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DETERMINANT FORMULA FOR PARABOLIC VERMA
MODULES OF LIE SUPERALGEBRAS

YOSHIKI OSHIMA AND MASAHITO YAMAZAKI

ABSTRACT. We prove a determinant formula for a parabolic Verma module of
a contragredient finite-dimensional Lie superalgebra, previously conjectured by
the second author. Our determinant formula generalizes the previous results
of Jantzen for a parabolic Verma module of a (non-super) Lie algebra, and of
Kac concerning a (non-parabolic) Verma module for a Lie superalgebra. The
resulting formula is expected to have a variety of applications in the study of
higher-dimensional supersymmetric conformal field theories. We also discuss
irreducibility criteria for the Verma module.
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1. INTRODUCTION

The study of Verma modules [1] is a rich subject in the representation theory
of Lie algebras and their universal enveloping algebras (see e.g. [2, 3, 4] and ref-
erences therein). Given a Verma module, one natural question is to ask precisely
when the Verma module is irreducible/reducible, and if reducible to determine the
composition factors of the module.
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One useful approach to this problem is to consider the determinant of the con-
travariant form on the Verma module. For a Verma module associated with a
finite-dimensional semisimple Lie algebra, Jantzen [3] and Shapovalov [5] proved a
general formula for this determinant. Since then this result has been generalized
in several different directions. In one direction, Jantzen [6] derived a similar deter-
minant formula for a parabolic generalization of a Verma module'. This formula
reduces to the Shapovalov formula [5] (see also [7]) when the parabolic subalgebra
is chosen to be a Borel subalgebra. In another direction, Kac [8] derived a determi-
nant formula for a Verma module of a Lie superalgebra. The natural generalization,
then, is to consider the determinant formula for a parabolic Verma module of a Lie
superalgebra. It seems that such a generalization has never been discussed in the
literature. The goal of this paper is to fill in this gap.

While this might sound like a small technical problem, there have recently been
strong motivations to study this generalization, coming from the physics of higher-
dimensional (super) conformal field theories (CFTs) (see [9, 10] for recent reviews).
It has recently been pointed out [11, 12] that the study of parabolic Verma modules,
and in particular the determinant formula, is an important ingredient in the study
of higher-dimensional CFTs, for example in the derivation of the unitarity bound
[13, 14, 15, 16, 17, 18, 19, 20] and in the the derivation of the recursion relations for
conformal blocks [11] (see also [21, 22, 23, 24]). This is perhaps not too surprising
when contrasted with the study of the 2d CFT's, where the Kac determinant formula
[25, 26] plays a prominent role in the representation theory of the Virasoro algebra.
In applications to higher-dimensional CFT's it is crucial to consider parabolic Verma
modules, as opposed to Verma modules for Borel subalgebras.

In this paper we present a precise mathematical formulation and a proof of the
previously-conjectured [12] determinant formula for a parabolic Verma module of
a contragredient finite-dimensional Lie superalgebra assuming that the Levi sub-
algebra is a (non-super) Lie algebra. We will also work out some mathematical
consequences of our main theorem, and in particular derive irreducibility criteria
for the parabolic Verma module, which will be of great use in practical applications.
We include some preliminary comments on CFT applications, while more details
will be left out for future project.

This paper is organized as follows. In section 2 we present our main theorem
(Theorem 1), explaining the necessary ingredients along the way. The proof of
Theorem 1 is given in section 3. In section 4 we derive irreducibility criteria of
the parabolic Verma modules, see Theorem 2, Theorem 3, as well as Proposition 4,
Proposition 5 and Corollary 1.

Acknowledgments. We thank Professor Maria Gorelik for suggesting an exten-
tion of our formula for more general Kac-Moody Lie superalgebras (Remark 4). This
research is supported by WPI program (MEXT, Japan). MY is also supported by
JSPS Program for Advancing Strategic International Networks to Accelerate the
Circulation of Talented Researchers, by JSPS KAKENHI Grant No. 15K17634, and
by Institute for Advanced Study. YO is also supported by JSPS KAKENHI Grant
No. 16K17562.

LA parabolic Verma module is also called a generalized Verma module in the literature.
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2. STATEMENT OF THE THEOREM

In this section we state our main theorem (Theorem 1) with a minimal set of
definitions and notations. The proof of the main theorem will be given in the next
section.

In this paper Z,N and Q denote the set of integers, non-negative integers and
rational numbers, respectively.

2.1. Lie Superalgebra. Let us recall the basics of Lie superalgebras and fix some
notation. See e.g. [27, 28, 29] for details.

Let g be a finite-dimensional Lie superalgebra, whose even (odd) degree part
we denote by gg (g7). Throughout the paper we assume that our superalgebras
are defined over C; it is possible to repeat a similar argument for a more general
algebraically closed field of characteristic zero.

In this paper we assume that g is a contragredient finite-dimensional Lie super-
algebra with an indecomposable Cartan matrix (see [27, 29] for definition). Then
g has a natural invariant bilinear form (—,—).2 Such superalgebras have been
classified, and are either a simple Lie algebra, or one of the following superalgebras;

A(m,n) =sl(m+1n+1), m>n>0,

A(n,n) =gl(n+1n+1),

B(m,n) =o0sp(2m+12n), m>0, n>0,

C(n)=o0sp(22n—2), n>2,

D(m,n) =o0sp(2m|2n), m>2,n>1,

D(2,1;0) a#0,1, G(2), F(4).
These superalgebras are simple except for gl(n+1|n+1). In the case of type A(n,n)
the Cartan matrix is degenerate and the corresponding simple Lie superalgebra is
psl(n + 1jn +1).

As we will comment later in Remark 8, all the superalgebras corresponding to
superconformal algebras in dimensions greater than two either appear in the above
list or is psl(n + 1|n 4+ 1).

Let h be a Cartan subalgebra of gg. In our setting it is known that b is self-
normalizing (see [29, Section 8.3.1]). We have the root space decomposition

g=he P o,
ach*\{0}
where g® is the root space corresponding to «, i.e.

g% :={zx €g|lh,z] = a(h)(z) for all h € h} .

2.2. Root System and Parabolic Subalgebra. Let us define the set of roots to
be

A:={aech"|a#0and g* #0}.
Let us denote the set of even and odd roots by Ag and Aj, respectively:
A=AgUA7.

It is known that our assumption implies dim g¢ = 1 for all roots o € A.

2Here a bilinear form (—, —) on g is invariant if ([a, b], ¢) = (a, [b, ¢]) for all a,b,c € g.
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Let us next choose a set of positive roots. An element h € b is called regular
if the real part Re(a(h)) of a(h) is non-zero for all roots a. Any regular element
h € b determines a decomposition

A=ATUA™,
where
A% = {a € Al £ Re(a(h)) > 0} .

Note that the decomposition (2.2) depends on the choice of h. Similarly, the Borel
subalgebra b (as defined by [30])

b:=Ho @ g°
aeAt
depends in general on the choice of h (even up to automorphisms of g).
Let II be the set of simple roots in AT, namely, II consists of the positive roots
o € AT which cannot be written as a sum of two positive roots. The set of positive
roots is decomposed into that of positive even roots Ag and that of positive odd
roots AF: AT = AT UAT. Let us define the root lattice Q(A) and its positive
part QF(A) by
Q(A):=ZACh*, QT (A):=NAT.
In the set of weights h* we define an ordering by
A>p = A—pcQt(Aa).
Let us define the set Ay and the set of isotropic roots Aj by
Z() ={a € Agla/2 € A7} C Ay, Zi ={a e A7|2a & Ag} C Az .

Also, write

Zg:ZGQAJF, Z;:Z1QA+.

It is known that an odd root « is isotopic (i.e. @ € A7) if and only if (o, ) = 0.
The set of non-isotropic roots is then defined to be the complement of Aj:
Avon-iso := Ag U (A1 \ Ag) .

For a non-isotropic root o € A let us denote its Weyl reflection by s, and define
its coroot a¥ € b by

2(A
<)‘7 aV> = ( ’a)
(o, @)
for all A € b*. Here (—,—) denotes the natural pairing between h and h*, and
(=, —) is the bilinear form on h* induced from that on h mentioned previously. We
also define h,, € h for @ € h* by
(1) (A ha) = (A a)

for A\ € h*. Note that [g%, g~ %] = Chy.
We denote the Weyl vector by p:

b=y Y a-Ya

aeAgr aeA{r
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2.3. Parabolic Verma Modules. Let us choose a subset II; C IINAg. We define
Ap=ZILNA, Q(A):=ZA;, Af:=ATNA;, QT(A):= NA?‘ ,
Ani=AT\A[, Ag=ANAs, Ap:=ANAg

Let us define the subalgebras p, [, n by

[:zh@@g(’, ni:@ga,

acA( aEA,
p:=had @ g =I[&n.
aEAUAT

It then follows that [ C gg, and the subalgebra [ is a reductive Lie algebra with root
system A. Let us denote the Weyl group of [ by W;. We note that A,, = Am()I_IA{r.
The subalgebra p(D b) is a parabolic subalgebra of g, and we consider parabolic
Verma modules with respect to this subalgebra. Note that when II; = @ then p
coincides with the Borel subalgebra b.

Define the sets of weights

P(A) == {Aebh | (\aY) €Z (Ya eI},
PT(A) :={Xebh*|(\a’)eN (Vaell)} .

For a given weight A € P*(A() consider a finite-dimensional irreducible represen-
tation V(A) of [ with highest weight A\. We can regard this as a representation of
the parabolic subalgebra p, by letting n act trivially on V(). The representation
V(A) here is then naturally regarded as a representation of the universal enveloping
algebra $i(p). We are interested in the parabolic Verma module

My(A) := Ind§(V (X)) = U(g) @y(p) V(A) -

This module has a weight space decomposition:

My(N) = P My (V)"
P
In the case Iy = @ (with A € b* arbitrary) we denote the parabolic Verma module
My () by M(X). This M(\) is called a Verma module, or more explicitly a non-
parabolic Verma module. We embed V() into M,(X) as 1 ® V(). Then

vin= P M.

veEA-QT(AY)

2.4. Characters. Let Z" be the additive group of all maps h* — Z. An element
x € ZY" is written as y = ZAeh* xaed. Then the support of the map y is defined
as Supp(x) = {\ € b* : xa # 0}. Let Z(h*) be the subset of Z" consisting of
X whose support is contained in a set |J._;{u|p < A} for some finitely many
weights A1,..., A\, € h*. We can define the multiplication in Z(h*) by extending
the rule e* - e# = e*#, namely, we define the product x - X’ for x,x’ € Z(h*) by
(X X)v = 22 cp- Xv—pX),- Then Z(h*) becomes an algebra with the unit ¢ = 1.
We can also define an infinite sum ), x* of x* € Z(h*) if for any p € h* we have
(x"), = 0 for all but finitely many i.

For a weight module M = @/\eh* M?* we define its character as ch M :=
> aep- (dim M™Me*. In what follows we will consider modules belonging to the
category O [31], and in such cases we have ch M € Z(h*).
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For X\ € h* a partition of A with respect to A" is a map 7 : AT — N such that
m(a) = 0or 1 for « € AT and Y os m(a)a = A. We define P(A) € N to be
the number of partitions of A\. The function P is called the partition function with
respect to AT. Let us further define

Pi=> PN ereZp).
AED*
Then it is easy to see that
HaEA;r(l +e7%)
Moearl e )
Here, the right hand side is well-defined as an element of Z{h*), since 1 — e~ has
an inverse element >~ e "* € Z(h*). Similarly, we define Py (resp. Py) to be

the partition function with respect to A?r (resp. Ay), and correspondingly define

PBr (resp. Pu) € Z{h*).
For A € h* the Poincare-Birkhoff-Witt theorem gives

(2) chM(\) =Bet.

T =

The characters ch M () for different \’s are linearly independent in the following
sense:

Lemma 1. Let A € h*. If
> cuch M(p) =0

HSA
for some ¢, € Z, then ¢, = 0 for all ju.

Proof. 1f ¢,, # 0 for some (1, we can find a maximal weight 1o among such p’s. Then
the coefficient of e#* in 37 ¢, ch M(u) is ¢y, # 0, which is a contradiction. O

Let W be the Weyl group for the Lie algebra [. For A € h* the dot action w.A
is defined to be the Weyl group action, with shift by the Weyl vector p:
wA:=w(\+ p) — p.
The character of a parabolic Verma module is given by the following lemma:
Lemma 2. [6, Lemma 1] For all A € PT(A) we have
ch My(A\) = > sign(w)ch M(w.\) .
weW,
Proof. This lemma follows from a combination of
ch My (X) = Bnch V(N),
the Weyl character formula

(3) chV(\) =%, Z sign(w)e”

weW,

the factorization

(4) B =P B,
and (2). O
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We define for A € P(4A)

XP(A) = Z sign(w) ch M (w.\).
weW,

For A € PT(A|) we have x?(\) = ch M, (\) by Lemma 2. Since
waw' X = (ww').\

for w,w’ € Wy, it is easy to see from definition that x*(w.\) = sign(w)x?(A). In
particular, x*(\) = 0 if w.A = A for some w € Wy with sign(w) = —1.

For an odd isotropic root «, let us define a similar expression, but with contri-
butions from the root o removed:

chMy(A\):==chM(\) /(1+e™%).

We then define another formal character xP, by

oo

(5) xh(A) = Z sign(w) ch Mo (w.\) = Z(_l)nxp()\ ~na).

wGW[ n=0

2.5. Contravariant Form. By construction of a contragredient Lie superalgebra
we can define an anti-automorphism o of g which maps the root space g to g—¢
and is the identity on the Cartan subalgebra h. For each positive root o € AT take
a root vector z4(# 0) € g* and denote its image under the anti-automorphism by
T_o = 0(2q) € g~ We choose the normalization of z, and z_, so that we have
ho = [T, T_4], where h, was defined previously in (1). The anti-automorphism o
is naturally extended to the whole of 4l(g), which we denote by the same symbol o.

For all A € h* there exists in the parabolic Verma module M,()) a non-zero
symmetric bilinear form (—, —), satisfying

(zu,v) = (u,o(x)v) for all x € U(g) and u,v € My(N) .

Such a bilinear form is called the contravariant form in the literature.

For a Verma module M () (i.e. when p = b), such a bilinear form can be explicitly
constructed by the Harish-Chandra projection [29, Section 8.2]. The surjection
M(X) — M,(X) then induces a contravariant form on a general parabolic Verma
module M, ()). The weight spaces for different weights are orthogonal with respect
to this bilinear form.

Remark 1. We use the same symbol (—,—) to denote both the bilinear form on
the Lie superalgebra g and the contravariant form on the parabolic Verma module
My (X\). We hope context makes it clear which is meant by this notation.

2.6. Determinant Formula. Let us choose v € M,(\)* with v # 0, which we
normalize to be (v,v) = 1. For a weight ;1 < A we define D(); pt) as the determinant
of (—,—) in M,(X)* with respect to the basis given below.

For all v € X — Q" (A/), take an orthonormal basis (e,,i)1<i<n() of V(A)” =
M, (A)”, with n(v) denoting the dimension of V/(\)”. Then (e,i)y, 1<i<n(v) form a
basis of V().

Let P(n) be the set of partitions of n with respect to A, namely, P(7) is the set of
maps 7 : Ay — N such that 7(a) =0 or 1 fora € AyNAjandn =) A 7(a)a.
For m: Ay = N, we set S(7) := > ca, m(a)aand |7| =3 A 7(a).
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It follows from the Poincare-Birkhoff-Witt theorem that the parabolic Verma
module M, () is spanned by x_re, ;, where we defined

Tg 1= H xT_r(aa) .
aEA,
Here the product is taken in the order determined from a fixed ordering of A,. The
determinant formula below turns out to be independent of this ordering choice.
Having fixed a basis, the determinant D()\; ) can now be defined as the deter-
minant of the matrix (z_re,i, T r€ur j) (i), (x v .5), Where the indices run over

v eX—=QT(A), 1<i<n), 1<ji<nl), mePlv—p), 7 €PW —pu).
It is easy to see that the determinant D(A; ) does not depend on the choice of

orthonormal basis (e,,;).
Our main result is the formula for this determinant D(A; y).

Theorem 1 (Determinant Formula). Let g be a contragredient finite-dimensional
Lie superalgebra. Suppose that p is a parabolic subalgebra such that its Levi compo-
nent [ is a (non-super) Lie algebra.

For A € PT(A)) and pu < X the determinant D(X; p) for the parabolic Verma
module My(X\) is given by

D()\,,UJ) = CD1 D2 D3 5

Il
—
—
—
>~
+
>
&
o
2
£
=
X‘ﬁ
>
J
&
T

Dll

)

(6) Dy = H H (()\"‘Paa) - 27‘2— 1(a,a)
Dyi= [] A4 p,ap=®e

Here, c is a non-zero constant which depends only on A\ — .

Remark 2. The first product is over Zn,ﬁ := AnNAg and not over the whole A, 5.
Also, the power in the expression of D3 is X%, not xP.

Remark 3. The integers in the exponents, x?(\ — sa), and P (A — «),, can
be negative in general. However, it will turn out that D1DsDs as a function on
A € PT(Ay) with A — p fized is a polynomial in X on each connected component of
PT(A)). The product Dy DsDs3 is thus well-defined for all X € PT(A).

Remark 4. Theorem 1 can be extended to the case where g is an integrable contra-
gredient Lie superalgebra with symmetrizable Cartan matriz (see [29, Section 5]), [
is a symmetrizable Kac-Moody Lie algebra in the sense of [32], and V(X) is an in-
tegrable irreducible highest weight representation of I. In that case, we need to take
into account the dimension of the root spaces of g as multiplicities in the formula.

Remark 5. Theorem 1 was conjectured recently in [12]. When IIy = &, p is then
a Borel subalgebra, and Theorem 1 is reduced to the result by Kac [8].> For the

3The original proposal of [33, 25] contained an error, which was later corrected in [8].



DETERMINANT FOR PARABOLIC VERMA MODULES OF LIE SUPERALGEBRAS 9

non-super case this is reduced to the result of Jantzen [6, Satz2]. For the non-super
and Borel case, this is reduced to the Shapovalov determinant formula [5].

Remark 6. The authors found the paper of Gorelik-Kac [34] after writing this ar-
ticle. They give a determinant formula [34, Theorem 1.2.8] in the setting where g
is any symmetrizable Kac-Moody Lie superalgebra, | can be Lie superalgebra and
assume that the representation V. (X) of | is one-dimensional. Our formula is con-
sistent with theirs when V(A) is one-dimensional.

Remark 7. For our proof of Theorem 1 the assumption that | C gg is crucial. It
would be interesting to generalize our theorem to the case l ¢ gg.

Remark 8. As commented in the introduction, the relevance of the determinant
formula for higher-dimensional CFTs has recently been discussed in [11, 12]. In
this application, we choose g to be a superconformal algebra, which was classified
by Nahm [35]. In all the cases, the even part gg takes the form

QGZSO(D,z)@gR,

where D 1is the spacetime dimension and the subalgebra gr represents the so-called
R-symmetry of the superconformal algebra. The subalgebra g’ is then taken to be

[=s0(D) & s0(2) & gr -

where s0(D) is the subgroup of spatial rotations and s0(2) is generated by the dilata-
tion operator. In particular I1; contains no odd roots. The subalgebra n is Abelian,
and is generated by the so-called special conformal boosts. The element X € PT(A))
is then given by a pair of the conformal dimension and the spins under the rotation
group, which together specify a conformal primary operator.

The next section will be devoted to the proof of Theorem 1.

3. PROOF OF THEOREM 1

3.1. Outline of the Proof. Before coming to the detailed proof, let us first sketch
the outline. Readers not interested in such an overview can safely skip this subsec-
tion.

Our proof consists of three steps.

The first step is to determine the leading term of the determinant D(A; ). We
view D(\; i) as a polynomial in the highest weight \. This is carried out by chang-
ing the coefficient ring from C to the polynomial ring A = C[{T,}aemm,], with
indeterminates T, (o € II \ II;) and highest weight X as in (8). We can repeat the
definitions of the previous section in this coefficient ring, and then the determinant,
which we denote by D(\; i), is a polynomial in the indeterminates T,. We can
then define its leading term as the top degree part with respect to the total degree
for T,. It turns out that only the diagonal entries of the matrix contribute to this
leading term, and hence we easily obtain the leading term. This gives Proposition
1.

The next step is to locate possible positions of the zeros of the determinant.
This can be substantially constrained by a necessary condition for the existence of
zeros (Proposition 2), leading to a conclusion that the determinant should be (up
to a non-zero constant) a product of degree-one polynomials (14) corresponding to
quasi-roots.
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The final step of the argument is to determine the multiplicity of each hyperplane
factor inside the determinant. Again, the trick of changing the coefficient ring to
the polynomial ring A in (7) helps here. The basic idea is that to determine the
multiplicity all we need to do is to count the order of the zeros when we perturb
the highest weight by an infinitesimal parameter. The variables T;, exactly do this
job. The Jantzen filtration [6, 3] is a powerful tool for this computation.

Overall, our proof relies heavily on the proof of [6]. We in particular reproduce
several arguments from [6] for self-containedness and the convenience of the reader.
It should be pointed out, however, that our proof differs from that of [6] in a number
of key aspects, in particular in the considerations of isotropic odd roots. Our proof
also uses ideas of [29, section 10], which gives an explicit proof of [8, Theorem 3].

3.2. Coefficient Change. Let A be a C-algebra. We can define a parabolic Verma
module and hence its determinant in the coefficient ring A. To do this we need to
change the coefficient for many of the ingredients we have discussed so far. We do
not bother to repeat all the definitions/results in A-coefficient, since the discussion
is completely parallel. For example, the universal enveloping algebra is now given
by U(g)a = U(g) ®c A; similarly for U(p)a. Also PT(A()4 is defined as

PH(ADa={ eby =h"®c A (\aY)eN (Vaell)}.
Then the parabolic Verma module, now with A-coefficient, is defined as
My(N)a = (@) 4 Psy(py, V(M) a

for A € P*(A() 4. In the case II; = @ we denote M,(A) 4 by M(\)a.

Suppose that there is a ring homomorphism ¢ : A — A’. This canonically
induces corresponding morphisms in many of the ingredients we have, and for sim-
plicity of notation we denote all these morphisms by . For example, we have
induced morphisms P (A)a = PT(Aa, V(A)a = V(e(A)ar and My(A)a —
M, (¢o(X)) ar, which are compatible with £(g) 4 — $(g)as. All these morphisms are
denoted by ¢. For characters we have ¢(ch M,(A)a) = ch M, (o(X))ar, and for the
determinant we have @(D(A;pu)a) = D(X; o)) ar.

Following the strategy outlined above, let us first consider a change of the coef-
ficient ring from C into a polynomial ring

(7) A=C[{Ta}aemm ],
where {7 }aemm, are algebraically independent over C.
For a root o € II we define a weight w, € b% by:
(Wa,a")y =11if a €11y, (Wa,he)=1if a e II\II;,
(War hg) =0if a,f el and o # B .
Let us define a weight A € PT(A()4 by

(8) /N\+P: Z TaWa + Z Towa
a€ll; a€ell\II;

with r, € N. A basis of the parabolic Verma module M,(\)4 is now given by
T_ 7€y, where (€,,)1<i<n(v) is an orthonormal basis of M, (A for v € A—QT(A)).
We consider the determinant D(;\; 1) 4 with respect to this basis.

By a specialization homomorphism

0:A=Cl{Tu}aemu,] — C,
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we can go back to the C-coefficient. If A € h*(= b)) and (A, a") = r, for a € II,
we can take ¢(T,) = (A, he) for @ € TI\ TI; so that p(X) = \.

3.3. Leading Term. In the coefficient ring A the determinant D(X; y1) 4 is a poly-
nomial in {74 }aemm,- Let us discuss the leading term, where the degree here refers
to the total degree of all {70, }qemm, (i-e. it is the degree when we collapse 7, into
a single variable T').

We begin with the following lemma, which is essentially the same as Lemma 5

of [6].

Lemma 3. Let o € Ay, and let w be a partition with w(«) > 0. Let T be a partition
with o removed from 7, i.e. T(a) = w(a) — 1, and 7T(B) = w(B) for all other S.
Then xox_1€,, s a linear combination of the following expressions:

(9) (<xa h’oc) + S) ‘r—ﬁ'éu,i )
(10) ((5\, hg) +8)x_r €y and  T_p, €y 1,

where V', V" € X — QT (A), 1 <i' <n(), 1< <n"), €Ay, seC and
| <l =2, ma| < .

Proof. We use induction on |r|. First, note that*
:L‘Oéxf‘n'él/,i = [xa7x—ﬂ]éu,i + x*ﬂxaéu,i )

where the sign depends on the Zs-grading of z, and z.. Since z, € n and n acts

trivially on V(A), we have xz,€,,; = 0 and the second term is zero. Now the first
term [xq,Z_r]€,; is a sum of elements of the form

+r_ [xa7x_/3]x_77//éy7i with |7T/‘ + |7TN‘ = ‘7T| —1.

If « = 8, then (3.3) gives & hq@ 1€y = (v — S(7"), ho )T g1 T g€, ;. Since
v e A-QT(A)and S(7") € QT (A), (v—S(7"), ha) € A=QT(A), ha) C (A, ho)+C.
We therefore obtain a term of the form (9).

If [z, z_g] is proportional to g with 8’ € AT, then we have z_ v w_gx_ 1€, ;,
which is written as a sum of elements of the form z_,é,; with |ma| < ||

If [z, 2_p] is proportional to zg» with 3” € AT, we can apply the assumptions
of the induction to zgrx_x~ €, ;, to obtain expressions of either type in (10). 0

Lemma 4. (c¢f. [6, Lemma 6])
We have the following three assertions on the matric entry (T_x€,,:, T—m €y ;).
(i) (x_r€y,x_r€y ;) has degree equal to or smaller than min(|x|, |7'|).
(ii) If |n| = |7'| and (x—r€y,i,x_r€, ;) has degree equal to ||, we have T =
v =v andi=j.
(i) Fach (x_x€y;,T_r€,;) has the same leading term up to constant as the

exTpression
H <:\7ha>7r((x) )
aEA,

41 this paper, the commutator [a,b] is meant to be an anti-commutator when a,b are both
odd elements. In physics literature this is sometimes denoted by [a,b}.



12 YOSHIKI OSHIMA AND MASAHITO YAMAZAKI

Proof. We use induction on |r|. The case of |r| = 0 is trivial. Let a € A, be the
first root with m(a)) > 0. Let T be a partition defined as in Lemma 3. We then
have
(X—rlri, Ty ) = (T_7€0i, TaZm €y j) -

We apply Lemma 3 to zq2 /€, ;. Out of the resulting summands, the types of
(10) gives, by assumption (i) of induction, a term whose total degree is smaller than
or equal to min(|7| — 1, |7'|) or min(|z|,|7’| — 1) (recall that (X, hg) has degree 1).
The case of m = 7’ is special, in which case the total degree is strictly smaller than
||, by assumption (ii) of induction.

Let us now turn to the summand of the form (9). We then need 7’(c«v) > 0, and
define 7’ from 7’ as we defined 7 from 7. The 7'(a) summand in total supplies
(2_neyist_rep ;) (A ha) + ) with s € C. The lemma now follows from the
assumptions of the induction. O

Proposition 1. The leading term of the A-coefficient determinant D(X; 1) is the
same up to a non-zero constant as that of the following expression:

H ( H ﬁ ;\7ha>'Pn(u—,u—ro¢)n(u)

veXA-QH(A)) Nach, =1
X H H<5\,ha>79n(l/*/i*(2r71)oc)n(u)X H <;7ha>p,,,a<uua)n(y)>'
aeAT\AT =1 aerY

Here, Py is the partition function with respect to A, \ {a}.

Proof. The computation below is similar to that in [29, Lemma 10.1.3].
It follows from Lemma 4 that the leading term of D(\; u) 4 is the same up to a
constant as that of

(1) 11 I I Ghe)

vEA-QT(A() \TEPn(v—p)a€hy

Let us simplify the expression inside the bracket in (11). Suppose that « € an)'
The multiplicity of hq in (11) is then 37 p (,_,) 7(a). Since

(12) {rePy(v—p)|r(a)=r}=Py(v—p—ra) = Pu(v—p—(r+1)a),
the multiplicity is computed to be

(13) Zr v—p—ra)=Py(v—p—(r+a Z’P V—p—ra).

For o € A%‘ \Zi , recall that 8 := 2« is an even root, and we will take 3 into
account simultaneously (in the previous computation we considered A, 5, not the
whole A, 5, so there is no double counting). We thus have the multiplicity

Yo (wa)+xB) = >, wB)+ > (1+7(B)),
TEP, (v—p) TEPw o (v—p) TEPL o (V—p—a)
where we defined Py, o(77) as a set of partitions of 1 not involving a:

Pu.a(n) :=={m € Pu(n)[7(a) = 0} .
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Following the computations as in (12) and (13), the first term is

S (Paal— = 18) — Paalv—p— (0 4 1B) = 3 Pualy — i~ 1)

r=1 r=1
and similarly the second term is

Poalv—p—a)+ i’])n’a(l/ —p—a—rp).
r=1
Since
Palv = ji+a —18) = Poalv — p+a—18) + Poalv—p—18).

the multiplicity in the end sums up into
an(V —pn—(2r—-1a).
r=1

Finally, if & € Ay then

TEP, (v—p)
]

3.4. Position of Possible Singular Vectors. We next turn to the positions of
singular vectors. We will see that they are highly constrained by the value of the
Casimir operator.

Proposition 2. A parabolic Verma module M,(\) is irreducible if (X + p, hg) #
3(B,B) for all B € Q*(A).

Proof. Suppose that M, () is reducible. Then there exists a highest weight vector
v € My(N)*=F for some 3 € QT (A).

Let us recall that we have a Casimir element €2, which commutes with all the
generators of g. The Casimir element Q on the parabolic Verma module M,(\)
takes the value [29, Lemma 8.5.3]

QAN = (A+2p,0) .
This immediately implies Q(A) = Q(A — 8) and hence

1
which contradicts our initial assumption. O

We say B8 € b* is a quasi-root if § = ra for some r € Z and o € A*. By
combining Propositions 1 and 2, we obtain the following:

Proposition 3. Up to a non-zero constant, the determinant D(\; ) a is a product
of degree-one polynomials of the form

(14) Fpi= Gt poig) = 5(5,8)

where f € b* is a quasi-root.
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Proof. Proposition 2 implies D(A; ) # 0 if (A + p, hg) — %(B,B) # 0 for all § €
QT (A). Therefore, D(); u) 4 divides a product of Fg (8 € Qt(A)) and hence we
can write D(A\; 1) = c[]i—, Fs,, where ¢ € C\ {0} and §; € Q*(A). Then by
Proposition 1, §; have to be quasi-roots. (I

3.5. Jantzen Filtration. The remaining task is to compute the multiplicities of
the factor (14). Since polynomials Fg for different 5’s may have the same leading
term (up to a constant multiplication), Proposition 1 is not enough to determine
the multiplicities.

As explained before, we are interested in the order of zeros. Suppose that we
want to calculate the order of the zero for the factor p, where p is some degree-
one polynomial of the variables {7T% }qoemr,- The problem is then to compute the
value of the p-adic valuation of the determinant, where the valuation is defined
by vp(p"a) = n for a € A and a is not divisible by p. Such a valuation can be
evaluated with the help of the following theorem, which introduces the so-called

Jantzen filtration:
M =M(0) D> M(1) D M(2)D

Lemma 5. [6, Lemma 3]

Let A’ be a principal ideal domain, and p € A’ a prime element. Let K = A’ /pA’
be the quotient field and ¢ : A" — K the canonical map. We write v, for the p-adic
valuation of A’. Suppose that M is a free A’-module of finite rank with a symmetric
bilinear form (—,—) with values in A’. We also write ¢ for the canonical map
M — M/pM. Let D be the determinant of (—,—) with respect to a basis of M.
For alln € N set

M(n) :={z € M| (z,m) C A'p"}.
Then M(n) is a lattice inside M and for n > 1 M(n)/pM(n — 1) is a K-vector
space. If D ;é 0, then we have

ZdlmK n)/pM(n — 1)) ZdlmK (n))) .

n>0 n>0
Proof. See [6]. O

In order to apply Lemma 5 to our problem, we localize A at a prime ideal (p)
and set A’ := A(,). Since there is a canonical injective homomorphism from A to
A’, we have the equation v,(D(X;p)a) = vp(D(A; ) as). In order to avoid clutter
in the notation, we often use the same symbol (e.g. 5\) for different coefficient rings
A and A’. We can then apply Lemma 5 to the ring A’, with the quotient field
K = A’/pA” and a canonical homomorphism ¢ : A" — K.

We are now ready to state the consequences of Lemma 5. In the following lemma
L(N\) g denotes the unique irreducible quotient module of M, (\)x. We define

vp(D(N)a) =D vp(Dsp)a)e” , vp(D(A\)ar) == Y vp(D(A; ) ar)e
p<N <A
They are identified with each other by a canonical homomorphism A — A’.

Lemma 6. (cf. [6, Satz 1]) ) )
Suppose X € PT(Ay)a. Then there exist a(X,d),b(\,0) € N for § > 0 such that

(15) ch My (e(\)kx = ch LX)k + Y _ a(A, ) ch L(p(X) — 6)x
6>0
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and

(16) p(0p(D(N)a)) = Y (A, 8) ch L(w(A) — 6)

>0

Moreover, a(A,8) >0 implies Q(cpN(S\)) = Q(p(\) = ). Further, a()\,8) > 0 ezactly
when b(A, ) > 0, and a(A, ) < b(X,0) for all § > 0.

Proof. By considering irreducible decomposition of the module M, (e(\)x we get
the expression (15). Note that

dim M, (p(A) 2 = 1

implies M,(p(\))x contains exactly one copy of L(p()\))x. We can also see that
a(A,6) > 0 implies Q(p(A)) = Q(p(A) — ) as in the proof of Proposition 2.
Let us define M,(A)’},(n) as in Lemma 5 and define M (\)as(n) by

n) = @ My(Wi (n) .

Then M,(\)as(n) is gas-stable. Tt follows from Lemma 5 that
up(D(X; p)ar) = ) dimg (My(N)'4, (n) /pMp(N)'y (n = 1)) .

n>0
This can be rewritten as
(17) P (vp(DN) ) = D ch (My(A) ar(n) /pMy(X) ar(n — 1)) .
n>0

By decomposing the gg-module M, (\) ar(n)/pMy(X) ar(n—1) into irreducible mod-
ules we get the expression (16).
Now a crucial property of the Jantzen filtration is that we have

(18)  ch(Mp(N)ar(1)/pMy(N)ar) = ch(My(p(N)x) — ch(L(p(N)x) -

To show this, note that Mp( )ar(1)/pMy(N) ar is by definition the radical of the
contravariant form of MP(p()\))g. Since the radical is the largest submodule, and
since L(p(\))x is its quotient module, (18) follows. Since (18) is the n = 1 term of
the sum (17), we obtain a(),§) < b(},d). Moreover, we have for all n > 0 a natural
surjective morphism

My(X) ar(n)/pMy(X) ar(n) = My(X) ar(n) /pMy(X) ar(n = 1)
and the equality
ch(Mp(\) ar () /pMp(N) s (n)) = ch(Mp(o(A) i) -

This equality implies that M,())a(n) /pMp(S\) /(n) have the same composition
factors as M, (p (5\)) k. Then by the above surjective morphism any composition
factor of My(X) ar(n)/pMy(X) ar(n—1) is one of M, (¢(N)) i, proving that b(), §) > 0
only when a(},8) > 0. O

Lemma 7. Let € b3. Then we have
chL(p)g =chM(m)x+ Y o, 8)ch M(n—06)k

6>0
Q(p)=Q(p—9)

for some ¢(u,d) € Z. Here, the right hand side is possibly an infinite sum.
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Proof. As in (15) we have

(19) chM(v)k =chLw)k+ Y,  a(v,6)chL(v—0)k .

>0
Q(v)=Q(v-9)

The first term on the right hand side is the character of the irreducible module
L(v)k with the same weight v as that on the left hand side, with coefficient one.
The second sum contains the characters of irreducible modules, with smaller highest
weights v — ¢ with 6 > 0. We can therefore invert (19), to obtain the lemma. [

3.6. Determination of Order of Zeros. We shall now determine the multiplicity
of each factor Fj3, with the help of the Jantzen filtration.

We take non-zero degree-one homogeneous polynomials p1, ..., p, such that for
each o € A, there exists exactly one i = i(a) with (A + p, ha) = s(p; + t) and
s,t € C,s#0. Let

Al i={aec A, |i=1i(a)}
and let
A N i +i + i AHt AT
Ang =00 NAL, AT :=A7TNAL, Ap' = A
Lemma 8. We have
—i —i i\ i i\ et ——+i ——+i

w(Big) =85, wAT\AT) =ATNATT, w(A7T) =4A77,

forw e Wy.

Proof. For a € Al and w € W we have
<5‘+pa hw(oz)> = <w71<5‘+p)7h0¢> € <5‘+p+Q+(A[)7ha> C <5\+P, ha> +C.
O

From Proposition 3 and the definition above we learn that the only irreducible
polynomials which could divide the determinant D(\; ) 4 are p; +1t for ¢t € C. This
means that we have

Dp)a =c[[[Iwi+0) @),

i=1teC

where ¢ € C\ {0}, and the power
0(i, £ 1) = vy o(D(3; )4) € N

is the multiplicity we wish to determine. We note that when p is fixed, v(i,¢; 1) =0
for all but finitely many pairs (i, ).

We have not yet determined v(i,¢; 1), but we already know their sum for ¢t € C
from the leading term of the determinant. For our later purposes it is useful to
define the combination

v(i,t) = Zv(@t;,u) et .

m
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Lemma 9. We have

> oli ZZX Aera)+ Y Zx —(2r — 1)a)

(20) teC ueAn@ (XEA;’L\AT vir=1
+ 2 xl-a
an;r’i
Proof. From Proposition 1 we already know that
(21)
D=3 > ZZP v —p—ra)n(v)e
teC Hoyel— Q+(A[)QEA _

+y Y 3 ZP v—p—(2r —1)a)n(v)e"

HovEA-QF (A acAt I\ =1
D D X Paalv—p—a)n(er,
HoveX—QF(Al) acAT
For a € Z; we have

Z Z Z’Pn(u—,u—ra) n(v)e*

Hover-Qt(a)r=t

= ( Z an(u — pu)n(v) e“) X Z e "

vEA-QT(Ay) H r=1

= Pch V(N x Ze*m
r=1

a5 i) S

weWy

= Z Z sign(w) ch M (w.X — ra) |

r=1weW;

where in the fourth line we used the Weyl character formula (3) and the factorization
(4). Now with the help of Lemma 8 we can rewrite the first term of the right hand
side of (21) as

Z Z Z sign(w) ch M (w.\ — ra) Z Z Z sign(w) ch M (w.\ — rwa)

QGA"; r=1weW; r=1weW; aGA“ 3

= 2 ZX —ra),
aEA“O

where in the last step we used the definition (5) and w. (A — ra) = w.A — rwa.

We can rewrite the sums for a € A+ ¥ \A+’ and o € A " in a similar way and
obtain (20). O
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Lemma 9 expresses the sum ), - v(4,t) as a linear combination of P (A — sa)
and x? (X — ). Then it is written also as a linear combination of ch M (X — §) for
d > 0. We now claim that not only their sum ), - v(4, ) but also each v(i,t) can
be written as a linear combination of characters ch M ( — 0). Moreover, we get
an additional condition on ¢ for ch M()\ —d) to appear in the expression of v(i,t),
by working out the value of Casimir element. In the following proposition we put
p = p; +t and use notation (e.g. ¢) in Lemma 6.

Lemma 10. v(i,t) € Z(b}) is a Z-linear combination of ch M(X—06) 4, where § > 0
and Qp(A)) = Qp(A) = 9).

Proof. Since ¢ sends A — Q1 (A) bijectively onto ¢ ) — Q@ (A), it is enough
to show that ¢(v(i,t)) is a Z-linear sum of ch M(p(A) = d)k for 6 > 0 and
(A) = 0). We have o(v(i,t)) = ¢(vp(D(A)a)) and the decompo-

2p(V) = Ay
sition of ¢(vp(D(A)a)) as in (16). Suppose that b(A,8) > 0. Then a(),d) > 0 and
hence Q(p(\)) = Q(@(A\) — §) by Lemma 6. We therefore have
P(p(D(N)a)) = > b(A,8) ch L(iw(X) — 8)
6>0

QU (3)=0p(3)—5)
By Lemma 7, we can express ch L(¢()\) —8) k as a Z-linear sum of ch M (o(A\) —8') &

for ' > & such that Q(p(\) — 8) = Q(e(X) — §'). O
From Lemma 10 we find
v(it) = > ct(N,8)ch M(X—6) 4
6>0

2(p(31)=0(p(X) )
with ¢ (X, ) € Z.

Lemma 11. Suppose that we have c¢;(X,8) # 0. Then p; +t ~ Q(\) — QA — ),
where ~ means that two polynomials are equal up to a constant multiplication.

Proof. Since ct(j\,é) # 0, we have
P(2A) = QA = 8)) = Qp(N) = QAp(N) =) =0.

This means p; + ¢ divides Q(p(N) — Qp(X) — 8). Since both p; +t and Q(p(N)) —
Q(p(A) = 0) have degree-one in {T,}oemm,, the two polynomials have to be pro-
portional. (I

Lemma 11 implies that for a fixed ¢ there exists at most only one t € C such
that ¢;(A,d) # 0. In other words, if ¢;(A,8), e/ (A, 0) # 0 then t = ¢'. Indeed, since
ct(X,0), e (A, ) # 0, we have from Lemma 11 that

i+t~ QN = QA =8) ~p + 1t

which immediately gives t = t'.
This observation and Lemma 1 show that the sum ), v(7,t) obtained previously
is enough to recover v (i, t):

Lemma 12. Fiz 1 <i <n. Fort € C suppose that u(i,t),u' (i,t) € Z{H%) are Z-
linear sums of ch M (X —06) 4 such that 6 > 0 and p; +71 ~ Q) — QA —0). Suppose
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that the sums Y ,.cu(i,t) and Y, .o/ (i,t) are well-defined and ), . u(i,t) =
Y et (it). Then u(i,t) =u/(i,t) for all t € C.

Proof of Theorem 1. Let us define

Zx —ra +ZX (2r — Do —|—Zxa —a)

(er,r) (a,7)

Here, («a,r) runs over a € Zﬁ’() and 7 € Zwq such that p; + ¢t ~ QX)) — Q(\ —
ra) for the first term; («,r) runs over a € A%"i \Z;F’Z and r € Zso such that
i+t~ Q) — QA — (2r — 1)a) for the second term; and o runs over a € Z{r’l
such that p; +¢ ~ Q(A) — Q(A — @). Then u(i,t) is written as a Z-linear sum
of ch M(X — 8) 4 such that § > 0 and p; +t ~ QA) — Q(\ — §). Moreover, we
have D, cu(i,t) = > ,ccv(i,t) thanks to Lemma 9. Hence Lemma 12 implies
v(i,t) = u(i,t).
Since

Q) — QX —ra) =2r ((5\ +p,a) — g(a,a)) ,

we conclude that the determinant formula (6) holds. O

Remark 9. We did not include the case psl(n|n),sl(n|n) in our argument. How-
ever, determinant formulas for these cases can be easily deduced from that for
gl(n|n).

To see this, note first that the only differences between these Lie superalgebras
are the Cartan subalgebras.

Suppose that p is a parabolic subalgebra of s\(n|n) and let p’ be a parabolic subal-
gebra of gl(n|n) such that p’ Nsl(n|n) =p. Then a parabolic Verma module My ()
of sl(n|n) is isomorphic to a parabolic Verma module My (X') of gl(n|n), where
N is an extension of A to a Cartan subalgebra of gl(n|n). They have the same
contravariant form (—,—) and hence we obtain the same determinant formula for
sl(n|n).

Similarly, a parabolic Verma module Mp( ) of psl(n|n) is isomorphic to a par-
abolic Verma module My(\) of sl(n|n), where p is the inverse image of p by the
natural map sl(n|n) — psl(nn) and X is the pull-back of X. Hence the same deter-
minant formula also holds for psl(n|n).

4. TRREDUCIBILITY CRITERIA

Let us next study irreducibility criteria, i.e. conditions for the non-existence of
singular vectors (a.k.a. null states). Most of the results and arguments in this
section are again parallel to Jantzen [6].

Since a parabolic Verma module M,(\) is irreducible if and only if the con-
travariant form (—, —) is non-degenerate, we can get irreducibility criteria from the
determinant formula. A direct consequence of the determinant formula is that a
parabolic Verma module M, () is irreducible if the following set ¥, is empty:

\I!)\ = \P)\,non—iso U \IJA,iso )
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where

— 2(\
W non-iso := 13 & € An@’na = M € Z~o
’ ’ (o, )
— 2(\
U{aeAf\Af‘na::Hp’a)EQN—i—l} ,
(v, @)
and

U iso 1= {a € Zﬂ A+ p,a) = 0} .

Even if this set is not empty, however, we cannot in general conclude that the
parabolic Verma module is reducible—there could be cancellations in the exponents
in (6).

As we have seen before, the complication here is that several polynomials of
the form (X + p,a) — r(a, o) may coincide up to constant multiplication. Recall
that in the previous section we defined polynomials p; for 1 < i < n and i(«) for
a € A, such that (S\—i-p, he) = s(pi(a)(j\) +1) for some s,t € C. Let us consider the
valuation with respect to the prime element pz(j\) +¢. Tt follows that D(S\; wa#0
for all 41 < X if and only if v, 5 (D(A\)a) =0 for all i and ¢. For 1 <i < n take

Pi
a € Ay, such that i(«) = and define

A= (QA+Qa)NA.
The set A? does not depend on the choice of a. We define moreover
g\ = \IJ)\ N Aiv iA,non-iso = \Ij/\,non—iso N Aia f\,iso = ‘I’)\,iso N Al .

Consider a factor (A + p, o) — 5(a, a) in the determinant in the coefficient ring

A. This factor is equal to p;(A) — p;(\) up to constant multiplication if and only

if « € ¥§ and (A + p,a) — 5(,@) = 0. The latter gives » = —n, when « is
non-isotropic. For isotropic a € \I/f\7iso this is automatic. Hence
Uy PN = D XFA=nmaa)+ 3 xE(A-a).
ae‘lji,non—iso ae‘lji‘iso
Since

Sad i =A—(A+pa)a=\—n,a
for a non-isotropic root a, we obtain the following irreducibility criterion:
Theorem 2 (Irreducibility Criterion (1)). Let A\ € PY(A(). The parabolic Verma

module My(X) is irreducible if and only if the following condition holds: for all
1<i<n

(22) S XN+ DY XA —a)=0.

aevy aev?

i
X,non-iso X,iso

Theorem 3 (Irreducibility Criterion (2)). A parabolic Verma module M,(X) is
irreducible if and only if

(23) S XN+ D> XA(A—a)=0.

a€V non-iso a€Wy iso
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Proof. Let us note that
Uy = | o).
i=1

The sum in (23) therefore can be decomposed into the sum of (22) over . Since
each summand is v(i, —p; (X)), whose coefficients are non-negative, the vanishing of
the sum (23) is equivalent to the vanishing of (22) for all i. O

The irreducibility criteria in Theorem 2 and Theorem 3 involve formal characters
x? and x?, which take slightly involved expressions for our practical applications.
Fortunately we can simplify these conditions.

Lemma 13. Suppose that Wy iso # . Then (23) never holds, i.e. the parabolic
Verma module M,(X) is reducible.

Proof. Suppose that the parabolic Verma module M, () is reducible. From The-
orem 3 we have the relation (23), which when written in terms of Verma module
characters reads

Z Z sign(w)ch M (w.s4.\)

€W non-iso WEW]

(24) o
+ )Y sign(w) Y (=1)"ch M(w.(A— (n+1)a) =0,
a€Wy iso wEW] n=0

where we used (5).
For a root @ € W) 5o and an element of the Weyl group w € W, there are
infinitely many terms of the form

(25) chM(w. A= (n+1)a)), n=12,...

in (24). Then each character of the form (25) has to be canceled by some other
Verma module characters (see Lemma 1). However the first term in (24) contains
only finitely many terms, and consequently still leaves infinitely many terms of the
form (25). Now characters inside the second term all take the form (25). Since both
U iso and W are finite sets, we can find distinct pairs (o, w) and (o, w’) such that
the terms in (24) for them contain at least two (in fact, infinitely many) characters
of the same form, namely, there exist ny, ng,n},n5 € N such that

w. A= (n;+Da)=w'. A= (n,+ 1)), i=1,2.
This means
(26) A—(ni+Da=w". A= (n,+1)), i=12.
for w” := w™lw’ € Wy, and by taking differences of two equations we obtain
(n1 —mng)a = (n} —nh)w”a’, ie. «is proportional to w”a’ .

We then have from (26) that A —w” .\ € Ca. Since A —w” .\ € Q(A() and o € Ag,
we must have A = w”.A\. Then w” = e because A\ + p is regular for A;. Hence
w = w’. This shows that « and o are proportional but since «, @’ € Aj we have
a = o, which contradicts to our choice (o, w) # (o', w’). O
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Thanks to Lemma 13 we can concentrate on the case Uy i, = @. Then the
condition for irreducibility (23) now simplifies to

(27) Z XP(54.A) =0.

a€W ) non-iso

Lemma 14. Let A\, u € P(A(). Suppose that we have

(28) X () + Z X" (v) =0
r<A

for some ¢, € Z. We then have at least one of the following two:
(i) We have p = w.u for some w(# e) € Wy, in which case x*(u) = 0.
(ii) There exists v such that ¢, # 0 and pp = w.v for some w € Wy, in which
case XP (1) = 2 (v).

Proof. Recall that x*(p) is an alternating sum of ch M (w.u) over w € Wy (see (5)).
The assumption (28) can then be written as

(29) Z sign(w) ch M (w.p) + Z Z sign(w)c, ch M(w.v) =0.

weW, v<AweW;

Now from Lemma 1 the Verma module character ch M (p) has to be canceled by
another Verma module character, either from the first or the second term of the
sum (29). When the canceling term comes from the first term, we have ch M (u) +
ch M (w.u) = 0 for some w(# e) € Wy, giving the first option. If it comes from
the second term, we have ch M (u) = ch M (w.v) for some w € Wy and v such that
¢, # 0, giving the second option. O

Lemma 15. The identity (27) implies that for all o € ¥ non-iso there exists €
AN N Ay such that (A +p, B) = 0.

Proof. Let us fix an element o € ¥y pon-iso- Since the sum (27) contains the char-
acter xP(sq.A) one of the two possibilities of Lemma 14 happens.

Suppose we have the first option. We then have w.(so.A) = $4.A for some
w = s, € Wy with some v € A;. This means

S5, (1) A = (8aSy8a) A = 84.5y.50.A = A .

By putting 8 = s4(7) € A N Ag, we obtain sg.\ = A, i.e. (A+p,3) =0.
Suppose we have the second option. We then have certain v € Wy jon-iso With
v # a such that there exists w(# e) € Wi with so.A = w.(s,.A). We thus have
(80wS4).A = A. This means that A+p lies on a wall of a Weyl chamber for A{®)NAg,
and hence \ + p is fixed by a root reflection s, for a certain a € A N Ag, as
desired. (]

By collecting Theorem 3, Lemma 13 and Lemma 15 we obtain the following
proposition:

Proposition 4. If a parabolic Verma module M, () is irreducible, then the follow-
ing conditions hold:
(M):  — Foralla € Uy non-iso there ezists § € AU NAG such that A p, 8) =
0.
- \II)\,iso =4a.
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The condition (M) in Proposition 4 is a necessary condition for the irreducibility,
but not a sufficient condition. Interestingly, a slightly stronger condition (M+)
below turns out to be sufficient for the irreducibility:

Proposition 5. A parabolic Verma module M,(X\) is irreducible if the following
conditions hold:

(M+): = Forall € Uy yoniso there exists B € AN NAg such that (\+p, 3) =
0 and s4(B) € Ay.
- \I/)\,iso =d.

Proof. Let us choose any root & € W non-iso- Taking § as in the condition we have
850(8)-(Sa-A) = Sa-88.A = Sa.A .

Since s4(8) € Ay from the assumption, this means we have an element w(# e¢) € W,
such that w.(sq.\) = so.A. Hence xP(sq.A) = 0.

Since we have shown that each summand in (23) vanishes, the equation (23) holds
and thus thanks to Theorem 3 the parabolic Verma module M, (A) is irreducible. O

The conditions (M) and (M+) are simpler than the conditions (22) or (23).
Unfortunately, (M) is necessary but not sufficient, while (M+) is sufficient but not
necessary, for irreducibility. Indeed, there are examples where (M) is satisfied but
(M+) is not ([6]). However, if we impose a regularity assumption on A we can
present a condition which is both necessary and sufficient.

Corollary 1. Suppose that (A+p, ) # 0 for all « € Ag. Then the parabolic Verma
module My (X) is irreducible if and only if the following condition hold:

(M++) \I/A,non—iso = \IJ)\,iso =d.
Proof. These follow easily from Propositions 4 and 5. O
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