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We construct a special class of noncongruence modular subgroups and curves,
analogous in some ways to the usual congruence ones. The subgroups are obtained
via the Burau representation, and the associated quotient curves have a natural
moduli space interpretation. In fact, they are reduced Hurwitz spaces correspond-
ing to covers with 4 branch points and monodromy group equal to semi-direct
products of a cyclic and an abelian group. Furthermore, they form a modular tower
in the sense of Fried. We study representations on the cohomology of these fake
congruence modular curves and also calculate the genera of certain quotient
curves. © 1999 Academic Press
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1. INTRODUCTION

The present work has two starting points. The first is the work of Oda
and Terasoma on the Burau representation of the Artin braid group B,.
This representation is, in general, a homomorphism

m,: B, > GL,_(Z[t,t7*]). (1)
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However, in [O-T] and this paper, it is shown that under certain condi-
tions and for certain prime powers g, the map =, induces a surjective
homomorphism

m: PSL,(Z) - PSL,(F,), (2)

where [, is the finite field with g elements in it. (In fact, we can define
such a 7 in more generality. But then all we would know about its image is
that it is a certain unitary subgroup of PGL,(Z[{1/#"), where ¢ is a root
of unity and .#" is an ideal in Z[ 1) Recall that PSL,(Z) is generated by
the images mod ¢ + 1) of

_(1 1 _ 1 0
S—(O 1) and U—(_l 1),

with the relations (SU)® = (SUS)? = 1. (Here and subsequently, all matri-
ces will be taken mod { £ 1).) Thus B, maps surjectively onto PSL,(Z) via

o, — S, o, > U. (3)

The kernel is the center Z(B,), which is generated by (o, 0,)°.

The second starting point is the following result of Fried [F], which gives
a new, combinatorial group-theoretic way to approach congruence sub-
groups. Suppose N is an odd integer and D,, is the dihedral group

(y,t:y?=tN =1, yty L =11). (4)

Observe that D, is the semi-direct product of Z/N and Z /2. Embed D,
in the symmetric group S, via the permutation representation on the N
cosets of {y), and take # to be the conjugacy class of involutions. Let X
be the set

{(a,b,c,d)Ei”":(a,b,c,d>=DN, and a-b-c-d=1}/NSN(%),
(5

where Ny (%) is the normalizer of & in S. We can define a right action
of PSL,(Z) on X via

(a,b,c,d)S = (aba=',a,c,d) (6)

(a,b,c,d)U = (a,bcb™*,b,d). (7
Fried’s theorem then states that the stabilizer of the element

(v.y.ty.ty)  mod N (%) (8)
is To(N).
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In fact, in [F, B-F] it is shown that given any transitive subgroup G of S,
and conjugacy classes (#,,...,%,) of G, we can obtain a finite-index
subgroup A of SL,(Z). Moreover, the associated quotient curve §) /A has a
moduli space interpretation. We therefore obtain a way of generating
noncongruence subgroups of SL,(Z) with additional structure associated
to them.

In [B2], the following is shown. Suppose G is the semi-direct product
21 )@ L1/ )%, for d an integer and .#” an ideal of Z[ ¢ ] relatively
prime to d. Let (%,,...,%,) = (€,%,%,%*), with & the conjugacy class
of £. Then our A is in fact equal to the stabilizer of « € PX(Z[¢]/7).
That is, A = 7 *(B), where B is the standard Borel subgroup

* *

(6 )

of PGL,(Z[{1/») and 7 is the map obtained from the Burau representa-
tion as above. Equivalently, /A is a course moduli space for Kummer
covers X of P! together with a subgroup of J(X) isomorphic to Z[{1/#.
If G=D,, then A is just To(N). We thus obtain a noncongruence
modular curve with a moduli space interpretation which generalizes X,(N).
Furthermore, if we fix d and let N vary through powers of a prime p, then
for certain p we obtain a modular tower (see [F2)).

It is our hope that these so-called *“fake congruence subgroups and
modular curves” will provide a fertile testing ground for many of the
objects and theories associated with the usual congruence ones (Hecke
operators, action of Frobenius,...). Accordingly, we have begun their
study in this paper.

The contents are as follows: in Section 2, we outline the basic frame-
work in which we intend this work to be considered, including a review of
Hurwitz spaces and their relation to noncongruence modular curves. In
Section 3, we use the Oda—Terasoma theorem to construct fake congru-
ence subgroups and fake congruence modular curves. In Section 4, we
determine the character multiplicities of the representation of PSL,(F,)
on the cohomology of our fake congruence modular curves. Finally, in
Section 5, we determine the genera of various quotient curves.

2. HURWITZ SPACES OF FOUR-BRANCH POINT
COVERS AND FAKE CONGRUENCE SUBGROUPS

2.1. Review of Hurwitz Spaces. The references for this section are [B-F,
F-V]. Let G be a finite group embedded as a transitive subgroup of S, for
some positive integer n. Let C = (%}, ..., %,) e a quadruple of conjugacy
classes of G. We are interested in parametrizing covers of P! (over C)
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ramified over four points with monodromy group G and ramification data
C. To do so, we introduce the following definitions.

DerINITION 1. We set U* ={(z,,...,z,) € (PY)*: z; #z; for i #j},
and let U, = U*/S, denote the natural quotient. The Nielsen class associ-
ated to the data (G,C) is Ni(G,C) and is

{(81’---184) €G":{g,....80 =G, g g =1

and g, €%, forsomeoe<s,}.

We also set Ni(G, C)** = Ni(G, C)/N; (C), where Ny (C) is the normalizer
of C in §,. Finally, the Hurwitz monodromy group H, is the fundamental
group of U,. It has the presentation

(01,0,,03: 0,0;410; = 0,110,011, 010,
= Q3Q1: Q1Q2Q3Q3Q2Q1 = 1>-

Note that H, is very closely related to B,, since Bj is the fundamental
group of unordered, distinct triples of C! = P! — {«}. In fact, Hurwitz
space theory can be formulated using B, instead of H,.

We have an action of H, on Ni(G,C)* as follows: if (g,,...,g,) €
Ni(G,C)*, then

(81,1 84)0; = (gll""gi—l’gigi+lgi_l!gi’gi+2""!g4)'

(Thus Q, sends g; to g;g;.,& ', sends g;., to g;, and fixes the other two
elements of the quadruple.) Since H, is the fundamental group of U,, each
of its orbits on Ni(G,C)* corresponds to a connected cover of U,. Let
#(G, C) denote the disjoint union of these covers.

THEOREM 1 [F-V]. #(G,C) is a coarse moduli space for covers of P!
with monodromy group G and ramification data C.

In fact, this theorem holds for covers with an arbitrary number of
branch points.

2.2. PSL,(C) Action. We have canonical PSL,(C) actions on U*, U,,
and #Z=2#(G,C) as above: if y e PSL,(C), then +vy(a,b,c, d) =
(ya, yb, yc, yd). Also, given a cover ¢: X — P!, y acts on this cover by
taking it to the composite y¢. We denote the quotients of these actions by
U*red Ured, and 7", respectively. The following result is due to Thomp-
son (see [FD.
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PrRoOPOSITION 1.  There is a surjective homomorphism
¢: H, —» PSL,(Z)

given by
sy =s=(5 1) eer-uv-(2 9

$(Q;) =S = (é })

The kernel is the quaternion group Qg of order 8.

THEOREM 2 [B-Fl.  Suppose %, is a connected component of #. Then
there exists a subgroup A of finite index in PSL,(Z) such that we have the
following commutative diagram:

25t - h/A
l l
U;¢¢ -1 /PSL,(Z)

The horizontal maps are isomorphisms, and the bottom isomorphism is
obtained by taking any {a, b, ¢, d} to the unique (up to isomorphism) elliptic
curve ramified over {a, b, ¢, d}. Furthermore, A arises as follows: by construc-
tion, 7" corresponds to a subgroup of finite index 3, in H,. Then A = ¢(3),
where ¢ is the homomorphism of Proposition 1.

2.3. The Semidirect Product of Two Abelian Groups and the Burau Repre-
sentation. Our general set up is as follows. Suppose d > 1 is an integer,
and ¢ is a primitive dth root of unity. Let.#" be an ideal of Z[ { ] coprime
to d, and by abuse of notation, continue to denote the image of ¢ in
Z1 L 1/7 by . Subsequently, by Z[ ¢ ]1/.# we will mean the additive group of
Z[ ¢ 1/ unless otherwise noted; (Z[ ¢ 1/#)* will denote the multiplicative
group of (the ring) Z[ ¢ 1/#. We can embed (Z[ {1/#)* into the automor-
phism group of Z[{]/# by setting y(x) = yx for y e (Z[{]1/7)* and
x € Z[{]/7. Thus we may form the semidirect product

VARG VZE NVARG V2o

This group is generated by Z[ ¢ ]/# and symbols [y] for y € (Z[ ¢ 1/#)*,
with the relations

[vlla]=[va] forae (z[¢]m)*
and [y] ‘t[y] =yt for tez[]wr.
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(In the second equality, the left-hand multiplication is in Z[{]/ 7 X
(Z[ £ 1/#)*, and the right-hand multiplication is in the ring Z[ ¢ ]/#.) Let
G be the subgroup Z[ 1/ 7} ) of Z[ L1/ v X (Z[ ¢ ]/#)*. Notice that
2181/ X @I L1/ »)F acts on Z[ ¢ ]/ as a set: the additive group Z[ ¢ /v
acts upon itself by addition, and the multiplicative group (Z[ ¢ ]/#)* acts
on Z[ ¢ 1/# by multiplication. Thus if #Z[{]/# = N, we obtain an embed-
ding of Z[{1/ X (Z[{1/#)* and its subgroup G into S, given as
follows: if r € Z[{1/7 and x[y]l € Z[¢]/» X (Z[ ¢ ]1/#)*, then

t(x[y]) =t +x)[v]

Identify Z[ {1/ 7 X (Z[{1/#)* and G with their images in Sy. Let & be
the conjugacy class of [ ]. Set C = (&,,...,%,) = (%Z,%,%, % °).
Now let

X = Ni(G,C)*" /0, (9)
where Qg is the kernel of ¢ as in Proposition 1. Then we have a

well-defined action of PSL,(Z) on X.

THEOREM 3 [B2]. (1) The action of PSL,(Z) on X is transitive.

(2) We can identify X with PXZ[{1/#). Furthermore, we have the
following commutative diagram, where the right hand map  is as defined in
Subsection 3.2 and the left hand map is as described in the Introduction.

PSL,(2) & PSL,(2)

l I

Aut(X) — PGLZ[ ,1/7)

In addition, the stabilizer of the image of (y,y ™1, ty, vy~ 't~ 1) in X is equal
to the subgroup

[o(#) = {a € PSLy(Z): w(a)® = =},
(3)  The curve Yy(»') = by /T (/) is a reduced Hurwitz space for covers of

P! with monodromy group G and ramification data C. Thus each point on
Yo(¥") corresponds to an equivalence class of diagrams of the following form:

Yy 5 X

b

w L pt
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We require all maps to be ramified over 4 points, and the vertical maps to be
Galois, with monodromy group Z /dZ = {{ ). In addition, the map vy should
have ramification data of the form (£, ¢, ¢, L ~3) (here, { is its own conjugacy
class in 7 /dZ = {{)). Furthermore, a must be Galois with group Z[{1/¥.
Finally, we require B to have monodromy group G and ramification data
(2,2,2,2°).

We note that once we specify the map B, Y and X will be uniquely
determined. Two diagrams are considered to be equivalent if and only if the
lower horizontal maps are equivalent mod PSL,(C).

3. CONSTRUCTION OF THE T'(#)

3.1. Fake Congruence Subgroups. To begin with, we fix natural num-
bers n > 3, d > 7, a primitive dth root of unity 7, K = Q({), F = Q({ +
Y,/ c o, anideal, and 4 =" .

Let B, denote the Artin braid group

(opy... 0yt o;0; = g;0; for li—jl>1

and  0;0;,,0; = 0;,,10,0;, ).

The reduced Burau representation (see [Bi]) is a homomorphism m,:
B, —» GL,_(Z[t,t*]. It can be obtained, among other methods, via the
Fox free calculus, or from the action of B, on the homology of an infinite
cyclic extension of P! ramified over n + 1 points. Its action on the
generators of B, is given as

-t 1 0 0
0 1 0 0
o~ |0 0 1 01
0o 0o o0 0 1
(1, , 0 0 0
0 1 0 0
g, — t -t 1 0 (l<r<n-1)
w0 0 1 0
o 0 - 0 1,,,
and
1 0 0 0
0 1 0 0
O'n_l — O . 0
0 O 0
0 O t —t
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Setting ¢ = ¢ and reducing by.# gives us a map Z[t,t '] - @ /¥, and
hence a map GL,(Z[t,t *]) - GL,(@/7). We then obtain a new map

7Tn,/V: Bn - GLnfl(@)K/‘/V)

by composing with the Burau representation.

Now suppose n = 3. In this case we can describe our map as follows.
First, notice that B; has presentation {o,, 0,: o,0,0, = 0,0,0,). Then
s - IS given by

P (1
Uz*(iv _Og) (11)

where we understand the matrix entries to be elements of & /7.
Recall that Z(B,) is generated by (o, 0,)* and observe that

3 °0
773,/((0'1‘72) ) = ( 0 gs)'

Thus 7, , induces a map

7, PSL,(Z) = B,/Z(Bs) — PGLy(& /). (12)

DeriniTION 2. We have the following analogs of congruence groups

and modular curves:

1) T(r) = ker(m,)

@) Ty(r)={ye PSL,(ZD): m,(y)e == (where we take « &
P&/ )

Q) X)) =b*/T(r)

@) X () =b*/To(H)

B) Y(»)=1b/T(r)

6) Yo() = b/To().
Any subgroup of PSL,(7) that contains T'(#) for some.# will be called a
fake congruence subgroup.

If d = 2, we obtain the usual congruence objects with .#" replaced by N.
Recall that PSL,(Z) is the free product of the group of order 2
generated by USU = (¢ ~}) and the group of order 3 generated by SU =

(9D,
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DerINITION 3. Let k be a positive integer. The Hecke Triangle Group
T(2,3, k) is the group

(By. B3, By B = B3 = B/f: B2 B3 By =1).

We have a canonical surjection ¢: PSL,(Z) — T(2,3, k) given by
0 -1 0 1

USU = (1 0 ) = Y, SU=(_1 1) - ys.
Since § = (USUSU)~ ! and vy, = y3 'y, *, we also see that (S) = v,.
Now note that in our map m,: PSL,(Z) — PGL(Z[{1/#), we have

m(S") = 773,/V(‘71r) = ((—Of) ((—{) - 11)/(_5_ 1)) (13)
Thus if we set k = #{ — ¢ ), then 7, (S*) = 1, and so m, factors through
T(2,3, k). We set

AW) = ker(T(2,3,k) - PGLZ(Z[g“]//I/)). (14)
3.2. The Oda—Terasoma Theorem. By the results of [O-T], the image of
B, under m, is unitary with respect to a certain hermitian form H €
GL,_(Z[t,t~*]. (Here, conjugation is the map ¢ — ¢~*.) H is given by

1
1 _ 0 0
tr+1
1 1 0
T+ 1 t+1 . (15)
1 1
0 - 1 — 0
1 t+1

This form then descends to a form in GL,_,(@/#) (also denoted H).
In fact, one can show that the image of m, , is contained in
U,—o(& H, 0x/) = {g € GL,_(Fx/#): §'Hg = H,det g € { — )},

The main theorem of [O-T] is that under certain conditions, B, actually
surjects onto U,_,(¢, H, @y /7).

THEOREM 4 [O-T].

Assumen = 3,d = 7 ifdisodd, d = 14 if d is even,
N is coprime with d and (1 — ") /(1 — ¢)) (2 < i < n), the prime factors q

of W dividing 6 satisfy Ny ,q(q) > 10, .4 is coprime to n — 4, and d is odd
when n = 4. Then

7Tn,/V: Bn - IJH—l( g’ H' @)K/‘ﬂ/‘)
is surjective.

A special case of this is the following.
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THEOREM 5. Hypotheses as above, suppose n = 3 and 4 is a prime
ideal p*. Set p = p*&y. Then the map

m,: PSL,(Z) — PU,({, H, & /D)

is surjective.
3.3. Analysis of w;. We must now analyze 7r; in more detail.

LEMMA 1. Let f=ord,p = minfa € N: p* =1 modd}. Let p*cC @y
be a prime over p. Then p*

. (l)f/zremains prime in @y if fis even, and #(Oy/p"Oy) = p!, #0,/
b =ps,
(2) splits into two primes in @y if fis odd, and #(&,/p*) = p’.,
Proof. Let

T(x)= II (Xx-(¢&'+¢7)
0(l<'id<)2/12

be the irreducible polynomial of ¢+ ¢~ over Z. We must factor T+
in F,[X]; the degree of each factor will be the residue field index of p*
(see [C])).

Choose a primitive dth root of unity y Fp. Then

0<i<d/2

is a factorization of T+ over Fp. Consider

ng(x— (v +v7)) eF[X].

This is irreducible if and only if f is odd (otherwise, it will be a square).
Thus f(p*/p) =f/2if fisevenand f(p*/p) =f if f is odd.
The same argument shows, upon factoring

T(xX)= T1 (x—v)
(G,d)=1
0<i<d

in F,[X], that any prime p C @ over p satisfies f(p/p) = f. Since p*
cannot ramify in @, by assumption, the result follows.
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LEMMA 2.

R

Proof. We prove the lemma for @ /p = F.; the proof for @ /p =
F, X [F, is similar.
"Note that if x € U,(F,.) and det(x) = a, then aa = a’"* = 1. Thus the

image x of x in PUZ(F 2) is actually in PSU,(F,.) if and only if there exists
some u € F. with p® =a, p?** = 1.
Thus if g is odd, then X € PSU,(F,.) = a9*"/? = 1. So in this case,

PU,(F,2) = PSU,(F,2) U PSU,(F )%,

where x is any element of U,(F,.) satisfying det(x)(‘l”)/2 = —1

If g=2"and a?*? = 1,set w=a?/2"!, Then > =aand ! =1.So0
PUy(F,2) = PSU,(F 2).

We thus observe that when we factor through to PSL,(Z), the worst we
can do is surject onto a group in which PSL,(F,) has index 2. We now list
the cases in which we land precisely on PSLZ([Fq).

PROPOSITION 2. With the notation as above, if (p)=p NZ, then
PU( L, @ /) = PSUL(@/p) if and only if the following conditions hold:
Case |. D is prime and p is odd.
(1) 2+d:q= —1mod4
2) 2|ld: always
@3) 41d:21(q+1/d
Case 1. p =BB and p is odd.
(1) 2+d:g=1mod4
2) 2|ld: always
3) 41d:21(g—1Dy/d.
Case IIl.  p = 2: always.

Proof. Recall that all elements in PUL{, @ /p) have determinant
contained in { — ¢ ).

Case 1. We must have (—¢)“*Y/2 +p =1+ p, or equivalently,
(—¢)a*tD/2 = 1, Since ( —¢ ) has order 2d, d/2, or d depending on
whether 2 t d, 2l||d, or 4 | d, the result follows.
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Case 1l. Proceed as in Case I.

Assumption. From now on, assume that our map 7, surjects onto
PUL({, O /p) = PSLy(F)), that q is odd, and that (6, k) = 1, where k =
#(— ).

ProrosITION 3. T'(p) is noncongruence.
Proof. We first quote the following lemma.

LEMMA 3 [W].  Suppose A is a finite index subgroup of PSL,(Z). Let N
denote the least common multiple of the cusp widths of A. Then A is
congruence if and only if A D T'(N).

Completion of Proof. Since T'(p) is normal, all cusp widths will equal
k=#{—¢). Now if T'(p) 2 T'(k), then we will have a homomorphism
PSL(Z /kZ) — PSL,(F,). But this is impossible: Since g + k by assump-
tion, no composition factor of PSL,(Z/kZ) could be equal to PSL,(F,).

4. CHARACTER MULTIPLICITIES IN THE
REPRESENTATION OF PSL,(F,) ON
COHOMOLOGY GROUPS

4.1. The Calculation on H'. We continue our assumption that
PSL(Z /T(p) = PSL,(F,). Recall that if k = #{ — ¢ ), then our map m,:
PSL)(Z) — PSL,(F,) factors through T(2,3, k) with kernel A(p). Thus
T(2,3,k)/A(p) = PSLy(F,) as well. Note that for k > 6, T(2,3,k) <
PSU(1,1). (We can obtain this injection from the Burau representation as
follows: for an appropriate choice of a dth root of unity,

-1
{+1

-1
7+l

will have negative determinant. Now one may easily verify that the image
of B; under the Burau representation, evaluation ¢ — ¢, and reduction
mod scalars is isomorphic to 7(2, 3, k). Thus we have T(2, 3, k) embedded
as a subgroup of a unitary group which is conjugate to PSU(1,1).) Thus
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T(2,3, k) acts on the Poincare disk D Set R(p) = D!/A(p) and recall
that D'/T(2,3, k) = §* /PSL,(Z) = P'. We thus obtain two isomorphic
PSL,(F,) covers of P*,

X(p) =0*/T(p) > b*/PSL,(Z) = P*
and

R(p) = D'/A(p) - D'/T(2,3 k) = P*.

We wish to determine the structures of H*(X(p), C) and H°(X(p),C) as
CIPSL,(F,)]l-modules. Observe that the same results hold with X(p)
replaced by R(p), since the covers are isomorphic.
Now the cover X(p) — P! is ramified over the points
P, = PSL,(Z)e*™'/*, p3 = PSL,(Z)e*™/®,

16
and pr = PSL,(Z)ix>. (16)

Lying over them are the points
P, =T(p)e?™/4, Py =T(p)e?™/®, and P, =T(p)ic. (17)

Observe that the inertia group of P, over p, is generated by

0 -1
(1 0) mod p,

that of P, over p, by

and that of P, over p, by

1 1
(0 1) mod p

(see subsection 3.1). Call these generators vy,, v;, and v,, respectively.
(Note that y; = 8; mod A(p).) We can approach H*(X(p), C) by means of
the Lefschetz fixed point theorem: for g € PSL,(F,),

2
#FiX(g) = #(Axw) T,) = L (—1)'tr(g | H'(X(p),0C)),
i=0
where Ay, is the diagonal of X(p) and I, is the graph of g acting on
X(p). We know that tr(g | H(X(p),C) = 1 for i = 0,2, and we calculate
#Fix(g) as follows.
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Note that our above comments tell us that if g is not conjugate to vy,
i = 2,3k, then #Fix(g) = 0. Furthermore, the only points in X(p) with
nontrivial stabilizers are the points lying over p,, ps, p,. Thus if v,x = x,
then since v,,vy,, v, all have relatively prime orders, we must have
x = ap; for some o € PSL,(F)). So

Yiop; = 0p; < Uil‘yio-pizpi < 0'71')’,'0'6<'Yi> < O'EN(<'Y;>)'

(For a subgroup H of PSL,(F,), N(H) denotes the normalizer of H in
PSL,(F,))
Also,

op;,=71p; e 1 loe(y).
This implies that

#N(<')’l>)

#Fix(y,) = #(7)

We now recall the following (see [F-H]):

LEMMA 4. Any element of PSL,(F,) is conjugate to either

A O A R W |

where [F{;6< = {e).

An element of the fourth type is said to be split Cartan and an element
of the fifth type is said to be nonsplit Cartan. The nonsplit Cartan
elements form a subgroup of order (¢ + 1)/2.

From examining the orders of each conjugacy class, we see that
if 2i | (¢ — 1), then v, is conjugate to a split Cartan element, and if 2i |
(g + 1), then v, is conjugate to a nonsplit Cartan element. Now by [F-H],

qg—1, vysplit

#NCy) = g +1, vy nonsplit.

Also, half the conjugates will equal y and half will equal y . So

q-1 i
#N(y) T, v~ v,y splhit

#(y) |a+1
i

.Y~ vy nonsplit.

Putting this information together, we obtain the following.
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PROPOSITION 4. If y » vy, i = 2,3, k, then tr(y | HX(X(p),C)) = 2.
If y ~ v, for some i as above, then

2—%_,1, 2il(q—1)
tl’('yIHl(X(p),(D)) = g+1

Remark. Our fake congruence groups are generalizations of regular
congruence groups, since

-z 1) (1 o©
( 0 1)’(4 —é) mod»
are the usual generators of SL,(F,) when d = 2. But in this case, the

image (§ }) of o, € B; under =, is unipotent, not Cartan. Thus our

subsequent calculations differ in this case.

The list of nontrivial irreducible finite-dimensional representations of
SL,(F,) is quite short (see [F-H]:

(1) The complement I of g in the permutation representation is
irreducible.

(2 Let B ={(g )} be the Borel subgroup of PSL,(F, ). Suppose

0 a?

F¥ = (e)and p=e?""/@" Y. The map

€ ) on
O 67,' p
gives a l-dimensional representation W, of B; Ind4S-fow =y is

irreducible if n # (¢ — 1)/2; and for n = (¢ — 1)/2, Y, splits into two
irreducible factors Y* and Y.

(3) If C denotes the nonsplit Cartan subgroup {(} *)} and

¢, C—>C

is a character, then V' ® Y, = Ind?5L:F)¢p @ Y, & Z, for some represen-
tation Z,, which is irreducible if m # (¢ = 1)/2 and splits into two
irreducible factors Z* and Z~ otherwise.

We would like to know the multiplicity of each irreducible representa-
tion in our representation p,: PSL,(F,) — Aut(HY(X(p),C)). We may
use the standard character formula m, = X,  pg; ¢,y X, (¥)x (7). where
X, is the character of p, and x is irreducible.
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TABLE |
Character Multiplicities

V q—Zai—T
i
Y,, g+1-T- Y (a; +1)
ifr
Zom g-1-T- Y @-a)
imoldm
+1 1
YHY-™ . Y, 1
2 2 —
a;=1
g+1
—— even
2i
-1 1
AN K Y, 1
2 2 -
a;i=-1
g+1
—— even
2i

THEOREM 6. Assumptions as above, define a, € { + 1) by q = a; mod i
fori= 2,3 k. Also, let

w
~
~

i=2,

Then the character multiplicities are as listed in Table |, where i runs through
2,3,k, Y" and Y~ appear only for g = 1 mod4, and Z* and Z~ appear
only for g = —1 mod4.

Proof. We make use of the character table of [F-H]. We note that
representations of PSL,(F,) are the same as representations of SL,(F,)
that map —1, to the identity. In the representation 1/, the character of
+1, is g, the character of a split (respectively, nonsplit) Cartan element is
1 (respectively, —1), and there are (¢ — 3)/2 (respectively, (¢ — 1)/2)
conjugacy classes with g2 + g (respectively, g?> — g) elements in each
class. Our multiplicity then becomes

4g8 + (¢° + q)
e o] ot

e

#PSLy(F,)
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Here, X; (respectively, Y;) is the number of conjugacy classes of elements
in the cyclic subgroup (v, that are split (nonsplit) Cartan. Thus,

v [Tl a=1
o, a;=—1

L

and Y; =d — 1 — X,. Summing up gives us the desired result.
Further use of the character tables gives us the following.
The multiplicity for Y,, is

1
#PSL—M-(4(q+1)g+4(q2—1) +(q* +q)

2—ql_.l)A,-D,

-[2(—2 - YA4)+ X

where

0, a,=—1
A= -2, a;=1i+tr
—2+2i, a,=1,ilr.

The multiplicity for Z,,, is

1
#PSL,(F,) (4(61 - 1g—4(¢*-1)

+(q? —q)'[2(2 - XB) + 2(2 - q_,l)Bl}),
where
0, a, =1

B, + {2, a,=-1,it+tm
2—2i, a = —-1,i|m.
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The multiplications for Y* and Y~ are

1
#PSL,(F,)

2(q +1)g +2(q° — 1)

22

+(q? +q)-[2(—l -YXC)+ X

where
0, a, = —1
1+ p 11
Ci _ - +1, aq , ; even
-1, a,=1,—— odd.
20

The multiplicities for Z* and Z~ are

l 2
#PSL—ZOFq)'(Z(q—l)g—Z(q - 1)

+(q? - 61)'[2(1 -YXD)+ X

where
0, a; =1
1 L q+1
D, - —i e = -1, —-—even
+1
1, a; =1, 1 — odd.
20

Again, summing up gives us the desired results.

4.2. The Calculation on H*°. Note that if g€ PSLy(F,), p € X(p),
and g(p) = p, then g induces an automorphism

8. p- Txwy, p = Txw). p

of the tangent space of X(p) at p. Since Ty, , is 1-dimensional, g, , =
e’ for some 6 € R. We can calculate ¢'? as follows: choose g € PSL,(Z)
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such that I'(p)g =g and z, € h* such that I'(p)z, = p. Then in local
coordinates,

d d
8x.p 5, —8(2) 7,
and so if g = (¢ %), then
1
Bxop = (czp + d)zl

So choose

~ (0 -1 ~ (o0 1 ~ _(1 1

o e B R B A P
Let z, = e?™'/*, z; = ¢?7'/® and z, = i. Then one may easily check that
Y, = e*™/) for j = 2,3. For j = k, use the transformation z — e*7*/*,
In these coordinates, z — 5,z = z + 1 becomes the map y — e27/ky,

Thus y« , = e*™"/* as well.
Noting that

X(p) =5 Xx(»)
1l

X(p) =" X(p)
induces an equality g, ,, = (67 'go), ,, we see that

eZ‘ITl/jl 0'71‘)//»0': ,yj
‘}/f*’a'pj = e_zﬂ-i/jl 0'_1’)’-0'= ’Y-_l
J 7o

Now we make use of the following:

THeEOREM 7 (Holomorphic Lefschetz Fixed Point Theorem). Let

1
Lef(8:@xw) = L T,
pEFix(g)
gy e’

Then

Lef(g. Ox ) = E‘B(—l)itr(g* |H"°(X(p),C)).
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THEOREM 8. Let p}° denote the representation g — Aut(H"°(X(p), C)).
Then x'° = 3x,-

Note. This differs sharply from the congruence case.
Proof.  From our above calculations, we see that for any a € PSL,(F),
N g1 1 1 g+1
Lef('yj ‘@’X(D)) = 2j \1—e¢ /i + 1+e /i)~ 2] (18)

= %#Fix(yﬁ), (19)

since o~ Yy;o =, or y;* for ¢ + 1/2j elements o modulo <y,).
Then by the holomorphic Lefschetz fixed point theorem,

tr(y* | H °(X(p),C)) = 1 — Lef(y,’X(p)) (20)

=1- %#Fix(v) = %xp(v) Vy. (21)

5. GENERA OF QUOTIENT CURVES

5.1. The Calculation. Let J(p) denote the Jacobian of X(p). We would
like to understand the decomposition of J(p) into simple factors. As a first
step in this direction, we calculate the genera of certain quotient curves
of X(p).

Suppose L is a subgroup of F* with [F¥/<( +1): +L/{ +1)] = a,.
Define a subgroup B, of PSL,(F,) by

{0 2)aet)

Let C be the nonsplit Cartan subgroup of PSLZ([Fq) and S be the split

Cartan subgroup {(+, )}. Denote the genus of X(p)/H by g(H) for any
subgroup of PSL,(F,).

PrRoPOSITION 5. We have the following:
(D 2g({1) — 2 = #PSL,(F, X1 — (1/1)
@ 2g(B) -2=aqg+1-Ye)
) 2g(C)-2=q(g—-1D - L3
4) 2g(S)-2=q(@g+1D — Ly,
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where all summations are over i = 2,3, k and

€ (resp., 6;,v;)
q; ) (resp_’ Q(qfl),(q—l)i(q+2) +2) g =10)
qurl (resp_’ (q+1)i(q—2) ‘2 Q(qi+ 1) g=—10i).

Proof. Let H be any subgroup of PSL,(F,), and let p,,v;, be as in
Section 4. Using the Hurwitz formula,

2g(H) — 2= [PSL,(F,): H| - (-2)

+ Z([PSLZ([Fq): H] — # points over pi) (22)

= [ PSL,(F,): H| — ¥ #points over p,. (23)

Now if PSL,(F,) = UH};, the ramification index of B,p; over p; is
[<¥#): ¥ nHJ.

We calculate these indices in the case H = B, ; the remaining cases are
similar.
First, note that a set of coset representatives for B, in PSL,(F,) is given

(A R A

where a runs over a set of coset representatives for L in [ and ¢ is an
arbitrary element of F,. We may assume by Lemma 5 that v, is split or
nonsplit Cartan; we will examine these cases separately. So assume that v,

is split, and hence of the form (¢ °%). Then
X 0

A, v A= a(x—xY xt|
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We thus see that (y,)"« N B, is trivial unless ¢ =0, in which case
<')’i>A"'l QBL-

e S e

Hence in this case, the index in question will always be 1.

So in 2qa, cases our index is 1, and in [PSL,(F): B,]—2a;, =
(¢ — Ve, cases, our index is i. Thus we have 2«; unramified points
and (¢ — e, /i points with ramification index i. Our proposition then
follows in this case.

Now assume that v; is nonsplit, and hence of the form (. }). Then
x —yt a’y
a ?y(e—1t?) x-+yt

Aa,t : yi Aa_,:k = (

We thus see that (y,)"« N B, is always trivial, since y is never 0 (as the
order of vy, is i) and e cannot be a square.

Also,
( 0 —a)(x y) 0 a)= X —a’ye
at 0 )\ye xJ\l-at 0 —a?y x )

Thus in all (¢ + 1)«; cases the ramification index is i, and we thus obtain
(g + Ve, /i points in this case. This completes the proof of the proposi-
tion for B, .

5.2. AN EXAMPLE. Suppose d = 14, and choose { = —e?™/7. As usual,
set F=Q(+ ¢ and K=Q(¢). Let p*'=(13,(+ 1+ 7 co,.
Then one may verify that p* remains prime in @y, that @./p*= 7 /(13),
and that the map X — — ¢ induces an isomorphism

Z[X]/(13, X% — 71X + 1) = G /p" .
Let e=X + 3 mod(13, X? — 7X + 1). Then €% =x?+ 6X + 9, which
equals 8 mod (13, X2 — 7X + 1). Now conjugation in Z[X]/(13, X2 —
7X + 1) is given by

X mod(13, X* — 7X + 1) » X ! mod(13, X? — 7X + 1)
— 7 — X mod(13, X2 — 7X + 1).



298 GABRIEL BERGER

So € is equal to (7 — X) + 3 mod(13, X2 — 7X + 1), which is just —e.
Recall that our map =: PSL,(Z) — PSU({, H, F,32) is given by

(s 3 o
U=(—1 1)F’(—;+3 693)' (25)

since € —3 =X mod(13, X2 — 7X + 1) corresponds to —/ under our
isomorphism.
Now conjugate each matrix by

6e+1 Te+ 2
0 4

and multiply by 9¢ + 5. (The latter is permitted since we’re working mod
scalars.) Then

e—3 1 5+ 4e 0
( 0 1) ~ ( 0 5 —-4e) (26)
1 0 5—-3€e 6+ 2¢
(—e+3 €—3)H(6—26 5+3J’ (27)

and we thus obtain generators for PSU,(F,52). Under the canonical isomor-
phism PSU,(F,5:) — PSL,(F,;) given by

a+be c+de
—
(c—de a—be)

a+c €*(b-d)
b+d a—c |

we observe that

(5;46 5346)H(2 g) (28)

5—-3¢ 6+ 2¢ -2 -1
(6—2e 5+3e)H( )' (29)
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Our composite map is then

Q: PSL,(Z) — PSL,(F,3): (30)
S (2 g) (31)
U~ ( 2 :i) (32)

Setting y, = Q(USU), v, = Q(SU), and y, = Q(S), we finally obtain the
following images of the generators of T(2,3,7):

_(7 8 _[9 2 _[5 6
27110 )0 7 lo 3/ Y7 la s/
Using our genus formulas, we see that our associated curve has genus
14, and that the representation into Aut(H(R,, C)) is just Y, & Y,.
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