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1. Introduction

Let k be a noetherian integral domain and suppose A is a cellular k-algebra [7]. Then
Geetha and Goodman [6] showed that the wreath product algebra

A16, = A% x kS,

is cellular, provided that all of the cell ideals of A are cyclic. On the other hand, the
generalized Schur algebras S4(n,d) were defined by Evseev and Kleshchev [4,5] in order

E-mail address: jaxtell@skku.edu.
! This paper was supported by the National Research Foundation of Korea (NRF) funded by the Ministry
of Science (NRF-2017R1C1B5018384).

https://doi.org/10.1016/j.jalgebra.2020.12.022
0021-8693/© 2021 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jalgebra.2020.12.022
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2020.12.022&domain=pdf
mailto:jaxtell@skku.edu
https://doi.org/10.1016/j.jalgebra.2020.12.022

J.D. Axtell / Journal of Algebra 572 (2021) 422—460 423

to prove the Turner double conjecture. These algebras are related to wreath product
algebras by a generalized Schur-Weyl duality established in [4].

In this paper, we describe a cellular structure for the generalized Schur algebra
S4(n,d) for an arbitrary cellular algebra A and for all integers n,d > 0. This extends
some results of Kleshchev and Muth [11-13]. It follows, for example, from results of [13]
that the algebra S4(n,d) is cellular for certain algebras A which are both cellular and
quasi-hereditary. We note that for such algebras, the cell ideals are automatically cyclic.
The method used in this paper, however, does not require any additional assumptions
on the cellular algebra.

Our approach is motivated by that of [15], where Krause used the Cauchy decompo-
sition of divided powers [1,10] to describe the highest weight structure of categories of
strict polynomial functors. As Krause mentions, this description leads to an alternate
proof of the fact that classical Schur algebras S*(n, d) are quasi-hereditary, which follows
by a Morita equivalence. As we will see, this approach can similarly be used to describe
cellular structure.

We begin by describing a generalized Cauchy filtration for the divided powers I'?.J of
a given k-module, J, which we assume is equipped with a filtration

O=hCc---CJr=J

such that J;/J;_1 = U;®y Vj, for some free k-modules U}, V; of finite rank. Our first main
result is a generalized Cauchy decomposition formula (Theorem 5.14), which provides a
filtration of I'“.J such that the associated graded object is a direct sum of modules of the
form

@ U)\ ®]k ’\7)\3
AEA

where Uy, Va are generalized Weyl modules defined in Section 5.6 and A denotes a set
of r-multipartitions.

The generalized Schur algebra S4(n,d) may be identified as the d-th divided power
M, (A), where M,,(A) is the algebra of size n matrices over A. We are thus able to
use the above decomposition, together with Konig and Xi’s characterization of cellular
algebras in [14], to prove our second main result (Theorem 6.5) which shows that gener-
alized Schur algebras are cellular. In Example 6.6, we describe a corresponding cellular
basis explicitly for a particular case, S%(1,2), where Z is a zig-zag algebra (considered
as an ordinary algebra rather than a superalgebra, as in [13]).

As a consequence of generalized Schur-Weyl duality, Corollary 6.8 shows that the
wreath product algebras A ! G4 are cellular for an arbitrary cellular algebra A. This
provides an alternate proof of the main result in [6], for the case where A is cyclic cellular,
and a more recent result of Green [9], for the general case where A is an arbitrary cellular
algebra.
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We note that the algebras considered here are unrelated to the generalized Schur
algebras introduced by Donkin in [3].

2. Preliminaries

Assume throughout that k is a commutative ring, unless mentioned otherwise. The
notation f is used for the cardinality of a set.

2.1. Weights, partitions, and sequences

Write N and Ny to denote the sets of positive and nonnegative integers, respectively,
with the usual total order. More generally, suppose that B is a countable totally ordered
set which is bounded below. Any elements a,b € B determine an interval

[a,b] :={ce€B|a<c<b}

which is empty unless a < b.

A weight (on B) is a sequence of nonnegative integers p = (up)pen such that p, =0
for almost all b. Let A(B) denote the set of all weights on B. A partition (on B) is a
weight A € A(B) such that

b<c implies A\p > Ao, "b,c € B.

The subset of partitions is denoted A*(B) C A(B). The size of a weight p is the integer
|| == >, tp. Let Ag(B) denote the set of all weights of size d and write

A (B) := A*(B) N Au(B)
for each d € Ny.

Remark 2.1. In this notation and elsewhere, we will use the convention of replacing an
argument of the form [1,n] by “n” for any n € Ny, so that for example A(n) denotes the
set A([1,n]) of weights of the form u = (1, ..., tn)-

We also identify each set A(n) as a subset of A(N) in the obvious way and write
I(p) :=min{n € Ny | p € A(n)}

to denote the length of a weight u € A(N). For example, the length [(\) of a partition
A= (A1, Ag,...) in AT(N) equals the number of positive parts, \; € N.

Definition 2.2. Let d € Ny. Recall that the lezicographic ordering on Ag(N) is the total
order defined by setting A < p if A\; < p; whenever A\; = p; for all ¢ < j. We use the
notation =< to denote the restriction of < to the subset A;(N) of partitions of size d.
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Now fix d € N, and write seq?(B) to denote the set of all functions
b:[1,d] - B.
We identify seq?(B) with B by setting b = (by, ..., bq), with b; = b(i) for all i € [1,d].
The symmetric group &4 of permutations of [1,d] acts on seq?(B) from the right via

composition. We write b ~ ¢ if there exists ¢ € &4 with ¢ = bo.
The weight of a sequence b € seq?(B) is the element of A4(B) defined by

M(b) = (MC)CEB? where Me = ﬁ{l | b; = C} Vc € B.
We note the following elementary result.

Lemma 2.3. The map p : seq?(B) — Aq(B), sending b +— u(b), induces a bijection:
seq¥(B)/Gyq =~ A4(B).

Proof. We may assume that B is nonempty. Since B is bounded below, it is possible to
write the elements explicitly in the form

B={ <by<...} (2.1)
To show that the map b +— u(b) is surjective, note that a right inverse is given by
Ag(B) — seq¥(B): prrb, = (bF,...,07, b5, ..., b5, ...)

where b7 occurs with multiplicity 2 5 €te. Finally, it is easy to see that b ~ c if and
only if u(b) = p(c), which completes the proof. O

Suppose more generally that Bq,..., B, is a collection of bounded below, totally
ordered sets. We again consider the product B = B; x --- x B, as a bounded below,
totally ordered set via the lexicographic ordering.

The symmetric group G4 acts diagonally on the following product

d - d d
seq”(B1,...,B,) :=seq’(B1) x --- x seq”(B,).
Notice that the bijection

6 :seq’(By,...,B,) ~ seq?(B)

defined by
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is G4-equivariant. It thus follows as an immediate consequence of Lemma 2.3 that there
is a bijection

seq’(By,...,B,)/6a =~ Aa(B), (2.2)
where seq?(B1, ..., B,)/Sy denotes the set of diagonal & 4-orbits.
2.2. Multipartitions

Suppose d € Ny and let Bq,..., B, be as above. Then we use the following notation
for the product

AT(By, ..., B,) = AT(By) x -+ x AT(B,),

whose elements are called 7-multipartitions and denoted X = (A, ... A(")). The weight
of an r-multipartition X is the element of A(r) defined by

A= (AP A,

We call [|A]] := 3 [AG)]| the total weight (or size) of X.
Given u € A(r) and d € Ny, we write

AF(Byry.,By) = A (By) x - x A (B,)

M1 Hr

and

Af(B1,....B,) = || AS(Bi,....B,)

l/EAd(T)

to denote the subset of r-multipartitions of weight u, resp. total weight d.
In the special case where B; = N for j € [1,r], note that

AT(N,...,N)=AT(N)".
We then use the following notation
AT(N)" = AT(N,...,N), A;(N)T = A;(N,...,N)

for d € Ng and u € A(d), respectively.
The next definition describes a total order on the set of r-multipartitions of a fixed
total weight.

Definition 2.4. Suppose d,r € N. Then A} (N)" has a total order < defined as follows.
For r-multipartitions g, A € A (N) of weight v € Ag(r), we set X < p if
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A9 < 4D whenever A = 1@ for all i < j.

We then extend < to all of A (N)" by setting A < p whenever |A| < || in the lexico-
graphic ordering on Ag(r).

Suppose n1,...,n, € Ny and d € N. Recalling the notation from Remark 2.1, we
identify the set of r-multipartitions

At(ny,...,n.) = AT([1,n4],...,[1,n,])
as a subset of AT(N)" and view < as a total order on A} (n1,...,n,) by restriction.
2.3. Finitely generated projective modules

Let My denote the category of all k-modules and k-linear maps. The full subcategory
of finitely generated projective k-modules is denoted Py.

Given M, N € My, we write M @ N = M ® N and Hom(M, N) = Homg (M, N). Also
write End(M) to denote the k-algebra Hom (M, M). If M € Py, we let MY = Hom(M, k)
denote the k-linear dual. For any M, M’, N, N’ € Py, there is an isomorphism

Hom(M ® N,M' @ N') =2 Hom(M, M') ® Hom(N, N') (2.3)
which is natural with respect to composition.
2.4. Divided and symmetric powers

Let d € N. Given M € Py, there is a right action of the symmetric group &4 on the
tensor power M®? given by permuting tensor factors. We define the d-th divided power
of M to be the invariant submodule

DM = (M®4)®a,
Similarly, the coinvariant module is denoted
Sym,M = (M®%)g,
and called the d-th symmetric power of M. It follows by definition that
M)V = Symy(MY). (2.4)
We also set '°M = SymqM = k.

Note that the isomorphism (2.4) is usually taken as the definition of T¢M (cf. [1]),
while we have used the equivalent definition from [15] in terms of symmetric tensors.
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2.5. The divided powers algebra

The category My (resp. Px) is a symmetric monoidal category with symmetry isomor-
phism

tw:M@N SN M (2.5)

defined by r @ y — y® z, for all x € M,y € N.
Suppose M € Py. Then

I'(M):= P r‘m

deNy

is an (Ng-graded) commutative algebra called the divided powers algebra, with multipli-
cation defined on homogeneous components via the shuffle product: for z € T¢M and
y € I'°M, define

THY = Z (x®y)o

where Ggfe is the quotient group Sy4./64 x &.. For example, we have 2@y p®c =
(djire) x®@+e) for any x € M.

There is also a comultiplication, A : I'(M) — I'(M) ® I'(M), which is the Np-
homogenous map whose graded components

A:TM - T4 °M @T°M
are defined as the inclusions

(M®d)6d SN (M®d)6d,_c><66
induced by the embeddings &4_. X &, — Gy, for ¢ € [0, d]. These maps, together with
the unit, k = I'M < T'(M), and the counit, I'(M) — I'°M (projection onto degree 0),
make I'(M) into a bialgebra.

2.6. Decompositions

The symmetric algebra S(M) is defined as the free commutative k-algebra generated
by M and has a decomposition

S(M) = @5 Sym,M.

deNy
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It follows that S(—) defines a functor from Py to the category of all commutative k-
algebras, which preserves coproducts. Hence S(M) ® S(N) = S(M & N), and by the
duality (2.4) there is an isomorphism

I(M)®(N)~T(M®N). (2.6)

The isomorphism (2.6) is given explicitly by restricting the multiplication map = ® y —
x xy, where T'(M), T'(IN) are considered as subalgebras of I'(M @ N). It follows that for
each d € Ny there is a decomposition

(M@ N)= @ I'(M)«I"(N) (2.7)
0<c<d

where I'¢(M) * I'*=¢(N) denotes the image of T°(M) ® I'*~¢(N) under (2.6).

Note that T'%k = k for all d € Ny. Thus, given a free k-module V of finite rank, it
follows by induction from (2.7) that the divided power 'V is again a free k-module of
finite rank. For example, suppose V has a finite ordered k-basis {x}pcs. Then TV has
the following k-basis

(o = [

beB

uEAdE} (2.8)

where the product denotes multiplication in I'(V).
The basis (2.8) can also be parameterized by elements of seq?(B). First notice that
the tensor power V®¢ has the following basis

{Tgp =1, ®...@xp, | b € seq’(B)}.

Given b € seq’(B), we then define @y, := Y,  #gc. Notice that @, = x,). It then
follows from Lemma 2.3 that the set

{zy, | b € seq?(B)/S4} (2.9)
is also a basis of 'V, indexed by any complete set of orbit representatives.
2.7. Polynomial functors
We recall the definitions of some well known polynomial endofunctors on the category
Pk along with their associated natural transformations.

Let d € Ng. Then recall the functor ®¢ : P, — Py sending M — M®? whose action
on morphisms is defined by
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RYyn(p) =@ @p: M® - N®?
for any ¢ € Hom(M, N).
It follows easily from (2.7) that the divided power I'*M of a finitely-generated, pro-
jective k-module M € Py is again finitely-generated and projective. This yields a functor

I'" : P, — Py which is a subfunctor of ®%. In particular, the action of I' on morphisms
is defined by restriction

F(Jiw N(p) = (80®d)|rdM ‘TM — TN

)

for any ¢ € Hom(M, N).
Now let S, T : Py — Pk be an arbitrary pair of functors. Then the tensor product
— ® — induces the following bifunctors

ST, T(—®—) : PuxPpr— Py
which are respectively defined by
SRT :=(—®—)o(SxT), T(-®—):=To(—®—).
We also have the “object-wise” tensor product S @ T : Py — Py defined by
ST :=(SKT)od (2.10)
where § : Py — Py x Px denotes the diagonal embedding: M — (M, M).

Now suppose M, N € Py. As in [15], define ¢¢ = ¢¢(M, N) to be the unique map
which makes the following square commute:

d
M @ TN —— T4(M ® N)

M

M®dg N® = (M ® N)®?
The following lemma is easy to check.
Lemma 2.5.
(1) The maps Y4(M, N) form a natural transformation of bifunctors

P TIRT? - T~ @ —).
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(2) If M, N € Py, then the following diagram commutes

d
riy @ rin LN L pagy g )

twi J{I‘d (tw)

d
reN @ ring "M pd (v g )

where tw permutes tensor factors as in (2.5).
3. Generalized Schur algebras

After recalling the definition of generalized Schur algebras [4] associated to a k-algebra
A, we introduce corresponding standard homomorphisms between certain modules of
divided powers.

3.1. Associative k-algebras

Suppose that R, S are associative algebras in the category M. Recall that the tensor
product R ® S is the algebra in My with multiplication mprgs defined by

1Rtw®1 mprRmg

RS®R®S —— ROAR®S®S ——— R®S.

Given d € N, the tensor power R®? is an associative algebra in My in a similar way. If
R is unital, then R®? has unit 15%.

In the remainder, the term k-algebra will always refer to a unital, associative algebra
in the category Px. Let A € Py be a k-algebra. Then A-mod (resp. mod-A) denotes
the subcategory of Py consisting of all left (right) A-modules, M € Py, and A-module
homomorphisms. Write Hom4 (M, N) € Pg to denote the set of all A-homomorphisms
from M to N for M, N € A-mod (resp. mod-A). We also write ppy : A M — A
(resp. py : M® A — A) to denote the induced linear map corresponding to a left (right)
A-module.

If M € A-mod (resp. mod-A) and N € B-mod (resp. mod-B), the tensor product
M ® N is a left (resp. right) A ® B-module, with corresponding module map: pyron =
(pmy@pn)o(1@T@1).

3.2. The algebra T?A

Suppose A is a k-algebra. Then I'?A is a k-algebra with multiplication mpa, defined
via the composition

d d
rigeria Y5 rda g ) L), pdy

)
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where the second map denotes the functorial action of I'* on m 4. It follows that I'?A is
a unital subalgebra of A®?,

Example 3.1 (The Schur algebra). Suppose n € N, and let M,, (k) denote the algebra of all
n x n-matrices in k. Then I'*M,, (k) is isomorphic to the classical Schur algebra, S(n,d),
defined by Green [8, Theorem 2.6¢]. We view this isomorphism as an identification.

We now have two distinct multiplications on the direct sum I'(4) = @, I'A. In
order to distinguish them, we sometimes refer to the shuffle product

V:TAQTA T4 A 2@y —zxy

as outer multiplication in T'(A), while inner multiplication refers to the map defined as
multiplication in I'*A on diagonal components

mpag :TYARTIA S TIA: 2@y — ay
and then extended by zero to other components.
3.3. Generalized Schur algebras

Given a k-algebra A, write M,,(A) for the algebra of n x n-matrices in A. We identify
M,,(A4) with M,,(k) ® A via

Mn(A) L) Mn(k) ® A: (aij) — ZEU ® Qg
2]
where E;; are elementary matrices in My, (k). Next, suppose V is any left (resp. right)

M, (k)-module, and let M € A-mod (mod-A). Then write V(M) := V ® M to denote
the corresponding M,, (A)-module.

Definition 3.2. Suppose A is an algebra, and let n € N, d € Ng. Then the generalized
Schur algebra S4(n,d) is the algebra T'IM,, (A).

Using the notation of [4], notice that M,, is spanned by the elements &= Eij®a,
for all @ € A and 4,j € [1,n]. Now suppose that A is free as a k-module with finite
ordered basis {zp}pen. Then M, (A) has a corresponding basis

{giJ,b = gz; | Za.] S [LTL], be B}

We view M, (k) as a subalgebra of M, (A) by identifying E;; = fil’j. Notice that the
classical Schur algebra S(n,d) is thus a (unital) subalgebra of S4(n, d).

For each triple (i, j,b) € seq?(n,n,B), there is a corresponding element of S4(n, d)
denoted by
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gi,j,b = Z 67“1,81,(;1 ® M ® grd,sd,cdv

(1,3,0)~(r,8,¢)

where the sum is over all triples (r,s,c) in the same diagonal Gy4-orbit as (i,j,b). It
thus follows from (2.2), (2.8) and (2.9) that the set

{gi,j,b | (i7jab) € seqd(n,n,B)/Gd}

forms a basis of S4(n,d). In a similar way, the subalgebra S(n, d) has a basis given by

{gi,j = Z 57%1,51 Q- ® fid,sd | (i7 J) S seqd(nvn)/Gd}'

(ivj)N(rvs)
For each weight u € Ag(n), we write
§u = &1ty

to denote the corresponding idempotent in S(n,d) C S4(n,d).
3.4. Standard homomorphisms

Let us fix an algebra A throughout the remainder of the section. Given M € A-mod,
it follows from (2.11) that T¢M is a left ' A-module with module map ppay; determined
by the composition

d d
riAerim 25 rdA e m) 20, pda),
where the second map denotes the functorial action of I'* on pyy.

Lemma 3.3. Suppose M, N € A-mod, and let ¢ : M — N be an A-module homomor-
phism. Then the functorial map

I(p): TM — TN

is a homomorphism of T4 A-modules. Moreover, if ¢ is injective (resp. surjective) then
50 is T'9(p).

Proof. The map ¢®?¢ : M®? — N®? is a homomorphism of A®%-modules, and if ¢ is
injective (resp. surjective) then so is p®?. The statements for T'%() follow by restric-
tion. O

Suppose d,e € Ny and M, N € A-mod. Notice that the homogeneous component of
comultiplication
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A:THe4 5 T9ARTA (3.1)

is an injective (unital) map of k-algebras. It follows that T'YM @I'* N has a corresponding
I'* A-module structure, defined by restriction along (3.1). In the particular case M = N,
we note that each of the following maps is a I'* A-module homomorphism:

A:T¥eM 5 TIM @TM, V:TeM@TeM — T4teM,
tw:TIM@T°M = T°M @M, (3.2)

where V (resp. A) are components of (co)multiplication in the bialgebra I'(M). Setting
A =k then gives the following.

Lemma 3.4. Let d,e € N. Then there are natural transformations
A:Tde 5, 1d@re, V:Id@re - rite

of functors Py — Py induced by setting A(M) (resp. V(M)) equal to (co)multiplication
in T (M), for each M € Py.

Now suppose r € N and p € A(r). Given M, Ny,..., N, € Py, we write
IP“(Ny,...,N,):=T"MN; ®--- @ N,
and set
TCEM :=TW(M, ..., M).

If My,...,M, € A-mod, then we consider '™ (My,..., M,) as a left T?A-module by
restriction along the corresponding inclusion, A : '?A — T'* A, of k-algebras.

Suppose that v = (vi;) € Ag(N X N) is a (semi-infinite) matrix whose entries sum
to d. Then let A, € Aq(N) be weights such that A\; = >,y and p; = >, v, for all
1,7 € N. Slightly abusing notation, for a given N € Py, we also write v = v(N) to denote
the corresponding standard homomorphism:

v :TEN - TN

defined by the composition

QN S8E2, A998, ®®F%N—>®®FMN V9.6V, ®FA1N

J

where each V (resp. A) denotes an appropriate component of (co)multiplication in the
bialgebra T'(N), and where the second map rearranges the tensor factors.
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If M € A-mod, then it follows from (3.2) that (M) : T*M — T'*M is a homomor-
phism of ' A-modules. In the same way, we obtain homomorphisms of S“(n, d)-modules
corresponding to any given M € M,,(A)-mod.

3.5. Quotient modules

Suppose M € Py. Then we write (L) C M®? to denote the & 4-submodule generated
by a subset L ¢ M®? For example if Ly,...,Ly C M are k-submodules and L =
Li ®---® Ly, then

<L>: Z Lic® - ® Lyo,
ceSy

where io := 0~1(i) denotes the right action of o on i € [1,d].
Now suppose M = N @ N’ for some k-submodules N, N’ C N. Then notice that there
is a corresponding decomposition

M®d _ (N/)®d @ <N®M®d71>’

which is a direct sum of &4-submodules. Taking Gg-invariants on both sides results in
the decomposition

MM =THN') @ (N @ M®4-1)Ca (3.3)

into k-submodules. The decomposition (3.3) then makes it possible to describe the kernel
of the quotient map

rd(m) : T¢M — T4(M/N)
induced by projection 7 : M — M/N. More generally, we note the following.

Lemma 3.5. Let A be a k-algebra. Suppose N C M is an inclusion of A-modules such
that M = N & N’ for some k-submodule N’ C M. Then there is an exact sequence

d
0 = (NoM®-1S: _ pdy DO pdny g
of T4 A-module homomorphisms.

Proof. It follows from (3.3) that the required exact sequence of ' A-modules is obtained
by restriction from the exact sequence

0 = (NoM®1y —y yed ™% (pNy®d g

of A®?-module homomorphisms. O
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We introduce some additional notation. Suppose Ny, ..., N, C M is a finite collection
of k-submodules of some M € Py, and let p € A,.(d). Then we write

Ngu = NP ®...@ N2
to denote the corresponding k-submodule of M®¢ and use the notation
N, := (Ng,)® c M (3.4)
for the k-submodule of & 4-invariants.
4. Wreath products and generalized Schur-Weyl duality
Let us briefly recall the generalized Schur-Weyl duality [4] which establishes a rela-

tionship between a wreath product algebra A! &, and a corresponding A-Schur algebra
via their respective actions on a common tensor space.

4.1. Wreath products

Fix a k-algebra A. The wreath product algebra A} G4 is the k-module A®? @ k&,
with multiplication defined by

(z@p)-(y©o):=a(yp™") ® po (4.1)

forall z,y € A%? and p,o € &,. If G is a finite group, then note for example that (kG 1S4
is isomorphic to the group algebra of the classical wreath product, G1 &, := G x &.

Assume for the rest of the section that A is free as a k-module. We then identify the
tensor power A®? and group algebra k&, as subalgebras of A1 &y by setting

A% = A% @ 1s,, kGy=1400 kS,
respectively.
4.2. Generalized Schur-Weyl duality

Suppose n,d € N. Write V,, := k™ to denote the standard left M, (k)-module, with
basis elements

for i € [1,n], considered as column vectors. Then for simplicity, let us write

Vi=Vo(4) =k"® A
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to denote the corresponding left M,,(A)-module.

We may identify V and A™ as right A-modules, and it follows that the tensor space,
V@4 is naturally a right A®%module. A right action of A1 &4 on V& is then defined
by setting

w(z - o) = (wr)o, for we VP rec A% and o € &,. (4.2)

More explicitly, suppose w = w1 Q@ -+ - Q wg and x = 21 ® - -+ x4, for some w; € V and
x; € A. Then notice that

(wz)o = (W1sT10) @ -+ @ (WioTdo) = (w0 )(z0)
for any o € &4. Hence, by (4.1) we have

w(o - w) = w((zo™) - o) = (wzo))o = (wo)z.
It follows that (4.2) is well-defined.

Lemma 4.1 ([}, Lemma 5.7]). The embedding S*(n,d) — M, (A)®? = End4s(V®?)
defines an algebra isomorphism

S4(n,d) = End e, (V)
for alln,d € N.
Given n > d, let w € Ag(n) denote the weight w = (1¢) = (1,...,1,0,...,0). Then
considering V again as a left M,, (A)-module, notice that V¥4 is equal to the left S4(n, d)-

module I'“V.
For each weight u € Ag(n), define a corresponding element

Vgu =02 @ ... @ vDHn

in the tensor space V&,
The next result summarizes (5.15) and (5.17) of [4].

Proposition 4.2 ([/]). Assume that n > d.

(i) There is a unique (S4(n,d), Al &4)-bimodule isomorphism S4(n,d)¢, — V&9
which maps &, — Vg -
(ii) There is an algebra isomorphism, A1 &y = £,84(n,d),,, given by:

(361®...®wd)®0Hfflla*"'*fgflda'

(iii) Endga,q)(VE?) = A16,.



438 J.D. Axtell / Journal of Algebra 572 (2021) 422—460

5. Cauchy decompositions

The Cauchy decomposition for symmetric algebras via Schur modules [1] is an ana-
logue of Cauchy’s formula for symmetric functions [2,16]. A corresponding decomposition
for divided powers [10,15] is defined in terms of Weyl (or co-Schur) modules. In this sec-
tion, we describe a generalized Cauchy decomposition (Theorem 5.14) for divided powers
of an (A, B)-bimodule with respect to a given filtration on the bimodule.

5.1. Weyl modules

Weyl modules are defined in [1, Definition II.1.4] as the image of a single map from a
tensor product of divided powers of a module into a tensor product of exterior powers.
We use an equivalent definition from the proof of [1, Theorem I1.3.16], which involves
quotients of divided powers.

Throughout the section, we fix some d € N. Suppose A € Ay4(N), and let M € Py. For
each pair (i,t) with 1 <4 <l(A) and 1 <t < A;j41, let us write

)\(i,t) = (/\17 ey Ail1, A+ T /\i+1 —t, /\i+17 -~-7/\m) S Ad(N) (51)

Then write vy(;,¢) : T2 M — I'*M to denote the standard homomorphism correspond-
ing to the matrix

YA(iLt) = diag()\h )\2, L. ) + tEi+1’i — tEiJrl’i.

Similarly, let 'yg\'(i,t) : T M — TM&Y M denote the map corresponding to the transpose
of the above matrix.

Definition 5.1 (/1]). Suppose M € Py and A € A} (N). Let O,(M) denote the k-
submodule of T*M defined by

At41

Ox(M) = Z Z Im(yagi,)) C TM.

i>1 t=1
The Weyl module, Wx(M), is defined as the quotient k-module
Wi(M) :=T*M /O5(M).
Let A be a k-algebra and suppose now that M € A-mod. Then Oy(M) is a I'*A-

submodule of I'* M, since the standard homomorphisms are I'* A-module maps. It follows
that Wy (M) is a [*A-module. In particular, W) (k") is an S(n, d)-module.
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5.2. The standard basis

Consider a fixed partition A = (A1, A2,...) € AJ(N). The Young diagram of X is the
following subset of N x N:

N = {(i,J) | 1 <i <IN, 1<) <A}

Suppose B is a finite totally ordered set. Let Taby(B) denote the set of all functions
T: [A] = B, called tableaux (of shape X).

A tableau T will be identified with the diagram obtained by placing each value T; ; :=
T(4,7) in the (i, j)-th entry of [A]. For example if T € Tab(s 2)(B), then we write

Tix Ti2 Tia
To1 Tap

T =

We say that a tableau T is row (column) standard if each row (column) is a nondecreasing
(increasing) function of ¢ (resp. j), and T is standard if it is both row and column standard.

Let Stx(B) C Taby(B) denote the subset of all standard tableaux. This subset is
nonempty if and only if I(A) < §B. In particular, suppose {(A) < #B and assume the
elements of B are listed as in (2.1). Then we write T* = T*(B) to denote the standard
tableau in Sty(B) with entries T}, := b for all (i,j) € [\]. For example, if d = 7,
A= (4,2,1) and B = [1, 3], then

1111
=2 2 (5.2)
3

Fix a free k-module V' with finite ordered basis {xp}pen. If T € Taby(B), then for
g=1(A\) and i € [1,q] we write

to denote the i-th row of T, and we set

Tri= 2o, @ QX7 eT\V.

q

Notice that the set of zr parameterized by all row standard T € Taby(B) forms a basis
of TMV.
The following result describes a basis for Weyl modules.

Proposition 5.2 ([1], Theorem II11.3.16). Let A € A*(N) and suppose V is a free k-module
with a finite ordered basis {xp}pen. Then the Weyl module W (V') is also a free k-module,
with basis given by the set of images
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{.’ET = W(.’ﬂT) ‘ Te StA(B)}
under the canonical projection 7 : TAV — F’\V/DA(V).

This result shows for example that the Weyl module W, (V') is nonzero if and only
if I(\) < #B. Another consequence of the proposition is that Wy(M) is a projective
k-module for any M € Py (cf. [15, p. 1013]).

5.8. The Cauchy decomposition

Suppose M, N € Py. The maps ¢ appearing in (2.11) can be generalized as follows.
If A € AJ(N), let

YMM,N): T*M @T*N — I'Y(M @ N)
denote the map defined via the composition

MMeT*N = MMM eTMN)®...@ (T M@ T N)

LEB MM @ N)®... @ T (M @ N) 5 T4M ® N),

where the first map permutes tensor factors and the last map is multiplication in the
bialgebra I'(M ® N).
Let us write I'* : P, — Py to denote the tensor product of functors

]_—‘>‘ ;:]_—‘>‘1®...®]:‘)‘m

defined in the same way as (2.10). Then it follows from Lemma 2.5 that the maps
¢ (M, N) induce a natural transformation

TR 5 T (- @ —) (5.3)

of bifunctors Py x Py — Py.
The following lemma is a special case of [10, Proposition I11.2.6] which describes the
relationship between -maps and standard homomorphisms.

Lemma 5.3 ([10]). Suppose A € A (N), and set ¢ = (). Given a pair U,V of free
k-modules of finite rank, the following diagram is commutative

@YY (5,4 YN (i,0)®id
%

FA(i,t)U ® v F)\(i,t)U ® FA(i,t)V v ® FA(i,t)V

J’Y)«i,t)@id Jw*(’%‘) Jid®7>\(i,t)

MUY —— % S TUeV) Y TAURD\W
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forany i€ [l,q—1] and t € [1, \i+1].

Recalling the total order < on A} (N) from Definition 2.2, write A* to denote the
immediate successor of a partition A and set (d)™ := co. The Cauchy filtration is then
defined as the chain

0=F CFay C - CFa.1) =TYM&N)

where F 1=} ) Im (7).
The following result describes the factors of this filtration.

Theorem 5.4 ([10, Theorem II1.2.7]). Let U,V be free k-modules of finite rank. Then for
each \ € A;L(N), the map ¥ induces an isomorphism

P WA(U) @ WA(V) = Fa/Fas
which makes the following diagram commutative:

A
MUerty — g,

! .

WA(U) ® WA(V) —2— 5 /Ty
Hence, the associated graded module of the Cauchy filtration is

P W) ewi(v).
AeAZ (N)

Proof. We recall the proof from [10]. It follows by definition that Wy (U) ® Wy (V) is
the quotient of TAU ® TV by the submodule 0y (U) ® TAV +T'*U ® 0, (V). Hence, by
Lemma 5.3 we have

O\U) TV + TMU @ O\(V) € Im(@*0Y) ¢ Fys,

since A(i,t) > \. This proves the existence of the induced map ¥* satisfying the given
commutative square. It is clear that * is surjective. Comparing the ranks of ' (U @ V)
and GBAEAI(N) Wi (U) ® Wx(V) shows that 1/* must be an isomorphism for each \. O

Given free k-modules U,V € Py with finite ordered bases {zp}res and {y.}ecce, re-
spectively, let Fy C T4(U @ V) denote the k-submodule generated by

{pMzs @yr) | S € StA(B), T € StA(C)}

where F, is nonzero only if I(A) < min(§B, 4C).
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Corollary 5.5. For each A € A} (N), the k-submodule F| C T*(U ® V) is free, and there
is a corresponding decomposition.:

WUeV) @33, such that Fx =@ F, for all A € AJ(N).

u>A

Proof. Suppose A € AT (N), and set T = St,(B) x St (€). By Proposition 5.2, {Ts ®
yr | (S,T) € T} forms a basis of Wy (U) ® Wi (V). So

(P as @ yr) (S, T) € T}
gives a basis for F/Fy+ by Theorem 5.4. This shows that the subset
{WMzs@yr)|(S,T) €T} Cc THU V)

is linearly independent. Thus JF{ is a free k-submodule. It is also clear that F\ = Fy\+ ®F),
and the required decompositions follow by induction. O

5.4. Bimodule filtrations

In the remainder of this section, we fix a set {Ji, ..., J.} of nonzero free k-submodules,
J] C J, such that setting

= ED J for je[l,r] (5.4)

1<i<y

yields a chain
O=JycJiCc---CJ.=J

of (A, B)-bimodules.
Recalling the notation (3.4), we then have for each p € A4(r) the following k-
submodules of T'¢.J:

Ty = (Jeu)®%  Ju = (Jeu)

Note first that .J,, is a '(A® B)-submodule of I'*.J, and hence a (I'?4, I'“ B)-bimodule. It
is also not difficult to check that there is a decomposition of J®¢ into free k-submodules

I = B (L)

nEA (r)

By taking &4-invariants on both sides, we thus obtain the following decomposition
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'y = @ )ty = . (5.5)
HEAq(T) HEAa(T)

Next recall that the dominance order on A4(r) is the partial order defined by setting
w v if

Zui < Zl’i for je[1,7].

i<j i<j

Notice that J, C J, if and only if p > v. We further have J, = J, &
follows by induction that

m>u 1w, and it

L=, (5.6)

uv

for all v € Ag(r), which generalizes the decomposition (5.5) of T'%.J.
Consider the map V : I'*.J — T'%.J given by r-fold (outer) multiplication in I'(.J), for
some p € Ag(r). Note that the restriction

VAT (. ) — T (resp. VT ) T
is a (I'YA,TYB)-bimodule (resp. k-module) homomorphism.
Lemma 5.6. Suppose v € Aq(r). Then

(1) J, =Im’'V”,

(2) 'VY TW(JL, ... ) =5 T is an isomorphism of k-modules,

(3) Ju =35, Im VH#, summing over p € Aq(r).

Proof. For each p € Aq(r), write M,,, M, to denote the images of (g, ..., J,) and
T (g, ..., J), respectively, under the map V* : T*J — T'%J. It is then clear from the

definitions that M, C J), and similarly M, = Im V* C J,,, for all p.
It follows inductively from the isomorphism (2.7) that there is a decomposition

r = e e ) = @ M @

HEA4(T) HEN4(T)

It thus follows from (5.5) that J|, = M/ = T (Y, ..., J") which shows (1) and (2).
Since J,, C J,, whenever p > v, it follows from (5.6) that

Jo=@M, c> M > T Cd

uv ubv ubv

showing (3). O
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Recall the lexicographic ordering < on Ag4(r) from Definition 2.2, and notice that
there is a chain of (I'?A, T' B)-sub-bimodules

0C Fd(Jl) = Jz(d,07,,,,0) cC - C Jz,, cC - C ‘]Z(07~-,07d) = FdJ

where J>, == >
dominance order, it follows from (5.6) that

u>y Ju for each v € Ag(r). Since the lexicographic ordering refines the

Iop =I5 @ J,, (5.7)

for all v. Thus

I>y = Z Im(V*)

n>v

by the preceding lemma. This allows us to describe the quotients J>,/J~, as follows.
Proposition 5.7. Let v € Ayg(r). Then VY induces an isomorphism
VT Jos o de ) deea) 2 T 50/ T 5

which yields a commutative square of (T2A, T'?B)-bimodule homomorphisms

T (1) ) ——L s T 5y

T oy, Je)drt) —s T ()T (V)

where ¥ denotes the tensor product of functorial maps I'Vi (m;) associated to the projec-
tions, wj : J; — Jj/Jj—1, for j =1,...,7, and where 7 is also projection.

Proof. We first verify that ker7¥ C Js, in order to show the existence of the map V*
satisfying the above diagram. If 1 < j < r, consider the (I'“A,T'Y B)-sub-bimodule

K; =T, .. J) @ker T (m;) @ T (Jy,. .., J,)
where v* = (v1,...,vj-1,0,...,0) and v* = (0,...,0,vj11,...,v,). Then kern” =
> =1 Kj, and we must show that K; C J, for all j.

Now K; =0, ifeither j =1orv; =0. If K; #0and 1 <t <wj;, let v(j,t) € Ag(r) be
defined as in (5.1). Since v(j, 1) > v, it suffices to show that V*(K;) C Im V*U:1) for all
such j. The fact that v and v(j, 1) are equal except for entries in the j-th and (j — 1)-st
positions allows us to simplify to the case r = 2.
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So we may assume v = (v1,12). Then for j = 2, we have v(2,1) = (11 + 1,v5 — 1). In
this case Ko = ker(7”), and it follows by Lemma 3.5 that

Ko=T"J1 ® J1,,-1) C TW(J1, o).
Notice by Lemma 5.6 that J(; ,,—1) is equal to the image of the map
V= g @ T2 (Jy) — T2 ().

By associativity of multiplication in I'(J), we also have a commutative diagram

D(tve- 1) (7 gy )

id®V(ly W

I‘(V)(Jl’JQ) I‘(V(Qvl))(JhJQ)

V\) J (2.1

>v

It follows that V¥(K3) C Im V¥ which shows the existence of V¥. To complete the
proof, note that the restriction 7T”|F<u>(J{w7J;) is a k-module isomorphism. The map
(7m0 V)| (g,...,2) 18 also a k-module isomorphism by Lemma 5.6. It follows that V”
is an isomorphism by commutativity. 0O

5.5. Multitableaux

Suppose {B;} e[, is a collection of finite totally ordered sets, and let A € A} (N)”
be an r-multipartition. Elements of the set

Tabk(ﬁl, ce ,37«) = Tab/\(l)(gl) X -+« X Taby (gr)

are called multitableaux of shape A (or A-multitableauz).
We say that a A-multitableau, T = (T, ..., T("), is standard if each component T
is a standard A\()-tableau. The subset of standard A-multitableaux is denoted

StA(B*) = Stk('Bl, .. .,'BT).

If (n1,...,n,) € N7 is the sequence of integers with n; := §B; for all j, then it
follows from (5.2) that Stx(B.) is non-empty if and only if A belongs to the subset
Af(na,...,n;) C AF(N)". In this case, we write T* = T*(B,) to denote the standard
A-multitableau

™ = (", ") (5.8)

geeey
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Suppose v = (v1,...,v) € Ag(r). There is a corresponding r-multipartition (v) :=
(1), (V2), ..., (vp)) € AT (N)". For any m € N, let us write (1™) := (1,...,1) € AL (N),
and set (1°) = 0. Then we also have an element

(v) = (1), (1%2),..., (1"")) € Af (N).

Recalling the total order < from Definition 2.4, notice that (v)) < A < (v) for all
X € AF(N). We also write At to denote the immediate successor of any A € A (N)”
and set ((d))T = co.

5.6. Generalized Weyl modules

Given XA € A} (N)" and projective modules M; € Py for j € [1,7], we will use the
notation

L) =@M, Wa(L) = R Wao M;
r ,
in what follows. The outer tensor product — X — | defined in Section 2.7, yields corre-
sponding functors T, Wy : PX" — Py defined by

MR KDY and W= Waw B B Wyoy.

=
Since Weyl modules are quotients of divided powers, it follows that there is a natural
projection 7 : I'* — Wy.
Suppose V1, ..., V, € Py are free k-modules, and suppose {xij)}begj is a finite ordered
basis of V; for each j € [1,7]. Given a multitableau T € Tabx(B1,...,B,), there is a
corresponding element

®x'rj(])) € FA )

whose image in Wx (Vi) is denoted Tt := w(zT). The next result follows easily from
Proposition 5.2.

Lemma 5.8. Let A € A;‘(N)’” be an r-multipartition, and let V1, ..., V, be free k-modules
with bases as above. The set of images {Tp | T € StA(B1,...,B,)} forms a basis of the

free k-module Wx(V,) parametrized by standard A-multitableauz. In particular, we have
Wi (Vi) =0 unless X € A (§B1,...,1B,).

Suppose v € A4(r) and fix some projective modules M;, N; € Py for j € [1,7]. Using
notation similar to the above, we write

(M, @ N,) = QT (M; ® N;).

J
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Given A € A} (N), we then define a map
Y TA(M,) @ TM(N,) — T (M, ® N,)
via the composition
(R M} e { TN} (5.9)
J J
= Q{0 (M) 0 T (V) } L2 QT (M) @ N).
J J

Note that if M; € A-mod and N; € B-mod for all j, then ™ is a homomorphism of
(' A, T'?B)-bimodules by Lemma 2.5.1.

5.7. Generalized Cauchy filtrations of bimodules

Fix a chain (J;);¢[o,r) of (A, B)-bimodules. For each j € [1,7], suppose there exists an
isomorphism

Qg Jj/Jj_l L)UJ@)V} (510)

of (A, B)-bimodules for some U; € A-mod and V; € B-mod. Assume for all j that
U; and V; are free as k-modules, with finite ordered bases {x}()j)}begj and {yéj)}ceej,
respectively. Assume further that {.J}} () is any collection of free k-submodules of J,.
such that (5.4) holds.

We first define a filtration of I'") (U, ® V) for some fixed weight v € A4(r). For each
r-multipartition XA € A (N)", let us write

Faw = Y, FuoUL,V) @ @F,m (U, V)
ALpL(v)

which is a sum of sub-bimodules of I'*)(U, ® V). It follows that there is a chain of
sub-bimodules:

0= Fu)t,0) € Fwyw) C € Ty = TV @ V4. (5.11)
Recalling (5.9), notice that for each A € A;f(N)" we have

Iaw) = Z Im(y*).

AZp=(v)

Note also that Fy (,) contains the k-submodule

A= QT (U, V).
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It then follows by Corollary 5.5 that F) is a free k-submodule, with the set
{YMzs @ yr)| S € StA(B1,...,B,), T € Sta(Cy,...,C.)} (5.12)
as a basis.
Proposition 5.9. Suppose v € Ay(r). Then for each X € A (N), the map
P TMNUL) @ TMNVL) = Fa )
induces an isomorphism
P Fa )/ Far ) — WaUs) @ Wa(Va)
of bimodules. We also have decompositions

ru.evi)= @ FH Fn= P 7. (5.13)
X€AF(N) AZp=(v)

into free k-submodules.

We now wish to lift the filtrations (5.11), for varying v, to a single filtration of I'%.J,
with J = J, as above. First note that there is an isomorphism

by J>u)Js — TW(U, @ Vi)
satisfying the following commutative triangle of (I'“A, ' B)-bimodule isomorphisms:

r™(a,)

QT (J;/Tj-1) QT (U Vj)

\ / (5.14)
v o

v/ >0

where ') (a,.) = @I (a;) is a tensor product of isomorphisms induced by the maps
(5.10) and V¥ is defined in Proposition 5.7. We then have a surjective map

by Jsy — TOU, @ V)
obtained by composing ¢, with the projection 7 : J>, — J>,/J>y.

Definition 5.10. Suppose A € A (N)" and set v = |A|. Then define Jx to be the
sub-bimodule of J>,, corresponding to the inverse image of Iy (,) under the map ¢,
considered above. The generalized Cauchy filtration of T'4.J is then defined as the chain
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0=Jx C 3((d)) C--Cdx+ CdInC---C 8((1d)) =T%J (5.15)
of (I'?A,T?B)-bimodules parametrized by multipartitions A € A} (N)".

We next define a decomposition of I'“J via certain k-submodules, 33\ C Ja. Recall
from (5.4) that J; = J; @ J;_1, for all j. For each j € [1,7], let

o Jp S U; RV
denote the isomorphism defined via the composition
Ji— Jj = I T — U; @ V.
Similar to (5.14), there is a resulting k-module isomorphism
¢, J, = TV, @ Vi)
satisfying the following commutative triangle of isomorphisms:

Py 220D rey @, o VL)

N A

where

™ (a ® IV (
and where 'V” is restriction of r-fold multiplication as in Lemma 5.6.(i). We write
I = (4,)"1(F2)
to denote the inverse image of F) under ¢/,.

Lemma 5.11. There exist decompositions into free k-submodules

Mj= € d. and Ix= E 7, foreach X

XeAT(N)" A=p<o0

Proof. It follows by definition from (5.14) and (5.16) that ¢/, can be obtained from ¢ by
restriction. In particular, we have a commutative diagram:
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J, L TON(U, 9 VL)

I (5.17)
J> LEEN F(V)(U* @ Vi)
Since J>, = J>, @ J, by (5.7), we further have a decomposition
FTHN) = Sy ® (8) (V) (1)

for any k-submodule N C F(")(U* ® V). If we set N = Fy () in the above, then it
follows from (5.13) that

h=7l.e P o

A=p=(v)

for each A € A, (N). The decomposition of gx now follows by induction since J~,, = J(,, ),
where v, denotes an immediate successor of v in the lexicographic order on Ay(r). The
decomposition for T'4.J = J (1) follows as a special case. O

Now suppose A € AT (N)". To each element of the basis (5.12), we associate a corre-
sponding element in J4, defined by

zer = (VYo TW ()™ o) (2s @ yr). (5.19)

s

Since the map appearing in (5.19) is a composition of isomorphisms, it follows that the
set

{ZS,T ‘ S e St)\(fB*), T e St)‘(e*)}

forms a basis of 7.
Let (my,...,m;) € N” be the sequence defined by

m; = min(§B;, §C;)
for all j, and set
A=A (my,...,m,).

Remark 5.12. Suppose A € AT(N)". If X belongs to A € AT(N)", then St(B.) and
St(C,) are both non-empty since they contain the elements T* = T*(B,) and T* =
T*(€,) defined in (5.8), respectively. We thus have J) # 0 if and only if X € A.

Let A € A. Since Jx = J)\ ® I+ by Lemma 5.11, it follows that Jx/Jx+ is a free
k-module with basis
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{ES,T | S e St)\('B*), T e St)\(e*)}
where T := x + Jx+ denotes the image of x € Jx in the quotient.

Definition 5.13. Given A € A, define a pair of k-submodules
Ux, Va C Ixn/dr+
generated by the subsets
{Zs.xx | S €StA(B.)} and {zpx|T estar(C)},

respectively. It is then clear that Uy is a I'?A-submodule of the (I'YA,T'Y B)-bimodule
Ix/dxn+, and Vy is a T B-submodule.

The following analogue of Theorem 5.4 is the main result in this section.

Theorem 5.14 (Generalized Cauchy decomposition). Suppose A € A. Then the map of
k-modules defined by

ax: Ia/Ix+ = U@ Vy: Zs, T — Zs1r @ ZTA T,

for all (S, T) € Sta(B.) x Sta(C.), is an isomorphism of (T'9A,T'YB)-bimodules. The
associated graded module of the generalized Cauchy filtration is thus given by

P Ux @ V.

AEA

Proof. Write ¢ : Jx — Fx () to denote the map obtained from (5,, by restriction. There
is an induced bimodule isomorphism

Ox: In/Txr = Fa0)/Far )

which follows from the definitions by using the decompositions Jy = 33\ @ Jr+ and
Iraw) =IO Tat )

Hence by Proposition 5.9, there is an isomorphism ¢ making the upper right triangle
commute in the following diagram

In/Ia+ — Fa )/ Fxat o)

a{ (X };A (5.20)

Uxn @ Va +——+ Wi (Us) @ Wa(Vi).

PARPX



452 J.D. Axtell / Journal of Algebra 572 (2021) 422—460

In the bottom arrow, the map ¢ (resp. ¢) denotes the homomorphism obtained by
composing ¢ with the embedding

Wa(U.) = WaA(U.) @ gpa  (vesp. Wa(Vi) = Zpa @ Wa(V2)).

In order to complete the proof, it suffices to show that the lower triangle in (5.20) is
a commutative triangle of isomorphisms. For this, we compute:

= (¢ ' o) (Zs ® ¥r)
= ¢ (PMzs @ yT)) by Proposition 5.9
= (¢y) Lo zs®yr) by (5.17) and (5.18)

oa(Zs ® yr)

= Zs,T-

It follows that ¢\ ® ¢X is an isomorphism since
/ (= — - —
O\ @ Py (Ts ®YT) = Zs 1> @ Zpa T

for all (S, T) € Sta(B.) x Sta(C.). Since it is now clear that the lower triangle is
commutative, the proof is complete. 0O

It follows from the proof of the theorem that Uy and Vj are each isomorphic to a
respective (generalized) Weyl module. In the case B = A°P, we call Uy (resp. V) a left
(resp. right) Weyl submodule of the 'Y A-bimodule gy /I x+-

6. Cellular algebras

Assume throughout this section that k is a noetherian integral domain. We first recall
the definition of cellular algebras from [7], along with the reformulation given in [14].
We then use the generalized Cauchy decomposition to describe a cellular structure on
generalized Schur algebras S4(n, d).

6.1. Definition of cellular algebras

Definition 6.1 (Graham-Lehrer). An associative k—algebra A is called a cellular algebra
with cell datum (I, M, C, 1) if the following conditions are satisfied:

(C1) (I,>) is a finite partially ordered set. Associated to each A € I is a finite set
M (). The algebra A has a k-basis C’g)T, where (S,T) runs through all elements
of M(X) x M(X) for all A € I.

(C2) The map 7 is an anti-involution of A such that 7(C3 ;) = C7 .



J.D. Axtell / Journal of Algebra 572 (2021) 422—460 453

(C3) Foreach A € I and S,T € M()\) and each a € A, the product anyT can be written
as (X penr(n) TalU, S)C’[)}’T) + 7/, where ' is a linear combination of basis elements
with upper index p strictly larger than A, and where the coefficients r, (U, S) € k
do not depend on T

Let A be a cellular algebra with cell datum (I, M,C, 7). Given A € I, it is clear that
the set J(A) spanned by the C' ;- with y > X is a 7-invariant two sided ideal of A (see
[7]). Let J(>A) denote the sum of ideals J(p) with p> A.

For A € I, the standard module A()) is defined as follows: as a k-module, A()) is
free with basis indexed by M (), say {C3 | S € M(\)}; for each a € A, the action of a
on A()) is defined by aC% = Y, 74(U, S)C;y where the elements 7,(U, S) € k are the
coefficients in (C3). Any left A-module isomorphic to A(\) for some A will also be called
a standard module. Note that for any T € M()), the assignment C3 — CQ,T + J(>N)
defines an injective A-module homomorphism from A(X) to J(A)/J(>A).

6.2. Basis-free definition of cellular algebras

In [14], Konig and Xi provide an equivalent definition of cellular algebras which does
not require specifying a particular basis. This definition can be formulated as follows.

Definition 6.2 (Konig-Xi). Suppose A is a k-algebra with an anti-involution 7. Then a
two-sided ideal J in A is called a cell ideal if, and only if, J = 7(J) and there exists a
left ideal A C J such that A is finitely generated and free over k and such that there
is an isomorphism of A-bimodules o : J = A ® 7(A) making the following diagram
commutative:

J ——= Ax71(A)
v |sorrrer@)
J ——= Ax7(A)
We say that a decomposition A = J; @ --- @ J|. (for some r) into k-submodules with

7(Jj) = Jj foreach j = 1,...,risa cellular decomposition of A if setting J; := @, ;<; J;
gives a chain of (7-invariant) two-sided ideals

0O=JocJiCcJC---CJ.=A

such that the quotient J;/J;_1 is a cell ideal (with respect to the anti-involution induced
by 7 on the quotient) of A/J;_1.

The above chain of ideals in A is called a cell chain. For each ideal J; in a cell chain,
we write
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NjC i) i1, g dif i = Ay @T(A) (6.1)
to denote the corresponding left ideal and A-bimodule isomorphism. Since J; = JJ’- &)
Jj—1 for all j, we have a k-module isomorphism a; : JJ{ = A; ® 7(A;) defined as the
composition

a;- : JJ'» — J; —» J;/Jj-1 N Aj @ T(A;).

It then follows by definition that we have a commutative diagram

J! L A]‘ Rk T(Aj)

<

Tl szm(g)@r(z) (6.2)

’

T Ay @ T(By)
of k-module isomorphisms.

Lemma 6.3 (Konig-Xi, [14]). Let A be an associative k-algebra with an anti-involution
7. Then A is a cellular algebra in the sense of [7] if and only if A has a cellular decom-
position.

Proof. We summarize the proof from [14]. Let A be a cellular algebra with cell datum
(I, M,C,7). First, suppose A € I is maximal. Then J = J(A) is a two-sided ideal by
(C3) and J = 7(J) by (C2). Fix any element T\ € M(A). Define A as the k—span of
Cg‘jA where S varies. Defining o by sending C?,TA ® T(C%T)\) to CQ’T gives the required
isomorphism. Thus J(A) is a cell ideal.

Next, choose any enumeration A1, ..., A, of the elements of I such that ¢ < j whenever
Aj > Ai. Set Ji C A (for each j) equal to the k-span of all C;"T (for varying S,T). We
have 7(J}) = J; by (C2). Since J(A;) = J; @ J(>A;) for all j, it follows that A = B, J;
is a cellular decomposition.

For the converse, consider the index set I = {1,...,r} with the reversed ordering
1>--->7. Choose a k-basis {l‘éj)}begj of Aj, for each j € I. Setting Cg,c € J; to be the
inverse image of a:l()j) ® T(xgj)) (for b,c € B;) under o (for j € I) gives a k-basis for A of
the form (C1). Since A; is a left A-module, (C3) is satisfied. Finally, (C2) follows from
the required commutative diagram and the r-invariance of J}. It follows that {Ci .pisa
cellular basis. O

From now on, we say that an algebra A with anti-involution 7 is cellular if either of
the equivalent statements in Lemma 6.3 is satisfied. The proof of the lemma shows that
each ideal A; (for j =1,...,r) for a cellular algebra A is a standard module.
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6.3. Matriz algebras

Consider the matrix ring, M, (k), with matrix transpose, tr, as anti-involution. Let us
write, ¢ : V,, ® VI = M,,(k), to denote the isomorphism mapping v; ® vl B;; for all
i,7 €[1,n)].

Now suppose A is an algebra with anti-involution 7, and let J be a cell ideal with
defining isomorphism a : J —+ A ® 7(A). Then

is a cell ideal of the matrix ring M,,(A) with respect to the anti-involution tr ® 7. The
corresponding isomorphism is the map

cHa) : M, (J) =5 Vo (A) @ Vi (T(A))

defined by the composition

M, (k) @ J 2% (V, © V¥) @ (A @ 7(A)) == V, @ A® VE @ r(A).
More generally, we have the following.

Lemma 6.4. Suppose A is a cellular algebra with anti-involution T and cell chain
(J5)jer,r- Then the matriz ring M,,(A) is cellular with anti-involution tr ® T and cell
chain (Mn(J5))jen,r, where My (J;) := My (k) ® J; for all j.

Proof. It follows from the preceding paragraph that the ideals, M,,(J;), form a cell chain,

since M, (J;)/My, (J;-1) =~ M, (k) ® (J;/Jj-1) as M,,(A)-bimodules. It is also clear that
M,,(A) has a cellular decomposition

M, (4) = P Ma(J))
where A = @ JJ'- denotes a corresponding cellular decomposition of A. O

6.4. Cellularity of generalized Schur algebras

We now describe a cellular structure for generalized Schur algebras S4(n,d). In this
case, the generalized Cauchy filtration forms a cell chain, with the Weyl submodules
from Theorem 5.14 as standard modules.

Theorem 6.5. Suppose A is a cellular algebra with anti-involution 7. Then the generalized
Schur algebra S4(n,d) is a cellular algebra, with respect to the anti-involution T :=
(tr@7)®4, for alln,d € N.
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Proof. If A is cellular then so is M,,(A4), by Lemma 6.4. Since S*4(n,d) = T'%M,,(4), it
suffices to show that I'?A is cellular, with respect to the anti-involution 7 = 7®4.

Suppose that A =J] @ --- @ J| is a cellular decomposition of A, with corresponding
cell chain

O=JoCchC---CJr=A

For each j € [1,r], suppose {xéj)}begj and {yéj)}begj are k-bases of A; and 7(4;),
respectively, such that yl()j) = T(Q?l()j)) for all j, and let A; and a; be as in (6.1).

Considering A = AT (§B1,...,B,) as a totally ordered subset of AT (N)" by restrict-
ing the order = in Definition 2.4, it follows from Lemma 5.11 and Remark 5.12 that we
have decompositions

ey — @ g\, and Jx = @ 3; for each A € A, (6.3)

A€EA n=A

since J4 = 0if XA ¢ A.

Notice that 7 = 7%¢ coincides with the map I'¥(7) : T9A — I'?A induced by the
functor I'?. To complete the proof, we need to show that the left-hand side of (6.3) gives
a cellular decomposition of I'* A with respect to this anti-involution.

Let Ay be the left Weyl submodule Uy C Jx/Jx+ of Theorem 5.14. Then it remains
to check the following hold for each A € A:

(1) 7(d5) =I5
(ii) T(Ax) =Va,
(iii) dxn/dx+ is a cell ideal.
Assuming (i) and (ii) hold for each A, (iii) will follow from the commutativity of the
diagram
In/dx+ =22 Ax@7(Ax)

Tl lx@ywr(y)@of(z)
In/Ixr —2 A @7(AN)

where ay is the I'* A-bimodule isomorphism from Theorem 5.14.
Now fix A € A, and set v = |A|. Then g, Ax, and Jx/J»+ have k-bases given by the
sets

{zsm|S,Test(B.)}, {zsm [Sest(B.)},  {zs1[S,TeSt(B.)}

respectively, where zg T € J) is defined in (5.19). It follows that each of the conditions
(i)-(iii) will be satisfied provided that 7(zg 1) = z1,s for all S, T € St(B.).
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We claim that the following diagram is commutative:

A A P> (v) ) (al) w)( v ’
IAA) @ TN (7(AL) ——— TW(A®7(AL)) r) ——— 7,
two(l"*(-r) ® F"(-,—)) '™ (two(r ® 7)) ™ (7) -

r(al)

DAL © T (r(AL)) —2 TO(AL@r(A)) r(J) —— J),
with the left (middle) vertical map(s) induced by the action of I'* (resp. I'*)) considered
as a functor P;" — Py. The commutativity of the left-hand square can be checked using
the definition of 1)* together with Lemma 2.5. The commutativity of the middle square
follows from the functoriality of T*) and diagram (6.2). Finally, the commutativity
of the right-hand square follows by Lemma 3.4. We thus have 7(zg 1) = 21, for all
S, T € St(B.), and the proof is complete. O

Let us write A°P to denote the set A with opposite total ordering. Then it follows
from the above proofs of Lemma 6.3 and Theorem 6.5 that the set

{ZS,T [A€e AP S, Te St)‘<31,...,Br)}

is a cellular basis for ?A. A corresponding cellular basis for S“(n, d) can be obtained
in a similar way, by replacing A by M, (A).

In the next example, we describe an explicit cellular basis for a special case of a gen-
eralized Schur algebra of the form SZ(n,d), where Z is a zig-zag algebra. We essentially
follow the definition in [13], using slightly different notation. Note also that we only
consider Z as an ordinary non-graded algebra, rather than a Z/2-graded superalgebra
as in [13].

Example 6.6 (Zig-zag algebra). We consider the zig-zag algebra associated to the quiver
below.

Recall from [13, Section 7.9] that the extended zig-zag algebra, Z, is defined in this case
as the quotient of the path algebra k2 modulo the following relations:

1

(1) All paths of length three or greater are zero.

(2) All paths of length two that are not cycles are zero.
3)

(4)

3
4

All length-two cycles based at the same vertex are equivalent.
aziaiz = 0.
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The length zero paths are denoted eg,e1,es and correspond to standard idempotents,
with e;aije; = a5 for all admissible ¢, 5. Let e :=eg + e € Z. Then the corresponding
zig-zag algebra is Z = eZe C Z. Then Z is a cellular algebra, with anti-involution
defined by 7(e;) = e; and 7(a;j) = a;; for all 4, j.

Let us describe a corresponding cellular decomposition. First let

Ty = @12, T2 := €1, X3 = apl, L4 = €Q,
and set y; := 7(2;), for ¢ € [1,4]. Then we have corresponding sets

X(1) :={x1}, X(2):={w2,23}, X(3):={z4},

and

V(1) :={n}, Y(2):={y2us}, Y3):={va},

parametrized by the totally ordered sets By := {1}, By := {2 < 3}, and Bs := {4},
respectively. We may then define a cellular decomposition

Z=Ji®Jy®J;,

where J} := span{zy | € X(j),y € Y(j)}, for j € [1,3].

Now let A°P denote the set A = Af{(l, 2, 1) with the opposite total ordering. Then one
may then check using formula (5.19) and the proof of Lemma 6.3 that S#(1,2) = I'2Z has
the cellular basis described in the table below, where A runs through all multipartitions
in the set A°? and where S, T denote standard multitableaux of shape A, respectively.

A S T Zs,T
(0,0,(2) (9,0, 4[2) (9,0,[4[4) (e0)®?
(6,(1),(1)) (9,2, [4) (2,2,[4) eo*er

Qjaa ) €0 * a10
(Qaa ) Qjaa ) €0 * ap1
" %,8), [4)  eo* (ap1a10)

(0,(1,1),0) (0.2} 0)
(0.(2),0)  (0,[22],0)

2, , ) e1 * (ap1a10)

,

’

®2
€1

H

€1 * ajo
®2
3T

212}, 0)
2]3}, 0)
)
) e1xao
)
)

"

(9,213, 0)

9, ,(zi
9,[2]2], 0
" 2, 7(3 e1 * (ap1a10) + @10 * ao1
" 9,(313,8)  aio * ap1a1o

/\/\/\/\/\/\/\ A~ Y~~~
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,[212],9) (ap1)®?

,[213],9) ao1 * (agiaio)

@, , 3], ¢) (ao1a10)®?
(2]

(,[313],0)

"

"

(a12a21) * €0

(
(
(
(1),0,(1)) (@ 0,[2) (o
(1), (1),0) (@ [2h0) (.20
1 (
(&
(
(B

€1 % (a12a21)
(1], 3] aio * (a12a21)

[4])
%)
3], 0)
([1,[3], 9) 1,2, 9) ao1 * (a12a21)
3], 0)
[}

" E (ap1a10) * (@12a21)

[1[1], 9,

) (a12a91)®?

((2)7¢7¢) (,@MD)

The symbol, ¢, is used above to denote an empty partition or tableau, respectively, and
the symbol ” denotes a repeated entry from the item above.

6.5. Cellularity of wreath products A1 Sy

Let us first recall a result of [14] concerning idempotents fixed by an anti-involution.

Lemma 6.7 ([1}]). Let A be a cellular algebra with anti-involution 7. If e € A is an
idempotent fized by T, then the algebra eAe is cellular with respect to the restriction of .

We then have the following consequence of Theorem 6.5, which is obtained via gen-
eralized Schur-Weyl duality.

Corollary 6.8. Suppose d € N. If A is a cellular algebra, then A1 Sy is also cellular.

Proof. Fix some n > d. Write S4 = S4(n,d), and let ¢ € S* denote the idempotent
e := &,. It then follows by Proposition 4.2.(ii) that there is an algebra isomorphism
A16, = eS4. Since

T(e) = (E11)" %+ % (Eqa)" =e,
the cellularity of A &y follows from Theorem 6.5 and Lemma 6.7. O

Since the above result holds for an arbitrary cellular algebra A, we thus obtain an
alternate proof of the main results of [6] and [9] mentioned in the introduction.
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