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2-cocycle
Rigid algebra

1. Introduction

Leibniz algebras are characterized as algebras whose right multiplication operators are
derivations; it is a generalization of Lie algebra, while for a Leibniz algebra to be a Lie
algebra it suffices to add the condition that the operators of right and left multiplications
alternate. Leibniz algebras have been introduced by Loday in [23] as algebras satisfying
the (right) Leibniz identity:

[z, [y, 2]] = [[z, 9], 2] — [, 2], y].

During the last decades the theory of Leibniz algebras has actively been studied. Some
(co)homological and deformation properties; results on various types of decompositions;
structure of solvable and nilpotent Leibniz algebras; classifications of some classes of
graded nilpotent Leibniz algebras were obtained in numerous papers devoted to Leibniz
algebras, see, for example, [4,7,8,11-13,15,16,18,20,22,24] and references therein.

In fact, many results on Lie algebras have been extended to Leibniz algebras. For
instance, an analogue of Levi’s theorem for the case of Leibniz algebras asserts that
Leibniz algebra can be decomposed into a semidirect sum of its solvable radical and a
semisimple Lie subalgebra [7]. Therefore, the description of finite-dimensional Leibniz
algebras shifts to the study of solvable Leibniz algebras. Since the method of the recon-
struction of solvable Lie algebras from their nilpotent radicals (see [25]) was extended
to the Leibniz algebras [10], the main problem of the description of finite-dimensional
Leibniz algebras consists of the study of nilpotent Leibniz algebras. Numerous works are
devoted to the description of solvable Lie and Leibniz algebras with a given nilpotent
radical (see [1,5,6,9,19,26] and references therein).

It is known that any Leibniz algebra law can be considered as a point of an affine
algebraic variety defined by the polynomial equations coming from the Leibniz identity
for a given basis. This way provides a description of the difficulties in classification
problems referring to the classes of nilpotent and solvable Leibniz algebras. The orbits
under the base change action of the general linear group correspond to the isomorphism
classes of Leibniz algebras therefore, the classification problems (up to isomorphism) can
be reduced to the classification of these orbits. An affine algebraic variety is a union of a
finite number of irreducible components and the Zariski open orbits provide interesting
classes of Leibniz algebras to be classified. The Leibniz algebras of this class are called
rigid.

A very powerful tool in studying nilpotent algebras is the characteristic equation,
which a priori gives the multiplication on one basis element. Recently, in the paper [2] it
was considered a finite-dimensional solvable Lie algebra t. whose nilpotent radical n. has
the simplest structure with a given characteristic sequence ¢ = (ny,na,...,ng,1). Using
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Hochschild — Serre factorization theorem the authors established that for the algebra t,
low order cohomology groups with coefficients in the adjoint representation are trivial.

In this paper, we study a family of nilpotent Leibniz algebras whose corresponding Lie
algebra is n.. Further, solvable Leibniz algebras with such nilpotent radicals and (k4 1)-
dimensional complementary subspaces to the nilpotent radicals are described. Namely,
we prove that such solvable Leibniz algebra is unique and centerless. For this Leibniz
algebra the triviality of the first and the second cohomology groups with coefficients in
the adjoint representation is established as well.

2. Preliminaries

Throughout the paper, all vector spaces and algebras considered are finite-dimensional
over the field of complex numbers C. Moreover, in the multiplication table of an algebra
the omitted products are assumed to be zero.

In this section we give necessary definitions and results on solvable Leibniz algebras
and its construction with a given nilpotent radical.

Definition 1. An algebra (L, [-,-]) is called a Leibniz algebra if it satisfies the property
[z, [y, 2]] = [[z,y], 2] = [[z, 2], y] for all z,y € L,

which is called Leibniz identity.

The Leibniz identity is a generalization of the Jacobi identity since under the condition
of anti-symmetricity of the product “[-, -]” this identity changes into the Jacobi identity.
In fact, Leibniz algebras is characterized by the property that any right multiplication
operator is a derivation.

For a Leibniz algebra L, a subspace generated by squares of its elements J =
span{[z,z] : € L} is a two-sided ideal, and the quotient G, = L/J is a Lie algebra
called the corresponding Lie algebra (sometimes also called by liezation) of L.

For a given Leibniz algebra L we can define the following two-sided ideals

Amn,. (L)={x € L|[y,z] =0, for ally € L},
Center(L) ={z € L| [z,y] = [y,2] =0, for ally € L}

called the right annihilator and the center of L, respectively.

Applying the Leibniz identity we obtain that for any two elements x,y € L of an
algebra the elements [z, x|, [z, y] + [y, ] are in Ann,(L).

The notion of a derivation for Leibniz algebras is defined in a usual way and the
set of all derivations of L (denoted by DerL) forms a Lie algebra with respect to the
commutator. Moreover, the operator of right multiplication by an element x € L (further
denoted by R;) is a derivation, which is called inner derivation.
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Definition 2. A Leibniz algebra L is called complete if Center(L) = 0 and all derivations
of L are called an inner derivation.

For a Leibniz algebra L we define the lower central and the derived series as follows:
LY=L, LFY = [L* L], k> 1, LW =, b+ = bl Ll s >1,
respectively.

Definition 3. A Leibniz algebra L is called nilpotent (respectively, solvable), if there exists
n €N (resp. m € N) such that L™ = 0 (respectively, L™ = 0).

The maximal nilpotent ideal of a Leibniz algebra is called the nilpotent radical of the
algebra.

Further we shall need the following result from [3]. It is a generalization of the similar
result for Lie algebras.

Theorem 4. Let L be a finite-dimensional Leibniz algebra over a field of characteristic
zero. Then L is solvable if and only if L? is nilpotent algebra.

An analogue of Mubarakzjanov’s methods has been applied for solvable Leibniz alge-
bras which shows the importance of the consideration of nilpotent Leibniz algebras and
its nil-independent derivations [10)].

Definition 5. Let di,ds,...,d, be derivations of a Leibniz algebra L. The derivations
di,da,...,d, are said to be nil-independent if aydy + aads + . .. + a,d, is not nilpotent
for any scalars a1, s, ..., a, € C, which are not all zero.

In [21], it is proved the following theorem.
Theorem 6. Let R = N & Q be a solvable Lie algebra such that dim Q = dim N/N? = k.

Then R admits a basis {e1,ea,...,€n,T1,Ta,...,2k} such that the multiplication table
in R has the following form:

n
[€i7ej] = Z ’Yz?,jeh 1 S Za.] S n,

t=k+1
[eiyxi]:eia 1S1Ska
[67;,117]‘]:0[1‘73‘67;7 k+1§l§n,1§j§k,

where oy j is the number of entries of a generator basis element e; involved in forming
non generator basis element e;.
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For a nilpotent Leibniz algebra L and = € L\ L? we consider the decreasing sequence
C(z) = (n1,ns,...,n;) with respect to the lexicographical order of the dimensions Jor-
dan’s blocks of the operator R,.

Definition 7. The sequence C(L) = max C(z) is called the characteristic sequence of

z€L\L?
the Leibniz algebra L.

In the paper [2] it is considered the cohomological properties (Chevalley cohomology)
of a solvable Lie algebra whose nilpotent radical has a given characteristic sequence

(n1,na,...,nk, 1) and complementary subspace to nilpotent radical has dimension equal
to k+ 1.
For characteristic sequence (ni,nso,...,ng,1) we consider the model nilpotent Lie

algebra n. given by its non-zero brackets:

lei, e1] = —[e1, €] = €iq1, 2<i<mn,
[€ny+..4n;+is €1] = —[e1,€ny o tny+i] = €nytodnyr14i, 250 <mjy, 1<j<k—1
Due to Theorem 6 a solvable Lie algebra with nilpotent radical n. and (k + 1)-

dimensional complementary subspace to n. is unique. For our convenience we present its
multiplication table in the following way:

lei,e1] = —le1, €] = eiv1, 2<i<ny,
[eny+..tny+is €1] = —[€1, €nyttng+il = €yt 1440 2<i<mnjq,
le1, 21] = —[z1, 1] = ey,

te ] e, 1] = —[x1, 6] = (i — 2)ey, 3<i<n+1,
[enit...tn;+is T1] = —[T1,€ny 4 ny+i] = (0= 2)en 4 440 2 <0 <y,
[e:, 2] = —[x2, €] = €4, 2<i<n;+1,
[ens+.. +n3+1ax1+2} —[Tjt2, €n1+...+nj+i} = €ny+..4nj+is 2<i<njqa,

where 1 <5 < k—1.
Here we present the main result of the paper [2].

Theorem 8. For any characteristic sequence (ny,...,ng, 1), the model nilpotent Lie al-
gebra n. arises as the nilpotent radical of a solvable Lie algebra v, such that

Hteyte) =0, 0<a<3.
2.1. Cohomology of Leibniz algebras

We call a vector space M a module over a Leibniz algebra L if there are two bilinear
maps:
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[, —]:LxM—=M and [-,—]:MxL—M

satisfying the following three axioms

[m, [z, y]] = [[m, =], y] — [[m, y], =],
[Iv [mvy“ = [[‘Tvm]’y] - [[Ivy]am]a
[z, [y, m]] = [[z,y],m] = [[x,m],y],

forany me M, x,y € L.
For a Leibniz algebra L and module M over L we consider the spaces

CL°(L,M) =M, CL"(L,M) = Hom(L®" M), n > 0.
Let d" : CL"(L, M) — CL™*!(L, M) be an C-homomorphism defined by

n+1
(@) (@1, s Tng1) = 21, 0(@2, - s Tng)] + (1) p(@r, . By Tgn), i
=2

+ Z (_1)j+180(x1,.-.,in_h[l‘i,l‘j],xi+1,.-.,/fj,.-.,$n+1),
1<i<j<n+1

where ¢ € CL"(L, M) and x; € L. The property d"*! o d" = 0 leads that the derivative

operator d = Y_ d’ satisfies the property dod = 0. Therefore, the n-th cohomology group
i>0
is well defined by

HL"(L, M) := ZL"(L, M) /BL"(L, M),

where the elements ZL"(L, M) := Ker d"*! and BL"(L, M) := Im d" are called n-
cocycles and n-coboundaries, respectively.
In the case of n = 2 we give explicit expressions for elements ZL?(L, L) and BL?(L, L).
Namely, elements ¢ € BL?(L, L) and ¢ € ZL*(L, L) are defined by:
Y(z,y) = [d(x),y] + [z,d(y)] — d([z,y]) for some linear map d € Hom(L, L), (1)

[xaw(yvz)] - [(p(x,y)vz] + [@(x,z)ay] + (p(xa [y,z]) - cp([ﬂc,y],z) + (,0([$,Z],y) =0. (2)

In terms of cohomology groups the notion of completeness of a Leibniz algebra L
means that it is centerless and HL'(L, L) = 0.

Definition 9. A Leibniz algebra L is called cohomologically rigid if HL*(L, L) = 0.

Remark 10. For a centerless Lie algebra G it is known that H?(G, G) = HL*(G, G) (see
Corollary 2 of [14]).
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3. Main results

Let us consider the following family of nilpotent Leibniz algebras L(a;, ;) with 1 <
1 <k+4+1,1<j <k with a given the multiplication table:

[es, e1] = eita, 2<i<nyg,

le1,ei] = —eit1, 3<i<n,

[eni+.. +nj+2761] = Cni+o 01440 2<i<nju, 1<j<k-1,
[e1, enyt..c4ny+i] = —€nytotny+1+is 3<i<mnjp, 1<j<k—1,
le1,e1] = arh,

[e2, e2] = anh,

[€n1+...+ni+25 €ny . nit2] = Qigah, I<i<k-1

le1,e2] = —e3 + Bih

[e1; €ny 4 nit2] = —€nitong43 + Bivrh, 1<i<k-—1,

where n; > ng > ...n; > 1 and at least one of the parameters o, 3; is non-zero.
One can assume that a7 # 0. Indeed, if a; = 0, then taking the following change of
the basis

k—1

! i I ! /
¢} = Ajer + Agea + Y Bien,y yn42, €h=re2, €y =le} €],
=1

2<i<mni;, K =h,

/ _ / L /
Enytotng+2 = Cmatotn 420 Cngpdng 14 = [en1+...+m‘+i’el]a
2<i<njp, 1<j<k-1,

we have
k-1 k-1
e, el] = (A3an + Y Biais + A1 Asfy + ALY Blaigafi)h
i=1 i=1

Taking into account that at least one of the parameters «;, §; is non-zero, we always
can chose values A1, Ao, B; such that

k—1 k—1
Aas + Y Biaips + A1Asfr + A1 Y BiaiaBip1 # 0.

i=1 i=1

Therefore, we can conclude that parameter a; is non-zero. Now, scaling the basis
element h we can assume that a; = 1, i.e., [e1,e1] = h.
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Thus, we consider the family of nilpotent Leibniz algebras L(«;, 8;) with 1 < i < k:

lei, e1] = eit1, 2 <1< ny,

le1, €] = —eiq1, 3 <i< ny,
[€n14..dnjtis €1] = €nytoo i+ 1445 2<i<njy, 1 <j<k—1,
le1; en+.. +n,+z} = “Cnit+..4n;+14i 3<i<nj, 1<j<k—1,
ler, e1] =

[e2,e2] = oqh

[€ni+..4nit2: €nytfnit2] = Qigp1h, 1<i<k-1.

le1, e2] = —e3 + Pih,

(€1, €ny 4. qnit2) = —€nig.tni+3 + Big1h, 1<i<k—1,

where nqy > ng > ...ng > 1.
3.1. Particular case

In order to avoid routine calculations which involve many indexes we limit ourselves
to the family L(aq, g, 51, 82) with the following multiplication table:

[e:, e1] = eita, 2 <1< ny,

le1, €] = —eiq1, 3<i< g,

[fise1] = fit1, 1<i<ny—1,

le1, fil = —fis1, 2<i<ng—1,

ler, e1] = h, [e2, €2] = ash, [f1, f1] = azh,
le1,e2] = —es + Bih, [er, fil = —f2 + B2h.

Proposition 11. Any derivation on the algebra L(ay, as, f1, B2) has the following matrix
form.:

]D):(A B), where

C D
ni+1 ni+1 ny ni+l
A= Z NEL + Z (i =2M +12)Bia+ Y Y v-ir2Bij,
=2 j=1+1
ne ni+1
C= Z Z 05 —iv1Ei j,
i=1 j=i+1

n2 no

B = ZM;EI JF C1€1n1 + Fa g1+ (M201)Bay1 + > Y 6-ivaFBig,

j=1 =2 j=i—1
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2 n 2

D= Z((Z — DX\ +v1)Eii + c3E1 gy + Z Z Vi—ig1Ei j + (p1o2)E2 nyg1

=1 =2 j=1i+1

+ mEnQJanerl

m = (2M\1 + Xof1 + p1B2), A € My, 410141, B € My, 41,0541, C € Mpyq1ny41, D €
Miy+1,n.41 and matriz units E; ; and with the restrictions:

a1y + axdy =0,

—2Xoa1 4+ M B1 4+ X257 + p1B1B2 — 21 — 6182 = 0,
=21 + Aif2 + Xaf1 B + 1 B3 — 0281 — v12 = 0,
a1(2A1 + A2t + 12 — 272) = 0,

@2(2A1 + A2f1 + 12 — 2v1) =0,

where My, n, is the set of all m x n matrices. Moreover, if ny > ng, then 0; = 0 with
2<j<mg—no+1.

Proof. The proof is carried out by straightforward computation the derivation property
and using the table of multiplications of the algebras L(aq, a9, 51,02). O

Lemma 12. Let d be a derivation on the algebra L(ay,as, 81, 82). Then we have that
coefficient d(h)|p is €1 + €2, where €, € {v1,A1,72}.

Proof. Let us consider the following cases:

(1) @y # 0. In this case, by applying the derivation conditions we have 2A; + \of1 +
1182 — 2v1 = 0 then d(h) = 21 h.
(2) ag =0 and oy # 0. Similar to the above case we have d(h) = 2y2h.
(3) ag =0 and a3 = 0. We consider the following:
(a) B2 # 0. Making the following change of basis: €} = e1, €} = fae; — f1fi—1, 2 <
i <ng+1,e; = Pae;,na+2<i<ny+1land f] = fi, 1 <i < ngy, we can suppose
B; = 0 and by restrictions we have that u1 82 = v1 — ;. Hence, d(h) = (A1 +v1)h.
(b) B2 =1 =0. Then d(h) = 2\ h.
(¢) B2 =0, B1 # 0. By restrictions we have that A28y = v2 — A;. Therefore, d(h) =
(M +y2)h. O

Lemma 13. The number of nil-independent derivations of the algebra L(ay, g, 51, B2) is
equal to 4.

Proof. We are going to prove that the matrix D is a nilpotent matrix if and only if
A1 =72 = v1 = 6102 = 0. By Lemma 12, we have that d(h) = (a1 A1 + a2y2 + asvy)h.
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According Proposition 11 we have

D= A-BY _ (At A B where
~\c D) C Dy +Dy )’

Ay = diag{ 1,72, A1 + 725, (N1 — 1A + 72},
Dy = diag{vi, A\ + 1,20 + v, (n2 — DA+ v, a0+ agye + asvr )

are diagonal matrices, while As, Dy, C' are strictly upper triangular matrices and the
matrix B is upper triangular matrix with non-zero diagonal under the main diagonal.
Note that matrices A; Ay, A3, DDy, D? are nilpotent, the matrices C'(4; + A) and
(D1 + D3)C have the same type pattern as C' (that is if any entry of C is 0, the entry of
C(A; + Az) and the entry of (D1 + D3)C at the same position is zero, as well). Likewise,
the matrix (A; + A2)B and B(D; + D3) has the same pattern as B.
It is easy to see that BC' = K7 + K> with diagonal matrix

K1 = diag{0,5192,5192, . .,5192,0, .. ,0}

n2

and strictly upper triangular matrix Ks. Similarly, CB = Z; + Z5 with diagonal matrix
7y = diag{d162, 0102, ...,8102,0} and strictly upper triangular matrix Zs.
According to the above arguments we have the following formula:

D? — Kltﬁz ~E~
C Di+Dy ]’

where Zz, Dy— nilpotent matrices and the matrices B and C are the same type as B
and C, respectively and A; and D, are the following diagonal matrices:

Ay = diag{ 3,73 + 6102, (M +72)% + 610s, ..., (2 — 2)A1 +72)% + 6162,
((712 - 1))‘1 + 72)27 R ((nl - 1))‘1 + ’72)2}’

.51 = diag{V% + 5102, ()\1 + V1)2 + 6192, (2)\1 + 1/1)2 + 6192, e
ooy ((ng = )AL 4+ 11)% + 0102, (a1 M1 + azye + asvr)?}

To continue iteration we conclude that in the main diagonal of the matrix D* will be
equal to zero if and only if Ay = v = v; = §102 = 0. Thus, the nilpotency of the matrix
D implies )\1 =Y =V = 5192 =0.

Let us assume now that A\; = 72 = v; = §102 = 0. Then we obtain that matrices
2(1 + ;{2, 151 + 52, C are strictly upper triangular and the matrix B is upper triangular.
Therefore, the matrix D? is nilpotent and hence, D is nilpotent. O

Let R be a solvable Leibniz algebra whose nilpotent radical is the algebras from
L(ay, ag, 81, f2). We denote by @ the complementary subspace to a nilpotent radical of
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R. Due to work [10] we have that dimension of @ is bounded by number of nil-independent
derivations of L(«a1, as, f1, f2).
Let us introduce the notations
dy € @erL(oq,ozz,Bl,Bg) with A\; # 0, Yo =V = 0109 = 0,
do € @eTL(Oq,OzQ,ﬁl,ﬁg) with Y2 7é O, A =V = 6102 = 0,
ds € @67“[1(0(1,0[2,51,52) with 14 75 0, A = Yo = 0109 = 0,
( )

dy € DerL(aq, as, 51, B2) with d105 75 0, A\ = Yo =vy; = 0.
Proposition 14. dim Q < 3.

Proof. Due to Lemma 13 we have that the number of nil-independent derivations of
L(ay, a9, 81, f2) is equal to 4 and they are dependent on parameters Ay, ya, V1, 02, 61. Let
us assume that dim Q = 4, that is, @ = {1, 22, 3, z4}. Then

R$i|L(a1,a2,ﬂl,ﬁ2) == di, 7/: 1,. .. ,4.

Rescaling the basis elements x;, 1 < i < 4 one can assume that Ay =1 in dy, 72 =1
in do, 1 = 1 in d3, respectively.

Let us assume that 05 # 0 (recall that this case is impossible when nq > ng). Thanks
to Theorem 4 we have R? C L(ay,as, 31, 32). Applying this embedding in the following
equalities:

() f2 = [f1, [w2, za]) = [[f1, wa), wa] = [[f1, 2], 2] = —e + L(i, B5)°
we get a contradiction with the assumption that 6 # 0. Thus, we obtain dim@Q < 3. O

The following theorem describes solvable Leibniz algebras with nilpotent radical
L(ay, ag, 81, f2) and maximal possible dimension of Q.

Theorem 15. Solvable Leibniz algebra with nilpotent radical L(ay, ag, B1,B2) and three-
dimensional complementary subspace is isomorphic to the algebra:

[e1,e1] = h, [ei,e1] = —[e1, €] = eiy1, 2<i<ny,
[h, 1] = 2h, [fi,e] = =lex, fi] = fita, I<i<ng—1,
. ler, 1] = —[z1,€1] = €1, [ei, 1] = —[x1,6;] = (i —2)e;, 3<i<mng+1,
) o] =~z fil =G =1 fi, 2<i <mny,
[e:, 2] = —[x2, €] = €4, 2<i<mn+1,
[fis @3] = =[x, fi] = fi, 1<i<ny.
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Proof. Let R = L(ay, as, f1,52) ® Q with {e1,ea,...,€n,41,f1 -+, frno, 1,22, 23} such
that

in\L(ahO@ﬁlﬁz) =d;, i =1,2,3.

Due to Proposition 11 we have the products [L(a1, ag, B1, B2), z;],1 < j < 3.
From the multiplication table of the algebra L(aq, as, 1, 32) we derive that

e; ¢ Ann,(R) with 1<i<mny, f;¢ Ann,(R) with1<j<no—1.

Taking into account that for any z,y € R we have [z,y] + [y, 2] € Ann,.(R) we conclude
that

[z1, ] + [ei, 1] = ($)en, 41 + (%) o, + ($)h, 1 <d <y,
[‘rlafi] + [fhxl] = (*)6n1+1 =+ (*)fnz + (*)h7 1<i<ny—1.

Consider
(21, €ny41] (21, [eny, e1]] = [[z1, en, ], e1] = [[z1, 1], €0, ] =
[—leny, z1], ea] — [—[er, 1], en,] = —(n1 — 1)en, 41,
(21, fra] = (71, [fra-1,ea]] = [[21, frn 1], e1] = [[z1, €1], frp—1] =
= [ [fnzflaxl}’el] - [_[617931]; anfl] =
ni+1
— Z Ok—ny+1,166 — (N2 — 1) fr,.
k=ns+2

This implies that ep, +1, fn, ¢ Ann,(R)
We claim that span{e;, f; |1 <i<n;+1, 1 <j<mng)NAnn,(R)={0}. Indeed, let

z=aier+agea+...+ap,41€n,+1 —|—b1f1 +...+ bnzfnz +cC121 + Ccox2 +C323 € AHHT(R).
Then considering the products

0= [l‘l,Z} = [l‘g,z] = [.’133,2:] = [61,2’] = [6272] = [flaz]

we derive z = 0.
Thus, we obtain Ann,.(R) = (h) and

[z),e;]) = —lei,zj] + (x)h, 1<i<ng+1, 1<j<3,
[mj7f2]:_[f’b7x]]+(*)h7 1§Z§n27 1§]§37
[.’L‘i,.Tj] = —[.’L‘j,{)?i] + (>l<)h7 1 < i,j < 3.
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It is easy to see that the quotient algebra R/Ann,(R) is a particular case of the Lie

algebra tv.. Namely, the quotient Lie algebra has nilpotent radical n. with characteristic

sequence (ng,ng, 1) and its multiplication table has the following form:

lei, e1] = —[e1, €] = eiq1, 2<i<n,
[fie1] = —lex, fil = fisa, 1<i<ny—1,
[61,$1] = [551,61] = €1,

e, 1] = —[z1,6;] = (1 — 2)e;, 3<i<n+1,
[fisz1] = —[21, fi] = (i = 1) fi, 2<i< ny,

lei, T2] = —[z2,€i] = €4, 2<i<n+1,
[fis@s] = —[as, fi] = fi, 1 <i<ns.

If we now rise up to the initial algebra R, then we get the following multiplication

table (we omit the bracket of the family

le1, ;] = 015€1 + ajh,
lea, ;] = 0a5€2 + bjh,
les, z;] = (1 = d3,5)es + c;h
les, 21] = (i — 2)e,
[ei, 2] = ei,

[f1,25] = M1 + djh,
[f2,25] = (1 = 02j) f2 + g;
[fi,z1] = (i = 1)fi,
[fisxz3] = fi,

[h, ;] = mjh,

[z, 5] = @i jh,

with d;; the Kronecker symbol, A = 0 if j

L(Oél,ag,ﬂl, ﬁQ)):

[j,e1] = —01je1 +ajh, 1 <j<3
[z),e }:—62je2+bh 1<j<3
1<j5<3

4<i<m +1,

4<i<n+1,

[z, f1] = —A\f1 + dih,

3 <1< ng,

3 <1< ng,

1<j5<3

1<4,57<3,

=1,2and A=1if j = 3.

The Leibniz identity on the following triples imposes further constraints on the above

family.
Leibniz identity Constraint Leibniz identity Constraint
{61,61,931}, = my :23 {61,62,.%1}, = ﬂl :07
{er,e1, 2}, 2<i<3 = m; =0, {ex, f1, 71}, = p2=0,
{62,6271‘1}, = 041:0, {62,61,‘%1'}, 1 S’ng = Ci:(),
{f1, fr, 21}, = az=0, {fi,er,zi}, 1<i<3 = ¢;=0.

At that time, the following change of basis

b d
el =e1—ah, 6’2262_31h» f{:fl_éhv Ty = — %1/1 1<i<3
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allows to assume that a1 =by =dy = ;1 =0for 1 <¢ < 3.
We again apply the Leibniz identity and we have the following:

Leibniz identity Constraint

{i,er, 21}, 1<i<3 = @;=01<i<3,

{zi,e2,21}, 1< <3 = b =0 1<i<3,
{fla'riaxl}a2gi§3 = dz:O,2§ZS3,
{xﬁflaxl}aQSng = d1:0,1§’l§3,
{61,1:i,$1},2§i§3 = CLZZO,QSZS:S’
{62,$i,$1},2§i§3 = 6120,2§Z§37
{xi,xj,xl},1§i§3,2§j§3 = @¢7j20,1§7;§3,2§j§3.

Finally, if we consider the equalities [z}, ;] = [z}, [e;—1,e1]] with 3 <i <mn; +1 and

[z}, fi] = [z}, [fi—1,e1]] with 2 <4 < ngy, 1 <j <3 we obtain the multiplication table of
the algebra given in Theorem 15. 0O

The next result establishes the completeness of the algebra R.
Theorem 16. The solvable Leibniz algebra R is complete.
Proof. Centerless of the algebra R follows immediately from the multiplication table in
Theorem 15. Note that (h) forms an ideal of R.

The quotient algebra R/(h) is the algebra t., which is complete due to Theorem 8.
Applying this result in the following equalities by modulo of an ideal (h):

d(e1) = d([e1,z1]) = [d(e1), z1] + [e1,d(z1)] Z0 = d(e1) = Rae, (1) = ah, a € C,
0 = d([ea,x1]) = [d(e2), x1] + [e2, d(x1)] = [d(e2), x1] = d(e2) = 0,
d(eH_l) = d([ei,el ) = [d(ei),el] + [ei,d(el)] =0= d(eH_l) = O7 2 S ) S ni,
0 = d([f1, z1]) = [d(f1), z1] + [f1, d(z1)] = [d(f1), 2] = d(f1) =0,
d(fir1) = d([fi,ea]) = [d(fi), 1] + [fi,d(e1)] =0 = d(fi+1) =0, 1 <i <np — 1,
0 = d([zi, x1]) = [d(x;), 1] + [zi,d(x1)] = [d(x4), 1] = d(z;) = 0,1 <7 <3,

and in the chain of equalities

2d(er), ea] + 2ler, d(er)] = 2d([ex, e1]) = 2d(h) = d({h,21]) = [d(h), 21] + [h, d(x1)]
= d(h) = Rz, (h) = 26h, f € C

we conclude that any derivation on R is inner. 0O

Now we prove the triviality of the second group of cohomology for the algebra R
with coefficients in the adjoint representation (that is HL?*(R, R) = 0). Since J := (h)
is an ideal of R and quotient algebra R/J is the Lie algebra t., we get a decomposition
R = t. @ J as the direct sum of the vector spaces (here we identify the space of the
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quotient space t. and its preimage under the natural homomorphism). Hence, for any
x,y € Rand p(z,y) € ZL*(R, R) one has

[z, y] = [z,y]e, + [z,9]5,  ©(@,y) = o(@,9), +¢(2,9),
with [z,y]e, € v, [2,y]ls € J and @(z,y)., € te, w(2,y)5 € J.

For arbitrary elements x,y, z € t. and ¢ € ZL*(R, R) using (2) we consider the chain
of equalities:

0 = [z,0(y, 2)] — [p(x,9), 2] + [p(z, 2), 4] + (=, [y, 2]) — ¢([z,9], 2) + ([z, 2], y) =
z, ¢(

= [z, 0y, 2)eLee — [0( Y)ees 2]ee + [0(2; 2)ecs Yl + 02 [y, 2]e0 )ee — o([2, Ylee, 2)e+
o[z, 2]ees y)ee + [z 00y, 2)e)s + (2, 0(y, 2)sls = [0(@,y)es 210 — (2, 9) 0, 2]+
[‘P(‘T7z)tc’ ] [ (1‘17Z)J7y}J+50('r3 [ya Z}YC)J+S0(:I:’ [yaZ]J)tc +(p(l’, [yaZ]J)Jf
@([‘T?y}fcaz) (p([il?,y]J,Z)rC - (p([it,y]J,Z)J —|—(p([l’,2’]tc,y)J +<p([17,Z]J,y)tc+
+o([z, 2]5,9) s

From this we obtain

[p(x, 2)es yla + [, 0y, 2)s]s + 2,0y, 2)e Js + (2, 2) 55yl s+
@(xa [ ] ) [90('7:7?/)1‘0’ Z]J - [(p(xay)Lh Z}J + gO(.’E, [ya Z}J)J_ (4)
o[z, yle,, 2) 7 — @[z, 9]0, 2) 5 + ([, 2]e., v) 7 + @[, 2], )57 = 0.

Note that the first six terms of the equality (3) define a Leibniz 2-cocycle for the
quotient Lie algebra t.. Therefore, Leibniz 2-cocycles of the Lie algebra t, with its trivial
extensions on domains J ® R, R® J, J ®J are included into ZL*(R, R) (the same is true
for 2-coboundaries of the algebra t.). Moreover, the last three terms in (3) appear only
for the triples {e1,e1,a}, {e1,a,e1}, {a,e1,e1} with a € t..

Proposition 17. The following 2-cochains together with a basis of ZL* (te,te):

pi(er,e1) = h, wa(z1,21) = h, w3(r3,71) = h, pa(w2,71) = h,
@s(x1,e1) = h, we(e2,e1) = —pg(e1, e2) = h,
ps(e1,x1) = h, we(es, x1) = pe(es, x2) = —h,
w7(f1,21) = —2h, pg(w2, e2) = —pg(ea, x2) = h,
or(f1,23) = —pr(x3, f1) = h, ps(e2, x1) = 2h,
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pole1,e1) = s,

wo(h, 1) = x3,

wo(h, f;) = —po(fih) = 3 fi,

1 <7 < no,

v11(h,h) = —h,

e11(h, z1) = 2¢11(e1,€1) = 21,
p11(h,e1) = —p11(e1, h) = ser,
e11(h,€;) = —p11(e;, h) = S2e;,
e11(h, f; =—<P11(fga h) =5 fj,

@%3(61761) =€,
30}3(61, h) = fcpjl?’(h, e1) = €jt1,
03’ (z1,h) = (j — 2)ej,
80;3(]17351) = —(j — 4)ey,

(

pi(x2,h) = —p}P(h,2) = ej,
2<j5j<n+1,

90}5(617%') = —pi°(ej,e1) = h,
¢i°(x1,e541) = (5 — 1),

SOJl (€g+1, 1) =@B—jh,

@i (22, ¢541) = —p° (€41, 22) = h,
3<7<ny,

p1o(er,e1) = %532,

p10(h, 1) = 22,

e10(h, €;) = —p10(ei, h) = 3ei,
2<i1<n;+1,

p12(e1,e1) = ey,
p12(e1, h) = p12(h,e1) = —h,
p12(h,x1) = p12(z1,h) = e1,
p12(h, e;) = —p12(es, h) = eiq1,
p12(h, f5) = —p12(f5, h) = fit1,
2<i<ng, 1 <5< ng—1,
90]1 (e1,e1) = fj,
pit(er,h) = —pi*(h,e1) = fit1,
(3717}1) (7 =1 fj
@it (h,x1) = (3—4)f;,
( h) = —903 4(h,x3) = Iis
1 < J < ng,
pi%er, f;) = —¢}°(fj e1) = h,
¢i%(@1, fj41) = jh,
} (fi+1,21) = (2= J)h,
0i%(xs, fi+1) = —}°(fit1,23) = b,

1§j§n2—1,

form a basis of spaces ZL*(R, R) and BL?*(R, R).

Proof. The proof of this proposition is carried out by straightforward calculations of (1)
and (2) by using result of Theorem 8. In fact, due to Remark 10 and centerlessness of the
Lie algebra t. we conclude that H?(t.,t.) = HL? (te, te), that is, 712 (te,te) = BL2 (teyte).
Taking into account that ZL?(t,, t.) is isomorphically embedded into ZL?(R, R) (respec-
tively, BL* (., t.) is isomorphically embedded into BL?(R, R)) we need to find a basis of
complementary subspaces to ZL?(t,, t.) (respectively, to BL*(t.,t.)).

Further, we consider the equalities (d?p)(z,y, z) = 0 for the following cases:

x,Y, 2 € J, rer,y,z€J, r,zeJyer., z,yeJ zecr,
T,y Ete,z€J, x,z€t,yed x€Jy z€Er,,

from where we get the relations similar to the equations (3) and (4). In addition, cal-
culations of (3) for the triples {e1,e1,a}, {e1,a,e1}, {a,e1,e1} with a € t. and (4) for
z,y, 7z € t, give us some additional relations for complementary subspace to ZL? (te, te)-
Finally, combining all restrictions on 2-cocycles and identifying the basis of comple-
mentary subspace to ZL?(t., t.) in ZL?(R, R) we get the required basis of ZLQ(R, R).
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Applying the same arguments for 2-coboundaries we complete the proof of theo-
rem. O

Remark 18. In the above proposition we simplified the calculations using the results
for the quotient Lie algebra t.. In fact, we exclude calculation of equalities (4) for the
triples x,y, z € t. except {e1,e1,a}, {e1,a,e1}, {a,e1,e1} with a € t.. Thus, instead of
(dimt.)? triples we calculated just 3dimrt, triples in (4).

As a consequence of Proposition 17 we get the following main result.

Theorem 19. The solvable Leibniz algebra R is a cohomologically rigid algebra.
4. General case

In this section we present results similar to that obtained in particular case for solvable
Leibniz algebras with nilpotent radical L(cy, 5;), 1 < i < k and (k + 1)-dimensional
complementary subspace.

Taking into account that the general case is analogous to a special case we omit routine
calculations using indexes n; and induction in the proofs of results below, we just give
short sketch their proofs.

The sketch consists of the following steps:

(1) Firstly, we compute the space Der(L(ay, 5;)) with 1 < i < k. Further, we indicate
(k + 1)-pieces nil-independent derivations, which are dependent on only non-zero
parameters in the diagonal of the general matrix form of derivations.

(2) Secondly, we construct the solvable Leibniz algebra R = L(«a;, 6;) ® @ with
Q = (x1,...,2Tk41) such that Rmsu(a“&) = dg, where ds, 1 < s < k + 1 are the
nil-independent derivations indicated in the first step. Next, applying the Leibniz
identity, the appropriate basis transformations and the mathematical induction we
obtain the statement of Theorem 20.

(3) In order to prove the completeness of the solvable Leibniz algebra R (the first asser-
tion of Theorem 21) we just need to verify the multiplication table of R obtained in
the second step and using the fact that any derivation on the quotient Lie algebra
t. = R/(h) is inner together with arguments applied in the proof of the particular
case (see Theorem 16) allow us to prove the completeness of the algebra R.

(4) Finally, in the study of the second cohomology group of the algebra R we also
use the triviality of the second group of cohomologies for the quotient algebra t.,
that is, we use the equality Z?(x.,t.) = B?(t.,t.). By arguments applied in before
Proposition 17 and due to Remark 10 we conclude

7% (te,te) = ZL3(x. ) € ZL2(R,R), B2(t.,t.) = BL?(t.,t.) C BL*(R,R)
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we only need to compute the dimensions of complementary subspaces to ZL? (v, te)
(respectively, to BL*(t,t.)) in ZL?*(R,R) (respectively, in BL?(R,R)). Thus, the
proof of triviality of the second cohomology group for the algebra R with coefficients
in the adjoint representation is completed by computations of dimensions of the
mentioned complementary subspaces.

Theorem 20. Solvable Leibniz algebra with nilpotent radical L(c, B;), 1 < i < k and

(k + 1)-dimensional complementary subspace is isomorphic to the algebra:

le1,e1] = h, [h,x1] = 2h,

lei,e1] = —le1, ;] = ey, 2 <1< ny,

[eny+..ctnstis €1] = —[€1, €nyttnj+il = €nito 4144y 2<i<njqa,
R. le1, 2] = —[z1, 1] = ex,

lei, 1] = —[z1,€;] = (i — 2)e, 3<i<mn+1,

[enyt..tnjtis T1] = —[@1, €nytopnyra] = (0 — 2)€ny4ognyi 2 <8 S mjg,

[ei, ko] = —[x2, €;] = €, 2<i<ni+1,

[€ny+..4+n;+i> Tiva] = —[Tjr2, €ny . tng+il = €nytodngtis 2 <0 <mjg,

where 1 < j <k —1.

Theorem 21. The solvable Leibniz algebra R is complete and its second group of coho-
mologies in coefficient itself is trivial.

From the results of the paper [4] we obtain rigidity of the algebra R.
Corollary 22. The solvable Leibniz algebra R is rigid.

Remark 23. Note that the structure of the rigid algebra R depends on the given de-
creasing sequence (ni,ng,...,ng). Set p(n) the number of such sequences, that is,
p(z) is the number of integer solutions of the equation ny + ng + ... + nip = n with
ny > ng > ... > ng > 0. The asymptotic value of p(n), given in [17] by the expression

p(n) ~ me” 2n/3 " (where a(n) ~ b(n) means that Jim ‘Z((Z) = 1) get the existence

of at least p(n) irreducible components of the variety of Leibniz algebras of dimension
n+k+ 3.
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