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Introduction

We introduce the centralizer algebra Q Py (n), the quasi-partition algebra. This algebra
arises as a subalgebra of the partition algebra, Py(n), which was introduced indepen-
dently by Jones [9] and Martin [10] as a generalization of the Temperley—Lieb algebra
and the Potts model in statistical mechanics. Jones defined Py (n) as a centralizer alge-
bra and explicitly described the Schur—-Weyl duality between P (n) and the symmetric
group S,. Specifically, Pj(n) generically centralizes the action of the symmetric group
on the k-fold tensor product of the permutation representation V' of S, i.e.
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Py(n) 2 Endg, (V®*) when n > 2k.

The partition algebra has a basis indexed by set partitions. These set partitions can
be encoded into graphs that make the partition algebra into a diagram algebra with
multiplication given by concatenation of diagrams.

The permutation representation V' decomposes into a direct sum of the trivial rep-
resentation S(™ and the irreducible reflection representation W = S(~L1 We define
QPi(n) as the centralizer

QPy(n) = Ends, (W&F).

We describe a basis for QP (n), which is indexed by set partitions of 2k elements without
sets of size one. The dimension is therefore the number of such partitions, given by a
formula in terms of the Bell numbers.

From our construction, QPx(n) is a subalgebra of Py(n). In addition we show that
QPi(n) is also isomorphic to a subalgebra of Py(n — 1); we exploit this relationship to
provide a set of generators for QP (n) and find relations satisfied by these generators.
We give a formula for the product in QPx(n) and show that it is dominated by the
relations in Py(n — 1). Using the rule for decomposing the tensor product of W with
any other irreducible representation S* of the symmetric group, we show that for k > 2
the irreducible representations of QP (n) are indexed by the set of integer partitions of
0,1,2,...,k. We construct the Bratteli diagram, which encodes inclusion and restriction
rules between QP;_1(n) and QPy(n). We also give a formula for the dimensions of the
irreducible representations for QP (n).

While the study of rook algebras often follows from the study of a pre-existing cen-
tralizer algebra, in our case, it is the partition algebra that can be interpreted as the rook
algebra of our quasi-partition algebra. If A centralizes B on V&, the rook version of A
centralizes B on U®*, where U is the direct sum of V and the trivial B-module. There
has been a lot of work related to rook monoid algebras in recent years. The Motzkin
algebra of Benkart and Halverson is the rook version of the Temperley—Lieb algebra [1];
the rook Brauer algebra studied in [6] generalizes the classical Brauer algebra; and the
rook partition algebra studied in [7] generalizes the classical partition algebra. However,
the partition algebra centralizes the action of the symmetric group on the k-fold ten-
sor product of the permutation representation, which itself decomposes into the direct
sum of the trivial module and the irreducible reflection representation. As we will see in
the remark following Corollary 2.6, for example, our dimension formula agrees with this
point of view.

We also expect some results in the representation theory of QPy(n) to correspond
to results about the Kronecker product. Similar as in [2], this comes from the duality
between the symmetric group and the quasi-partition algebra. However, in order to apply
similar results to those obtained in [2], we first need to understand the non-semisimple
representation theory of Q Py (n) more deeply. We plan to further explore the structure of
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this new algebra and seek applications to symmetric functions and to the representation
theory of the symmetric group.

1. The partition algebra

The structure of the quasi-partition algebra QPj(n) is understood through the struc-
ture of the partition algebra Py(n). A basis for each algebra is encoded both as set
partitions and as diagrams, and actions of both algebras on tensor space are calcu-
lated from those diagrams. Combinatorial results about the irreducible representations
of QP (n) will resemble those for the partition algebra as well. In this section we set the
stage by describing the general partition algebra Py () in terms of the partition diagrams
and describing its action on tensor space.

1.1. Set partitions and partition diagrams

A set partition of a set S is a set of pairwise disjoint subsets of S, called blocks, whose
union is S. Fix k € Z~¢, and denote

k] ={1,....k} and [K]={1,....K'},

so that [kK]U [K'] ={1,...,k,1',... K’} is formally a set with 2k elements.

For each set partition of [k] U [k'], we associate a diagram as follows. Consider the set
of simple graphs with 2k vertices labeled from [k] U [k], and draw the graph so that the
vertices appear in two rows, 1,...,k on the top and 1’,...,%" on the bottom. Any two
vertices in the same block of a set partition are connected by a path. In particular, the
connected components of the graph correspond to the blocks in the set partition. Define
two graphs to be equivalent if their connected components partition the 2k (labeled)
vertices in the same way. Then we define a k-partition diagram or simply diagram as
the equivalence class of graphs corresponding to the same set partition of [k] U [k]. For

example,
1 2 3 4 1 2 3 4
[ ] [ ]
]/:—o—I and I .%
1 2/ 3 4’ 1’ 2/ 3’ 4!

are equivalent, and both represent diagrams for the set partition {{1,2,1'}, {3}, {2/, 3,
4’ 4}}.

Let C(z) be the field of rational functions with complex coefficients in an indetermi-
nate x. We define the product d; - do of two diagrams d; and ds using the concatenation
of d; above do, where we identify the southern vertices of d; with the northern vertices
of ds. If there are ¢ connected components consisting only of middle vertices, then the
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product is set equal to x¢ times the diagram with the middle components removed.
Extending this linearly defines a multiplication on Py (x).
For example,

*——o [ ] [ ] [ ] *——o [ ]
R N |
o
This product is associative and independent of the representative graphs.
The partition algebra Py(z) is the C(z)-span of the k-partition diagrams with this
product (with Py(z) = C(z)). Under this product, Py(z) is an associative algebra with

identity given by the diagram corresponding to {{1,1'},...,{k,k’}}. The dimension of
Py (z) is the number of set partitions of 2k elements, i.e. the Bell number B(2k).

1.2. Generators and relations of Py(z)

A presentation for P;(n) has been given in [8] and in [4]. Let

Theorem 1.1. (See Theorem 1.11 of [§].) Fix k € Z~¢. The partition algebra Py(x) is the
unital associative C-algebra presented by the generators b, s;, and p; for1 <1 < k—1 and

1 < j < k, together with Cozeter, idempotent, commutation, and contraction relations
(see (15)).

It is often useful to additionally distinguish the element

ei:bipipiJrlbi:I I : I I

for 1 < i < k — 1. Using subsets of {s;,e; | 1 < ¢ < k — 1}, one can generate the
Temperley—Lieb algebra TLy(x), the group algebra of the symmetric group C(z)Sy, and
the Brauer algebra By (x) all as subalgebras of the partition algebra Py (z).

1.3. Py(n) as a centralizer algebra of Sy,

Let V denote the n-dimensional permutation representation of the symmetric
group S,,. That is, V = C-span{v; | 1 <1i < n}, where
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0V =Vs(;) foro €Sy, (1)
Let S,, act diagonally on the basis of simple tensors in V®*:
0 - (Viy ® Viy @ -+ D Viy) = Vo (i1) @ V(i) @+ @ Vo(iy),

and extend this action linearly to V®*. This defines a S,,-module structure for V®*.

As in Section 1.1, number the vertices of a k-partition diagram 1,...,k from left
to right in the top row and 1’,..., k" from left to right on the bottom row. For each
k-partition diagram d and each integer sequence %1 ...,%k, %1/, ..., with 1 < ¢, < n
define

6(d)z:1,...,i,? _ J 1 if iy =15 whenever vertices t and s are connected in d, 2)
10tk 0 otherwise.

Define an action of a partition diagram d € Pj(n) on V®* by

d- (Uz‘1/ RV, @ ® vik’) - Z (5(d)li1""’i’? Vi, @ Uiy ® - D Vg,

Uyl gennylpel
1<iy, ik <n

and extending linearly. For example, the action of Py(n) on V®? is determined by

b'(’Uz‘@’Uj) :5ijvi®vi, 6'(’01@1)]') :51‘]'211[@’05,
=1

s-(v;®@uj)=v;Qv;, and peid-(v; ®v;) = <Z >®UJ, (3)

where
b:Dv 62:7 8=><, and pz:- (4)

Then s;,e;, and b;, for i = 1,...,k — 1 can be identified with the maps in End(V®¥)
given by

di =id®" ' @ d®id®* " where d = s, e, or b

the elements p; for i = 1,...,k can be identified with the maps in End(V ®*) given by

=id® ' @ p®id®*F

Theorem 1.2. (See [9].) S, and Py(n) generate full centralizers of each other in
End(V®k). In particular,

(a) Py(n) generates Endg, (V®*), and when n > 2k, Py(n) = Endg, (VEF);
(b) S, generates Endp, () (VEF).
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For the remainder of the paper, we identify the elements of Py(n) (with n > 2k
integers) with endomorphisms of V®*.

2. The quasi-partition algebra
In this section we are interested in studying the centralizer algebra
QP (n) =Endg, (W®k), where W = §(=11)
is the irreducible representation of S, indexed by the partition (n — 1,1). With V as
in (1), it is known that V' decomposes as V.= T@®W, where T is the trivial representation
(indexed by the partition (n)).

2.1. Action of S,, on W = §(n—11)

Using the same basis {v1,...,v,} for V as in Section 1.3, we fix a basis {wa, ..., w,}
for W, where w; = v; — v1. The permutation action of S,, on V in (1) induces an action
of S, on W given by

i f ) 2a
0w = We(;), foro € Sp  ,y and 81'wi={1fw2w2 fZiZ'iQ.

With S,, acting diagonally on W®* we define the quasi-partition algebra as the central-
izer algebra

QPi(n) = Ends, (W) = {g: W& = W®* | g0 = 5g Vo € S, }.

The partition algebra Py(n — 1) can be recognized as a subalgebra of End(W®*) via
the following change of basis. Define

fodvr, oo vna} = {we, o wn by fru = wig, (5)

and extend linearly. Then if d is a diagram in Py(n — 1), set

(= fodof . (6)

Hence, the action of [d] on W®* is the same as the action of d on V®* in one fewer
dimension, i.e. n has decreased by 1. Specifically, since the map d — [d] is a homomor-
phism, we have the property that if d1,ds € Py(n—1), then [d1][d2] = [d1d2]. We remark
that the maps [d]: W®* — W®* are not necessarily elements in the centralizer algebra
QPi(n). We will, however, use them to construct the elements of QP (n).
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2.2. Projections

Since V=W @& T, we have

V®k: o W®k D (é (];) (W®k7i ® T®k)> .

i=1

In this section, we construct the maps in QP (n) by applying maps in Py(n) on W®*
and then projecting the result (which have their images in the whole of V®*) back onto
Wek,

To this end, first define the projection w:V — T to be a projection of V onto T.
Hence,

1
w(vi)za(vl+-~~+vn) fori=1,...,n.

E

Gy <n s
E;; is the 4, j-matrix unit. Now define wy = 1%~! @ w ® 19%~*. The endomorphism ring

The matrix representation of nw is the matrix of all 1’s, i.e. np = Zlgi were

End(V®*) has basis E}'" )", and as a matrix tw; is given by

nwp = 2 : Eal7---,02—17?,az+1,-~7ak.
A1;.-4,00—-1,7,0¢415---,0k
1<i,j<n

1<am <n for m#L
So as an operator on V®* nw, = py, the element of Pj(n) with isolated vertices at £
and ¢, and all other blocks of the form {i,4'} for i # ¢ (see diagram at the beginning of
Section 1.2). We will show that a basis of QPy(n) is given by diagrams that do not have
isolated vertices. As we will see in Lemma 2.1, this is a result of the fact that isolated
vertices occur when d = pyd’ or d = d'p, for some diagram d’ and some 1 < £ < k.

Now we can define the projection 7:V — W by

1
r=id-—w=id— =p, sothat ®*" =7r@r® -
n

projects V¢ onto W&k, To simplify computations, we transform bases of V from
{v1,...,0n} to {v,wa, ..., w,}, where

n
vzg v; and w; =v; — vy
i=1

1 n
=0 i) = Wi, d i) = w; — —w, hy =0and w= i
m(v) , m(w;) =w;, and 7(v;) =w ~w, where w and w ;w
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Lemma 2.1. For all diagrams d € Py, (n), the projection 7®* od is an element of QPy(n).
Furthermore, if d is a diagram with one or more isolated vertices, then 7®* od = 0.

Proof. Since m = id — 1p is an operator on V (with p as in (4)), 7 commutes with the
action of S,,. So 7®* od € Endg, (V®*) = Py(n). Now considering W®* C VE* we have

Rk
7Ok o g WOk 4y YOk 1, ek

So 7@k o d is also an element of Endg, (W®*) = QPx(n).
Now suppose that d is a diagram with an isolated vertex. If the isolated vertex occurs
in the bottom row of the diagram on the ith vertex, then d = d'p; for some diagram d’.
But p = nw as operators on V, so p acts as 0 on W. So (7®* od) - (w;, ® -+ @w;, ) = 0.
If instead, the isolated vertex occurs in the top of the diagram on the ith vertex, then
d = p;d’. So again since p = nw as operators on V, we have

% (pd) = n(7® ' @ (row) @ 7®*D)d' =0, since mow = 0. 0
2.8. Basis for the quasi-partition algebra

In Lemma 2.1 we found a spanning set for QPx(n). We now show that the set of
projections of the diagrams without singleton vertices will form a basis. That is,

QPy(n) = C-span{d | d € D}, where D = {diagrams d without isolated vertices},

and d = 7®F o d. In order to prove this, we will show that if d is a diagram without
isolated vertices, then one can write 7% o d as a linear combination of the operator [d]
(as defined in (6)) and operators [d’] with isolated vertices.

Recall from (6) that for any diagram d, the operator [d] = fodo f~! € End(W®F)
acts on W®F the same way that the diagram d acts on (C"~!)®*. Notice that [d] is an
.y (W), However, [d] is in general not an element of Endg, (W®F).
Considering d as a set partition,

element of Endg,,

vy, ®---®u;, if for each B € d,
d-(vi, ® - Qu,,) = ip =i, forall ,m € B C [k|U[K], (7)
0 otherwise.

Let B be a block in d, and define
B':=BnN[k] and B’:=Bn[k],

so that B! (resp. B®) is the set of vertices in block B which are on the top (resp. bottom)
of the diagram. Then let

d'={Bed|B"=0} and d"={Bed|B' =0}
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be the sets of blocks containing vertices only on the top or bottom of the diagram,
respectively. See, for example, Example 2.4.
If X is a subset of [k] U [k], define the isolation of d (at X) as

dx, the diagram constructed from d by isolating all vertices in X.

For example, if £ = 4, X = {1',4'} and d = {{1,1',2'},{2,3,4},{3’,4’}}, then dx =
(L2}, {1}, {2,3,43, {3}, {'}}. Tn pictures,

1 2 3 4 1 2 3 4
*——o—0 o ———0

d= ; dx = \
*———0 L] L] [ ]
1/ 2/ 3/ 4/ 1/ 2/ 3/ 4/

Notice that two different sets X; and X5 can lead to the same isolation of d. In the above
example, the set Xo = {1/,3,4’'} and X; = {1/,4'} give dx, = dx,.

Lemma 2.2. The action of d := 7% o d on W®F is equal to the action of a linear
combination of [d] and diagrams [d'], where d’' is an isolation of d. That is,

d=1[d+Y cyldy], v €Cn), 8)
U

where the sum is over non-empty sets U of vertices satisfying
if UNB®#0 for any block B € d, then B C U.
Proof. The first step is to understand how d acts on an arbitrary element w € W&,
W=w, @@, = (v, —v1) @+ @ (vy, — v1).

Note that w is the sum of terms v with factors v;, or —v;. The collection of blocks
B in d\ d"' (blocks containing bottom vertices) checks for equality of factors in each v
corresponding to vertices in those blocks—d- v is zero if factors corresponding to vertices
in the same block are not equal. Since iy # 1, there are only two types of terms when
d does not act by zero: (1) terms v where for each block B, for all £ € B, the i,’s take
on the same value and these factors are all equal v;, and (2) terms where all factors
corresponding to vertices in B® are all —v;.

We now carry out the computation (7®% o d) - w. Let S C d\ d*, and for i =
(415, 0k, %17, ..., 1k) let dg; be the characteristic function

1 if for each B ¢ S,iy = iy, for all £, m € B, and
dsi = for each B € S,iy = 1 for all £ € B,
0 otherwise.
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Setting wy = 0,

(ﬂ_®k od) cw = k. Z (,1)2363 |BY| Z Ssi(vi, @+~ @y,

Sgd\dt il,...,ike[n]
1 1
= Z (=1)Xses |BY| Z 6S,i(<wi1 — _u,) QR (wzk — _w))
S5Cd\dt i1,ein€[n] " "

9)

If d* = (), then this implies that as operators on w,

, 1\ YLD
7%k o d = Z (1) XNl Z (_ﬁ> [dxuy]

X;Lég\edst B Y C[E\X
1
_ _Nul__—__
- Z (=1) n\Uﬂ[kH[dU]’
v 2oy

where the last sum is a double sum over sets X and Y of vertices satisfying

X=|JB with§Cd\d, and Y CIk\X. (10)
BeS

However, if B = {j1,...,j-} C [k] is a top block, then isolating the factors in positions
G1s -y dr in (7®% o d) - w yields

g () o)
ST (G )

where 0 € S,./(S, X Sr—q) acts by permuting the r factors, stabilizing the relative
positions of the factors of w®® and the factors of wlf@(rfa). So the term w®" appears with
an extra factor of n.

Thus, in general
1
®k — _1)lul ___
% od = (-1) AN [du], (11)

XY
U=XUY

where

NY)=|{Bed |BCY}|. O
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As noted before Lemma 2.2, a diagram dy may arise non-uniquely as a function
of U, and so Lemma 2.2 does not necessarily combine like-terms in d. Our next lemma
addresses this issue. To that end, define a viable isolation dofa diagram d as an isolation
that may appear in the expansion of d with non-zero coefficient, i.e. if any vertex of BY
is isolated in cf, then all vertices of B are isolated in d.

Lemma 2.3. Suppose d is a viable isolation of d with mazimal set of isolated vertices U,
and let ¢ be the coefficient of [d] after collecting like-terms in (8). Then ¢ falls into one
of the following cases:

1. Non-unique terms, i.e. ¢ is the sum of multiple terms:
(a) If B € d has exactly one vertez in [k'], and the vertices of B are isolated in d,
then ¢ = 0.
(b) Assume there is no block as in (a) completely isolated in d, and that d' is
non-empty.
If B ={By,...,B;} C dt and all blocks in B but no other blocks of d' are
completely isolated in c?, then

c(l)lU<n|Uml[k]—€) (Blc{guﬁ (Can ]| |B|)>

o} BeB’

where HBeB' |B| =1 when B = 0.
2. Unique terms: Ifd s not one of the cases in 1, then d appears umquely with coefficient

c= (-1l |W where U is the set of isolated vertices of d. In particular, if the

isolated vertices of d are all in [K'], then c = (—1)#{isolated vertices}

IfUN[k] # 0, then limy, o ¢ = 0.

Proof. Use the same notation as in Lemma 2.2, and continue from its proof.
In case 1 note that a diagram [dy] can appear multiple times, if selecting different
sets X and Y breaks up an entire block in different ways. This can happen in two cases.

(a) If some B € d\ d' has the property that B® has a single element, then including B
in X or including Bt in'Y result in the same dy.
In this case, pair each (X,Y") such that B C X, and (X', Y”) given by

=X\{B}, and Y' =Y UB

yield [dxuy] = [dx/uy’]. These terms occur with equal but opposite coefficients,
since

(XUY)n[k]| = |(X'uY)N[k]| but | X'UY'|=|XUY|-1

Thus the [dxyy] and [dx/yy’] terms cancel.
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(b) If B € dt, then the diagrams with B CY are exactly equal to those with one vertex
of B removed from'Y (Y' =Y \ {j} for some j € B).
Fix a collection of blocks By,..., B, in d*, and let U be some set of the form U =
X UY asin (10), such that

U B; CU, but dy has no other blocks in d' completely broken up.
1<t

Then [dy] will appear with coefficient

1
Cc = (71)‘U‘(W) for the set U,

((—1)|B,| H |B|>c for each non-empty B’ C {By,..., B/},
BeB'

where the second value counts the cases U = X UY’, where Y’ removes one element
from each B € B from Y: for each B, there are | B| ways to accomplish this, and each
resulting Y’ has N(Y') = N(Y)—|B|, |[U'| = |U|—|B'|, and |U'N[k]| = |[UN[k]|—|B'|.
So, collecting like-terms, the coefficient on [dy] is

cv = (~1)VI (W) <B/g§“732}<(—1)8’ BI;IB/ |B>>7

where [] e |B] =1 when B’ = 0.

If U C [K'], the term [dy] appears exactly once; the isolated vertices are unions of
blocks in d*, and so the coefficient is (—1)IV|. Otherwise, [dy;] appears exactly once, with
coefficient (—1)IV! W One can check that in each of these cases, if U N [k] # 0, then
lim, vooccy =0. O

Example 2.4. Let d be the diagram

So, for example,

3 4 5
°

1 2
d{33uB,UB; = V .
*——o—0 [ ] [ ] [ ]

1 2/ 3 4 5 6’ 7

[ Jeop!
-~
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Since

B! ={1,2}, BY = {1}, B! = By, BY =1, B! = Bs, B =0,
Bi=0, BY=Bs, Bi=0, and B.=Bs,

we have d* = { By, B3} and d® = {By, Bs}. Then the sum in (9) is over the sets

S - @, {Bl},{B4},{35},{Bl,B4}7{Bl,B5},{B4,B5}, or {Bl,B4,B5}.

Notice that dyey, d(7y, and dp, are all the same diagram. In Lemma 2.3, to avoid these
redundancies, set U = {6, 7} and consolidate d, = d(g} = d7} = dp, into a single term.

An example of case 1(a) is any isolation of B;. So the (simplified) coefficients on [dp, ],
[dB,UB,)s [dB,u{3}UBsUB,), OF any other term isolating By, will all be 0. For 2(b), consider
[dB,]. In this case, B = {B2} and the coefficient is

(—1)3<n311) (1) %1+ (1) %3) = %

This case also covers, for example, [d{1,5}U33U34]. Even though one vertex of B is
isolated, B is not completely isolated, and so B = {Bs} and the coefficient is

(-1)7 <n411> (D)% 1+ (-1)*x2) = %
The terms where U C [k'] are when S = (), {B4}, {Bs}, {B4, B5}, and expand to
(=1)°ld] + (=1)°[dp,] + (=1)°[dp,] + (=1)°[dB,uB,]-
For another example, a complete expansion of €; is given in (14).
Theorem 2.5. A basis for QPyx(n) is given by
{d|d e D} where D = {diagrams d without isolated vertices}
as before.

Proof. We have already established {d | d € D} as a spanning set. It remains to show
that it is also linearly independent. By Lemma 2.2, for each diagram d without singletons,
there is exactly one element d which has [d] with non-zero coefficient the expansion of
its projection (namely, d itself). Since the diagrams form a basis of Py(n — 1) when
n — 1 > 2k, and the elements [d] € End(W®F) generate an isomorphic subalgebra when
n — 1> 2k, this implies that {d | d € D} is linearly independent. 0O

We obtain as easy consequences of this theorem both dimension formulas and a result
concerning diagram multiplication.
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Corollary 2.6. If n > 2k+1, then the dimension of QPy(n) is the number of set partitions
of 2k without blocks of size one. This number is given by

2k

> (=17 B(2k - j) + 1,

j=1
where B(r) is the Bell number and B(0) = 1.

This can be easily checked by noticing that the number of set partitions without
singletons, a(r), satisfies the recurrence a(r + 1) + a(r) = B(r) subject to a(l) = 0
and a(2) = 1, and then that the formula satisfies this recurrence. These values a(r) can
alternately be described with the exponential generating function exp(exp(z) — 1 — z),
which follows from the above recurrence relation for a(r) and the exponential generating
function for the Bell numbers, exp(exp(x) — 1). For reference, the values of a(2k) expand
to 1,1,4,41,715,17722,... (A000296)—we are only interested in the even terms of the
sequence a(r) since our diagrams have r = 2k vertices.

Remark. We notice that the formula in Corollary 2.6 is the inverse binomial transform of

the Bell numbers. Hence, we can write the Bell numbers as a binomial transform of the

n

dimensions of the quasi-partition algebra, i.e., B(n) = Y. | ("

%

with the interpretation that the partition algebra is the rook version of QP (n).

)a(i). This is consistent

We give the following Corollary as a statement of which terms can appear with non-
zero coefficient in a product, not as a calculation of the exact values of those coefficients.
To compute the exact values, one begins by using Lemma 2.3, together with the fact
that diagrams [d] multiply by concatenation; then Lemma 2.2 allows for a straightfor-
ward transition back into diagrams d, as we explain in the following proof. We do this
in certain cases in Section 3.

Corollary 2.7. Given any two diagrams dy and dy without singleton vertices, we have

7. — E d n d

d1d2 — Cd1,d2d7 Cdl,dg 6 C(n),
deD
d<djdg

where d < d' if every block of d’ is the union of blocks of d, i.e. d is a refinement of d’.

Proof. If dy,ds € D, and d}, d} are isolations of dy,ds, then djd) < dyds. By Lemma 2.2

Jl = [di] + Z ay [(dl)U] and (ig = [do] + va [(dg)v}
U |4

where sets U and V' determine viable isolations of d; and ds, and coefficients ay, by are
determined in Lemma 2.3. So since f in (5) is a homomorphism,
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JlCZQZ Z Cglde[d]. (12)
d<dida

Since QP (n) is closed under composition, we can also expand ddy in the basis {d | d €
D}. Again by Lemma 2.2, for each d € D, [d] appears with non-zero coefficient in the
bracket expansions of the elements of this basis: it appears with coefficient 1 in d and
with coefficient 0 in d’ for all d # d’ € D. Therefore,

- — d —
d1d2 == E Cdl,dgd
deD

d<dyds

(where CghdZ takes the same value as in (12)). O
2.4. The generic quasi-partition algebra

By Lemma 2.3 and the multiplication rules for Py(n — 1), the coefficients Cgl,dz =
cgh 4,(n) are well-defined rational functions of n (with poles only at n = 0). Now fix
a non-zero indeterminant z. Using the multiplication determined in Corollary (2.7) (by
way of Lemmas 2.2 and 2.3), define the general quasi-partition algebra QPy(x) formally
as

QP (x) = C(x)-span D with multiplication d;ds = Z cgl’d2 (2)d.

deD
d<dydy
Note that when you specialize x to an integer greater than 2k+1, QP (z) is isomorphic
both the centralizer of S, in End(W®*) and to a subalgebra of Py(x — 1).

3. Generators and relations

In this section we give a set of generators for QPy(n). We first give a set of generators
for the partition diagrams that do not have singleton vertices. We then proceed to show
that the image of 7®* of these generators form a generating set for QPy(n).

It was shown in [12, Lemma 3.1] and [11, Lemma 5.2] that the generators s;,e;,
and b;, for ¢ = 1,...,k — 1, generate those diagrams where all blocks contain an even
number of vertices. The quasi-partition algebra additionally contains diagrams which has
blocks with an odd number of vertices (and therefore an even number of odd blocks). To
generate these additional diagrams, we will also need the generators

ti:bipi-i-lbi-i-l:I"'I ZVA II and

hi = bie;+1pib; :I I

1

|
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In fact, we only need h; when k = 3, since we have that hy = toe1(sa53tasass) for
k> 4.

Theorem 3.1. In Py(n), all diagrams in D (i.e. all diagrams without isolated vertices)
are generated by

g:{517'"7Sk—17€1)b17t17h1}- (13)

Proof. Note that by conjugating b; or e; by words in {s; | ¢ = 1,...,k — 1}, one
can generate e; and b; for i = 1,...,k — 1, and therefore, by [12, Lemma 3.1] and [11,
Lemma 5.2], one can generate all diagrams with even-sized blocks. For any diagram d with
an odd-sized block I (and therefore at least one more, J), we will build d from a diagram
with two fewer odd blocks with the distinguished generators, showing d is generated by G
by induction on the number of odd-sized blocks. The generators ¢, s1, ..., Sp_1 generate
all set partitions of the form

bivsinsis = {01,024}, {is,i5, 45}, {1,1'}, {2,2'}, ..., {k, K"}

and the generators hq, sq,...,S,_1 generate all set partitions of the form
hil,iQ,ig = {7;17i27 Z.3}7 {2/171/277’;)}7 {17 11}7 {27 21}7 sy {k7 k/}

Let d be a diagram in D with at least one pair of odd-sized blocks. We have two cases
to consider.

Case 1: Let I and J be two blocks of odd size in d and assume I C [k] and J C [K'].

Since d has no singletons, each set has at least 3 elements. So let 41,149,453 € I and
J1s 7%, J5 € J. Let d’ be the diagram with the same blocks as d except that I and J in d
have been replaced by the following sets in d':

I\{ilvi%ii”}v J\{]L]év]é}, {ilaji}a {i27jé}a {7’3a]é}
Then d’ has two fewer sets of odd size than d, and hence inductively is the product of

elements in G. The diagram

h d

11,%2,13
is the diagram obtained from d by replacing I and J by the sets
[\{i17i2ai3}7 J\{Jiv]éa]é}? {i17i27i3}7 {jim]éa]é}

If T or J has more than 3 elements (i.e. I\ {i1,i2,i3} or J\ {41, 4%, 7%} are non-empty),
then for example

I\ {i1,iz,i3} and {i1, 4,03}
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can be joined by right-multiplication of the even-block diagram

{ilviﬁlaillviﬁl}v {]-, 1/}7 ceey {kvkl}a

where i4 € I\ {i1,42,43}. Hence, d is the product of elements in G.

Case 2: Both I and J have at least one element in [k], and one of them has at least two
elements in [k]. (Otherwise, the same statement is true for [k'], and a similar construction
can be used.)

Assume that JN[k] has at least two elements j; and j,. Let d’ be a new diagram with
the sets J \ j1 and I U {j1} in place of I and J in d. Then d’ has two fewer sets of odd
size than d, and if ¢ € I N [k], then

d= t]é,jhid/a
Joog1 i
q J
-1 VA1 ]
d= —------ -~—e ——— - - ) U
v B e - 1
@ o ___ .

We have just shown that one can write d = w as diagrams with w = wiws - - wy
and w; € G. Further, the algorithm presented inductively on the number of pairs of odd
blocks in d provides a process for finding a w satisfying further that each consecutive
subword has no isolated vertices.

Corollary 2.7 tells us that if dy,ds € D and the diagram d;ds has an isolated vertex,
then didy = 0. However, if the diagram d;ds does not have an isolated vertex, Corol-
lary 2.7 does not tell us which terms appear with non-zero coefficient. In particular, it
is not immediately obvious that cgfj? is non-zero. A case-by-case calculation (done in

Appendix A) gives the following lemma.
Lemma 3.2. If dy € G is one of the generators of D and dy € D, then either

1. dyds € D and then coefficient cgfdzz of didy in dydsy is non-zero, or
2. d1d2 ¢ D, and then dldg =0.

Corollary 3.3. As before, let d = n®% od. Then QPy(n) is generated by {d | d € G}, where
G is as in (13).

Proof. Let d € D. By Theorem 3.1, we can generate d as a diagram from G; let w =
wiws -+ -wp be a word in the elements of G so that d = w as diagrams, satisfying for
all i =1,...,¢ — 1, the diagram w;w;;1---wp € D (as explained immediately after the
proof of Theorem 3.1). Using Lemma 3.2 inductively, w appears with non-zero coefficient
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in w - - -wy. Using the triangularity of Corollary 2.7, we can then generate all of {d |
deD}. O

We can use Lemmas 2.2 and 2.3 to calculate the expansion of these elements of Q Py (n)
in terms of maps [d], and thus use relations in Py(n—1) to determine relations in QP (n).

For example, Lemma 2.3 says that

a=lJ+[-20d-50 ] ()

So since bracketed terms multiply by diagram concatenation,

d=m-v_Jro-n) |- ] m e

n n

Similarly, one can easily check that the generators satisfy the following relations in

QPx(n):

) - — - = = _ s .
5: =1, 8:8i118; = S$i+18:8i+1, 5i5; =555, if [i—j| > 1,
2 _ 9 N —2- 1_
e; =(n—1e;, eerie; =e¢;, b; = bi + —é;
gigi:Bigi:Bi ifléién—L gifi:EiEiJrl:Ei if1<i<n—2, and

Comparing these relations to those of the partition algebra Py(n — 1),

s2=1, 8i8i118i = Si+18iSi+1, si8; = s;8; if [t —j| > 1,
e? = (n—1)e;, €iCi+1€; = €, b; =b;,
sibi =b;s; =b; ifl<i<n—1, Siti =tisip1 =1, if1<i<n—2, and
eit; = tieg1 = 0, (15)

we observe that they are very similar but with additional lower terms in some cases. For
example, b% has and additional e; term; but e; < b;, and in the limit n — oo, we have

4. Representation theory of the quasi-partition algebra

In this section we describe the representation theory of QPx(n). Both the represen-
tation theory of QP (n) and of S,, can be described using integer partitions, which we
review here. Fix n € Z>¢. An (integer) partition A of n, denoted A F n, is a sequence
of nonnegative integers A = (A1, Aa,..., A¢) such that |[A| =X\ + Ao+ + XAy = n and
A=Ay > - > M. If n = 0, the unique partition is the empty partition, denoted by 0.
Given two partitions A and u we say that pu C X if u; < \; for all 4.
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The irreducible representations S* of S, are indexed by partitions A of n. As usual we
identify a partition with its Young diagram, depicted as |a| boxes up and left justified,
where the ith row has a; boxes. In our setting, the combinatorics of the representa-
tion theory of QP;(n) can be simplified by replacing partitions A F n with partitions
(A2, ..., A¢) of Ao+ -+ -+ Ap. Thus the partitions of n are in bijection with the partitions
a of m < n for which a; < n/2. For any such partition, let

a=(n—lal,ai,...,a), forexample, (n—7,331)=(33,1)=

We will need the following theorem.

Theorem 4.1 (The centralizer theorem). Let A be a finite dimensional algebra over C. Let
M be a semisimple A-module and let C = End(M). Suppose that M = @, (A*)®™,
where A are irreducible A-modules and my € Zxo are multiplicities of A in the de-
composition of M. Then

(a) C =@, M, (C), and
(b) as an (A, C)-bimodule, M = @, A* @ C*, where C* are simple C-modules.

By the centralizer theorem, in order to understand the representation theory of
QPy(n), it suffices to know how to decompose the S,, module W®*. The tensor product
(or Kronecker product) of two irreducible S,,-representations is usually not itself irre-
ducible, and a general rule for decomposing this tensor product is not known. However,
there are many results concerning stability of the product. For example, in [3], it is shown
that if n > |a| + |8] + a1 + 1 then the Kronecker product

$°® 8% =P glsS
ol

is stable, meaning that for large n the product does not depend on n. In the special case
when one of the representations is S"~11) = (1) = §H we have the very well-known
result

57059 =cla)(5%) & @ 57, (16)

BEa*t

where c(a) is the number of corner boxes of a and a™ is the set of partitions 3 with
B1 < n/2 gotten from « by (1) adding a box, (2) removing a box, or (3) moving a corner
box of alpha to another corner. That is, § differs from « from the position of a corner.
For example, if n > 0,
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Theorem 4.2. Let k > 2 and assume that n > 2k + 1. If Ly(\) denotes the irre-
ducible representation of QPy(n) indexed by \, we have the decomposition of W®* as an
(Sn, QP (n))-bimodule

=Pt e L\
where the sum is over all partitions X of n such that |\| < k

Proof. Since n > 2k + 1, we have that QP (n) is isomorphic to the centralizer algebra.
Then by the rule for tensoring S~ @ S* and the centralizer theorem we get the
decomposition. O

We get as an immediate consequence a labeling set for the irreducible representations
of QPy(n).

Corollary 4.3. For (n — 1)/2 > k > 2 the irreducible representations of QPy(n) are
indexed by partitions p of 0,1,... k.

4.1. Bratteli diagram

We set QPy(n) = C. For k > 1 we have that

QP;-1(n) € QPx(n).

We identify the elements in QPy_1(n) with the elements of QPy(n) that contain the
block {k, k'}. Hence, we have a tower of algebras

QPy(n) € QPi(n) C QPa(n) € QPs(n) < ---. (17)

For the remainder of the paper we assume that n > 0.

We can represent the inclusion of A C B of multimatrix algebras (with the same unit)
by a bipartite graph. The vertices in the graph are labeled by the simple summands of A
and B. The number of edges joining a vertex v for A to a vertex w for B is the number
of times the representation v occurs in the restriction of w to A.

In the case that we have a sequence of inclusions Ay C Ay C Ay C - -+ of multimatrix
algebras, one may connect the bipartite graphs describing the inclusions A4; C A;41, to
obtain the Bratteli diagram.
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weo o
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Fig. 1. Bratteli diagram for QPy(n) C QP1(n) C QP2(n) C - -, levels 0-3, and part of level 4. On levels

0-3, the parenthetical number given next to each partition A is the number of downward paths from the
top to .

We build the graph P as follows:

Vertices: On level k = 0 the vertex set is Py = {0};
on level k£ =1 the vertex set is P; = {(1)};
and on level k > 2, the vertex set is P = {p | |u| < k}.
Edges: Connect A € Pr_1 to X € Py, with ¢()) edges;
otherwise, connect A € Py_1 to pu € Pj, with one edge if 1 € A\E.

See Fig. 1.
Proposition 4.4. As n — oo, the Bratteli diagram of the chain

QPy(n) CQPi(n) C QP2(n) C QPs(n) C
is the graph P.

Proof. Since QPy(n) is a centralizer algebra, we know by double centralizer the-
ory that the decomposition of W®* as an S,-module yields the decomposition as a
QPi(n)-module. So we can use the decomposition rule in (16) to construct the Bratteli
diagram for the chain in (17), a leveled graph completely described by P.

The vertices at the kth level of the Bratteli diagram are indexed by the irreducible
components of W®* as an S,-module; the number of edges joining a vertex indexed
by « in the (k — 1)st level to a vertex § in the kth is given by the multiplicity of S
in V, ® W as an S,-module. In other words, the vertices at the ith level index the
irreducible components of W®* as an S,,-module, and the number of edges joining « in
the ith level to a vertex § in the (i 4+ 1)th level is the multiplicity of S8 in S% @ W as
an S,-module. 0O
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Remark. Notice that in general, the Bratteli diagram is not multiplicity free; if A has
more than one corner in its diagram, there are that number of edges from A in level i to
Ain level ¢ + 1. For example, in Fig. 1, the number of edges from H to itself is 2.

As usual, we get that the number of paths from @ to ) is equal to the dimension of
the irreducible representation of QPy(n) indexed by A. These paths can be encoded by
the set of tableaux in the next definition as in [5].

Definition. Given a positive integer k and partition ), a sequence T = (u°,...,u") is
called a Kronecker tableau of shape M if it is a sequence of k Young diagrams such that
pu® =0 and p* = X and, for every pair p* and pt! of consecutive diagrams, either pi*!
is obtained from p? by the addition or removal of one corner, or p**+! differs from p! by
the position of one corner, or p**! = i and p*! has one distinguished corner.

For example, if £ =9 a possible tableaux of shape A = is

T-woroBPPAFP oD

Here we have indicated the distinguished corner by an X.
The following is a direct consequence of the centralizer theorem as the number of
paths from () to A is equal to the dimension of L(\).

Lemma 4.5. Let \ be a partition indexing an irreducible representation QPy(n). Then
the number of Kronecker tableaux of shape \ of length k is equal to the dimension of the
L(N).

In the following theorem we give an exact formula for these dimensions.

Theorem 4.6. Let k and n be two positive integers and X a partition of n such that
n > k+ Ao with A = (Ao, As,...). Then the dimension of the irreducible representation
indexed by \ in QPx(n) is
Al N -
A 2
k—
> ((m) () ””’m”)’

m1=0 mao=|A|—m1

where f is the number of Kronecker tableaux of shape o and spa(a,b) is the number of
set partitions of a set with a elements into b parts of size at least 2.

Proof. In [5, Proposition 2] Chauve an Goupil have counted the number of Kronecker
tableaux, hence by Lemma 4.5 the result follows. O

The number of paths from @ to A and back to @ is equal to the square of the di-
mension of . If we sum these values we obtain the dimension of QP (n). In our case,
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we get for the sum of squares of the dimensions of the irreducible representations is
1,1,4,41,715,17722, ... (A000296) is the number of partitions of a 2k-set into blocks of
size greater than 1, as expected.
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Appendix A. Finding the non-zero “top terms”

In this appendix we prove Lemma 3.2. To do this we would like to track the coefficient
of [dids] (and therefore the coefficient of didy) in the expansion of didy according to
Lemmas 2.2 and 2.3. If [(d1)x][(d2)y] = [d1][d2] as diagrams (neglecting coefficients),
then necessarily, X C [k'] and Y C [k]. Therefore, we will restrict to focusing on the
products of those terms

1. in the expansion of d; which isolate only bottom vertices, and
2. in the expansion of dy which isolate only top vertices.

Further, if dy has a vertical size-2 block containing ', then Y cannot contain 4 (and
vice-versa). Note that for i = 1,..., k—1, since 5; = [s;], we have 5,d = s;d. We continue
with calculations for d; = ey, b1,t1, and hy, and let dy = d be any diagram in D.

A.1. The coefficient of [e1d) in e1d

The expansion of e; is

e = [el] + [(61){1/,2/}] - %[(61){1,2}] - %[(61){1,2,1/,2'}]-

The terms [(e1)x] for which X C [k] are [e1] + [(e1){1/,21]. The only vertices which can
then be isolated in d are 1 and 2. Thus, possible contributions to [e1d] are

LT T

AR (] L
ves M T T
Ne dyay ° N dgy ° N diy
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veee LUl T

® ® ® ®
d{1,2} d{1,2}

In the diagrams we emphasize that a vertex is isolated by circling it.

Case 1: If the vertices 1 and 2 are in separate blocks, then [e1d] only appears in one
place, since right multiplication of d by ey results in 1 and 2 being in the same
block. The coefficient of [e;d] is 1.

Case 2: The vertices 1 and 2 are_in the same block.

—e

(a) If {1,2} is a block: dj.
Then dy1y = dgoy = dj12), S0 a = b = —1/n and ¢ = 1/n. Then the
coefficient on [e;d] is

n-1)+m-1)—1/n)((n-1)+n-1)*)=| n—1

(b) If {1,2,m'} or {1,2,m} is a block, then e;d has an isolated vertex, so
erd =0.
(¢) The vertices 1 and 2 are in the same block, and are connected to at least

two other vertices.
Then a = b= —1/n, ¢ = 1/n?, and the coefficient on [e1d] is

1+1—(1/n)(1+(n—1)+1+(n—1))+ (1/n*)((n—1) + (n — 1)?)

n—1

n

A.2. The coefficient of [bid] in byid

The expansion of b; only has one term where the isolation avoids top vertices,
namely [b1]. Again, this restricts us to terms in d where the isolation is restricted to
the first two vertices. Thus the possible contributions to [b;d] are

wid T E T

dy1y dy1,2y
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Case 1: The vertices 1 and 2 are in separate blocks.
In this case, [b1d] only appears in one place, since by joins their blocks together.
Then the coefficient of [byd] is 1.
Case 2: The vertices 1 and 2 are in the same block.
(a) If {1,2} is a block, then dg1} = dfoy = d1,23. Soa=b= —1/nand c = 1/n,
and the coeflicient on [b1d] is1—1/n—1/n+1/n= .
(b) If {1,2,m'} or {1,2,m} is a block:
Then dy; 9y doesn’t contribute, and a = b = —1/n. Since b; joins 1 and 2
back together, [b1d] has coefficient 1 — 1/n — 1/n = |%=2|.

n
(¢) The vertices 1 and 2 are in the same block, and are connected to at least

two other vertices.
Then a = b= —1/n, ¢ = 1/n?, and the coefficient on [b1d] is

(n—1)?

1-1/n—1/n+1/n*= =

A.3. The coefficient of [t1d] in t1d

The expansion of ¢; only has one term where the isolation avoids top vertices,
namely [¢t1]. This restricts us to terms in d where the isolation is in the first three
vertices. However, we can also note that the terms

VALl VALl

BN dgy ML dg1,3)
VALl VAL VAl
® ® d ?\ ® ® d ® ® (‘Jd

{1,2} {2,3} {1,2,3}

will not contribute to [¢t1d] in any case. Therefore the possible contributors are

VALl ALlL, A1l

NN N B | NI N R N N

dysy

Case 1: If 2 and 3 are in separate blocks, then [t1d] only appears in one place, since t;
joins their blocks together. In this case its coefficient is 1.

Case 2: If {2,3} is a block, then t;d = 0.
Case 3: Otherwise, a = b = —1/n and the coeflicient on [t;d] is 1 —2/n = .
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A.4. The coefficient of [hid] in hid

The expansion of h; has two terms which have no top vertices isolated, namely [hi] —
[(h1){17,27,31]- This restricts us to terms in d where the isolation is in the first three

vertices, and the possible contributors to [hid] are

.—.—.II_...II+Q1 II
NN KN d NN KN p ®?\?\d{1}
I I 1] ... 1]
NN dgy Ne N diz) Ne N dis
DI I DN I S
N dysy NN dysy Ne e dg2,3}
I N D e
Ne® di2,3) °N® df1,3) N® 1,3y
N I N B | |
® o ?\d{m} ® o kd{l,z} ® o ®d{1,2,3}
e 0
® ® ©®
di1,2,3)

Case 1: If 1, 2, and 3 are all in separate blocks, then there is no repetition, and the top
term appears with coefficient 1.
Case 2: The vertices 1 and 2 appear in the same block, but separate from 3 (similarly
for 1 and 3 or 2 and 3).
(a) If {1,2} is a block:
If 3 is also in a block of size 2, then h;d has an isolated vertex, and Blci =0.
If 3 is in a larger block, then since a3 = a3 = a3 = —bg = —1/n, by = by =
—c = 1/n?, the coefficient is

1-(n—=1)—(2/n)(1 = (n—=1)*) = (1/n)((n — 1) = (n — 1)?)
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+ (2/n2)((n —1)—(n— 1)3) + (1/n)(1 —(n— 1)2)
—(1/n*)((n=1)=(n—=1°) =| (n—=1)(n—2)

(b) Otherwise, none of the terms with [(h1)1/,2/,3:3] Will contribute. So the only
possible contributors are

[ha][d], [halldiy], and  [hy][dgay]

(because we need h; to bond 3 to 1 and 2, and we need one of 1 or 2 to
bond to the rest of their block). Then since a; = as = —1/n, the top term
has a coefficient of 1 — 2/n = .
Case 3: The vertices 1, 2, and 3 are all in the same block.
(a) If {1,2,3} is a block:
Then dpy 9y = disy = dppsy = dpiosy, b1 = by = b3 = —c = 1/n?,
a1 = az = ag = —1/n. The coeflicient on the top terms is

(n—1)(1-1-3/n)(1—(n-1)) + (2/n*)(1 - (n—1)%))

(n—2)(n—1)

(b) If {1,2,3,m'} or {1,2,3,m} is a block, then h;d = 0.

(¢) Otherwise, the vertices 1, 2, and 3 are in a block of size 5 or more.
Then a; = az = a3 = —1/n, by = by = b3 = 1/n?, and ¢ = —1/n® and the
coeflicient on the top term is

1-1-(3/n)(1—-(n—1))+ (3/n*)(1 - (n—1)?)

(n—1)(n—-2)

— (1/n3) ((n —1)—(n— 1)3) =
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