Ob(gset). Thus it suffices to show

AT IW) s IX), [ (STTIX0) S ST,

and

fo(LTTI X)) C ful0) + 771 (Y).

Let f € gset(X,Y) be any morphism. For any y € #(Y) and t € .%(Y), we have f*(%) =

=1 #(X), and thus
(7 la ) c s X

For any x € Z(X) and s € . (X), if we take a € T(X) satisfying as = f* f,(s), then we have f+(§) =

(‘Z’;) e ¥~ 1.#(Y), and thus

f1(

T.
fo(FTrX) c s (Y.

Besides, by fo(%) — fe(0) = f'(X)ff’:‘(S)f‘(o) = f.(x}:(sf).(O) €.#~1.7(Y), we obtain

fo(LTTIX)) S fu0) + 771 I(Y)

for any f € gset(X,Y). Thus .#~1.# € .~IT becomes an ideal.
By the ordinary ideal theory for rings, for any X € Ob(¢set), there is a ring isomorphism

v LT NI (X)) S ST )X,

§+Y‘1J(X) > % (vg ey—lr(X)),

which makes (6.2) commutative at X. Since the structure morphisms of % 1(T/.#) and .~ 'T/
=17 are those induced from T, we can check that v = {Ux}xeob(csery ecomes an isomorphism of

Tambara functors. O
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7. Fraction and field-like Tambara functors
As in [5], we say a Tambara functor T is field-like if the zero ideal (0) C T is maximal with respect
to the inclusion. In this section, we consider fractions by the following semi-Mackey subfunctor, and
investigate the relations between field-like Tambara functors.
Example 7.1. Let T be a Tambara functor. If we put
3={seT(G/e) ] s is not a zero divisor},
then we obtain two semi-Mackey subfunctors .Z5 € T# and %3 C T*.

We introduce the following condition from [5].

Definition 7.2. A Tambara functor T is said to satisfy (MRC) if, for any f € gset(X,Y) between transi-
tive X, Y € Ob(gset), the restriction f* is monomorphic. Remark that we may assume X = G/e.

Remark 7.3. Let T be a Tambara functor and .#(g) € T be the ideal corresponding to (0) € T(G/e) as
in Example 6.2. If we define Twmrc by Tmrc = T/#(0). then Turc satisfies (MRC). Besides, T satisfies
(MRQ) if and only if T = Tygc.

Fact 7.4. (See Theorem 4.21 in [5].) A Tambara functor satisfies (MRC) if and only if T is a Tambara
subfunctor of Pr(g/e).

Fact 7.5. (See Theorem 4.32 in [5].) For any Tambara functor T # 0, the following are equivalent.

(1) T is field-like.
(2) T satisfies (MRC), and T(G/e) has no non-trivial G-invariant ideal.

First, we show that if T is field-like itself, then nothing is changed under the fraction by %3.

Proposition 7.6. If T is a field-like Tambara functor, then we have
TX(G/e)=3 = {s € T(G/e) ‘ [1es# 0}.
geG
Proof. For any s € T(G/e), put s = ngc gs. Since we have
T*(G/e) S 3 {seT(G/e)|5#0},
it suffices to show
[seT(G/e)|5#£0} S T*(G/e).

Take any s € {s € T(G/e) | S # 0}. Since s # 0 and T contains no non-trivial ideal, we have (5) =T.
In particular we have (5)(G/e) > 1.

On the other hand, since 5 is G-invariant, it can be easily shown that we have

(3)(G/e)={r5|re T(G/e)}.

Thus there exists some r € T(G/e) such that rs =1, which means 5 € T*(G/e). Consequently we
obtain s T*(G/e). O
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Proposition 7.7. Let T be a field-like Tambara functor. If S € T(G/e) is a saturated G-invariant submonoid
contained in 3, then we have £s C s C T*.

Proof. Remark that T is a Tambara subfunctor of a fixed point functor. Especially we have
(PtGe)ePLE o (X) = xI6l for any x € T(G/G). Thus if x € T(G/G) satisfies Pte(X) € S (S T*(G/e)),
then it satisfies x € T*(G/G). Namely we have

(Pte/e) ' (5) S T*(G/G).
Thus it follows
Us(X) < (ptx(T*(G/G)))” S T*(X)
for any transitive X € Ob(gset). Thus it follows %s C T*. O
Corollary 7.8. For any field-like Tambara functor T, we have
U T= LI TET.
Proof. This follows from Remark 4.5 and Proposition 7.7. O
In the following, we investigate when 51/3_1T becomes field-like.

Remark 7.9. Let T be a Tambara functor, and let . C T* be a semi-Mackey subfunctor. Then the
following are equivalent.

(1) 1T satisfies (MRC).
(2) For any transitive X € Ob(gset) and any x € T(X) admitting some s € .%(G/e) satisfying
s-yx(x) =0 for yx € gset(G/e, X), there exists some t € .(X) such that tx=0.

Especially, if . satisfies ./ (G/e) C 3, then these are also equivalent to:

(2) For any transitive X € Ob(gset) and any x € T(X) satisfying y(x) = 0 for yx € ¢set(G/e, X), there
exists some t € .%(X) such that tx =0.

(Conditions (2) and (2) do not depend on the choice of yx € gset(G/e, X).)

Proposition 7.10. Let T be a Tambara functor, and let . € T* be a semi-Mackey subfunctor satisfying
F(GJ/e) S 3. Let p: T — T/H#0) = Tmrc be the projection, and . C Tmrc be the image of . under p.
Then we have the following.

(1) 7T/ Sy = S Twke.
(2) 71T satisfies (MRC) if and only if the ideal .#~! %0, € ! T is equal to (0).
(3) If T satisfies (MRC), then 1T = %1 Tyrc.

Proof. (1) follows from Proposition 6.4, since .% satisfies ) N = . (2) follows from Remark 7.9.
In fact, for any transitive X € Ob(gset), the following are equivalent.

(i) &' H0)(X)=0.
(ii) For any x € #(g)(X), there exists t € (X) satisfying tx =0.



H. Nakaoka / Journal of Algebra 352 (2012) 79-103 101

(iii) For any x € T(X) satisfying y(x) =0 for yx € gset(G/e, X), there exists t € #(X) satisfying
tx=0.

(3) follows from (1) and (2). O

Lemma 7.11. Let T be a Tambara functor. If T satisfies one of the following conditions, then 51/3_1 T satisfies
(MRC).

(i) T satisfies (MRC).
(ii) For any transitive X € Ob(gset), if we let yx € ¢set(G/e, X) be a G-map, then

(yx)+(1) € w3(X)
holds. (Remark that this does not depend on yx.)

Proof. We use the criterion of Remark 7.9.

(i) This is obvious, since yy(x) =0 implies x =0.
(i) By the projection formula, yy(x) =0 implies

Yx+(D) - Xx=yx4yx () =0. O
As an immediate consequence of Lemma 7.11, we have:

Proposition 7.12. Let T be a Tambara functor. If T (G /e) is an integral domain and if T satisfies one of the
conditions (i), (ii) in Lemma 7.11, then %3’1 T becomes a field-like Tambara functor.

Proof. By Lemma 7.11, %3_1T satisfies (MRC). Since (%3_1T)(G/e) is a field, %3_1T becomes field-
like by Fact 7.5. O

Example 7.13.
(1) For any G-ring R, the fixed point functor Py satisfies condition (i) in Lemma 7.11. Especially if R

is an integral domain, then %3’1’PR becomes a field-like Tambara functor by Proposition 7.12.
(2) If T(G/e) has no |G|-torsion, then the Tambara functor T satisfies condition (ii) in Lemma 7.11.

Proof. (1) follows immediately from the definition of Pg. We show (2). Let X € Ob(¢set) be transitive.
We may assume X = G/H, for some H < G. It suffices to show (pé")+(1) € U3 (X).
By the existence of a pullback diagram

3
c.n G/e ;- GJe

Uic:n P?l O LPE

G/H ——> G/G
P

we have

(pf)"(pS) (M =1G: H|- (p!!) (D). (71)



102 H. Nakaoka / Journal of Algebra 352 (2012) 79-103

In particular if H =e, we obtain

(p$)*(pS), (M =1G|-1. (7.2)

Since T(G/e) has no |G|-torsion, we have |G|-1 € 3, and thus (7.2) implies

(p), (M e ((pE)") (161 1) < ((p€)") ' 3,

namely

(pS), (D) € (pte,e) ' 3.

From (7.1), we obtain

G HI- (pe'), (D) = (p5)(pE) , (1) = Pt ((PF) , (1)) € PR ((PEE ) ' (3)).
and thus yx4+(1) € Z5(X). O

Corollary 7.14. Let 2 € Ob(Tam(G)) be the Burnside Tambara functor. Then %3’152 becomes a field-like
Tambara functor.

Proof. Since £2(G/e) is an integral domain with no |G|-torsion, this immediately follows from Propo-
sition 712 and Example 713. O

Caution 7.15. In [5], we also considered an analogous notion of an integral domain, as a ‘domain-like’
Tambara functor. In [5], a Tambara functor T is called domain-like if the zero ideal (0) C T is prime.
Typical examples of domain-like Tambara functors are T = §£2 and the fixed point functor T = Pg
associated to an integral domain R (with a G-action). For this Tambara functor T, the associated
fraction @/ng becomes field-like as shown in Example 7.13 and Corollary 7.14. However in general,

we will have to assume some more conditions on a domain-like Tambara functor, if we expect %ng
to be field-like.

By using Proposition 7.10, we can calculate %3_1.(2. First we remark the following.
Remark 7.16. For each H < G, let O(H) denote a set of representatives of conjugacy classes of sub-
groups of H.
Then £2(G/H) is a free module over
pi

{G/K=[G/K =5 G/H] | K € O(H)},

where pfg :G/K — G/H is the canonical projection.
Especially, for any transitive X = G/H € Ob(gset), any « € £2(X) can be decomposed uniquely as

a= Y m,([G/KiG/H] (mg € 7). (7.3)
KeO(H)

Proposition 7.17. We have an isomorphism of Tambara functors

;2 =Py
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Proof. As in Corollary 7.14, %3_].(2 satisfies (MRC). Thus by Proposition 7.10, it suffices to show
02/_371.91\/[]& =Py,

where 923 C Qe is the image of %3 under the projection £2 — $2ugc.
As shown in [5], the family of ring isomorphisms {pn}r<c

oH 1 (82/I0)(G/H) — Pz(G/H) = Z,

H
3 mi[6/K 2 G/H] > Y mylH:K]
KeOH) KEO(H)

gives an isomorphism of Tambara functors g : £2/.%(q) = Pz.
Rema;k that, for m € Z, we have oy (m[G/H id, G/H]) =0 if and only if m = 0. Additionally, since
m[G/H Y G/H] € %3(G/H) for any 0 m € Z, we have

©(%3)(G/H) =Z\ {0}

for any H < G. Thus it follows
U (2] I0) =9 (U3) 'Pr=Pg. O
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