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1. Introduction

In this paper, X stands for a (projective, geometrically irreducible, non-singular)
algebraic curve defined over an algebraically closed field K of characteristic p > 0. Also, C
stands for a plane model of X, that is, for a plane curve C defined over K and birationally
equivalent to X. Let ¢ be a morphism X — PG(2,K) which realizes it, so that ¢ is
birational onto its image C. Further, K(X) denotes the function field of X', and Aut(X)
stands for the automorphism group of X which fixes K element-wise. A point @ in
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PG(2,K) is a Galois point for C if the projection m¢ from @ is Galois; more precisely, if
the field extension K(X) /75, (K(PG(1,K)) is Galois. In this case, if G is the Galois group
which realizes mg, then Q) is a Galois point with Galois group G. A Galois point @) is
either inner or outer according as @ € C or @ € PG(2,K) \ C. An inner Galois point
may be a singular point of C.

The concept of a Galois point is due to H. Yoshihara and dates back to late 1990s; see
[36]. Ever since, several papers have been dedicated to studies on Galois points, especially
on the number of Galois points of a given plane curve. For non-singular plane curves,
that number is already known [3,36]. Nevertheless, for plane models with singularities
the picture is much more involved, as it emerges from several recent papers [3-6,9,11,14,
21,25,37] where the authors focused on the problem of determining plane curves with at
least two Galois points.

In this context, our paper is about plane models C of X with two different inner Galois
points p(P;) and ¢(P») both simple, or more generally unibranch. Here C is unibranch
at its point @ if ¢(P) = ¢(R) = Q implies P = R.

Let o(P1), o(P2) € C be two different inner Galois points with Galois groups G; and
G respectively. Then

(I) The quotient curves X/G; and X /G4 are rational.

From now on we assume that G; fixes P;, for i = 1,2. By Lemma 2.14 (see also [5]),
©(Py) and ¢(P,) are simple if the following two properties hold.

(II) G; and G2 have trivial intersection.
(IIT) In the divisor group of X, Py + ) cq, 0(P2) =P+ cq, T(P1).

Since (I), (II), (III) are independent of the model C, general properties of inner Galois
points can be obtained by investigating curves X with two subgroups G1, G2 of Aut(X)
satisfying (I), (II), (III) and such that |Q| > 2, where ©Q is the support of the divisor
in (III). In this paper we go in that direction pursuing the strategy of using not only
function field theory but also deeper results from group theory. Our starting point is
to look inside the action of G = (G1,G3) on ). Lemma 2.14 shows that the action of
G; on Q\ {P;} is sharply transitive, and hence G induces on 2 a doubly transitively
permutation group. Furthermore, a 1-point stabilizer of G is solvable. It should be noticed
that some non-trivial element of G may fix 2 pointwise. In other words, the kernel K
of the permutation representation G of G on € may be non-trivial so that G = G /K is
the doubly transitive permutation group induced by G on €. Since all doubly transitive
permutation groups with solvable 1-point stabilizer have been classified in 1970’s by Holt
[20] and O’Nan [27], this gives a chance to determine the possibilities for G and then
recover G from G using Schur multipliers. In this strategy, an important simplification
is that Gy is a normal subgroup of the stabilizer of P; in G. Also, a natural idea is to
regard G as a doubly transitive group space on 2 where (G is a normal subgroup of a
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1-point stabilizer of G and Gy is sharply transitive on the remaining points of 2. Such
doubly transitive group spaces were completely determined by Hering [18]. It turns out
that Hering’s result provides a complete list of possibilities for G and its action on €.
The question of which of these possibilities actually occur for some curve & is completely
answered in our main theorem.

Theorem 1.1. Let C be a plane model of X associated with the morphism ¢ : X +—
PG(2,K). Let P, P, € X be two distinct points together with two distinct subgroups
G1,Gy of Aut(X) such that (Py) and o(P2) are simple Galois points of C with Galois
groups G and Go, respectively. If G; fizes P; fori = 1,2 then G = (G, G2) is isomorphic
to one of the following groups:

(i) PSL(2,q),SL(2,q), Sz(q),PSU(3,q),SU(3, q), Ree(q) where q is a power of p, and
deg(C) equals q + 1 in the linear case, ¢> + 1 in the Suzuki case and ¢ + 1 in the

unitary and Ree case. Here G is supposed to be non-solvable.
PI'L(2,8), p = 3, and deg(C) = 28.

(Cs5 x C5) x SL(2,3), for p=2, deg(C) = 25, and X is elliptic.
SU(3,2), p =2, and g(X) = 10.
SL(2,3), p# 2,3 and g(X) = 3.

—_=
£ 3

i)
(illa) AGL(1,m) for a prime power m of p, deg(C) = m, and X is rational.
(iiib) AGL(1,3), p # 3, deg(C) = 3, and X is rational.
(ilic) AGL(1,4), p # 2, deg(C) =4, and X is rational.
(iva) AGL(1,m), for m =3,4,5,7, p # 2,3, deg(C) = m and X is elliptic.
(ivb) AGL(1,m), for m =3,4,5,7, p =3, deg(C) = m, and X is elliptic.
(ive) PSU(3,2), p=2, | =9, and X is elliptic.
(ivd) AGL(1,m), form =3,5,7, p =2, deg(C) = m, and X is elliptic.

)

)

)

—~
<
o

All the above cases occur, see Section 8. A corollary of Theorem 1.1 is the following
result.

Theorem 1.2. Under the hypotheses of Theorem 1.1, if pt|G1], in particular if p =0 or
p > 2g(X)+ 1, then X is either rational or elliptic, or it has genus 3.

Remark 1.3. If the order of the 1-point stabilizer of any point in G is coprime with p
(that is G is tame), then the hypothesis that ¢(P;) and ¢(P2) are simple Galois points
can be relaxed to unibranch Galois points, with just one exception, namely

(via) G = Gy x Gy is cyclic, deg(C) = |G| + |G2|, and g(X) = 0.

For an example; see Remark 2.13.
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Remark 1.4. For a Galois point ¢(Q) with Galois group G it may happen that G does
not fix any point P € X such that ¢(P) = @Q; an example is given in Remark 2.11.

Our notation and terminology are standard; see [2,19,22,23,32]. In particular,
AGL(1, m) denotes the automorphism group of the affine line over F,,,. Here, AGL(1, 3) =
Ss, AGL(1,4) =2 Ay.

2. Background from function field theory and some preliminary results

For a subgroup G of Aut(X), let X denote a non-singular model of K(X), that is,
a projective non-singular geometrically irreducible algebraic curve with function field
K(X)%, where K(X)Y consists of all elements of K(X) fixed by every element in G.
Usually, X is called the quotient curve of X by G and denoted by X/G. The field
extension K(X)|K(X)¢ is Galois of degree |G].

Since our approach is mostly group theoretical, we often use notation and terminology
from finite group theory rather than from function field theory.

Let ® be the cover of X — X where X = X' /G is a quotient curve of X' with respect
to G. A point P € X is a ramification point of G if the stabilizer Gp of P in G is
nontrivial; the ramification index ep is |Gp|; a point Q € X is a branch point of G if
there is a ramification point P € X such that ®(P) = Q; the ramification (branch) locus
of G is the set of all ramification (branch) points. The G-orbit of P € X is the subset
o={Re X |R=g(P), g€ G}, and it is regular (or long) if |o| = |G|, otherwise o(P)
is short. For a point Q, the G-orbit o lying over @) consists of all points P € X such that
®(P) = Q. If P € o then |o| = |G|/|Gp| and hence Q is a branch point if and only if o is
a short G-orbit. It may be that G has no short orbits. This is the case if and only if every
non-trivial element in G is fixed—point-free on X, that is, the cover ® is unramified. On
the other hand, G has a finite number of short orbits. For a non-negative integer i, the
i-th ramification group of X at P is denoted by Gg) (or G;(P) as in [28, Chapter IV])
and defined to be

G ={g|ordp(g(t) —t) >i+1,9 € Gp},

where t is a uniformizing element (local parameter) at P. Here Ggg) = G p. The structure
of G p is well known; see for instance [28, Chapter IV, Corollary 4] or [19, Theorem 11.49].

Result 2.1. The stabilizer Gp of a point P € X in G has the following properties.

(i) Gg) is the unique normal p-subgroup of Gp;
(ii) Fori > 1, Gg) is a normal subgroup of Gp and the quotient group Gg)/GgH) is
an elementary abelian p-group.
(iii) Gp = Gg) x U where the complement U is a cyclic group whose order is prime to
p.
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Let g be the genus of the quotient curve X = X' /G. The Hurwitz genus formula is the
following equation

20-2=|G|(26—2)+ Y _ dp, (1)

pPex

where

dp = > (IGY] - 1). (2)

i>0

Here D(X|X) = Y p.y dp is the different. For a tame subgroup G of Aut(X), that is
for p1|Gpl,

m

Z dp = Z(|G| —4;)
Pex i=1
where /4, ...,/¢,, are the sizes of the short orbits of G.

A group is a p’-group (or a prime to p group) if its order is prime to p. A subgroup G
of Aut(X) is tame if the 1-point stabilizer of any point in G is p’-group. Otherwise, G
is non-tame (or wild). Obviously, every p’-subgroup of Aut(X) is tame, but the converse
is not always true. From the classical Hurwitz’s bound, if |G| > 84(g(X) — 1) then G is
non-tame; see [30,31] or [19, Theorems 11.56]. An orbit o of G is tame if Gp is a p’-group
for P € o, otherwise o is a non-tame orbit of G.

Let 7 be the p-rank of X', and let 4 be the p-rank of the quotient curve X = X /G. The
Deuring-Shafarevich formula, see [34] or [19, Theorem 11,62], states for a p-subgroup G
of Aut(X) that

k
y=1=1GI(v - 1)+ ) (1G] - t) (3)
i=1
where {1, ..., ¢ are the sizes of the short orbits of G.

Result 2.2. If X has zero p-rank then Aut(X) has the following properties:

(i) A Sylow p-subgroup of Aut(X) fizes a point P € X but its nontrivial elements have
no fized point other than P.
(ii) The normalizer of a Sylow p-subgroup fizes a point of X.
(iii) Any two distinct Sylow p-subgroups have trivial intersection.

Claim (i) is [19, Theorem 11.129]. Claim (ii) follows from Claim (i). Claim (iii) is [19,
Theorem 11.133].
For the following results, see [19, Lemmas 11.129, 11.75, 11.60]
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Result 2.3. Assume that Aut(X) contains a p-subgroup G of order p". If the quotient
curve X /G has p-rank zero, and every non-trivial element in G has exactly one fized
point, then X has p-rank zero.

Result 2.4 (Serre). Let « € Gp and B € Ggf), E>1. Ifaé¢ Gg), then the commutator
[, B] = aBa~ 1B~ belongs to Ggfﬂ) if and only if either o € Gg) or B € Ggfﬂ).

Result 2.5. If the order n of Gp is prime to p, then n < 4g(X) + 2.

Let € be a non-singular plane cubic curve viewed as a birational model of an elliptic
curve X. For an inflection point O of £, the set of points of £ can be equipped by an
operation @ to form an abelian group Go with zero-element O, which is isomorphic
to the zero Picard group of &; see for instance [19, Theorem 6.107]. The translation 7,
associated with a € £ is the permutation on the points of £ with equation 7, : © — = @ a.
Since there exists an automorphism in Aut(€) which acts on £ as 7, does, translations
of £ can be viewed as elements of Aut(€). They form the translation group J(&) of &£
which acts faithfully on £ as a sharply transitive permutation group. For every prime
r, the elements of order r in J(&) are called r-torsion points. They together with the
identity form an elementary abelian r-group of rank h. Here h = 2 for r # p while h
equals the p-rank of £ for r = p, that is, h = 0,1 according as £ is supersingular or not.

Result 2.6. The translation group J(E) is a normal subgroup of Aut(E), and Aut(€) =
J(E) x Aut(E)p for every P € £.

Proof. For complex cubic curves the claim is known. Here we provide a characteristic free
proof based on [29, Theorem 4.8]. Let O be the neutral element of the group structure of
€. Then Aut(&)o is additive on &; see [29, Theorem 4.8]. Therefore Aut(£)o normalizes
the group of translations J(&). By transitivity of J(&), Aut(£) = J(E)Aut(€)o, and
J(E)NJ(E)o = {id} by regularity of J(E) on £. Furthermore, again by transitivity of
J(€), O may be replaced by any P € £. O

The following result comes from [29, Theorem 10.1] and [19, Theorem 11.94].

Result 2.7. Let £ be an elliptic curve, and P € &. If the stabilizer H of P in Aut(€) has
order at least 3 then

H=C(Cy, or H=Cq when p # 2,3;
HX=C3xCyq, and j(£) =0 when p = 3; (4)
H = SL(2,3) and j(€) =0 when p = 2.

If j(€) = 0 then & is birationally equivalent to either the cubic of affine equation
Y =234+1,y2 =23 -z or y>+y = 23, according as p # 2,3, p = 3 or p = 2. Result 2.7
has the following corollary, see [19, Theorem 11.94].
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Result 2.8. Let £ be an elliptic curve. If G is a subgroup of Aut(€) and P € & then

1,2,4,6 when p # 2,3,
|Gp| =1 1,2,4,6,12 when p = 3, (5)
1,2,4,6,8,24 when p = 2.

Moreover, if Gp is non-trivial then the quotient curve /G is rational. For p = 2, the
stabilizer Gp is cyclic when |Gp| < 4, and it is the quaternion group when |Gp| = 8,
and the linear group SL(2,3) when |Gp| = 24. All cases occur.

For a prime r, let R be the group of r-torsion points. Since R is the unique elementary
abelian r-subgroup of J(&), and J(€) is a normal subgroup of Aut(£), R is also a normal
subgroup of Aut(€).

Lemma 2.9. Let £ be an elliptic curve, and o € Aut(E) a non-trivial automorphism of
prime order t # p. If o has at least two fixed points, then either t = 2 and « has exactly
4 fized points, ort =3 and « has exactly 3 fixed points. Furthermore,

(i) if t = 3, no non-trivial translation of J(E) preserving the set of fized points of a has
order 3;

(ii) if t = 2 and, in addition, 4 divides the stabilizer of a fized point of a then no
non-trivial translation of J(E) preserving the set of fized points of o has order 2.

Proof. The Hurwitz genus formula applied to the subgroup generated by « gives
0=2g(8)—2=-2t+A(t—1)

where A counts the fixed points of a. From this, the first claim follows. Let ¢t = 3. Since
the 3-torsion group R of £ has order 9, « together with R generate a subgroup M of
Aut(&) of order 27. For a fixed point P € £ of a, let A be the R-orbit of P. As R
is a normal subgroup of M, A is left invariant by M. Furthermore, since |A| = 9, the
stabilizer Mp of P in M has order 3 and its three fixed points are in A. Therefore,
Mp = (a) and the fixed points of « are in A. Since J(€) is sharply transitive on &, this
yields that no non-trivial element of order prime to 3 may take P to another fixed point
of @ whence (i) follows for ¢ = 3. Let ¢ = 2. This time R is an elementary abelian group
of order 4 which together with « generate a subgroup of Aut(€) of order eight. Also,
Mp has order two and hence again Mp = («), and « fixes either two points in A, or all
its 4 fixed points are in A. In the latter case, (ii) follows as for ¢t = 3. To investigate the
former case, suppose that a = 72 with v € Aut(&) fixing P. The subgroup T generated
by R together with ~ has order 16 and preserves A. The kernel of the representation of
T on A is not faithful, as |Sy| is not divisible by 16. Therefore, T' contains an involution
7 fixing A pointwise. Since P € A and the stabilizer of P in Aut(&) is cyclic, 7 coincides
with o whence (ii) follows. O
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For a plane model C of X associated with the morphism ¢ : X — PG(2,K), there
exists a one-to-one correspondence between points of X and branches of C. For any point
P € X the associated branch « of C is centered at ¢(P). Furthermore, the order of ~ is
the positive integer j; such that the intersection number I(p(P),yN{) = jy for all but
just one line through ¢(P). For the exceptional line ¢, called the tangent to v at ¢(P),
we have I(p(P),yNt) = jo with jo > j1; see [19, Section 4.2].

Let w be the quadratic transformation with fundamental points A; A3 A3 and excep-
tional lines Aj Ag, AsAs, AsAy, where A1 = ¢(Py), Ay = ¢(Ps), As = t1 Ny, with ¢; the
tangent line at P;; see [19, Sections 3.3, 3.4]. For any non-exceptional line ¢ through a
fundamental point A;, the image of £ by w is a line ¢ through A;; more precisely the
points of ¢ distinct from A; are taken to the points of ¢ distinct from A;. For a branch
d of C centered at a point C' of an exceptional line A;A; with C' # {A;, A,}, its image
w(d) is a branch centered at the opposite vertex Ay, and the tangent of w(d) is a non-
exceptional line through Aj. The converse also holds. If C' = A; and A;A; is the tangent
of 0, then w(¢) is a branch centered at A, and ApA; is its tangent.

Remark 2.10. Let P; be an inner Galois point of X with Galois group G1. Up to a change
of coordinates, C has affine equation f(X,Y) = 0, and Yo = ¢(Py). Furthermore, the
G1-fibers are represented by lines through Y,,. For a Gi-fiber A, let £ be such a line.
Then a point P € X is in A if and only if the associated branch ~ of C has one of
the following properties: either p(P) # ¢(Py) and ¢(P) € £, or ¢(P) = ¢(P1) and the
tangent to v at ¢(P) coincides with the line £. Furthermore, if G fixes P; then the fiber
of P; contains no more point. Therefore, if ¢ is the tangent to C at ¢(Py), then v is the
unique branch of C whose center lies on ¢ and whose tangent coincides with ¢.

Remark 2.11. The following example shows that G; may not fix any branch centered at
Y. For p # 2, let X be a non-singular model of the singular plane curve with affine
equation Y? = ¢g(X) with a separable polynomial g(X) € K[X] of degree 4. From [19,
Example 5.59], g(X) = 1 and Y, is the unique singular point of C. More precisely, two
branches of C, say v and v/, are centered at Y., both tangent to the line £, at infinite.
The linear map v : (X,Y) — (X, -Y) is in Aut(X), and G; = (u) preserves every line
¢ through Y, acting transitively on its points distinct from Y. Therefore, P; = Y is
an inner Galois point of X with Galois group G; of order 2, and the points Py, P} € X
associated with v, ~’ respectively, form a G;-fiber. We show that G fixes no Py (and Pj).
Obviously, G fixes each of the four points of C lying on the X-axis. From the Hurwitz
genus formula applied to Gy, 0 = 2g(X) —2 = 2(2g(X) —2)) +n where X = X/G; and n
is the number of fixed points of G; on X. Since n > 4, this is only possible for g(X) = 0
and n = 4. In particular, neither @1 nor Q)5 is fixed by G;. Now suppose p # 2, 3, and let
g(X) = eX (X —1)(X —€)(X —€?) for a primitive third root of unity e. A straightforward
computation shows that X’ has another inner Galois point, namely the origin O = (0, 0),
with Galois group G of order 3 generated by the linear map v : (z,y) — (ex, ey). Since
O is not an inflection point with tangent OY,,, and G5 fixes both v and +/, the singletons
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{P1} and {P»} are Go-fibers. In particular, the line OY,, contains no point from C other
than P; and P». A generalization is obtained for p 1 d taking for C the plane curve of
affine equation Y¢ = g(X) with g(X) = eX(X — 1)(X —€)--+ (X — €2¢72) where € is a
primitive (2d — 1)th root of unity

From previous works on Galois points, we need a very recent result due to Fukasawa;
see [5, Theorem 1]. We state it for the case of two inner Galois points ¢(P1), o(Ps). We
also add some properties in case where the corresponding Galois group G; fixes P; for
i=1,2.

Lemma 2.12. Let C be a plane model of X associated with the morphism ¢ : X +—
PG(2,K). Let P, P, € X be two distinct points together with two distinct subgroups
G1,G2 of Aut(X) such that o(Py) and o(Ps) are unibranch Galois points of C with
Galois groups Gy and Ga, respectively. Then the following properties hold:

(I) The quotient curves X/G1 and X /G2 are rational;
(II) G1 and G5 have trivial intersection.

Assume in addition that G; fizes P; fori=1,2 and let G = (G1,G2). If
the line through ¢(Py1) and ¢(Ps) contains a further point of C (6)

then the stabilizer (G1)p, of Py in G1 and the stabilizer (G2)p, of Pi have the same
order and that number equals the multiplicity of both ¢(P1) and p(Pz). Also, (6) implies
that the following conditions are equivalent:

(IIT) In the divisor group of X, Pr + >, cq 0(P2) = Pa+ 3 cq, T(P1).
(i) Both p(P1) and o(Py) are simple points.
(ii) Both (G1)p, and (G2)p, are trivial.

For tame G, (6) implies (ii).
If (6) does not hold then either o(Py) or ¢(Ps) is a singular point of C, both Py and
Py are fized by G, and, for tame G, G is cyclic.

Proof. By definition, (I) holds. Since both G and G5 are finite groups, and C has a
finite number of singular points, there exists a simple point ¢(P) € C not on the line
©(P1)p(P2) which is not fixed by any non-trivial element from either Gy or G3. To
show (II), assume by way of a contradiction that g € G; N G2 with g # 1. Let r be
the line through ¢(P) and ¢(g(P)) in PG(2,K). Then the points ¢(P1), ¢(P), ¢ (g(P))
are three distinct points on the line r, and similarly, ¢(Ps),o(P), o(g(P)) are three
distinct points on the same line r. This yields that P lies on the line through ¢(P)
and ¢(P;), a contradiction. Up to a change of the projective frame, ¢(P;) = Y, and
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©(P2) = Xo. Let P; the set of all points of X which are taken by ¢ to points of
C lying on the line /., at infinity. Obviously, P, € P;, and hence the Gi-orbit A;
of P, is also contained in P;. Furthermore, every point P € X with ¢(P) # ¢(P;)
and ¢(P) € lo is in A;. However, a point P € X with ¢(P) = ¢(P1) is in Ay if
and only if ¢(P), viewed as a branch of C centered at ¢(P), is tangent to ¢s. Let
Q1 = P1 \ Ay In the divisor group of K(X), let By = > pco, P, D1 = Y pca, P, and
my = |(G1)p,| = [(G1)p| for every P € A;. Now, since ¢(P;) is unibranch, we have
B; = Py, and hence my(Py + D1) = m1 Py + deGl o(Py). On the other hand, since P,
is a Galois point with Galois group (i1, in the intersection divisor C o ¢, the coefficient
of P € Ay is |(G1)p| = ma. In particular, my is equal to the multiplicity of ¢(Ps).

The analog pointsets P, Ao, Qo and divisors By, D2 and ms are defined interchanging
P, with P, and replacing G1 by Gs.

Since (6) implies that [A1] > 1 and |Az| > 1, their intersection contains a point P.
Therefore, my = mgy. Let m = m;. Then both points ¢(P;) and ¢(P») have multiplicity
m, and |G| = |G2| = (deg(C) — m)/m. Therefore,

mP1+ Z O’(PQ) :mP2+ Z O'(Pl).

ceGy TEG,

Now, (III) holds if and only if m = 1, that is, both points ¢(P;) and ¢(P») are simple.
The latter condition is equivalent to |(G1)p,| = |(G2)p,| = 1.

Since || > 2, G is finite, otherwise X would be either rational, or elliptic, and an
infinite number of elements in G would fix ) pointwise which contradicts Result 2.7 and
the fact that no non-trivial automorphism of a rational curve may fix more than two
points. To show the final claim in Lemma 2.12, assume on the contrary that m > 1, and
take a point @ € A; N Ag. Then both (G1)g and (G2)q are subgroups of Gg of order
m. Since G is supposed to be tame, (iii) of Result 2.1 yields that Gq is cyclic whence
(G1)g = (G2)q follows. This contradicts (II).

Suppose that (6) does not hold. Then Bézout’s theorem, see [19, Theorems 3.14,
4.36], applied to the line {o, = @(P1)p(P2) yields deg(C) = deg(C o l) = I(¢(P1),C N
ls) + I(p(Ps),C N {s). Since ¢(P;) is unibranch and ¢, is not the tangent to C at
P;, the multiplicity p; of ¢(F;) equals I(¢(P;),C N £). Therefore, deg(C) = p1 + pa.
From deg(C) > 2, either p; or uo exceeds 1, and hence one of the points ¢(P;), p(Ps) is
singular. To show that G fixes P, it is enough to observe that P, is the unique pole of
y where K(y) = XY1. Therefore, both Gy and Go fix P», and this holds true for P; as
Py is the unique pole of 2 with K(z) = X@2. Therefore G fixes both Py and P,. If G is
tame then (ii) Result 2.1 implies that G is cyclic. O

Remark 2.13. An example for the case where (6) does not hold is the curve f(X,Y) =
X"YY — 1 with v > v > 1 and g.c.d(u,v) = 1 where u = |G3| and v = |G4|. The
automorphisms in G; are induced on C by the homology (X,Y) — (X,\Y) with A
ranging in the multiplicative subgroup of K of order |G1|. The fixed points of such a
homology in the plane are Y, and the points on the line Y = 0. Therefore, a non-trivial
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automorphism in G fixes exactly two points of X', namely P; and P,. Now, the Hurwitz
genus formula applied to G; gives g(X) = 0. The same holds for G and the group G
generated by G; and Gs is the cyclic group of order |G1||G3|. This gives case (via) in
Remark 1.3. Earlier references for this example are [13] and [17].

Lemma 2.14. Let Py, P> be two distinct points of X together with two distinct subgroups
G1,Gs of Aut(X) such that (1), (IT), (IIT) hold. Assume that G; fives P; fori =1,2. Let
D be the divisor defined in (III). If |Supp(D)| > 2 then

(i) fori=1,2, the group G; is a sharply transitive group on Supp(D)\ {P;};
(ii) the group G generated by Gy and G2 acts on Supp(D) as a doubly transitive permu-
tation group;

Furthermore, there exists a birational model C of X such that ¢(P1) and ¢Ps) are
Galois points with Galois groups G1 and Gy respectively, and the equation f(X,Y) =0
of C can be chosen in such way that

) |Supp(D)| = deg(C) and both p(P1) and o(Py) are simple points.
(iv) X6 = K(z) and X% = K(y),

(V) o(P1) =Yoo and o(P2) = X0,

(vi)

(iii

the poles of x are the points in Supp(D)\{P1}, each of multiplicity 1, and the poles
of y are the points in Supp(D) \ { P2}, each of multiplicity 1.

Proof. Take u,v € K(X) with X1 = K(u) and X%2 = K(v). Let g(X,Y) € K[X,Y]
be an irreducible polynomial such that g(u,v) = 0. From [5, Proposition 1], the plane
curve D with affine equation g(X,Y’) = 0 is a birational model of X. Then Xo = (1:0:
0),Ys = (0,1,0) are Galois points of D with Galois groups G; and G, respectively. Let
Y : X = D C PG(2,K) be the associated morphism. For ¢ = 1,2, let 4; be the branch
of D associated with P;. From Remark 2.10, the tangent t; of -, is different from the
line ¢(P1)Y(Ps). Let ¢ = wo1) where w is a quadratic transformation with fundamental
points Uy = ¢(Py),Us = ¥(P2),Uy = t1 Nta, and look at the birationally plane model
C associated to ¢. An equation of C is f(X,Y) = 0 with f(w(u),w(v)) = 0. From the
properties of w quoted before Remark 2.10, both Us and U; are inner Galois points of C
with Galois group G and G1, respectively; see also [24]. Furthermore, from Remark 2.10,
both these points of C are unibranch as w(v1), w(2) are the unique branches of C centered
at Uy and Uj respectively. Also, the tangents of w(7;) and w(v2) are the lines UyUs and
UoU; respectively.

Up to a change of « by x —a with a € F*, P; is a pole of & of multiplicity 1. A similar
change in y ensures that P is a pole of y of multiplicity 1. Thus (iv) and (v) hold. Note
that for o € G1, each point o(P,) is also a pole of z.

Now, Lemma 2.12 applies. Since |Supp(D)| > 2, (III) yields that Condition (6) is
satisfied. Therefore, ¢(P;) and ¢(P,) are simple points.
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We point out that o(P;) = P with 0 € G; only occurs when o = 1. (III) reads

Pi+ Y a(Py) =Y m(P)

ce€GY TEG,

where G denotes the set of non-trivial elements of G;. Now, if 0(P2) = P2 with 0 € G}
then P, would be in the support of the divisor on the left hand side, but not on the
right hand side as 7(P) = P, for every 7 € Go; a contradiction. Similarly 7(P;) = P,
never holds for 7 € G. Therefore (i) and hence (ii) follow from (III). Also, |Supp(D)| —
1 = |G1| = |Gs2|. A further consequence is that the poles of x are exactly the points
Supp(D) \ {P;} each with multiplicity 1. The same holds for y when P; is replaced by
P,. From this (vi) follows.

Finally, since ¢(P;) is a simple point of C, |Supp(D)| = deg(C) follows from (III). O

Assume that P is a pole of v € K(X) with multiplicity 1. For a local parameter ¢ of P,
we have v = t~! + w with vp(w) > 0. If & € Aut(X) fixes P choose the smallest integer
m such that a™(v) = v. Assume that m is a power of p then a(v) = (¢t +w) ™! +w; with
vp(w) > 2 and vp(wy) > 0. Since (¢ + )~ = ¢t71(1 + wg) with vp(wz) > 1 this yields
vp(a(v) —v) > 0, that is, P is not a pole of a(v) —v. For p {m, the above argument can
be adapted, as (ut +w)~t = v~ 171 (1 +ws3) with vp(wsz) > 0. It turns out that P is not
a pole of a(v) —u~tv. This holds true for ¥ when w1 is replaced by u~*. Therefore, P
is not a pole of a(v) — u~1v for any m-th root of unity. This gives the following result.

Lemma 2.15. For a pole P of v € K(X), let o € Aut(X) be a non-trivial automorphism
fizing P. Let m be the smallest integer such that «™(v) = v. If m is a power of p then
P is not a pole of a(v) —v. If pt m then P is not a pole of a(v) —uv for all m-th roots
of unity u € K.

The following result is well known for complex curves; see [1, Theorem 5.9]. It remains
valid in any characteristic; see [19, Theorem 11.114].

Result 2.16. Let S be a subgroup of Aut(X) of order n which has a partition with com-

ponents Si,...,Sk, with n; = |S;| fori =1,...,k, and let ¢, g, be the genera of the
quotient curves X /S and X/S;, fori=1,...,k. Then

k
(k—1)g(X) +ng' = nig;. (7)
=1

3. Background from group theory

From group theory we need properties of Lie type simple groups, namely the projective
special group, the projective special unitary group, the Suzuki group Sz(q), and the Ree
Group Ree(q). The main reference is [35, Section 3]; see also [19, Appendix A]. Our
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notation and terminology are standard. In particular, Z(G) stands for the center of a
group G. The normal closure S of subgroup H of a group G is the subgroup generated
by all conjugates of H in G. By definition, S is the smallest normal subgroup of G
containing H.

For ¢ = r" with r prime, the projective special group PSL(2, ¢) has order (q+1)g(q —
1)/7 with 7 = g.c.d.(2,q+ 1). PSL(2, q) is simple for ¢ > 4, isomorphic to a subgroup of
the automorphism group of the projective line PG(1, ¢) over F, and doubly-transitive on
the set 2 of points of PG(1,q). If r = 2 then PGL(2, q) = PSL(2, ¢) whereas, for r odd,
x — (ax +b)/(cx + d) € PSL(2, q) if and only if ad — be is a non-zero square element of
F

q-

Result 3.1. ([Dickson’s classification; see [33, Theorem 3]) The finite subgroups of the
group PGL(2,K) are isomorphic to one of the following groups:

(i) prime to p cyclic groups;

(ii

elementary abelian p-groups;

(iii) prime to p dihedral groups;

(v

(vi

)
)
)
(iv) Alternating group Ay;
) Symmetric group S4; and p > 2
) Alternating group As;
) Semidirect product of an elementary abelian p-group of order p" by a cyclic group
of order n > 1 with n | (p" —1);
(viii) PSL(2,pf) for f | m;
(ix) PGL(2,pf) for f | m.

(vii

Here, Ay = AGL(1,4), and A5 =2 PSL(2,5).

The special linear group SL(2,q) has center of order 2, and SL(2,¢q)/Z(SL(2,q)) =
PSL(2, ). Moreover, the automorphism group of PSL(2,q) is the semilinear group
PT'L(2,q). Since Z(PSL(2, q)) is trivial, PSL(2, ¢) can be viewed as a (normal) subgroup
of PT'L(2, q) consisting of all semilinear maps x — (axz?+0b)/(cz® +d) where a,b,c,d € F,
with ad — bc # 0, and 0 € Aut(F;). The quotient group PT'L(2,q)/PSL(2,q) is either
Ch, or Cp x Cy, according as r = 2, or r is odd. The “linear subgroup” of PT'L(2,q)
is PGL(2,q) which is isomorphic to Aut(PG(1,q)), and consists of all linear maps
z — (ax+b)/(cx+d) where a,b, c,d € Fy with ad—bc # 0. Either PGL(2, ¢) = PSL(2, q)
or [PGL(2,q) : PSL(2, q) = 2] according as r = 2 or r is odd.

Lemma 3.2. Let S, be a Sylow r-subgroup of the 1-point stabilizer M of a subgroup L of
PI'L(2,q) containing PSL(2,q). If S, contains a Sylow r-subgroup T, of PSL(2,q) then
either S, = T,., or r|h and S, is not a normal subgroup of M. Furthermore, if S, = T,
and M/S, is cyclic then G < PGL(2,q).
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Proof. If r 1 h then the Sylow r-subgroups of PSL(2,q) are also the Sylow r-groups
of PTL(2,q). Therefore, we may assume that h = r%v with « > 1,7 t v. Any Sylow
r-subgroup S, of PT'L(2, q) has order ¢r*. Up to conjugacy, the 1-point stabilizer is the
subgroup of PI'L(2, q) fixing the point at infinity co of PG(1, ¢). Then T;. consists of all
transformations  — = + b with b € F,. Furthermore, the transformations x — % + b
with ¢ € Aut(GF(q)), 0" = 1, and b € GF(q), form a group of order gr* which is
a Sylow r-subgroup F' of PT'L(2,q). By Sylow’s theorem, S, may be assumed to be a
subgroup of F. Let w € S, be the semilinear transformation w : * — x° + a with a
non-trivial automorphism ¢ of order p* with 1 < k < u, and a € F,. Take an element
A € F, of order ¢ — 1 for ¢ even and of order 1(¢ — 1) for ¢ odd. Let {(z) = Az. Then
[ € PSL(2, q) and [ fixes 0o. Also, (I7*wl)(x) = A\~ 127 + A\~la. By way of contradiction,
assume that S, is a normal subgroup of M. Then {~'wl € S, which yields \° = A, that
is, A lies in a proper subfield F,« of F,. But this contradicts the choice of A. Finally, if
Sy =T, and M/S, is cyclic but G £ PGL(2,¢), let M = S, x U and take a semilinear
transformation u : @ — Az? in U together with a linear transformation v : x — ux such
that ©” # p. Then uv # vu, and hence U cannot be cyclic. O

For ¢ = r" with r prime, the projective special unitary group PSU(3,¢) has order
(@ +1)¢*(¢* — 1)/p with u = g.c.d.(3,q + 1). PSU(3, q) is simple for ¢ > 3, isomorphic
to a subgroup of Aut(#,) and doubly-transitive on the set Q of all F . -rational points
of H,. Furthermore, its automorphism group is the semilinear group PT'U(3,q). Since
Z(PSU(3,q)) is trivial, PSU(3,¢) can be viewed as a (normal) subgroup of PT'U(3,q).
The “linear subgroup” of PI'U(3,q) is PGU(3, ¢) which is isomorphic to Aut(#,). Let
oo denote the (unique) point at infinity co of Hy. Then the stabilizer of oo in PI'U(3, q)
consists of all transformations ¢ where t(z) = az” +¢,t(y) = by’ +a’x+d with a,b, ¢,d €
Fe2,a=a%belF,;,d+d= ¢ and o € Aut(F,2). Here t € PSU(3,q) for 0 = 1 and
a™ = 1 where either m = %(q + 1) or m = g+ 1, according as 3 divides ¢ + 1 or does
not.

The special unitary group SU(3,¢) has center of order p = g.c.d.(3,¢ + 1), and
SU(3,q)/Z(SU(3,q)) = PSU(3, q).

Lemma 3.3. Let S, be a Sylow r-subgroup S, of a 1-point stabilizer M of a subgroup L
of PTU(3,q) containing PSU(3,q). If S, contains a Sylow r-subgroup T, of PSU(3,q).
Then either S, = T,., or rlh and S, is not a normal subgroup of M. Furthermore, if
Sy =T, and M/S, is cyclic then G < PGU(3,q).

Proof. We argue as in the proof of Lemma 3.2. By way of contradiction, S, may be
assumed to contain a transformation w where w(z) = 2% + a,w(y) = y° + % + b with
b=a?+aand o € Aut(qu) of order r* with 1 < k < w. Let | be a transformation
with I(z) = Az,l(y) = y where A € Fg2 has order ¢+ 1 for 31 (¢ + 1) and 3(¢ + 1) for
3| (¢+1). Then I € PSU(3,q) and ¢ fixes co. Moreover, (I"twl)(x) = A7~ 127 + A" La.
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As in the proof of Lemma 3.2, this leads to a contradiction. For the proof of the final
claim the argument in the proof of Lemma 3.2 can be used. O

For ¢ = 2" with h > 3 odd, the Suzuki group Sz(q) has order (¢® + 1)¢?(q — 1).
It is a simple group, isomorphic to Aut(S,) where S, stands for the Suzuki curve, see
[19, Section 12.2]. Sz(q) acts faithfully as a doubly transitive permutation group on the
set Q of all Fy-rational points of S;. As Z(Sz(q)) is trivial, Sz(q) can be viewed as
a normal subgroup of its automorphism group Aut(Sz(q)). Furthermore, the quotient
group Aut(Sz(q))/Sz(q) is C. Therefore, the first claim of Lemma 3.2 trivially holds for
r = 2 when PSL(2, ¢) and PT'L(2, q) are replaced by Sz(q) and Aut(Sz(q)), respectively.
A direct computation similar to that carried out at the end of the proof of Lemma 3.2
shows that if S, = T, and M/S, is cyclic then G < Sz(q).

Lemma 3.4. Let So be a Sylow 2-subgroup of the 1-point stabilizer M of a subgroup L
of Aut(Sz(q)) containing Sz(q). Then S, = T,. Furthermore, if M/S, is cyclic then
G < Sz(q).

For ¢ = 3" with h > 3 odd, the Ree group Ree(q) has order (¢° + 1)¢%(¢ — 1). It
is simple, isomorphic to Aut(R,) and doubly-transitive on the set Q of all F -rational
points of the Ree curve R,. As Z(Ree(q)) is trivial, Ree(q) can be viewed as a nor-
mal subgroup of its automorphism group Aut(Ree(q)). Furthermore, the quotient group
Aut(Ree(q))/Ree(q) is Cj,. Furthermore, Ree(q) has a faithful representation in the six-
dimensional projective space PG(6, ¢) as a subgroup of PGL(7,F,) which preserves the
Ree-Tits ovoid Q. The action of Ree(q) on @ is doubly transitive, and it is the same as
on 2. We refer to an explicit presentation of Q) in a projective frame (Xo, X1, ..., Xg) of
PG(6,F,) as given in [19, Appendix A, Example A.13]. Then Z,, = (0,0,0,0,0,1) € Q.
Moreover, a Sylow 3-subgroup T3 of Ree(q) fixes Zo, and consists of all projectivities
0 p,c associated to the matrices

1 0 0 0 0 0

a 1 0 0 0 0 0

b a? 1 0 0 0 0

c b—a®t! —a 1 0 0 0

vi(a,b,¢) wi(a,b,c) —a? —a 1 0 0

va(a,b,c) waa,b,c) ab+c b —a¥ 1 0
L v3(a,b,c) ws(a,b,e) wyla,be) ¢ —b+a?tt —a 1]

for a,b,c € F,. Also, the stabilizer Ree(q)z_ o with O = (1,0,0,0,0,0,0) € Q is the
cyclic group C,_; consisting of projectivities 3; associated to the diagonal matrices,

diag(1,d, d¥*h, d¥F2, d9F3, 4?9+, 4ot
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for d € F,. The stabilizer of Z,, in Ree(q) is the semidirect product of T3 x Cq_.
Moreover, the stabilizer of Z, in Aut(Ree(q)) consists of all semilinear transformations
which are products uv where v € Ss and v is a o-Frobenius map of PG(6,F,) where,
for every o € Aut(F,), the associated o-Frobenius map is defined by (Xo,...,Xs) —
(Xg,...,Xg). A direct computation similar to that carried out at the end of the proof
of Lemma 3.2 shows that if S, = T,. and M/S, is cyclic then G < Ree(q).

Lemma 3.5. Let S3 be a Sylow 3-subgroup of the 1-point stabilizer M of a subgroup L
of Aut(Ree(q)) containing Ree(q). If S5 contains a Sylow 3-subgroup T5 of Ree(q) then
either Sz = T3, or 3lh and Ss is not a normal subgroup of M. Furthermore, if S, =T,
and M/S, is cyclic then G < Ree(q).

Proof. We argue as in the proofs of Lemmas 3.2 and 3.3. We may assume h = 3"v with
31 v. Let Hy be the hyperplane at infinity of equation Xy = 0 so that the arising affine
space AG(6,F;) has coordinates 1 = X1/Xo,...,26 = X¢/Xo. Look at the 1-point
stabilizer of Z.,. Up to an isomorphism, S3 consists of products aff where o € T3 and
B is a Frobenius map (z1,...,%6) — (27,...,2f) with 0 € Aut(F,). In particular, Ss
contains a transformation w such that w(z) = 2% + a, and o of order 3k with 1 < k < .
For a primitive element A € Fy, let | denote a transformation associated with the diagonal
matrix diag(1, A, \PT1, A\PT2 \¢+3 \20+3 \2¢+4) Computing [~ 'wl(x) shows again that
I=twl ¢ S3, a contradiction as in the proof of Lemma 3.2 where oo is replaced with
Z. O

Essential tools in our work are the classification of finite 2-transitive permutation
groups whose 1-point stabilizer has a solvable normal subgroup due to Holt and O’Nan,
and its generalization to group spaces, due to Hering.

Result 3.6. (Holt, [20, Main Theorem]) Let G be a finite 2-transitive permutation group
of even degree, and suppose that the 1-point stabilizer of G is solvable. Then either G has
a regular normal subgroup, or G has a mormal 2-transitive subgroup W isomorphic to
PSL(2,q), PSU(3,q) (for some odd prime power q), or to Ree(q). In the latter case, the
action of W is the natural 2-transitive permutation representation of PSL(2, q), PSU(3, q)
and Ree(q) respectively, with only one exception: G = PI'L(2,8) and W = PSL(3,2) =
PSL(2,7) with degree 28.

Result 3.7. (O’Nan, [27, Theorem B]) Let G be a finite 2-transitive group of odd degree,
and suppose that the 1-point stabilizer G has an abelian normal subgroup of order > 1.
Then G has either a regular normal subgroup, or a normal 2-transitive subgroup W
isomorphic to

(i) PSL(r+1,q), with1+q+...4+¢" odd andr > 1, or
(ii) PSU(3,2%), or
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(iii) Sz(22k+1),

and the action of W is the natural 2-transitive representation of PSL(r+1, q), PSU(3, 2%)
and Sz(22F+1), respectively.

A group space consists of a pair (2, G) where 2 is a set and G is generated, as an
abstract group, by a set of permutations on 2. Clearly, G induces a permutation group
G on Q so that G = G/ K where the subgroup K is the kernel consisting of elements in G
which fix Q element-wise. A group space is transitive, if G is transitive on Q. A transitive
group space whose 1-point stabilizer has a subgroup transitive on the remaining points
is 2-transitive.

Result 3.8. (Hering, [18, Theorem 2.4]) Let (2, G) be a finite transitive group space with
|Q| > 2. Assume that for some P € Q the stabilizer Gp contains a normal subgroup Q
which is sharply transitive on Q\ {P}. If S is the normal closure of @ in G, then one
of the following holds:

(i) S = PSL(2,q),SL(2,q),S52(q), PSU(3,q),SU(3,q), Ree(q), where q is a prime
power, and || is q¢ + 1 in the linear case, ¢*> + 1 in the Suzuki case and ¢> + 1
in the unitary and Ree case.

(ii) S 2 PT'L(2,8) and |2 = 28.

(iii) S is a sharply doubly transitive permutation group on €.

(iv) |Q| = d? for d € {3,5,7,11,23,29,59}, S = O04(S) x Q, O4(S) is extraspecial of
order d® and exponent d, Z(04(S)) = Z(S) is the kernel of (2, 9) and S induces a
sharply 2-transitive group on ).

To deal with Case (iii), we need a corollary to Zassenhaus’ classification of finite
sharply doubly transitive groups.

Result 3.9. (Zassenhaus [23, XII Theorem 9.8]) Let G be a sharply doubly transitive
permutation group on a finite set Q. Then |Q| is a prime power m, and the elements
in G which have no fixed point in ) together with the identity permutation form an
elementary abelian group M of order m. An example is the group AGL(1,m) which acts
on the points of the affine line over the finite field ¥,, as a sharply doubly transitive
permutation group. For m prime, there exists no other examples. For m = r? with r > 2

prime there exists further examples arising from nearfields of degree r2.

The group AyL(2,7?) arises from the regular nearfield of degree r? and consists of all
permutations on the elements of the finite field F,2 which are of the form x — aox + b
where a,b € F,2 and a oz = az for a square in F,2 while a oz = az” for non-square a in
F,2. For r € {5,7,11,23,20,59}, there exist irregular nearfields each of them gives rise
to a sharply doubly transitive group as the regular nearfield does; see [23, Section 9].
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For smaller values of m, the following holds. For m = 9 there exist exactly two sharply
doubly transitive permutation groups, namely AGL(1,9) and AvL(1,9), whereas for
m = 25 three, namely AGL(1,25), AyL(1,25), and N (5) & (C5 x C5) x SL(2,3) arising
from the unique irregular nearfield of degree 25. In particular, AyL(1,9) = PSU(3,2).
Furthermore, the 1-point stabilizer of Ay1L(1,25) contains a subgroup of order 12 while
that of A(5), isomorphic to SL(2,3), does not.

4. Doubly transitive groups on curves with simple minimal normal subgroup
Theorem 4.1. Let G be a group acting on a finite set Q with |Q] > 2 such that

(i) G acts on Q as a 2-transitive permutation group,
(ii) the action of G on Q is faithful,
(iii) the 1-point stabilizer has a normal Sylow p-subgroup with cyclic complement.

If G has a simple non-abelian normal minimal subgroup W then either G = PT'L(2,8)
and W = PSL(2,8) with |2] = 28 and p = 3, or one of the following cases occurs:
W =2 PSL(2,q),S2(q),PSU(3, q), Ree(q), where q is a power of p, and || is ¢+ 1 in the
linear case, ¢> + 1 in the Suzuki case, ¢° + 1 in the unitary and Ree case.

Proof. The 1-point stabilizer of GG is solvable. In particular, since G is not solvable, it
does not contain any regular normal subgroup.

First the case where 2 has odd size is investigated. As a minimal normal subgroup of
a solvable group is abelian, Result 3.7 applies. In case (i) of Result 3.7, since W acts on
Q as PSL(r + 1, q) on the points of the projective space PG(r, q), the 1-point stabilizer
of PSL(r + 1,q) contains the linear group SL(r,q) which is solvable only when either
r=1orr=2and ¢ = 2,3. If r =1, (iii) of Result 2.1 yields p = 2 as the unique
maximal normal subgroup of the 1-point stabilizer has order ¢, and ¢ + 1 is odd. If
r = ¢ = 2 then |Q2] = 7 and hence the 1-point stabilizer is isomorphic to S4, but the
Sylow 2-subgroup of Sy is not a normal subgroup of Sy, and Condition (iii) yields that
this case cannot actually occur. If r = 2, ¢ = 3 then || = 13 and the 1-point stabilizer
contains a subgroup isomorphic to SL(2, 3) that contains no normal 3-subgroup. But, by
Condition (iii), this is impossible.

If the size of Q is even, Result 3.6 applies. Apart from the exceptional cases, the
1-point stabilizer has a unique normal subgroup of order ¢, and hence Condition (iii)
yields that ¢ is a power of p. If G = PT'L(2,8), W = PSL(2,8) and |Q2| = 28 then the
1-point stabilizer contains a non-cyclic normal subgroup of order 27, and Condition (iii)
yields p=3. O

Proposition 4.2. Let G be a group acting on a finite set Q with |Q| > 2 such that Con-
ditions (i), (ii) and (iii) of Theorem j.1 are satisfied. Assume that G has a simple
non-abelian minimal normal subgroup W . If the 1-point stabilizer T of G has a subgroup
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H of order |Q| — 1 that acts (sharply) transitively on the remaining |Q| — 1 points then
H is a normal subgroup of T.

Proof. Theorem 4.1 applies.

If G 2 PT'L(2,8) and |€2] = 28 then the 1-point stabilizer T has order 54 and contains
only one subgroup of order 27. Hence, the latter one is H, and it is normal in T

If W = PSL(2,q) with ¢ > 4 (and || = ¢ + 1 with ¢ = p") then PSL(2,q) < G <
PTL(2,q). Assume that H is not contained in PSL(2,¢), and look at the subgroup L
generated by PSL(2, ¢) and H. The subgroup PSL(2,¢) N H is a p-subgroup of PSL(2, q)
which fixes P. The stabilizer Wp of P in W has a Sylow p-subgroup R of PSL(2,q),
and PSL(2,¢) N H is contained in R. Since Wp is a normal subgroup of Gp, RH is a
p-subgroup of L whose order equals |R||H|/|RN H|. Thus, RH is a Sylow p-subgroup of
L. From Condition (iii) of Theorem 4.1 applied to Lp, RH is a normal subgroup of Lp.
From Lemma 3.2, R = H.

If W = PSU(3,q) with ¢ > 3 (and || = ¢® + 1 with ¢ = p") then PSU(3,q) <
G < PI'U(3,q). The above argument used for PSL(2, q) still works with |H| = ¢® and
Lemma 3.3.

If W = Sz(q) (and |Q] = ¢®> + 1 with ¢ = 2" h > 3 odd) then |H| = 22" but
[Aut(Sz(q)) : Sz(q)] = h is odd. Therefore, up to conjugacy, H = Sz(q). The 1-point
stabilizer of Sz(q) has a unique (Sylow) 2-subgroup of order ¢ which acts transitively
on the set of the remaining |2| — 1 points. In particular, that Sylow 2-subgroup is normal
and coincides with H.

If W = Ree(q) (and |Q| = ¢® + 1 with ¢ = 3",h > 1 odd) then |H| = 3*" and
[Aut(Ree(q)) : Ree(q)] = h. The above argument used for PSL(2,q) still works with
|H| = ¢* and Lemma 3.5. O

Remark 4.3. By (iii) of Result 2.1, both Theorem 4.1 and Proposition 4.2 are valid for
Aut(X) provided that Conditions (i) and (ii) in Theorem 4.1 are satisfied.

5. Doubly transitive groups on curves with solvable minimal normal subgroup

Theorem 5.1. Let G be a subgroup of Aut(X) which has an orbit Q with | > 2 such
that both (i) and (ii) in Theorem 4.1 hold. If, in addition,

(iii) G has a solvable minimal normal subgroup N,

(iv) the 1-point stabilizer of G has a subgroup T that is sharply transitive on the remain-
ing points of §2,

(v) the quotient curve X /T is rational,

then X 1is either rational, or elliptic.
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Proof. Let d = |Q|. Since N is faithful and sharply transitive on 2, T'N N is trivial, the
subgroup S = T'N has order d(d — 1) and hence it is a sharply doubly transitive group
on (). Therefore, S has a partition whose components are the subgroup N of order d
together with the stabilizers Sy in S with U ranging over 2. Result 2.16 applies to .S
with £k = 1 4+ d, where S; = N, and, for i = 2,...k, S; are the conjugates of T in S.
In particular, the quotient curves X'/S; for i > 2 are isomorphic. Since one of them,
namely X' /T is rational, we have g(X'/S;) =0 for i = 2,... k. Also g(X/S) =0, as T is
a subgroup of S. Now, (7) reads mg(X) = mg(X/N) whence g(X) = g(X/N). This is
only possible when either g(X) =0or g(X)=1. O

Remark 5.2. Theorem 5.1 is special case of a more general result of Guralnick; see [16,
Corollary 3.2].

Proposition 5.3. Let X' be a rational curve. If G is a subgroup of Aut(X) such that both
(i) and (i) in Theorem j.1 hold, and, in addition, G has a solvable minimal normal
subgroup then one of the following cases occurs.

(i) G is sharply doubly transitive on Q, G = AGL(1,m) with |Q| = m where either m
is a power of p, orm =3 andp # 3, or m =4 and p # 2.

(ii) | =4, G = Sy, p # 2, and AGL(1,4) = Ay is the unique subgroup of G which is
sharply doubly transitive on Q.

Proof. From the proof of Theorem 5.1, S = TN is a sharply doubly transitive group on
Q. In particular, the order of S is the product of two consecutive integers. From Result 3.1
applied to S, we have S = AGL(1,m) where either m is a power of p, or m = 3 and
p # 3,or m =4 and p # 2. Moreover, if m is a power of p then any solvable subgroup of
PGL(2,K) containing AGL(1, m) has an abelian subgroup of order m’ = mp"” with r > 1.
Therefore, G cannot contain S properly. Also, AGL(1,3) is the only doubly transitive
permutation group of degree 3, and hence G = S for m = 3 and p # 3. Finally, there are
two doubly transitive permutation groups of degree 4, one is AGL(1,4) = A4 the other
S4, and in the former case G = S but [G : S] = 2 in the latter. O

Proposition 5.4. Let £ be an elliptic curve. If G is a subgroup of Aut(E) such that both
(i) and (i) in Theorem 4.1 hold then one of the following occurs.

(i) G is sharply doubly transitive on Q, G = AGL(1,m) with m = |Q| where m =
3,4,5,7 forp#£ 2,3, and m = 3,4,5,7 forp=3, and m = 3,5,7 forp =2,
(ii) G 1s sharply doubly transitive on Q, G = PSU(3,2) where || =9 and p = 2.
(iii) G is sharply doubly transitive on Q, G = (C5 x Cs) x SL(2, 3) where |Q| = 25 and
p=2.
(iv) G is not sharply doubly transitive on Q, G = Sy where || =4, p # 2.
(v) G is not sharply doubly transitive on Q, G = ATL(1,9) where || =9 and p = 2.
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Proof. Since a 1-point stabilizer Gp of G has order at least |©2] — 1, Result 2.8 gives the
possibilities for ||, namely |Q| = 3,5,7 for p # 2,3, and |Q2] = 3,5,7,13 for p = 3, and
3,4,5,9,25 for p = 2. Comparison of the cases listed in (i), ..., (v) with Result 3.9 (and
the subsequent remark) shows that only two cases have to be ruled out, namely || = 13
for p =3, and || =4 for p = 2. In the former case, G is sharply doubly transitive, and
since 13 is a prime G = AGL(1, 13) and its 1-point stabilizer G p is cyclic; see Result 3.9.
On the other hand, Gp is not abelian in this case by Result 2.7, a contradiction. In the
latter case, G = AGL(1,4), and p = 2. Since j(€) = 0, £ has zero 2-rank and hence it
has no translation of order 2. On the other hand the only non-trivial normal subgroup
of AGL(1,4) has order 4. But this contradicts Result 2.6. This contradiction ends the
proof. O

Proposition 5.5. Let G be a subgroup of Aut(X) which has an orbit Q@ such that both (i)
and (i) in Theorem 4.1 hold. If, in addition,

(iii) G has a solvable minimal normal subgroup N,

(iv) the 1-point stabilizer of G has a subgroup T that is sharply transitive on the remain-
ing points of §2,

(v) the quotient curve X /T is rational,

then T is a normal subgroup of the 1-point stabilizer of G.

Proof. In Propositions 5.3 and 5.4, either T' coincides with the 1-point stabilizer of G,
or T is an index 2 subgroup of it. O

6. Auxiliary results for the proof of Theorem 1.1

In this section, P;, P> are distinct points of X, and G, G2 are distinct subgroups
of Aut(X) where G fixes P; and G5 fixes Py. Moreover, |Supp(D)| > 2, and G1,G>
have properties (I), (IT), (III). By Lemmas 2.12 and 2.14, properties (i), (ii) and (vi) of
Lemma 2.14 also hold.

As before, let Q denote Supp(D) of the divisor D of X defined in (III). Then (ii) of
Lemma 2.14 states that G acts on €2 as a doubly transitive permutation group. Actually,
the normal closure S of G in G still acts doubly transitively on 2. In fact, there exists
g € G which takes P, to P» and the subgroup Hy = ¢~ 'G1g of G fixes P, and acts
(sharply) transitively on Q\ {P,}. Hence G1, Hs also have properties (I), (II), (III).

Our aim is to determine all possibilities for S. Since S may happen to be not faithful
on (), we begin by investigating the subgroup K of G consisting of all elements which
fix 2 pointwise.

Lemma 6.1. K is a cyclic group whose order is prime to p and divides deg(C). Further-
more, K = Z(G) = Z(S).
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Proof. From (vi) of Lemma 2.14, the poles of x are the points of  different from Py,
each with multiplicity 1. Take a non-trivial element o € K of order s. For any v € K(C),
a takes a pole of v with multiplicity m to a pole of a(v) with the same multiplicity m.
Therefore, a(x) has the same poles of x.

We show that p does not divide |K|. By way of a contradiction, assume s = p. From
Lemma 2.15, no point P € Q is a pole of a(x) — z. Also, no branch of C centered at an
affine point is a pole of a(z) — 2. Thus a(x) —z € K. Similarly, a(y) —y € K. Therefore,
« is a translation, that is, a(z) =  + a,a(y) = y + b for a,b € K, and it has order p.
Assume that o # Ba for some o € K and 3 € G1. Then B~ 1aB(x) = B~ (a(x)) =
B~z +a) =B~ Hz)+ B (a) = z +a. Therefore o~ B~ aB(x) = z. Since K(z) = X
this yields a~ '3 '3 € G;. On the other hand o~ '3 1af fixes Q pointwise. Therefore
a~ 157 1af is the identity but this contradicts a8 # Ba. Therefore o centralizes G;. As
the same holds for Ga, a € Z(G) follows. For a translation a € K, let T' denote its center.
Take a point P € Supp(D) such that ¢(P) is different from T Let v be the branch of
C associated with P. Then + is centered at ¢(P), and its tangent ¢ is different from the
line at infinity by (vi) of Lemma 2.14. Then « does not leave invariant ¢ and hence «
does not fix P, a contradiction which shows that K contains no translation. Therefore,
ptIK].

For p 1 s, the same argument may be used. In fact, Lemma 2.15 shows that no
point P € Q is a pole of a(z) — ux where u is a non-trivial m-th root of unity and
m is the smallest integer for which o™ (x) = z. Thus a(z) = uz + b with b € K, and
similarly a(y) = ry + ¢ with some r € K. Since « fixes a point ¢(Q) € {o, other than
©(P1) and ¢(P»), « is a homology. Therefore u = r and the center of « is in the point
(=b/(u—1),—c¢/(u—1)). From this, af = fa, and hence K < Z(G) follows. As before,
for a point P € Supp(D), let v be the branch of C associated with P, centered at ¢(P),
and with tangent ¢ different from the line at infinity. Then the homology « leaves ¢
invariant, and hence t passes through the center of a. This shows that the tangents
to the branches of C arising from the points in Supp(D) are concurrent at the center
of a. Furthermore, since any group generated by two homologies with different centers
contains a translation, it turns out that K consists of homologies with the same center
C. In particular, K is isomorphic to a finite multiplicative subgroup of K. Therefore,
K is cyclic and p 1 |K|. Since G; fixes p(P1) = Yo and Y is a simple point of C, the
tangent to C at Y., contains no point of C other than Y. Therefore C' is not a point of
C. Take a line ¢ through C' and disjoint from 2 such that ¢ intersects C in non-singular
points. From every K-orbit A; in £NC, take a unique point R;. Then for the intersection
divisor C o £, Bézout’s theorem gives deg(C) = deg(C o ¢) = >_, [A;[I(R;,C N ). Also,
|A;| = |K| as no non-trivial element in K fixes a point in £ N C. From this |K| divides
deg(C).

Finally, since any point in 2 is the only fixed point of a conjugate of Gy in G, Z(S)
fixes 2 pointwise. Therefore Z(G) < Z(S) < K < Z(G) whence K = Z(G) = Z(S). O

A useful ingredient in the proof of Theorem 1.1 is the following result.
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Theorem 6.2. G1 is a normal subgroup of the stabilizer of Py in G.

Proof. By Propositions 4.2 and 5.5, K may be assumed to be non-trivial. Let G be
the doubly transitive permutatlon group induced by G on Q. Then G acts on Q as G
does, and no nontrivial element in G fixes Q pointwise. Propositions 4.2 and 5.5 apply
to the quotient curve X = X /K. Therefore, G} = G1K/K is a normal subgroup of the
stabilizer of P, in G where P; is the point lying under P; in the cover X |2? . Therefore,
G1K is a normal subgroup of the stabilizer of P; in G. From Proposition 6.1, | K| divides
deg(C) = Q| and K = Z(G) whereas |G1]| = |Q| — 1 by (iii) of Lemma 2.14. Thus
G1K = Gy x K with g.c.d.(|G1], |K]|) = 1. Therefore, G; is a characteristic subgroup of
G1 x K, and hence G is a normal subgroup of Gp,. O

Remark 6.3. An alternative proof for Theorem 6.2 can be carried out by using Results
3.6 and 3.7.

7. Proof of Theorem 1.1

Let ¢ denote the line through ¢(P;) and ¢(Py).

The case where ¢(P) with P € X lies on ¢ only for P = P; or P = P, cannot occur
since in this case (6) does not hold and hence at least one of the points ¢(P;) and ¢(Ps)
of C is singular.

From now on we assume that ¢(P) € ¢ for some P € X other than P; and P,. Then
|| > 2 where Q = Supp(D). Theorem 6.2 allows us to apply Result 3.8 to the group
space (9, G) with Q = G where S is the normal closure of G; in G.

7.1. S is of type (i) in Result 3.8

S is simple for S = PSL(2,q9),q > 3,5z(q),PSU(3,¢),q > 2,Ree(q) and Theo-
rem 6.2 applies showing that ¢ is a power of p. In the other non-solvable case we
have either S = SL(2,q),q > 3 or SU(3,q),q > 2, and S acts on Q as PSL(2,q), or
PSU(3,q) in their natural 2-transitive representation. This permutation representation
has non-trivial kernel z. Thus Theorem 6.2 applies to the quotient curve X /Z, and it
shows that ¢ is a power of p. In the remaining cases, S is one of the solvable groups
PSL(2,2),PSL(2,3),SL(2,2),SL(2, 3),PSU(3,2),SU(3,2). If either S = PSL(2,2) =
AGL(1,3), or S = PSL(2,3) = AGL(1,4), or S = PSU(3,2), the permutation repre-
sentation of S on € is faithful and sharply doubly transitive. These cases are also of type
(iii) in Result 3.8 and are treated below; see Subsection 7.3. Also, S = SU(3,2) falls in
case (iv) of Result 3.8 and it is investigated later; see Subsection 7.4.

We are left with the case S = SL(2,3) (and |Q] = 4). From (iii) of Lemma 2.14,
deg(C) = 4, and hence g(X) < 3. We show that g(X') = 3.

Since SL(2,3) is not a subgroup of PGL(2,K) by Result 3.1, X is not rational.
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Assume that X is an elliptic curve £. We show that |G N J(E)| = 4. For any point
Q € Q, there exists h € G which takes P; to Q. On the other hand, J(&) has a translation
7 taking @ to P;. Then 7h fixes P;. Since the stabilizer of P; in Aut(€) has order
< 6 whereas the stabilizer of P; in S = SL(2,3) has order 6, it turns out that every
automorphism in Aut(€) fixing Py is in S. Therefore, Th and hence 7 itself is in S
whence [SNJ(E)| > 4 follows. As no non-trivial translation fixes a point of &, this yields
[SNJ(E)| = 4. From Result 2.6, SN J(E) is a normal subgroup of S. This contradicts
the fact that SL(2,3) has no normal subgroup of order 4.

Assume that g(X) = 2. The Hurwitz genus formula applied to G yields that G has
exactly three short orbits, of length 4,6 and 12, respectively. In particular, each point
in the orbit of length 12 is fixed by an involution. Since SL(2,3) has only one involution
h, this yields that h has at least 12 fixed points. This contradicts the fact that no non-
trivial automorphism of a genus g curve may have more than 2g+ 2 fixed points; see [19,
Lemma 11.12].

Therefore, g(X) = 3 and hence it C is a non-singular curve of degree four.

All cases occur as shown by the examples exhibited in Section 8. Here we observe that
g(X) > 2 apart from the possibilities where S = PSL(2,¢) and || = ¢+ 1, or S = Aj
and |2 = 5. This follows by comparison of the list in (i) of Result 3.8 with Result 3.1
(for g(X) = 0) and with Result 2.8 (for g(X) = 1).

7.2. S is of type (%) in Result 3.8
An example is the smallest Ree curve; see Section 8.
7.3. S is of type (iii) in Result 3.8

Proposition 5.3 applies to S, and the possibilities come from Propositions 5.3 and 5.4.
All cases occur; see Section 8.

7.4. S is of type (iv) in Result 3.8

Our goal is to show that S = SU(3,2) and g(X) = 10. In case (iv) of Result 3.8,
|Z(S)| = d with |2] = d?. Furthermore, the quotient curve X = X'/G, is rational and
the quotient group Z = (Z(S) x G1)/G1 is a subgroup of Aut(X) isomorphic to Z(S).
Since Z(S) fixes Q pointwise whereas G has two orbits on 2, we have that Z has at
least two fixed points in X'. Therefore, p is prime to the order of Z, that is, p # d. Also,
Z has no further fixed point. This shows that Q coincides with the set of all fixed points
of Z(S). Now, look at the quotient curve X = X' /Z(S). From the Hurwitz genus formula,
2g(X) — 2 = d(2g(X) — 2) +d?(d — 1). Since S = S/Z(S) is sharply doubly transitive on
Q, Theorem 5.1 applies to X. Thus, X is either rational, or elliptic. In the former case,
as d # p, Result 3.1 yields S = Ay4. This implies d = 2, a contradiction.
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Therefore, X is elliptic, and g(X) = 2(d*(d — 1) +2). Also, the quotient group G =
(G1 x Z(8))/Z(8) is a subgroup of Aut(X) fixing the point P; of X' lying under P; in
the cover X|)E'. Since G = G; and |G| = d? — 1 with d > 3, Result 2.8 yields p = 2 and
d = 3,5. For d = 3, we have |S| = 216. More precisely, a MAGMA computation shows
that either S = SU(3,2) = SmallGroup(216,88), or S = SmallGroup(216,160). The
latter case cannot actually occur since the 3-Sylow subgroup of SmallGroup(216,160)
is abelian, and hence is not extra-special.

We are left with the possibility that p = 2, d = 5, g(X) = 51, and |S| = 3000. Since
16 1 3000, a Sylow 2-subgroup Sy of G; is also a Sylow 2-subgroup of S. Obviously,
Sy fixes P;. We show that no non-trivial element in S5 fixes a point other than P;.
The quotient group Sy = (Z(S) x S2)/Z(S) is isomorphic to Sy and it is a subgroup
of Aut(X) which fixes P;. From Result 2.8, Sy (and hence Sy) is isomorphic to the
quaternion group Qg of order 8. The quotient curve X=2x /S5 is rational, and it has
zero 2-rank. From Result 2.3, X has also zero 2-rank. Therefore, no non-trivial element
in S, fixes a point of X’ other than P;. This yields that S, fixes P; but its non-trivial
elements fix no point other than P;. To apply the Hurwitz genus formula to S, compute
the ramification groups of Sy at P;. By definition, Sy = Séo) = Sél). From Result 2.4
applied to a generator « of Z(S), we have Sél) =...= 555). Since S5 is not an elementary
abelian group, (ii) of Result 2.1 yields that S (6) is non-trivial. Therefore, S(® contains
the (unique) subgroup T of Sy of order 2. Since T is in G; and G; contains a (cyclic)
subgroup Ci5 of order 15, Result 2.4 applies to a generator « of Ci5 whence ng‘) for
contains T for i = 6,...15. Let X' = X /S5. From the Hurwitz genus formula applied to
Sa,

100 = 2(g(X) — 1) > 16(g(X’) — 1) + 42 + 10 (8)

whence g(Xx”) < 4. Moreover, (Cy5 X S3)/S2 = C15 is a subgroup of Aut(X’) which fixes
the point P/ lying under P; in the cover X|X’.

If X’ is rational, then the subgroup (Z(S) x S2)/S2 = C5 of Aut(X”) fixes exactly two
points, namely P] and U’. Therefore, the fixed points of C5 are P; and some (or all) of
the points in the Ss-orbit lying over U’. This shows that C5 has at most 9 < 25 fixed
points, a contradiction.

We may assume that g(X’) > 1. Result 2.5 yields 15 < 4g(X’) 4+ 2 whence g(X’) = 4.
This shows that equality holds in (8). In particular, Sy = Séi), for i =0,1,...,5, and
T = Séi) for i = 6,...15, and ng = {1}. From (2) applied to Gy, we have then
dp, =23+ 5-7+ 10 = 68. Let C5 be the subgroup of Cj5 of order 3. Then the quotient
group C4 = (S x C3)/Sy = Cs is a subgroup of Aut(X’). Let X be the quotient curve
X' /C4. The Hurwitz genus formula applied to C reads 6 = 2(g(X')—1) = 6(g(X)—1)+2r
where 7 counts the fixed points of C%. Here 7 > 1 as C4 fixes PJ. From this, g(X) < 1,
and r = 3 or r = 6 according as X is elliptic or rational. The former case cannot
actually occur by Result 2.8, since (Z(S) x (S2 x C5))/(S2 x C3) = Cs is a subgroup
of Aut(X) fixing the point lying under the point P; in the cover X|X. Therefore, X is
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rational, and r = 6. Take a fixed point U’ of C§ other than P| and consider the Sa-orbit
A lying over U’. Since C3 leaves A invariant, and |A| = 8, C5 has at least two fixed
points in A. Therefore, C3 has at least 12 fixed points. Moreover, G has four (pairwise
conjugate) subgroups of order 3. Now, the Hurwitz genus formula applied to G reads,
100 = 2(g(X) — 1) > —48 + 68 + 4 - 24 = 116 a contradiction.

7.5. 8 coincides with G

By way of a contradiction, assume that some non-trivial element g € G2 does not
belong to S. Since S is a normal subgroup of G, g is in the normalizer of Z(S). Let
S =8/Z(S) and § = gZ(S)/Z(S). We show that g ¢ Z(S). Assume on the contrary
that gsg=ts™! € Z(S) for every s € S. Since Z(.9) fixes ) pointwise, this yields gs(P2) =
sg(P2) = s(P2). As Py is the unique fixed point of g, it follows s(P2) = Ps, a contradiction
S being transitive on (2. Therefore, g induces by conjugation a non-trivial automorphism
of S.

If S is of type (i) in Result 3.8 then d — 1 a power of p and S is isomorphic to
one of the groups L = PSL(2,q), PSU(3,q), Sz(q), Ree(q), and the action of S on  is
the natural doubly transitive permutation representation of L. If L = PSL(2,¢) then L
together with g generate a subgroup D of PT'L(2, q) strictly containing PSL(2, ¢). From
(iii) of Result 2.1, the stabilizer M of P, in D is the semidirect product of the Sylow
g-subgroup of D fixing P, by a cyclic complement. Now the second claim in Lemma 3.2
yields that D < L, a contradiction. Similar arguments can be used to investigate the
other possibilities for L where Lemma 3.2 by Lemmas 3.3, 3.4, and 3.5, respectively.

If S is of type (ii) in Result 3.8 then S = PT'L(2,8) = Aut(PI'L(2,8)) = Aut(S), and
hence g € S, a contradiction.

If S is of type (iii) in Result 3.8 then X is either rational, or elliptic and one of the cases
in Propositions 5.3 and 5.4 occurs. Let N be the (unique) minimal normal subgroup of
S. Then N is a characteristic subgroup of S, and hence it is a minimal normal subgroup
of G. Furthermore, G1 N < S is a sharply doubly transitive group on 2. Thus S = G N.
Since S < G, either G = S, or G > S and Lemma 5.4 shows that Gy N is the unique
sharply doubly transitive subgroup of G on €. Since GoN is another sharply doubly
transitive subgroup of G on €, this yields Gy < 5, that is G = S.

If S is of type (iv) in Result 3.8 then S = SU(3,2) and hence S = PSU(3,2). Also,
Aut(PSU(3,2)) = PT'U(3,2), and every involution in PI'U(3,2) \ PSU(3,2) has more
than one fixed points. Again, g cannot be one of them, a contradiction.

8. Examples for Theorem 1.1

For each group G listed in Theorem 1.1 we exhibit an example of a plane curve with
two different internal Galois points P, and P, both simple. These examples arise from
automorphism groups satisfying (I), (II), (III) via Lemma 2.14. We keep our notation
used in Theorem 1.1.
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8.1. Case (i)

We show that the curves on which G acts naturally provide examples. All but the
second examples on the Hermitian curve are known and they can be found in some
recent papers of Fukasawa and his coauthors; see [7,10,12]. We refer to those papers for
the proofs of (I), (II), (III).

8.1.1. Hermitian curve

Let ¢ = p". The Hermitian curve (also called the Deligne-Lusztig curve of unitary
type) X is the non-singular plane curve C of genus %q(q —1) given by the affine equation
29Tt 4+ 9Tt 41 = 0; see [19, Section 12.3]. Furthermore, PSU(3, ¢) is isomorphic to a
subgroup G of Aut(X) = PGU(3, ¢) which acts on the set €2 of all IF,2-rational points of
X as doubly transitive permutation group. Here |Q] = ¢ + 1 > 2, and the stabilizer of
P € Qin G contains a normal subgroup Np which acts on Q\ {P} as a sharply transitive
permutation group, and P is a Galois point of C with Galois group Np. For any two
distinct points Py, Py € , define G; = Np, and Gy = Np,. The subgroup G = (G1, G3)
is isomorphic PSU(3, ¢), and G is in turn the normal closure of Gy in G.

Another example arises from the Hermitian curve if G is taken as the centralizer of an
involution of Aut(X) which is the subgroup of Aut(X) preserving a chord ¢ of Q2. Here
G = SL(2, q) (and PSL(2, ¢) for even ¢). For any two distinct points Py, Py € QN define
G; to be the subgroup fixing P;. Then Conditions (II), (IIT) are satisfied. To show (I)
the sequence of the ramification groups G(li) at Py is useful. From [19, Lemma 12.1(e)],
G = Ggo) = Ggl) =...= Ggq) whereas Ggqﬂ) = {1}. From the Hurwitz genus formula
applied to Gy, (¢ + 1)(g — 2) = 2g9(X) — 2 = q(2g(X/G1) — 2) + (¢ + 1)(¢ — 1), whence
9(X/G1) = 0. Similarly, for G5. Moreover, G = (G1,G2), and G is the normal closure of
G1in G.

8.1.2. Roquette curve

Let ¢ = p" > 3 with odd prime p. The Roquette curve X is the non-singular model
of the irreducible (hyperelliptic) plane curve C of genus (g — 1) given by the affine
equation 29 — x = y2. Then either PSL(2,q) or SL(2,q) (according as ¢ = 1 (mod 4)
or ¢ = —1 (mod 4)) is isomorphic to a subgroup of Aut(X’) which acts on the set
of all F2-rational points of & as a doubly transitive permutation group isomorphic to

PSL(2,q).

8.1.8. Suzuki curve

Let p = 2, qo = 2°, with s > 0 and ¢ = 2¢3 = 22**1. The Suzuki curve (also called
the Deligne-Lusztig curve of Suzuki type) X is the non-singular model of the irreducible
plane curve C of genus ¢o(q — 1) given by the affine equation 2% (27 + z) = y9 + y; see
[19, Section 12.2]. The Suzuki group Sz(g) is isomorphic to a subgroup G of Aut(X)
which acts on the set  of all Fj2-rational points of X. Here Q| = ¢? +1 > 2.
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8.1.4. Ree curve

Let p = 3, ¢ = 3¢3, with gy = 3%, s > 2. The Ree curve (also called the Deligne-Lusztig
curve of Ree type) X is the non-singular model of the irreducible plane curve C of genus
3g0(q — 1)(¢ + qo + 1) given by the affine equation y? — [1+ (29 — 2)9 1y + (27 —
x)?7 1y — 29(27 — x)9+3% = 0; see [19, Section 12.4] Let s > 2. The Ree group Ree(q) is
isomorphic to a subgroup G of Aut(X’) which acts on the set €2 of all F 2-rational points
of X as a doubly transitive permutation group.

8.1.5. GK curve

Let ¢ = p3", with > 1. The GK curve is the non-singular model of the irreducible
plane curve C of genus 1 (n® + 1)(n? — 2) 4 1 given by the affine equation y?™! — (27 +
z) + (2" + 2)"° "1 = 0 where n = p", see [15]. Moreover, SU(3,n) is isomorphic to a
subgroup of Aut(X') which acts on the set  of the n® + 1 F -rational points of X as a
doubly transitive permutation group.

8.2. Case (ii)

Let p = 3. The Ree curve X with s = 1 provides an example. Indeed, PTL(2,8) is
isomorphic to a subgroup G of Aut(X’) which acts on the set € of the 28 F 2-rational
points of X as a doubly transitive permutation group.

8.3. Cases (iii)
The basic tool is Result 3.1.

8.3.1. Case (iiia)

Let m = p". The rational curve C with homogeneous equation yz m—1

m=1 — pm _ 4

is an example with G =2 AGL(1, m). To show this, observe that the non-singular points
of C defined over F,, are those lying on the X-axis, and they coincide with the points
P, = (u,0,1) with v € F,,. For every non-zero A € F,, the transformation w with
w(z) = Az, w(y) = Ay is in Aut(X) and preserves every line through Py. They form a
subgroup G of order m — 1 fixing Py. Therefore, P is a Galois point with Galois group
G1. The transformation 7 with 7(z) = 2 — z, 7(y) = y is in Aut(X), and G = 771G7
is a subgroup of order m — 1 fixing P;. Therefore, P, is also a Galois point with Galois
group Go. Furthermore, G1NG2 = {1} and G = (G1, G2) = AGL(1,m). Earlier reference
for this example is [9].

8.8.2. Case (iiib)

Let p # 3. The rational curve C with equation of degree 3 provides an example with
G = AGL(1, 3). To show this, for a subgroup G = AGL(1, 3), take an involution « € G.
Let P € X be one of the fixed points of a. Then the orbit 2 of P in G has size 3. In G,
take two distinct subgroups G; and G5 of order 2. Let P; with ¢ = 1,2 be the fixed point
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of G;. Then conditions (I), (II) and (III) are satisfied. Therefore P; is an inner Galois
point of X with Galois group G;.

8.3.3. Case (iiic)

Let p # 2. The quartic curve C with homogeneous equation z2y? + 4222 + 2222 = 0
is rational. For a primitive third root of unity € € K, the cubic transformation oy with
a1(z) =y, a1(y) = z, a1(z) = z is in Aut(C) and fixes the point P, = (1 : ¢ : €2).
Also, the involution 8 with (z) = z, B8(y) = —y, B(z) = z is in Aut(C), and takes P; to
the point Py = (1 : —¢ : €2). Therefore, as = S8 € Aut(C) is a cubic transformation
such that aqs(x) = —y, aa(y) = —z, az(z) = x and az(P) = P2. Let G; = (o) for
i = 1,2. Then G = (G1,G2) = AGL(1,4), and Condition (I), (II), (III) are satisfied,
and || = 4 > 2. Therefore, P; and P, are Galois points with Galois groups G; and G,
respectively. Plane quartic curves with two Galois points are investigated in [8], where
examples for Case (iiic) are also found.

8.4. Cases (iv)

We show a general procedure relying on Lemma 2.9 which provides examples for p t m.
Let £ be an elliptic curve. For a prime r different from p, the translations in Aut(&)
associated to the r-torsion points together with the identity transformation form an
elementary abelian subgroup R of Aut(€) of order r2. In Aut(€), the Jacobian subgroup
J(E) of Aut(X) consisting of all translations of £ is abelian, and hence R is the unique
elementary abelian subgroup of J(£). Since J(€) is a normal subgroup of Aut(£), this
shows that R is also a normal subgroup of Aut(X’). For a point P; € £ let Q be the
R-orbit of P, and G; the stabilizer of P; in Aut(€). For a non-trivial element o € R,
the point P, = «(P;) is fixed by Go = a~!G1a. Therefore, conditions (I) and (II) are
satisfied. Moreover, Lemma 2.9 shows that no non-trivial element in G; fixes a point of
Q other than Py. Therefore, (III) holds with Supp(D) = Q if and only if |G| = 72 — 1.
If this is the case then G = (G1, G3) is sharply doubly transitive on Supp(D), and, from
Result 3.9 and subsequent discussion, either G = AGL(1,7?), or G = AyL(1,7?%), or G
arises from an irregular nearfield. This together with Result 2.8 provide an example with
m = 4,9, 25; more precisely AGL(1,4) for p # 2, and AyL(1,9), and (C5 x C5) x SL(2, 3)
for p = 2. Therefore, Conditions (I), (II) and (III) are satisfied, and examples for (iva),
(ivb), (ivc), (ivd), (ive) are obtained from (i), (ii) and of Proposition 5.4, respectively.

8.5. Case (va)

Let p = 2. The GK curve C has genus 10 and defined over Fg with homogeneous
equation 22 + 28y + xy® + (2%y + 29?)3 = 0. C has two Galois points P; = (0 : 1 : 0)
and P, = (1:0:0) with Galois groups G; = G5. Here G = (G1,G2) = SU(3,2) and G,
is the Sylow 2-subgroup of P; isomorphic to the quaternion group. Earlier reference of
this example is [12].
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8.6. Case (vb)

Let p # 2,3. The non-singular plane quartic C of equation X4 + Y4 +Y Z3 = 0 has
four internal Galois points, two of them are P, = (0 : 0 : 1) and P, = (0 : —1 : 1).
The group G generated by the respective Galois groups is isomorphic to SL(2, 3). Earlier
reference of this example is [26].
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