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1. Introduction

Abstract polytopes are combinatorial structures obeying certain axioms that gener-
alise the classical properties of convex geometric polytopes. Highly symmetric examples
include not only classical regular polytopes such as the Platonic solids and more exotic
structures such as the 120-cell and 600-cell, but also regular maps on surfaces (such as
Klein’s quartic).

Roughly speaking, an abstract polytope P is a partially-ordered set endowed with a
rank function, satisfying certain conditions that arise naturally from a geometric setting.
Such objects were proposed by Griinbaum in the 1970s, and their definition (initially as
‘incidence polytopes’) and theory were developed by Danzer and Schulte. Every auto-
morphism of an abstract polytope is uniquely determined by its effect on any flag, which
is a maximal chain in the poset P. The most symmetric examples are regular, with all
flags lying in a single orbit, and a comprehensive description of these is given in a book
on the subject by McMullen and Schulte [19]. These objects are also known as ‘thin
residually-connected geometries with a linear diagram’.

Quite a lot is known about regular polytopes, and small examples and some infinite
families are easily constructible via their automorphism groups, which are quotients of
‘string’ Coxeter groups (viz. Coxeter groups with a linear Coxeter—-Dynkin diagram). For
example, the automorphism group of a regular n-simplex is the symmetric group Sj,+1,
via its representation as a quotient of the Coxeter group [3,3,...,3] of rank n. Others
are described in [19] and in other references listed there.

An interesting class of examples which are not quite regular are the chiral polytopes,
for which the automorphism group has two orbits on flags, with any two flags that differ
in just one element lying in different orbits. The study of chiral abstract polytopes was
pioneered by Schulte and Weiss (see [26,27] for example). Chiral polytopes of rank 3 are
much the same as chiral maps on surfaces (see Coxeter and Moser [12]), with modest
extra geometric conditions.

The first family of chiral maps was constructed by Heffter [17] in 1898; see also Doro
and Wilson [15]. Contributions to the more general study of chiral polytopes were first
made by Weber and Seifert [30], and also later by Coxeter [11]. After Coxeter, several
families of chiral regular maps on surfaces of higher genus were found by Sherk [29],
Garbe [16], and Bujalance, Conder and Costa [3]. In 2001, Conder and Dobcsanyi [7]
determined all chiral regular maps on orientably surfaces of genus 7 to 15, and this
list has subsequently been extended to genus 300 at [5]. Also Schulte [25] constructed
three families of infinite chiral 3-polytopes in ordinary space that are geometrically chi-
ral.

For quite some time, the only known finite examples of chiral polytopes had ranks 3
and 4 (see [13,20,21,26] for example), while some infinite examples of chiral polytopes of
rank 5 had been constructed by Schulte and Weiss in [28]. But then some finite examples
of rank 5 were constructed about 10 years ago by Conder, Hubard and Pisanski [8].
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The latter included the smallest examples in each of three classes: properly self-dual,
improperly self-dual, and non-self-dual. Now quite a few such examples are known. In
early 2009 Conder and Devillers devised a construction for chiral polytopes whose facets
are simplices, and used this to construct examples of finite chiral polytopes of ranks 6,
7 and 8 [unpublished]. Also Breda, Jones and Schulte developed a method of ‘mixing’
a chiral d-polytope with a regular d-polytope to produce a larger example of a chiral
polytope of the same rank d; see [2].

At about the same time, Pellicer devised a quite different method for constructing
finite chiral polytopes, with given regular facets, and used this construction to prove
the existence of finite chiral polytopes of every rank d > 3; see [22]. A few years later,
Cunningham and Pellicer proved every finite chiral d-polytope with regular facets is itself
the facet of a chiral (d + 1)-polytope; see [14]. Then the work of Conder and Devillers
was taken up by Conder, Hubard, O’Reilly Regueiro and Pellicer [9] to prove that all
but finitely many alternating groups A,, and symmetric groups .S,, are the automorphism
group of a chiral 4-polytope of type {3, 3, k} for some k (dependent on n). This will be
extended to ranks greater than 4 by the authors of [9].

These examples are very large, however. It is still an open problem to find alternative
constructions for families of chiral polytopes of relatively small order, with easily de-
scribed automorphism groups. Many other questions about chiral polytopes were posed
n [23]. Chiral polytopes continue to be surprisingly rare in comparison with regular
polytopes, even though the latter possess a higher degree of symmetry.

In this paper, we introduce a new method for constructing chiral polytopes, as covers of
a given ‘base’ example, with a covering group that is abelian, and sometimes cyclic. This
method is similar to the ‘mixing’ approach of [2], in that it produces chiral polytopes
of the same rank as the given one, but with different type and larger automorphism
group. On the other hand, it can produce an infinite family of chiral polytopes from a
given one, with the sizes of members of the family growing linearly with one (or more)
of the parameters making up its ‘type’ (Schlifli symbol). We illustrate and apply this
method in the construction of several new infinite families of chiral polytopes of ranks 3
to 6.

Before that, we give some further background on polytopes and their properties in
Section 2. Then we describe our new approach in Section 3, and summarise some of the
new families it produces in Section 4.

In a subsequent paper, we will take a somewhat different approach, to construct
chiral polytopes as abelian covers of regular polytopes. In contrast to other methods,
this enables the construction of chiral polytopes without needing a ‘base’ chiral polytope
to build on.

2. Further background

Below we give some further background on abstract polytopes, especially those that
are regular or chiral. Additional details may be found in [4,8,9,19,26], for example.
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2.1. Abstract polytopes

An abstract d-polytope (or abstract polytope of rank d) is a partially ordered set P,
the elements and maximal totally ordered subsets of which are called faces and flags
respectively, such that certain properties are satisfied, which we explain below.

First, P contains a minimum face F_; and a maximum face Fy, and there is a rank
function from P to the set {—1,0,...,d} such that rank(F_;) = —1 and rank(Fy) = d.
Every flag of P contains precisely d + 2 elements, including F_; and Fj. The faces of
rank ¢ are called ¢-faces, the O-faces are called vertices, the 1-faces are called edges, and
the (d — 1)-faces are called facets (or co-vertices).

If F and G are faces of ranks r and s with F' < @, then we say that F' and G are
incident, and define the section G/F as {H | F < H < G}; such a section of P is said to
have rank s —r — 1, and may be called an (s — r — 1)-section of P. For any face G of P,
the section G/F_; may be identified with G itself in P; hence, for example, a facet may
be viewed as a (d — 1)-face, or as the section F = G/F_; for some (d — 1)-face G of P.
Similarly, if G is a j-face then the ‘complementary’ section Fy/G is sometimes called a
co-j-face, or the co-face at G. In particular, a co-verter is a vertex-figure, and a co-edge
is a (d — 2)-section Fy/G (where G is an edge).

One important property that has to be satisfied is the diamond condition, which says
that whenever G/F is a 1-section, with rank(G) = rank(F') + 2 = i 4 2 (say), there are
precisely two intermediate faces Hy and Hp of rank i+1 with F' < H; < G for j € {1,2}.
This implies that for any flag ® and for every i € {0,...,d — 1}, there is a unique flag
®° that differs from ® in precisely the i-face. We call ®° the i-adjacent flag for ®. More
generally, two flags of P are said to be adjacent if they differ in only one face.

The final important property is strong connectivity, which says that if ® and ®' are
any two given flags of P, then there exists a sequence ¥o, Uq,..., ¥, of flags of P from
Uy = to ¥, = &’ such that ¥;_; is adjacent to Uy, and ®N®’ C ¥, for 1 < k < m.

This completes the definition of an abstract d-polytope.

2.2. Equivelar polytopes, Schlifli type, isomorphism and duality

Let P be any abstract regular polytope of rank d > 3, and suppose (as we will
throughout this paper) that P is finite, in that it has only finitely many faces of each
rank j.

Every 2-section G/F of P is isomorphic to the face lattice of a polygon, and if the
number of sides of every such polygon depends only on the rank of G, and not on F or G
itself, then we say that P is equivelar. When that happens, if k; is the number of edges
of every 2-section between an (i — 2)-face and an (i + 1)-face of P, for 1 <i < d, then the
expression {k1,ksa,...,kq—1} is called the Schlafli type (or Schlifli symbol) of P. Note
that this definition carries no assumption of symmetry. Also by convention, we assume
that each such polygon is non-degenerate, so has at least 3 edges, and therefore k; > 3
for all 4.
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Two polytopes P and Q of the same rank d are said to be isomorphic (to each other)
if there exists an order-preserving bijection from P to Q, taking j-faces of P to j-faces
of Q for 0 < j < d. The automorphisms from P to P form a group denoted by Aut(P),
or sometimes by I'(P). By the diamond condition and strong flag-connectivity, it is easy
to see that every automorphism of P is uniquely determined by its effect on any given
flag of P, and it follows that the number of automorphisms of P is bounded above by
the number of flags of P.

Two polytopes P and Q of the same rank d are said to be dual (to each other) if there
exists an order-reversing bijection from P to Q, taking j-faces of P to (d — 1 — j)-faces
of Q@ for 0 < j < d. When this happens, we call Q the dual of P and denote
it by P*, and vice versa, giving (P*)* = Q* = P. Moreover, if P is equivelar,
with Schlafli type {ki, ka,...,kq—2,kdi—1}, then also P* is equivelar, with Schlafli type
{ka—1,kd—2,...,ko,k1}. Any such order-reversing bijection from P to Q is called a du-
ality, and if it has order 2 then it is called a polarity. The polytope P is self-dual if it is
isomorphic to its dual P*.

2.3. Regular polytopes

A d-polytope P is said to be regular whenever I'(P) acts transitively (and therefore
regularly) on the set of all flags of P. In that case, I'(P) acts transitively on the j-faces
of P for all j, and so P is equivelar.

Also when P is regular, its automorphism group I'(P) is generated by a canonical
set of involutions pg, ..., pq—1, where p; is the unique automorphism mapping a given
base flag ® to its i-adjacent flag ®°, for 0 < i < d. It is not difficult to see that these
generators satisfy the relations

pi=1 for0<i<d, (1)
(pj_1p)) =1 for1<j<d, (2)
(pipj)> =1 whenever |i — j| > 2. (3)

Moreover, by the polytope axioms, they must satisfy the following intersection condition:
(piriel)yn{pj:jed)=(pr:kelInd) foralll,JC{0,1,...,d—1}. (4)

The relations given in (1) to (3) above are precisely the defining relations for the
Cozeter group [k1, ke, . .., kd—1], and in particular, I'(P) is a smooth homomorphic image
of the latter group, where ‘smooth’ (here) means that the orders of the generators and
their pairwise products are preserved.

The rotation group T'7(P) of P is the image of the orientation-preserving subgroup
of the Coxeter group, or in other words, the subgroup of I'(P) consisting of words of
even length in the generators pg, p1,...,pd—1. In particular, I'V(P) is generated by the
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abstract rotations o; = p;_1p; for 1 < j < d, and has index at most 2 in I'(P). We say
that P is directly reqular (or sometimes orientably-regular) when this index is 2.

Also the stabiliser in I'(P) of the i-face of the base flag ® is the subgroup generated by
{po,sp1s---,pa—1}\{pi}, for 0 <i < d. In particular, the stabiliser of the vertex (0-face)
of @ is { p1,p2,...,pa—1), while the stabiliser of the facet of ® is { pg, p1,...,Pd—2)-

2.4. Chiral polytopes

A d-polytope P is said to be chiral if its automorphism group I'(P) has two orbits on
flags, with every two adjacent flags lying in different orbits. In this case, for a given base
flag ®, and for 1 < j < d, the polytope P admits an automorphism o; that takes ® to the
flag (®7)7~! which differs from ® in precisely its (j —1)- and j-faces. This automorphism
o; is the analogue of the abstract rotation p;_1p; in the regular case, for each j, and in
particular, it follows that P is equivelar. Moreover, P has maximum possible ‘rotational’
symmetry (because it admits the analogues of all the abstract rotations), but on the
other hand, it admits none of the ‘reflections’ p;.

Every non-degenerate orientably-regular map on a surface can be regarded as an ab-
stract 3-polytope, and each one is either regular or chiral depending on whether or not
it admits reflections. In fact 3 is the smallest rank of a chiral polytope, because every
abstract 2-polytope is combinatorially isomorphic to a regular convex polygon with at
least 3 sides (by our non-degeneracy assumption), and hence is regular. The facets and
vertex-figures of a chiral d-polytope P may be regular or chiral, but the (d — 2)-faces
and the co-edges are always regular, by a nice argument given in [26, Proposition 9].

If P has Schléafli type {k1, k2, .. ., kq—1}, then its automorphism group is a smooth quo-

tient of the orientation-preserving subgroup of the Coxeter group [k1,...,kq—1]. Indeed
the elements o1, 09,...,04_1 satisfy the relations

ol =1 for1<j<d, (5)

(Uio'i+1 ...O'j)2 =1 forl1<i< j< d. (6)

It also follows that o; commutes with o; whenever j—i > 2, since if w = 04410442 ... 051

then each of w, o;w, wo; and o;wo; is an involution, and therefore 1 = (aiwaj)2 =
OWOjo;W0j = Uicrj*lwflwflaiflaj = aicrj*lwfzaflaj = 01-0;10;10]-.
The stabiliser in T'(P) of the i-face of the base flag ® is the subgroup generated by

09,03, ...,04_1 when i =0
01,02, ..,0i-1,0i0i41,0i42,.--,04—1 When 1 <i<d—2
01,02,...,04—2 when ¢t =d — 1.

Moreover, these generators o; must satisfy the following chiral form of the intersection
condition, which is provable using [26, Proposition 7] and [26, Lemma 10]:
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(01,02,...,0:) N {0},0541, 0, Ok) = (0j,...,04) for 1<i<k and 2<j<k<d.

(7)

Here we note that chiral polytopes occur in pairs (or enantiomorphic forms), such that
each member of the pair is the ‘mirror image’ of the other. If one of them, say P, has
Schlafli type {k1, ko, ..., ki—1}, and ¢ is the corresponding epimorphism to I'(P) from the
orientation-preserving subgroup of the Coxeter group [k, ..., k4—1], then the kernel K of
1) is not normal in the full Coxeter group, but is conjugated by any orientation-reversing
element (in the full Coxeter group) to another subgroup K¢ which is the kernel of the
epimorphism ¢ corresponding to the mirror image P¢ of P. In fact the automorphism
groups of P and P¢ are the same, but have different canonical generating sets: a base flag
of P¢ can be chosen such that 01_1,0102_101_1,03,04, ..., 04_2,04_1 are the canonical
generators for I'(P¢). Note that these would be the conjugates of 01,09, ...,04—1 by the
reflection pg if P were regular.

A chiral polytope P can sometimes be self-dual, but there are two kinds of self-duality.
If 6 : P — P is a duality, and ® is a base flag for P, then we say that P is properly
self-dual if § takes ® to a flag in the same orbit as ® under the automorphism group
I'(P), or improperly self-dual if ®° lies in the other orbit of T'(P).

2.5. Construction of regular and chiral polytopes from groups

Some of the properties of the automorphism group of a regular or chiral polytope de-
scribed above can be turned around to give constructions for regular and chiral polytopes
from particular kinds of generating sets for groups.

If T is any finite group generated by d involutions pg, p1,...,pa—1 that satisfy the
relations (1) to (3) above, as well as the intersection condition (4), then we may construct
a regular d-polytope P with automorphism group I'(P) isomorphic to T', by taking as
its i-faces the (right) cosets of the subgroup generated by {po, p1,...,pa—1} \ {pi}, for
0 < i < d, and defining incidence by non-empty intersection; see [19, Theorem 2E11].

Similarly, if I' is any finite group generated by d — 1 elements o1,09,...,04—1 that
satisfy the relations (5) and (6) and the intersection condition (7), then we may construct
a directly regular or chiral d-polytope P with rotation group I'* (P) isomorphic to I', by
taking as its j-faces the (right) cosets of the subgroup generated by

09,03,...,04_1 when j =0
01,02,...,05-1,040541,0542,.-.,04d—1 when 1 gj < d—2
01,09,...,04_2 when j=d—1,

and defining incidence by non-empty intersection.
We will denote this polytope by P(o1,09,...,04-1). If F' and G are incident faces of
P of ranks i — 2 and j + 1 with ¢ < j, then the section G/F is isomorphic to the (j —
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i+ 2)-polytope P(0;,0441,-..,0;). Also we observe that P(o1,02,...,04-1) is regular if

and only if the group I" has an automorphism p that takes (o1, 02,03,04,...,04-2,04-1)
to (01_17 0102_101_1, 03,04,...,04-2,04-1), and in that case, the polytope is directly
regular.

Similarly, if P(o1,09,...,04-1) is chiral, then it is properly self-dual if I has an
automorphism ¢ that takes (o1,09,...,04-2,04-1) to (adill, Ud112, o5t ort), and
improperly self-dual if I" has an automorphism § that takes (Ufl, 010510f17 03,04,...,
Od—2,04-1) to (adill, od:12, cee 051, ofl). See [18] for further details.

2.6. Flatness and tightness

An abstract polytope is said to be flat if each of its facets contains every vertex. An
easy example is the hemicube. A regular polytope P is flat if and only if its automorphism
group I'(P) is the set-theoretic product of the stabilisers of a vertex and an incident
facet (see [19, Proposition 4E4]), and the same holds also for a chiral polytope P (see
the remarks following Lemma 1.2 in [24]).

If P is a regular polytope of type {k1,ko,...,k4—1}, then by multiple applications
of the intersection condition it is easy to prove that |I'(P)| > 2k1ks2...kq—1, and then
P is called tight if this lower bound on |[['(P)| is attained; see [4]. Similarly, if P is a
chiral polytope of type {k1,ko,...,kq—1}, then P is called tight if the corresponding
lower bound |T'(P)| > kika ... kq—1 is attained. In both cases, the order of T'(P) is equal
to k1 times the order of the stabiliser of a vertex, and also to k4_1 times the order of the
stabiliser of a facet, and it follows that every tight regular or chiral polytope is flat.

3. Coverings

Let P and Q be any two polytopes of the same rank. Then a function v : Q@ — P
is called a covering if it preserves incidence, rank and adjacency of flags. By flag-
connectivity, we note that any such 7 is surjective. Also we say that Q covers P if
there exists such a covering v : Q + P. This terminology is adopted from the theory of
maps and surfaces.

Next, we note that if P and Q are polytopes of the same rank d that are either chiral
or directly regular, then their rotation groups are both quotients of the orientation-
preserving subgroup W of the rank d — 1 Coxeter group [oo,---,00]. This group
W is generated by d — 1 elements o1,03,...,04_1, subject to the defining relations
(0i0i41...05)>=1for 1 <i<j<d—1.Alsoif J and K are the corresponding kernels,
with IT(P) @ W+ /J and IT'H(Q) = W /K, then it is easy to see that Q covers P if
and only if K < J. Indeed in that case, we have I'(Q)/(J/K) = (Wt/K)/(J/K) =
W*/J =2 T*(P), and then we may call the quotient J/K the covering group, or the
group of covering transformations.

We now introduce an approach for constructing covers of chiral polytopes with cyclic
covering group. The main idea is to take a chiral d-polytope P of type {k1, ka2, ..., kq—1}
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and construct an infinite family {Q™ :n = 1,2,3,...} of chiral polytopes of the same
rank d, such that each member Q™) of this family is a cover of P having almost the same
type as P, with just one of the k; replaced by nk;. In particular, Q) = P. For example,
below we will exhibit such a family of chiral 4-polytopes having types {3n, 6,9} for every
positive integer n, and covering a particular chiral 4-polytope P of type {3,6,9}.

Our approach is based on the following key theorem:

Theorem 3.1. Let U be a group generated by d — 1 elements x1,x2,...,x4_1, with the
property that for some £ € {1,2,...,d — 1}, the following hold:

(a) (wiziz1...25)2=1for1 <i<j<d,

(b) x; has finite order k; > 3 for all i # £, while xy has infinite order,

(c) xek@ generates a cyclic normal subgroup N of U, for some integer ky > 3,
(d)

(e)

the intersection of N with the subgroup generated by all the x; other than xy is trivial,
the images of the generators x1,xs,...,2q-1 in the factor group U/N = U/<x£k£)
satisfy the intersection condition (7), and make U/N the automorphism group of a
chiral d-polytope P of type {ki,ka, ..., ka—1}.

Then for every positive integer n, the factor group U™ = U/(x;k"> is the automorphism
group of a chiral d-polytope Q™ of type {ki,... ke_1,nke,kes1,... ka_1}, covering the
chiral polytope Q) = P. Moreover, if P is flat, then so is Q) for all n, and if P is
tight, then so is Q™ for all n.

Proof. First, note that N(*) = <:cé"ke> is the only subgroup of index n in <xékz> = N,
and so is characteristic in N and hence normal in U. Also N intersects triv-
ially the subgroup generated by {z; | ¢ # £}, by (b), and therefore the images of

L1, .. Tg 1,20, Tppd, .-, Tq_1 in the factor group U/N™ = U/(J][nk£> = U™ have
orders ky,. .., ke_1, nke, koy1,. .., ka1 respectively. Furthermore, N(1) = (xﬂ) =N, so
UM =U/N =T*(P).

Next, we show that the images Z1, ..., Zq_1 in U™ of the generators of U satisfy the

intersection condition (7). To do this, let I = {1,2,...i} and J ={j,5+1,...,k} where
1<i<kand2<j<k<d andthendefine A= (Z,:r€l)and B=(Z,:s¢€ J)and
C=(zy:teInJ), and also U = U™ = U/N™ and N = N/N. The intersection
condition requires AN B = C, but as usual, it is easy to see that AN B contains C, and
hence all we need do is prove the reverse inclusion. Next, if we let N = N/N() then
by (e) we know that the images of Z1,Zo,...,Z4_1 in the quotient UV = U/N = U /N
satisfy the intersection condition, and therefore AN B C CN. Now if £ € I N J, then
N = <£€kl> Clzy) C{(z4:telInJ)=C,s0 ANB C CN = C; while on the other
hand, if £ ¢ I N J, then by (d) either (z, :r € I') or (z,:s € J) intersects N trivially,
so ANN =0 or BAN = (), and therefore (ANB)NN =0,so AnNBC C.

Hence the intersection condition is satisfied, making U the orientation-preserving
subgroup of the automorphism group of a chiral or directly regular d-polytope Q™) of
type {kl, P k‘g_l, ’I’L]Cg7 ké-{-la ceey ]{}d_l}.
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In fact, Q™ is chiral. For suppose the contrary, namely that Q™ is directly
regular. Then there exists an automorphism @ of the group U = U™ that takes

(T1, %2, T3,...,Tq_1) to (Z7", 2125 27", &3, ..., Zq_1). Now if £ # 2, then 0 takes Zy
to :i';tl and so preserves (7,) = N, while on the other hand if / = 2, then 6 takes

Te to 7175 '77" = 717, '77 ", which generates N (because N is cyclic and normal
in U), and so again @ preserves N. But then 6 induces an analogous automorphism
of U/N = U/N = UM making the polytope Q) = P reflexible, a contradiction.

Finally, we consider flatness and tightness. If P is flat, then UM = U /N is ex-
pressible as the product of the images of (x1,x9,...,24—2) and (zo,xs3,...,T4-1).
When we move from P to its cover Q™ the analogues of these two subgroups are
(T1,Tg,...,Tq—2) and (To,T3,...,Tq—1). At least one of these contains Z, and hence
contains N, so their product must be U . Thus Q™ is also flat. Also if P is tight,
then [UM| = |T(P)| = kikz...kq1, and so [T(QM)| = |UM™| = |U/N™| =
|U/ND|IND/N® | = |[UD|n = nkiky... ka1, which is the product of the entries
of the Schlafli type {ki,...,ke_1,nke, ket1,...,kq_1} of Q) and so Q™ is tight as
well. O

As our first application of this theorem, we have the following:
Example 3.2. An infinite family of chiral 4-polytopes of type {3n,6,9}.

To construct this family, take U as the group with presentation

(u,v,w | (w)? = (vw)? = (vvw)? =1 = w? = (v"u?)? = [w,v®] = vw 203w =1).

1,3, —-1,—-1,2 1,3

ucuT U Ut = vy 2 =

Note that (v~'u?)? = 1 can be rewritten as 1 = v~ Svuu? =

v 1u3vu3, which implies that v~ 'u3v = w3, and it follows that the cyclic subgroup
N generated by u? is centralised by v and w and normalised by v. Adding the rela-
tion u® = 1 gives the quotient U/N, which by a relatively easy calculation in MAGMA
[1] is a group of order 486, and is the automorphism group of the mirror image P of
the chiral 4-polytope of type {3,6,9} with 486 automorphisms listed at [6]. Moreover,
the Reidemeister—Schreier process, implemented via the Rewrite command in MAGMA,
shows that the subgroup N is infinite cyclic. Hence the hypotheses (a), (b), (¢) and (e)
in the above theorem are satisfied, for (z1,x2,z3) = (u, v, w).

But also v and w satisfy the relations (vw)? = v% = w® = vw2v=3w~! = 1, which by
another MAGMA computation define a group of order 54. Moreover, in the factor group
U/N of order 486, the image of the subgroup generated by v and w has order 54, and
has trivial intersection with the image of the cyclic subgroup generated by u. (Indeed
U/N is the complementary product of the images of (u) and (v, w,u™wu), which have
orders 3 and 162 respectively.) Then since the order of the subgroup generated by v and
w in U cannot be greater than 54, it follows that the intersection (u) N (v, w) is trivial
in U, and therefore () N (xq,x3) = (u3) N (v,w) = N N (v,w) is trivial as well, so (d)
holds too.
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Hence by Theorem 3.1 we obtain an infinite family {Q) :n = 1,2,3,...} of chiral
4-polytopes of type {3n,6,9}, as indicated earlier.

The ‘base’ polytope P = Q) has 9 vertices, 27 edges, 81 2-faces and 9 facets (and
972 flags), with each facet F being a directly regular 3-polytope of type {3,6} having
full automorphism group of order 108, and each vertex-figure V' being a chiral 3-polytope
of type {6,9} having automorphism group of order 54 (isomorphic to (v, w)). It follows
that Q™ has 9n vertices, 27n edges, 81 2-faces, 9 facets and 972n flags. Moreover, each
facet F(™ of Q™ is a directly regular 3-polytope of type {3n, 6}, with 9n vertices, 27n
edges and 18 faces, and full automorphism group of order 108n, while each vertex-figure
V(") is isomorphic to the same tight chiral 3-polytope of type {6,9} as for P, with 6
vertices, 27 edges and 9 faces, and automorphism group of order 54.

Next, the above approach can be extended to produce families of covers for which the
covering group is abelian but not necessarily cyclic:

Theorem 3.3. Let U be a group generated by d — 1 elements x1,xs,...,xq-1, with the
property that for some subset L of {1,2,...,d — 1}, the following hold:

(a) (@iTiz1...25)2=1for1 <i<j<d,

(b) x; has finite order k; > 3 for all i ¢ L, while x¢ has infinite order for all ¢ € L,

(¢) for all € € L, there exists an integer kg > 3 such that a:ek’f generates a cyclic normal
subgroup Ny of U that intersects (x; : i £ £) trivially,

(d) the normal subgroup N = (z}* -0 e L) = [locr Ne intersects (x;:i ¢ L) trivially,

(e) the images of the generators x1,xa,...,xq—1 in U/N satisfy the intersection condi-
tion (7), and make U/N the automorphism group of a chiral d-polytope P of type
{k1,kay... ka—1}.

Then for every indexed sequence Sp = (ng)ecr of positive integers, the factor group
USL) = U/(:E@Wk‘ .0 € L) is the automorphism group of a chiral d-polytope Q5t) that
covers P and has type {s1,82,...,84—1}, where s; = k; for all t ¢ L and sy = ngky
for all £ € L, and the covering group for QL) over P is isomorphic to the abelian
group [[,cp, Cn,. Moreover, if P is flat, then so is QL) and if P is tight, then so is
QS1) . Also if P is properly (resp. improperly) self-dual, then QL) s properly (resp.
improperly) self-dual if and only if d — ¢ € L and ng_; = ny whenever £ € L.

Proof. Most of this follows easily from Theorem 3.1, by induction on |L|. Note that
N = (xf‘ : £ € L) is the product of the normal subgroups N, = <x§2> for ¢ € L, which
are cyclic and have trivial pairwise intersections, and hence IV is abelian. In turn, this
implies that the covering group is the direct product of the quotients N,/ (33;””) >~ C,,
for £ € L. For the final claims about duality, necessity follows from the fact that the type
of the dual of an equivelar polytope is the reverse of the given type, while sufficiency can
be proved by showing that when d — ¢ € L and ng_y = ny whenever ¢ € L, any duality
of P can be extended to a duality of Q(52). O
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As an application of this more general theorem, we have the following:
Example 3.4. An infinite family of chiral 3-polytopes of type {4m,4n}.
To construct this family, take U as the group with presentation

(u,v | (w)? = (v"1u?)? = (u10?)? = ww luww~uv?u"20v72 = 1).

1,4,-1,-1,3 1,4 3

Note that (v™'u?)? = 1 can be rewritten as 1 = v lutv v 1u? = v lutvuu® =

v utvu?, which implies that v~ 'u*v = «~*, and hence that the cyclic subgroup gener-

ated by u* is centralised by u and normalised by v. Similarly, the relation (u='v?)? =1
1,4
v

implies that w~'v*u = v~™*, and hence that the cyclic subgroup generated by v?* is

normalised by u and centralised by v. Thus N = (u*,v*) is normal in U. Adding the

4 = v? = 1 gives the quotient U/N, which by a calculation in MAGMA is a

relations u
group of order 80, and is the automorphism group of a chiral 3-polytope of type {4,4}
listed at [6]. In particular, the intersection of the images of (u) and (v) in U/N is trivial.
Moreover, the Reidemeister—Schreier process shows that the subgroup N is free abelian
of rank 2 (with just a single defining relation [u*, v*] = 1), and it follows that the cyclic
subgroups generated by w and v have trivial intersection in U. Hence the hypotheses (a),
(b), (c) and (e) in the above theorem are satisfied, for (z1,22) = (u,v). The hypothesis
(d) is vacuous.

By Theorem 3.3, we obtain for every ordered pair of positive integers m and n a chiral
4-polytope Q™™ of type {4m, 4n}, with automorphism group of order 80mn. The ‘base’
polytope P = Q11 is an improperly self-dual chiral polytope of type {4,4} mentioned
above, with 20 vertices, 40 edges, 20 2-faces and automorphism group of order 80, and it
follows that the covering polytope Q™™ is also improperly self-dual, with 20m vertices,
40mn edges, 20n 2-faces, and 160mn flags.

Before giving more examples, we note that analogues of Theorems 3.1 and 3.3 can be
proved also in finite cases — where one or more of the selected generators xz, has finite
order, and then the subgroup <x7) has order s, (divisible by k;), and the integer n or
ny is restricted to divisors of sy/ke. The proofs are essentially the same, and applications
appear in §§ 4.2, 4.14, 4.19, 4.22, 4.23, 4.26, 4.27 and 4.29-4.31 below.

4. Infinite and finite families

This section exhibits further applications of Theorems 3.1 and 3.3, to the construction
of infinite families of chiral polytopes of ranks 3 to 6, and some additional finite families
in the rank 6 case.

We use much the same notation as above, but for simplicity we write group presen-
tations in the form (X |R) where X is the generating set and R is the set of defining
relators (with a relation of the form w = z written as the relator wz=1). Also we use
R(d) as an abbreviation for the set of relators (z;z;41...2;)? for 1 <i < j < d and the
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implied relators [z;, ;] when j —i > 2, and we use the symbols u,v, w, z and y in place
of x1,x9, 3,24 and x5.

In each case we give the finitely-presented group U and indicate the relevant normal
subgroup IV, and then summarise particular properties of the polytopes in the resulting
family, but without the kind of detail given in Examples 3.4 and 3.2.

4.1. Chiral 3-polytopes of type {4m,4n}

o U= {(u,v|REA), (v u?? (u 10?2 uww tuv tu?v?u2v"2)

o N = (u*v?) =2 Z®Z (free abelian of rank 2), with quotient U/N of order 80

o QU™ has 20m vertices, 40mn edges, 20n 2-faces, and 160mn flags, for all m,n > 1
e Q™) is improperly self-dual, for all n > 1.

4.2. Chiral 4-polytopes of type {3,4m,4n} form =1,2,3 or 6

o U= {u,v,w|R(4),v*, u3 [u,vl], (w 0?2, [u,w], (v 1w?)?, v~ luw*v~ lwuw)

o N =(vhw')=Zs®Z, with quotient U/N of order 480

o QU™ has 6 vertices, 60m edges, 80mn 2-faces, 20n facets, and 960mn flags, for all
n > 1, whenever m € {1,2,3,6}

« Each facet is a directly regular 3-polytope of type {3,4m} with 48m automorphisms

Each vertex-figure is a chiral 3-polytope of type {4m, 4n} with 80mn automorphisms,
isomorphic to the one of type {4m,4n} in §4.1 above when m =1 or 3.

4.8. Chiral 4-polytopes of type {3n,6,9}

o U= {u,v,w|R(4),v5 v (v7Iu?)? [w,u3],vw2v3w™)

e N = (u?)=Z, with quotient U/N of order 486

o Q™ has 9n vertices, 27n edges, 81 2-faces, 9 facets, and 972n flags, for all n > 1

o Each facet is a directly regular 3-polytope of type {3n,6} with 108n automorphisms
o Each vertex-figure is a tight chiral 3-polytope of type {6,9} with 54 automorphisms.

4.4. Chiral 4-polytopes of type {4,3n,6}

o U= {u,v,w|R(4),u*wb (u=?)?, (w tv?)?% (uwvlw)?)

o N = (v?) =7, with quotient U/N of order 576

o Q) has 8 vertices, 48n edges, 72n 2-faces, 24 facets, and 1152n flags, for all n > 1

o Each facet is a directly regular 3-polytope of type {4, 3n} with 48n automorphisms

o Each vertex-figure is a directly regular 3-polytope of type {3n,6} with 144n auto-
morphisms.

4.5. Chiral 4-polytopes of type {3m,4,6n}

U= (u,v,w | R(4),v*, (v"?)?, (v iw)*, v twow ™ touw=2)
o N=(u?wb)=7Z®Z, with quotient U/N of order 576
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QM) has 6m vertices, 48m edges, 96n 2-faces, 24n facets, and 1152mn flags, for
allm,n>1

Each facet is a directly regular 3-polytope of type {3m, 4} with 48m automorphisms
Each vertex-figure is a directly regular 3-polytope of type {4,6n} with 192n auto-

morphisms.

4.6. Chiral 4-polytopes of type {3m,8,3n}

L]

U= (u,v,w | R(4),v%, (v"1u?)2, (v"1w?)?, (w™1v?)?, uwvuv ™ Luwv = twuww )

N = (u3,w3) 2 Z ® Z, with quotient U/N of order 576

QM) has 12m vertices, 96m edges, 96n 2-faces, 12n facets, and 1152mn flags, for
all m,n>1

Each facet is a directly regular 3-polytope of type {3m, 8} with 96m automorphisms
Each vertex-figure is a directly regular 3-polytope of type {8, 3n} with 96n automor-
phisms

Q) g properly self-dual, for all n > 1.

4.7. Chiral 4-polytopes of type {4,4,3n}

U= (u,v,w | R(4),u,v*, (v"1w?)? v toutou?v?)

N = (w?) 2 Z, with quotient U/N of order 720

Q™ has 30 vertices, 120 edges, 90n 2-faces, 18n facets, and 1440n flags, for all n > 1
Each facet is a chiral 3-polytope of type {4,4} with 40 automorphisms

Each vertex-figure is a directly regular 3-polytope of type {4,3n} with 48n automor-
phisms.

4.8. Chiral 4-polytopes of type {3n,8,8}

U= {u,v,w| R(4),v8 ws (v-Iu?)? (v?w=?)? vwv luw=2vw=1)

N = (u3) & Z, with quotient U/N of order 768

Q™ has 6n vertices, 48n edges, 128 2-faces, 16 facets, and 1536n flags, for all n > 1
Each facet is a directly regular 3-polytope of type {3n,8} with 96n automorphisms
Each vertex-figure is a directly regular 3-polytope of type {8, 8} with 256 automor-
phisms.

4.9. Chiral 4-polytopes of type {4,4,4n}

U= (u,v,w | R(4),u*,v* uvo™tuv=u=20? uv v 2w u = tw?v1w)

N = (w*) = Z, with quotient U/N of order 800

Q™ has 10 vertices, 100 edges, 100n 2-faces, 20n facets, and 1600n flags, for all
n>1

Each facet is a chiral 3-polytope of type {4,4} with 40 automorphisms
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o Each vertex-figure is a chiral 3-polytope of type {4,4n} with 80n automorphisms,
isomorphic to the mirror image of the one of type {4,4n} in §4.1 above.

4.10. Chiral 4-polytopes of type {3n, 6,18}
o U= {u,v,w|R(4),v5 (v 1u?)? v lwvdw=5, uvv=twv2uwv=3)
o N = (u®)=Z, with quotient U/N of order 972
o Q) has 9n vertices, 27n edges, 162 2-faces, 18 facets, and 1944n flags, for all n > 1
o Each facet is a directly regular 3-polytope of type {3n,6} with 108n automorphisms
o Each vertex-figure is a chiral 3-polytope of type {6, 18} with 108 automorphisms.

4.11. Chiral 4-polytopes of type {3m,18,3n}

o U= {u,v,w|R4), (v u?)? (v71w?)? [u,v5], [w, %], u1v2u=tv?u?0?,
(wv ™ wuw)?, V2w tvdwedw?)

o N = (udwd)~Z®7Z, with quotient U/N of order 1458

o Q™) has 9m vertices, 243m edges, 243n 2-faces, 9n facets, and 2916mn flags, for
allm,n>1

o Each facet is a directly regular 3-polytope of type {3m, 8} with 324m automorphisms

o Each vertex-figure is a directly regular 3-polytope of type {8,3n} with 324n auto-
morphisms

e Q™) is properly self-dual, for all n > 1.

4.12. Chiral 4-polytopes of type {3n,6,6}
o U= {u,v,w| R(4),v5 wb, [u,v?], (v 1w)* v towdutw?vw=1)
o N = (u?)=7Z, with quotient U/N of order 1728
o Q™ has 3n vertices, 144n edges, 288 2-faces, 96 facets, and 3456n flags, for all n > 1
o Each facet is a directly regular 3-polytope of type {3n,6} with 36n automorphisms
o Each vertex-figure is a chiral 3-polytope of type {6,6} with 576 automorphisms.

4.13. Chiral 4-polytopes of type {3m,24,3n}

o U= {u,v,w|R4), (v u?)? (v"1w?)?, [u,v?], [w, v}], vwvuwuwvuwy=?)

o N = (u?wd)~Z®7Z, with quotient U/N of order 1728

e QU™ hag 12m vertices, 288m edges, 288n 2-faces, 12n facets, and 3456mn flags,
for all m,n >1

o Each facet is a directly regular 3-polytope of type {3m,24} with 288m automor-
phisms

o Each vertex-figure is a directly regular 3-polytope of type {24, 3n} with 288n auto-
morphisms

e Q1) ig properly self-dual, for all n > 1.
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4.1/4. Chiral 4-polytopes of type {4n,4s,4t} for s,t =1 or 2

o U= (v, | REA), 05,08, (07 1u)2, [w, ut], (u=0?)2, (w102, [u, wi, (v~ Lud)?,
wo tuv T u2v?u 2072w w2 20w e )

o N = (u*, vt wt) 27 @ Zy ® Zy, with quotient U/N of order 3200

o Q51 has 20n vertices, 400ns edges, 400st 2-faces, 40t facets, and 6400nst flags,
for all n > 1, whenever s,t € {1,2}

o Each facet is a chiral 3-polytope of type {4n,4s} with 80ns automorphisms, as in
§4.1 above (with (n,s) in place of (m,n)).

o Each vertex-figure is a chiral 3-polytope of type {4s,4t} with 160st automorphisms

e Q™ is never self-dual.

4.15. Chiral 4-polytopes of type {3n,6,12}

o U= (u,v,w | R(4),v% w'? [u,v?], (v w)* v Lowdu= wvw=1)

e N = (u?)=Z, with quotient U/N of order 6912

. Q( ") has 3n vertices, 288n edges, 1152 2-faces, 384 facets, and 13824n flags, for all
n>1

o Each facet is a directly regular 3-polytope of type {3n,6} with 36n automorphisms

o Each vertex-figure is a chiral 3-polytope of type {6, 12} with 2304 automorphisms.

4.16. Chiral 5-polytopes of type {3n,4,6,3}

o U= (u,v,w,z | R(5),v*,wb a3, (v"1u?)?, (v 1w)4, (vu) twvuw?,

vr 2wz v aw )
e N = (u3) 2 Z, with quotient U/N of order 2304
o Q™ has 6n vertices, 48n edges, 128 2-faces, 48 3-faces, 4 facets, and 4608n flags, for
alln>1
o Each facet is a chiral 3-polytope of type {3n,4,6} with 576n automorphisms
o Each vertex-figure is a directly regular 3-polytope of type {4,6,3} with 768 auto-

morphisms.

4.17. Chiral 5-polytopes of type {3,8,8,4n}

o U= (u,v,w,x|R(5),u® v wd (utv3)2 (v2w™2)2, uwv ™ tuw 20w,
v lrlvzw?, (vew1)?)

e N = {(z*) =7, with quotient U/N of order 3072

e O™ has 6 vertices, 48 edges, 128 2-faces, 32n 3-faces, 4n facets, and 6144n flags, for
alln >1

o Each facet is a chiral 4-polytope of type {3, 8, 8} with 768 automorphisms, isomorphic
to the one of type {3,8,8} in §4.8 above

e Each vertex-figure is a directly regular 4-polytope of type {8,8,4n} with 1024n

automorphisms.
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4.18. Chiral 5-polytopes of type {3,4,4,3n}

o U= {u,v,w,z | R(5),u3viw (wtz?)? v wo lwo?w?, vwuwu= v 2w=2)

e N =(2%)=7Z, with quotient U/N of order 4320

e Q) has 6 vertices, 90 edges, 240 2-faces, 90n 3-faces, 18n facets, and 8640n flags,
foralln >1

o Each facet is a chiral 4-polytope of type {3,4,4} with 240 automorphisms

o Each vertex-figure is a chiral 4-polytope of type {4, 4,3n} with 720n automorphisms,
as in §4.7 above.

4.19. Chiral 5-polytopes of type {3k,3m,4,6n} for k,m =1,2,4

o U= {u,v,w,z | R(5),u? v2 w [v,v?], [u,v3], (wlz)?*, (w1v?)? valwvrw)

o N = (u?v32%)~7Zy®Zy®Z, with quotient U/N of order 4608

o QM) hags 8k vertices, 24km edges, 128m 2-faces, 192n 3-faces, 24n facets, and
9216kmn flags, for all n > 1 whenever k,m € {1,2,4}

o Each facet is a directly regular 4-polytope of type {3k, 3m, 4} with 384km automor-
phisms

o Each vertex-figure is a chiral 4-polytope of type {3m,4,6n} with 576mn automor-
phisms; as in §4.5 above (but with m restricted to {1,2,4}).

4.20. Chiral 5-polytopes of type {3m,6,6,3n}

o U= {u,v,w,z|R(5),v%w’ [u,v?], [z, w?], (v w)* v towdu= w?vw=1)

o N=(u?2®)=7Z®Z, with quotient U/N of order 5184

e QUM has 3m vertices, 144m edges, 288 2-faces, 144n 3-faces, 3n facets, and
10368mn flags, for all m,n > 1,

o Each facet is a chiral 4-polytope of type {3m, 6,6} with 1728m automorphisms, as
in §4.12 above (with m in place of n)

o Each vertex-figure is a chiral 4-polytope of type {6, 6, 3n} with 1728n automorphisms,
dual to the mirror image of the one of type {3n,6,6} in §4.12 above

e Q™) is improperly self-dual, for all n > 1.

4.21. Chiral 5-polytopes of type {3m,4,6,3n}

o U= (u,v,w,z | R(5),v*ws, (v71u?)?2, (w12?)?, (v Iw)*, v v~ lwvuw?,

wr lw 2zwldzw 2o 1)
o N=(u?2®)=7Z®Z, with quotient U/N of order 6912
e Q™M) has 6m vertices, 48m edges, 384 2-faces, 144n 3-faces, 12n facets, and
13824mn flags, for all m,n > 1,
o Each facet is a chiral 4-polytope of type {3m, 4,6} with 576m automorphisms, iso-

morphic to the one of type {3m,4,6} in §4.5 above
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o Fach vertex-figure is a directly regular 4-polytope of type {4,6,3n} with 2304n
automorphisms.

4.22. Chiral 5-polytopes of type {3,3m,8,3n} form=1,2,4

o U= (u,v,w,x | R(5),u, v1% wd (w™?)2, (w™t2?)?, [u,v3], (v 1w3)?, (27 w3)?,
vrwvzwow tvzwlr)

o N={(v323)=7,®Z, with quotient U/N of order 9216

o QUMM has 16 vertices, 96m edges, 512m 2-faces, 384n 3-faces, 24n facets, and
18432mn flags, for all n > 1 when m = 1,2 or 4

o Each facet is a directly regular 4-polytope of type {3,3m,8} with 768m automor-
phisms

o Each vertex-figure is a chiral 4-polytope of type {3m,8,3n} with 576mn automor-
phisms; as in §4.6 above (but with m restricted to {1,2,4}).

4.23. Chiral 5-polytopes of type {3m,3,8,3n} form =1,2,4

U= <u vyw,z | R(5), 03, wd, [v,v?], (w™t2?)?, (7 w3)? vewvrwow lvzw =z
o N={(u?2%)=7Z4®Z, with quotient U/N of order 9216
o QUmn) has 16m vertices, 96m edges, 512 2-faces, 384n 3-faces, 24n facets, and
18432mn flags, for all n > 1 when m = 1,2 or 4

o Each facet is a directly regular 4-polytope of type {3m, 3,8} with 768m automor-

phisms
o Each vertex-figure is a chiral 4-polytope of type {3, 8, 3n} with 576n automorphisms,
isomorphic to the one of type {3,8,3n} in §4.6 above.

4.24. Chiral 5-polytopes of type {3m,4,4,3n}

o U= (u,v,w,x | R(5),v*,wt, (v u?)?, (w12?)2, vw~ tvwv?w ™1,

vwvzw~ loulvzw?v )

o N=(u?2®)=7Z®Z, with quotient U/N of order 12960

o Q™M) has 18m vertices, 270m edges, 720 2-faces, 270n 3-faces, 18n facets, and
25920mn flags, for all m,n > 1

o Each facet is a chiral 4-polytope of type {3m, 4,4} with 720m automorphisms, dual
to the mirror image of the one of type {4,4,3m} in §4.7 above

o FEach vertex-figure is a chiral 4-polytope of type {4, 4,3n} with 720n automorphisms,
as in §4.7 above

o Q™M) js improperly self-dual for all n > 1.

4.25. Chiral 5-polytopes of type {3m,4,12,3n}

o U= (u,v,w,z|R(5),vHw? (v"1u?)? (w12?)?, (v iw)?, [z, wC], v Lw lvzwv =2z,

™ twow touw =2 , WT “lw?z~ w3x_1w2x_1)
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o N = (u?2®)27Z®Z, with quotient U/N of order 13824

o QU™ has 6m vertices, 48m edges, 768 2-faces, 288n 3-faces, 12n facets, and
27648mn flags, for all m,n > 1

o Each facet is a chiral 4-polytope of type {3m,4,12} with 1152m automorphisms,
isomorphic to the one of type {3m, 4,12} in §4.5 above

o Each vertex-figure is a directly regular 4-polytope of type {4,12,3n} with 4608n
automorphisms.

4.26. Chiral 6-polytopes of type {4m,3,8,8,4n} form =1 or 2

o U= (u,v,w, 2,y | R(6),v3ws 28 (v 1?2 v?w?u=2w? vow lvr 2wz,

(w22=2)2, (wyz—1)2, wly~Lwya? )

o N = (u'yt) =7y ®Z, with quotient U/N of order 24576

o QU™ has 8m vertices, 24m edges, 96 2-faces, 128 3-faces, 32n 4-faces, 4n facets,
and 49152mn flags, for all n > 1, when m =1 or 2

o Each facet is a chiral 5-polytope of type {4m, 3,8,8} with 6144m automorphisms

o Each vertex-figure is a chiral 5-polytope of type {3,8,8,4n} with 3072n automor-

phisms, as in §4.17 above.

4.27. Chiral 6-polytopes of type {3k,3m,4,6,3n} for k,m=1,2,4

o U= (u,v,w,x,y | R(6),u'? v'2 w* 2% (w1v?)2, (7 1y?)?, [v,u?], [u,v?], (w™lz)?,
v_lw_larzwv:vg, :Cy_lx_anj?’yx_Zy_l )
o N=(udv3y3) 274D ZyDZ, with quotient U/N of order 55296
o QM) hag 8k vertices, 24km edges, 128m 2-faces, 768 3-faces, 144n 4-faces, 12n
facets, and 110592kmn flags, for all n > 1 when k = 1,2 or 4 and m = 1,2 or 4
o Each facet is a chiral 5-polytope of type {3k, 3m, 4,6} with 4608km automorphisms
o Each vertex-figure is a chiral 5-polytope of type {3m,4,6,3n} with 6912mn auto-

morphisms, as in §4.21 above (but with m restricted to {1,2,4}).
4.28. Chiral 6-polytopes of type {3,3,4,12,3n}

® U = <u7v7w7x7y ‘ R(6)7u37v37w4’x127 [U7u3:|’ (w_lx)47 (x_1y2)2’ [y7 x6]7

v lw w2wva?, oy ety ety ey L)

o N =(y?)=7Z, with quotient U/N of order 110592

o Q) has 8 vertices, 24 edges, 128 2-faces, 1536 3-faces, 288n 4-faces, 12n facets, and
221184n flags, for all n > 1

o Each facet is a chiral 5-polytope of type {3, 3,4, 12} with 9216 automorphisms

o Each vertex-figure is a chiral 5-polytope of type {3,4,12,3n} with 13824n automor-

phisms, isomorphic to the one of type {3,4,12,3n} in §4.25 above.
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4.29. Chiral 6-polytopes of type {3m,3,8,3,3n} form,n=1,24

U= (u,v,w,z,y | R(6),u'? 03w 23 y'2, [v,u3], (" w?)?, [z, %],
vrwvzwow  tvzw )
N = (u?,y3) = Zy ® Zy4, with quotient U/N of order 294912
QM) has 32m vertices, 384m edges, 4096 2-faces, 4096 3-faces, 384n 4-faces, 32n
facets, and 589824mn flags, for all m,n € {1,2,4}
Each facet is a chiral 5-polytope of type {3m, 3,8, 3} with 9216m automorphisms, as
in §4.23 above (with n = 1)
Each vertex-figure is a chiral 5-polytope of type {3,8,3,3n} with 9216n automor-
phisms, dual to the polytope of type {3n,3,8,3} from §4.23 above
Q™M) is properly self-dual for all n € {1,2,4}
Q1) is currently the smallest known self-dual chiral polytope of rank 6; see [10].

4.80. Chiral 6-polytopes of type {3,3m,8,3n,3} form,n=1,24

U= (u,v,w,z,y | R(6),u, v w® 22, 9>, [u,v3], (w™?)?, [v,w?], [z, w?],
(w™t2?)?, [y, 23], vewvzwow ~ fvrwlz)

N = (v3,23) 2 7y ® 7y, with quotient U/N of order 294912

QM) has 32 vertices, 384m edges, 4096m 2-faces, 4096n 3-faces, 384n 4-faces, 32

facets, and 589824mn flags, for all m,n € {1,2,4}

Each facet is a chiral 5-polytope of type {3,3m,8,3n} with 9216mn automorphisms,

as in §4.22 above

Each vertex-figure is a chiral 5-polytope of type {3m,8,3n,3} with 9216mn auto-

morphisms, dual to the polytope of type {3,3n,8,3m} from §4.22 above

Q™M) is properly self-dual for all n € {1,2,4}.

4.81. Chiral 6-polytopes of type {3m,3,8,3n,3} form,n=1,2,4

U= (u,v,w,z,y | R(6),u'? v3wd 22 93 [v,u3], (w™Tv?)?, [z, w?], (w12?)?, [y, 23],
vewvrwvw tvzwtr)

N = (u3,2%) 2 7y ® Z4, with quotient U/N of order 294912

QM) has 32m vertices, 384m edges, 4096 2-faces, 4096n 3-faces, 384n 4-faces, 32

facets, and 589824mn flags, for all m,n € {1,2,4}

Each facet is a chiral 5-polytope of type {3m, 3,8, 3n} with 9216mn automorphisms,

as in §4.23 above

Each vertex-figure is a chiral 5-polytope of type {3,8,3n,3} with 9216n automor-

phisms, dual to the polytope of type {3, 3n,8,3} from §4.22 above.

Acknowledgments

to

We are grateful to Dimitri Leemans and Daniel Pellicer for helpful discussions, and
the N.Z. Marsden Fund for financial support (via grants UOA1218 and UOA1323).



M.D.E. Conder, W.-J. Zhang / Journal of Algebra 478 (2017) 437457 457

We also acknowledge the extensive use of the MAGMA system [1] in helping conduct
experiments, find examples and test conjectures in much of the work that produced the
outcomes described in this paper.

References

[1] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system I: the user language, J. Symbolic
Comput. 24 (1997) 235-265.

[2] A. Breda, G. Jones, E. Schulte, Constructions of chiral polytopes of small rank, Canad. J. Math.
63 (2011) 1254-1283.

[3] E. Bujalance, M.D.E. Conder, A. Costa, Psendo-real Riemann surfaces and chiral regular maps,
Trans. Amer. Math. Soc. 7 (2010) 3365-3376.

[4] M.D.E. Conder, The smallest regular polytopes of given rank, Adv. Math. 236 (2013) 92-110.

[5] M.D.E. Conder, Chiral rotary maps of genus 2 to 301, available at www.math.auckland.ac.nz/
~conder/ChiralMaps301.txt.

[6] M.D.E. Conder, Chiral polytopes with up to 4000 flags, available at www.math.auckland.ac.nz/
~conder /ChiralPolytopesWithUpTo4000Flags-ByOrder.txt.

[7] M.D.E. Conder, P. Dobcsanyi, Determination of all regular maps of small genus, J. Combin. Theory
Ser. B 81 (2001) 224-242.

[8] M.D.E. Conder, I. Hubard, T. Pisanski, Constructions for chiral polytopes, J. Lond. Math. Soc. 77
(2008) 115-129.

[9] M.D.E. Conder, I. Hubard, E. O’Reilly Regueiro, D. Pellicer, Construction of chiral 4-polytopes
with an alternating or symmetric group as automorphism group, J. Algebraic Combin. 42 (2015)
225-244.

[10] M.D.E. Conder, W.-J. Zhang, The smallest chiral 6-polytopes, Bull. Lond. Math. Soc. (2017),
forthcoming.

[11] H.S.M. Coxeter, Configurations and maps, Rep. Math. Collog. 2 (1948) 18-38.

[12] H.S.M. Coxeter, W.0O.J. Moser, Generators and Relations for Discrete Groups, 4th edition, Springer,
Berlin, 1980.

[13] H.S.M. Coxeter, A.I. Weiss, Twisted honeycombs {3,5,3}; and their groups, Geom. Dedicata 17
(1984) 169-179.

[14] G. Cunningham, D. Pellicer, Chiral extensions of chiral polytopes, Discrete Math. 330 (2014) 51-60.

[15] S. Doro, S. Wilson, Rotary maps of type {6,6}4, Q. J. Math. 2 (1980) 403-414.

[16] D. Garbe, Uber die Regularen Zerlegungen geschlossener orientierbarer Flichen, J. Reine Angew.
Math. 237 (1969) 39-55.

[17] L. Heffter, Uber Metacyklische Gruppen und Nachbarconfigurationen, Math. Ann. 50 (1898)
261-268.

[18] I. Hubard, A.I. Weiss, Self-duality of chiral polytopes, J. Combin. Theory Ser. A 111 (2005) 128-136.

[19] P. McMullen, E. Schulte, Abstract Regular Polytopes, Encyclopedia Math. Appl., vol. 92, Cambridge
University Press, 2002.

[20] B.R. Monson, A.I. Weiss, Regular 4-polytopes related to general orthogonal groups, Mathematika
37 (1990) 106-118.

[21] B. Nostrand, E. Schulte, Chiral polytopes from hyperbolic honeycombs, Comput. Geom. 13 (1995)
17-39.

[22] D. Pellicer, A construction of higher rank chiral polytopes, Discrete Math. 310 (2010) 1222-1237.

[23] D. Pellicer, Developments and open problems on chiral polytopes, Ars Math. Contemp. 5 (2012)
333-354.

[24] D. Pellicer, A.I. Weiss, Generalized CPR-graphs and applications, Contrib. Discrete Math. 5 (2010)
76-105.

[25] E. Schulte, Chiral polyhedra in ordinary space I, Discrete Comput. Geom. 32 (2004) 55-99.

[26] E. Schulte, A.I. Weiss, Chiral polytopes, in: Applied Geometry and Discrete Mathematics, in: DI-
MACS Ser. Discrete Math. Theoret. Comput. Sci., vol. 4, Amer. Math. Soc., Providence, RI, 1991,
pp. 493-516.

[27] E. Schulte, A.I. Weiss, Chirality and projective linear groups, Discrete Math. 131 (1994) 221-261.

[28] E. Schulte, A.I. Weiss, Free extensions of chiral polytopes, Canad. J. Math. 47 (1995) 641-654.

[29] F.A. Sherk, A family of regular maps of type {6,6}, Canad. Math. Bull. 5 (1962) 13—-20.

[30] C. Weber, H. Seifert, Die beiden Dodekaederraume, Math. Z. 37 (1933) 237-253.


http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4D61676D61s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4D61676D61s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib424A53s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib424A53s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib424343s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib424343s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib536D616C6C657374526567506F6C7973s1
http://www.math.auckland.ac.nz/~conder/ChiralMaps301.txt
http://www.math.auckland.ac.nz/~conder/ChiralMaps301.txt
http://www.math.auckland.ac.nz/~conder/ChiralPolytopesWithUpTo4000Flags-ByOrder.txt
http://www.math.auckland.ac.nz/~conder/ChiralPolytopesWithUpTo4000Flags-ByOrder.txt
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib43446Fs1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib43446Fs1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib434850s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib434850s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib43484F50s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib43484F50s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib43484F50s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib435As1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib435As1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib436F7865746572s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib434Ds1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib434Ds1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4357s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4357s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib43503134s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4457s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib47617262653639s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib47617262653639s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib48656666746572s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib48656666746572s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4857s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4D53s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4D53s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4D57s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4D57s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4E53s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib4E53s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib503130s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib503132s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib503132s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib5057s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib5057s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib536368756C7465s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib5357s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib5357s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib5357s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib53573934s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib53573935s1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib536865726Bs1
http://refhub.elsevier.com/S0021-8693(17)30102-3/bib5753s1

	Abelian covers of chiral polytopes
	1 Introduction
	2 Further background
	2.1 Abstract polytopes
	2.2 Equivelar polytopes, Schläﬂi type, isomorphism and duality
	2.3 Regular polytopes
	2.4 Chiral polytopes
	2.5 Construction of regular and chiral polytopes from groups
	2.6 Flatness and tightness

	3 Coverings
	4 Inﬁnite and ﬁnite families
	4.1 Chiral 3-polytopes of type {4m, 4n}
	4.2 Chiral 4-polytopes of type {3, 4 m, 4n} for m = 1, 2, 3 or 6
	4.3 Chiral 4-polytopes of type {3n, 6, 9}
	4.4 Chiral 4-polytopes of type {4, 3n, 6}
	4.5 Chiral 4-polytopes of type {3m, 4, 6n}
	4.6 Chiral 4-polytopes of type {3m, 8, 3n}
	4.7 Chiral 4-polytopes of type {4, 4, 3n}
	4.8 Chiral 4-polytopes of type {3n, 8, 8}
	4.9 Chiral 4-polytopes of type {4, 4, 4n}
	4.10 Chiral 4-polytopes of type {3n, 6, 18}
	4.11 Chiral 4-polytopes of type  {3m, 18, 3n}
	4.12 Chiral 4-polytopes of type {3n, 6, 6}
	4.13 Chiral 4-polytopes of type {3m, 24, 3n}
	4.14 Chiral 4-polytopes of type {4n, 4s, 4t} for s, t = 1 or 2
	4.15 Chiral 4-polytopes of type {3n, 6, 12}
	4.16 Chiral 5-polytopes of type {3n, 4, 6, 3}
	4.17 Chiral 5-polytopes of type {3, 8, 8, 4n}
	4.18 Chiral 5-polytopes of type {3, 4, 4, 3n}
	4.19 Chiral 5-polytopes of type {3k, 3m, 4, 6n} for k, m = 1, 2, 4
	4.20 Chiral 5-polytopes of type {3m, 6, 6, 3n}
	4.21 Chiral 5-polytopes of type {3m, 4, 6, 3n}
	4.22 Chiral 5-polytopes of type {3, 3m, 8, 3n} for m = 1, 2, 4
	4.23 Chiral 5-polytopes of type {3m, 3, 8, 3n} for m = 1, 2, 4
	4.24 Chiral 5-polytopes of type {3m, 4, 4, 3n}
	4.25 Chiral 5-polytopes of type {3m, 4, 12, 3n}
	4.26 Chiral 6-polytopes of type {4m, 3, 8, 8, 4n} for m = 1 or 2
	4.27 Chiral 6-polytopes of type {3k, 3m, 4, 6, 3n} for k, m = 1, 2, 4
	4.28 Chiral 6-polytopes of type {3, 3, 4, 12, 3n}
	4.29 Chiral 6-polytopes of type {3m, 3, 8, 3, 3n} for m, n = 1, 2, 4
	4.30 Chiral 6-polytopes of type {3, 3m, 8, 3n, 3} for m, n = 1, 2, 4
	4.31 Chiral 6-polytopes of type {3m, 3, 8, 3n, 3} for m, n = 1, 2, 4

	Acknowledgments
	References


