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The Sylow-2-subgroups of a periodic group with minimal condition on centraliz-
ers are locally finite and conjugate. The same holds for the Sylow-p-subgroups for
any prime p, provided the subgroups generated by any two p-elements of the
group are finite. In the non-periodic context, the bounded left Engel elements of a
group with minimal condition on centralizers form the Fitting subgroup.  © 1999
Academic Press

Key Words: chain condition, nilpotency, Sylow subgroup.

INTRODUCTION

Nilpotency properties in groups with the chain condition on centralizers
(M,.) have been studied by a number of people, generalizing correspond-
ing results for linear groups. R. Bryant [2] proved that a locally nilpotent
periodic ¢ -group is nilpotent-by-finite and that the Sylow p-subgroups in
a locally finite 2¢.-group are conjugate. Bryant and Hartley [3] also
showed that a periodic locally soluble )¢ _.-group is nilpotent-by-abelian-
by-finite. We shall extend Bryant’s first result by replacing local nilpotency
by binary nilpotency (Remark 2.1) and his second result by replacing local
finiteness by periodicity (for p = 2) or binary finiteness (for arbitrary p)
(Theorem 3.1). We also answer positively a question of John Wilson about
local finiteness of ¢ -2-groups (Corollary 2.4). (Recall that a group is
binary P, where P is a property of groups, if every 2-generated subgroup is
contained in a group satisfying P.)
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Non-periodic groups were first dealt with in an intermediate case, the
class of substable groups, which lies in between the linear and the )¢ -
groups. Local nilpotency properties of substable groups are well under-
stood ([6, 7, 8, 4], see also [9]):

(1) Uniformly locally nilpotent substable groups are nilpotent.
(2) Locally nilpotent substable groups are hypercentral.

(3) The bounded left Engel elements of a substable group form the
Fitting subgroup.

(4) The unbounded left Engel elements of a substable group form
the Hirsch-Plotkin radical.

The question was asked to what extent substability can be replaced by %k,
in the above results. Derakhshan could show that the Fitting subgroup of
any ¢ .-group is nilpotent; this quickly led to a generalization of (1) to the
)¢, case [4]. Recently, Bludov in a short, elegant paper [1] dealt with the
¢ .-analogue of (2); he also found an independent proof of Derakhshan’s
result. In this paper we shall generalize (3).

1. NOTATION AND PRELIMINARIES

Our commutators are left-normed, defined inductively via [g, k] =
g th™'gh and [go, &1, &1l = (80, 81, -1 8,) 841 ]; Tepeated com-
mutators are given by [g,, #] = g and [g,,,,, #] = [[g., i], h]. The descend-
ing central series is defined by v,(G) = G and v, ,(G) =[G, v,(G)]; the
ascending central series is given by Z,(G) = {1} and Z,, ,(G) = {g € G:
[g,G] < Z,(G)}; this can be continued into the transfinite by taking
unions at the limit stages. We also write Z(G) for Z,(G). The derived series
of G is given by G@ = G and G"*Y =[G, G'"™]. The series of iterated
centralizers of some subset X of G is defined inductively via CZ(X) = {1}
and C¢*H(X) ={g € N;_, No(C6(X)): [g, X] S CAX)}

If G acts on an abelian group A, we can define analogously for any
subset X of G the iterated centralizers of X in A via C3(X) = {1} and
Ci"YX) ={a €A: a® €aCi(X) for all ge< X}. These are obviously
subgroups of A.

We shall need the following facts, which can be found in [9]:

Fact 1.1 [2]. Suppose K < H < G, and C;(v,(K)) = C.(y,(H)) when-
ever 0 < i <j. Then CL(K) = CL(H).

Fact 1.2 (T. Yen). A locally nilpotent 2t _-group is soluble.
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DeriniTioN 1.1. A group G is hypercentral if G = Z_(G) for some
ordinal «. It satisfies the normalizer condition if no proper subgroup of G
is self-normalizing.

Fact 1.3. A nilpotent-by-finite and locally nilpotent group is hyper-
central and hence satisfies the normalizer condition.

Proof. If G is finite, it is nilpotent and we are done. Otherwise, let N
be a normal nilpotent subgroup of G of finite index, g,, ..., g, a system of
representatives of G /N, and x € Z(N) a non-trivial element. Then {x5::
i < ny is a normal subgroup of G contained in Z(N), and must contain a
non-trivial central element z of the nilpotent group {x, g;: i < n). But
then z € Z(G) and Z(G) is non-trivial. Since the assumptions of the fact
are preserved under quotients, G is hypercentral. But now, if H is a
proper subgroup of G and « is minimal such that Z (G) « H, then
Z.(G) < N;(H), whence N;(H) > H.

Fact 1.4[2]. Let G be a locally nilpotent periodic 2 _-group. Then G is
nilpotent-by-finite; if G /Z,(G) has finite exponent for some i < w, then G
is nilpotent. The maximal normal nilpotent subgroup of G is the central-
izer of the d!-th powers of the elements of G, for all d sufficiently large; it
also is the maximal nilpotent subgroup of finite index. Furthermore, G is
hypercentral, and in particular satisfies the normalizer condition.

LEmMMA 1.5. Let G be a group, X a G-invariant subset, and H a sub-
group of G satisfying the normalizer condition. Suppose K is a subgroup of
G such that HNX ¢ K, and put I = (KN HNX). Then there is h €
Ny~ x(D) - L

Proof.  If the whole of H N X normalizes I, we are done since I < K.
Otherwise N, (I) is a proper subgroup of H, so N,(N,(I)) > N,(I) and
there is g € H which normalizes N, (1), but not I. Since X is G-invariant,
g must normalize N, (I). On the other hand, I=<{INX), so g
cannot normalize I N X. Therefore N, ,x(I)DINX; as IN(HNX)
= ] N X, the assertion follows. |

DeriNnITION 1.2. Let G be a group. Two elements x and y in G satisfy
the nth Engel identity if [x,, y] = 1.

An element g € G is right Engel if[g,, x] = 1 for all x in G, where n
may depend on x. If n can be chosen independently of x, then g is called
right n-Engel, or bounded right Engel.

An element g € G is left Engel if [x,, g] =1 for all x in G, where
again n may depend on x. If n can be chosen independently of x, then g
is called left n-Engel, or bounded left Engel.

An element is Engel if it is left or right Engel. It is bounded Engel if it
is bounded left or bounded right Engel.
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Remark 1.1. Note that if g=! is right n-Engel and x is in G, then
[x,.18]=[g7g, 8l =1g", gk =1gt, 8" =1 and so g is left
(n + 1-Engel.

For a subset X of G we say that any two elements in X satisfy some
Engel identity if for any x, y € X there is n < w such that [x,, y] = 1 or
[y,, x]=1

Fact 1.6 1.6 [5, 4]. The bounded left Engel elements in a soluble
Mt -group form the Fitting subgroup. The Fitting subgroup of an ¢ _-group
is nilpotent.

LEMMA 1.7. Let G be a soluble group, p a prime, and X a G-invariant
subset of G of p-elements such that any two elements of X satisfy some Engel
identity. Then X generates a locally finite p-group.

Proof. Consider a counter-example G of minimal derived length, and
Xq,..., %, € X such that F = (x,,...,x,) is not a finite p-group. Let 4
be the last non-trivial subgroup in the derived series of F. By minimality of
the derived length, F/A must be a finite p-group. But F is finitely
generated, and so is any subgroup of finite index, in particular 4. On the
other hand, A4 is abelian and there is a finite k such that 4 /A" is not a
p-group (where 4A* denotes the subgroup of kth powers of elements in A).
Hence F/A* is not a p-group, and we may assume that G is finite.

Since X does not generate a p-group, there are two distinct subgroups S
and T of G which are maximal subject to being p-subgroups generated by
elements in X. Choose § and T such that S "7 N X is of maximal
cardinality, and let 7=<{SNTnNX). By Lemma 15 there are x €
N~ x(I) =TI and y € Ny, x(I) — I; by assumption there is some »n such
that[x,, y] = 1or[y,, x] = 1, and by symmetry we may assume [x,, y] = 1.
Choose m < n maximal such that [x,, y] & T; putting u = [x,,, y], note
that u € N;(I). Then [u, y] € T, whence y* € T. Hence T N T* contains
I and y*; as y* € X — I, maximality of S N T N X implies T = T*. But
either u =x € X, or yu™! is a conjugate of y and hence in X. Since
(T,uy = {T,yu"'), in either case this group is an extension of 7 by a
p-element in X normalizing T, and thus a p-group generated by elements
in X. As u ¢ T, this contradicts maximality of 7. |

LEMMA 1.8. Let G be a group and S a nilpotent subgroup of class c. If
H < N;.. N;(CL(S)) and N is the group generated by all H-conjugates of S,
then N is nilpotent of class ¢, and C5(N) = CL(S) for all i < c.

Proof. Let I = (xg, x,,...) be a sequence of elements in the union of
the H-conjugates of S, and put y, =x, and y,., = [y, x,,,]forall i > 0.
Note that CL(S") = CL(S)" = CL(S) for all i < ¢ and all h € H. Since
§ < C&(8), it follows that y, € C5(S). Furthermore, if y, € C&'(S) and
x,., €S" for some h <€ H, then y, € C5(S") and hence y,,, €
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C& NS = C5 7 U(S), for any i < ¢ — 1. Therefore y, = 1. Now every
commutator of length ¢ + 1 in N is a product of commutators of the
above form of length at least ¢ + 1. Thus N is nilpotent of class c.

For the second assertion, we use induction on i. For i = 0 the assertion
is trivial, so suppose inductively that CL(N) = CL(S) for all j < i. Then by
inductive hypothesis N, ., N;(CL(N)) = N, .; No(CL(S™) forall h € H,
and for any g € N,;_; No(CL(N)) we have [g, N] < Ci *(N) if and only
if [g,8"] < CLY(N) for all h € H, since N is generated by the H-con-
jugates of S and normalizes C5 *(N). But this holds if and only if
[g,S"] < CL%S") for all h € H, which is equivalent to g € CL(S") for
all & € H. Since C5(S") = CL(S) for all h € H, this proves the assertion.
|

Fact 1.9[4]. Let G be an abelian group acting on an abelian group A.
Suppose that there are finitely many elements g,,..., g, in G such that
C,G) =C,(gy, .-, &) Let a be an element in A, and suppose that for
all i = 0,..., k there is some non-zero m; < w with (g; — 1)"ia = 0. Then
a € C™(G), with m =1 + X (m, — 1).

2. BINARY NILPOTENCY CONDITIONS

THEOREM 2.1. Let G be an I -group and X a G-invariant subset of G
such that

1. every soluble subgroup S of G generated by elements in X is locally
nilpotent and nilpotent-by-finite, and

2. (@) any two elements in X satisfy some Engel identity, or

(b) X is closed under taking powers, and any two elements in X
generate a 2-group.

Then X generates a locally nilpotent subgroup of G.

Proof. Suppose the assertion is false, and that the group G with the
G-invariant subset X is a counter-example. Fix a locally nilpotent sub-
group S of G which is maximal subject to being generated by elements in
X. By Fact 1.2 and the first assumption, S is nilpotent-by-finite and is a
maximal soluble subgroup of G subject to being generated by elements in
X. In particular Ny(S) =S N X.

Since (X ) is not locally nilpotent, there is another locally nilpotent
subgroup T of G which is maximal subject to being generated by elements
of X. Note that if every pair of elements of X generates a 2-group, then
local nilpotency implies that both S and T are 2-groups. Let .# be the set
of all subgroups I of S of the form I =<{S N T N X), where T ranges
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through all locally nilpotent subgroups of G distinct from S which are
maximal subject to being generated by elements in X. We have just seen
that .7 is non-empty. Note that any 7 in .# is generated by I N X.

Claim. Let (I;: i < a) be an ascending sequence of groups in .#, and
put I = U;_., 1. Then there is J in .~ with I < J.

Proof of Claim. I is a subgroup of S and thus nilpotent-by-finite. Let
K be a nilpotent subgroup of minimal finite index in I, say of nilpotency
class ¢. Now [ satisfies the normalizer condition by Fact 1.3. So if K is
not normal in I, then there is g €I normalizing N,(K) but not K.
Hence KK¢# is a nilpotent group with K < KK# < I, contradicting the
minimality of the index |I: K|. It follows that K is normal in I and unique.

Put K,=Kn I for all i < «, so K, is nilpotent of class at most c.
Suppose the set of i < a such that there is a nilpotent subgroup K of
class at most 2¢ + 1, with K; < Ki* < I,, is cofinal in a. As K has finite
index in I, there are only finitely many possibilities for KK;*; replacing the
sequence (it i < «) by a cofinal subsequence, we may assume that KK* is
constant for all i < «. But then for i <j < @ we have

K < (KKf) NI, = (KNL)K: = KK =K.

Let K* = U, ., K. Then K* is nilpotent of class at most 2¢ + 1 and
K < K*, contradicting the maximality of K. Hence there is i, < @ such
that for all i > i, no proper extension of K; in I, can be nilpotent of class
at most 2¢ + 1. But if H is an automorphic conjugate of K, in I, then
both K, and H are normal nilpotent of class at most ¢ in I, so NK; is
nilpotent of class at most 2¢ + 1. It follows that K, is characteristic in I,
for all i > i,.

Since K; < K; and [; < [; for i <j < a, after possibly increasing i, we
may assume that first CG(y(K )) is minimal possible for j =1,2,.
(and hence Ci(y,(K))) = Cc(y; (K ) for all i > i), and second I = KI
(so I =KI, for all i>ij). Let T 'be a locally nilpotent subgroup of G
which is distinct from § and maximal subject to being generated by
elements in X, with [, ={(SNTNX) (Whlch exists, since [, €.7). By
Lemma 1.5 there is some y € Nrqx(L;) — I, , in particular y & S. Put

= (I, y>; then both I and its characteristic subgroup K; are normal-

|zed by F, and so is Ci. (K ) forall j <c. But

CG( U 'Y/(Ki))

i<a

U

CG(Y;(K)) = CG(V/‘(KQ

= n Cc(?’j(Ki)) = CG<3//(Ki°))

i<a
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for j=1,2,...,¢c, whence CL(K) = CL(K;) for all j <c by Fact 1.1.
Hence F < N;_, Ng(C5(K)). By Lemma 1.8 the group N generated by
all F-conjugates of K is nilpotent of class ¢ (and obviously contains K).
Now F < T, so F is soluble; since F normalizes N, it follows that NF is
soluble. Note that NF contains I(LO and y, so {I, y) is soluble. Further-
more I is generated by I N X, and y € X; by assumption <7, y) is locally
nilpotent, and hence contained in a locally nilpotent group 7, which is
maximal subject to being generated by elements in X. Now I < S N T,
and y € T, — S implies S # T,. Therefore J = (SN T, NX) is the re-
quired group in .# containing 1. |

Claim. Let I €.7. Then there is J > I with J .7

Proof of Claim. Let T be a locally nilpotent subgroup of G distinct
from S and maximal subject to being generated by elements in X, such
that I = (S N T N X ). By Lemma 1.5 there issome y € Ny x(I) — I; in
Case 2.(b) we may choose y with y? € I. Similarly, there is some x €
Ng , x(I) — I (which in Case 2.(b) we choose such that x? € I).

In Case 2.(b) the group {x, y>I/I is dihedral, so {x, y, I) is soluble and
generated by elements in X, whence locally nilpotent by assumption. Let
T, be a locally nilpotent group containing x, y, and I, maximal subject to
being generated by elements in X, and put J:= (SN T, N X). Then
yeT,soT,#Sand J .7 since x €J — I we have I <J as required.

In Case 2.(a) consider I, == (S N S* N X ). If §¥ =S, we could extend
S to <S,y), contradicting the maximality of S. Hence I, €.7; since y
normalizes I, we have I, > I. If I, > I we are done, so assume [, = I. By
Lemma 1.5 there is some z € N, , x(I) — I; by assumption there is some
n such that [z,, x] = 1 or [x,, z] = 1. In the second case we may replace
S by §¥ ", x by 22, and z by x” , thus reducing to the first case.

Choose m < n maximal such that [z,, x] & S and put u = [z,,, x]; note
that u normalizes I. Then [u, x] € S, whence x* € § N X. Hence § N §*
contains I and x“ If § = S% then {(S,u) is a soluble group properly
containing S. But either u = z € X, or xu ™! is a conjugate of x and hence
in X; in either case {S, u) is generated by elements in X, contradicting
maximality of S. Hence §* = S, and we may take J = (S N SN X).
Then J €7 and J > I; since x* €J — I, we are done. |}

This shows that .7 is non-empty and chains in .# have upper bounds in
#, but .# does not have a maximal element, contradicting Zorn’s Lemma.

Note that under the assumptions of the Theorem, since a locally
nilpotent )¢ _-group is soluble by Fact 1.2, the group generated by X is
also nilpotent-by-finite.
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COROLLARY 2.2. Let G be an M ~group and X a G-invariant subset of
p-elements in G, for some prime p. If every pair of elements of X satisfies
some Engel identity or generates a 2-group (for p = 2), then X generates a
locally nilpotent p-group.

Proof. If every pair of elements of X generates a 2-group, we can close
X under taking powers. Since a soluble 2-generated 2-group is finite and
thus nilpotent, in particular it satisfies some Engel identity. By Lemma 1.7
a soluble subgroup of G generated by a subset of X is locally nilpotent. By
Fact 1.4 it also is nilpotent-by-finite. We may now apply Theorem 2.1 to
see that X generates a locally nilpotent group, which must be a p-group
by local nilpotency. |

CoROLLARY 2.3. Let G be an M group and X a G-invariant subset of
p-elements in G, for some prime p. If every pair of elements of X generates a
finite p-group, then X generates a locally finite p-group.

Proof. This is obvious, as any two elements in a nilpotent group satisfy
some Engel identity. 1

COROLLARY 2.4, An IN_-2-group is locally finite. A periodic IN -group G
is locally nilpotent if and only if every pair of elements generates a nilpotent
subgroup.

Proof. The first assertion follows immediately from Corollary 2.2. For
the second assertion, suppose every pair of elements generates a nilpotent
subgroup. For each prime p let X, be the set of all p-elements of G.
Since a nilpotent group generated by two p-elements must be a finite
p-group, X, is a normal locally finite p-group by Corollary 2.3; this holds
for all primes p. But any two elements of coprime order must commute (as
they generate a nilpotent subgroup), so G is the direct product of all the
X, and locally nilpotent. The converse is trivial. 1

Remark 2.1. In particular, a periodic binary nilpotent group is nilpo-
tent-by-finite by Fact 1.4.

Remark 2.2. Let X be a G-invariant periodic subset of an ¢ _-group
G which generates a locally nilpotent subgroup. For s < w put X(s) =
{x € X: x* = 1}. Suppose g is a power of some prime p such that the
exponent, or the nilpotency class, of every group generated by two ele-
ments in X(g) is bounded, say by p” for some n < w. Note that if a group
H is nilpotent of class ¢ and generated by elements in X_, it is easy to see
that v,(H)/v;,,(H) has a set of generators of order dividing ¢ for all
i > 1, so the exponent of H is bounded by g¢. Hence the case of bounded
nilpotency class reduces to the case of bounded exponent.
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Let N be the maximal (normal) nilpotent subgroup of { X(g)) of finite
index, as given by Fact 1.4. Then x 'x” =[x, y] € N for every x € X(q)
and y € N, and this is an element of order at most p”". Let N, be the
subgroup of N generated by all elements of order at most p”. Then N, is
normal in {X(g)), and y;(N,)/v;.(N,) has a generating set of elements
of order at most p” for all i > 1; it follows that N, has finite exponent.
Put N, = (N, x; clearly N, has finite exponent and must be nilpotent by
Fact 1.4. As it is normalized by N, the group NN, is nilpotent and equals
N by maximality of N. Thus x € N, and X(q) generates a normal
nilpotent subgroup. In particular, if this happens for all prime powers g,
then X generates a subgroup of the Fitting subgroup of G, which is
nilpotent by Fact 1.6.

We shall now consider non-periodic groups.

CoOROLLARY 2.5. Let G be an I -group. Then the bounded left Engel
elements form the Fitting subgroup of G.

Proof. If we denote the set of bounded left Engel elements by E, then
E is G-invariant, and any two elements of E satisfy some Engel condition.
By Fact 1.6 a soluble subgroup generated by a subset of E is nilpotent;
Theorem 2.1 implies that E generates a locally nilpotent group. But now E
generates a soluble subgroup by Fact 1.2, which must nilpotent by Fact 1.6
again. It follows that every bounded left Engel element is in the Fitting
subgroup.

Conversely, since the Fitting subgroup is nilpotent by Fact 1.6, say of
class ¢, every element in the Fitting subgroup is left (¢ + 1)-Engel. 1

As a particular case, we obtain:

COROLLARY 2.6.  An IR -group generated by bounded left Engel elements
is nilpotent.

3. CONJUGACY OF THE SYLOW SUBGROUPS

THEOREM 3.1. Let G be an M -group, and p a prime. If G is periodic
and p = 2, or if every pair of p-elements of G generates a finite subgroup, then
the Sylow-p-groups of G are conjugate.

Proof. Note first that under the assumptions of the theorem, the
maximal p-subgroups of G (i.e., the Sylow-p-subgroups) are locally finite
by Corollary 2.4. Assume for a contradiction that G is a counter-example
to the assertion.
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Claim. We may assume that G is countable.

Proof of Claim. Consider the structure (G, 1,-,.%,9), where ¥ and
are unary predicates for two non-conjugate Sylow-p-subgroups S and T,
respectively. By the downward Lowenheim-Skolem Theorem, G has a
countable elementary substructure H. Now .# ' is a subgroup of .#¢,
which is equal to S, and hence a p-group. Furthermore every g € G
normalizing .#¢ and with g? €.79 lies in ¢ itself, since S is a
Sylow-p-subgroup. But this is a first-order property and hence also true in
H. By Fact 1.3 any p-Sylow subgroup of H containing .# # satisfies the
normalizer condition, so ., and similarly 7%, are Sylow-p-subgroups of
H. Now non-conjugacy of .% and . is a first-order statement which is true
in G, so it must also be true in H. Hence H is a countable I -group with
two non-conjugate Sylow-p-subgroups .# # and %, |

By the chain condition on centralizers, we may assume that the Sylow-
p-subgroups of every proper centralizer in G are conjugate.

Claim. There exist finite p-subgroups A, and B, of G such that no
G-conjugate of B, generates together with A, a (necessarily finite)

p-group.

Proof of Claim. This is similar to the proof of Theorem B in [2], but
we have to be a bit more careful. Let S and T be two non-conjugate
Sylow-p-subgroups of G. By countability, S and 7 are the union of
ascending chains (S;: i < w) and (T;: i < w) of finite subgroups. Suppose
any two finite p-subgroups of G have conjugates which generate a p-group.
Then there is an ascending chain (U;: i < w) of finite p-groups, such that
for every i there is g, € G and h, € G with S8 < U, and T/ < U start
with g, = 1 and h, € G such that {S,, Tj°) is a finite p-group U,; if U,_,
has been found, the assumption first yields g; € G such that {U,_,, S§) is
a finite p-group, say F,, and then h; € G such that (F,, T/} is a finite
p-group, which we choose for U,. Extend U, . , U, to a maximal p-group U.
Then either S and U or U and T are not conjugate. By symmetry we may
assume that S and U are not conjugate.

By Fact 1.4, for some d < w the centralizer C,(u’: u € U) is the
unique maximal nilpotent subgroup N of finite index in U, say of index
|U:N| = n. Now every S; has only finitely many normal subgroups of index

at most n, and S; N N& " issuch a subgroup for all j > i. So there is some
normal subgroup S, of index at most n in S, such that S§ = S& N N for
infinitely many j < w. Then for every i < w there is some j < o with
j=iand S§ =S§& NN, as S8 < U, we may replace g, by g;- Repeating
this process (but replacing only g; for j>i at the ith stage), we may

assume that there is a sequence (S;: i < ») such that S, is a normal

4
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subgroup of S, of index at most n and S§% = S8 N N for all i,j with
i<j<w Thus, S =S5, mS for all i,j Wlth i <] < o, the sequence
(S;:i<w)is ascendmg, and U,.. S, is a normal subgroup § of § of
index at most .

Define C = C;(u’: u € U), and consider C and its conjugates (which
are again centralizers). If C = G, then U is nilpotent and the proof of
Lemma 3.3 of [2] applies, which yields that U and S are conjugate,
contradicting our assumptions. Hence N < C < G By the chain condition
on centralizers the ascendlng sequence (N.., C%":i < w) has a maximal
element C, say C = N. . Since

i<w

]>l

_]>S

C=NC% = N =38

j=zi j=i

for all i < o, we see that C& > C > §; replacing U by a conjugate, we
may assume C > S. Extend U N C (which is N) and S to Sylow-p-sub-
groups U and S of C; since C < G, our assumptions imply that there is
ge C with S8 =U

We shall show inductively that if X and Y are two Sylow-p-subgroups
of G with [Y: X NY|=k < w, then X and Y are conjugate in G with
I X: XNY|=|Y:XNY]| This is clear for k = 1. By Fact 1.4, for k > 1
thereare x e Ny(XNY)—Yand y € Ny(X NY)— X of order p mod-
ulo X N Y. By assumption they generate a finite group modulo X N Y, so
there is some h € N;(X N Y) such that x”, y and X N Y are contained in
a Sylow-p-subgroup Z of G.But |[Y:ZNY|<k,so Z and Y are conju-
gate by inductive hypothesis, with |Z:Z N Y| =Y :Z N Y|. This implies
that [Z: XNY|=|Y:XNY|=k, whence |Z:Z N X"| < k. Again by
inductive hypothesis, Z and X" are conjugate with |X": X" N Z|=
|Z: X" N Z|. Therefore | X": X NY|=|Z:XnNY]| and finally |X: XN
YI=|X":XNnY|=|Z:XNnY|=|Y:XnNY| This finishes the induc-
tion.

Now let S be a Sylow-p-subgroup of G extending S. Since § > S the
last paragraph applied to X =S and Y =S implies that S and S are
conjugate. Since §¢ > §¢ = U> N and |U: Nlis finite, the last paragraph
applies again with X = S¢ and Y = U. This proves conjugacy of U and S,
whence of U and S, a contradiction. The claim is shown. |

Let .7 be the set of all triples (A4, B,C), where A and B are finite
p-subgroups of G such that (A4, B%) is not a p-group for any g € G, and
C =A4 N B.Then (A4, By, A, N By) €.7, 50 .# is non-empty.

Claim. 1If (A, B,C) €.7, then there is some (A*, B*,C*) €.7 such
that C < C* < B, B* = {(C*,b) < B for some b € Ny(C*) with b? € C*,
and (A", B*) is not a p-group for any & € G.
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Proof of Claim. B is nilpotent and (A48, B) is not a p-group for any
g € G. Therefore there is some maximal i such that for some g € G the
group (A%, Z.(B)C) is a p-group, and a maximal C* with Z,(B)C < C*
< Z,,(B)C, such that for some g’ € G the group { A%, C*) is a p-group
A*. Take b € Z,, (B) — C* with b” € C*, and put B* = {(b,C*). Since
Z(B) < C* < B we get b € Ny(C*). Now {A*" B*) > (A%™" B*) for
any h € G; since (A", B*) is not a p-group for any & € G by maximality
of C*, neither is (A*" B*). Furthermore, C* < A* N B* < B*; as
|B*:C*| = p we get C* = A* N B*, and (4*, B*,C*) €.7. 1

Claim. There is a sequence (A;, B;,C;: i < w) C.7 such that

1. C,<Cforali< w,

2. for all odd i < w there is a; € N;(C,)) with a? € C; and A, =
(C;, a;, and

3. for all even i > 0 there is b; € N;(C,) with b? € C; and B, =
(C;,b;, and {A%_,, B, is not a p-group for any g € G.

Proof of Claim.  Start with any (A4,, By, Cy) €7 If (A4;, B;, C;) has been
found for odd i, the above claim yields (A4, ,, B;,;,C;.,) €.7 the even
case is symmetric. ||

Let C = U,., C;. By Fact 1.4 there is some d < w such that C.(g“:
g € C) is the maximal (necessarily normal) nilpotent subgroup of finite
index in C, say of class c. For any subgroup H of G, put D(H) = {g%
g € H}, and E(H) = C,(D(H)). In particular, E(C) has finite index in C
and is nilpotent of class c.

Claim. There is a p-group N, containing C and i; < w, such that
A; < Ng(N,) for all odd i > i;, and B; < N;(N,) for all even i > i,.

Proof of Claim. By the chain condition on centralizers, there is some
iy < w such that C;(D(C;)) is minimal possible. Note that then E(C) =
E(C) N C; < E(C)) whenever i, <i <j, whence E(C)= U,.,; E(C).
Furthermore there is some iy > i, such that first C;(y,(E(C,))) is mini-
mal possible for j = 1,2,...,c (and hence Cg;(y,(E(C, ))) CG(y(E(C )
forall j=1,2,...,c and i > i;), and second ¢ = E(CO)C;, (whence C=
E(CO)C; for all i >1i;). As y(E(C) = U, yj(E(C,.)), this implies that

Co(y,(E(C)) = Co(y,(E(C; ))) for j =1,2,...,¢ and all i >i;, whence
Cfc(E(C)) = CL(E(C)) for all i > i, and aII j < c by Fact 1.1.

Put F = N;_, Ng(CL(E(C)). For every odd i > i; we have 4, <F,
since A, normallzes C,; and therefore E(C),); similarly B; < F for all even
1 >1.

By Lemma 1.8 the group N generated by all F-conjugates of E(C) is
nilpotent of class ¢. Since E(C) is a p-group, so is N; clearly N is
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normalized by F. Furthermore, C; < A, N B; < F, so C; normalizes N for
all i > i,. Put N, = NC; this is a p-group since C is a p-group normalizing
N. Now C = E(C)C; implies N, = NC, for all i > i,. As A; normalizes C,
(and N) for odd i > i,, it normalizes N; similarly B, normalizes C; and
N, and hence N, for all even i > i,.

Consider some odd i > i;. Then A4; = {C;, a;), and a; normalizes N,;
on the other hand, B, , = {C;,;, b;.,> and b;,,; normalizes N,. By
assumption, a;N, and b,, N, generate a finite subgroup of N;(N,)/N,
(for p = 2 this is a dihedral group); by Sylow’s Theorem there is g
N5(N,) such that {a$, b, ,) is a p-group P normalizing N,. Therefore A%
and B;,, generate a p-group contained in N, P, contradicting the defini-
tion of B, ;.
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