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1. Introduction

Let K be a finite extension of the field R of real numbers, or of a field Q, of p-adic
numbers, for some prime p. Let G be a finite group, and let x € Irr(G) be an irreducible
character of G, and assume that the values of x are all in K (we write x € Irrx(G) to
indicate this). An element [x]x of the Brauer group Br(K) of K is naturally associated
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with y (Definition 2.1). It is a standard result that given K, there exists a unique
corresponding injective group homomorphism

inv: Br(K) — Q/Z.

In the present paper, we discuss a method to calculate explicitly the local invariant
inv ([x]x) of the Brauer element [x]x. This method is described in Section 9.

Before we discuss a little the details of the paper, we look briefly at the role of
this invariant in the representation theory of finite groups generally. Let G be a finite
group, and let x € Irr(G) be an irreducible character of G. It is known that important
information can be obtained from the study of representations associated to x over
arbitrary fields of characteristic 0. Let F' be a field of characteristic 0 and assume that
the values of x are in F. It is natural to consider the Brauer element [x]r € Br(F'), the
element of the Brauer group over F corresponding to the character x. (See Definition 2.1
below for the definition of this Brauer invariant). This invariant works well with respect
to field extensions. Furthermore, the Schur index mg(x) with respect to F' can be found
from [x]r. It follows that [x]F gives the Schur index of x over every field extension of F.
As a result the invariant [x]q(y) € Br(Q(x)) over the smallest field Q(x) yields basic
information about the representations over fields of characteristic zero.

Hence, the element [x]q(y) plays an important role in the representation theory as-
sociated to x. It follows that Br(Q(x)) is of particular importance for our purposes, or
more generally Br(F) for F a finite extension of Q. Important results tell us how to
describe in detail these Brauer groups. Details about this can be found, for example, in
Pierce [5]. When F is a finite extension of Q, the Brauer group Br(F) is best understood

in terms of the Brauer groups Br (ﬁ'l,) where v runs through the non-trivial normalized

valuations of F', and F), is the completion of F' under v. Now the fields F, are isomorphic
to finite extensions of R or of Q, the field of p-adic numbers, for some prime p, and for
such fields K we have an injective group homomorphism

inv: Br(K) — Q/Z.

We note here that this group homomorphism is uniquely defined by the field K, and has
excellent compatibility properties with respect to field extensions.

It follows from the details of what we describe above that [x]q(y) can effectively be
calculated from the knowledge of [x] £,» where v runs through the non-trivial normalized
valuations of F. The present article describes a method to calculate explicitly these [x] 7,
and their invariant inv ([x] Fv) once an identification of F, with a finite extensions of R
or Q, for some prime p has been chosen.

A theorem of Benard—Schacher (see for example Theorem 6.1 in Yamada’s book [15])
tells us that the invariant varies in predictable ways as we take different valuations v
above the same prime p. However, we argue in [13] that, as soon as we fix a prime p and
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p-Brauer characters are defined, then a natural single value of inv ([X] Fv) is associated
to each x.

In addition to their intrinsic interest, and their use in calculating the whole family of
invariants, as described above, the invariants [x]x, where K is a finite extension of the
field Q, of p-adic numbers, for some prime p, have recently been shown to be closely
related to some of the fundamental conjectures in representation theory of finite groups.
In particular, the celebrated McKay Conjecture has been strengthened by Turull [10] to
incorporate these invariants in a natural way. Although this conjecture remains open in
general (as is the original weaker McKay Conjecture open in general) the strengthened
version was proved by Turull [11] in 2013 in a very strong form including the Alperin
strengthening and others for p-solvable groups. In addition, a refinement of Dade’s Pro-
jective Conjecture that incorporates these invariants was proposed and proved for all
p-solvable groups by Turull in 2017 [12].

It is well known that the knowledge of these invariants implies the knowledge of the
Schur indices. In particular, these conjectures have a corresponding weaker version that
replaces the element of the Brauer group by the corresponding Schur index. Furthermore,
our calculation of the invariants implies a calculation of the Schur indices.

The author is not aware of any earlier attempt to find an algorithm to calculate these
invariants for arbitrary finite groups. The calculation of the Schur indices, however, has
been the subject of substantial research. The ‘wedderga’-package [1] for the computer
algebra system GAP has functionality to calculate Schur indices over Q or Q,. Similarly,
a general practical algorithm for the calculation of the Schur indices for arbitrary finite
groups has also recently been proposed by Unger [14] and implemented within MAGMA.
We refer the interested reader to [14] for more information on the work to date on the
techniques to calculate Schur indices.

We now turn to describing the content of this paper. Let K be a finite extension of
the field R of real numbers, or of a field Q, of p-adic numbers, for some prime p. Let G
be a finite group, and let x € Irrx (G). We describe a method to explicitly calculate the
local invariant inv ([x]x).

While our method calculates the invariant in every case, its practical implementation
requires control over certain subgroups of the group in question, and, in particular, the
use of the Brauer-Witt reduction. Hence, the practical implementation of this method
is mostly suitable for groups that are not too large. We believe that it has theoretical
interest for all finite groups.

In Section 4 we define some classes of finite groups, which we name p-basic groups.
They come in various types, namely, type 0, 1, 2, 3 and 4. (For convenience, we allow
these various types to have some overlap, and some finite groups can be p-basic of more
than one type.) Their definition is related to some ideas of Schmid [8] and Riese and
Schmid [6]. However, our goals here are different than those in these papers and the
classes of groups we obtain are different from theirs. Our goal is to define classes of finite
groups which are broad enough to include all groups obtained as terminal cases of our
reductions but narrow enough that the local invariants of their irreducible characters
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can be explicitly given by a formula. After a section on uniformizers and a section on
crossed products, these invariants are calculated in Section 8.

It follows from well known results (Yamada [15]) that the p-local Schur indices for
p = oo or p = 2 are always at most 2. In this case, the knowledge of the Schur index
over K is enough to give the invariant inv ([x]x). See Theorem 2.7 below. Hence, we set
ourselves in the case when K is a finite extension of Q,, for some odd prime p. Then
again, from work of Yamada [15], we know that the order of inv ([x]x) divides p— 1. See
also Theorem 2.7 below. It follows that it is enough to calculate inv ([x]k),, the g-part
of inv ([x]x), for each prime ¢ dividing p — 1.

So we consider the case when p and ¢ are distinct primes and we describe how to
calculate inv ([x]x) o Using ideas from the Brauer-Witt Theorem, we can reduce to the
case where G is ¢g-quasi-elementary. We can then apply the reductions from Theorem 3.1
repeatedly to the resulting situation until they no longer produce a smaller group. At this
point, the group we have is a p-basic group, and the invariant of its irreducible character
is given explicitly in Section 8. This process is described in more detail in Section 9.

When K is a finite extension of Q,, for some odd prime p, our algorithm does not rely
on the prior calculation of the p-local Schur index. Hence, in this case it can be viewed
as giving in addition an alternative calculation of the p-local Schur index. On the other
hand, when K is a finite extension of R or of Qg, the algorithm simply uses the known
local Schur index to calculate the invariant.

Our proof relies on a limited number of properties of the Schur indices. Namely, it
relies only on the fact that the real Schur index is at most two and the fact that the
p-part of the p-local Schur index is always 1 except possibly when p = 2, when it could
be 2. These facts follow from the more precise facts proved by Yamada [15] about p-local
Schur indices.

Finally, we note that a careful reading of our proofs shows that they give an inde-
pendent proof of the fact proved by Yamada [15] that the p’-part of the p-local Schur
index always divides p — 1 for every (finite) prime p (including p = 2, where, of course,
we recover the fact that it is 1).

2. Notation and basic results

If F is any field, we denote by Br(F') the Brauer group of F. In the present paper,
Q, means the field of p-adic numbers, where p is a prime. We will often be working over
a particular field F' of characteristic zero, and in this case we will take the irreducible
characters of every finite group to have values in some fixed algebraic closure of F, so
that for every finite group G the elements of Irr(G) have values in the algebraic closure
of F. We denote by Irrp(G) the set of all elements of Irr(G) whose values are all in F'.
If x € Irrp(G), we denote by mp(x) the Schur index of x with respect to F.

Definition 2.1. Let F' be a field of characteristic 0, let G be a finite group, and let
X € Irrp(G). Then the Brauer element of x with respect to F' is [x]r the class in
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Br(F) of the central simple algebra Endpg(M) where is M is any non-zero F'G-module
affording as character a multiple of x. (The Brauer element does not depend on our
choice of M.)

Some authors find more natural to assign to x the element of the Brauer group
coming from the simple ideal of F'G associated to . The following lemma shows that
both definitions give closely related results.

Lemma 2.2. Let F be a field of characteristic 0, G be a finite group, and let x € Irrp(G).
Let e € Z(FQG) be the central idempotent associated with x. Let [eF'G] be the class of
eFG in Br(F). Then [x]F is the inverse of [eF'G] in Br(F).

Proof. Let M = eF'G viewed as a left F'G-module. Then M affords the character x(1)y.
Now Endp(M) is a full matrix algebra over F of dimension x(1)*. Endpg(M) is a
central simple subalgebra of Endg(M) of dimension x(1)2. Likewise, eF'G is a central
simple algebra of dimension y(1)2, and the action of eFG on M by left multiplication
provides an isomorphic copy of itself in Endg (M) that commutes with Endpq(M). By
a dimension argument, it follows that, as an algebra over F', Endp (M) is isomorphic to
Endpg(M) ®@F eFG. The lemma follows. 0O

For some fields, the Brauer group can be described in terms of the group Q/Z. Let
K be isomorphic to a finite extension of either R or some Q, for some prime p. Then
there is a standard uniquely defined injective group homomorphism

inv: Br(K) = Q/Z.

This is well known, and can be found for example in Serre [9] or Pierce [5]. When K
is isomorphic to a finite extension of R, then |Br(K)| < 2, and this determines inv
uniquely in this case. We use crossed products to describe inv for the case when K is
a finite extension of Q, for some prime p. We use the notation of Pierce [5] for crossed
products.

Definition 2.3. Let F//K be a finite cyclic field extension of degree n, let o be a generator
for Gal(F/K), and let a € K*. Then the crossed product (F,o,a) is a central simple
algebra over K that is generated by a subalgebra identified with F', and an invertible
element u such that u™ = a, and, for all d € F, we have d* = u~'du = o(d), and, we
set, by convention, d” = 7(d) for all 7 € Gal(F/K).

Theorem 2.4. Let p be a prime, and let K be a finite extension of Q,. Then the map

inv: Br(K) —» Q/Z
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is a group isomorphism. Furthermore, let m € K be a uniformizer, let k € Z, let F/K
be an unramified finite extension of degree n, and let o be the Frobenius automorphism
of F/K. Then

inv ([(F7 o, ﬂ'k)]) = %
Proof. See Section 17.10 in [5]. O

Let K be a finite extension of Q,, for some prime p. From Serre [9] we know that we
have the valuation vg of K

v K — Z U {+oc}.

vk is such that vk (0) = +o00, and, the restriction of v yields a surjective homomorphism

K> — 7Z. We note that this definition is slightly different than the one used in Pierce

[5] where all valuations take values in the multiplicative semigroup of real numbers.
Using vx we can describe the invariant of many crossed products.

Corollary 2.5. Assume the hypotheses of Theorem 2.4. Let a € K*. Then

UK(G,).

inv ([(F,0,0))) = =

Proof. Let k = vx(a). We can write a = 7b where b € K* with vg(b) = 0. By for
example Section 17.9 of [5], we know that b is a norm from F*. It then follows from
Section 15.1 of [5], for example, that

inv ([(F, 0,a)]) = inv ([(F, o, Wk)]) .
Hence, the corollary follows from the theorem. 0O

Using inv, for appropriate fields, we can define the local invariant to be an element of

Q/Z.

Definition 2.6. Let K be isomorphic to a finite extension of either R or Q, for some
prime p. Let G be a finite group, and let y € Irrx (G). Then the local invariant of x
with respect to K is inv ([x] k) the invariant in Q/Z corresponding to [x]x € Br(K).

Theorem 2.7. Let K be isomorphic to a finite extension of either R or Q, for some
prime p. Let G be a finite group, and let x € Irrx (G). Then the following hold.

(1) If e € Z(KQ) is the central idempotent associated to x, then

inv ([x]x) = —inv ([eKG]) .
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(2) If F is a finite extension of K, then

inv ([x]r) = [F: K]inv ([x]x) -

(3) Suppose a,b € Z, where b > 0, a and b are relatively prime, and § is a representative

of inv ([x]k). Then b =mg(x).
(4) Assume that mg(x) < 2. Then

. _ 1
inv ([x]x) = ) +ZeQ/Z.

(5) If K is isomorphic to a finite extension of R then my(x) < 2.

(6) If K is isomorphic to a finite extension of Q,, for some prime p, and p { |G| then
mi(x) = 1.

(7) (Yamada) If K is isomorphic to a finite extension of Qa then mg(x) < 2.

(8) (Yamada) If K is isomorphic to o finite extension of Q, where p is an odd prime,

then mg(x) | p— 1.

Proof. (1) follows from Lemma 2.2, the fact that inv is a group homomorphism, and the
fact that Q/Z is an additive group.

(2) Of course, x € Irrp(G). Let M be any non-zero K G-module affording as character
a multiple of x. Then F ® ¢ M is a non-zero FG-module affording as character a multiple
of x. The central simple algebra Endpg(F ® M) is isomorphic to F ® x Endgg(M),
and so the equation follows from the corresponding property of inv as given, for example,
in Section 17.10 of Pierce [5].

(3) From Section 17.10 of Pierce [5], for example, we obtain that the order of inv ([x]x)
is mg (x), and the result follows.

(4) Follows directly from (3).

(5)
(6) See, for example, Corollary 9.4, page 186 in [2].
(7) and (8) See Yamada [15] Theorem 5.14 for (7), and Theorem 4.4 for (8). O

It is well known that the Schur indices over R are at most 2.

Since there are methods to calculate the Schur indices, the previous theorem tells us
how to calculate inv ([x]x) when K is a finite extension of R or of Qa, a fact that was
noted in [15].

In the rest of the paper, we focus on the calculation of this invariant when K is a
finite extension of Q, for some odd prime p.

3. Reductions for the local invariant of a character

Let K be a field of characteristic 0, and let characters take values in K, an algebraic
closure of K. Let G be a finite group, and let x be a character of G. Then we say that y
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is K -quasi-homogeneous if x # 0, x takes its values in K, and there exists a 1) € Irr(G)
such that y is a sum of characters of the form o4 for o € Gal(K/K).

Theorem 3.1. Let K be a field of characteristic 0, and let characters take values in K,
an algebraic closure of K. Then there is an algorithm that works as follows. Let G and
X € Irr g (G), and assume any of the following:

(1) ker(x) £ 1.
(2) H # G is a subgroup of G such that Res$(x) € Trr(H).

(3) N is a normal subgroup of G and Res%(x) is not K -quasi-homogeneous.

Then the algorithm produces a group H and some i € Irrg (H) with all the following
properties.

(1) [H| <|G].
(2) H is a section of G.
3) Wk = [¥]x-

Proof. Suppose first that ker(x) # 1. Then we set H = G/ker(x) and set ¢ € Irr(G)
to be the character corresponding to x, and, of course, we then have all the stated
properties. Suppose next that H # G is a subgroup of G such that Res% () € Irr(H).
Now set ¢ = Resg(x). Let M be any non-zero KG-module affording as character a
multiple 7y of x. Then dimg (Endpg(M)) = 72, and setting N = Res$; (M), we have that
Endge(M) = Endg g (V) because they have the same dimension, and so [x]x = [¢]k.

Suppose now that N is a normal subgroup of G and Res%(x) is not K-quasi-
homogeneous. Let 6 € Trr(N) be contained in Res%(x). Using the notation of [11],
we set H = fg((‘),K), so that H is the set of all elements of G that conjugate 0 to a
Galois conjugate of §. Now since Res$ () is not K-quasi-homogeneous but x € Irrg (G),
we know that H # G. It then follows from [11, Proposition 2.1] that there exists a cor-
responding ¢ € Irri (H) to x, and that we also have [x]x = [¢] k. Hence, the theorem
holds. O

Let g be a prime. Recall that a finite group is g-quasi-elementary if it has cyclic normal
¢’-complement. See Definition 8.8 in [4].
The following result is well known.

Theorem 3.2. Let K be a field of characteristic zero, assume that characters take values
in some algebraic closure K of K, and let ¢ be a prime. Let G be a finite group, and

let x € Itk (G). Then there exists some q-quasi-elementary subgroup H of G and some
Y € Irr(H) such that

[K(¥) : K][t), Res§; ()] 20 (mod q).
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Proof. By Solomon’s Theorem [4, Theorem 8.10], there exist n > 0, m,n; € Z and H;
g-quasi-elementary subgroups of G for i € {1,...,n} such that ¢ { m and

mlg = an Indgi (1m,).
i=1

This implies, using Frobenius reciprocity, that

=[mx,x] = an ResH ResH )]

Since ¢ 1 m, this, in turn, implies that there exists some i € {1,...,n} such that

gt ni[Resf, (x), Resf, (x)].
Since x € Itk (G), it follows that there exists some ¢ € Irr(H;) such that
gt K(9) : K][$, Resfy, (x)],
and the theorem follows. O
Proposition 3.3. Let K be a finite extension of R or Q, for some p prime. Assume

that characters take values in an algebraic closure K of K. Let G be a finite group, let
X € Irr(@), let H be a subgroup of G, and let ¢ € Irr(H). Then

[Res (x), V][ (x. ¥) : K(x)]inv ((X]ro) =
ResF (x), Y] [K (x,¥) : K(¥)]inv ([ k() € Q/Z.

Proof. Set L = K(x, %), and set d = [Res$(x),v]. If d = 0, the result holds, so we
assume d # 0. By Theorem 2.7, we know that

inv ([x]z) = [L : K(x)]inv ([X]x(x))
and

inv ([]r) = [L : K(¢)]inv ([] k() -

Let M be a LG-module affording as character my,(x)x. Set D = Endpg(M). Then D is
a central division algebra over L, and

inv ([x]z) = inv ([D]).
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Let N be the 1-homogeneous component of Resg (M). Then N can be viewed as a LH-
module affording the character my, (x)dy. In particular, N # 0. Set E = Endrg(N).
Then

inv ([¢]) = inv ([E]).

Now D acts naturally on N, and this identifies D with a subalgebra of E. Set C' = Cg(D).
Since D is a central simple algebra over L, it follows that C is a central simple algebra
over L and

E=Dg.C.
We know that
dimy (E) = mp(x)%d* = dimp (D)d>.
It follows that inv ([C]) has a representative that is a fraction whose denominator is d.
Since inv ([E]) = inv ([D]) + inv ([C]), it follows that dinv ([E]) = dinv ([D]) € Q/Z.

This proves our proposition. O

Proposition 3.4. Let K be a finite extension of R or Q) for some p prime. Assume that
characters take values in an algebraic closure K of K. Let G be a finite group, and let
X € It (G). Let q be a prime, and let H, and ¢ € Irr(H) be as in Theorem 3.2, so that
H is a q-quasi-elementary subgroup of G, and

[K(¥) : K][t), Res§; ()] £ 0 (mod q).

Then all the following hold.

(1) mg(¢) is a power of q;
(2) There is some a € Z such that a is the inverse of [K(¢) : K| modulo mg (v);
(3) The q-part of inv ([x]x) is

inv ((X]x)y = ainv ([Y]x)

where a is any integer as in (2).

Proof. Since H is a g-quasi-elementary group, we know that (1) is a power of ¢, and
this implies that mg (¢) is also a power of ¢, so that (1) holds. Now, by our hypotheses,
[K(¢) : K] is prime to ¢, and (2) follows. Now by Proposition 3.3, we know that

[Res (x), ¥][K (¢) : K]inv ([x]x) = [Resf (x), ¥]inv ([¥]x(s)) € Q/Z.
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Since the right hand side is a g-element, we may replace the left hand side by its own
g-part. Now the order of inv ([x]x), and the order of inv ([¥]k(y)) are both mg (1).
Multiplying both sides by an integer that is the inverse of [Res% (x), t] modulo mx (v),
we obtain

[K(¥) : Klinv ([X]x), = inv ([Y]k () € Q/Z.
Then the result follows. O

The reductions that we have described allow us to reduce the calculation of the invari-
ant of a character to the case when the group is g-quasi-elementary and the irreducible
character satisfies some extra conditions.

Theorem 3.5. Let K be a finite extension of R or Q, for some p prime. Assume that
characters take values in an algebraic closure K of K. Let q be a prime. Then there
exists an algorithm that, given any finite group G and any x € Irr(G), produces a field
F, a section H of G, and some 1) € Irrp(H) such that all of the following conditions are
satisfied:

(1) KCK(x) CFCRK;

(2) ¢t [F: KOs

(3) H is g-quasi-elementary;

(4) o is faithful;

(5) Resp( ¥) is not irreducible for every proper subgroup P of H;

(6) ResN( ) is F-quasi-homogeneous for every normal subgroup N of H;
(7) [F : K(x)] is invertible modulo the order of inv ([¢{)]F);

(8)

8 The q-part of inv ([X]K(x)) is

inv ([X]K(X))q = ainv ([¢]r),

where a € Z is any such that a[F : K(x)] = 1 modulo the order of inv ([¢]r).

Proof. By Theorem 3.2, we may find some subgroup H; of G and some irreducible
character ¢ € Irr(Hy) such that H; is ¢g-quasi-elementary, and

[K (11, %) : K(x)|[1,Res§, (X)] 0 (mod q).

We then set F' = K(t1,x). Then (1) and (2) hold, and ¢; € Irrp(H;). Now while
the hypotheses of Theorem 3.1 (with F instead of K) apply to H; and ), we keep
replacing them by those given by the theorem. Since the size of H; decreases each time
we apply the theorem, after a finite number of steps, we will get H; and 7 for which
the hypotheses of Theorem 3.1 no longer hold. We then set H = H; and ¢ = ;. It
follows that (3-6) hold. In addition, from Theorem 3.1, we know [¢)|p = [¢)1]F. Since H
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is g-quasi-elementary, the order of inv ([¢)] ) is a power of ¢, so that (7) also holds. Now
the theorem follows from Theorem 3.4 and the construction of H and ¢. 0O

4. p-basic groups

Let p be a prime number. In this section, we define the following types of finite groups
which we call p-basic groups. We find it convenient to allow certain finite groups to have
more than one type.

Definition 4.1. We say that G is a p-basic group of type 0 if G is a finite group and p 1 |G|.

Definition 4.2. We say that G is a p-basic group of type 1 if G is a finite group, G has a
unique Sylow p-subgroup P, |P| = p, and G/P is cyclic.

Definition 4.3. We say that G is a p-basic group of type 2 — 3 if G is a finite group, and
there exist two different primes r» and ¢ both different from p such that G has a unique
Sylow p-subgroup P, |P| = p, G has a unique Sylow r-subgroup R, |R| =r, Cg(PR) is
cyclic, and there is some @ € Syl (G) such that G = PRQ, and Cq(R) C Cq (Cq(PR)).

Lemma 4.4. Suppose G is a p-basic group of type 2 — 3, and assume the notation of
Definition 4.5. Let C = Co(PR). Then, at least one of the following holds:

(1) There exists a cyclic subgroup X of @ such that Cx (P) C Z(G), and G = X Cq(P) =
X Cg(R); or
(2) There exists a cyclic subgroup Y of @ such that Cy (R) C C, and Y Cg(R) = G.

Proof. Assume that G is a counterexample. Set @1 = Q/ Cq(P) and Q2 = Q/ Cgo(R),
and notice that they both are cyclic g-groups. Let « € @ be such that « Co(P) generates
@1, and let y € Q be such that y Co(R) generates Q.

Suppose that y can be chosen so that 392l e Cqo(P). Then we set Y = (y). We
have Cy(R) = <y‘Q2|> C C. By our choice of y, Y Co(R) = @, and it follows that
Y Cq(R) = G, so that YV satisfies (2), against our hypothesis. Hence, for any choice of y
we have /@2l ¢ Cq(P). In particular, |Q1] > |Q2|.

Suppose that 2 Co(R) is a generator for Q2. Set X = (z). Then Cx (P) = (/@) C C,
and Cg(Cx(P)) 2 X Co(R)PR = G. Since this implies that X satisfies the conditions
of (1), it follows that x Co(R) is not a generator for Qs.

There is some integer n such that yCqg(P) = 2z Cq(P). Since zCqg(R) is not a
generator for Qa, "y € @ is such that ="y Co(R) is a generator for Qg, and "y €
Cq(P). By replacing y by ™"y, if necessary, we may choose y € Cq(P). This contradicts
the second paragraph, and completes the proof of the lemma. O
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Definition 4.5. We say that G is a p-basic group of type 2 if G is a p-basic group of type
2-3, and, in the notation of Definition 4.3, there exists a cyclic subgroup X of @ such
that Cx(P) C Z(G), and G = X Cg(P) = X Cq(R).

Definition 4.6. We say that G is a p-basic group of type 3 if G is a p-basic group of type
2 — 3, and, in the notation of Definition 4.3, and setting C' = Cg(PR), there exists a
cyclic subgroup Y of @ such that Cy(R) C C, and Y Cg(R) = G.

Of course, in the terminology we just introduced, Lemma 4.4 tells us that every p-
basic group of type 2 — 3 is either a p-basic group of type 2 or a p-basic group of type
3. Note that there exist non-abelian finite groups that are both of type 2 and of type 3.
Even more strikingly, if we take two distinct primes p and r, any cyclic group of order
pr is p-basic of types 1, 2, and 3, as well as r-basic of types 1, 2, and 3. (We believe that
it would unnecessarily complicate the definitions to set up our terminology to exclude
these possibilities.)

The last type of p-basic groups only occurs when p = 3 (mod 4).

Definition 4.7. We say that G is a p-basic group of type 4 if p =3 (mod 4), G is a finite
group, G has a unique Sylow p-subgroup P, |P| = p, G/P is a 2-group, G # Cg(P),
and, letting D € Syl,(Cg(P)) and, setting 2" to be the 2-part of p? — 1, D is isomorphic
to a non-abelian subgroup of a semidihedral group of order 2"*! and D has a cyclic
maximal subgroup M such that G = D Cg(M).

Note that in Definition 4.7, C¢(P) is a normal subgroup of index 2 in G, and that D
is the unique Sylow 2-subgroup of Cg(P).

Definition 4.8. We say that G is a p-basic group, if it is a p-basic group of type 0, 1, 2,
3, or 4.

5. From quasi-elementary to basic

In this section, we prove that whenever p and ¢ are primes, p # ¢, we are working
over a finite extension of Q,, and we start with a g-quasi-elementary group and one of
its irreducible characters, and we repeatedly apply the algorithm of Theorem 3.1, we will
reach a p-basic group and one of its irreducible characters.

Lemma 5.1. Let p be a prime, let K be a finite extension of Qp, and assume all characters
take values in some algebraic closure K of K. Let G be a finite group. Let ¢ € Trrg (G)
be faithful. Let N be a normal abelian p’-subgroup of G, and assume that the restriction
of ¥ to N is K-quasi-homogeneous. Then G/ Cg(N) is cyclic.

Proof. Let A € Irr(N) be contained in the restriction of ¢ to N. Since ¢ is K-quasi-
homogeneous, and ¥ is faithful, we know that A is faithful. It follows that N is cyclic.
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Let FF = K(\). Now the action of G on N by conjugation yields a faithful action of
G/ Cg(N) by conjugation on N, and this in turn yields through A a group isomorphism
from G/ Cg(N) to Gal(F/K). Since N is a p’-group, F' is an extension of K by a p’-th
root of unity. By, for example, Proposition 16 Chapter IV in [9], we obtain the well
known facts that the extension F/K is unramified and that Gal(F/K) is cyclic. The
lemma follows. O

Lemma 5.2. Let p be a prime, let K be a finite extension of Qp, and assume all characters
take values in some algebraic closure K of K, and let G be a finite group and let ¢ €
Irr  (G) be faithful. Let g be a prime number. Assume that G has a normal cyclic subgroup
C such that q 1 |C| and G/C is a q-group. Suppose that the restriction of ¢ to every
normal subgroup of G is K-quasi-homogeneous. Let Q € Syl (G). Then there exists
some subgroup Cy of C such that, setting H = QCy, we have that |Cy| | pr for some
prime v & {p,q}, and Res$ (y) € Irr(H).

Proof. Let P € Syl,(C), and set Py = P if [P| =1, and P, to be the unique subgroup
of C of order p of P otherwise. Then Cg(P) = Cg (Fo). Let C; be the Hall p’-subgroup
of C. Let 0 € Irr (C1) be contained in the restriction of ¢ to Cy. Since this restriction is
K-quasi-homogeneous, it follows from Lemma 5.1 that Q/Cq (C1) is a cyclic g-group.
If Q/Cq(C1) # 1, then there exists some subgroup R of prime order (r say) of C4
such that Cg (C1) = Cg(R), and we set Cy = PyR. If Q/Cq (Cy) = 1, then we set
Cy = Py, and we let 7 be any prime different from p and different from ¢. In either
case, we have r ¢ {p,q}, |Co| | pr, and Co(C) = Cq (Co). We set H = QCy. Let
¢1 € Irr(C) be contained in the restriction of 1 to C. Then the inertia subgroup of ¢; in
G is Co(C)C, a nilpotent subgroup of G. There exists some v € Irr (Cg(C)) such that
v ® (7 is contained in the restriction of ¥ to Cq(C)C. By Clifford’s Theorem, it follows
that ¢ = Inde(C)C (v ® ¢1). In particular,

$(1) = (@ : Co(O)r(1).

Let (o € Irr (Cy) be the restriction of ¢; to Cy. Then the inertia group of (» in H is
Cq(C)Cy, and the character v ® (o is contained in the restriction of 1 to Cqo(C)Cy. It
follows that Inde(C)CO (v ®(2) € Irr(H) and it is contained in the restriction of ¢ to
H. Tt follows that Res% (1)) € Irr(H). Hence, the lemma holds. O

The following lemma follows from P. Hall’s classification of the g-groups all of whose
abelian characteristic subgroups are cyclic [3, Satz I11.13.10]. It is very close to [7, Lemma
4], and follows easily from it. We offer a full proof of our version for completeness.

Lemma 5.3. Let q be a prime number, let G be a finite q-group, and suppose that Q is a
normal non-cyclic subgroup of G. Assume that every G-invariant abelian subgroup of @
is cyclic. Then q =2, Q contains a G-invariant subgroup of order 4 not in the center of
Q, and Q is dihedral, semidihedral or generalized quaternion.
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Proof. Assume the lemma is false, and consider a counterexample with |Q| as small
as possible. By Hall’s classification of the g-groups all of whose abelian characteristic
subgroups are cyclic [3, Satz I11.13.10], we know that @ is a central product of a group
@1 that is either extraspecial or cyclic of order ¢, and a group @2 # 1 that is either cyclic
or else ¢ = 2, |Q2] > 16, and Qs is dihedral, semidihedral or generalized quaternion, and
where the central subgroups of order ¢ of )1 and of Q)2 are identified. Suppose that (1
is cyclic of order g, so that @Q = Q2. Since we have a counterexample, it must be that
Q2 is not cyclic, and it follows that ¢ = 2, and @ is dihedral, semidihedral or generalized
quaternion and |@Q| > 16. This in turn implies that @ has a non-central characteristic
subgroup of order 4, a contradiction. So |Q1]| > ¢®. Looking at the possibilities, we see
that |Q| > ¢*.

Suppose that Qs is cyclic of order at least ¢?. Then, the subgroup of @) generated by all
elements of order g and ¢? has exponent ¢? and contains a G-invariant subgroup S such
that |S| = ¢ and [S N Z(Q)| = ¢*. But then S is abelian but not cyclic, contradicting
our hypotheses. So Q5 is not cyclic of order at least ¢2.

Let |Q| = ¢". If |Q2| = ¢, then |Q1| > ¢° and the exponent of @ is at most ¢*. If
|Q2| # q, then, since Q2 is not cyclic, the exponent of Q is at most ¢" 3. Hence, in any
case, the exponent of Q is at most ¢ 3.

There is a maximal G-invariant subgroup M of @. Since G is a ¢-group, we have
[Q : M] = q, so that |[M| = ¢"~!. By the previous paragraph, M is not cyclic. It
follows that, by our choice of counterexample, we know that ¢ = 2, and M is dihedral,
semidihedral or generalized quaternion. Again, by the previous paragraph, it follows that
|M| < ¢"~2. This final contradiction completes the proof of the lemma. O

Theorem 5.4. Let p be a prime, let K be a finite extension of Qp, and assume all char-
acters take values in some algebraic closure K of K. Let G be a finite group, let ¢ be a
prime with ¢ # p, and suppose that C < G is cyclic of ¢'-order and G/C' is a q-group.
Let ¢ € It (G) be faithful. Suppose that the restriction of 1 to every normal subgroup
of G is K-quasi-homogeneous, and the restriction of ¥ to every proper subgroup of G is
not irreducible. Then G is a p-basic group.

Proof. Assume we have a counterexample. If p 1 |C|, then G is a p-basic group of type 0
(Definition 4.1). Hence, p | |C]. It follows from Lemma 5.2 that there exists some prime
r ¢ {p,q} such that [C| € {p,pr}. Let P € Syl,(G), R € Syl.(G), Q € Syl (G), and
D = Cq(C). Now |P| = p, |R| | r, both P and R are normal subgroups of G, and
C = PR.

Suppose that D is cyclic. Then v is induced from an irreducible linear character
of CD. Tt follows that ¢(1) = [Q : D]. Suppose that Q/D is cyclic. Let z € Q be
such that zD generates the cyclic group Q/D. Then ¢ restricts irreducibly to (z)C,
so that G = (z)C and @ = ({(x). Suppose that Q/D acts faithfully on R. Then ¢
restricts irreducibly to (x)R, against our hypothesis. Now, since Q/D is a cyclic ¢-
group, this implies that it acts faithfully on P, and this in turn implies that R = 1.
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It follows that G is p-basic of type 1 (Definition 4.2). Hence Q/D is not cyclic. This
implies that R # 1, so that |R| = r. By Lemma 5.1, @/ Co(RD) is cyclic. Suppose that
Co(R) € Cq(D). Then Co(RD) = Cg(D), and it follows that ¢ restricts irreducibly to
PQ), against our hypothesis. Hence, Co(R) C Co(D). Now G is a p-basic group of type
2-3 (Definition 4.3). Lemma 4.4 then tells us that G is p-basic of type 2 (Definition 4.5)
or p-basic of type 3 (Definition 4.6). This contradiction shows that D is not cyclic.

Let A be any @Q-invariant abelian subgroup of D. Then A is normal in G, and it
follows that Resg(x) is K-quasi-homogeneous, by hypothesis, so that A is cyclic, and,
if further K contains a primitive |A]-th root of unity, then A C Z(G). By Lemma 5.3, it
follows that ¢ = 2, D is a non-abelian dihedral, semidihedral, or generalized quaternion
group, |D| > 8, D contains a cyclic maximal subgroup M that is normal in G, and K
does not contain a primitive 4-th root of unity. In particular, p =3 (mod 4), and we set
2" = (p? — 1),. Let k be the residue field of K. Then, since k does not have a primitive
4-th root of unity, |k| is an odd power of p, and (|k|*> — 1) = 2". Then |M]| | 27, and
D is isomorphic to a subgroup of a semidihedral group of order 2"*!. Since v does not
restrict irreducibly to @, we know that @ # Cq(C).

Now CM is a self centralizing normal cyclic subgroup of G. There exists a linear
character A\ € Irr(CM) such that Ind$,;(\) = ¢. Since D acts non-trivially on M,
Cg(R) is not contained in Cg(M). By Lemma 5.1, G/ Cg(RM) is a cyclic 2-group. It
follows that Cq(M) C Cg(R). Hence, the restriction of ¢ to PQ is irreducible. It follows
that R = 1.

Since @ is a 2-group, and @/ Cq(C) acts faithfully on a group of order p, it follows
that |@Q/ Co(C)| = 2. Consider the homomorphism ¢: G — Aut(M), such that, for each
g € Gand m e M, ¢(g)(m) = m9 . Since M is a normal p’-subgroup of G, Aut(M)
is canonically isomorphic to (Z/|M|Z)™, and the image of ¢ corresponds exactly to the
cyclic subgroup of (Z/|M|Z)™ generated by the class of |k|. If z € Q, then 22 € D and
22 centralizes the two elements of order 4 of M. It follows that 22 € M. This implies
that the image of ¢ is cyclic of order 2, and ¢(G) = ¢(D). It follows from this that
G = D Cg(M), and that D is isomorphic to a subgroup of a semidihedral group of order
27+1 This tell us that G is a p-basic group of type 4 (Definition 4.7). This contradiction
completes the proof of the theorem. O

Combining this theorem with Theorem 3.5 we obtain the following corollary.

Corollary 5.5. Let p be a prime, let K be a finite extension of Qyp, and assume all char-
acters take values in some algebraic closure K of K. Let q be a prime with q # p. Then
there exists an algorithm that, given any finite group G and any x € Irr(G), produces a
field F, a section H of G, and some ¢ € Irrp(H) such that all of the following conditions
are satisfied:
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3)
(4)
(5)
(6)
(1) [F
(®)

H is a p-basic group;

Y 1s faithful;

ebp( ) is not irreducible for every proper subgroup P of H;

esN( ) is F-quasi-homogeneous for every normal subgroup N of H;

ﬁDUFU

7
8 The q-part of inv ([X]K(x)) is

K(x)] is invertible modulo the order of inv ([¢|F);

inv ([X]K(X))q =ainv ([{]r),

where a € Z is any such that a[F : K(x)] =1 modulo the order of inv ([¢]F).

Proof. The algorithm is the same as that of Theorem 3.5. By Theorem 5.4, the section
H it produces is a p-basic group. Hence the corollary holds. O

6. Roots of unity and uniformizers

In this section, we set up notation for the relevant roots of unity in local fields, and
we establish the existence of suitable uniformizers for our purposes.

Definition 6.1. Let p be a prime, and let ¢ € Z be relatively prime to p. Then there exists
a unique p’-th root of unity p € Q, such that p =t (mod pZ,). When p is clear from
the context, we denote ¢; = p.

The facts about Q,, used in the above definition are well known and can be found, for
example, in Serre’s book [9, IT §4 Proposition 8]. We note that €; depends only on the
class of t modulo p, and that if t, s € Z are both relatively prime to p then €;5 = €e,.

Lemma 6.2. Let p be a prime, let F' and K be finite extensions of Qp, with K C F, let
e’ be the ramification index of F/K and let e be the ramification index of K/Q,, let vp
be the valuation on F', and let (, € F be a primitive p-th root of 1. Then Qyp () /Qp s
totally ramified of degree p — 1, and

vp ((p—1) =

p—1

Proof. We know, for example, from [9, IV §4 Proposition 17] that ¢, — 1 is a uniformizer
for Q, (¢p), and Q, ((p) /Q, is totally ramified of degree p — 1. It follows for example
from Corollary b in Section 17.7 of [5] that the ramification indices are multiplicative,

’
€€ the ramification

so that, in particular, ee’ is the ramification index of F'/Q,, and T
index of F//Q, (¢p). Hence the lemma holds. O

Lemma 6.3. Let p be a prime, let F be a finite extension of Qy, let vy be the valuation
on F, let (, € F be a primitive p-th root of 1, and we set my = (, — 1. For each
o € Gal(F/Qy), we set A(0) = ¢ where t € Z is such that o () = C}.
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Then, vp (mg) > 0,

A Gal(F/Qp) — Q,

is a well defined linear character, and for all o € Gal (F/Q,),

vr (0 (mo) — A (o) mo) > v (M) .

Proof. It follows from Lemma 6.2 that vg (m) > 0. For each o € Gal(F/Q,) there

exists some ¢ € Z such that o (¢,) = ;, and this ¢ is relatively prime to p and uniquely

defined modulo p. Hence, )\ is well defined, and it follows that X is a linear character.
Let o € Gal (F/Q,). There exists some t € Z such that o () = ¢, and t > 0. Then
M0) = . Tt follows, using the binomial expansion of o (1 + ) = (1 + mp)", that

vp (0 (mp) — Mo)mg) = vp (0 (1 + m) — (1 + &) > vp (7o) -
Hence the lemma holds. O

Lemma 6.4. Let p be a prime, let F', K be finite extensions of Qy, let ¢, € F' be a primitive
p-th root of 1, let r be a positive integer prime to p, let (. € F be a primitive r-th root
of 1, and assume that F 2 K and F = K ((p, (). Suppose that 01,02 € Gal(F/K) are
such that 01((r) = G Let s € Z be such that o1 (Gy) = (;, and let m = | C(q,y () | We
set L to be the fized field in F of (o2). Let vp be the valuation on F.

Then there exists some w € L such that

vp(m) =mup (¢ — 1) >0,

and, for alln € Z,
vp (o7 (m) — €7"m) > vp ().

Proof. Let G = (03), let C = Cg(¢,), and let G = G/C. Set myp = (, — 1. Set G1 =
Gal(F/K). Then, by Lemma 6.3, vp (m) > 0, and there exists a linear character A of
G such that for all o € G, there exists some ¢ € Z such that o (¢,) = ¢/, and for any
such t we have A(0) = ¢, and

vp (o (mp) — Ao)mp) > vr (7o) -

The restriction of A to C is faithful. Note that the product of all the values of A on C' is
exactly (—1)"+1. We set

T = H o (7o) -

oceC
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Now vp (m1) = mop ((, — 1) > 0, and, for all o € G,
vp (o (m) = (=1)" A (6™) 7f) > vp (m1).
Now from the case o = 1, we obtain
vp (A (@™)m — (=L)X (e™) 7f") > vp (7).
Combining this with the previous inequality, we obtain that, for all o € Gy,
vp (o (1) — A(e™) m) > vp (7).

Notice that G acts on Q,, (¢) as the Galois group of the extension Q,, (¢;) /Q, (¢)NL.
Since r is prime to p, the extension is unramified. Applying the Normal Basis Theorem to
the corresponding extension of residue fields, it follows that there exists some p’-th root
of unity w € Q, (¢,), such that its projection into the residue field of Q, ({,) generates
a normal basis for the entension of residue fields of Q, (¢;) /Qp () N L.

Now both 71 and w are in the fixed field of C in F'. We let

T = ZO’(’R’lw),

oceG
so that 7 is the trace under G of mw. In particular 7 € L.

Notice that C' is contained in the kernel of the restriction of the linear character \™
to G, so that we may define y as the linear character of G corresponding to A\™. With
this notation, we rewrite some special cases of one of our earlier inequalities as, for all
o€ é,

vp (0 (mw) — plo)o(w)m) > vp (1) .

Set

' =m Z w(o)o(w).
o€CG

It follows from the above inequalities that

vp(r—7') > vp (7).

Since the values of y are roots of unity in Q,, the choice of w implies that 7’ /7 projects
to a non-zero element of the residue field of Q, (¢.). It follows that vp(m) = vp(n') =
vp(m1). In particular, ve(m) = mup ({, — 1) > 0.

By one of our earlier inequalities, we know that for all n € Z,

vp (o7 (m1) — €' my) > vp (7).
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Note that, by hypothesis, o1 fixes w and all its Galois conjugates. It follows that

vp(ol(m) — el m) > vp(m).

Hence, the lemma holds. O

Lemma 6.5. Let p be a prime, let F', K be finite extensions of Qp, let (, € F' be a primitive
p-th root of 1, let r be a positive integer prime to p, let (. € F be a primitive r-th root
of 1, and assume that F 2 K and F = K ((p, (). Suppose that 01,02 € Gal(F/K) are
such that

(01) x (02) = Gal(F/K),

Cloyy (Gp) = 1 and 02((p) = Cp. Fori € {1,2}, we set d; = |{03)|. Let s € Z be such that
o1 (¢p) = (- We set L to be the fived field in F' of (02). Let vr be the valuation on F.

Then L/K is a finite Galois extension of degree di with cyclic Galois group {T) =
Gal(L/K), where T is the restriction to L of o1. Furthermore, there exists some w € L
such that

vp(m) =vp (G —1) >0,
and, for alln € Z,
vp (T(m) — €im) > vp(m).
In addition, €5 is a primitive dy-th root of unity, and L = K(x).

Proof. Tt follows from elementary Galois theory, that L/K is a finite Galois extension
with cyclic Galois group (1) = Gal(L/K), where 7 is the restriction to L of 1, and that
[L : K] = d;. Since C(4,) ((p) = 1, the order of s modulo p is d;. We set 7 = ¢, — 1.
Then 7 € L, and by Lemma 6.3, we know that vp(7) > 0 and that, for all n € Z,

vp (T7(7) — €lm) > vp(m).

Now if 7 () = 7, we know that vg (1 — €?) > 0, and this implies that n is a multiple of
dy. Hence K(w) = L, and the lemma follows. O

Lemma 6.6. Let p be a prime, let F', K be finite extensions of Qy, let ¢, € F' be a primitive
p-th root of 1, let r be a positive integer prime to p, let ¢, € F be a primitive r-th root
of 1, and assume that F 2 K and F = K ((p, (). Suppose that 01,02 € Gal(F/K) are
such that

<0’1> X <0'2> = Gal(F/K),
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Cloyy (Gp) = 1 and 02((p) = Cp. Fori € {1,2}, we set d; = |{03)|. Let s € Z be such that
o1 (Cp) = G, and let m = |Cqy (¢;) |- Suppose that B € Z is such that oy (&) = G
We set L to be the fized field in F of (o1). Let vy be the valuation on F.

Then L/K is a finite Galois extension of degree do with cyclic Galois group (1) =
Gal(L/K), where T is the restriction to L of oo. Furthermore, there exists some w € L
such that

vp(m) =muop (p—1) >0,
and, for alln € Z,
vp (T7(7) — e’fmnw) > vp(m).
In addition, €5™ is a primitive do-th Toot of unity, and L = K(r).

Proof. It follows from elementary Galois theory, that L/K is a finite Galois extension
with cyclic Galois group (1) = Gal(L/K), where 7 is the restriction to L of o, and that
[L: K] = dy. We apply Lemma 6.4, with ofag and o7 in the place of o1 and o9 in the
lemma. This tells us that there exists some m € L such that

vp(m) =mup (¢ —1) >0,
and, for all n € Z,
vp (7"(7) — ™) > vp(n).

Since C(,,) (¢p) = 1, the order of €, is di. The order of the restriction to Gal(K (¢,) /K)
of af is d1/(dy,mpB). Since 03((p) = (p, it follows that do = di/(d1,mp). Hence, the
order of €7 is dy. Now if 7(7) = 7, we know that vp (1 — €Z™") > 0, and this implies
that n is a multiple of dy. Hence K (7) = L, and the lemma follows. O

Lemma 6.7. Let p be a prime, let F', K be finite extensions of Qp, let ¢, € F be a primitive
p-th root of 1, let r be a positive integer prime to p, let (. € F be a primitive r-th root
of 1, and assume that F O K and F = K (p,(,). Suppose that 01,04 € Gal(F/K) are
such that

<0’1> X <O’2> = Gal(F/K),

o1 (¢r) = G, and let Cgyy (¢) = 1. For i € {1,2}, we set d; = [(0;)|. Let s € Z be such
that o1 (Cp) = (. We set L to be the fized field in F' of (02). Let vr be the valuation on
F.

Then L/K is a finite Galois extension of degree dy with cyclic Galois group (1) =
Gal(L/K), where T is the restriction to L of o1. Furthermore, there exists some m € L
such that
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vp(m) =vp (G —1) >0,
and, for alln € Z,
vp (T7(7) — €lm) > vp(m).
In addition, €5 is a primitive dy-th root of unity, and L = K (7).

Proof. It follows from elementary Galois theory, that L/K is a finite Galois extension
with cyclic Galois group (1) = Gal(L/K), where 7 is the restriction to L of o1, and that
[L : K] = d. Since C(,,) (¢p) = 1, the order of s modulo p is d;. We apply Lemma 6.4
and it tells us that there exists some m € L such that

vp(m) = vr (G —1) >0,

and, for all n € Z,
vp (T"(m) — €bm) > vp(m).

Now if 7"(7) = 7, we know that vp (1 — €?) > 0, and this implies that n is a multiple of
dy. Hence K(m) = L, and the lemma follows. O

7. Some cross products

In this section, we study certain cross products that will be useful for our calculations,
with particular emphasis on their invariants.

Theorem 7.1. Let p be a prime, and let F' and K be finite extensions of Q. Assume that
the extension F/K is unramified, that Gal(F/K) is generated by o, and that o € K is
a p'-th root of unity. Then the crossed product (F,o,a) is isomorphic to a full matric
algebra over K.

Proof. Since « is a root of unity, we know that v (o) = 0. Hence, the theorem follows
immediately from Corollary 2.5. O

Lemma 7.2. Let p be a prime, let F', L, K be finite extensions of Qp, with FF 2 L O K.
Let k be the residue field of K. Let vg be the valuation on F, and let €’ be the ramification
index of F/K. Assume that L/K is a Galois extension with cyclic Galois group of order
d generated by 7, and that d | p — 1. Let € € Q, be a primitive d-th root of unity. Let
m € L and assume that vp(m) > 0, and that, for alln € Z, we have

vp (T"(7) — €'m) > vp(m).
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Suppose that o € K is such that aIFI=1/d = ¢=1_ Let A be the crossed product (L,7,a).
Then A is a central simple algebra over K and its invariant is

vp ()

inv(A) = +ZeQ/Z.
Proof. Set G = Gal(L/K). We view L as a subfield of A, and K as the center of A. We
let u € A be such that u? = «, and, for all a € L, we have a* = a”, where by convention
we have a” = 7(a). We know that A is generated by L and u, and that dimg(A) = d°.
(u) is a finite group of order dividing d(|k| — 1), and, in particular, of order relatively
prime to p. Let K (u) be the subalgebra of A generated by K and u. Since u¢ € K| it
is clear that dimg (K (u)) < d. By Maschke’s Theorem, K (u) is a direct sum of fields
that are isomorphic to field extensions of K by (|k| — 1)-th roots of e~ 1. Let K be any
field extension of K by a (|k| — 1)-th root of e~ 1. Let k; be the residue field of K, and
let & be the projection in k; of a (|k| — 1)-th root of e ! in K. Now 0¥l = §€’, where
€' € k is the projection in k of e~! and is a primitive d-th root of unity. It follows that
[k1 : k] = d. This implies that [K; : K] = d and K;/K is unramified. It follows that
K (u) is a field extension of K, that [K(u) : K] = d, and that K (u)/K is unramified.
Since € is a primitive d-th root of unity in K, there exists a unique faithful character
p € Irr(G) with values in K such that u(7) = ¢~ 1. It follows from our hypotheses that,
for g € G, we have

vr (u(g)m? = m) > vp(T).

We set

Bi=>_ ulg)r’.

geG

Hence
vp (B — |G|r) > vp(w).

Since p t |G|, it follows that vp(8) = vp(w), and, in particular, 8 # 0. Note that 8 € L
and therefore ( is invertible in A. Now, it follows from the definition of 3 that

B =" o)’ = €p.

geG

It then follows that

and, therefore, u? = ¢ 'u = u/*! using that ¢! = ul¥-1.
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Since |k| = 1 (mod d), d divides (|k|? — 1)/(|k| — 1). It follows that the order of u
divides |k|¢ — 1, so that 8% commutes with u. As f commutes with every element of L,
it then follows that ¢ € K. Let ¢ € Gal(K(u)/K) be the Frobenius automorphism.
Then A is isomorphic to the crossed product (K (u), ¢, 3%). Since K (u) is an unramified
extension of K of degree d, by Corollary 2.5, it follows that A is a central simple algebra
over K whose invariant is

v (B89)

inv(4) = = +Z € Q/Z.

Since the ramification index of F'/K is ¢/, we have

v (8%) _ vr (B%) _ ve(m)

d Toeld e’

because vp () = vp(w), as noted above. The lemma then follows. O

Theorem 7.3. Let p be a prime, let F', L, K be finite extensions of Qp, with F' 2 L D K.
Let k be the residue field of K. Let vp be the valuation on F, and let €’ be the ramification
index of F/K. Assume that L/K is a Galois extension with cyclic Galois group of order
d generated by 7, and that d | p — 1. Let € € Q, be a primitive d-th root of unity. Let
m € L and assume that vp(m) > 0, and that, for alln € Z, we have

vp (T"(7) — €'m) > vp(m).

Suppose that o € K is a p’-th root of unity in K. Let A be the crossed product (L, T, ).
Then there exists some integer a such that oIFI=V/d = ¢ and. for any such a, we
have that A is a central simple algebra over K and

inv(4) = %Ij(ﬂ-) +ZeQ/Z.
Proof. Note that d | |k| —1. Since € is a primitive d-th root of unity and « is a (|k| —1)-th
root of unity, we know that a exists. A is a central simple algebra over K.

Note that K contains a primitive (|k| — 1)-th root of unity, and that its (Jk| —1)/d-th
power is a primitive d-th root of unity. Taking an appropriate power of it, it follows that
there exists 3 € K a primitive (|k| — 1)-th root of unity such that gU¥=1/d = ¢=1 By
Lemma 7.2, it follows that the cross product (L, 7, ) is a central simple division algebra
over K and that its invariant is ”Feﬁ +ZeQ/Z

Since a is a (Jk| — 1)-th root of unity, there exists some integer b such that o = °. It
follows that a(lkl=1)/d = ¢~b o that

—b=a (mod d).
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Furthermore, A = (L, 7,3%) is a central simple algebra over K and its invariant is
b”i—,(ﬂ) +7Z € Q/Z. Since the denominator of UFe—(fr) in lowest terms divides d, the invariant

of A is also %’T(W) +7Z € Q/Z, as desired. O

Recall that Definition 6.1 gives special meaning to €5 when p { s. We continue to use
this notation in what follows.

Theorem 7.4. Let p be a prime, let F', K be finite extensions of Qp, let (, € F be a
primitive p-th root of 1, let r be a positive integer prime to p, let (. € F be a primitive
r-th root of 1, and assume that FF O K and F = K ((p, (). Let e be the ramification
indezx of K/Q,, and let k be the residue field of K. Suppose that 01,02 € Gal(F/K) are
such that

(01) x (02) = Gal(F/K),

and C,y (¢p) = 1, and 02 (¢y) = (p. Let s € Z be such that o1 ((p) = (. We set L
to be the fized field in F of (o2), and let 7 € Gal(L/K) be the restriction of o1 to L.
Set dy = |{o1)|. Suppose that o € K is a p’-th root of unity in K. Let A be the crossed
product (L,T,a).

Then there exists some integer a such that aIFI=D/d1 — €2, and, for any such a, we
have that A is a central simple algebra over K of dimension d3 and

inv(A) = p_iwl +ZeQ/Z

Proof. Let vp be the valuation on F, and let ¢ be the ramification index of F/K.
By Lemma 6.5, L/K is a finite Galois extension of degree d; with cyclic Galois group
(1) = Gal(L/K), and, there exists some m € L such that

vp(m) =vr (G —1) >0,

and, for all n € Z,

vp (T"(7) — €27) > vp(m).

In addition, €, is a primitive [L : K]-th root of unity, and L = K (). It follows that by
Theorem 7.3 there exists some integer a such that a(/kl=1)/d1 — €?, and, for any such a,
we have that A is a central simple algebra over K and

inv(A) = M +7Z =

e/

—avp (G — 1)

eI

+ZecQ/Z

By Lemma 6.2, vp ((, — 1) = peTe'l. Hence the theorem holds. O
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Of particular interest is the case when r = 1 in the previous theorem.

Corollary 7.5. Let p be a prime, let F', K be finite extensions of Qp, let ¢, € F be a
primitive p-th root of 1, and assume that F O K and F = K ((,). Let e be the ramification
index of K/Qy, and let k be the residue field of K. Suppose that o € Gal(F/K) is such
that (o) = Gal(F//K). Let s € Z be such that o ((p) = (,. Set d = |[{(0)|. Suppose that
a € K is a p'-th root of unity in K. Let A be the crossed product (F, o, ).

Then there exists some integer a such that alFI=1/d = €2, and, for any such a, we
have that A is a central simple algebra over K and

inv(A) = ; ael +ZeQ/Z

Proof. This follows immediately from Theorem 7.4 by setting r =1, {, = 1, and L =
F. O

Theorem 7.6. Let p be a prime, let F', K be finite extensions of Qp, let ¢, € F be a
primitive p-th root of 1, let r be a positive integer prime to p, let (. € F be a primitive
r-th root of 1, and assume that F O K and F = K ((p, (). Let e be the ramification
indezx of K/Q,, and let k be the residue field of K. Suppose that 01,02 € Gal(F/K) are
such that

(01) X (02) = Gal(F/K),

Cioyy (&) = 1, and 02 (¢p) = (p- Let s € Z be such that o1(¢y) = ¢, and let m =
| Cioyy () |- Suppose that B € Z is such that P09 () = Cr. We set L to be the fized
field in F of (o1), and let 7 € Gal(L/K) be the restriction of oo to L. Set dy = |(02)|.
Suppose that o € K is a p’-th root of unity in K. Let A be the crossed product (L,T,a).

Then there exists some integer a such that a(FI=1)/d> — edmaand, for any such a,
we have that A is a central simple algebra over K of dimension d3 and

inv(A) = ;“_”1” +ZeQ/Z.

Proof. Let vp be the valuation on F, and let e’ be the ramification index of F/K.
By Lemma 6.6, L/K is a finite Galois extension of degree dy with cyclic Galois group
(1) = Gal(L/K), and, there exists some 7 € L such that

vp(m) =mvr ((—1) >0,
and, for all n € Z,

vp (7"(m) — M) > vp(n).
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In addition, €™ is a primitive do-th root of unity, and L = K(7). It follows that by
Theorem 7.3 there exists some integer a such that a(/¥l=1)/d> = €%ma and, for any such
a, we have that A is a central simple algebra of dimension d3 over K and

_avl/:(w) L7 _ava,(Cp -1)
e e

inv(A) = +ZeQ/Z.

By Lemma 6.2, vp ((, — 1) = ;Te'l. Hence the theorem holds. O

Theorem 7.7. Let p be a prime, let F', K be finite extensions of Qp, let (, € F be a
primitive p-th root of 1, let r be a positive integer prime to p, let (. € F be a primitive
r-th root of 1, and assume that FF O K and F = K ((, (). Let e be the ramification
indezx of K/Q,, and let k be the residue field of K. Suppose that 01,02 € Gal(F/K) are
such that

(01) X (02) = Gal(F/K),

01(¢) = ¢ and Cigyy () = 1. Let s € Z be such that o1 ((p) = (5. We set L to be
the fized field in F of (o2), and let T € Gal(L/K) be the restriction of o1 to L. Set
dy = |{o1)|. Suppose that o € K is a p'-th root of unity in K. Let A be the crossed
product (L, T, ).

Then there exists some integer a such that oIFI=1D/d1 = ¢ and, for any such a, we
have that A is a central simple algebra over K of dimension d3 and

. _ —ae
inv(A) = ] +ZeQ/Z.

Proof. Let v be the valuation on F, and let e’ be the ramification index of F/K.
By Lemma 6.7, L/K is a finite Galois extension of degree d; with cyclic Galois group
(r) = Gal(L/K), and, there exists some 7 € L such that

vp(m) =vr (G —1) >0,

and, for all n € Z,
vp (T"(7) — €27) > vp(m).

In addition, €5 is a primitive dj-th root of unity, and L = K(x). It follows that by
Theorem 7.3 there exists some integer a such that a(/¥l=1)/d1 = €?, and, for any such a,
we have that A is a central simple algebra of dimension d? over K and

() = —4r(m g mave (G = 1)

e e

+ZecQ/Z

By Lemma 6.2, vp ((, — 1) = peTe'l. Hence the theorem holds. O
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8. The invariants of p-basic groups

In this section, we explicitly calculate the invariants for all the relevant irreducible
characters of the p-basic groups. These characters include all of the characters of p-basic
groups that are needed to calculate the invariant of an arbitrary irreducible character of
any finite group, and many other irreducible characters of the p-basic groups.

While it would be sufficient for our purposes here to assume that all these characters
are faithful, in view of making applications easier, we relax this condition a little. We use
the following convention. Let G be a group, H be a subgroup of G, and x be a character
of G. We say that x is faithful for H if the restriction of x to H is faithful.

Theorem 8.1. Let p be a prime, let K be a finite extension of Qp. Let G be a p-basic
group of type 0, and let x € Irrg (G). Then

inv([xlg)=0+2ZcQ/Z.

Proof. By definition, p 1 |G|. Then, by Theorem 2.7, the Schur index mg(x) = 1, and
the invariant is as described. O

Theorem 8.2. Let p be a prime, and let K be a finite extension of Q,. Let G be a p-basic
group of type 1, assume the notation of Definition 4.2, and let x € Irr (G). Assume that
the restriction of x to P is faithful and K-quasi-homogeneous. Let e be the ramification
index of K/Qp, and let k be the residue field of K. Let 1 # u € P, and let x € G be
a p'-element such that xP is a generator for G/P. Let r € Z be such that u* = u", let
d=x(1), and let « = x (x|k|71) /d.

Then, there exists some a € Z such that o = €2, and for any such a we have

inv ([x]ye) = = T ZE€Q/Z.

Proof. G = P{xz), the normal subgroup C¢(P) is abelian, x is induced from a linear
character of Cg(P), and d = x(1) = |G/ Cq(P)|. Notice that x¢ € Z(G), and we set
8 =x (xd) /d. Then 8 € K is a p’-th root of unity. Since d is the order of r modulo
p, we know that d | |k| — 1, and a = gUFI=D/4 Tet A be the simple ideal of the group
algebra KG associated with x. Then dimg (A) = d?. For each a € KG, we denote by a
its projection in A. A has a central subalgebra isomorphic to K, and we denote it also
by K. Similarly, if ¥ € K, we may denote 7 also by 7. We set F' = K P, the projection
in A of the group algebra of the normal cyclic subgroup P of G. Since the restriction of
x to P is K-quasi-homogeneous, F' is a finite field extension of K. F' is a field extension
of K by %, a primitive p-th root of unity. Furthermore Z¢ = 3. G acts by conjugation
on F' as Galois automorphisms over K. Furthermore, the kernel of this action is Cg(P),
and the image of this action is exactly Gal(F/K). In addition, this action provides an
isomorphism (z)/ C ) (P) ~ Gal(F/K).
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We let 0 € Gal(F/K) be the action of z on F. (To be precise, we define o(f) = f*
for all f € F.) We notice that

Gal(F/K) = {0),

and that | Gal(F/K)| = d. Now A is the crossed product of (F,o, ). By Corollary 7.5
and Theorem 2.7 the result follows. O

Corollary 8.3. In the notation of Theorem 8.2, assume furthermore that K is contained
in an extension of Q, by a primitive p-th root of unity. Then, there exists some integer
a such that o = €2, and for any such a we have

inv ([x]g) = 4 +ZecQ/Z.

d
Proof. By Lemma 6.2, F//Q, is a totally ramified extension of degree p — 1. Therefore,
the ramification index e of K/Q, is exactly pf;l, so the corollary follows immediately
from Theorem 8.2. O

Lemma 8.4. Let p be an odd prime, and let G be a p-basic group of type 2, assume the
notation of Definition /.5, and C = Co(PR). Let m = |Cx(R)/X NC|, z € X be a
generator for X, and let 1 # u € P. Then there exist s € Z such that u* = u®, there
exists y € Cq(P) such that yC is a generator for the cyclic group Cq(P)/C, and there
exists 3 € Z such that 2Py € Cq(R).

Proof. The group Cq(P)/C is cyclic because it is isomorphic to a subgroup of the
automorphism group of R, and we pick some y € Co(P) such that yC is a generator for
Cq(P)/C. Since G = X Cg(R), there exists 8 € Z such that 2Py € Cg(R). O

Recall the meaning of faithful for described in the second paragraph of this section.

Theorem 8.5. Let p be an odd prime, and let K be a finite extension of Qp. Let G be a
p-basic group of type 2, assume the notation of Lemma 8.4. Let x € Irrg (G) be faithful
for PR. Assume that the restriction of x to PRC is K-quasi-homogeneous. Let e be the
ramification index of K/Qp, and let k be the residue field of K. Let e, be the central
idempotent associated with x. We set

a1 =x (271 /x(w).

Then, ex KR is a field, there exists some p'-root of unity v € e KR such that yy
commutes with x, and we set

ar = x (1)) /x(0).



158 A. Turull / Journal of Algebra 557 (2020) 129-164

Furthermore, there exists some integer a1 such that ay = €2', there exists some integer
as such that ag = ef"“”, and for any such ay and ay we have

(a1 + mag)e

—3 +ZecQ/Z.

inv ([x]x) =

Proof. Notice that x is induced from a linear character of PRC, and that x(1) = |Q/C.
Let A = e, KG be the simple ideal of the group algebra K G associated with x. Then
dimg (A) = x(1)%. For each a € KG, we denote @ its projection e, a in A. A has a central
subalgebra e, K isomorphic to K, and we denote it also by K. Similarly, if v € K, we
may denote 7 also by 7. We set F' = KPRC, the projection in A of the group algebra
of the normal cyclic subgroup PRC of G. Since the restriction of x to PRC' is K-quasi-
homogeneous, F is a finite field extension of K. G acts by conjugation on F' as Galois
automorphisms over K. Furthermore, the kernel of this action is PRC, and the image
of this action is exactly Gal(F/K). In addition, this action provides an isomorphism
Q/C ~ Gal(F/K).

We let 01,02 € Gal(F/K) be the action respectively of x and of y on F. (To be
precise, we define o1(f) = f* for all f € F, and similarly for o5.) We notice that

Gal(F/K) = (01) x {03).

We set d; = |(0y)| for i € {1,2}. We have x(1) = |Q/C| = dida. Let z = [y, z]. Since
Q/C is abelian, z € C and Z is a p/-th root of unity in F. For ¢ € {1,2}, we let L; be
the fixed field of (o3_;) in F, and we let 7; € Gal(L;/K) be the restriction to L; of o;.

Set U = e, KR. Therefore U = KR C F. Then U is the extension field of K by
R, so that U is an unramified extension of K contained in F. It follows that U is K
extended by a primitive r-th root of unity. We let 03,04 € Gal(U/K) be the restrictions
of respectively o1 and o9 to U. From the definition of p-basic group of type 2, it follows
that (o3) = Gal(U/K), and, in particular o4 € {o3). Again from the definition of p-basic
group of type 2, it follows that C' C U. Furthermore o, has order ds.

Let L be the fixed field in U of (c4). The extension U/L is unramified. Now %2 is a
p-th root of unity in L. It follows that 7?2 is the norm under (o) of some p'-th root of
unity in U. Therefore, there exists some z; € U, a p’-th root of unity, such that, setting
y1 = yz1 € A%, we have that yf"’ = 1. Notice that, for all f € F, we have f¥* = o5(f).
Now yf = y129 where z5 € U is a p’-th root of unity. Since ny =1, it follows that the
norm under (o4) of zo is also 1. This implies that the norm under (o3) of zq is also 1. It
then follows that there exists a p’-th root of unity z3 € U such that (y;23)* = y123. It
follows that 2123 is a p’-th root of unity in U such that x centralizes yz;z3. Hence a
as described in the theorem exists. We set v to be any one of them.

We set §; = 4. Now 6; € C' C U. Since 6, is fixed by oy, it follows that §; € K. Note
that a; = 5§|k‘_1)/d1. We let B be the subalgebra of A generated by L; and . Then
B is isomorphic to the cross product (L1, 71,01). By Theorem 7.4, B is a central simple
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algebra over K, with dimx (B) = d3, there exists some a; € Z such that 5§|k‘71)/d1 =en
and, for any such aq,

?

inv(B) = a“lf +ZeQ/Z.

We set do = (yy)?%. Now d, € F is fixed both by x and by o9, so that d, is a p'-th
root of unity in K. Note that as = 5§|k‘_1)/d2. Let D be the subalgebra of A generated
by Lo and yv. Now, D is isomorphic to the crossed product (Lg, 72, d2). By Theorem 7.6,
D is a central simple algebra over K, with dim (D) = d3, there exists some as € Z such
that 6§‘k|_1)/d2 = efma2 and, for any such a,

—asem

inv(D) = p—

+ZecQ/Z.

Since B and D centralize each other, it follows that

. —a1e  —agem
A)= Z Z.
inv(A) P + b1 +ZcQ/

Theorem 2.7 then completes the proof of the theorem. O

Lemma 8.6. Let p be a prime, and let K be a finite extension of Q. Let G be a finite
group, and let R be a normal subgroup of G, with |R| = r where r is a prime r # p.
Assume 'Y is a subgroup of G such that G =Y Cg(R). Let x € Irrx(G), and assume that
the restriction of x to R is faithful and K -quasi-homogeneous. Let k be the residue field
of K. Let 1 # v € R. Then there exists some y € Y such that v¥ = vl¥l. Furthermore,
for any such y, yCa(R) is a generator for G/ Cg(R).

Proof. Let e = e, be the central idempotent associated with . Since the restriction of
x is faithful and K-quasi-homogeneous, it follows that e KR is a field extension of eK
by a primitive r-th root of unity. Therefore e K R is an unramified extension of eK. The
Galois group Gal(eKR/eK) is cyclic and generated by its unique element o such that,
for all p/-th roots of unity p in eX R, we have o(p) = pl*|. Now G acts by conjugation on
eK R by Galois automorphisms over eK. So we get a natural homomorphism from G to
Gal(eKR/eK). Since the values of x are all in K, we know that this homomorphism is
surjective. Its kernel is Cg(R). Since G =Y Cg(R), it follows that the lemma holds. O

Theorem 8.7. Let p be an odd prime, and let K be a finite extension of Qp. Let G be
a p-basic group of type 3, assume the notation of Definition 4.0. Let x € Irrg(G) be
faithful for PR. Assume that the restriction of x to PRC is K-quasi-homogeneous. Let
e be the ramification index of K/Q,, and let k be the residue field of K. Let 1 # u € P,
letl#veR,letyeY besuch that v¥ = vl¥l, let x € Co(R) be such that (z,y,C) = Q,
let s € Z be such that u* = u®, and let z = [z,y]. We set
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a=x (wlkl_lz_l) /x(1).

Then, there exists some integer a such that o = €2, and for any such a we have
. ae
inv ([x]x) = pr— +ZeQ/Z.

Proof. For completeness, we first check that the notation can indeed be set up as de-
scribed in the theorem. It follows from Lemma 8.6 and our hypotheses that y can be
chosen as described, and that y Cg(R) is a generator of Q/ Cq(R). Now Cg(R)/C acts
faithfully on P so that it is a cyclic group, and so the x can be chosen as described. The
existence of s, z, and « requires no comment.

Notice that x is induced from a linear character of PRC, and that x(1) = |Q/C|. Let A
be the simple ideal of the group algebra K G associated with y. Then dimg (A) = x(1)2.
For each a € KG, we denote @ its projection in A. A has a central subalgebra isomorphic
to K, and we denote it also by K. For v € K, we may also denote 5 by . We set
F = KPRC, the projection in A of the group algebra of the normal cyclic subgroup
PRC of G. Since the restriction of x to PRC is K-quasi-homogeneous, F' is a finite
field extension of K. G acts by conjugation on F as Galois automorphisms over K.
Furthermore, the kernel of this action is PRC, and the image of this action is exactly
Gal(F/K). In addition, this action provides an isomorphism Q/C ~ Gal(F/K).

We let 01,02 € Gal(F/K) be the action respectively of x and of y on F. (To be
precise, we define o1(f) = f* for all f € F, and similarly for o5.) We notice that

Gal(F/K) = (o) x {03).

We set d; = |(0;)| for i € {1,2}. We have x(1) = |Q/C| = dids. Since Q/C is abelian,
z € C and % is a p'-th root of unity in F.

Let U be the extension of K by R, so that U is an unramified extension of K contained
in F. Then U is K extended by a primitive r-th root of unity. We let 03,04 € Gal(U/K)
be the restrictions of respectively 1 and o2 to U. Since x € Cq(R), o3 is the identity. It
follows that (o4) = Gal(U/K). From the definition of p-basic group of type 3, we know
that o4 has order ds. From the definition of p-basic group of type 3, we also know that
C C U. In particular, 7% € C is a p/-th root of unity in K.

Now 7% = ()%, and since y* = yz~, this implies that the (o4)-norm of z~! is 1.
Hence, there exists z; € U such that 2 is a p/-th root of unity and 271 = 2, '2¥ = z‘lk‘fl.
We set 1 = Tz1. Then x? = ﬁz%’ =Tz = x1. We notice that x; centralizes U and 7.

We let D be the subalgebra of A generated by U and 3. D is isomorphic to the crossed
product (U, 04,yd2), and dimg (D) = d3. By Theorem 7.1, since U/K is unramified and
7% is a p/-th root of unity, D is isomorphic to a full matrix algebra over K.

Let L be the fixed field in F' of (03). Let B be the subalgebra of A generated by L
and x1. Let 7 be the restriction of o1 to L. Then, for all [ € L, we have 7(I) = [*2,
and |(1)| = d;. Since 7 centralizes z1, zi* € K, and z{* is a p/-th root of unity. We
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set § = z{'. B is isomorphic to the crossed product (L, 7,4), and dimg(B) = d3. By
Theorem 7.7, there exists some integer a such that §(*l—1/d1 — €?, and, for any such a,
we have that B is a central simple algebra over K of dimension d3 and

inv(B) = % + Z e Q/zZ.
p—1
Notice that
SR/ _ glkl=L (x\k\*lzfl) /x(1) = a.

Since B and D centralize each other, it follows that

inv(A) = p’fel +7ZeQ/Z.

Theorem 2.7 then completes the proof of the theorem. O

Theorem 8.8. Let p be a prime with p = 3 (mod 4), and let K be a finite extension
of Qp. Let G be a p-basic group of type 4, assume the notation of Definition 4.7. Let
X € Itk (G) be faithful for PM. Assume that the restriction of x to PM is K-quasi-
homogeneous. Let e be the ramification index of K/Q,, and let k be the residue field of
K. Let Q € Syly(Q), let x € Co(M) with x ¢ M, and let y € D with y ¢ M, and let
z = [x,y]. We set

a=x (xlm*lzfl) /x(1).

Then, if e is odd and o = —1, then

inv ((Xy0) = 5 + Z € Q/2Z,

and otherwise

inv([xlg)=0+2 € Q/Z.

Proof. For completeness, we first check that the notation can indeed be set up as de-
scribed in the theorem. Note first that D < G, D C @, and PM is a cyclic normal
subgroup of G. Since p = 3 (mod 4), [G : Cg(P)] = 2, so that [Q : D] = 2, G = PQ,
Co(M) € Syly(Cg(M)), and [Co(M) : M] = 2. Since we also know that [D : M| = 2,
it follows x and y can be chosen as described. The existence of z, and « requires no
comment. We also note that x inverts by conjugation every element of P, and that
Q= (z,y)M.

Notice that x is induced from a linear character of PM, and that x(1) = 4. Let A be
the simple ideal of the group algebra KG associated with y. Then dimg(A) = 16. For
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each a € K@, we denote @ its projection in A. A has a central subalgebra isomorphic
to K, and we denote it also by K. We set ' = KPM, the projection in A of the
group algebra of the normal cyclic subgroup PM of G. Since the restriction of y to
PM is K-quasi-homogeneous, F is a finite field extension of K. G acts by conjugation
on F' as Galois automorphisms over K. Furthermore, the kernel of this action is PM,
and the image of this action is exactly Gal(F/K). In addition, this action provides an
isomorphism Q/M ~ Gal(F/K).

We let 01,05 € Gal(F/K) be the action respectively of z and of y on F. We notice
that

Gal(F/K) = (o) x (03).

We have 2 = |(0;)| for ¢ € {1,2}. Since Q/M is abelian, z € M and Z is a p’-th root of
unity in F.

Let U be the extension of K by M, so that U is an unramified extension of K contained
in F. Then U is K extended by a primitive 2%*-th root of unity, where 2 < a < n. We let
03,04 € Gal(U/K) be the restrictions of respectively o1 and o3 to U. Since z € Cg(M),
o3 is the identity. It follows that (o4) = Gal(U/K). From the definition of p-basic group
of type 4, we know that o4 has order 2. It follows that |k| is not a square, and that, for
every p/-th root of unity p € U, we have o4(p) = pl*l. Now, 5> € M is a p’-th root of
unity in K.

Now 72 = (7*)°, and since y® = yz~!, this implies that the (o4)-norm of z~* is 1.
Hence, there exists z; € U such that 2; is a p/-th root of unity and 271 = 2, '2{ = z‘lk‘_l.
We set z1 = Tz1. Then z¥ = 7zz{ = Tz; = x1. We notice that z; centralizes U and 7.

We let D be the subalgebra of A generated by U and 3. D is isomorphic to the crossed
product (U, U4,§2), and dimg (D) = 4. By Theorem 7.1, since U/K is unramified and
72 is a p/-th root of unity, D is isomorphic to a full matrix algebra over K.

Let L be the fixed field in F' of (03). Let B be the subalgebra of A generated by L
and z;. Let 7 be the restriction of o1 to L. Then, for all [ € L, we have 7(I) = ("', and
|(T)| = 2. Since ¥ centralizes 1, 23 € K, and it is a p’-th root of unity. We set § = 22. B
is isomorphic to the crossed product (L, 7, ), and dimg(B) = 4. By Theorem 7.7, there
exists some integer a such that §(k—-1/2 = (=1)%, and, for any such a, we have that B
is a central simple algebra over K of dimension 4 and

inv(B) = —— + 7 € Q/Z.
p—1
Notice that
SUHITD/2 = H7E o (alH1271) Jv(1) = a

Since B and D centralize each other, it follows that

inv(A) = “61 +Z€Q/Z.
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By Lemma 6.2, we know that p — 1 divides the ramification index of F/Q,. Since
Gal(F/K) is a 2-group, it follows that (p — 1)/2 divides e. Hence inv(A) = Z if e is
even or a # —1, and inv(A) = % + Z otherwise. Theorem 2.7 then completes the proof
of the theorem. O

9. Calculating the local invariant for an arbitrary character

In this section, we describe how one can find the local invariant for an arbitrary
irreducible character of a finite group. We let K be a finite extension of either R or Q,
for some prime p. We let G be an arbitrary finite group, and let x € Irrx (G).

Suppose first that K is a finite extension of R, the field of real numbers. It is well
know that the local Schur index mg (x) € {1,2}, and there exists a formula to calculate
it. Then we know from Theorem 2.7 that

. B 1
inv ([x]x) = o o +ZecQ/Z

Suppose next that K is a finite extension of Qs, the field of dyadic numbers. Then we
know from Theorem 2.7 that the local Schur index mg (x) € {1,2} (Yamada’s Theorem),
and that

. _ 1
inv ([x]x) = p— o +ZeQ/Z.

We also note that there exist methods to calculate the Schur index mg ().

Finally, suppose that K is a finite extension of Q,, the field of p-adic numbers, where
p is any odd prime. By Yamada’s Theorem (Theorem 2.7) we know that the order of
inv ([x]k), which is the local Schur index mg(x), divides p — 1. Hence to calculate
inv ([x]k) it is enough to calculate the g-part inv ([x]x), of inv([x]x) for all primes
qlp—1.

Let us then fix some prime ¢ | p — 1. By Corollary 5.5, there exists an algorithm that
produces a field F', a section H of G, some ¢ € Irrp(H), and some integer a satisfying
all the conditions of the corollary, and, in particular, such that F' is a finite extension of
K, H is p-basic and the ¢-part of inv ([x]x) is

inv ([x]x ), = ainv ([¢]r).

The conditions given in the corollary also imply that inv ([)]r) is given by a formula in
Section 8.
Hence, this method calculates the local invariant for an arbitrary character of a finite

group.
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