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1. Introduction

We consider series of finite groups of Lie type which are specified by a root datum and a finite
order automorphism of that root datum. For each power q of a prime p this determines a connected
reductive algebraic group G over Il_?p (an algebraic closure of the field with p elements) and a group
of fixed points GF of a Frobenius morphism F : G — G, up to isomorphism.

We are interested in a parameterization of the irreducible modules of G over ).

A known solution to this task is to use that the groups GF are groups with a split (B, N)-pair
of characteristic p. There exists a parameterization of the absolutely irreducible representations over
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a field of characteristic p of such groups. For details we refer to the description by Curtis in [2,
B, Thm. 5.7]. In our setup it would be very technical to construct the data for this parameteriza-
tion from the given root datum with Frobenius action. That parameterization looks very different for
different Frobenius actions on the same algebraic group.

In the literature on representations of connected reductive algebraic groups and finite groups of
Lie type in their defining characteristic most authors restrict their descriptions to the case of simply-
connected algebraic groups and the finite groups of Lie type arising from these.

In this case there is a nice combinatorial parameterization of the absolutely irreducible modules of
the algebraic group by the set of dominant weights. The irreducible modules of the finite groups are
restrictions of those of the algebraic group and Steinberg [19] described a nice subset of dominant
weights which yields representatives of the isomorphism classes of these modules. A generalization
to connected reductive groups with simply-connected derived group can be found in [11, App. 1.3].

Jantzen considers in [14] general connected reductive algebraic groups but does not consider the
finite groups of Lie type. In the general case it is no longer true that all irreducible representations of
the finite groups are restrictions from the algebraic group.

In this paper we give a parameterization of the irreducible representations in defining characteris-
tic for arbitrary finite groups of Lie type. It is very concrete and computable starting from the given
root datum for the algebraic group and Frobenius action on the root datum. The description will not
become more complicated for twisted Frobenius actions.

Here is an overview of the content of the other sections of this paper. Section 2 contains a descrip-
tion of our setup. We describe how root data and Frobenius actions on root data can be represented
and how to compute certain related data. Some of the results in this section may be of independent
interest. For example, we describe a construction of a certain covering group of an arbitrary connected
reductive group, which generalizes the well-known simply-connected coverings of semisimple groups
(see Proposition 2.5).

In Section 3 we first recall the results about defining characteristic representations of the algebraic
groups and the finite groups of Lie type arising from simply-connected semisimple groups which we
have mentioned above. Then we state our main result in Theorem 3.5 where we consider arbitrary
finite groups of Lie type. In the end of that section we work out an example in some detail (certain
centralizers of semisimple elements in exceptional groups of type Eg).

In Section 4 we give a more detailed description of the parameter sets in our main theorem for
finite groups of Lie type arising from any simple connected reductive group. As an application of these
results we work out the number of semisimple conjugacy classes for all of these finite groups. The
results of this application were obtained before by the first named author with a completely different
proof. The new proof given here is more elementary.

2. Root data for finite groups of Lie type
2.1. Connected reductive algebraic groups

Let G be a connected reductive group over an algebraically closed field k. We recall how G is
determined by a root datum, for more details we refer to [18, 7.4, 9.6].

For each maximal torus T of G there is an associated root datum ¥ = (X, R, Y, RY) which together
with k determines G up to isomorphism. Here, X and Y are the character and cocharacter groups
of T, respectively, both isomorphic to Z" for some r called the rank of G (or of T or of ¥). These are
in duality via a natural pairing (-,-) : X x Y — Z. Here R is a finite subset of X, called the roots. There
is a bijection ¥ :R— RY C Y, a —~ &, to the set RV of coroots, such that {(«,«a") =2 for all @ € R.

Each « € R defines reflections s¢ : X - X, x> x— (x,a”)a, and sy : Y = Y, y > y — (a, y)”.
The group W generated by all s, is called the Weyl group of G or ¥, it is isomorphic to the group
WY generated by the sy. We have RW =R and RYWY =R".

Let A ={oq,...,0} C R be a set of simple roots, that is each root is a linear combination of simple
ones with either non-negative or non-positive coefficients. The integer [ is called the semisimple rank
of G and ¥. The set {s, | @ € A} is a set of Coxeter generators of W and A is linearly independent as
subset of X ®7 Q. The matrix C € /i Cij = (o], aiv> for 1 <1, j <l is called the Cartan matrix of ¥.
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We have AW = R. The matrix C is the Cartan matrix of a crystallographic root system, the set A can
be reordered such that C has a block diagonal form whose diagonal blocks are in the list given in [5,
3.6]. Cartan matrices can be encoded in a compact way by Dynkin diagrams, this is also explained
in [5, 3.6].

We now introduce a compact description of a root datum which is useful to specify a root datum
and for computations. This is for example used in the GAP [17] programs of the CHEVIE [10] project.

Given ¥ = (X, R,Y,RY) we can choose Z-bases of X and Y which are dual to each other and
represent elements of x € X and y € Y by their coordinate row vectors with respect to these bases
(so, we have (x, y) = yx'', where " means the transpose).

For A as above we define matrices A, AY € Z'*" where the i-th row of A contains the coordinates
of a; and the i-th row of A" those of «;’.

From A and AY we can compute the whole root datum: the i-th rows of the two matrices deter-
mine the generators sy, and sg,_ of W and WV, and the orbits of the rows of A under W yield R (and
similarly for RV). The product C = AY A" e Z!X! is the Cartan matrix of ¥.

Vice versa, let A, AY € Z!*" be two matrices such that C = AY AT ¢ 7%l is the Cartan matrix of a
crystallographic root system, and let k be an algebraically closed field. Then there exists a connected
reductive algebraic group over k which yields (A, AY) as described above (use [18, 7.4.1, 9.5.1, 10.1]).

Definition 2.1. We call a pair of matrices (A, AY) € (Z!*")? root datum matrices if C = AVA™ € Z! is
the Cartan matrix of a crystallographic root system.

Remark 2.2.

(a) Fixing the type of a root datum via a Cartan matrix C € Z! (or, equivalently, a Dynkin diagram),
the corresponding connected reductive groups of adjoint type are described by the root datum
matrices (Id;, C) (the simple roots are a basis of X), and the corresponding groups of simply-
connected type are described by (C,Id;) (the simple coroots are a basis of Y).

(b) For i =1,2 let G; be a connected reductive group over k with a maximal torus T;. Let (A;, Aiv)
be corresponding root datum matrices. Then the direct product G; x Gy can be described with
respect to the maximal torus Ty x T, by root datum matrices (A, AY) where A and A are block
diagonal with diagonal blocks A1, A; and AY, A, respectively.

The following observation will be useful later. We formulate it with roots, there is a similar state-
ment for the coroots.

Lemma 2.3. Let ¥ = (X, R, Y, RY) be a root datum and A C R a set of simple roots.

(a) The Cartan matrix C = ({(etj, oi;’));,j or, equivalently, the Dynkin diagram of ¥ labeled by A, determines
the set R of roots as linear combinations of those in A.

(b) The set of roots R as linear combinations of A determines the Cartan matrix C or, equivalently, the Dynkin
diagram of ¥.

Proof. (a) The set R is the union of orbits of A under the Weyl group W which is generated by the
sq With @ € A. For B € R (which is a Z-linear combination of A) we have sy (8) =8 — (8, «¥)a, so
the action of s, on the Z-lattice spanned by A is completely determined by the Cartan matrix.

(b) For any two simple roots «;,; € A the subset of R consisting of linear combinations of «;
and «; is the same as the sub-root system spanned by these two roots (see [12, Prop. in 1.10]).

So, to find the bond between «; and «; in the Dynkin diagram labeled by A we look at the subset
of positive roots in R which are linear combinations of «; and «;. There are 2, 3, 4 or 6 such roots,
corresponding to no, a single, a double or a triple bond (types 2A1, Ay, By, G3), respectively. In the
last two cases an arrow must be added pointing to the shorter root, this is the one occurring with
the largest coefficient in the linear combinations. O



124 O. Brunat, E Liibeck / Journal of Algebra 395 (2013) 121-141

2.2. Homomorphisms of root data

We recall some information from [14, Il 1.13-1.15]. For i = 1,2 let G; be connected reductive
groups over the same algebraically closed field k, with maximal tori T; and corresponding root data
¥; = (Xi, R;, Yi, R,v)

A homomorphism from ¥; to ¥, is given by a Z-linear map f : X — Xj such that f induces a
bijection R; — Ry and its dual map fY:Y; — Y3 induces a bijection R} — R.

For each such homomorphism of root data there is a homomorphism ¢ : G; — G that maps
T — T such that ¢|r, induces fY :Y; — Y, and ker¢ < Z(Gy) < Ty, where Z(G;1) denotes the
center of Gy. More precisely, ker¢p ={t € T1 | f(x)(t) =1 for all x € X,}.

The map ¢ is surjective if and only if Yo/ fY (Y1) is finite, and ¢ is an isomorphism if and only if
fV (or f)is invertible.

Moreover, ¢ is called an isogeny if it is surjective and has a finite kernel, that is f¥ maps Y
injectively onto a finite index subgroup of Y.

The root datum associated to a connected reductive group is unique up to isomorphism.

To construct homomorphisms of root data we will use the following lemma.

Lemma 2.4. A homomorphism of root data is determined by a Z-linear map fV : Y1 — Y, which induces a
bijection RY — R} and which maps R to Ry, where Ri- ={y € Y; | (&, y) =0 for & € R;}.

Proof. The given map fV :Y; — Y, induces its dual map f: X; — X7 as follows. For x; € X, the
image f(xp) € X; is the unique element such that (f(x2), y1) = (x2, fV(y1)) for all y1 € Y;.
We need to show that the map f induces a bijection from R, — R;.

Let A1 ={a1,...,q} be a set of simple roots in Ry and A} ={ay’, ..., } be the corresponding
coroots. Since f is Z-linear and induces a bijection R} — Rj, it must map A to a set of simple
coroots of Ry. So, there is a set of simple roots Ay ={f1,..., fi} of Ry such that fv(o:jv) = ,ij for
1<j<L

Now we use Lemma 2.3(b) to conclude that the Cartan matrices of ¥; and ¥, are the same, more
precisely («j, ;") = (8;, ;) for all 1<, j<L

We show the lemma by checking that f(8;) =«; for 1 <i<L

Note that QY1 = QAY @ (@Rll because the Cartan matrix of ¥; has full rank [. So, we can show
that f(B;i) = «; by showing that (f(ﬂ,-),ajv) = (ai,ajv) for 1 < j <! and that (f(Bi),y) = (¢, y) for
all y e R{.

The first follows because the Cartan matrices of ¥; and ¥, are the same: (f(8;), ozjv) =
Bi. V@) = (Bi. BY) = (e, ).

The second follows because f¥(y) € Ry for y € R{: (f(B),y) = (Bi, f¥ () =0= (e, y). O

Of course, there is also a similar version of the lemma where the roles of X; and Y; are inter-
changed.

2.3. Frobenius morphisms

From now we assume that our field k = I_Fp is an algebraic closure of the finite prime field with
p elements, and that G is defined over the finite subfield [y < k with q elements. We refer to [8,
Chapter 3] for an explanation of this notion. There is a corresponding Frobenius morphism F : G — G.
We consider the root datum of G with respect to a maximal torus T that is contained in a Borel
subgroup B with F(B) =B and F(T) =T. Then F induces a map on X which is of the form qFy where
Fo defines an automorphism of root data of finite order which permutes the set of simple roots A
that is determined by B. This follows from [8, 3.17] (the 7 in that theorem is our F51) and [8, 3.6(ii)]
(which shows that Fg has finite order).

Vice versa, each qFy with Fy of finite order is induced by some Frobenius morphism F of G as
above; F is uniquely determined by Fy and g up to conjugation by an element in T. See [18, 9.6] for
more details.
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The finite groups of fixed points G(q) = GF are called finite groups of Lie type. The group G(q) is
determined up to isomorphism by the root datum ¥ of G, Fo and q. (But various such tuples of data
can yield isomorphic groups G(q).)

If the root datum is described by root datum matrices (A, AY) and the elements of X and Y are
considered as row vectors then Fqo can be described by an invertible matrix in Z"™" of finite order.

We remark that in this setup we do not cover the Suzuki and Ree groups. These are fixed points
of simple reductive groups of types By, F4 and G, under generalized Frobenius morphisms whose
square is a Frobenius morphism as considered above (for g an odd power of 3 in case G, and an odd
power of 2 in the other two cases). But in these cases parameterizations of the irreducible defining
characteristic representations are known, see Theorem 3.2 and Remark 3.7.

2.4. A covering group

A semisimple group G has a covering by a simply-connected group. In this subsection we explicitly
construct such a covering G for general connected reductive G. If F is a Frobenius morphism on G we
also construct a Frobenius morphism F on G which induces F on G.

Proposition 2.5. Let G be a connected reductive group, defined over Fq with Frobenius morphism F. Let the
root datum ¥ = (X, R, Y, RY) of G and F be described by root datum matrices (A, AY) and Fq as above.
There are root datum matrices (A, AY) and an Jautomorphism Fo of finite order of the corresponding root

datum ¥ = (X, R, Y, RY), and a homomorphism ¥ — W with the following properties.

(a) The connected reductive group G over IF‘p determined by ¥ is a direct product of simple simply-connected
groups and a central torus Z°.

(b) The homomorphism ¥ — ¥ induces an isogeny 7 : G — G.

(¢) 7 induces an isomorphism from Z° to the connected center Z° of G.

(d) There is a Frobenius morphism F : G — G corresponding to Fo and q which induces F on G.

Proof. We first construct A and AY. Let C = AYA' € Z!*! be the Cartan matrix of ¥ and r be the
rank of ¥. Let A = (C" | 0) € Z'*" be the matrix with C as the first | columns and r — I zero columns,
and similarly let AY = (Id;10) € ler Then (A, AY) are root datum matrices because AYAY = C, so
determine a root datum ¥ = (X, R, Y, RY) and a connected reductive group G over IFp After reorder-
ing of the simple roots A and A" have block diagonal form, the blocks corresponding to the simple
components of G. So, it is the root datum of a direct product of the simple components and a torus.
The simple components are simply-connected, see Remark 2.2.

Let B € ZU—DX" be a matrix whose rows describe a Z-basis of R+ < Y. Then the matrix MY =

(ABV) € Z'<" describes a Z-linear map fV :Y — Y which defines a homomorphism of root data: It

maps the simple coroots to simple coroots and so by Lemma 2.3(a) the coroots RY to R (the root
data have the same Cartan matrix). And it induces an isomorphism R+ — R-. Hence we can use
Lemma 2.4.

We can compute B as follows: Its rows are a Z-basis of the set of solutions y € Z" of yA"™ =0.
With the Smith normal form algorithm we can compute invertible integer matrices P and Q such
that PAQ has diagonal form, so the last r — [ columns of AQ are zero (and the first | columns are
Q-linearly independent). We can take the last r — I rows of Q' as matrix B.

The map fV:Y — Y is injective, its image is generated by RY and R+. So, the image is invariant
under FY and we can define Ff: ¥ — Y by yF{ := fV~ (fV(y)F“) = yMYUF{'M~". This defines
an automorphism of finite order of ¥. Now, ¥, FO and a prime power g determine a reductive G,
defined over F; with Frobenius morphism F. We have a surjective homomorphism 7 : G — G, and
F induces a Frobenius morphism F’ on G, which induces F{ on Y. So, modifying F by a conjugation
with an appropriate torus element we can assume that F induces F on G.

The kernel K := ker(r) of the covering 7 : G — G is finite because M (and M) have full Q-rank r,
so XM < X is of finite index. We have R = Y(Z% and R+ = Y(Z% and since fV induces an
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isomorphism between these two lattices, the homomorphism 7 induces an isomorphism Z° — Z0.
In Section 2.5 we show how to compute the kernel of 7 explicitly. O

Lemma 2.6. Let G, G be connected reductive groups with a surjective homomorphism 7 : G — G and central
kernel K. Let F be a Frobenius morphism of G with F(K) = K and F be the induced Frobenius morphism on G.
The induced map 7 : GF — GF is in general not surjective. We define £(K) = {z~1F(z) | z € K}. Then 7 (GF)
is a normal subgroup of GF and there is a natural isomorphism

G/ (6F) = Kk /L(K).

Proof. We first show that 7 (GF) is normal. Let h € G, g € G" and § € G with 7 (§) =
gz for some z € K. It follows F(g~1) =z"1g~'. Hence F(g"'hg) =z 'g 'hgz=§"
and so z is central. This shows that g~z (h)g = 7 (3~ 'hg) e 7 (GF).

Since the group K as subgroup of the center of G is abelian if follows that £(K) is a subgroup
of K.

We have G = G/K and for g € G we have gK € (G/K)F = GF if and only if g~'F(g) € K. We
consider the map

g. Then F@) =
Thg because K

GF = (G/K)f - K/LK), gKw— g 'F(g)LK).

Since K is central, it is easy to check that this is a well-defined homomorphism. The Lang-Steinberg
theorem (for G) shows that this map is surjective. An element gK is in the kernel of this map if and

only if gK contains an element of GF. O

2.5. Torus elements

Given a root datum ¥ = (X,R,Y,RY) for G and T, we can recover T by the isomorphism T =
Y ®z IF‘;. Via some fixed isomorphism we identify the multiplicative group IF‘; with the additive
group Qp /Z of elements of p’-order in Q/Z. See [6, 3.1] for more details.

Choosing dual bases of X and Y, we can describe ¥ by root datum matrices (A, AY) and identify
T=Y ®z (Qp/Z) with r-tuples of elements in Q,/Z. In this setup we can compute y(c) for y e Y
and c € Qp//Z, and apply x€ X and F to t e T= (Qp/Z)" as follows:

yo=cy, xt)=tx"eQp/Z,  F(@t)=qtFyeT.

The center of G is the intersection of the kernels of all (simple) roots in T. We can compute it as
the solutions t € T of the system of equations tA" =0 ¢ (Qp//Z)’. The F-fixed points Tf of T are the
solutions t € T of the system of equations t(ng —Id;,)=0¢ (Qp//Z)r.

We consider the isogeny from Proposition 2.5, w :~(~; — G. In the proof of the proposition we have
computed a matrix M describing the map f : X — X for the corresponding homomorphism of root
data.

We can compute the kernel K of 7w as set of solutions t € T of the system of equations

tM" =0 (Qy/Z)".

(The Z-span of the rows of M is the image f(X) < X.) And we can compute the F-action on the
elements t € K by

F(t) =qtFy.

This yields an explicit description of the elements in K, KF and L(K).
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2.6. The derived subgroup

We will also need to consider the derived group G’ of G and the quotient torus G/G’. We use the
description in [18, 8.1.9] or [14, 1.18].

The images of all coroots generate TN G and a character x € X has TN G’ in its kernel if and only
if x e (RV)L.

We compute a matrix D € GL.(Z) such that the last [ —r columns of A D are zero (for example by
the Smith normal form algorithm). Instead of (A, AY) and Fy we then consider the isomorphic data
(AD™Y AVD) and DYFoD ™,

Now we get root datum matrices for G’ by taking the first I columns of AD~ and AVD, and the
restriction of F to G’ is described by the upper left [ x [ corner of D¥FgD ™!,

Furthermore, the lower right (r — 1) x (r —I) corner of DY¥FoD~' describes the Frobenius action
induced on the torus G/G'.

Lemma 2.7. Let 7 : G= G’ x Z° — G be the covering and F be the Frobenius morphism of G as constructed
in Proposition 2.5. )

Then 7 (G'F) < GF is a normal subgroup, and the quotient GF /7 (G'F) is an abelian group of order prime
to p.

Proof. That 7 (G'F) < GF is normal can be shown as in the proof of Lemma 2.6, using that G’ is
normal in G. i i

In [8, proof of 13.20] it is shown that GF =TF . 7(G'F). So, the quotient GF /7 (G'F) is isomorphic
to TF /(TF N7 (G'F)), hence it is abelian and of order prime to p. O

3. Irreducible representations in defining characteristic

In this section we consider (finite dimensional rational) irreducible representations of our con-
nected reductive algebraic groups G and the finite groups of Lie type GF over the defining field k = I_Fp
of G. As before, let ¥ = (X, R, Y, RY) be the root datum of G and Fy: X — X and q be the finite order
automorphism and the prime power determined by F.

3.1. Representations of connected reductive groups

In this subsection k can be any algebraically closed field. We fix a set A C R of simple roots. The
set

Xp={xeX|{x,a¥)>0forae A}
is called the set of dominant weights of G (or ¥).

One can associate to each irreducible representation of G over k a highest weight A € X+. Chevalley
proved the following basic theorem, see [14, 2.7]:

Theorem 3.1. Associating the highest weight induces a bijection from the isomorphism classes of irreducible
representations of G over k to the set X of dominant weights.

For A € X4 we denote by L(A) the corresponding irreducible module, and by p, the corresponding
representation.

3.2. Finite groups of Lie type, simply-connected case
In this subsection we assume that G is semisimple and of simply-connected type. In this case the

simple coroots are a Z-basis of Y. The elements of the dual basis {w1,...,®;} C X are called the
fundamental weights. For a positive integer b we call the subset
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Xp={xe X, |(x,a")<bforalla e A}

={ayw1+- ---+aqw |0<a;<bfor1<i<l}

of dominant weights the set of b-restricted weights.
Steinberg proved the following theorem, see [19, 13.3]. Although we have excluded the cases of
Suzuki and Ree groups from our general setup we include them in this theorem.

Theorem 3.2.

(a) The restrictions of p; with > € Xq to GF remain irreducible. This induces a bijection from Xq to the iso-
morphism classes of irreducible representations of GF over Fq.

(b) Let G be of type By, F4 or Gy, q* be an odd power of p = 2, 2 or 3, respectively, and Fq be of order 2.
We consider the set XC’I of dominant weights Zf’:l ajw; with 0 < a; < q/p if a; is a short simple root
and 0 < a; < q/./p otherwise. Then the restrictions of p, with A € xg, induce a bijection from X(/I to the
isomorphism classes of irreducible representations of GF over I_Fq.

3.3. Finite tori

Let G=T be a torus. The irreducible representations of T are the characters X(T). Let Fp: X —> X
be the finite order automorphism induced by F, and let m € N such that F' =1Id. We have TF <TF".
Since these groups are abelian, each irreducible representation of TF can be extended to one of TF "
see [13, 5.5]. Using Section 2.5 we see that the group TF" is isomorphic to a direct product of r cyclic
groups of order g™ — 1. And restriction yields a bijection from the set of characters {0; | A € Xqm_1}
of T to the set of irreducible characters over I_Fq of the finite group TF "

Remark 3.3. All irreducible representations of a finite torus TF over Fq are restrictions of irreducible
representations (characters) of the torus T.

In the general case there seems to be no nice description of a subset of X which yields the pair-
wise different characters of TF, for this one has to compute an explicit parameterization of TF. This
can be done by solving the system of equations t(ng —1Idy) =0 € (Qp/Z)", as explained in Sec-
tion 2.5 (we see that the order of TF is just the characteristic polynomial of Fy evaluated at q).

3.4. Extending representations

Proposition 3.4. Let G be a connected reductive group over k (= I_Fp ) with Frobenius morphism F. Let H < GF
be a normal subgroup such that GF /H is an abelian group of order prime to p. Then each irreducible represen-
tation of H over k can be extended to a representation of GF. And each irreducible representation of GF over k
restricts irreducibly to H.

Proof. We use Clifford theory, see for example [1, 9.18]. It follows that the two statements in the
proposition are equivalent. We show the latter: the restriction of every irreducible kGF-module V
to H is irreducible. _

The restriction is a direct sum of irreducible kH-modules W;,

.
Vy = @ Wi,
i=1

we show r=1. Let U be a Sylow-p-subgroup of GF. Then U < H because H has p’-index. The only
simple kU-module is the trivial module. Therefore, each W; must have at least a one-dimensional
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subspace on which U acts trivially. So, V contains at least an r-dimensional subspace on which U acts
trivially.

Now we use that the group GF is a finite group with split (B, N)-pair in characteristic p, see [9,
Cor. 4.2.5]. Thus we can apply a result by Richen and Curtis that says that the subspace of V fixed
by U is one-dimensional, see [7, 4.3(c)|. Hence r =1 and Vy is an irreducible kH-module. O

3.5. Parameterization of irreducible representations of finite groups of Lie type

We can now describe the main result of this paper. _

As before, let G be a connected reductive group over k, defined over Fy with corresponding Frobe-
nius morphism F, given by root datum matrices (A, AY) and a finite order matrix Fo, as explained in
Section 2.

In Proposition 2.5 we have constructed a covering 7 : G =G’ x Z° — G and a Frobenius morphism
F of G inducing F on G. We write K for the kernel of 7 and G’ for the derived subgroup of G.

Theorem 3.5. The irreducible representations of GF over k can be parameterized by the direct product of the
following three sets:

(A) the g-restricted weights of G which have KF NG in their kernel,
(B) thegroup KF NG,
(C) and the group (G/G/)F.

Proof. This follows from Steinberg’s Theorem 3.2 applied to G’ F and clifford theory, see for exam-
ple [1, 9.18]. We give more details.

We know from Lemma 2.7 that n(f‘.’F ) is a normal subgroup of GF with abelian quotient of order
prime to p. Thus we can apply Proposition 3.4 to see that all irreducible kGF-modules are exten-

sions of irreducible k(G F)-modules. By Clifford theory the extensions of a fixed Izn(f;’f)—module

to GF are parameterized by the group of linear characters of the quotient group G/ (G'F) which is
isomorphic to the quotient group itself.

The irreducible representations of n(G’F ) can be interpreted as the irreducible representations
of G'F which have KF N in their kernel. And, since G is simply-connected, the irreducible repre-

sentations of G/f are by Theorem 3.2 parameterized by the g-restricted weights of G'. An_element
ze€ Z(G') < TN lies in the kernel of an irreducible representation with highest weight A € X(T NG’)
if its (only) eigenvalue is 1. This eigenvalue can be read off at the weight space of the highest weight

by evaluating X at z. This shows that the irreducible representations of 77 (G'F) can be parameterized
by the set (A).

We can parameterize the characters Hom(G /m (@F ), k*) in two steps, first by the restriction to
Hom(G'F /7 (G'F), k*) and then by the characters Hom(G* /G'F, k*) (again by Clifford theory because

all characters in Hom(G'F /7 (G'F), k*) extend to GF /7 (G'F)). The latter yields our parameter set (C)
using GF /G'F = (G/G)f which follows from the Lang-Steinberg theorem. The set (B) we get from

the isomorphism G/F/n(f;’F) =~ KF N . This follows from Lemma 2.6 applied to the induced map
7 : G — G which has the finite kernel K’ = K N G'. The lemma shows G'F /7 (G'F) = K'/L£(K"). This
last group is isomorphic to K'F = KF NG which follows from dualizing the exact sequence 1 —
K'F 5K > LK)>1. O

We now indicate how to compute the parameter sets (A), (B) and (C). In Proposition 2.5 we have
constructed the root datum of G such that the first [ coordinates and the last r — [ coordinates of X
and Y correspond to the factors of the direct product T = (T N G') x ZO. Thus it is easy to decide
which elements of KF, computed as in Section 2.5, are contained in G/, this yields the set (B).

In Section 2.5 we have also shown how to evaluate a A € X(T NG) at a torus element. This way we
can decide which g-restricted weights of G’ have KF NG in their kernel. This determines the set (A).
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For the set (C) we need to compute the structure of the abelian group GF/G'F = (G/G))F. In sub-
section 2.6 we have described how to compute the F-action on the torus G/G’. We can use Section 2.5
again to compute the F-fixed points of G/G’.

Remark 3.6.

(a) Assume that the derived group G’ of G is simply-connected. Then each irreducible kGF -module
is the restriction of an irreducible kG-module. In [11, App. 1.3] Herzig gives another parameteri-
zation in this case: Namely by all g-restricted weights of G (these are infinitely many if G is not
semisimple) and showing that two g-restricted weights A1, A, yield the same restriction to GF if
and only if A — A2 € (q - id — Fo)(R¥)*.

(b) In general, not all irreducible kGF-modules are restrictions of modules of the algebraic group G.
As an example consider G = PGLIH(I_c), the adjoint groups of type A;, with Frobenius map
F such that GF = PGLi1(q). For some prime powers q the finite group Gf has non-trivial
k-representations of dimension 1. Such representations are not restrictions from G because G is
perfect.

Proof. We show the first statement of (a) using our setup. If G’ is simply-connected our parameter-
ization of irreducible kGF modules in Theorem 3.5 is particularly simple: the set (A) consists of all
g-restricted weights of G/, the group (B) is trivial and (C) is the finite torus (G/G)F.

Since G’ is simply-connected, X contains @; with (d)i,ajv) =gjj for 1 <1i,j <L So, for each
g-restricted weight A’ of G’ there is a A € X such that the module L(A) of G restricts to G’ as L(\).
Together with Steinberg’s Theorem 3.2 this shows that each irreducible representation g of G'F can
be extended to a representation p of the algebraic group G. All the other extensions of § to GF
are obtained by tensoring p|gr with the linear characters of Gf/G'F. But these are also obtained as
restrictions of linear characters of the algebraic group G/G’ as we have seen in Remark 3.3. O

3.6. Avariant

As a variant of Theorem 3.5 we could have first given a parameterization of the irreducible rep-
resentations of G and use Clifford theory only for the quotient GF/m (GF). But our description in
Theorem 3.5 often leads to a more natural parameterization. _

For example, let G=GL;11(k) and g=1 (mod [+ 1). Then G= SLi41(k) x Z° and the kernel of 7,
K= KF, is cyclic of order I+ 1 and is isomorphic to G /x (ﬁﬁ). The irreducible representations of
GF = SLi+1(q) x (Zo)ﬁ (the second factor is cyclic of order ¢ — 1) are easy to describe. But it is a

bit complicated to describe the subset which has K in its kernel. The quotient GF /7 (GF) is cyclic of
order [ 4 1, so its irreducible representations are also easy to describe.

Our parameterization in Theorem 3.5 is more natural in this example: The derived subgroup of G
and of G is SLi41(k) and so is simply-connected. Hence we are in the situation of Remark 3.6(a), our
set (A) consists of all g-restricted dominant weights of SL;,1(k) and our set (B) is trivial. The set (C)
corresponds to the g — 1 linear characters of GLj1+1(q)/SLi+1(q).

Remark 3.7. A variant of the main Theorem 3.5 is also true if GF has Suzuki or Ree groups as com-
ponents. Since the Suzuki and Ree groups have trivial center, we can assume that Gf arises from
an algebraic group such that the Suzuki and Ree components are coming from direct factors of G of
simply-connected type. We can then deal with these components using Theorem 3.2(b).

3.7. An example

Let us consider as an example a reductive group G which occurs as the centralizer of a semisimple
element in the simple algebraic group of type Eg, equipped with a Frobenius morphism F. It is given
by root datum matrices A, A, and a matrix Fg, as explained in Sections 2.1 and 2.3:
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1 00 0O0O0OOTGO 2 0-1. 0o 0 O O O
01 00O0O0OO0ODO 0o 2 0 -1 0 O O O
0010O0O0O0CTDO -10 2 -1 0 0 O O
A=]0 0 0 01 0 0 0}, A=l 0 0 0 -1 2 -1 0 ©
0 00 O0OT1TO0OTPO 0 0 O o -1 2 -1 0
0 00 O0OOTO 0?1 0 0 O 0 0 0o -1 2
23 465431 0O 0 0 0 O O 1 -1

0 0 1 0 0 0 0 0

0 1 o o o o0 o0 o

1 o o o o o0 o0 o

-1 -1 -1 -1 -1 -1 -1 -1

Fo:=

2 3 4 6 5 4 3 1
—4 -3 -2 -1
0 0 0 0 1 0 0 0O

We do not fix the g, but we want to investigate all finite groups of Lie type for any prime power q
which are determined by these data.

The group G has rank 8 and semisimple rank 7. Looking at the Cartan matrix AVAY we see
that the pairs of simple roots number 1 and 3, number 4 and 5 and number 6 and 7 each span
a sub-root system of type Aj, and root number 2 spans a subsystem of type A;. The matrix AFy
yields a permutation of the rows of A, the permutation is (1, 3)(4, 6)(5, 7). Thus, the data describe
groups GF which are central products of components of type 2A»(q), A2(q%), A1(q) and a finite torus
of rank 1.

Now we look at the covering group G of G constructed in Proposition 2.5. We do not need the
matrices A and A, but the matrix M is essential which describes the homomorphism Y — Y that
determines the covering 7 : G — G. As described in the proof of Proposition 2.5 we can compute
a Z-basis of Rt by applying the Smith normal form algorithm to A. This yields invertible integer
matrices P and Q such that PAQ is of diagonal form (the diagonal entries are six times 1 and one 3).
Then M"Y is given by the rows of AV and the last row of Q, the latter spans R1. We furthermore
need Fy which defines the Frobenius morphism on the covering group G. We can compute it with

MY as Fif = MUFIM~. We get

2 0 -1 0 0 0 0 0 0010O0O0O0TO

o 2 0 -1 0 0 0 0 01 0O0O0O0O0TO

-1 0 2 -1 0 0 0 0 1 00O0O0O0OOTDO

M — o 0 0o -1 2 -1 0 0 i 0 00O0OT1TO0ODPO

“1 0 0 O o -1 2 -1 0| °“looo0o000T10

0 0 O 0 0 o -1 2 0001 0O0O0TO

0 0 O 0 0 0 1 -1 00O0O0O1O0O0O0

0 0 O 1 0 0 -2 0 000 O0OO0OO0OU 01

Using these two matrices we can determine the finite kernel K of the covering :G— G and its
F-fixed points K, as explained in Section 2.5. To find K we solve the system of equations

tM" =0¢€ (Qp/Z)".
To do so, we use again the Smith normal form algorithm to find matrices P, Q € GL;(Z) such that

PMYQ is diagonal. The diagonal entries in our example are six times 1, 3 and 6. It is easy to write
down the solutions of

t1(PM"Q)=0¢ (Qy/Z)".
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If the i-th diagonal entry of the diagonal matrix is an integer n then the i-th entry of any solution
t1 has the form i/n, for one 0 <i <n, (where ny is the largest divisor of n prime to p). Having
found all solutions t1 of this last equation we get the solutions of the original equation as t =t1P.
In practice we first compute all solutions t € (Q/Z)", because we have not yet said anything about
the g and so the p. In our example we have 18 solutions for t; over Q/Z, they have the form
(0,0,0,0,0,0, 4 3 6) And multiplying w1th P we get for t the 18 Z-linear combinations of the two
elements (3,0,1.1,2,0,0,2)and (3,3.2, 3,2, 2. 1 1.

We find KF by applymg the Frobenius F to the elements just found. This action is for any t € T
given by

F(t) =t(qFg).

To be able to evaluate this on t € K we need to know the residue of ¢ modulo all denominators of
the coordinates of t € K. A common denominator of all these entries is

m := the largest elementary divisor of M"

= lcm(entries of Smith normal form of M™) = 6.

We still do not fix g, but the remaining computations are done for any congruence class ¢ of
a prime power modulo m separately, assuming that ¢ = c (mod m). In our example we have to
distinguish the cases of ¢ =1, 2, 3,4,5 (mod 6).

In cases c =2 or 4 we have p =2 (the prime dividing ¢ and m), and in this case the kernel K only
contains the 9 elements given above which are of order 1 or 3. Similarly, in case c =3 we have p =3
and K only contains the two elements of order 1 and 2. In the other cases K contains all 18 elements
given above.

For the computation of K we comment on the case ¢ = 2. Multlplymg the elements of K by
qFtl and using that ¢ =2 (mod 6) we find that only the three multiples of (3,0, 3 § % % %, 0) are
mapped to themselves.

We need to decide which of these F-fixed elements lie in G'. This is easy to see, because the first
I basis elements of X and Y correspond to the maximal torus of the semisimple factor and derived
subgroup G'. So, here the F-fixed elements of K all lie in K¥ NG’ because their last coordinate is 0.

Considering also the other cases for ¢ we find that K¥ NG’ is cyclic of order 3 if =2 or 5 (mod 6)
and it is trivial in the other cases. We have found the group (B) for our parameterization of the
irreducible representations of GF.

The elements of KF NG are also needed to find our parameter set (A). This consists of all

g-restricted weights A € X+ of G’ which are trivial on KF NG’ This means

12" =0eQ,/Z forallte KF NG

These equations can be reformulated in terms of integers by multiplying with a common multiple m’

of all denominators in t € KF NG (a divisor of m). In our example we can multiply with m’ =3 and
then consider the equations modulo m’:

(mt)A"=0 (modm’) forallte KF NG
Writing all (m't) for a set of generators t of KF NG in one matrix we can further simplify the system
of equations by computing the Hermite normal form (mod m’) of this matrix. In our example we get
no non-trivial equation if ¢ ¢ {2, 5}. So, in these cases all q' g-restricted weights A lie in our parameter

set (A). If c =2 or 5, the set (A) contains only those g-restricted A which fulfill the single equation

(1,0,2,1,2,2, DAY =0 (mod 3).
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Using this equation it is easy to check for a concrete q and g-restricted weight if it is in the
parameter set (A).

For general ¢ we can also count the number of parameters in the set (A). For this we use the
following trivial lemma.

Lemma 3.8. Let q,c,i,m € N with 0 < i,c <m and q = ¢ (mod m). Then the number of integers j with
0<j<q—1and j=i(modm)is(q—c)/mifi>cand (q—c)/m+1fori<c.

This lemma can be applied recursively to count the sets (A). For example in the case ¢ =2 (mod 3)
above we need to count the A = (A1,..., A7) € Z7 with 0 < A <qfori=1,...7and 1-11+0-Ay +
---4+1-17=0 (mod 3).

From the lemma we can easily deduce how often each congruence class (mod 3) is hit by 1- 11,
0- X2, and so on. Combining this it is easy to count how often each congruence class (mod 3) is hit
by 1-i1 + 0-Ay. In the next step we find the numbers for the expressions 1-i1 +0-Ay + 2 - As.
Going on recursively, we find for each congruence class (mod 3) the number of g-restricted A with
(1,0,2,1,2,2, DAY in that class. In particular, we find for the O-class the number of g-restricted
weights in (A), it is (q7 4+ 2q)/3 for ¢=2,5 (mod 6).

Finally, we need the set (C), the structure of (G/G')F. Using subsection 2.6 we can find the matrix
of Fy acting on the characters of this torus via the transformation of the matrix A to Smith normal
form. In our example we find the 1 x 1 identity matrix. So the group of F-fixed points in this torus
is cyclic of order g — 1. In general the order of a finite torus is the characteristic polynomial of Fg
evaluated at q. The precise structure of the finite abelian group for a specific q is found by the Smith
normal form of the characteristic matrix at q. See [6, Chapter 3| for more details.

To summarize: The parameter group (C) is for any g cyclic of order ¢ — 1. For ¢ =2 (mod 3) the
parameter group (B) is of order 3 and the set (A) contains (q” + 2q)/3 weights. For =0, 1 (mod 3)
the group (B) is trivial and the set (A) contains all g’ g-restricted weights.

4. The case when G is simple

In this last section of the paper we want to apply our main Theorem 3.5 to all finite groups
of Lie type arising from simple algebraic groups G. As an application we determine the number of
semisimple classes of these groups.

As before, we exclude here the Suzuki and Ree groups, in these cases the g2, respectively g%,
irreducible representations were already described in Theorem 3.2(b).

For each type of irreducible root system R, we choose a set of simple roots A = {1, ..., o} CR.
We fix a numbering of the simple roots via the Dynkin diagrams given in Table 1. The node labeled
by i corresponds to the simple root o; of A. This is the labeling used in CHEVIE; see [10] (the often
used Bourbaki labeling is different for types B, C, D, where it starts to count from the right side of
the shown diagrams).

For a Frobenius morphism F of G we consider a root datum of G with respect to a maximally
split maximal torus. Then Fp permutes the set of simple roots and induces a graph automorphism
of the Dynkin diagram. This graph automorphism can be non-trivial in cases A; with [ > 2, D; with
>4 and Eg. We also write F. instead of F in these cases with € =1 in case of the trivial graph
automorphism, € = —1 in case of the graph automorphism of order 2 (permuting nodes 1 and 2 in
case D;) and € =3 in the case of a graph automorphism of order 3 of the Dynkin diagram of type D4
(permuting the nodes with cycle (1, 2, 4)).

Let Gsc be the simply-connected simple group of the same type as G. As explained in Proposi-
tion 2.5 we have an isogeny Gsc — G with a central kernel K and Gs. has a Frobenius morphism that
induces F on G, we denote that also by F or Fe.

As in the proof of Proposition 2.5 we choose as root datum matrices for Gs the pair (CY,Id),
where C is the Cartan matrix corresponding to the chosen numbering of A. This means that in the
root datum (X, R, Y, RY) of G5 we use the simple coroots as basis of Y and the fundamental weights
as basis of X. The matrix for Fo is the permutation matrix for the graph automorphism induced by F.
As before, we identify a maximal torus of G, with Y ® Qp/Z)= (@pr/Z)'.
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Table 1
Dynkin diagram of irreducible root systems.

1 2 3 l 1 2 3 l

A e—eo—o - - - —e Bl e=e2—o - . . —o
1
D, . ... s O =5 o - o
2
ng Fs 1 2 3 4 Eg 1 3 4 5 6
IZ

4.1. A parameterization of the irreducible representations in defining characteristic

Let G, Gsc and K be as above. We want to give a parameterization of the irreducible defining
characteristic representations of G by describing the parameter sets (A), (B) and (C) of Theorem 3.5.

Since G is semisimple we have G =G’ and so the group (C) is trivial in all cases considered here.

The parameter sets (A) and (B) only depend on KF, the F-fixed elements of the kernel of the
isogeny Gsc — G.

We now consider the possibilities for G, K and KF for the various types of root systems separately.

We make use of the result in [16, §6.2] which describes explicitly the elements of the center Z
of G in all cases (as elements of (Qpr/Z)’ as explained above).

For any positive integers [ and g, we will write & 4 for the set of tuples (Aq,...,4) € 7! such that
0<Ar<qforall 1<i<lL

4.1.1. Type A;
The group Z is cyclic of order m = (I+4 1),, generated by

1 2 l
z= <—, — ) € (@p//Z)l.

m'm T m

For each divisor e of 41 there is an algebraic group G such that the index of ZR < X is e, we denote
its type by (Ape. So, e =141 yields the simply-connected groups, isomorphic to SL;;1(k), and e =1
yields the adjoint groups, isomorphic to PGL;;1 (k).

Assume that G is of type (A)e.

Then K is the subgroup of Z of order ((I+1)/e),y =m/ey (the group generated by ey z).

For the Frobenius morphism F¢ on Gy and i € Z we have F¢(iz) =iz if and only if (g — €)i e mZ
if and only if (m/gcd(m,q —€)) |i.

Combining, we find that the group K¢ is the subgroup of Z of order

d:=gcd(m/ey, ged(m, q — €)) = ged(m/ey, q — €) = ged((+ 1) /e, q — €)

(the last equation because q — € is prime to p).

We have found that the parameter group (B) is cyclic of order d. The set (A) consists of the
g-restricted weights which are trivial on the generator (m/d)z of Kfe. These are the (A1,...,A) € Eiq
such that

1
Zix,-zo mod d. (1)

i=1
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4.1.2. Types B and C;
In these two cases, the center Z of Gy has order m = gcd(2, p + 1) and has the following genera-
tors:

Type Generator
B (£.0,...,0)
G L=l 20,1

There are two possibilities for G, the simply-connected type where K and so KF are trivial, and
the adjoint type where K = Z and clearly K¥ = K (since K is of order 1 or 2).

So, when p =2 or G is simply-connected then the parameter group (B) is trivial and the parameter
set (A) consists of all g-restricted weights. Otherwise, for odd q and G of adjoint type, the group (B) is
of order 2 and the parameter set (A) consists of the weights (A1, ..., ) € & 4 satisfying the following
equation. In the case of type B, the equation is

A2 =0 mod2, (2)

and in case of type (; it depends on the parity of I. This is

> =0 mod2 or > A=0 mod2, (3)

1<i<l, ieven 1<i<l, iodd
according to [ being odd or even.

4.13. Type D, 1 > 4
Assume that [ =2k + 1 is odd. Then the center Z is cyclic of order m =4 for odd p and m =1 for

p =2, and is generated by
1 3 2 2 2 2
z=\—,—,—,0,—,0,—,...,0,— ).
mmm m m m

There are three possibilities for G, the simply-connected type for which K is trivial, or G is iso-
morphic to SOy (k) for which ZR is of index 2 in X and K is generated by 2z, or the group of adjoint
type where K = Z.

So, if p =2 or if G is simply-connected then the parameter group (B) is trivial and (A) consists of
all g-restricted weights.

If p is odd and G of type SO, then Kf¢ = K (since 2z is the only element of order 2 in Z), so
the group (B) is of order 2. In this case, Gf = SO5,(q), the parameter set (A) consists of the weights
(M, ..., M) € & 4 such that

M +Ai2=0 mod?2. (4)

Let p be odd and G be of adjoint type, then K = Z. If g = € mod 4 then Kf¢ = K, so the parameter
group (B) is cyclic of order 4 and the parameter set (A) consists of the weights (A1, ...,%)) € & 4 such
that

k

> 2hip1=r2— A mod4. (5)
i=1

Otherwise, if ¢ = —e mod 4 then KF¢ is of order 2 and the parameter sets (B) and (A) are the same
as in the SO-case.
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4.14. Type D, 1 >4
Assume now that | = 2k is even. Then Z is elementary abelian of order 4 if p is odd and trivial if
p=2.1If p is odd then Z is generated by

1 1 1 1 1 1 1 1
z1=(=,0,0,-,0,-,...,0,-) and 2z =1(0,-,0,-,0,-,...,0,= ),
2 2772 2 2772772 2

ifp=2wesetzi=2z,=1.

Here, for any q, Fq is the identity on Z, F_; permutes z; and z», and in case | =4 the Frobenius
F3 permutes z1, z and z1 + zp cyclically.

If G is simply-connected or p = 2, then K = KF =1, the parameter group (B) is trivial and the
set (A) consists of all g-restricted weights.

If the index of ZR in X is 2, there are two possibilities for G. Either G has only Frobenius mor-
phisms of type Fi, then G is isomorphic to a half spin group HSpiny (k) and K = KF is generated
by z; (or by z3). In this case, for odd p, the parameter group (B) is of order 2 and the set (A) consists
of the weights (A1, ..., A € & 4 such that

A+Ara+---+ A =0 mod?2. (6)

Otherwise, K is generated by z; + 22 and K = KFe for € € {£1}. Then G is isomorphic to a special
orthogonal group SOy (k) and GFe is isomorphic to SO5,(@). For odd p the parameter group (B) is also
of order 2 and the set (A) consists of the weights (A1,..., ;) € & 4 such that

A +Ai2=0 mod?2. (7)

The final possibility is that G is of adjoint type and K = Z. Then Kf-1 is generated by z; + z, and
for odd p and € = —1 we get the same parameter sets (B) and (A) as in the SO-case. Furthermore, we
have KFt = K, so for odd p and € =1 the parameter group (B) is elementary abelian of order 4 and
the parameter set (A) consists of the weights (A1, ..., A;) € & 4 such that

k

Z)xzi =A1 mod?2,
i=2

A=Ay mod?2.

(8)

If I=4 then K =1 and we get the same parameterization as in the simply-connected case for
F =Fs.

4.1.5. Types Gy, F4 and Eg
In these cases Z and so K = K and the parameter group (B) are trivial. The set (A) consists of all
g-restricted weights.

4.1.6. Type Eg

The group Z is cyclic of order m=3 if p#3 and m=1 if p =3, it is generated by z =
(%,0,2,0, L, 2) The group G can either be simply-connected or of adjoint type.

If G is simply-connected or p = 3 then K = K¢ =1, the parameter group (B) is trivial and (A) con-
sists of all g-restricted weights.

If G is of adjoint type then K = Z. We have Kf¢ = K if g = emod 3. In that case the parameter
group (B) is cyclic of order 3 and the parameter set (A) consists of the weights (A1,...,46) € & q
such that

M—A3+i5—Ag=0 mod3. (9)

For g = —e mod 3 we have Kf¢ =1 and the parameter sets are as in the simply-connected case.
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4.1.7. Type E7

The group Z is cyclic of order m=2 if p#2 and m=1 if p =2, it is generated by z =
(0, £.,0,0, L0, 1). The group G is either simply-connected or of adjoint type.

If G is simply-connected or if p =2 then K = KF is trivial, the parameter group (B) is trivial and
the set (A) consists of all g-restricted weights.

If G is of adjoint type then K = KF = Z. For odd p the parameter group (B) is of order 2 and the
set (A) consists of the weights (A1, ...,17) € &7 4 such that

A+ A5 +A7=0 mod?2. (10)
4.2. Application: number of semisimple classes

In this section, we will compute the number of isomorphism classes of irreducible ]FP-modules
(or, equivalently, the number of semisimple classes) of the finite groups Gf for all simple algebraic
groups G defined over Fy.

Theorem 4.1.

(a) Let G be a connected reductive group of semisimple rank I, such that its derived group G’ is simply-
connected. Let Z(G)? be the connected component of the center of G. We assume that G is defined over Fq
and denote F : G — G the corresponding Frobenius morphism. Then the number of semisimple conjugacy
classes of G is ¢'|(Z (G)®)F |. In particular, if G is semisimple of simply-connected type this number is q'.

(b) Now let G be a simple connected reductive group of rank I, defined over IFq with corresponding Frobenius
morphism F. Then the number of semisimple conjugacy classes of G is either q', or it is given in Table 2.

Proof. (a) This follows from Theorem 3.5. Under the given assumptions the parameter set (B) is trivial,
and the set (A) contains all g-restricted weights. The parameter set (C) contains |(G/G)F| = [(Z(G)?)F|
elements. See also [6, 3.7.6(ii)] for a completely different proof of this result.

(b) This will be shown in the rest of this section. Here the parameter group (C) is always trivial.
We need to go through all the cases of subsection 4.1. Whenever the group (B) is trivial, the set (A)
consists of the q' elements in & q- In Table 2 we collect the cases with non-trivial (B) and find the
cardinalities of the sets (A) by counting the solutions of certain modular equations. 0O

We denote by A the set of parameters (A) for the group G = (Gsc/K)F. By Theorem 3.5, the
number of isomorphism classes of irreducible F,-modules of GF is |[KF|-|Al
The following lemma will be useful in several cases.

Lemma 4.2. Assume that q is odd, and for any positive integers n and v € {0, 1}, define
n
Eny= :(kl,...,xn)eZ” 0<Ai<q—1, Zkisvmodz}.
i=1
Then, we have

q"+1-2v

|En,v|= 2

Proof. This follows easily by induction on n. O
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Table 2
Number of semisimple classes (¢ is the Euler ¢-function).
Type KF F G Condition |Semisimple classes|
A Zq Fe (Ae d=ged(%l g —e) g @(d)Hgt/A
B 7 adjoint p#£2 q' 44!
G Zy adjoint p#2 q +qlr2
Dy, I even 73 Fi adjoint p#2 q +q~2%+2q"?
Z F_q adjoint pP#2 qd+q2
Zy Fe No) p#2 ¢ +q2
7y Fq HSpin p#2 q +q/?
Dy, I odd Zs Fe adjoint g=¢€ mod 4 q +q'—242q0-372
Zy Fe adjoint qg=—€ mod 4 g +q2
Zy Fe No) p#2 ¢ +q2
Es Zs Fe adjoint g=¢€ mod 3 q% +2¢°
E7 7 adjoint p#2 q +q*

Types B; and C;. We must consider the case that p # 2 and K = Z. Then G is of adjoint type. If G is
of type B; we use Eq. (2) and obtain

A={(q, ..., ) €Eq| M €2Z).

Thus, Lemma 4.2 gives |A|=¢'"!- %] Now, since |[KF| =2, the entry for case B, in Table 2 follows.

If G is of type C; with | =2k (resp. | =2k + 1), then in Eq. (3) there are k summands (resp. k + 1
summands) in the sum. Hence, Lemma 4.2 gives

k k+1
1 1
|A|=qkq ;_ (resp_qk.%>'

Since k= |1/2] and |KF| =2, the entry for type C; in Table 2 follows.
Type D;. We only need to consider the case p # 2. First assume that | = 2k. We compute the

number of elements in the set (A) for Gi& using Eq. (8) as follows. If A1 is odd, then A; is odd. This
implies that A4 + Ag + - -+ + Ayx € 2Z + 1. By Lemma 4.2, there are q"‘1 (%)2 . @ such solutions.
Similarly, there are g*~! (%)2 - qk_% solutions such that A is even. Therefore, we deduce that

1 qk+1 + 2q + qkf‘l

R L

In the same way, using Lemma 4.2, we count the number of solutions of Egs. (7) and (6), giving |A|
for SOS,(q) and HSpiny(q), respectively.

Suppose now that | =2k + 1. Assume that K = Z and that ¢ = € mod 4. By Eq. (5) we have to
find the number of solutions (A1, ..., Ax) € Exq Of 2(X3 + X5 + - - - + Xp41) + X1 — X € 4Z. There are
gk-1. qkT“ tuples (A1, ..., Ak—1) with 0 < A; < q — 1, such that (A3 + A5 + -+ + Ayksq) is even. For
each tuple, we have to find the number of solutions of A1 — A, € 4Z. There are (%)2 +3- (%)2
such solutions. Thus, there are ng = § - ¢*~1- (¢*2 + 3¢* + ¢? + 3) solutions (A1,.... Aaks1) € Eakri.q.
such that A3+ As +- -+ Agyq is even. Similarly, there are ny = § -¢*~1- (¢*+2 — g% — g% + 1) solutions
(Moo Aakg1) € Exkqt,qr Such that Aq + A3 + - + Age—q is odd. Adding up we find for the case
|KFe| =4 that

k—1

4

Al =no+n; =1

(ql<+2 +ql< +2)_
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Finally, again with Lemma 4.2, we count the solutions of Eq. (4) and obtain |A| for the cases
S0O5,(q), and for the cases with G of adjoint type and g = —€ mod 4.

Types Eg and E;. We only need to consider G of adjoint type. In type Eg with ¢ =€ mod 3 we
compute |A| using Eq. (9) and Lemma 3.8. For type E7 and odd p we conclude as above using
Eq. (10) and Lemma 4.2.

Type A;. We have postponed this case because it is a bit trickier to derive a closed formula for the
cardinality |A|. We need to count the solutions of Eq. (1) to find the first line of Table 2. Instead of
counting the solutions of Eq. (1) we can introduce another coordinate Ao, count the solutions of the
equation

1
Z irj=0 modd
i=0

with 0 < Aj < q for 0 <i <, and divide the result by q.
The number of solutions of this modified equation follows from the following lemma applied with
n=I1+1and m=d.

Lemma 4.3. Let n > 2 be an integer, and m | n. Let € € {—1, 1}. For any positive integer q withm | (q — €)
define E=1{0,...,q — 1} and write X = {(Ao, M, ..., An—1) € E"| Z?;Ol ix; = 0 mod m}. Then

_ 1 n/d
XI=— > e@a"".
dim

Proof. The following proof was shown to us by Darij Grinberg, who generously allowed us to include
it in this article.
For a non-negative integer t let

n—1
X = {(ko,...,kn_ﬂ € E" Zix,-:r}.

i=0

We want to investigate |X| = ;.7 [ Xel.
For integers j with 0 < j <n—1 we consider the polynomials

Pi(@=1+2 +2% ...+ 29V e Cz).

It is clear that |X;| is the coefficient of z' in the product of the P;(z):

n—1 o0
P@)=[]Pi@=)_IXl"
j=0 t=0

Now let ¢ € C be a primitive m-th root of unity. We will use repeatedly the fact that for t € Z the
sum Z;f:_ol ¢t equals m if m | t and equals O otherwise (use the formula for geometric sums).
We evaluate

m—1 m—1 oo oo m—1 . )
DOPE) =D D IXd =D Xl Y () =D IXe - m=m]|X].
k=0 k=0 t=0 t=0 k=0 sﬂ:l(t)

From now we fix a ke Z with 0 <k<m—1 and setd:m.
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We will show that
P(;") — qn/d.

This proves the lemma, because for d | m we have
[{o<k<m|d=m/ged(m,k)}| = ’% {o<i<d|ged(,d)=1}|=p@).

It is easy to evaluate each Pj(z) at tkforog<j<n—1:

' . I q, ifm| jk
Pi(c*) =145+ (¢5) 4.+ (¢70)1 ={1, ifmfjkande =1
—¢7K, ifmtjkand e = —1

because for m4 jk every m consecutive summands sum up to 0. In case m | (g — 1) it remains the last
summand which is 1. And in case m | (g + 1) an additional summand (/%)% = =/ cancels all the
previous ones.

For an integer k, d =m/gcd(m, k) and j € Z we have that m | jk if and only if d | j.

Since m | n we also have d | n and so there are n/d indices j with 0 < j<n—1 and Pj(g“k) =q.

In case m| (g — 1) we have Pj(g") =1 for the remaining j with d+t j. Taking the product we get

I d
P(¢%) = q"e.
To see that the same is true in case m| (g + 1) we must show that

n—1

1_[ (¢ =1.

j=0
dtj

The root of unity ¢¥ and so also ¢ has order d (=m/gcd(m, k)). So, if d | j we have (t %)/ =1
and we get

n—1 n—1 .

1_[ (_g.fjk) — (_])nfn/d . n(gfk)l _ (_1)n7n/d . (gfk)fl(n—l)/zl
j=0 j=0

dtj

Since d | n, we have: dtn(n — 1)/2 iff (d is even and (n/d) is odd) iff (n/d)(d —1) =n —n/d is odd,
and in this case (d/2) | n(n —1)/2 so that (¢~¥)"=1/2 — _1_ This shows that the right hand side in
the last displayed equation is always 1.

This proves the lemma. O

Remark 4.4. The results given in Table 2 are not new. They were worked out in [3] using sophis-
ticated results from the ordinary representation theory of the groups GF in good characteristic. The
completely different approach in this section is more elementary (and it works for arbitrary root data
and characteristics).

For small rank groups, in particular the exceptional types, detailed parameterizations of all conju-
gacy classes were computed, this also yields the number of semisimple conjugacy classes, see [15].
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