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Introduction

Factorization systems surely form a conspicuous part of modern category theory;
this is especially because they provide the category where they live in with a rather
rich structure, and they are commonly found (although very few of them can be easily
built): for example, a trace of what we would today call a factorization system on the
category of groups appears in the pioneering [18], published in 1948; more interestingly,
as acknowledged by [22], any “synthetic” approach to homotopy theory inevitably relies
on the notion of a —weak— factorization system.

Soon after having reached a consensus on the definition for these gadgets [7], category
theorists wanted to make explicit the evident tight relation between (weak) factoriza-
tion systems and (weakly) reflective subcategories on a same ambient category C: this
culminated with the proof, given in [4], that under mild assumptions the reflective sub-
categories of C are in bijection with the so-called reflective pre-factorization systems
on C.

Let us briefly recall this notion: a morphism f in C is left orthogonal to another
morphism g (or g is right orthogonal to f), in symbols f L g, if for any commutative
square of solid arrows

B!

- —_— .

there is a unique morphism d that makes the two above triangles commute (this defines
strong orthogonality; in case at least one such d exist, we speak of weak orthogonality).
Then,

o for a class X C C? (where C2 is the arrow category) we let ~X (resp., X+) be the
class of morphisms which are left (resp., right) orthogonal to each element in X’

« a pre-factorization system (PFS for short) on C is a pair (€, M) of sub-classes of C2
such that £ = * M and £+ = M;

« a pre-factorization system § = (£, M) on C such that every map f € C? can
be factored as a composition f = my oef, for my € M and ey € £ is called a
factorization system (Fs for short; we call a morphism that can be factored by a PFS
an §-crumbled arrow: then, a factorization system is a PFS in which every arrow is
F-crumbled);

e a class X of morphisms of C is said to have the 3-for-2 property if, given two com-
posable morphisms - I R X, if two elements of the set {f,g,go f} belong to
X, so does the third.
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A PFs § = (£, M) is said to be reflective if M has the 3-for-2 property and if any map

of the form [ ] is §-crumbled. For such a PFs, the associated reflective subcategory of
Cis

M/O:—{XGC| rﬂe/\/l}gc

(uniqueness of lifts ensures that there is a functorial choice of an object in M /0 for each
X € C, precisely the object such that X <5 RX %, (). It is a remarkable result that
all the reflective subcategories of C arise in fact in this way: given such a subcategory
S, there is a reflective PFS generated by all morphisms of S.

The authors of [4] then specialize this result attempting to describe the tight relation
between factorization systems and torsion theories, under similarly mild assumptions on
C. This approach has been extended sensibly in [21].

A factorization system § = (£, M) on C is said to be a torsion theory (TTH for short)
if both £ and M have the 3-for-2 property. This gives (thanks to the above result and
its dual) a pair of subcategories M /0 and 0/€ whose inclusions in C admit respectively
a left and a right adjoint: these two subcategories form the classes of so-called torsion
and torsion-free objects respectively, and relate to the classical notion of a torsion theory
given in [5].

Suppose indeed that C is an abelian category. A TTH § = (£, M) on C is said to be
normal if taking the F-factorization

X S5 RX 50
of the final map X — 0 for a given object X € C, and then taking the pullback
T——X
l l (0.1)
0 —— RX

0
Applying the definitions, one can show that the pair (0/€, M/0) is a classical torsion

T
we have {@ cé.

theory (i.e. a torsion theory as defined in [5]). In fact, it is also true that every torsion
theory arises this way (see [21]); this gives a bijection between classical torsion theories
and normal TTHs.

Switching to the triangulated context, the réle played by classical TTHs in abelian
categories is now played by t-structures ([1,12]). The analogy between these two concepts
was made completely formal by Beligiannis and Reiten [3] where they introduced torsion
pairs in pre-triangulated categories. In fact, if the pre-triangulated structure is inherited
from the abelian-ness of the ambient category, then torsion pairs correspond bijectively
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to classical TTHs, while if the pre-triangulated structure is triangulated, then torsion
pairs correspond bijectively to t-structures.

The strong analogies between classical TTHs and ¢-structures suggests that there
should be a way to describe them in terms of some kind of factorization systems, just
like for TTHs in abelian categories. In fact, pursuing a similar characterization in the
non-abelian setting is acknowledged in [21] as one of the most natural generalization of
this technology. Nevertheless, the authors are not able to show a correspondence between
t-structures on triangulated categories and factorization systems.

Somehow, this result has been prevented by a certain number of awkward properties
of triangulated categories (see the introduction of [17] for a good account on this).
In this respect, it is remarkable that such a theorem can be stated and proved quite
naturally by getting rid of all these unwieldy features, ascending to the realm of stable
(00, 1)-categories: the proof that t-structures on (the homotopy category of) a stable
quasicategory correspond bijectively to normal torsion theories, regarded as particular
oo-categorical factorization systems, has been the central result of the first author’s PhD
thesis [13].!

Our first point in this paper is that the reason for the absence of this theorem from
the setting of triangulated categories D is that there is no notion of triangulated orthog-
onality £ for a pair of morphisms in D, with formal properties comparable to those of
the orthogonality relation 1 but mindful of the triangulated structure.

The present work aims to fill this gap and solve the problem of finding a class of
suitably defined triangulated factorization systems on D in bijection with the class of
t-structures on D.

We start Section 1 describing the homotopy orthogonality relation f 4 g for two
morphisms in a triangulated category D (see Def. 1.1). After proving some natural
properties, we mimic the classical theory showing that this definition is sound, in that it
recovers basically all the formal properties enjoyed by the L-orthogonality relation (see
1.6-1.9). We introduce triangulated PFss via triangulated orthogonality, triangulated
FSs, triangulated TTHs and, finally, normal triangulated TTHs as the corresponding of
each of the classical definitions.

We believe that this is the correct path to follow, as Def. 1.1 is exactly an orthogonality
condition that keeps track of the triangulated structure of D: as an example of this
flexibility, normality for a triangulated TTH can be introduced exactly as normality for a
TTH but taking a homotopy cartesian square (see 1.8 for the definition) in (0.1) instead
of a pullback square. So apparently the definition really captures the best of both worlds.

With the theory of triangulated FSs at hand, in 2.11 we prove the following

L The fact that few triangulated categories generate an interesting poset of factorization systems is proba-
bly due to the fact that a nice factorization system on a category A interacts with co/limits on A, and it is
somehow generated by them: few triangulated categories have interesting co/limits, hence the fact that (for
example) every proper factorization system, where the left class is contained in the class of epimorphisms,
although really natural in a generic category must be trivial in a triangulated one.
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Main Theorem: For a triangulated category D, the following map is bijective:

{ normTal{}ItSriga)Eg];l)latcd t_St:;Ct];res }
(&.M) (0/&,2(M/0))

As mentioned above, [8] proved a oo-categorical version of the above theorem in the
setting of stable quasicategories. In fact, quasicategories support a fairly natural theory
of FSs, as rich as the classical one; we refer to [10] and [14].

Once quasicategorical Fss are defined, one can mimic the definition of normal TTH in
this setting. The main results contained in [13] tells us that, for a stable quasicategory
C, the normal TTHs on C are in bijection with ¢-structures on the triangulated category
Ho(C). An exercise in translation between models shows how the same result remains
true

¢ in the setting of stable model categories, where one can speak about homotopy factor-
ization systems following [2,11]; this leads to the definition of homotopy t-structures
on stable model categories M as suitable analogues of normal torsion theories in the
set HFS(M) of homotopy factorization systems on a model category M;

« in the setting of DG-categories, where we speak about factorization systems (enriched
in the sense of [6,16]); this leads to the definition of DG-t-structures as enriched
analogues of normal torsion theories in the set of enriched factorization systems on
a DG-category D.

In both these settings, it is possible to recover a theorem that characterizes what, from
time to time, you would like to call ¢t-structures as a class in bijection with normal torsion
theories defined in that specific model.

In subsequent work [15] we will frame our Main Theorem in a different model of a
stable homotopy theory, namely stable derivators: this has to be regarded as the nontriv-
ial step towards a model-independence proof saying that ¢-structures are indeed normal
torsion theories whatever our preferred model for stable homotopy theory is.

Acknowledgments The first author thanks prof. J. Rosicky, because it was possible to
finish the hardest part of the present paper mainly thanks to the pleasant environment of
Masaryk University. Both authors would like to express their gratitude to F. Mattiello,
because he surely is a moral third author of this work.

1. Triangulated factorization systems
Throughout this section we let D be a (fixed but arbitrary) triangulated category,

with shift functor £: D =s D. For a general background and notation on triangulated
categories we refer to [20] and [9, Appendix A].
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1.1. Homotopy orthogonality of morphisms

Our first task is to build a notion of orthogonality of morphisms mindful of the
triangulated structure on D.

Definition 1.1 (Homotopy orthogonality). Let Ej < By and My = M, be two maps in
D, and complete them to triangles

Ey S B 20 P nE,  and My ™ M, 2 0, 2 Sy, (L.1)

We say that e is left homotopy orthogonal to m (while m is right homotopy orthogonal
to e), in symbols e L m, if the following conditions are satisfied:

HO1. the following map is trivial:

D(C.,X71C,) D(Ey, Mo)

7 Bm
— 8

(C. = 271C,) — (B, 25 0, 5 2710, My);

HO2. the following map is injective:

D(C.,Cy) D(Ey, X My)

(Co 25 Cn) — (B 25 €. 25 € 27 S0y

The concept of homotopy orthogonality seems quite artificial, but this notion arises
naturally in the setting of stable derivators: we investigate the matter in a subsequent
work [15]. Notice also that one can prove by standard arguments that homotopy orthog-
onality does not depend on the choice of triangles in (1.1).

Remark 1.2. Condition 1.1.HO2 can be substituted by the following one:

HO2". The unique morphism ¢ completing a morphism (a,b): e — m in D? to a mor-
phism of triangles, as in the following diagram, is ¢ = O:

e Qe Be

Ey E,y C. — Y Fy
m Am, ¥ Bm
M, M, Con S M.

To see this equivalence, suppose that condition 1.1.HO2 is satisfied. Then, the map
D(C.,Cy,) — D(E1,XMp) sends ¢ to Bmpae = Pmamb = 0; so by the injectivity
of this map, we deduce that ¢ = 0. On the other hand, suppose HO2’ is satisfied and
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consider a morphism ¢ € D(C., Cy,) such that 8,,1a,. = 0; we have to show that ¢ = 0.
Indeed, since B, a. = 0 we can construct a morphism of triangles as follows:

00— F E ———0

2
R

My —" My 2" 0 P s,

Now one can complete the central square in the following diagram to a morphism of

triangles:
e Qe Be
Ey E;q C, Y Ey
Ja l b l P
N N
m 13771.
My —"= M, -2 O, > M,

Then, by HO2’, 1 = 0 as desired.

In what follows we verify some properties that one should expect from any well-
behaved notion of orthogonality. Let us start with the following property, whose proof
is an easy exercise:

Lemma 1.3. The following are equivalent for f € D?

(i) f is an isomorphism;
(ii) D2
(iii) D2 L f;
(iv) fLf.
The above proposition adopted an harmless abuse of notation, that is, it denoted

H £ K the fact that each h € H is left £-orthogonal to every morphism of . To make
this statement precise we introduce the following definitions.

Notation 1.4 (L-Orthogonal of a class). We denote ~(_) - (_)* the (antitone) Galois
connection induced by the relation ~ on full subcategories of D?; more explicitly, we
denote

X :={feD?|zLlf VrecX}
X :={feD?|fLx Yrei} (1.2)

Remark 1.5 (L-Locality). There is a related notion of orthogonality between an object
X and a morphism f € D2, based on the fact that we can blur the distinction between
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objects and their initial or terminal arrows; given these data, we say that X is right-
orthogonal to f (or that X is an f-local object) if the hom functor D(—, X) inverts f;

X
in fact, the map D(f, X) is injective if and only if the pair (f, [ il }) satisfies condition
0

b's
1.1.HO01, while it is surjective if and only if (f, [¢ ]) satisfies condition 1.1.HO2. (Obvi-
0

ously, there is a dual notion of left orthogonality between f and B € D, or a notion of
a f-colocal object B which reduces to left orthogonality with respect to 0 — B).

By the above remark, it is natural to say that two objects B and X are homotopy

0 X
orthogonal if [¢] L [¢ } In fact, it is not difficult to show that this happens if and
B 0

only if D(B, X) =0, that is, B L X in the usual sense.
The following lemma, can be easily verified by hand:

Lemma 1.6. Let {fi}icr, g € D2. If fi L g for alli € I, then [, fi £ g. On the other
hand, if g L f; for alli € I, then g L 1], fi.

Lemma 1.7. Let f, g € D? and let f' be a retract of f, that is, there is a commutative
diagram

T

F} —io> Fy —po> F}

A ]
Fl —i= F, —p1> F!
\ld/
If fLg, then f' Lg.

Proof. Let (a,b): f' — g be a morphism in D? and consider the following commutative
diagram, whose columns are triangles:

F} Fy Fy Go
I’ I I’ 9
L - L I L}
@y af ay! g
Cp—=cp —Ls0p —2s g,
By Bs By Bg
Ya

SF, Y F, SF YGo



F. Loregian, S. Virili / Journal of Algebra 550 (2020) 219-241 227

and notice that the composition p o is an isomorphism. To verify 1.1.HO2 we should
prove that ¢ = 0, but in fact, ¢p = 0 for the same condition applied to the pair (f,g),
so that ¢ = ¢pi = 0. On the other hand, to verify 1.1.HO1, consider a morphism
¥ Cpr = B71C,, then £-1(8,)bay = -1 (8, Wpiap = 51 (8,)épasi = 00y =0,
where X71(8,)¢pas = 0 by the same condition applied to the pair (f,g). O

Remark 1.8. To simplify the formulation of some of our forthcoming observations, let us

recall that a homotopy cartesian square in D is a commutative diagram

XLY
N .
X —Y'

¢I

such that there exists a distinguished triangle X — X' &Y — Y’'—Y X, where the map
X > X' @Y is (f‘¢), while the map X’ @Y — Y’ is (¢, 3). We call 3 the homotopy
pushout of a, and « the homotopy pullback of . We refer to [20, Ch. 1] for more details
on this construction.

Lemma 1.9. Let (¢: Yy — Y1) € D? and consider a homotopy cartesian square:

Xy —— X}

% o |s

X1 ?X{

Then the following statements hold true:

(1) if the pair (¢,1) satisfies 1.1.HO2, so does the pair (¢',1);

(2) if the pair (¢,%)) satisfies 1.1.HO1 and (¢, X~1Y) satisfies 1.1.HO2, then
D(C¢/, Eilcw) =0y

(3) if L1 and ¢ L X1, then ¢' Lp.
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Proof. (1) Given a morphism (a,b): ¢’ — 1, we get a commutative diagram:

Xo X}, Yo

o o |¢ ¥
X, — - x 2oy

« o’ Qo
c,—L-cy " oc,
B B’ By

SXy — = NX, — = Y,

we should prove that ¥ = 0. By 1.1.HO2 applied to (¢, 1) we get ¥¢ = 0, but since ¢ is
an isomorphism this allows us to conclude.

(2) Our two assumptions tell us that the map D(Cy, X71Cy) — D(X7,Yp) is both
trivial and injective, so that D(Cy,X71Cy) 2 D(Cy, X71Cy) = 0.

(3) By part (1) and ¢ A 1), the pair (¢, ) satisfies 1.1.HO2. Furthermore, by part (2)
and our assumptions, D(Cy, $71Cy) = 0, so the map D(Cy,X71Cy) — D(¢},Yp) is
clearly trivial. 0O

Let z: Xg — X7 and y: Yy — Y7 be morphisms in D, and consider x and y as objects
in D2. A morphism f = (fy, f1): © — y in D? is a commutative square of the form

XO$-X1

o

Y, L>Y1

Now, given a choice of completions of z and y to triangles,

T Yy

Xo X1 c(x) > Xo and Yo Y c(y) >Yo,

it seems legit to call a cone for f any map c: ¢(z) — c(y) that makes the following
diagram commute, that is, such that (fy, f1,¢) is a morphism of triangles:

x

X() X1 C(l’) EXO

[

y
Yy Y, c(y) XYy
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It is now natural to ask whether or not the classes {c}~ and ={c} are determined by f
or if they depend on the choices made. In fact, as shown by the following example, it
turns out that a different choice of ¢ can produce very different orthogonal classes:

Example 1.10. Let X € D be non-trivial and consider the following diagram:

X 0 0 0 D) LI e

0 l 0 l l 0
(idx,0)* (0idsx) Y 0

X X ®9X SX X

where both rows are triangles and the square on the left-hand side trivially commutes.
Now, any map XX — XX can be used to complete the above solid diagram to a mor-
phism of triangles. In particular, both the trivial map Ogxx: XX — XX and the identity
idyx: XX — XX are valid choices. Since X is non-trivial, ids;x is an isomorphism while
Oxx is not and so, by Lemma 1.3, {idsx}* = D2 # {0sx}~.

In order to avoid pathologies like the one in the above example, we now recall the
notion of middling good morphism of triangles; this notion will allow us to describe
properties like “closure under homotopy colimits” in the correct way (see Lemma 1.12).
Indeed, recall from [19] that a morphism of triangles

Ay -2 By s g A (1.4)
T
A 2B M S A,

is said to be middling good if it can be completed to a 3 x 3 diagram whose rows and
columns are triangles and where everything commutes but the lower right square, which
anti-commutes:

Ay — 2 By "o S 4, (1.5)
a b c Ya
A= M SA4,
. o .
Co —2 s Oy —2 s O, 20,
Ba Bo Be

Y Ao ¥ B, »Co ¥2C,
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Let us recall that, given a morphism (a,b): ¢g — ¢1 in D2, one can always choose a
morphism ¢: Cyp — C; such that (a,b,c) is a middling good morphism of triangles. Let
us remark that it is not clear to us whether or not, given two middling good morphisms
of triangles (a, b,c) and (a, b, '), the classes {c}* and {c’}* (resp., ={c} and *{c'}) are

equal.

Lemma 1.11. Let (x: Yy — Y1) € D2 and consider a middling good morphism of triangles
as in (1.4). If a, Sa, ¢, X, X lcL x, then b4 x.

Proof. By Lemma 1.9, a, Xa L x implies D(C,,X7'C,) = 0, while ¢, Xc¢ L x implies
D(C.,¥7'Cy) = 0. Hence, D(C},X7'C,) = 0. On the other hand, for a morphism
(d,e): b — x, we get a commutative diagram whose columns are triangles:

Ay %0 By a Yo

a b X

Y P N1
Qq ap Qy

Co —2 sy —2 o0,
Ba Bb Bx

YAy —— XBy —= XY

Since a & v, then ¢y, = 0, which implies that there exists f: C. — Cy such that
fowy=p. Byc, S lel x we get D(C,,Cy) =0, so f =0, which implies ¢ =0. O

Lemma 1.12. Let 1 € D? and consider two countable chains of morphisms Ae = {Ag LN
Ay ELN Ay EEN ...} and Bs = {By Ko, B; LN B> LN ... }. If there is a natural
transformation o: Aq = B, such that oy, Yoy, Y2a; L9 for all i € N, then any map
@: hocolim Aeq — hocolim B completing the following diagram to a middling good map
of triangles is such that ¢ L 1

HiEN A — HiEN A; —— hocolim Ay —— +

l | ;

[;eny Bi — I;eny Bi — hocolim By —— +

Proof. By Lemma 1.6, [[;cn @i, S [1;en @i 22 [ien @ £ 9, so it is enough to apply
Lemma 1.11. O
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1.2. Triangulated factorization systems

Using the notion of homotopy orthogonality we can define triangulated factorization
systems as follows:

Definition 1.13. Let § = (€, M) be a pair of classes of morphisms in D.

(1) §is a triangulated pre-factorization system ( APFS for short) if
— &* =M and "M = ¢&;
— ¢ € € implies ¢ € £.
(2) § is a triangulated factorization system (AFs for short) if it is a APFS, and if any
morphism in D is §-crumbled, i.e. it can be factored as a composition ¢ = moe with
eec& meM.

Notice that in the second condition defining a APFS we could have equivalently asked
that ¢ € M implies X71¢ € M.

Remark 1.14 (Left- and right-generated APFS). It is evident that a class of morphism
X C D? which is closed under negative shifts (i.e., z € X implies 71z € X) induces
a APFS (“X,(*X)*) on D. Dually, if X is closed under shifts, then (=(X=*), X*) is a
APFS.

By the properties proved in Section 1.1 we obtain the following closure properties for
the classes composing a APFS:

Proposition 1.15. Let § = (£, M) be a APFSs. Then

(1) € and M are closed under isomorphisms in D?;
(2) €N M is the class of all isomorphisms;

(3) € is closed under arbitrary coproducts and M is closed under arbitrary products;
(4) € and M are closed under retracts;

()
(6)

6

& is closed under homotopy pushouts and M is closed under homotopy pullbacks;
& s closed under homotopy colimits in the sense that, in the same setting of Lemma
1.12, if a; € € for any i € N, then ¢ € €. A dual property regarding homotopy limits
holds for M.

The following two definitions are of capital importance for us, as they determine the
class of factorization systems we are interested in:

Definition 1.16 (Triangulated torsion theory). A AFs § = (£, M) is said to be a trian-
gulated torsion theory (for short, ATTH) if both £ and M are 3-for-2 classes.
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Definition 1.17 (Normal AFs). Let § = (£, M) be a AFs in D. We say that § is normal
if, whenever we have a factorization of a final map X — 0 as follows

XS5T™0 with ec& meM,
and a triangle of the form R — X < T — ¥R, the map (R — 0) belongs to £.
2. The triangulated Rosetta stone

As in Section 1, let us fix throughout this section a triangulated category D with shift
functor ¥: D = D.

Definition 2.1. Recall that a t-structure in D is a pair t = (D=9 D=%) of full sub-
categories of D that satisfy the following properties, where D=<" := X7 "D=<° and
D=" := ¥ "D=° for any n € Z:

t1) D(X,Y) =0 for any X € D=0 and Y € D=1;

t2) D=~1 C D=Y and D=! C D=9,
t3) for any X € D there is a distinguished triangle

XS0 5 X 5 X2 5 vx=0,
with X<0 € D=0 and X=! € D=L
Given a t-structure t = (D<%,D=%) in D, one obtains two functors
7=0:D D=’ and 72':D — D7,

that are respectively the right adjoint to the inclusion D<® — D and the left adjoint to
the inclusion D=1 — D.

Notation 2.2. For an object X € D we will generally write X=9 for 7<°X and X=! for

721 X. Furthermore, we will generally denote the unit of the co-reflection 7<° and the
co-unit of the reflection 72! by the following symbols:

XS0 IX, x PX, x>l

For any n € Z, we let 7" := N7 "7S05" and 72" = 7"720%". We adopt similar

notational conventions for these shifted functors.

Remark 2.3. We can equally define a t-structure as a single full additive subcategory
t C D such that
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. tC
e each object X € D fits into a distinguished triangle X; - X — X1 — XX such
that X; €t, Xo €tt ={Y | D(X,Y) =0, VX € t}.

This equivalent description of t-structures calls t an aisle and t+ a coaisle. We will usually
blur the distinction between a t-structure and its aisle, since the correspondence between
the two is obviously bijective under D=? 5 aisle.

2.1. The induced AFS of a t-structure

Fix a t-structure t = (D=Y, D=%) in D, and consider the following two classes of
morphism

& :={p € D?| 124 is an iso}
M, = {¢ ¢ D? | =% is an iso}. (2.1)

This subsection is devoted to the proof of the fact that §; := (&, M) is a AFS.

Lemma 2.4 (Cartesian characterization of §¢). In the above setting, a morphism (¢: X —
Y) € D? belongs to & if and only if the square

X0 - X (2.2)

.| s

ys0 _ -V

is homotopy cartesian. Thus, if ¢ € &, the cone of ¢ belongs to D=C. Dually, (1: X —
Y) € D? belongs to M if and only if the square

is homotopy cartesian. Thus, if 1 € My, the cone of ¢ belongs to D=,

Proof. Suppose first that ¢ € &. By [20, Remark 1.3.15], the square in (2.2) can be
completed to a good morphism of triangles
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while by [1, Prop. 1.1.9], the unique map completing the above square to a morphism of
triangles is 72'¢. Thus, we get that the following candidate triangle is in fact a triangle

Xor Y5 XaY' s Xloy 5 SXa Yl

The above triangle is the direct sum of the following candidate triangles (see [20, Lemma
1.2.4])

Y1yl 505 X215yt and XS0 5 XaevY<s' Y o ¥X,

showing that the candidate triangle on the right-hand-side is a distinguished triangle
(as it is a summand of a distinguished triangle). The existence of such a triangle means
exactly that the square in (2.2) is homotopy cartesian.

On the other hand, suppose the square in (2.2) is homotopy cartesian. By [20, Remark
1.4.5], this can be completed to a good morphism of triangles

X=0 X x=t vX
¢=" l l¢ = J/
v
y <0 Y y=1 zY

Invoking again [1, Prop. 1.1.9], we obtain that 721¢ is an iso. O

Lemma 2.5. Consider a homotopy cartesian square

If $=° is an isomorphism, then =0 is an isomorphism. Dually, if =% is an isomor-
phism, then ¢=° is an isomorphism. In other words, & is closed under homotopy pushouts
and My is closed under homotopy pullbacks.

Proof. Suppose first that ¢=° is an isomorphism. This means that D=%(¢=°, B) is an
isomorphism for any B € DZ° or, equivalently, D(¢, B) is an isomorphism for any
B € D=2° We have to show the same property holds for v. Consider the following
morphism of triangles:
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For any given B € DZ°, we obtain a morphism of long exact sequences:

—~ D(SX',B) — D(XZ,B) — D(Y’,B) — D(X’, B) — D(Z, B)

‘ l

|
¥ v
. —> D(ZX,B) —= D(2Z,B) —= D(Y,B) —= D(X,B) —= D(Z

where D(X¢, B) is an isomorphism because D(¢, X7 'B) is an isomorphism, since
Y~ !B € D2! € D2% Now, by the Five Lemma we obtain that D(¢, B) is an iso-
morphism for any B € D29, that is, 1= is an isomorphism. The proof of the second
part of the statement is dual. O

Lemma 2.6. Any morphism in D is §¢-crumbled.

Proof. Take a map ¢: X — Y in D, and let us prove that ¢ is §¢-crumbled. Let us start
taking a homotopy pullback of the maps ¢=! and py:

Then there exists a (non-unique, see [20, p. 54]) map ¢.: X — P that makes the diagram
commute. Finally consider the following diagram, where the dotted arrow is obtained
completing to a good map of triangles:
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ox PX

X<0 X X1 »X <0
| l
¢€
v v
y <0 P x>1 »y <0
y <0 Y — y=>1 Ny <0
oy Y

By construction ¢ = ¢,,¢c. It remains to show that ¢. € &. By Lemma 2.4, we have
to verify that the top left square is homotopy cartesian. Indeed, take the following map-
ping cone, which is distinguished since we took a good morphism of triangles in our
construction:

XYt s Pp X2 2 X2 uXS0 4 X @Ry =so,

This triangle is the direct sum of the following two candidate triangles (see [20, Lemma
1.2.4]):

0— X2 = X210,

XaYVs"5 P 2X'52X o2y’
showing that X< - X @ Y<0 - P — ¥ X =0 is distinguished. O
Lemma 2.7. Given e € & and m € My, we have e £ m.
Proof. Complete e and m to triangles as follows:
Bm

Ey S B 20 Py smy My ™ My, 2o o, 2 s,

By Lemma 2.4, there are morphisms of triangles, with ¢ = e=? and ¢ = m=",

Xo Ey My Yo
¢ O e m a »
X ——E M, ——"
o, ae om o,
C, C. Cm == Cy,
B. Be Bm B

Y Xg —> Y F, XMy — XY
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where Xo, X; € D=0 and Yj,Y; € D21, Using the closure properties of D=0 and D=1,
one can show that C, € D<? and ¥~'C,, € DZ!. Thus, D(C,, ~~'C,,) = 0 by condition
2.1.t1), giving us 1.1.HO1. It remains to verify condition 1.1.HO2, that is, suppose we have
amap f: C, = Cp, whose image in D(Fy, ¥ M) is trivial and let us prove that f = 0.
Indeed, we know that S, fa. = 0, so also ], fal, = 0 and thus we can find a morphism
of triangles as follows

00— Xy ——X; —0
|
i f1 fal l
\ o 4( B
YO Yl = Cm - EY'O

showing that fal = «),f1 for some f;: X3 — Y;. But D(X3,Y;) = 0 by 2.1.t1), so
f1 =0, showing that fa/ = 0. Hence, we can find a morphism of triangles as follows

e o, B
XO Xl C@ EXO
\
b f2
l J/ v v
> c, ——=0—-=C, —— C,,

showing that f = fof., for some fa: ¥Xo — C,,. Now, since X, € D=1and C, €
D=° f, =0 and so also f = 0, as desired. O

Proposition 2.8. The pair of sub categories §¢ = (€, M) defines a AFS.

Proof. We have already seen that any morphism is §-crumbled and that & C &Mt.
Let us show the converse inclusion. Indeed, let (¢: X — Y) € “M; and choose a
factorization ¢ = ¢, ¢ with ¢, € & and ¢, € M;. By the usual 3 x 3-lemma in
triangulated categories, we can complete the commutative square

be

X ——=0p
J e
Y Y

to a diagram where all the rows and columns are distinguished triangles, and where

everything commutes but the top left square, that anti-commutes:
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>, —— 2_10¢ —¥"1c,, —— C.

»-1c, X o P C.
l ¢ ¢7YL \L
0— Y =——o—Y — >
Ce C¢ Cm ECE

Now, since ¢ € “My, it follows by 1.1.H02’ that the map Cy — C,, in the above
diagram is the trivial map. Thus, £C. = Cp, ® XCy, in particular Cy, is a summand
of ¥C, € ¥D=? = D="!. Hence, C,, € D=~ N D2 = 0, showing that ¢,, is an
isomorphism, so that ¢ £ ¢, € &. O

2.2. t-structures are normal ATTH

We now concentrate on showing how each ¢-structure on D naturally induces a ATTH
and vice-versa; the basic idea is to mimic the proof of [13; Thm. 3.1.1] tailoring the
argument to the triangulated setting.

Lemma 2.9. § = (£, My) is a normal ATTH.

Proof. We have already proved that §¢ is a AFs, while the fact that & and M are 3-for-2
classes is a trivial consequence of their definition, as they are the pre-image (under 721
and 7=, respectively) of the class of all isomorphisms, which is a 3-for-2 class. It remains

to show that §¢ is normal. Consider a factorization of a final map X — 0 as follows
XS5ST20 with ec&, me M,

and a triangle of the form R — X < T'— Y R. We should prove that the map (R—0)
belongs to &, that is, that R € D=°. By Lemma 2.4, T € D=, Since e € & and using
Lemma 2.4, we can construct a commutative diagram as follows:

X<0 X x>1 X0
O e Ni
l l v l
T=0 T 7! uT=0

Since T € D!, we get TSV = 0 and T = T2! = X2! 5o the fact that the square
on the left-hand-side in the above diagram is homotopy cartesian provides us with a
distinguished triangle of the form
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X0 5 X 5T —2Xx=
In particular, R = X<0 € D=0 as desired. O
Lemma 2.10. For a normal ATTH § = (E,M) in D, tz := (0/€,5(M/0)) is a
t-structure. Furthermore, given X € D and taking an §-factorization X S T 5 0

of the final map X — 0, we have that T € M/0 and e: X — T is the reflection of X
into M /0 (the coreflection of an object into 0/E is constructed dually).

Proof. We verify the three axioms of a t-structure:

o Let X € 0/€ and Y € M/0, we have to show that D(X,Y) = 0. Indeed, let
@: X = Y and consider the following diagram
»

L
|

|

X 2oy
0 0

Notice that (0 — X) € £. Furthermore, 0 — 0 is an isomorphism so it belongs to
M, as well as Y — 0; since M is a 2-for-3 class, this means that also 0 — Y belongs
to M. By condition 1.1.HO2, we get ¢ = 0.

e Let X € 0/€. Reasoning as in verifying 2.1.t1) above, one can show that the 2-for-3
property of £ implies that X — 0 belongs to £. Consider now the following homotopy

[

cartesian square:

X ——0

| = |

0—— XX
By Proposition 1.15, the map 0 — XX belongs to &, that is ¥(0/&) C 0/€. One
verifies similarly that M /0 C 3(M/0).

e Let X € D, consider a factorization of the map X — 0 as follows:

X570 with ec & me M.

Now we can complete the map e to a triangle to get
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R—>XS5T YR,

By the normality of §, R € 0/€ and T € M/0. O

Theorem 2.11 (The triangulated Rosetta stone). Let D be a triangulated category, then
there is a bijective correspondence

P - { normal triangulated} { t-structures} ]

TTHs on D on D
(&, M) (0/8.2(Mm/0))
(gh Mt) i {.

Proof. We have already verified in the previous subsections that ® and ¥ are well-
defined. Consider now a t-structure t and let us show that t = ®Wt, that is, we should
verify that D= = 0/&. But this is true since clearly X € D= if and only if 0 — X
belongs to &, that is, X € 0/&.

On the other hand, let § = (£, M) and let us show that § = ¥®F. Let ¢ € &, that
is, =1 is an isomorphism and consider the following commutative square:

X 5 x>
¢>l l¢>>1
PY

Y ——= Y=t

Notice that px and py belong to £ by Lemma 2.10. The composition py¢ = ¢='px
belongs to & since ¢=! € £ (as € contains any isomorphism) and we have already
observed that px € £. For the 3-for-2 property this means that ¢ € £. This shows that
&, € £. One proves in the exact same way that M. C M, but these two conditions
together mean that § = §y,, as desired. O
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