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1. Introduction

In this paper, we study the action of the absolute Galois group on the homology
of the Fermat curve. Let p be an odd prime, let ¢ be a chosen primitive pth root of
unity, and consider the cyclotomic field K = Q(¢). Let Gk be the absolute Galois group
of K. The Fermat curve of exponent p is the smooth projective curve X C P% of genus
g=(p—1)(p—2)/2 given by the equation

2P+ yP = 2P

Anderson [2] proved several foundational results about the Galois module structure of
a certain relative homology group of the Fermat curve. These results are closely related
to [13] [7], and were further developed in [1] [3]. Consider the affine open U C X given by
z # 0, which has equation zP + yP = 1. Consider the closed subscheme Y C U defined by
a2y = 0, which consists of 2p points. Let H1(U,Y;Z/p) denote the étale homology group,
with Z/p coefficients, of the pair (U ® K,Y ® K); it is a continuous module over Gg.
There is a p, X pp action on X given by

(Ciacj) ! [m,y,z] = [Cixacjyaz]’ (Clagj) € Hp X Hop,

which determines an action on U, preserving Y. By [2, Theorem 6], the group
H,(U,Y;Z/p) is a free rank one Z/p[pu, X p1,] module, with generator denoted . The Ga-
lois action of o € G is then determined by o8 = B, 3, for some unit B, € Z/p[pp X fip).

Let L be the splitting field of 1 — (1 — 2P)P. By [2, Section 10.5], the Gk action on
H,(U,Y;Z/p) factors through Gal(L/K). This implies that the full Gx module structure
of Hi(U,Y;Z/p) is determined by the finitely many elements B, for ¢ € Gal(L/K).

From Anderson’s work, the description of the elements B, is theoretically complete in
the following sense: Anderson shows that B, is determined by an analogue of the classical
gamma function T, € F,[u,] ~ F,le]/(e? —1). By [2, Theorems 7 & 9], there is a formula
B, = d'(T,) (with d as defined in Section 2.2). The canonical derivation d : F,[u,] —
QF,[11,,) to the module of Kéhler differentials allows one to take the logarithmic derivative
dlogT', of T'y. Since p is prime, dlogT'y; determines B, uniquely [2, 10.5.2, 10.5.3]. The
function ¢ — dlog I, is in turn determined by a relative homology group of the punctured
affine line Hy (A — V(32F2) 2%),{0,1};Z/p) [2, Theorem 10].

In this paper, for any odd prime p satisfying Vandiver’s conjecture, we extend Ander-
son’s work for the Fermat curve of exponent p by finding a closed form formula for B,
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for all ¢ € Gal(L/K). This formula is valuable for calculating Galois cohomology of the
Fermat curve and other applications.

We now describe the results of the paper in more detail. We assume throughout that
p is an odd prime satisfying Vandiver’s Conjecture, namely that p does not divide the
order ht of the class group of Q(¢ + ¢~1); this is true for all p less than 163 million and
all regular primes. Under this condition, we proved in [10] that Gal(L/K) ~ (Z/p)"*
where r = (p — 1)/2. More precisely, let x denote the classical Kummer map; i.e., for
0 € K*, let k(0) : Gx — up be defined by

k(0)(o) = 0—{7/{7;.

Then the map

w(Q) % [T w1 = ¢ Gal(L/K) = (uy)"+
i=1

is an isomorphism [10, Corollary 3.7]. We review this material and give additional infor-
mation about the extension Gal(L/Q) in Section 2.1.
In Section 2.2, we review [10, Corollary 4.2] which gives a formula for dlogI', in
terms of the above description of Gal(L/K), see (2.c) and (2.d). Writing dlogI';, =
p—1

.1 cic" dlog e for ¢; in IF},, we note that each c; is linear in the coordinate projections
+1

P~

of ¢ viewed as an element of (F,) 2 = (up)%, which is isomorphic to Gal(L/K) since
a pth root of unity has been chosen.

In Section 3, we use this formula to compute a closed form formula for B in terms
of the generators €y and €; for Ay = Z/p[u, X pp]. As the first step, in Proposition 3.4,
we determine I'y € E, [itp] from dlog T’y using a truncated exponential map Ey defined
in (3.¢) and an auxiliary polynomial v defined in (3.i). As the second step, we determine
B, from I'y, and re-express the result in terms of a second exponential map E; defined
n (3.f). Although ~ has coefficients in IF‘p, the resulting B, is indeed in A;. This yields
the first main result.

Theorem 1.1. (see Theorem 3.5) Suppose p is an odd prime satisfying Vandiver’s con-
jecture. Then the action of Gal(L/K) on the relative homology

Hy(U,Y;Z/p) = A = Z/plpp X pp]

of the Fermat curve is determined as follows. For q € Gal(L/K) = (Fp)pTﬂ, let the
image of q in (]Fp)% be

q:(C0701,...,C%)
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and for i > p%l, let ¢; = cp—i — ico, and ¢ = Zf;ll c;. Let F e IF‘Z, be a solution to the

equation
p—1
FP — F 4+ Z c=0.
i=1

Let
p—1 p—1
ci+c—F\ ; ci
=X () xS

Then q acts by multiplication by the element B, € Ay with the explicit formula

5. = Bolile)Eo(v(e)) _ Ei(y(eo) +7(e1))
! Eo(v(eo€r)) Eo(y(eor))

where Ey and Ey are the truncated exponential maps of (3.e) and (3.f), respectively.

Section 4 contains two applications of Theorem 1.1, which hold for any odd prime p
satisfying Vandiver’s conjecture. By [2, 9.6 and 10.5.2], if ¢ € Gal(L/K), then B, — 1
lies in the augmentation ideal (1 — eg)(1 — €1)Aq; this is equivalent to the statement
that (B, —1)8 € H1(U;Z/p). In Corollary 4.2, we provide a technical strengthening
of [2, 9.6 and 10.5.2]. The first application, Theorem 4.6, is that the norm of By is 0
or, equivalently, that the norm of ¢ acts as zero on H;(U,Y;Z/p), for almost all ¢ €
Gal(L/K); the only exception is when p = 3 and ¢ does not fix (g € L. This result is
of significant importance in computing Galois cohomology, as seen in Section 6. For the
second application, note that Anderson’s result implies that H;(U;Z/p) is trivialized by
the product Hf;ll(qu —1) for any q1,...,¢p—1 € Q; The improvement in Corollary 4.2
allows us to show in Corollary 4.10 that in fact Hy(U;Z/p) is trivialized by the product
of only s = |2p/3] such terms.

Having explicitly determined the action of @ = Gal(L/K), and therefore of Gk,
on M = H(UY;Z/p), we proceed to studying the zeroth and first associated Ga-
lois cohomology groups. In Section 5, we study the G-invariants, which are just the
Q-invariants since the action of Gk factors through Q. In Proposition 5.2, we prove
that codim(Hy(U;Z/p)?, M®@) = 2 for all odd p and find a uniform subspace of M? in
Lemmas 5.1 and 5.3; we use these results in future work.

In Section 6, we work towards determining the first Galois cohomology group. Initially,
the material in this section might seem disjoint from the earlier sections. However, these
general results in commutative algebra will eventually play a key role in understanding
obstructions for rational points on Fermat curves.

For the second main result, consider an extension of finite (or profinite) groups

1>N—-G—-Q—1. (L.a)
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Suppose M is a Z[G]-module on which N acts trivially. Note that this applies to G = G,
Q = Gal(L/K), and M = H;(U,Y;Z/p). Consider the differential in the spectral se-
quence associated with (1.a)

dy : HY(N,M)? — H*(Q,M).
It gives a short exact sequence
0— HY(Q,M) — H' (G, M) = Kerdy — 0,

which reduces the calculation of H!(G, M) to the two simpler calculations of H(Q, M)
and Kerdy,. We address the first of these calculations in Remark 6.5, while the rest of
Section 6 concerns the second.

When Q ~ (Z/p)"*!, we determine the kernel of dy algebraically. To state the result
about Ker(dy), fix a set of generators 7o, ..., 7. of Q. Let N, = 1474 - Tf_l denote the
norm of 7;. Let s : Q@ — G be a set-theoretic section of (1.a). The element w € H*(Q, N)
classifying (1.a) is determined by elements a;, ¢j, € N where a; = s(7;)P for 0 < j <r
and where, for 0 < j <k <r,

cjk = [s(mh), 5(75)] = s(mw)s(m)s(m) " s(my) 7
Here is the second main result of this paper

Theorem 1.2. (see Theorem 6.11) Suppose ¢ € HY(N,M)? is a class represented by a
homomorphism ¢ : N — M. Then ¢ is in the kernel of ds if and only if there exist
mo, ..., My € M such that

(1) ¢(a;) = =Ny my for 0 <i <r and
(2) ¢(cjn) =1 —m)m; — (1 —715)my, for 0 < j <k <r.

This theorem is a consequence of the general result about dy given in Proposition 6.1,
combined with a direct comparison of cocycle representatives coming from two different
resolutions which compute H*(Q, M).

The last section of this paper, Section 7, is disjoint from the main results and is not
new, but the methods use new topological tools, and are included for this reason. We
recover results about the zeta function mod p of the Fermat curve of exponent p over a
finite field of coprime characteristic.

Here is the motivation for studying the first Galois cohomology group of the relative
homology Hy(U,Y;Z/p). Let X be a smooth, proper curve over a number field &k and let
b be a geometric point of X. Let 7 = 71 (X%, b) denote the geometric étale fundamental
group of X based at b, and let

r=mh 2[:22...2@|n2...
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denote the lower central series. Let G denote the Galois group of the maximal extension
of k ramified only over the primes of bad reduction for X, the infinite places, and a
chosen prime p. Using work of Schmidt and Wingberg [21], Ellenberg [11] defines a
series of obstructions to a point of the Jacobian of a curve X lying in the image of the
Abel-Jacobi map. Namely, X (k) and Jac X (k) can be viewed as subsets of H(G,73"),
where for a nilpotent profinite group, the p-subscript denotes the p-Sylow [20, Chapter 7].
The first of these obstructions

Gy : HY(G,m) = H*(G, ([7]2/[7]3)p)

was also studied by Zarkhin [23]; it is the coboundary map associated to the p-part of
the exact sequence

0 — [r]o/[7]s = 7 /[7]s = 7/[7]a = O,

and has the property that Kerds D X (k). Ellenberg’s obstructions are related to the
non-abelian Chabauty methods of [16] [16] [8] [4]. The work of [6] gives interesting
information related to the embedding Jac X (k) C H'(G,n2") for the Fermat curve.

To pursue this application in the case of Fermat curves, set M = Hy(U,Y;Z/p) and
@ = Gal(L/K). In future work, we provide information about N (the Galois group of
the maximal extension of L ramified only over the prime above p and the infinite places)
and the elements a;, c;, € N which classify (1.a).

In the mentioned future work, to apply Theorem 1.2, we need additional information
about the elements B, € Z/p[p, X pp] which we include in Sections 4-5. Specifically, we
need Theorem 4.6 which states that the norm N, of B, is zero for all ¢ € @ and all p > 5;
Proposition 5.2 which states that codim(H;(U;Z/p)%¥, M%) = 2; and Proposition 5.9
which is about the kernels of B, — 1.

2. Review and extension of previous results

Throughout this paper, p is an odd prime satisfying Vandiver’s conjecture.

In our previous paper [10], we extended results of Anderson [2] regarding the action
of the absolute Galois group of a number field on the first homology of Fermat curves.
In this section we briefly summarize and generalize these results.

The homology group associated to the Fermat curve of exponent p in which one sees
the Galois action most transparently is the relative homology group Hy(U,Y;Z/p). The
path 3 :[0,1] — U(C) given by ¢ — ({/t, /1 — t), where ¢/— denotes the real pth root,
determines a singular 1-simplex in Hy(U,Y;Z/p) whose class we denote by the same
name. By [2, Theorem 6], H,(U,Y;Z/p) is a free rank one module with generator 3 over
the group ring

Ay = Z/plup % pp) = Z/pleo, 1] /(€] — 1)
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Note that A; itself has an action by Gg, where g € G acts on both ¢y and €; as it does
on a primitive p-th root of unity ¢ in K = Q((¢). The action of g € Gg on Hy(U,Y;Z/p)
is twisted in the sense that

g (fleo,€1)B) = (g f(eo,€1))(g - B) = (g f(eo,€1))Byf.

In particular, if g fixes K, it is easier to describe the action.

Further, by [2, Section 10.5], if a Galois element fixes the splitting field L of 1 —
(1 — 2P)P, then it acts trivially on Hy(U,Y;Z/p). Hence to determine the action of Gg,
we are reduced to determining the action of the finite Galois group Gal(L/Q). To do
this explicitly, we need to know the structure of these Galois groups; this is described in
the first subsection.

The next subsection introduces the question of determining B,, where ¢ is an element
of the Galois group @ := Gal(L/K).

2.1. The Galois groups Gal(L/K) and Gal(L/Q)
Let r = 1?2;1; by [10, Lemma 3.3], the splitting field of L of 1 — (1 — 2P)? is

L=KQ/CY1-Cci1<i<r).

Let o € G for an element 6 of K, let {/8 be a choice of a primitive p-root. We define
k(0)o to be the element of Z/p such that

o- {’/5 — CI{(G)O‘ \P/g
Then £(6) defines a homomorphism G — Z/p, which factors through Gal(K (¢/8)/K).

From [10, Corollary 3.7], the map

C = k(¢) x H k(1 — ¢ Gal(L/K) — (Z/p)™ (2.b)

is an isomorphism. This relationship has a geometric meaning explored further in [10,
Section 4]. We use C' to give a convenient basis of @) = Gal(L/K).

Definition 2.1. For 0 < i < r, let 7; be the inverse image under C of the ith standard
basis vector of (Z/p)"'. In other words, consider the basis for L/K given by ty = ¥/C
and t; = {/1— (% for 1 <4 < r. Then 7; acts by multiplication by ¢ on ¢; and acts
trivially on ¢; for 0 < j <, j #i.

Now we turn to studying the Galois group Gal(L/Q); note that L/Q is itself Galois
since L is a splitting field. There is an extension
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1—Q— Gal(L/Q) = (Z/p)* — 1.

Since Gal(K/Q) = (Z/p)* has order coprime to the order of @, the Schur—Zassenhaus
theorem implies that Gal(L/Q) splits as a semidirect product of @ and (Z/p)*. The next
result determines this semidirect product.

Lemma 2.2. The extension L/Q is Galois with group Q Xy (Z/p)* where ¢ : (Z/p)* —
Aut(Q) is given by the conjugation action

- (Tia)a7 ’LfZ 7é 0:
Vla)m= {TO, ifi=0.

In particular, if a is a generator of (Z/p)*, then ¥ (a) acts transitively on the set of
subgroups (1;) for 1 <i<r.

Proof. We already remarked that Gal(L/Q) is a semi-direct product @ xy (Z/p)*; we
just need to determine . For a € (Z/p)*, let a, € Aut(K) be given by ¢ — (*. For the
case i # 0, we need to show

aaia; (2) = (134)%(2), forall z € L,0 <i <r.

As in Definition 2.1, let t; = {/1 — Cp_j, for 1 <j <r,and to = ¢/C. Since t;, 0 < j <,
generate L over K, it suffices to check the above for z = t;.
If j = ia, then (7;4)*(t;) = ¢*t; and

OéaTiOégl(tia) = OéaTi(ti) = Oéa(Cti) = Catj.
If j # ia, then ¢; is fixed by both agTia;t and Ti,.

For the case i = 0, we need to show a7, ' (t;) = To(t;), for all 0 < j < r. For j > 0,
t; is fixed by both 79 and amoa™!. If j = 0, then 79(tg) = (to and

-1 —1 -1
aaoo, L(to) = aqmo(td ) = ao(¢* tE ) =(to. O
2.2. Determining the action of Q on Hy(U,Y;Z/p)
The action of g € Q on H1(U,Y;Z/p) is determined by a unit B, of Ay, where A; =
Z/plpp % tp] = Z/pleo, €1)/ (€ —1). Denote by Ag the group ring Z/plu,| = Z/ple]/(e?—1).

Let A; = A; ®, F,. Define a map d' : A — A} by

d'(u(e)) = 711(5&)&(31) :
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By [2, Theorems 7 and 9], B, is in the image of d’; in fact, B, = d'(T,), where I';, € A
is unique modulo the kernel of @', which consists of €/, 0 < j < p—1. Moreover, for such
a T, if we write [y = Y7~ dye’ with d; € F,, then Zp d; =1 [10, Lemma 5.4].

The element B, has several nice properties; it is symmetric under the involution of Ay
exchanging ¢y and e;. Further, by [2, 9.6, 10.5.2], B, — 1 is in the ideal ((1 —€p)(1 —¢€1))
of A1, which corresponds to the homology group H;(U;Z/p) [10, Lemma 6.1].

As we will see shortly, the image of I'; under the logarithmic derivative dlog : A()X —
Q(Ao) (to the Kahler differentials on Ag) gives us the information needed to determine
I'y, and therefore B,. Namely, we know from [10, Corollary 4.2] that, modulo a term
in F, dloge,

dlog(T" Z cie' dloge, (2.¢)

where ¢; = k(1 — (7%)(q). Moreover, (2.b) along with [10, Corollary 4.4] determines the
coefficients ¢; from ¢. Namely, let ¢g = k(¢)(¢); then cq,...c, are determined by the
isomorphism C, and for i > r,
Cp = Cp—ij — iCO. (Qd)

3. Explicit formula for the action of the Galois group

In this section, we find an explicit formula for B, for each ¢ € Q, starting with the
results summarized in the previous section. This is possible since ¥, := dlogI'; uniquely
determines By by [2, 10.5] (see also [10, Proposition 5.1]).
3.1. Truncated exponential maps

Consider the group ring Ag = Fple]/(e? — 1); let y = € — 1, so that AO = F,lyl/(yP).
An element f € Ag (or AO) can be written uniquely in the form f ="/ iyi. Let fy

be the derivative of f with respect to y. Then f,(0) = a;.
For f € yAg (or f € yAg), we define an exponential in Ag by

= z_:fi/i!. (3.e)
i=0

If f,g € yAo, then Ey(f)Eo(g) = Eo(f + g) and Eo(f)~! = Eo(—f).

Lemma 3.1. If f € yAo, then

dlog(Eo(f)) = (1 + f,(0)"~'y"~1)df.
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Proof. Write f = yg and note that f,(0) = g(0) = a;. Then fP~1 = yP~ 1ap because
=0.So Eo(—f)fP~1 = yP~1a?~" again because y? = 0. Hence,

dlog(Ea() = Eol ) = Eal~D(En() ~ =5

= (1+ Eo(=N)fP~Ndf = 1+ f (0P~ 'y~ h)df. o

fehydf

Now we move on to the group ring Ay = Fp[u, X ] = Fpyleo, €1]/(e’—1). Let y; = €;,—1,

S0 Al = Fp[y(h yl]/<yg7yf> _
Let W denote the Witt vectors over F,, (respectively ). Since the characteristic of

W[%] is zero, the usual exponential map

— f
)= 3L
n=0
is well-defined for f € W[%][yo, y1]/(WE, yl).

Lemma 3.2. Iff S <?J07y1> C W[y07y1]/<yga yf>7 then exp(f) S W[y07y1]/<yga yf>

Proof. It suffices to check that f™/n! has coefficients in W for each n. This is clear
if n < p. Ifn>p, write f = foyo + frya for fo, i € Wlyo,v1]/(y6,y7). Then fP =
Zf;ll ®) i P=lynyP=! Since p | (P) for 1 < i < p—1, it follows that fp/p' has coefficients
in W. If p<n <2p—2, then f*/n! = (f?/p)f*?/(p+1)(p+2)---n) and so f™/n!
has coeflicients in W. If n > 2p — 1, then f*/n!=0. O

We now define an exponential E; for f € (yo,y1) C Ay. Let f € W{yo, v1]/ (v, 4}) be
any lift of f; define

Eqy(f) = exp(f) (3.6)

where exp(f) denotes the image in A; (or A;) of exp(f).

Lemma 3.3. If f,g € (yo,y1) C Ay (or A1), then

(1) El(f)El(g) = Ei(f +9),
(2) Erx(f)~' = Ei(—f), and
(3) Ex(f) =Y720% fi/il.

Proof. First, if f,g € W[%][yo,yl]/@g,yf}, then exp(f + g) = exp(f)exp(g). By
Lemma 3.2, if f € (yo,y1), then exp(f) € W(yo, v1]/(y5, y}). Thus exp(f+g), exp(f), and
exp(g) are in W(yo, v1]/(y%, y7). Reducing mod p shows that E1(f)E1(g) = E1(f + g).
Next, F1(f) is invertible because E1(f) = 1+ N for some element N of the nilradical.
Then E1(f)~! = E1(—f) because E1(f)E1(—f) = E1(0) =
The last statement follows from the fact that f2?=' =0. O
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3.2. Ty from ¥,

In this subsection, we determine a formula for I'; in terms of ¥, = dlogI'y. For
convenience, we drop the subscript ¢, but everything depends on this chosen element

of Q.
Proposition 3.4. Write

p—1

U= Zciei dloge,
i=1
and let ¢ = f:_ll c; be its coefficient sum. Let F € pr be a solution to the equation

FP — F +c¢=0, and define

p—1 P
c+c—F\ ci
=y (e (3.
Then

I = By(1(e)).

Proof. By (2.c) (and [10, Corollary 4.2]), dlogT" = ¥ modulo F, dloge. We rewrite ¥ in
the nilpotent basis, i.e.,

p—1 p—1
U= Zciei dloge = Zc,(y + 1) ay.
i=1 i=1

To find a solution to ¥ = dlog(T"), we find f € yAg such that T' = Eo(f); any unit in Ag
is of this form up to scaling.
From the congruence (pzl) = (—1)" mod p, it follows that

w1t =3 (P70 e = G
i=0 =0

By Lemma 3.1,
p—1 _
dlog(Eo(f)) = (1 + f, (0P~ yP~)df = df + f,(0)? <Z(y + 1)Z> dy.
i=0

Define f; € F, by f = 3P0 fi(y+1)?, and note that f,(0) = S-7—) ifi. For 1 <4 < p—1,
we need to solve the equation
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p—1 p
ifi + (Z ifi) =¢

=0

in such a way that Zf;ol fi = 0. This last condition comes from the fact that Zf;ol di=1
if T ="~ d;e’, Section 2.2 (or [10, Lemma 5.4]).
Adding the first set of equations gives

p—1 p—1 p p—1
c::ZCi:(p—l) (szz> —I—Zz'fi.
i=1 i=0 =0

Let F' = Zf;ol if;; then F is a solution of FP — F' + ¢ = 0. Choose any of the p
solutions F, F +1,...,F + (p — 1) in F,. Then f; = (¢; + ¢ — F)/i for i > 0 and
fO = _Z¢>0fi = _Zci/i' o

3.3. By from ¥,

In this section, we determine a formula for B in terms of W. Let ; = 7(¢;) for i = 0,1
and let y91 = (eo€1), where

Y(e) = Z_:(M)ei -y 4 (3.1)

Theorem 3.5. Suppose p is an odd prime satisfying Vandiver’s conjecture. The action
of ¢ € Q = Gal(L/K) on the relative homology H1(U,Y;Z/p) of the Fermat curve is
determined by the element By € Ay with the explicit formula

_ Eo(w)Eo(m) _ Er(vo+m)

By

Eo(v01) Ei(yo1) =T’
where T' is the “error term”
2p—2 72
T = El(’YOl) ol EO('YOI) = Z %
1=p ’

Proof. By [2, Section 8.4], B = I'(eg)T'(e1)/I'(€per) in Ay. By Proposition 3.4, I'(e) =
Eo(y(€)). If i = 0,1, then Ey(vy;) = E1(7;) since 47 = 0. By Lemma 3.3, T'(eg)I'(e1) =
E1(y0 + 7). Since ~f; is not necessarily zero, the error term 7' appears in the denomi-
nator. 0O

Remark 3.6. The error term 7T is in the ideal (yo,y1)P since Y01 € (Yo, y1)-
In the atypical situation that ~§; = 0, then 7' =0 and B, = E1 (70 + 71 — 701)-
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The next formula follows immediately from Theorem 3.5.

By = E1(v01 — v — 1) — E1(—=v0 —7)T. (3.)

For better display in the next examples, let z = ¢y — 1 and y = € — 1. We arrived at
the formulas using Magma, it is difficult to do these calculations by hand.

Example 3.7. Let p = 3. Then Q = (19, 71) = (Z/3)*.
If ¢ = 79, then ¢g = 1, ¢; = 0, and ¢ = 1; hence ¢ = 1. Let F' be a solution of
F?—F+1=0,50 fo=1, fi=1—F,and fo =1+ F. Then

Yoo =14+ (1= Fle+ (14 F)é® = Fy + (1+ F)y>

If g = 71, then ¢g = 0 and ¢; = ¢ = 1; hence ¢ = —1. Let F' be a solution to
F3—-F—1=0,sothat fy =0, fi = —F, and f, = F. Then

T = F(€ —€) = Fly+v°).
After a calculation, one obtains that
B, =1+ xy+2zy(x +y) and B,, = 1+ 2zy(z +y) + 22>
Example 3.8. Let p = 5; then Q = (79, 71, 2) ~ (Z/5)3, and we have:

B, —1= 4oty + xty® + 3aty? + daty + 23yt + 23y 4 223y? + dady
+ 322" + 222 + 32%y + day® + day® + 3z

B, —-1= 2xtyt + 22ty3 + dxty? 4 daty + 223yt + 203y + 4ay? + 2By
+ 4yt + 4%y + 22y? + A2y + dayt 4 2y + day?;

B, —-1= 22yt + 3xty® + 3xty? + 323yt + 423y3 + 42y + 423y
+ 322yt + 4%y + 42%y? + 2y + day® 4z

Example 3.9. Let p = 7; then Q = (79, 71,72, 73) ~ (Z/7)*, and we have:

B, —1= 259 4 325y* + 22593 + 22592 + 62%
+ By® + 205y® + aByt + 4a5y® + 625y
+ 3xty® + 2ty® + saty* 4 22%y?
+ 22%y0 + 42Py® + dady® + 4ty
+ 22298 + 22%y* + 422y® + 42%y? + 322y
+ 62y°® + 62y° + 4ay® + 3wy,
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B, —-1= 5205 + 32595 + 225" + 325 + 62%9° 4 625y
+ 32598 + 3%y + 4oyt 4 4ady? + 5x5y? + 2Py
4 204y8 4 4atyS 4 atyt 4 daty® + 5rty? + 6oty
+ 323yS + 423y + 423y + 223y + 6232 + 23y
+ 62295 + 52295 + 5yt + 622y° + 2%y + 622y
+ 6295 + xy® + 62y + y® + 62y,

B, -1= 22995 + 6259° + 525y + 2543
+ 62595 + 2595 + xSyt + 22593 + 32%9 + 620y
+ 5atyl + 52y + dxtyt + 5aty? + 22y
+ 239% + 22395 + 32397 + 23y + 42y
+ 3029 + byt + 2298 + 42%y? + 302y
+ 6xy® + 22yt + dxy® + 3y

B, —1= 4a0y® + 2253 + 42042
+ 42595 + 42y + 25yt + 625y + 32°y?
+ 28 + datyt + 52ty + daty? + 62ty
+ 22398 + 623y° + 52yt 4 2233 + 223y
+ 4228 + 32%y° + 42yt + 22%y% + 5Py
+ 6my4 + 2zy3 + bxy’.

4. Norm equalities for general primes

For ¢ € Q, consider the unit B, in Ay = Z/p[eo, €1]/(e] — 1). Note that B? = 1 since
q has order p. In Section 4.1, we strengthen this by proving that the norm

Ng:=1+4B;+---+ B!
is zero, except in the special case that p = 3 and ¢ does not fix (g € L. In Corollary 4.10,
we study the power of B, — 1 which trivializes H(U;Z/p).
Throughout this section, it is again more convenient to work with the nilpotent basis
of Ay given by y; = ¢; — 1, so that Ay = Z/p[yo, v1]/{y5, v).
4.1. Vanishing norms

Before studying the norm of B = By, we need an auxiliary result. Write

¥ =" +71 —Yo1s
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where « is as defined in (3.i), v; = v(e;) for ¢ = 0,1, and 91 = ~y(eo€e1). Note that

:7(/ € <y07y1>7 since S <y> C AO-

Proposition 4.1. If ¢ € Q, then 7 is in the ideal (yo,y1)?. If p > 5, or if p =3 and q fizes
Co € L, then 7 is in (yo,y1)>. More precisely,

(1) 5 = yoyrn for some n € Ay;
(2) and 7 = ayoy1(yo + y1) modulo (yo,y1)*, for some constant o € Fp, unless p = 3
and q ¢ (T1).

Proof. For part (1), suppose v = Zf;ol a;y*. Then

p—1 p—1
¥ =(e0) +7(e1) —v(eo€r) = ) ailyo +yi) — Zai(yo +y1 +yoy1)"
i=0 i=0
Consider the coefficient of y§ (equivalently, y¥) in
p—1 p—1 ¢ i -
Y(€o€1) = D ai(yo +y1(1+ o))" = ai( ) yoyr ' (1+yo) ™.
i=0 i—0j=0 M

The monomial y(’f appears in this sum only when ¢ = j, hence also j = k, and the
coefficient is thus a;. It follows that the coefficients of y§ and y¥ in 4 are zero, so 7 is
divisible by yoy; -

For part (2), note that 4 = yoy17, for some n € Ay, by part (1). The constant
coefficient w of 1 equals the coefficient of yyy; in —vp1. Write

p—1 p—1
y=Y_fie=> fily+1);
i=0 i=0
then

p—1
—Yo1 = — Z filyo + 1) (1 + 1)7, (4.k)
=0

so it follows that
p—1
w = — Z fllz
i=1

Since f; = #, this simplifies to

p—1 p—1 p—1
wz—(c—F)E i—g ici:—g ic;.
i=1 i=1 i=1

In particular, this proves that the assignment &= (co,c1,...,¢p—1) — w is linear.
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Case 1: If ¢y = (equivalently, if ¢ fixes (p2), then ¢,—; = ¢;. In this case, w =
~Sm e+ (p - ) =
Case 2: Supposeco—landcl—0f0r1<z<r 2L Thenc, j=jfor 1 <j<r.
So
p—1 T s
w=— Y ilp—i)==> (p—ii=Y_ i
i=r+1 j=1 j=1

and w = r(r +1)(2r +1)/6. If p > 5, then this gives w = 0.

General case: Since ¢ — w is linear, the above two cases prove that w = 0 for all ¢
when p > 5. Finally, n = a(yo + y1) modulo (yg,y1)? since it is symmetric with respect
to the involution switching yg and y;. O

The following consequence of Proposition 4.1 will be used in Section 5
Corollary 4.2. Suppose p > 5.

(1) Then B, —1 is in the ideal (yo,y1)> for all ¢ € Q. In fact, for some constant o € F,,,
there is a congruence B, — 1 = ayoy1(yo + y1) modulo (yo,y1)?*.

(2) The coefficient o of ydyi in By — 1 is non-zero for all ¢ € Q not in a linear subspace
of codimension 1.

Proof. It suffices to show the conclusions for B, ! — 1. By (3.),

By' = Ey(=4) — Ei(—0 — )T

Now T € (yo,y1)? by Remark 3.6 so B;l — 1= E1(—%) — 1 modulo (yg,y1)P. Fur-
thermore, — = ayoy1(yo + y1) modulo (yo,y;)* by Proposition 4.1. By definition,
Bi(f) = S5 f/it. Thus

Ei(-9) —1=—-5+7%/2+ - = =5 mod (yo,y1)*.

Thus B; ' — 1 = ayoy1(yo + y1) modulo {(y0,v1)%, finishing item (1).

For item (2), recall that —¥ = o1 — 70 — 71. Thus « is the coefficient of y2yi in o1,
because g and 7; have no terms divisible by yoy1. As in (3.i), y(€) = Zf;ll fi€t where
fi=(¢i+c—F)/i. By (4.k),

o1 = Zfzyo+1 “(y1 +1) Zfz +zy0+<2>y0+ )(1—|—iy1+<;)y%+...).

i=1 i=1

So the coefficient a of Y2y in o1 is
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p—1 . p—1 .
7\ . (3
=2 =2

The centered octagonal pyramid number formula is ZZ ( ) n(4n? — 1)/3 where
n=(p—1)/2. Then 4n? — 1 =0mod p, so (c — F ()EO d p. Thus

p—1 i
o = ;Ci (2)

Ttem (2) follows since the coefficient « is linear in & and does not vanish when ¢y =
cp—2 =1 and all other ¢; =0. O

Proposition 4.3. Let Ny—1 be the norm of By—1 and 7 = 9 + 71 — vo1. Then
p—1
qul = NEl(_:Y) = ZEl(f:}/)z.

=0

Proof. By (3.j), By-1 = E1(vo1 — v — 71) — E1(—v — 7). By Remark 3.6, T? = 0.
Therefore, using Lemma 3.3 repeatedly, we have

Ny =Y (Bi(=7) = BEr(—v0 —n)T)"™

= 3 (7};‘) Er(—(m — k)3)Ey(—k(30 + 1)) T*
ke

I
Eﬁ

ZmEl (1 =m)§ =0 —7)T

3
I
=)

|
&=

= _ Eq(
B~ s zm )

To finish the proof, it suffices to show that the second term in the sum is 0 in A;. By
Proposition 4.1, 4 € {yo,y1)?. Since T € (yo, y1)?, it suffices to show that

p—1
¥) = Z mE(—m?7)
m=1

is in the ideal I = (yo,1)?~'. By Lemma 3.3(3),

=

—12p2 t+1t

m=1 t:O
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If t > 251, then 4* € I. Thus, modulo I,

(p—3)/2 ’~Yt p—1
S= Y (D' m
t=0 m=1

However, S22 m!*1 =0 when 0 <t < (p—3)/2. O

Lemma 4.4. Suppose f € Ay is in the ideal (yo,y1). Then

p—1 ) ) f2p72
Ng, (5 = ZEl(f)l =fr = EDh
i=0

2p—2

Remark 4.5. Even though it is not possible to divide by p, the expression ﬁ is
well-defined for f € (yo,y1)-

Proof. By Lemma 3.3,

p—1 p—12p—2 mfm
WG WATEIES o ol
=0 i=1 m=0
Thus
2p—2 fm p—1
Np=1+3) _( 1m)
|
m=0 m =1

Recall that, modulo p, >>°— i"™ = 0 unless m = 0 mod p— 1 in which case 37_i™ =
—1. Also (p — 1)! = —1. Thus

O

N fp—l f2p—2 b1 f2p—2
=1-(1 )=
B) oo T T T
Theorem 4.6. For any q € Q, the norm N, of By equals ¥°~1. In particular, N, =0 for
allg € Q if p>5; when p =3, then Ny =0 if q fizes (.

Proof. The norm of B, equals the norm of B;l = By-1, which is N,-1. By Proposi-
tion 4.3, Ng—1» = Npg,(—3), and by Lemma 4.4,

(=7

(a1
N, (-5 = (=) BROED

-2 2(2p—2)

From Proposition 4.1, 2P=2 is in the ideal {(yo,y1) , hence zero. Moreover, by
Proposition 4.1(2) if p > 5, or if ¢ fixes (p2, then 771 =0. O
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Example 4.7. Let p = 3, and ¢ = 71; as seen in Example 3.7, v,, = F(¢? — ¢), so
Y = F(e§ — €0 + € — €1 — €5e1 + €0€1) = —y3u5 + Yoy (o + y1)-
Thus 7, € {yo,31)* and N;, = 32, = 0.
Example 4.8. Let p = 3, and ¢ = 79; as seen in Example 3.7,
Yoo =1+ (1= F)e+ (14 F)é* = Fy + (1 + F)y*.
This implies that

Aro = Yoy1 + (14 F)yoy1(yo + y1 — voy1),
showing that N, = ’yfo = y2y?, which is not zero.

Example 4.9. Let p = 5. Then modulo (yg, y1)*:

Fro = 3yoy1 (Yo + 1), Fr = 4oyr (Yo + y1), Fr. = Yoy (yo + y1)-
4.2. A second application

Let (yoy1)A1 = (60 — 1)(e1 — 1)Ay denote the augmentation ideal. By [10, Propo-
sition 6.2], the homology H;(U;Z/p) can be identified with (yoy1)A13. In [2, 9.6 and
10.5.2], for each ¢ € @, Anderson proves that B, — 1 € (yoy1)A1; this implies that
H,(U;Z/p) is trivialized by the product Hf;ll(qu — 1) for any q1,...,¢—1 € Q. The
improvement in Corollary 4.2 allows us to show that in fact H;(U;Z/p) is trivialized by
the product of only s = |2p/3] such terms when p > 5.

Corollary 4.10. Let p > 5 and s = [2p/3] and s’ = |(2p+1)/3]. If T > s (resp. T > §')
and q1,...,q97 € Q, then HiT:1(qu — 1) trivializes H1(U;Z/p) (resp. H1(U,Y;Z/p)).

Proof. If p > 5, then Corollary 4.2 shows that each monomial in B, — 1 is a multiple of
either y2y; or yoy? or both. After taking the product of T such terms, each monomial is

2a-+b_ a+2b
1

of the form y,“ ™"y = yLyTygy? for some a,b > 0 such that a+b = T. The monomial

which is least likely to be zero in A; is: (yoy1)*?/? when T is even and a = b = T/2; or
yégT_l)/2y§3T+1)/2 when T'isodd and a = (T'—1)/2 and b = (T'+1)/2 (or its permutation
under the transposition of yo and y;). To trivialize Hy(U;Z/p), it suffices to trivialize
Yoy1 - B, which is guaranteed when 37'/2 > p—1 for T even and when (37+1)/2 > p—1
when T is odd. The smallest such value is s. To trivialize Hy(U,Y;Z/p) it suffices to
trivialize 1 - 8, which is guaranteed when 37/2 > p for T even and when (37°+1)/2 > p

when T is odd. The smallest such value is s’. O
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5. The Q-invariants

Let M denote the homology group H1(U,Y;Z/p), which can be identified with A;.
Under this identification, the homology group H;(U;Z/p) corresponds to the ideal
((1 —€)(1 —€1)) [10, Lemma 6.1]. Recall that y; = ¢; — 1.

The @Q-invariants of M are

M@ ={m & M | Bym =m for all ¢ € Q}.

In Section 5.1, we prove that codim(H;(U)%, M%) = 2 for all odd p and construct a
subspace of M€ of dimension 2p+1 for p > 5. In Section 5.2, we compare the Bg-invariant
subspaces of M for various g € Q.

5.1. A subspace of M@

For 0 < k < p—1, define 7, = €} S~ € and 7;, = ef 3271 €. Note that (1— o)y =
(1 —€1)y =0.

Lemma 5.1. Let L = (nk,fywz;(l), viewed as a Z/p-subspace of M. Then:

(1) dim(L) =2p — 1;

(2) codim(LNHy(U),L) =2;

(3) a basis for L is {ylyi' | at least one of ig,4; equals p — 1};
(4) and L ¢ M%.

Proof. (1) The elements 7 for 0 < k < p — 1 generate a Z/p-vector space of dimen-
sion p. Similarly, v for 0 < k < p — 1 generate a Z/p-vector space of dimension p.
The intersection (1) N (%) has dimension 1 with basis Zz;é Vi = Zz;(l) Ng. Thus
dim(L) =2p — 1.

(2) A basis for L is given by n for 0 < k <p—1 and v for 0 < k < p — 2. Write an
element £ € L in the form £ = A + B where A = ZZ;(I) apni and B = Zﬁ;g be Y-
Since A 6 (1 — €), then € € (1 — ¢) if and only if B € (1 — ). Since

=0, et Zi;é brek, this condition is satisfied if and only if (i) Zz;g by, = 0.
Sumlarly, Be(l—e),s0& € (l—¢)ifandonlyif A€ (1—e). This condition
is satisfied if and only if (ii) i;(l) ar = 0. Since conditions (i) and (ii) are linearly
independent, codim(L N Hy(U),L) = 2.

(3) This follows from the fact that n, = € Zz o€ = (1 + DFyP" and v =
€ Zz 0 € = (yo+ DFy

(4) To show L C M9, it Sufﬁces to show that (B; — 1)m = 0 for each m € L. By
part (3) and symmetry, it suffices to show that (B, — 1)yly? ~1 = 0. This is true
since B, — 1 € H1(U) = (yoy1) for all ¢ € Q, by Corollary 4.2. 0O

Proposition 5.2. If p is odd, then H;(U)® has codimension 2 in M.
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Proof. The result is true for p = 3 by explicit computation. If p > 5, then
codim(H' (U)?, M?Q) > 2, since neither y2~' and y?~' are in H,(U), but they are
linearly independent in M©. It suffices to show that the image of the map ¢ : M9 —
(M/Hl(U))Q has dimension 2.

Recall that H;(U) =~ (yoy1). We introduce some notation in order to filter M
by powers of (yoy1). Given m € M, write m = > 5., .o | awyéy{. Let [m]x =

Caiad
Zk:min{m} a; jyoyi. For example,
mo = ag,0 + a1,0Y0 + @o,1Y1 + - ap—1,0Y0 + Qo,p—1Y1-

Then m = Zz;é[m]l and [m]; € (yoy1)® — (yoy1)'Tt. The coset of ¥(m) is represented
by [m]o. It suffices to show that dim({[m]o | m € M?}) = 2.

If m € M@, then (B, — 1)m = 0 for all ¢ € Q. This implies that [(B, — 1)m]; = 0.
Since By — 1 € (yoy1), this implies that [(By — 1)[m]o]:1 = 0.

We now isolate the term of lowest degree in [m]o. Let ¢ be minimal such that a;
and ap ; are zero for all 4, j < £. By Corollary 4.2(1), By — 1 = ayoyi(yo + 1) modulo
(o, 1) Tn fact,

p—2
By —1=yoy1 »_ ba(y +yt') mod (yoy1)”
h=1

for some coefficients by, where by # 0 for at least one ¢ € @ by Corollary 4.2(2). The
condition [(B, — 1)[m]o]1 = 0 implies that

p—2 p—2
0=[mlo Y _bn(us +yo=>_> bulagoevs ™ + a0yt
h=1 h=1g>¢

This shows that £ = p — 1 since b; # 0 and at least one of a, o, ao ¢ is non-zero. 0O

2

For p > 5, let 51 = ygfzyff and a1 = ygf3y1f73(y0 — 1)

Lemma 5.3. If p > 5, then s1,a1 € M9 N H,(U), so dim(M®) > 2p+ 1 and dim(M® N
Hy(U)) z2p—1.

Proof. By Corollary 4.2, if p > 5, then B, — 1 = ayoy1(yo + y1) mod (yo, y1)?, for some
constant o € F,. The given elements s; and a; annihilate the ideal (yo, y1)*; moreover,

s1yoy1(yo +y1) = v5 'yl Hyo + 1) =0,

and likewise

—2 p—2
aryoyr(yo +y1) =y Yyl (yg +93) =0. O
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Here is some data about M® when p = 3,5, 7.

Example 5.4.
p | dim(M®) | dim(M?n H(U))
3 5 3
5 11 9
7 17 15

Example 5.5.

(1) When p = 3, then M? = L = Ker(B,, — 1) C Ker(B,, — 1).

(2) When p = 5, then M® = Span(L, s1,a1) As an ideal, M? is generated by 1y = v,
Y0 = ¥}, and a;1. Also, Ker(B,, —1) is the same 13-dimensional subspace for 1 < i < 4.

(3) When p = 7, then the set {s1, a1, s2, as} extends a basis of L to a basis of M@, where

s2 = Yoyt (e — vour + %) + yoyl,
az = oyt (We — yoyr + voui — v3) + voi (wo — 2u1) — yous -

Also, Ker(B,, — 1) is the same 19-dimensional subspace for 1 < i < 6.

Remark 5.6. We would be able to say more about M@ for p > 11 if the following question
has a positive answer.

Question 5.7. Is it true that Ker(B;, — 1) = Ker(B;, — 1) for all 1 <14, j < r? If yes, this
would imply that M® = Ker(B,, —1)NKer(B,, —1). By Example 5.5, the answer is yes
when p = 3,5, 7.

5.2. A comparison of invariant subspaces for different automorphisms

Let B; = B, where 11, ..., 7, are the chosen generators of Q. Note that (B;,)* = Bq—iaa.
Let p, € Aut(M) be given by the permutation action e}e] — ef%el”.
The following result does not answer the first part of Question 5.7, but still gives a

relation between the kernels of various (B; — 1).

Lemma 5.8. Let a € (Z/p)*. Then (Biq)® = pa(B;) for i # 0 and By = pa(Bo).

Proof. By Lemma 2.2, we may identify a with an element of Gal(L/Q). Then
a-(Bf)=a-(1;-P)=(ar)-B.

Consider a-(B;[3); recall that B; is an element of Ay = Z/p[pu, X 1), and the definition
of the action of Ay on Hy(U,Y;Z/p) is via the map p, X p, — Aut(X) given by € x €] :
(x,9) = (ehz, ely). Tt follows that a - (B;3) = pa(B;i)(a - B).
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On the other hand, note that ar; = (am;a=')a. By Lemma 2.2, we may identify
(ar;a™t) with (7;,)® when i # 0, and with 79 when i = 0. Therefore,

(Tia)* - (@~ B) = Biy(a- ) ifi#0

aBi Q- = .
pa(Bi)(a- B) {TO.(aﬂ)—Bo(a'ﬂ) ifi=0

Because H1(U,Y;Z/p) is identified with the Aj-orbit of 3, there exists an invertible
B! € A; such that a - 8 = B/ 3. In the above identification, we can cancel this element
and obtain

(Bia)® ifi£0
pa(Bi) = e .
BO if 1=0

Proposition 5.9. If 1 < i < r and a € (Z/p)*, then Ker(r4; — 1) = pKer(r; — 1) is an
equality of subsets of H1(U,Y;Z/p).

Proof. Since ((Bia)* — 1) = (B% ...+ B2, 4+ Ba; + 1)(Ba; — 1), it follows that
Ker(B,; — 1) € Ker(Bg; — 1).
By Lemma 5.8, Ker(B%, — 1) = p,Ker(B; — 1). Thus
Ker(By; — 1) C poKer(B; — 1),
and it follows that
Ker(B; — 1) C pKer(Bg,-1; — 1).
Applying this equality repeatedly, we conclude
Ker(B; — 1) C pKer(B,-1; — 1) C p*Ker(B,—2; — 1) C ... C (pa) Ker(B,—5; — 1)

for any j =1,2,.... Since a?~! = 1 mod p, taking j = p — 1 allows one to conclude that
all of the inclusions are equalities. Thus

Ker(Bg — 1) = poKer(B; —1). O
6. Galois cohomology calculations

The goal of this section is to give a method for the efficient computation of the first
cohomology group H*(G, M), where M is the homology group Hi(U,Y;Z/p), and G
is the Galois group of a suitable extension of L over the cyclotomic field K = Q(().
In future applications, the extension of L will be its maximal extension ramified only
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over p, or various subextensions of it. As it is difficult to know explicitly the structure
of such a group G in general, the direct description of H'(G, M) in terms of crossed
homomorphisms will not give an effective method for computation.

More generally, consider an extension of finite' groups

1-N—-G—-Q—1,

and a G-module M. We are interested in determining the first cohomology group
HY(G, M). The Lyndon-Hochschild-Serre spectral sequence gives rise to a long exact
sequence

0 — HY(Q, M) s HY (G, M) 2= HY(N, M)@ 225 H2(Q, MN) — ...

in which the differential da can be identified with the transgression map [18, 2.4.3], and
explicitly constructed as such. Thus the computation of H(G, M) reduces to a compu-
tation of H'(Q, MY), the kernel of the transgression differential ds, and the extension
formed from those two.

We restrict our attention to the case when the normal subgroup N acts trivially on
the module M, since our intended application satisfies that assumption.

6.1. The transgression
To begin, note that the extension G is determined by its factor set w : Q x Q — N [22,

6.6.5]. Explicitly, let s : @ — G be an arbitrary set-theoretic section of the projection
G — @Q, such that s(1) = 1. Then the map

w(q1,q2) = s(q1)s(g2)s(q1g2) ", (6.1)

is a cocycle, which is independent of the choice of section s when viewed as an element
of H3(Q, N) [22, 6.6.3] or [5, IV.3].
The next proposition is similar to some material in [19, Section 1].

Proposition 6.1. Let G be an extension of Q by N determined by the factor set w, and
let M be a G-module on which N acts trivially. Then the transgression

dy: HY(N,M)% — H*(Q, M)
is given by

d2(¢) = —¢ow.

! Everything in this section works for profinite groups and continuous cohomology as well.
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Proof. By [18, 2.4.3], the transgression in the Hochschild—Serre spectral sequence is given
by [18, 1.6.6]. By [17, 3.7 (3.9) and (3.10)], the map defined to be the transgression given
in [17, 3.7] coincides with the map given by [18, 1.6.6].

We may thus use the description of the transgression given in [17, 3.7]. Given
¢ : N — M which represents an element in H'(N, M)?, we construct an extension
é : G — M as prescribed by [17, 3.7]: Fix the same section s : @ — G as in the
definition of the factor set w. Since N acts trivially on M, we can choose q@(s(q)) =0,
for any ¢ € Q. Any element g € G can be written as g = ns(q), with n € N,q € Q; for

this g we define ¢(g) = ¢(n). The transgression da¢ : Q x Q — M is then given by

d26(q1,42) = B(s(a1)) + s(a1)d(s(a2)) — d(s(a1)s(a2)) = —d(s(a1)s(g2)),

as the first two terms are both zero. Now note that

s(q1)s(q2) = 5((]1)5(612)3((]1(]2)715(Q1(I2) = w(q1,q2)5(q192);

since w(q1, ¢2) is in N, the definition of & yields that

dod(q1,q2) = —d(w(q1, @2)5(q1q2)) = —P(w(q1,q2)). O
6.2. H*(Q, M), when Q is elementary abelian

It is well known that the cohomology group H'(Q, M) consists of crossed homomor-
phisms @ — M modulo the principal ones. This description can be seen as coming from
the canonical bar resolution of the trivial module Z. For our applications, however, it
is also convenient to use the fact that @ is assumed to be elementary abelian of rank
r+ 1 (where r = ”;21)7 ie, Q= CZ’;H, and use the resolution coming from tensoring
(r + 1) minimal Cp-resolutions. We will use the resulting chain complex for computing
H'(Q, M). More importantly, in the next subsections, we will use a comparison between
cocycles of these different resolutions in order to obtain a more direct criterion equivalent
to Proposition 6.1 in Theorem 6.11 and Corollary 6.12. As we will delve pretty deeply
into the inner workings of these resolutions, we start by recalling their constructions.

6.2.1. The canonical or bar resolution

For i >0, let B; = Z[Q""!] = Z[Q]®(+Y. Then B; ~ Z[Q] ® B;_; for i > 1. Thus, B;
is a free Z[Q]-module generated by elements of the form [¢; ® - - - ® ¢;], with each ¢; € Q.
There is a free resolution

Be={+— By = B = By} — Z, (6.m)

where the differential d : B,, — B,,_1 is given by d = Y"1 ,(—1)'d;, and each d; is the
Z|Q]-equivariant map determined by
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do([91 ® -~ @ gn))
di([91 ® - @ gn))
dn([g1® - @ gn]) = [01 ® - @ gn—1].

9192 ® - @ gnl,
(1@ ®gigir1 @@ gy], for 1 <i<n—1,

In particular, d : By — By is given by d([g1]) = ¢1 - [1] — [1] and d : Bs — By is given
by d([g1 ® g2]) = g1 - [g2] — [9192] + [91]-

6.2.2. The tensor complex of minimal Cp-resolutions
Let 7 be a generator of Cp; then the complex

Co = {---Z|C,) =5 z[C,) 2= Z[C,] =5 Z[C,)} — Z

is a free resolution of the trivial Z[Cp)-module Z. Now Z[Q] = ®%_yZ[C,]. Thus a free
resolution of the trivial Z[Q]-module Z is given by the (totalization of the) tensor complex
®@%_Co.

To make this brutally explicit, for 0 < j <r, let C, ; denote the same complex as C,
but with the generator of C), denoted as 7;. For i > 0, the ith entry of the complex C, ;
is C; ; = Z[Cp)], and the map d; ; : C; ; — C;_1; is multiplication by +(1 — 7;) if 7 is
odd and multiplication by N, if i is even.

Therefore, Ae = Tot(®]_,C,) has

I%

A, = @ Civo® - ®@Cy, r @ Z[Q].

10++i.=n io+tir=n

In particular, Ay = Z[Q], A1 = Z[Q]"*!, and Ay = Z[Q]?, where the exponent
pi=r+1+("1") = % is the number of ways to partition 2 into 7+ 1 non-negative
integers.

We need to define A; and As more explicitly in order to describe the differential maps
d: A — Ag and d : Ay — A;. Since the notation is elaborate, first consider an example
when p =3 and r = 1. Let 0 = 79 and 7 = 71, then the complex is:

Ag A Ay
N, Co ® Cs
Co®Cy _ —(1-0) @
ot <1 @ C1 ® Cy
e " C1®Cy_ -7 ®
No Cy ® Cy.

Remark 6.2. Recall that negative signs must be introduced in the totalization of a double
complex in order to make the differentials square to zero; see for example [22, p. 8].
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More generally, recall that A,, is a direct sum of submodules of the form

SW) =Cio® - ®@C; » =Z|Q),

s

where the entries of ¥ = (ig, . .., i,) are non-negative numbers adding up to n. For n = 1,
define ¥; to have jth entry 1 and all other entries 0. Then

= @ 5(17])

0<j<r

For n = 2, define u; to have jth entry 2 and all other entries 0; and, for 0 < j <k <r,
define Z; 1, to have jth and kth entries 1 and all other entries 0. Then

A= @ s |e| B S
0<j<r 0<j<k<r
The following results are now straightforward.

Lemma 6.3. Writing a1 € A1 as an = So<j<rg; with g; € S(U;), the differential d :
Ay — Ay is given by
d(a) = d(go, .-, 9r) = Z(l —75)9;-

=0

Lemma 6.4. The differential d : Ay — A; is defined using the following maps on the
given components (and the zero map everywhere else)

d2 = Ny, = S(iij) — S(),
—dlz—(l—Tj):S( k) — S(7)),
dy = (1—7%) : S(j) = S(T).

In other words, writing as € As as
a2 = (Do<j<rgs> Po<j<k<rMik),

with g; € S(ii;) and hjx € S(t; ), then d(as) = Go<j<B; where

By = Ny = Y0 = s + Y0

k<j k>j

Again, the negative signs in front of some of the d;’s are because of Remark 6.2.
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Remark 6.5. Using Lemmas 6.3 and 6.4, it is possible to compute H'(Q, M) directly. For
example, for small p, we used Magma to explicitly calculate H'(Q, M); here is a table
for its dimension:

p | dim(HY(Q, M))
3 9
5 33
7 68

More information about the relationships between the kernels and images of B; — 1 as @
varies, as in Question 5.7, may yield a result for general p along these lines.

6.2.3. Comparison of resolutions

The resolutions A, and B, constructed above are both injective resolutions of the
trivial @-module Z. Therefore, by abstract nonsense, there is a quasi-isomorphism f, :
A, — B,, with each f; : A; — B; being Q-equivariant. The goal of this subsection is to
construct fo, f1, f2. In fact, we will take fy to be the identity map on Ag = By = Z[Q)].
The next two results determine f; and fy explicitly.

Lemma 6.6. Write oy € A1 as a1 = Po<j<rg; with g; € S(U;). Define f1 : A1 — By by

fl(al) = fl(gov" '797') = _Zgj[Tj]'
=0

Then the following diagram commutes

A1d—>Ao

fl\L idl
a8

Bl ——— Bo.

Proof. Let 1; € S(¢;) C Ay be the element such that g; = 1 and all other coordinates
are zero. By Lemma 6.3, id(d“(e;)) = 1 — 7;. By definition f1(e;) = —[r;], which equals
dB(fi(e;)) = —(r; — 1). Since {e;} generate A; as a Z[Q]-module and all the maps are
Q-equivariant, the diagram commutes in general. O

Lemma 6.7. Write as € As as ag = (Do<j<rgj, Do<j<k<rhir), with g; € S(i;) and
hjx € S(t_;‘,k)- Define fo : Ao — Bs as follows:

folan) == giNp @7+ D hjp(n@m—75 @),
=0 0<j<k<r

Then the following diagram commutes
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A
Ay, — oA

le \Lﬁ
dB

B2 EE—— B1.
Proof. By Lemma 6.4, d*(az2) = ©o<;<,03; where

By = Ny = Y0 = s + Y0

k<j k>3
Let 1; € S(@j) C Az be the element such that g; = 1 and all other coordinates are zero.

Then f1(d*(1;)) = —N,[r;]. By definition, fo(1;) = —[N;, ® 7;]. Since N,,7; = N,
it follows that

d?(f2(15)) = = (N, 5] = [Ney 7] + [N7,]) = =Ny, 7]

Finally, let 1;;, € S(f;5) C Az be the element such that hjj, = 1 and all other
coordinates are zero. Then

d*(15) = (1 —7i)ej — (1= 75)ex,
and
fid*(150)) = 1= 7)e; — (1= 7))ex) = —(1 — 7)[75] + (1 — 75) 7]
By definition, fa(1;%) = 7% ® 7, — 7; ® 7. Then

dP([me @ 73] = [15 @ 7)) = (7e[75] = (T3] + 7)) — (7507] = [737] + [75])
= (1 — D[my] — (75 — D)[mx].

Since {1;,1,} generate Ay as a Z[Q]-module and all the maps are Q-equivariant, the
diagram commutes in general. 0O

6.3. Comparison of cocycles

In the above, we constructed two resolutions of the trivial Q-module Z, and explicitly
constructed a map between them in low degrees. Now we investigate what this tells us
in cohomology. Namely, we know that

and the latter can be computed as either H* Homgzg)(Ae, M) or H* Homgg) (B, M).
The map f, gives us a way to compare these two approaches.
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Consider a 1-cocycle a € H'(Q, M). Let ¢ : Q — M be a bar resolution representative
of a, so that the class of ¢ in H(Q, M) is a. Then ¢ can be uniquely extended to (and
encodes the information of) a Z[Q]-module map é: Z[Q]®? — M. A representative of a
in the A, resolution is the composition ¢ = ¢ o f1, namely

b A 2 ZiQr 1L B, = 7[Q12% 4 M,

Now ¢ is a Z[Q]-equivariant map determined by its values on the generators e; of Aj.
By Lemma 6.6,

mj = P(ej) = d(—[rj]) = —o(7y),
giving the following result.
Lemma 6.8. In the resolution Homgo)(As, M), which starts as
M— M — MP— ...

the tuple (mo,...,m;) = (=é(10),...,—¢(7.)) € M1 represents the class a €
HYQ, M) of the map ¢ : Q — M.

Next, consider a 2-cocycle b € H?(Q, M). Let ¢ : Q@ x Q — M represent b. The map

¢ uniquely determines a Z[Q]-equivariant map @ : By = Z[Q]®? — M, by extending
Z[Q)-linearly. A representative of b in the A, resolution is the composition

0: Ay 2 Z[Q” 25 By 25 M.

The map 6 is determined by its values on the Z[Q]-generators 1; and 1; of As. By
Lemma 6.7,

n; :=0(1;) = ([=Nr, @ 75]) = —¢(Nr,, 75) = —Z@(T;Wj)’

njk = 0(1;) = @1k ® 73] — [15 @ T0]) = (70, 75) — (75, ),

proving the following result.
Lemma 6.9. In the resolution Homyo)(As, M), which starts as
M— M MP— ..

the tuple (nj,n;x) € M? defined above represents the class b € H*(Q, M) of the map
p:QxQ—M.
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6.4. The kernel of da, revisited

Using the comparison of cocycles from the previous section, we give a more direct
description of the kernel of the transgression do : H'(N, M)? — H?(Q, M) (compared
to what Proposition 6.1 implies), when N acts trivially on M and @ is elementary
abelian.

We set up some notation associated to the extension

1> N—->G—-Q—1. (6.n)

We assume that @ is elementary abelian of rank (r+1); choose generators of () and denote
them by 7;, with 0 < ¢ < r. To define the factor set w, we used a section s : Q — G
(and noted that as a cohomology element, w does not depend on s). Without loss of
generality, we can assume not only that s(1) = 1, but also

s('rg0 sttty = ()t s(r)tr, for 0<t; <p—1.
For 0 < j <r, define elements a; € N by
a; = s(m;)P,
and for 0 < j <k <r, define ¢, € N by

cjge = [s(m), s(1)] = s(m)s(7;)s(m) " s(r5) "

Recall that w : Q x Q — N was defined as
w(qr, q2) = s(q1)s(q2)s(q1g2) ™"
Elementary calculation then yields the following result.

Lemma 6.10. [f 0 < j <7 and 0 <t <p—1, then w(7},7;) =0 and a; = w(ij_l,Tj). If

0<j<k<r, thencjy = w(Tk,Tj)w(Tij)*l,

Theorem 6.11. The class of ¢ : N — M 1is in the kernel of ds if and only if the tuple
(—¢(as), d(cjx)) € MP is in the image of the differential in Homgq)(As, M),

d™ M — M
which, by Lemma 6./, is explicitly given by

dM(mO, coeymy) = (Neymy, — (1 — 75)my + (1 — 7)my).
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Proof. Consider a class in H'(N, M)® represented by a map ¢ : N — M. By Propo-
sition 6.1, ¢ € Ker(dy) if and only if ¢ ow : Q X @ — M represents the zero class in
H?(Q, M). (Note that this is the same as requiring that —¢ o w represents zero.) This
representative is given in the bar resolution, and we now translate the condition on ¢pow
to the Ae-resolution as above.

To find a representative for ¢ o w in the As-resolution, we first extend w to a
Q-equivariant map @ : Z[@Q3] — N and then take the composition @ o fo. By Lemmas 6.7
and 6.9, ¢ o w is represented by the tuple (nf, nfk) € M?, where

p—1
nf = (@(f2(1y))) = d@(~Nr, @ 75)) = = > $(w(7],75))-
i=0
By Lemma 6.10,
ny = —(w(r) ™" 7)) = —¢(a;), and
nfy, = 0(@(f2(15x))) = 6@ ([ © 73] = [13 @ Thl)) = d(cs).
Applying Lemma 6.8 now completes the proof. 0O

‘We return now to the situation of the Fermat curve.

Corollary 6.12. Suppose that E/K is a finite Galois extension dominating L/K. In the
extension (6.n), let Q = Gal(L/K) and G = Gal(E/K) and N = Gal(E/L). Recall that
N acts trivially on the relative homology M = H1(U,Y; A).

Assume p > 5. Then ¢ : N — M represents an element in the kernel of ds if and only
if forall0 < j <,

¢(aj) =0,
and there is an (r + 1)-tuple (mg, ... m,) € M™T1, such that
P(cjn) = —(L—7)me + (1 — 7%)m;.

Proof. This follows from Theorem 6.11, since N, acts as zero on M by Theorem 4.6. O

Remark 6.13. We have a second, more direct proof of Theorem 6.11 as well. The converse
direction is long, computational, and rather unenlightening, hence we decided not to
include it. Yet we sketch the forward direction here. Note that —¢ € Ker(dz) if and
only if the map ¢ ow : Q x Q — M represents the zero cohomology class in H?(Q, M);
equivalently, ¢ o w is of the form

dm : (q1,q2) = aam(q2) — m(q1q2) + m(q1), (6.0)

for some map m : Q — M. Let m; = m(r;).
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If dm = ¢ ow, then the values m; = m(7;) € M determine m(q) for all ¢ € Q because
of the Q-action. Specifically, by induction, one can show m(T;H) = (Zz:o Tf)~mj for1 <
t < p—2. Then (bow(Tj,ij_l) = ¢(a;). If pow = dm, then ¢(a;) = 7; -m(T]p_l)—l—m(Tj).
Thus —¢(a;) = —N7, - m;.

Next, if j < k, then m(1;7) = 7; - mi +m;, because dm(7;, 7) = w(7;, 7%) = 0. Recall
that ¢ ow(m, 7)) = ¢(cj k). If pow = dm, then ¢(c; k) = 7 - m; — m(7;7x) + my, which

simplifies to —¢(cj k) = (1 — %) - mj — (1 — 7;) - my, by substitution.
7. Compatibility with points over finite fields

In this final section, we study the action of Frobenius on schemes defined over a finite
field of cardinality ¢. In Section 7.1, we use motivic homotopy theory to provide congru-
ence conditions on the characteristic polynomials of Frobenius on mod p cohomology.
In Section 7.2, we use this and information about B, to compute the L-polynomial of
the degree p Fermat curve modulo p. The results in this section are not new, but they
highlight important concepts emerging in the interaction between topology and number
theory.

7.1. Number of points modulo p

Let X be a smooth, proper scheme over F,. Let F' denote the Frobenius morphism.
Let p be a prime number not dividing /.

Let N,, denote the number of points of X defined over Fym for m € N, and let N,
denote the reduction of N,, mod p. By the Lefschetz trace formula, the values N, are
determined by the action of F on H* (XF£7@P) and the values N,, are determined by
the action of F' on H*(Xf,,FFp). This section contains a new proof of this fact for N,
using realization functors which is made possible by the work of Hoyois [12].

Define P;(t) in Q,[t] and P;(t) in F,[t] by

Pi(t) = det(1 — Ft|H"(X5,,Qp)), Pi(t) = det(1 — Ft|H'(Xg,,Fp)).

Define Z(t) in Q,[[t]] and Z(¢) in F,[[t] by

Z(t) = ﬁPi(t)(‘”i“, Z(t) = ﬁﬁi(ty—lw{

If Q € Fp[[t]] is invertible (e.g., if Q(0) = 1), let % logQ = %Q/Q.
In this section, we prove the following result using motivic homotopy theory.

Proposition 7.1. The mod p number of points N,, of X over Fum is determined by
S0 Npt™ ™t = Llog Z(t).
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Proposition 7.1 follows from [9, Section 3, Fonctions L Modulo ¢ et Modulo p, The-
orem 2.2 (b)]. Here is a proof using motivic homotopy theory.

Proof. Let Tr denote the trace of an endomorphism of a strongly dualizable object in a
symmetric monoidal category. The Frobenius F is an endomorphism of X viewed as an
object the stable A'-homotopy category of P!-Spectra over F,. As X is strongly dual-
izable, we have that Tr(F™) lives in the Grothendieck-Witt ring GW(IF;). By Hoyois’s
generalized Lefschetz trace formula [12, Example 1.6, Theorem 1.3], Tr(F™) = N,,.
Applying the symmetric monoidal functor H*((—)f,,F), the trace Tr(F™) becomes
the trace in the symmetric monoidal category of graded F, vector spaces, which is
¥i(—1)"Tr F™"|H"(X5,,Fp). Applying the same functor to the endomorphism N, of
the sphere yields N,, regarded as an endomorphism of F, viewed as a graded vector
space concentrated in degree 0. It follows that

N = 5i(=1)' Tr F™"|H (X5, , Fp). (7.p)

The claimed equality then follows from a formal algebraic manipulation. One could
apply [9, Rapport sur la formula des traces 3.3.1], or to be explicit, proceed as follows.

Since P;(0) = 1, it follows that P;(t) = [](1 — a; ;t) for some a;; in F,. Since the
matrix corresponding to the action of F' on H i(XFw F,) can be put in upper triangular
form over Fy, it follows that the diagonal entries are the a; ;. Thus Tr F™ = Xa;"; for
all m.

Furthermore, P; is invertible in F,[[¢]] since P;(0) = 1. Thus

d, — 4P(t) i
_1 P = df_ = — ) — m. m—l.
a ¢ =B zj: 1= ai,t zj:%:“wt
Also,
d - 47(t)
—log Z(t) = 4L
T los Z(1) Z00)

Since d/dtlog is a homomorphism,

_ Z(_UW sz:a%tm_l = Zi:(—l)i%: (ZGZ"J*)tm_l

_ ZZH)Z‘(Tr Fm\Hi(XE,IE‘p)>tm’1
_ Zﬁmtm_l,

where the last equality follows from (7.p). O

d . _
L oeZ
e (t)
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7.2. Application to the Fermat curve

Let X be the Fermat curve of exponent p over a prime ¢ of Z[(,]. Let F be the
residue field of ¢, and Fy» denote the unique degree m extension. Knowledge of B, for
o € @ = Gal(L/K) and Proposition 7.1 determine the zeta function of X modulo p as
follows.

Proposition 7.2. Let X and F be as above, and let Jac X denote the Jacobian of X.

(1) Z(X/F,T) = (1 — T)>"2mod p. If N,, := #X(Fym), then N,, = 0 mod p for all
m > 1.

(2) Z(Jac X/F,T) = 1mod p. If N,,, := #Jac X (Fm), then N,, = 0mod p for all
m > 1.

Proof. Note that Z(Y/F,T) = Z(Y/F,T) mod p for Y = X or Jac X.

(1) The action of the Frobenius F'on M = H;(U,Y;F,) is given by multiplication by B,,
where o € @ is the Frobenius for £. Now H; (X, F,) is a sub-quotient of M, and M has
a basis (namely the nilpotent basis given by monomials in y; = ¢; — 1) in which the
action of B, is lower-triangular with diagonal entries equal to 1. Since H'(X,TF,) is
the linear dual of H1(X,F,), so it follows that the action of F on H'(X,F,) satisfies
det(1 — FT|HY(X,F,)) = (1 — T)?9, proving the first claim. For the second claim,
note that

(1—1T)%
(1-T)(1—[FIT)

Z(X/F,,T) = = (1-T)*"% mod p,
where the last equivalence follows because IF has a pth root of unity, implying |F|—1 =
0 mod p. By Proposition 7.1,

Yoo N, 7™ ' =d/dTog Z(T) = —(29 — 2)(1 — T)*~3/Z(T).

But g = (p—1)(p —2)/2, s0 29 — 2 = p*> — 3p = 0 mod p.

(2) We have seen that the action of F on H'(X,F,) is such that 1 — F is nilpotent.
Thus the same is true for the action of F on the ith wedge power A’H*(X,F,). Since
H'(Jac X,F,) & AN'HY(X,F,), it follows that det(1— FT|H*(Jac X,F,)) = (1-T)%,
where d; = (*/) is the dimension of A'H'(X,F,). Thus

Z(JacX/F,, T) = (1 - 7)== 1 mod p. O
Remark 7.3. The facts in Proposition 7.2 can also be proven directly. The fact that

Ny, = 0mod p is a direct consequence of the fact that the C}, x C, action on X has 3
orbits of size p and all other orbits of size p2.
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For the fact about the L-polynomial, let x be a character of IF of order p. Let J; ; =
JOCXT) = Yagpmr X (@)X (b). By [14, page 98], #X(F) = L¥ + 1+ Y5 Ji;,j) where
S={(,7)|1<i,5<p-—1, i+ j # 0mod p}. Note that there are 29 = (p — 1)(p — 2)
such pairs. In fact, by [15, page 61], the eigenvalue of Frobenius on the eigenspace of
H'(X) corresponding to (x%, x7) is —J; ;. Lemma 7.2 can also be proven using congruence
properties of Jacobi sums and the fact that

L(X/F,T) =[] = Ji,;T).
S
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