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1. Introduction

In the study of vertex operator algebras and their modules, commutator formulas for
vertex operators often play an important role. Because of the commutator formula, the
components of the vertex operators of a vertex operator algebra form a Lie algebra. The
vertex operator algebra itself and its modules become modules for this Lie algebra. This
fact allows one to apply many techniques in the representation theory of Lie algebras
to the study of vertex operator algebras and their modules. For example, the proof by
Zhu [8] of the modular invariance of the space spanned by the g-traces of products of
vertex operators depends heavily on the commutator formula, especially in the case of
g-traces of products of at least two vertex operators.

On the other hand, the main interesting mathematical objects in the representation
theory of vertex operator algebras are intertwining operators, not just vertex operators
for vertex operator algebras and for modules. For intertwining operators, in general there
is no commutator formula and therefore the Lie-algebra-theoretic techniques cannot
be applied. Thus it is necessary to develop different, non-Lie-algebra-theoretic method
to study intertwining operators. One example is the modular invariance of the space
spanned by the g-traces of products of at least two intertwining operators. This modular
invariance was conjectured first by physicists and was used explicitly by Moore and
Seiberg in [7] to derive their polynomial equations. But its proof was given by the first
author in the preprint of [3] 13 years after Zhu’s proof of his modular invariance result
in [8]. The difficulty lies mainly in the development of new method without using the
commutator formula on which Zhu’s proof depends heavily. Instead of any commutator
formula (which in fact does not exist in general), the first author used the associativity
for intertwining operators proved in [2].

Because of the limitation of the commutator formula discussed above, it is desirable
to prove results in the representation theory of vertex operator algebras, even only for
modules, without using the commutator formula so that it will be relatively easy to see
whether such results can be generalized to intertwining operators.

Note that for modules for vertex operator algebras, the weak associativity can be
taken to be the main axiom. It is natural to expect that all the results for modules can be
proved using the weak associativity without the commutator formula. However, in many
problems in the representation theory of vertex operator algebras and its applications,
one has to work with components of vertex operators instead of vertex operators directly.
Thus we need formulas expressed using residues of formal series obtained from products
and iterates of vertex operators that are equivalent to the weak associativity.

It is known from [1] and [6] (see also [5]) that for a vertex algebra, the weak asso-
ciativity for vertex operators gives a formula that expresses products of components of
vertex operators as linear combinations of iterates of components of vertex operators.
Unfortunately, this formula is not equivalent to the weak associativity. In the present
paper, we give a formula for the residues of certain formal series involving iterates of
vertex operators obtained using the weak associativity and the lower truncation property
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of vertex operators. Then we prove that the weak associativity is equivalent to this for-
mula together with the formula given in [1] and [6]. Thus, in principle, all the results for
modules for vertex operator algebras can be proved using these two formulas without
the help of the commutator formula.

We apply this result to give a new construction of N-gradable weak modules for an
N-graded vertex algebra V from modules for Zhu’s algebra A(V'). We construct a functor
S from the category of A(V)-modules to the category of N-gradable weak V-modules. We
prove that S has a universal property and the functor T of taking top levels of N-gradable
weak V-modules is a left inverse of S. In particular, S is equal to the functor constructed
by Dong, Li and Mason in [1] in the case n = 0 and we achieve our goal of finding a new
construction without using relations corresponding to the commutator formula. The hard
part of this new construction is a technical theorem stating roughly that in a module
for Zhu’s algebra, the relation corresponding to the residue formula given in the present
paper (see above) can in fact be obtained from the relations corresponding to the action
of Zhu’s algebra.

The importance of our construction is that it allows us to use the method in the
present paper to give constructions and prove results in the cases that there is no com-
mutator formula. The main example that motivated the present paper is a construction
of generalized twisted modules associated to an infinite order automorphism of a vertex
operator algebra in the sense of the first author in [4]. For these generalized twisted mod-
ules, the twisted vertex operators involve the logarithm of the variable and thus do not
have a commutator formula. We shall discuss this construction in a future publication.

This paper is organized as follows: We recall and derive some residue formulas for
vertex operators from the weak associativity in Section 2. We prove that these residue
formulas are equivalent to the weak associativity in Section 3. In Section 4, we construct
our functor S. In Section 5, we prove a university property of S and prove that the
functor T" mentioned above is a left inverse of S.

2. Residue formulas from the weak associativity

In this section, we recall and derive some consequences of the weak associativity.

Let (V,Y,1) be a vertex algebra and (W, Yy ) a V-module. (Note that since V as a
vertex algebra might not have a grading, a V-module also might not have a grading.)
The weak associativity for W states that for u,v € V, w € W and [ a nonnegative integer
such that u,w = 0 for n > [, we have

(20 + 22) Yiy (u, xo + 22)Yiv (v, 22)w = (20 + 22) Yirr (Y (u, z0)v, 22)w.
We recall the following result from [1] and [6] (Proposition 4.5.7 in [5]):

Proposition 2.1. Let W be a V-module and let u,v € V, p,q € Z and w € W. Let [ be a
nonnegative integer such that
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u,w=0 forn=>I
and let k be a nonnegative integer such that k — q is positive and

vow =0 forn >k

Then
k—q—1 1
p—1U0\/[1
UpVqW = Z Z( i )()(up I—i450) g Hl4i—g W a (2.1)
i=0 ;=0 J
Remark 2.2. Let
k—q—1 )
p(xo, x2) Z ( ) poi=igh,
=0

Then the formula (2.1), the formula

Res;, Resy, 272dY (u, 21)Y (v, z2)w
= Resy, Resy, p(z0, 22)xd (20 + 22)'Y (Y (1, 20)v, 22)w (2.2)

and the formula

Resz, Resy, (w0 + 22)P23Y (u, 2o + 22)Y (v, z2)w
= Resy, Resy, p(zo, 22)2d (20 + 22)'Y (Y (1, 20)v, 22)w (2.3)

are equivalent to each other. See the proof of Proposition 4.5.7 in [5].
From the lower truncation property for vertex operators, we have the following:
Proposition 2.3. For W, u,v, w, I,k as in Proposition 2.1, we have

Res,, 2 (xo + 22) Yoy (u, xo + 22) Yy (v, z2)w = 0, (2.4)
Res,, 75(zo + 22)' Y (Y (u, 20)v, 22)w = 0 (2.5)

forq>k.

Proof. Note that z:3(zo + z2) Y (u, 2o + 22) contains only terms with the powers of xo
larger than or equal to ¢ > k. Hence the left hand side of (2.4) are linear combinations
of umvpw for m € Z and n > k with coefficients in C((x¢)). Since v,w = 0 for n > k,
(2.4) holds.

By the weak associativity, the left-hand side of (2.5) is equal to the left-hand side of
(2.4). Thus (2.5) also holds. O
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Remark 2.4. Note that the proof of (2.4) uses only the property of Yy that Yy (v, 2)w €
W((z)) for v € V and w € W. Thus for a vector space W and a linear map Yy from
VW to W((x)), (2.4) still holds. On the other hand, (2.5) does not hold in general for
such a vector space W and such a map Y.

From (2.5), we obtain immediately:

Corollary 2.5. For W, u,v, p,q, w, l,k as in Proposition 2.1 except that k — q does not
have to be positive, we have

Resgy, Resy, 2277 21 (20 4 20) Yoy (Y (u, z0)v, 22)w =0 (2.6)
fori>k—q. O

Remark 2.6. Assume that V is a Z-graded vertex algebra and W is an N-gradable weak
V-module. Here by a Z-graded vertex algebra we mean a vertex algebra V =] Viny

such that for u € V,

nez

[d,Y (u,x)] = x%Y(u, z) + Y (du,x),
where d : V' — V is defined by du = nu for u € V(). For u € V{,), we use wtu to
denote n. By an N-gradable weak V-module, we mean a module W = HneN Wiy for
V when V is viewed as a vertex algebra such that for u € V{,,) u, = Res; 2" Yw (u, )
maps Wy to Wigpm—n—1). For w € W,), we use degw to denote n. When u, v and
w are homogeneous, we take £k = wtv + degw and | = wtu + degw and set K =
p+q+2—wtu—wtvand m =p—1—i. Then (2.6) becomes

Res,, Res,, ooy TV VT80T (g g ) WU UYL (Y (u, g v, o) w = 0 (2.7)

for m < M — 2degw — 2. The formula (2.7) can be further written without using the
weights of u and v as

Res,, Res,, xanxg{_m_deg w_2(ac0 + 29)98 VY (Y((aco + ;UQ)L(O)U, xo)xQL(O)v, xg)w

~0, (2.8)

which is in fact holds for general u and v, not necessarily homogeneous. The component
form of (2.7) is

wt u+deg w
wtu + degw
Z < . & ) (uj+mU)K+wt utwt v—j—m—2W =0 (29)
j=0 J

for m < K —2degw — 2.
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3. The equivalence between the residue formulas and the weak associativity

In this section, we prove that (2.3) and (2.6) imply, and therefore are equivalent to,
the weak associativity.

Theorem 3.1. Let V' be a vertex operator algebra, W a vector space and Yy a linear map
from V@W to W((z)). ForveV andw € W, as for a V-module, we denote the image
of u@w under Yy by Y (u, z)w and Res, 2" Yw (u, x)w by u,. Let u,v € V andw € W
and let k,l € Z such that

vpaw =0 forn >k (3.1)
and

upyw=0 forn>I. (3.2)

Assume that (i) the formulas (2.3) (or equivalently, (2.2) or (2.1)) holds for p,q € Z
such that ¢ < k and (i) (2.6) holds for p,q € Z such that i > k — q. Then

(zo + 22) Yy (u, xo + 22) Yy (v, 22)w = (x0 + z2) Y (Y (u, z0)v, m2)w. (3.3)

Proof. The Laurent polynomial p(zg, x2) in Remark 2.2 is in fact the first k—qg—1 terms
of the formal series (xg + x2)?~!. But from (2.6), we obtain

Resg, Resg, (2o 4+ 22) " — p(z0, 22)) 23 (20 + 22) Yiv (Y (w, 20)v, 22) )w = 0. (3.4)
Combining (2.3) and (3.4), we obtain

Resg, Resy, (o + xg)p_l:rg((:vo + xg)lYW(u, 2o + z2) Y (v, xg))w

= Res,, Resy, (xo + xg)p_lmg ((a:o + xg)lYW (Y(u, Zo)v, xg))w,
or equivalently,

Resg, Resg, (z0 + 22)P 28 ((zo + 22) (Y (u, 2o + 22)Y (v, 22) — Yiw (Y (u, 20)v, 22) ) Jw
=0. (3.5)

On the other hand, by Remark 2.4, (2.4) holds for m > k. In particular, we have
Resy, Resy, 2577 28 (20 4 22) iy (u, 20 + 22) Y (0, 22)w = 0 (3.6)

for i > k — g. From (2.6) and (3.6), we obtain
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Res,, Resg, 2877 20T (2 4 25)! (Yw (u, 2o + 22)Yw (v, 22) — Y (Y (u, z0)v, 22) )w

-0 (3.7

for i > k — ¢q. Combining (3.5) and (3.7), we obtain

k—q—1 e I
- —l—i_q+i
Resg, Resg, ZO ( ; )xg xdt
- (o + Iz)l(Y(UwTo + 22)Y (v, 23) — Y (Y (u, 20)v, 22) ) Jw
= 0. (3.8)

We now use induction on k — ¢ — 1 to prove
Resg, Res, 75 a3 (2o + 22) (Y (u, 20 + 22)Y (v, 9) — Yiw (Y (w, 20)v, 22) ) Jw = 0
(3.9)

for p € Z and ¢ < k. When k — ¢ — 1 =0, (3.8) becomes

Res, Res,, 25 w3 ((zo + 22) (Y (u, o + 22)Y (v, 22) — Yiw (Y (u, o), 22) ) )w = 0.

Assuming that (3.9) holds when 0 < k—¢—1 <n. Whenk—¢g—1=n,0< k—g—i—1<n
fori=1,...,n=k—q—1. Since p is arbitrary, we can replace p by p — ¢ for any ¢ € Z
in (3.9). Thus by the induction assumption,

Resz, Resy, zgflfi:cgﬂ((:co + 22) (Y (u, 20 + 22)Y (v, 22) — Yiy (Y (u, 20)v, 22) ) Jw = 0
(3.10)

fori=1,...,n=k—qg—1. From (3.10) fori =1,...,n =k —¢g—1 and (3.8), we obtain
Res;, Resy, xg_lxg((:ro + 22) (Y (u, 20 + 22)Y (v, 22) — Yoy (Y (u, 20)v, 22) ) )w

k—q—1
D — l p—Il—i _q+i
= Res,, Res,, Z < ;)% Ty
i=0

(o + 22)' (Y (w, w0 + 22)Y (v, 22) — Yiw (Y (u, 20)v, 22) ) Jw
=0,

proving (3.9) in this case.
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Taking ¢ = 0 in (2.6), we see that (3.9) also holds for p € Z and ¢ > k. Thus (2.6)
holds for p, q € Z. But this means that

((wo + z2)! (Y (u, 20 + x2)Y (v, 22) — Y (Y (u, 2o)v, 22) ) )w = 0,
that is, (3.3) holds. O

The following result follows immediately from Theorem 3.1 above and Theorems 3.6.3
and 3.11.8 in [5].

Theorem 3.2. Let V be a Z-graded vertex algebra, W = HneN Wy an N-graded vector
space and Yy a linear map from V@ W to W((x)). Forv € V and w € W, we denote
the image of u® w under Yy by Y (u, x)w and Res, " Yw (u, x)w by u,. Assume that
un maps Wy to Wiy —n—1) foru € Vip,y andn € Z and Yy (1,2) = 1y . Also assume
that for u,v € V, w € W, there exist k,l € Z such that (3.1) and (3.2) hold, and for
p,q €L, u,v €V, we W, the formulas (2.2) (or equivalently, (2.1) or (2.3)) and (2.6)
(or equivalently, (2.7)) hold. Then (W,Yw) is an N-gradable weak V -module. O

4. A functor S

In this and the next section, (V,Y, 1) is a Z-graded vertex algebra such that V{,;) = 0
for n < 0. We shall call such a Z-graded vertex algebra an N-graded vertex algebra. In
this section, by dividing relations such that (2.3) and (2.6) hold, we construct a functor
S from the category of modules for Zhu’s algebra A(V') to the category of N-gradable
weak V-modules.

We first recall the definition of Zhu’s algebra in [8]. Let O(V) be the subspace of V'
spanned by elements of the form

Res, =Y ((z + 1)EO0y, z)v

for u,v € V and n < —2. Zhu’s algebra associated to V is the quotient space A(V) =
V/O(V') equipped with the multiplication

usv=TRes, 27 'Y ((z + 1)L(0)u,x)v

for u,v € V. It was proved in [8] that A(V) equipped with the product * is an associative
algebra.

Let (W, Yw ) be an N-gradable V-module. We shall use the same notations as in the
preceding section. Let T (W) be the subspace of elements w of W such that w,w = 0
when wtu —n — 1 < 0. The subspace T (W) is called the top level of W. For u € V| let

o(u) = Res, ™'Yy (.L"L(O)u, ).
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Then for w € T(W), o(u)w € T(W). In fact, it was proved in [8] that u + O(V) — o(u)
gives a A(V)-module structure on T(W). Clearly, taking the top level of an N-gradable
V-module gives a functor T from the category of A(V)-modules to the category of
N-gradable V-modules.

Consider the affinization V[t,t71] = V ® C[t,t"!] of V and the tensor algebra
T(V[t,t71]) generated by V[t,t!]. (Note that although we use the same notation,
T(V[t,t71]) has nothing to do with the top level of an N-gradable weak V-module.)
For simplicity, we shall denote u ® t"™ for u € V and m € Z by u(m) and we shall omit
the tensor product sign ® when we write an element of T'(V'[t,¢~!]). Thus T(V[t,t71]) is
spanned by elements of the form wi(my) - - ug(mg) foru; € Vand m; € Z, i =1,... k.

Let M be an A(V)-module and p : A(V) — End M the corresponding representation
of A(V'). Consider T(V[t,t~1])®@ M. Again for simplicity we shall omit the tensor product
sign. So T(V[t,t71]) ® M is spanned by elements of the form w(mq) - - ug(my)w for
u, €V,m; €Z,i=1,....,k and w € M and for any u € V, m € Z, u(m) acts from the
left on T(V[t,t71]) ® M. For homogeneous u; € V, m; € Z,i=1,...,k and w € M, we
define the degree of uq(mq) - - up(myr)w to be (wtug —mq — 1)+ -+ (Wt up —mg — 1).
In particular, the degrees of elements of M are 0.

For u € V|, let

Yi(wa): TVt ]) @ M — T(V[tt71]) @ M[[z,a7]]

be defined by

For a homogeneous element u € V| let
ot(u) = u(wtu —1).

Using linearity, we extend o;(u) to non-homogeneous wu.
Let Z be the Z-graded T'(V[t,t~'])-submodule of T'(V[t,t~1]) ® W generated by ele-
ments of the forms

u(m)w
for homogeneous u € V, w € T(V[t,t71]) @ M, wtu —m — 1 + degw < 0,
or(Ww — p(u+ O(V))w
forueV,we M and

Res,, Resy, 2723V, (u, 21)Y (v, 22)w

— Res,, Resy, p(zo, 12)7d (10 + 22)™" “+d°gw§/,g(Y(u, Zo)v, xg)w, (4.1)
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where

wt v+degw—g—1 (

b — wtu — deg w p—wtu—degw—1i 4
paoe) = Y i T,
=0

or equivalently,

up)o(Qw— Y >

wt v+deg w—qg—1 wt u+deg w (
=0 j=0

p—wtu—degw) (Wtu+degw>
i J

(Up—wt u—deg w—i+;V)(q + Wtu + degw + i — j)w (4.2)

for homogeneous u,v € V, w € T(V[t,t7']) ® M, p,q € Z such that wtv + degw > ¢
and wtu —p—1+wtv—q—1+degw > 0.

Let S1(M) = (T(V[t,t '])®M)/Z. Then Sy (M) is also a Z-graded T'(V [t,t~!])-module.
In fact, by definition of Z, we see that Si(M) is spanned by elements of the form
u(m)w + Z for homogeneous u € V, m € Z such that m < wtu —1 and w € M. In
particular, we see that S;(M) has an N-grading. Note that since ZN M = {0}, M can
be embedded into S; (M) and the homogeneous subspace (S1(M)) ) of degree 0 is the
image of M under this embedding. We shall identify M with (S1(M))). In particular,
M is now viewed as a subspace of S1(M). The vertex operator map Y; induces a vertex
operator map Yg, ar) : V @ Sy (M) = Si(M)[[z,27]] by Ys, (an) (u, 2)w = Yy (u, z)w.

Let J be the N-graded T(V[t,t~!])-submodule of S;(M) generated by

Resz, Resy, a:g_Wt "_degw_ixg“(xo + m9) ™" "+dcg“’Y51(M) (Y(u, x0)v, mg)w (4.3)

for homogeneous u,v € V, w € S1(M), p,q € Z and i > wtv+degw —q. By Remark 2.6,
J is generated by

Res;, Res,, xglxé(*mfdegwfazo + xg)deg“’YSl(M) (Y((xo + zg)L(O)u, xg)xZL(O)v, zg)w

for homogeneous u,v € V, w € S1(M), K,m € Z satisfying m < K — 2degw — 2, or
equivalently, by

WOEEY St u + degw
E < o8 >(uj+mv)(K +wtu+wtv—j—m—2)w, (4.4)
: J
Jj=0

for homogeneous u,v € V and the same w, K and m.

Let S(M) = S1(M)/J. Then S(M) is also an N-graded T'(V'[t,¢~!])-module. We can
still use elements of T(V[t,t~!]) ® M to represent elements of S(M). But note that these
elements now satisfy more relations. We equip S(M) with the vertex operator map

Ysory : Ve S(M) — S(M)[[x,x_l]]
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given by
u®@w — Y (u, 2)w = Ys, () (v, 2)w = Yy (u, z)w.
Theorem 4.1. The pair (S(M),Ysr)) is an N-gradable weak V-module.

Proof. As in S1(M), for u € V and w € S(M), we have u(m)w = 0 when m > wtu +
wtw — 1. Clearly,

Y(LSL‘) = 15(1\/1)7

where 1g(,7) is the identity operator on S(M).
By Theorems 3.1 and 3.2, S(M) is an N-gradable weak V-module. 0O

Let M; and M> be N-gradable weak V-modules and f : M7 — Ms a module map.
Then F induces a linear map from T(V[t,t!]) ® My to T(V[t,t7]) ® M. By defini-
tion, this induced linear map in turn induces a linear map S(f) from S(M;) to S(Ma).
Since Ys(ar,) and Yg(ar,) are induced by Y; on T(V[¢,¢71]) @ My and T(V[¢,t1]) @ Mo,
respectively, we have

S(f) (Ys(a) (u, 2)wi) = Ys(ary) (u, ©)S(f) (wr)

for u € V and wy € S(Mi). Thus S(f) is a module map. The following result is now
clear:

Corollary 4.2. Let V be an N-graded vertex algebra. Then the correspondence sending an
A(V)-module M to an N-gradable weak V-module (S(M),Ysr)) and an A(V')-module
map My — Ms to a V-module map S(f) : S(My1) — S(Mz) is a functor from the category
of A(V')-modules to the category of N-gradable weak V-modules.

5. A universal property and T as a left inverse of S

In this section, we prove that S satisfies a natural universal property and thus is the
same as the functor constructed in [1]. In particular, we achieve our goal of constructing
N-gradable weak V-modules from A(V')-modules without dividing relations correspond-
ing to the commutator formula for weak modules. We also prove that the functor T' of
sending an N-gradable weak V-module W to its top level T(W) is a left inverse of S.

As in the preceding section, we let V' be an N-graded vertex algebra.

We shall need the following lemma:

Lemma 5.1. In the setting of Theorem 3.1, if we assume only (2.3) (or equivalently,
(2.1)), then for u,v € V., homogeneous w € W and p',q' € Z, ¢ < degw, we have
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(0) L(0)

Res,, Res,, x’flacg/YW (gclL u, ml)YW (x2 v, xg)w
= Res,, Res,, q(zo, xg)xg,(xo + z9)de8 WYy, (Y((mo + xg)L(O)u, J:o)xg“(o)v, arg)w,

(5.1)

where q(xg,x2) € C[.’Eo,.’ﬂal,.’EQ] such that when w is homogeneous,

deg w—q’' —1 ,
o D — degw p’ —degw—i i
q(wo, z2) = ; Ty To.

‘ 1
=0

Proof. In the case that u,v are also homogeneous, the lemma follows from Remark 2.2
by taking p =p' + wtu, ¢ = ¢ + wtv, k = wtv+degw and | = wtu +degw. O

For an A(V)-module M, let Z, S1(M) and J be the same as in the preceding section.
The following theorem is the main technical result in this section and its proof is the
hardest in the present paper:

Theorem 5.2. Let M be an A(V')-module. Then in S1(M),
JNM=0.

Proof. Note that elements of the form (4.2) are in Z and that M is identified with
(S1(M))(0y- Using the definitions of Z and J and noticing that the degree of elements
of M is 0, we see that elements of 7 are linear combinations of elements of the form

a(wta — K + N — 1) Res,, Res,, 2ol —m N2
(xzo + xg)NYSI(M) (Y ((zo0 + 29) Oy, xo)zé(o)v, z2)b(wtb— N —Lw+7T

wt u+N

tu+ N

—a(wta-K+N-1) <W vt )
j

j=0
(Ujm0) (K +wtu+wto—j—m —2)b(wtb— N —-Lw+7 (5.2)

for homogeneous a,b,u,v € V, w € M, K, N,m € Z satisfying m < K — 2N — 2. To
prove this theorem, we need only prove that (5.2) is 0 in Sy (M).

When N < 0, degb(wtb— N —1)w = N < 0. So b(wtb— N — 1)w € Z and hence
(5.2) is 0 in S1(M).

When N >0 but K > N,

deg(ujtmv)(K +wtu+wtv —j —m —2)b(wtb— N —1Lw=N - K <0.

So (UjtmV)(K +wtu+wtv —j —m —2)b(wtb— N — 1)w € T and hence (5.2) is 0 in
S1(M).
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We now prove that (5.2) is 0 in S;(M) in the case N > 0 and N > K. We rewrite
(5.2) as

—(K=N)-1 _N-1 K7m7N72(

N
Resy, Resy, Res;, Resz, 4, Ys x0Ty xo + T2)

L(0)

Y, () (ylL(O)OL, 1) Ys, (any (Y (o + 29)L Oy, z0)Ty v, 22)Ys, (M) (ygL(O)b, Y2 )w

(5.3)

where a,b,u,v € V, w e M, K, N,m € Z satisfying m < K — 2N — 2.

Note that in Sy(M), Yg, (ar) satisfies (5.1) with Yy replaced by Yy, (ar). We shall use
(5.1) and other formulas that still hold to show that (5.3) is in fact a linear combination
of an element of O(V') acting on w € M and hence equals 0 in Sy (M).

Let

W = Resy, y;Nﬁlel(W) (yQL(O)b, yg)w.

Using the properties of vertex operators, changing variables and using (5.1), we see that
(5.3) is equal to

—(K=N)-1_m_K-m-N-2 N
Resy, Res,, Resg, y; ( ) gy (xo + z2)

@

- Ys, (yf a, 1) Ys, an) (Y (20 + 22) XV, xo)CEQL(O)U, L)W

= Res,, Resq, Resy, yr ) 7 apak =2 (2gay 4+ 1)

Yo, o0 (1P a1) Y, any (25 Y (wory* + 1) Qi oy v, )
= Resy, ' (z0 + 1) Res,, Res,, y; &N 1k
Voo (07 @ 91) Vs, o) (25 Y (0 + 1) M Ow, 20) v, 22) 0

= Resy, 23" (2o + l)N Resy, Resz, q1(o, xg)xé(*l(yo + xg)N

. YS1(M) (Y((yo + x2)L(0)a, yO)xé/(O)Y((xO + 1)L(0)ua {IT())U, xg)@, (54)

where

=2, " g1 (youy ', 1).
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The right-hand side of (5.4) can now be written as

Resg, z(' (zo + ny Resy, Resg, 1 (yoxz_l, 1)90?_2( YoTy Ly 1)
-Ys, () (xQL(O)Y((yoxgl + 1)L(O)a, yoxg_l)Y((xo + 1)Ly, 20)V, T2) W
= Resy, 20" (v0 + 1) Res,, Resq, q1(vo, D)za *(yo + 1)V
Y, () (23 Lo )Y(( )L(O)a,yo)Y((:cO + 1)L(0)u,wo)v,x2)ﬁ). (5.5)

Using the commutator formula for V', the right-hand side of (5.5) is equal to

Resy, q1(y0, 1) (yo + 1) Res,, Resy, 28 1ol (zg + 1)V
sian (3 Y (o + D)X Ou20)Y (o + 1) Va, o), 2)
+ Resy, ¢1(yo, 1) (yo + 1)~ Resy, Res,, Res, 20 i (zo + 1)V

zy ! (yox; x) Ys, ) (25 Y (Y ((yo + 1)F@a, ) (20 + 1) 2O, 20) v, 20) @

The first term of (5.6) is a linear combination of the elements of the form
Ress, Ress, 23~ ' (0 + 1)V Vs, ) (2 (w0 + )"V wo) 0, a2)d (5.7)

forn=m< —N —2,4=u,0 € V. The second term of (5.6) is equal to

Resz, Resy, Resg Resy, ¢1(zo + 2, 1)(x0 + 2 + DN ad N-1 ' (zo + 1)N -1 <M>
To

_1\L(0
Yy oy (XY (w0 + DOV (1 + 2(zo + 1)) Va
= Res,, Res;, Res, ¢1(zo + z,1)(zo + = + 1)N Nt g (xo + 1)
_1\L(0
Y, () (:152( )Y((xo + 1)L(0)Y((1 +xz(xo+1) ) Lo, yx(zo+ 1)~ )u .’L‘o)’U xg)
= Res,, Res,, Resy q1 (2o + y(20 + 1), 1) (w0 + DN (1 + y)Vad Lo (v + 1)V

Y, () (Z‘QL(O)Y((J‘O + l)L(O)Y((l + y)L(O)a, y)u, xo)v, u)w. (5.8)

cx(zo + 1), 20)v, 22) W

By the definition of ¢ (yo, z2) above, we see that g (z¢ +y(xg+1),1) is a Laurent series
in xg and y such that the largest power of xg in ¢1(zg + y(xo + 1),1) is —K — 1. Then
the powers of x( in

a1 (zo + y(zo + 1), 1)z (wo + 1N

are less than or equal to —N —2. Thus the right-hand side of (5.8) is a linear combination
of the elements of the form (5.7) for n < —N —2 and 4,0 =v € V.
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It remains to prove that (5.7) forn < —N — 2 and @,0 € V is 0 in S;(M). We prove
that elements of the form (5.7) for n < —N — 2 and 4,0 € V are linear combinations
of elements obtained from the action of O(V') on M. Then by the definition of Sy (M),
(5.7) forn < —N —2 and 4,0 € V is 0.

Writing the element @ explicitly and using (5.1), we see that (5.7) is equal to

N N-1, —N-1
Resg, x5 (2o + 1) Resg, Resy, x5 "y,

Yy (25 Y (w0 + 1) 2O, 20) 5, 22) Vs, (ar) (15 "'b, o) w
= Resy, 25 (w0 + 1) Resy, Resy, ¢2(y0, 42)y2
Y, ) (Y (w0 +92) " VY (w0 + 1)@, 20) 5, 50) b Y2 )W

= Resg, * N1

o
(
o (xo + 1) Resy, Resy, ¢2(yo, y2)ys
- Ys, (an (y ((y 0ys - +1) Lo )Y((CU + 1) 2O, 20) 5, yoys 1) b, yo)w
= Res,, 2§ (zo + 1) Res, Resy, q2(yya, y2)ys
Y5, () (y L© )Y( (y + 1)L(0)Y(( o + )L(O)u :co)v y)b yQ)

= Resy, o (z0 + 1) Res, Resy, ga(yy2, y2)ys ™

Vs (93 OV (Y (w0 + DOy + )X O 0, zo(y + 1) (v + 1) O8, )b, yo)w
= Resy, Res, Res, 2" (z +y + 1)V qa(yy2, y2)yo N (y + 1)V 177

Yy (1Y (¥ (@ +y + 1)V 2)(y + D00, )b,y )w
= Resy, Resy Resy, (w1 — 9)" (21 + DN ga2(yy2, y2)yy ¥ (y + 1)V 17"

Y, (m) (yQL(O)Y((ml + 1), 21) Y ((y + 1) XD, y)b, yo )w

— Res,, Resy Resg, (—y + 21)" (21 + DN g2 (yy, v2)ys N (y + 1)~ V17"

Y, 00 (5 VY (5 + P08, )Y (21 + 1)@, 21)b, yo ) w. (5.9)

Where

N
N -1 i
@Yo, y2) = Z ( i )yév . yz~

i=0
From the expression of ¢s(yo, y2), we have
B (yy2,y2) =5 q2(y, 1)

Thus the first term in the right-hand side of (5.9) is a linear combination of terms of the
form

Resy, y;lel(M) (yQL(O) Resy, x?Y((wl + 1)L(0)12, ml)f}, yg)w
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forn<—2and o eV. By definition,
W= ReSwl x?Y((wl + 1)L(0)1~L, 1‘1)’(:} € O(V)

and, by definition,

L(0)

Res,, y;lel(M) (y2 a, yg) = o(@).

Since o(@)w = 0 in S1(M), Res,, y;lel(M)(yQL(o)
first term in the right-hand side of (5.9) is 0.
The largest power of y in

@, y2)w is also 0. This proves that the

(—y+z) "y, Dy + 1)~ N1

is —2. Thus the second term in the right-hand side of (5.9) is a linear combination of
terms of the form

Res,, y;lYgl(M) (yQL(O) Res, yﬁY((y + I)L(O)f), y)ﬁ, yg)w

for i < —2 and @ € V. Then the same argument as above shows that the second term
in the right-hand side of (5.9) is 0. O

Remark 5.3. Note that though the proof of the theorem above does not need the com-
mutator formula for Yg, (ar), the commutator formula for V' is indeed used. It will be
interesting to see whether there is a proof without using the commutator formula for V.

Corollary 5.4. Let M be an A(V')-module. Then the embedding from M to S1(M) induces
an isomorphism ey of A(V)-modules from M to T(S(M)).

Proof. Given an N-gradable weak V-module M, we have an embedding from M to
S1(M). By Theorem 5.2, the induced map from M to S(M) = S1/J is still an em-
bedding. By definition, T'(S(M)) is exactly the image of M in S(M). Clearly, when we
view the induced map from M to S(M) = S1/J as a map from M to T(S(M)), it is an
A(V)-module map and thus is a an isomorphism of A(V)-modules. O

Theorem 5.5. The functor S has the following universal property: Let M be an
A(V)-module. For any N-gradable weak V-module W and any A(V)-module map
f: M — T(W), there exists a unique V-module map f : S(M) — W such that

Flresany = foen

Proof. Elements of S(M) are linear combinations of elements of the form wu(m)w for
homogeneous u € V, w € M and m € Z satisfying wt —m — 1 4+ degw > 0. We define
fu(m)w) = up f(w). By definition, relations among elements of the form u(m)w for
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homogeneous u € V, w € M and m € Z satisfying wt —m — 1 + degw > 0 are also
satisfied by elements of W of the form wu,, f(w). Thus the map f is well defined. Using
(2.2) (or equivalently, (2.1) or (2.3)), we see that f is indeed a V-module map. By
definition, flyr = fo eyi- If g+ S(M) — W is another such V-module map, then

g(u(m)w) = Upmg(w) = U f(w) = f(u(m)w), proving the uniqueness of f. O
We also have the following;:

Corollary 5.6. The functor T is a left inverse of S, that is, T oS is naturally isomorphic
to the identity functor on the category of A(V')-modules.

Proof. For an A(V)-module M, by Corollary 5.4, we have an isomorphism e&l from
(ToS)(M) to M. For an A(V)-module map f : M; — M, by definition, the
A(V)-module map (T o S)(f) : (T o S)(My) — (T o S)(Ms) is epr, o f o e]T/[ll. Thus
we obtain a natural transformation e~! from T o S to the identity functor on the cate-
gory of A(V)-modules. This natural transformation e~! is clearly a natural isomorphism
since it has an inverse e which is given by the isomorphism ep; from an A(V)-module
M to T(S(M)). O

In [8], in his proof that the set of equivalence classes of irreducible N-gradable weak
V-modules is in bijection with the set of equivalence classes of irreducible modules for
A(V), Zhu in fact obtained implicitly a functor from the category of A(V)-modules to
the category of N-gradable weak V-modules. In [1], this functor, denoted by My, was
constructed explicitly and was proved to satisfy the same universal property above. The
following result achieves our goal of constructing this functor without dividing relations
corresponding to the commutator formula for weak modules:

Corollary 5.7. The functor S is equal to the functor My constructed in [1].

Proof. This result follows immediately from the universal property. O
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