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Let A be a basic representation-finite biserial finite-dimensional k-algebra. We
describe a method for constructing a multiplicative basis and the bound quiver
of the Ext-algebra E(A) = [],.-o Exty(A/r, A/r) of A using the Auslander-Reiten
quiver of A. © 1999 Academic Press
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The purpose of this article is to describe a method for constructing a
multiplicative basis and the bound quiver for the Ext-algebra of a ba-
sic representation-finite biserial finite-dimensional k-algebra A, where &
is an algebraically closed field. The Ext-algebra of A is the k-vector space
E(A) = 1,0 EXXY(A/r, A/r), where r is the Jacobson radical of A, with
multiplication given by the Yoneda product of exact sequences. To deter-
mine a basis for E(A), we determine a basis for Ext'(%, S) for each m > 0
and for each pair of indecomposable A-modules S, N, where S is simple.
The basis for E(A) will then be given by basis elements for Ext}(S, T),
where m > 0 and S, T is a pair of simple A-modules.

The Ext-algebra, which is also known as the cohomology ring of an al-
gebra, has been of interest in the study of group algebras [9], commutative
rings [18], and polynomial rings [20]. The first description of the ring struc-
ture of the Ext-algebra for a class of finite-dimensional algebras was given
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612 PETER BROWN

by Green and Zacharia in [17], in which a multiplicative basis for the Ext-
algebra of a monomial algebra was described using minimal projective res-
olutions given in terms of certain paths in the quiver of the algebra. Condi-
tions under which an algebra and its Ext-algebra have the same k-species,
and under which quasi-heredity of the algebra (respectively, Ext-algebra)
implies quasi-heredity of the Ext-algebra (respectively, algebra) have been
studied recently by Agoston et al. in [1].

A finite-dimensional algebra A is biserial if for each indecomposable
projective left or right A-module P, its radical rP is the sum of at most
two uniserial modules whose intersection is either simple or zero. Biserial
rings were introduced by Fuller [13]. Examples of finite-dimensional bis-
erial algebras include Nakayama algebras, algebras given by Brauer trees
[2], [16], and iterated tilted algebras of types A, [3] and A, [4]. If A is a
representation-finite finite-dimensional algebra over an algebraically closed
field, then by results of Auslander and Reiten [7, Theorems 4.6 and 4.7] and
Skowronski and Waschbiisch [21, Theorem 1, Corollary], A is biserial if and
only if B(A) < 2, where B(A) is the maximum number of non-projective,
non-injective indecomposable summands of the middle term of any almost
split sequence in mod A, the category of finitely generated A-modules.

If Q is a projective-injective A-module, then by [6], there is an almost
split sequence 0 — rQ — rQ/soc QLI Q — Q/soc Q — 0. If Q is uniserial,
rQ/soc Q is indecomposable, but if Q is non-uniserial, rQ/soc Q is the di-
rect sum of two indecomposable A-modules. Therefore, each non-uniserial
projective—injective module corresponds to an almost split sequence whose
middle term decomposes into three summands.

By Lemma 2 in [21], if A is representation-finite, then A is biserial if
and only if A is isomorphic to a bound quiver algebra kQ/I satisfying the
conditions

(a) for each vertex i in Q, at most two arrows end at i, and at most
two arrows begin at i;

(b) for each arrow « in Q, there is at most one arrow 8 and at most
one arrow 7y such that Ba and ay are not in 1.

Since A is a basic finite-dimensional algebra over an algebraically closed
field, we may assume that A = kQ/I, where Q and [ satisfy conditions (a)
and (b) above (such an algebra is called special biserial).

In the first part of the paper, we determine a basis for Ext}(y, x), for
each pair of indecomposable A-modules x, y and each m > 0, where A is
a locally representation-finite, locally finite-dimensional, simply connected
k-algebra with B(A) < 2. These results will then apply to simply connected
representation-finite biserial algebras, as well as to the universal covers of
arbitrary representation-finite biserial algebras. Using covering techniques,



EXT-ALGEBRA 613

we then obtain a basis for Ext}{'(N, S), where A is representation-finite bise-
rial, S is a simple A-module, N is an indecomposable A-module, and m > 0.

We will use concepts of quivers and relations [14], almost-split sequences
[6], Auslander—Reiten quivers [14], and their universal covers [11, 15]. We
refer to [19] for the description of Ext}'(N, M) as congruence classes of
m-fold extensions0 > M - Y,  —> ---—> Yy, —> N — 0.

1. EXTENSIONS OVER LOCALLY REPRESENTATION-
FINITE BISERIAL ALGEBRAS

In this section, A will be a locally representation-finite, biserial k-algebra.
Let mod A be the category of finitely generated A-modules, and let ind A
be the full subcategory of mod A whose objects form a complete col-
lection of non-isomorphic indecomposable A-modules. Recall that a .-
algebra A is locally representation-finite if - inq o dim; Hom,(x, y) and
> yeind A dim, Hom, (y, x) are finite for each indecomposable A-module x
(this is equivalent to saying that ind A is locally bounded). The class of alge-
bras considered in this section includes simply connected, representation-
finite biserial algebras, as well as universal covers of representation-finite
biserial algebras. We will construct basis elements for Ext{(x, y) for each
m > 0, where x, y are indecomposable A-modules. To construct short ex-
act sequences, the following easily verified lemma will be needed (see also
[5, Lemma 2.1]).

LeEMMA 1.1. Let R be a ring.

@ 1f0—> A" BuB “?coomio—x "y u
Y, (kl—’fZ) B, — 0 are exact sequences in mod R such that there is a mor-

phism A —f> Y, with f, = k,f. Then the sequence

fi 0
[f hy
0> AU0X 0—h2> BlquﬂYg(g1’Mk2)C—>o
is exact.
®© 10— A 2" pua, " B L 0awmdo— 4, 2
B, I A3 (hz—f32 B3 — 0are exact in mod R. Then the sequence 0 — Al%

hohy,—
B, 1 Aj ( Li%) B; — 0 s exact.

Let (I'y, 7) be the Auslander—Reiten quiver of A. Since A is simply con-
nected as an algebra, I", is simply connected as a translation quiver. For
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a pair of vertices x and y in I'y, we define %(x, y) to be the full transla-
tion subquiver of Iy whose vertices lie on a path from x to y. A subquiver
P (x, y) of I'y will be called a rectangle if the subquiver &(x, 7y)

() is non-empty,

(b) contains no triangular mesh (i.e., a mesh with indecomposable
middle term),

(c) contains no injective vertex, except possibly non-uniserial
projective—injective vertices.

Rectangles were used by Assem and Skowronhski [5] in the study of subcat-
egories of coil algebras.

ExampLE. Let A be the k-algebra given by the bound quiver

: :
ay\ \gl ‘Yy‘ \g}
. . .

ax A oWy A

5 2

with commutativity relations Bya; = B,a,, 8,7y, = 8,%,, and zero relations
v1B1 = ¥28, = 0. Then A is clearly representation-finite biserial, and simply
connected. The Auslander—Reiten quiver I'y of A is

P
/ hY
P2 S3 ; 2 SS 16
7 A A 7 N AN h 7 N
P] £P4 - P4 - 23 S4 §P7 — P7 - 675 I7
h 2N e NS N oSN 7 AV
P Sy : : Se I
hY 7
Py

The subquiver .%(243,[P7) is a rectangle, and in fact resembles a geomet-
ric rectangle. The subquiver %(rP;, I;) is also a rectangle since the only
injective vertex in &(rPy, 717) is the non-uniserial projective—injective ver-
tex P; = I,. The subquiver %(S,, S5) is not a rectangle since %(S,, 7.55)
contains the triangular mesh 2(S,, ‘3‘).
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In general, a rectangle %(x, y) is of the form

(xs)

7 N
7N\
/‘ he
b1 .
/Z \y 21
rz ) =z SN
e NS Ty y
1 b /‘ \l /‘
e 7N\ 22
z —r(g2)—
he N A
N
\l (g4)
T Yi-2
NN N A
Yi-1 T Ye-1
N

By definition, a rectangle %(x, y) contains no triangular mesh, except pos-
sibly meshes starting with either x,_, or y,_;. The vertices labeled x,; and
y, are in parentheses to indicate this possibility. We will refer to these ver-
tices as corners of R(x, y). The vertices g4, ..., g, represent non-uniserial
projective—injective vertices. The interior of %(x, y) contains no other pro-
jective or injective vertices. In the following result [5], Corollary 2.2], we
obtain a short exact sequence associated with a rectangle.

PrROPOSITION 1.2.  Let %(x, y) be a rectangle. Then there is a short exact
sequence 0 — x — y; — y — 0 in mod A, where the summands of y, are
the corners of %(x,y), and the non-uniserial projective—injective vertices in

R(x, y).

Proof.  Apply Lemma 1.1(b) to the short exact sequences represented
by the meshes in %(x,y). 1

By the Auslander-Reiten formula (see [6]), dim,Exti(y,x) =
dim;, Hom, (x, 7y), so we compute the dimension of Hom,(x,y) for
all indecomposable A-modules x, y.
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LeEmMA 1.3. Let x = x, g Xq g & X, =Y, and x = Yy 5
" B . Yo = Y be two chains of irreducible morphisms in mod A

containing indecomposable modules which are not non-uniserial projective—
injective. Then there exists some o € k such that f, ---fo = ag, - 8o in
Hom, (x, y).

Proof. Since A is locally representation-finite, any morphism x — y is
the sum of compositions of irreducible morphisms (see [8]). Since A is
standard, it suffices to consider only the irreducible maps corresponding
to arrows in I'y, where the maps are chosen such that their compositions
satisfy the mesh relations in I'y. Since A is simply connected, the paths
fu---fr and g, --- g, are homotopic. Thus, there is a sequence of paths

Pos P1, > pp SUCh that py = f, - f1, py Zkgw - ';lglv and for each i, Pi+1ki5
obtained from p; by replacing a subpath 7z — w; — z in p, by a path 7z =
h . o .

w, — z, where we may assume that w, is not a non-uniserial projective—
injective. Since we have the mesh relation Ak, + hyk, + hyks = 0, where

hzk, either is zero or factors through an injective, we have that h k; =
—hyk,. Therefore, for each i, p,,; = —p;, so the result follows. 1

Now we may describe the dimensions of Hom, (x, y) and Ext} (y, x) for
all x, yinind A.

PROPOSITION 1.4. Let x, y be in ind A.

(@ dim, Hom,(x, y) < 1, and dim, Ext}(y, x) < 1.

(b) dim, Hom,(x, y) = 1if and only if y is not injective and %(x, 77 y)
is a rectangle.

(¢) dimg Exti(y, x) = 1 if and only if %(x, y) is a rectangle.

Proof. Part (a) follows from Lemma 1.3 and the Auslander-Reiten
formula. If %(x,77y) is a rectangle, then Exti(77y,x) # 0, so
dim, Hom,(x,y) = 1 by (a) and the Auslander-Reiten formula. If
Hom,(x, y) is non-zero, then by Lemma 1.3, %(x, y) can contain no in-
jective vertices, except possibly non-uniserial projective—injective vertices,
and can contain no triangular mesh. It follows from the definition that
%(x, 7"y) is a rectangle, so (b) holds, and (c) follows from (b). 1

If %(x, y) is a rectangle, n(x, y) will denote the associated non-split short
exact sequence given in Proposition 1.2. Otherwise, n(x, y) will denote the
split short exact sequence 0 - x — x LI y — y — 0. In the following state-
ment, we describe pushouts and pullbacks involving short exact sequences
given by rectangles.
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PROPOSITION 1.5.  Suppose R(x,y) is a rectangle, and z is a vertex in
F(x, y) which is not projective-injective. Then we have a commutative di-
agram with exact rows

n(x,z): 0 X u z 0
n(x,y): 0 X v y 0
n(z,y): 0 z w y 0

Proof.  The embedding of &(x, z) and %(z, y) in the rectangle %(x, y)
is shown in the diagram

Va N
w1 /‘
2N
NS \
) R(z,z) z R(zy) y
g 2N
e
e N A
NN
N R(z.y)
.\ N

v2

By Lemma 1.1(a), we have a short exact sequence 0 — u; Hu, — z v, I
v, g — y — 0, where g is the direct sum of the non-uniserial projective—
injective vertices in the image of %(x, y)\%(x, z). By viewing this exact
sequence as a pullback diagram, we obtain the given pullback. The pushout
diagram is obtained similarly. 1

We now turn our attention to determining a basis for Ext{(y, x) for
m > 0. For this we define %(x,,,...,x,) to be the full subquiver of



618 PETER BROWN

I'y whose vertices lie on a path from x,, to x, passing consecutively

through the vertices x,,, x,,,_1, ..., X1, X If %(x;, x;,_;) is a rectangle for
each i = 1,...,m, %(x,,,...,xy) will be called a rectangular m-chain.
A rectangular m-chain %(x,,, ..., xy) with the property that no rectan-

gle R(x;,x;_1) is a proper subquiver of a rectangle %(x’, x;_;) will be
called a left maximal rectangular m-chain. To each rectangular m-chain

R(xp, - -+ » Xg), there is an associated exact sequence n(x,,, ..., Xy) wWhich
is defined to be the Yoneda product n(x,,, x,,_1) - (x5, x1)n(xq, Xg).
Thus n(x,,,...,xy) represents an element of Ext}(xg, x,). We have

the following connection between left maximal rectangular m-chains and
projective resolutions.

PROPOSITION 1.6. Let y be in ind A. An indecomposable A module x is a
summand of O™y if and only if there exists a left maximal rectangular chain
R(Xpyy -+ Xg) With X, = x and xq = y.

Proof. Let x be an indecomposable summand of )™y. We proceed by
induction on m. If m = 1, there exists a pushout diagram

0 Qly Fy y 0
X Yo y

where the lower sequence is non-split. By Proposition 1.4(c), %(x, y) is a
rectangle. Suppose %(x’, y) is a rectangle containing %#(x, y). We would
then have the commutative diagram with exact rows

0 Qly Py y 0

n(x',y): 0 x' Yo y 0
S
n(x,y): 0 x Yo y

where the lower two rows are given by Proposition 1.5. By composing the

vertical maps, we obtain a pushout along the map Q'y @ X, SO by unique-
ness of pushouts, Ba is a splittable epimorphism. Since x and x’ are inde-
composable, it follows that g is an isomorphism, therefore %(x, y) is left
maximal.

Now assume that x is an indecomposable summand of ()y. There exists
an indecomposable summand x,,_; of Q"1y such that Ext} (x,,_, x) # 0,
so %R(x,x,_q1) is a rectangle by Proposition 1.4(c). By the induc-
tion hypothesis, there exists a left maximal rectangular (m — 1)-chain
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R(Xp_1,---» X1, y). Thus, we have the commutative diagram with exact
rows

0—— Q" 1y Pr_s Py y 0
\ Txm—1 \ H (*)
N(Xp15---5): 0 Xm-1 Ym-2 ce Yo y 0

Consider the commutative diagram with exact rows

0 Qmy Pt Qrty 0
0 X Voot Qn-ly 0 (**)
‘ \ e
n(x, x,,_1): 0 x Ym-1 Xm-1 0

By uniqueness of pushouts, « is a splittable epimorphism. By composing
the vertical maps in (xx) and splicing with (x) we obtain the commutative
diagram with exact rows

0 Qmy Pr1 e Py y 0
n(x, Xy g5 -5 ) 0 x Y1 e Yo y

To show that %#(x, x,,_q,...,y) is a left maximal rectangular m-chain, it
suffices to show that %(x, x,,_;) is left maximal. If we had a rectangle
R(x', x,,_1) containing R(x, x,,_1), we would have the commutative dia-
gram with exact rows

0 Qmy Py Qn-ly 0
n(x,x,1): 0 x' Ym-1 Xm—1 0
(%, X,,_1): 0 x V-1 Xm-1 0

By composing the vertical arrows and splicing the resulting diagram with
(%), we obtain the commutative diagram with exact rows

0 Qmy D1 e P y 0
‘ ” \ H
n(X, X5 -5 ¥): 0 x V-1 e Yo y 0

By uniqueness, po is a splittable epimorphism, so again x is isomorphic to
x" and %(x, x,,_,) is left maximal.
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Now suppose %(x, y) is a left maximal rectangle. We have the commu-
tative diagram with exact rows

0 Qly Fy y 0
n(x,y): 0 x Yo y

Thus, there exists an indecomposable summand x’ of Q!y such that
Hom, (x', x) is non-zero. Furthermore, Ext}(y, x') is also non-zero. Thus,
F(x',y) is a rectangle containing x, so by maximality, x = x’, and x is
therefore a summand of Q'y.

Now suppose Z(x,,,...,y) is a left maximal rectangular m-chain. We
have the commutative diagram with exact rows

0 Qmy D1 Py y 0

-] |

N( Xy -5 ¥): 0 Xm Ym-1 Yo y 0

Thus there exists some indecomposable summand x’ of "y such that
Hom,(x’, x,,) is non-zero. By the induction hypothesis, x,,_, is a summand
of Q"~1y. Thus, Ext}(x,, 1, X') is non-zero, and #(x/, x,,_,) is a rectangle
containing x,,. By maximality, x,, = x'; hence x,, is a summand of Q"y. 1

We have the following corollary.

CorOLLARY 1.7. O"y = [y, ....y) Xm> Where the sum runs over a com-
plete collection of left maximal rectangular m-chains.

Proof. For m =1, the statement follows from Proposition 1.6, since for
each summand x of Qly, there is a unique maximal rectangle %(x, y). For
m>1,Q0"y = 0" y) = Oy, ...y Xm-1), Where the sum is taken
over a complete collection of left maximal rectangular (m — 1)-chains. 1

Now we may describe a basis for Ext}(y, x), where x and y are in ind A.

THEOREM 1.8. Let RY, be the collection of all exact sequences
N(Xyp, .., Xg) Such that R(x,,,...,xq) is a rectangular m-chain with
the properties that x,, = x, xo = y, and R(x,,_q, ..., Xg) is left maximal.
Then R, is a k-basis for EXt{(y, x).

Proof. By dimension shifting and the fact that Ext is additive in all di-
mensions we have

Exty(y x) TExty(Q" 1y, x) =[] Exti(x,_ g, x),

R(Xpp_15-+>%0)
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where the sum is taken over a complete collection of left maximal rectan-

gular (m — 1)-chains. It follows that {n(x,,, X,,_1) | 1(Xm, Xp_15 -+, Xg) €
%y, } forms a basis for the left hand side. We show that the image of this
ba5|s in Ext}{(y, x) under the above isomorphism is %7, If n(x,,, ..., xo) is

in %', the inclusion of the exact sequence n(x,,, x,,_ l) in ExtA(Qm 1y, x)
is glven by the pullback diagram

0 x u Qnly ——0
Py
N(Xps Xpo1): 0 X v Xm—1 -0

By composing this diagram with the commutative diagram for
n(x,,_1,-..,%) given in Proposition 1.6(b), we obtain the commuta-
tive diagram with exact rows

0 x u Prn_a s Py y 0
‘ - 1 - o H
N(Xps -5 %) 0 X v Ym-2 R y

The image of n(x,,, x,,_;) in Exty'(y, x) is the top sequence, which is then
congruent to n(x,,, ..., Xg).

We conclude the section by showing that any long exact sequence given by
an arbitrary rectangular m-chain is either zero or congruent to a sequence
in some %Y.

LEmMMA 1.9. Let %(v,,, ..., V) be a rectangular m-chain. If there is an
exact sequence M(X,,, ..., Xg) in RY, such that x = x,,, = v, y = Xo = vy,
and v; is in R(x;, 7x;_q) for all i = 1,...,m —1, then n(v,,, ..., V) is
congruent to n(x,,, ..., Xgy). Otherwise, n(v,,, ..., vy) is zero.

Proof. If v; is in R(x;, 7x;_;) for every i, then we have by Proposition
1.5 that n(viq, v;)f; = fizim(xi41, x;), Tor each i, where right (respectively,
left) multiplication of an exact sequence by a morphism indicates its pull-
back (respectively, pushout) along that morphism. By the definition of the
congruence relation for exact sequences in [19] (which will be denoted be-
low by =), and by induction, the sequences are congruent. Now assume
that n(v,,, ..., vp) is non-zero. We construct an element of &Y', which is
congruent to n(vm,.. ,00). If m > 0 and %(vq, vy) is not maximal, we
would like to extend it to a left maximal rectangle %(x,, xy) where x; is in
P (vy, v1) and x, = vy. We observe that such an x; cannot lie on a sectional
path starting at v,, for, if that were the case, we would have the following
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rectangles:
.(uh).
n
2 7 N
7 N / pY
v / pY
e N A p
/‘ v vo
v2 /‘ \ }
h e N /
hY - hY /
N AV
(22) ) y2
(w2)

By Proposition 1.5, there is a morphism v, A y; such that n(vy, vy) =
1n(v,, y1)h, and n(y;, vy) = hn(vy, vg). Therefore,

n(vz, v)N(v1, Vo) = [(v2, y1)h]n(v1, vo)
= (v, y1)[An(v1, vp)]
= ’fl(vz’ Y1)TI(Y1’ vO)
=0

since J(y;, vp) Is a sectional path, so this contradicts the assumption that
NV, - -5 V) Z 0.

Any two rectangles whose left endpoints are in %(v,, v;) are contained
in another rectangle with left endpoint in %(v,, v;). Therefore, the union
of all rectangles of the form R(x, xy) with x in %(v,, vy) is a rectangle
(x4, x9) Where xq is in (7~ v,, v1), and since (v, vy) is a rectangle, v;
is contained in R(xq, xq).

Now assume that we have a left maximal rectangular chain
R(X;_1,...,%1,Xp) such that v, is contained in %(x;,7x;_,) for
i=1,...,j-1 Then x;_, is contained in %(v;,v;_1), and R(vj, x;_1)
is a rectangle. If j = m, we are done. Otherwise, as above, there is
xj in %A(77vj;q,v;) such that %(x;, x;_;) is maximal. By construction,
R(X,y_15 - -+, Xg) IS left maximal, and v; is in R(x;, 7x;_,) for all i. By the
above, n(v,,, ..., vy) is congruent to n(x,,, ..., xy). 1
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2. THE EXT-ALGEBRA

In this section, A will be a basic, connected, representation-finite, biserial
finite-dimensional algebra over an algebraically closed field k. We use the
results of Section 1, along with covering techniques to obtain a basis for
Ext{ (N, S), where S and N are indecomposable A-modules, S is simple, and
m > 0. A multiplicative basis for the Ext-algebra E(A) is then described,
along with the bound quiver of E(A).

Let I', be the Auslander-Reiten quiver of A, and let T', = I’y be the
universal cover. By Theorem 2.9 in [11], T, = I';, where A, the universal
cover of A, is locally representation-finite, locally finite dimensional, and
simply connected and satisfies ,8(]\) < 2. Since A is simply connected, it is
standard. By [21, Theorem 2], A is also standard. Also by [11, Sect. 3.1],
the covering map = induces a functor F on mesh categories, so we have
the composite

ind A 5 kT, /ity - kT'y/m, = ind A.

The image of of an indecomposable A module x under the above compo-
sition is 7x, and the image of an irreducible morphism associated with an
arrow x — y in I is an irreducible morphism 7x — ry. Since A and A are
standard, we will assume that there are irreducible morphisms associated
with the arrows in their Auslander—Reiten quivers such that compositions
of these irreducible morphisms satisfy the mesh relations. It then follows
[11, Sect. 3.1], that F is a covering functor, that is, for each fixed x in ind A,
where 7x = M, there is an isomorphism

[ Homj;(y, x) = Hom,(N, M).
yem IN

Using this isomorphism, we obtain the following isomorphism of Ext
spaces.

LEMMA 2.1. Let S be a simple A-module, and let x be in ind A such
that S = mx. Then for every N in ind A and every m > 0, F induces an
isomorphism

[I Ext?(y,x) > EXt}(N,S).
yemIN

Proof. Since S is a simple A-module, it follows that Ext{(N,S) =
Hom, (YN, §). A similar isomorphism holds for x since it is a simple
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A-module, thus
Ext{(N, S) = Hom, (Q™N, S)
= J] Homz(Q™y,x)

yem IN
= [ Ext¥(x).
yem IN
|
If n(x,,.-5%):0 > x >y, 4 —> -+ —=>y >y —>y—>0Is
an exact sequence in Extf'(y, x) associated with a rectangular m-chain
R(x,,, ..., Xp), then its image under the above isomorphism is an exact
sequence in Ext¥(N, M) of the foom 0 - S - Y, —» -+ > Y, —
Yy > N — 0, where mx = §, my = N, and wy;, = Y We will denote
this sequence also by n(x,,, ..., xg), which is consistent with our previous

notation since in the simply connected case, = is the identity. By the iso-
morphism in Lemma 2.1, a basis for Ext} (X, S) is given by the image of
the union of Ry where x is a fixed indecomposable A-module such that
mx =S and y is in 7—1N. We now describe this basis.

PROPOSITION 2.2.  Let S and N be indecomposable A-modules, where S is
simple, and let x be in ind A such that wx = S. Let €5’y be the collection of

all exact sequences n(x,,, ..., xg) such that #(x,,, ..., Xy) is a rectangular
m-chain in Iy with x,, = x, mxy = N, and such that R(x,,_q,...,Xy) Is a

left maximal rectangular chain. Then €3’y is a k-basis for EXt{(N, S).

Remark. If A is self-injective, then Ext}(N, M) = Hom, ("N, M), for
all pairs of indecomposable A-modules M and N (without the assumption
that one of the modules is simple). Using this isomorphism, we can show
that €y v is a k-basis for Ext{(N, M) for all pairs of indecomposable A-
modules M, N. For this, we need to observe that the isomorphism for Hom
induced by the covering functor in turn induces an isomorphism for Hom.
This is clear, since the covering functor maps projectives to projectives.
Now using the fact that the universal cover A is also self-injective, we get

Ext{(N, M) = Hom, (Q"N, M)

= ]I Homz(Q"y,x)
yem IN

= ] Ext?(3x)

yem IN

where 77x = M, so the isomorphism in Lemma 2.1 holds for all pairs of in-
decomposable A-modules. It follows that €y;  is a k-basis for Ext}'(N, M)
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when A is self-injective (in [10], Bleher and Chinburg give a method for
computing Ext groups of Brauer tree algebras (which are self-injective) us-
ing Auslander—Reiten quivers).

Let S;,...,S, be a complete collection of non-isomorphic simple A-
modules. Let %S s, be a basis for Hom, (S;, §;). A basis for the Ext-algebra
E(A) = =0 ExtA (A/r, A/r) = 1so, 1<i,j<n Ext{ (S, J) can now be de-
scribed.

THEOREM 2.3. € = U,20,1<i,j<n €5, 5, is a multiplicative basis for E(A).

Proof. € is a basis by the above decomposition. If n(v,, ..., v,) and
n(w,, ..., wy) are in € and their product is non-zero, then v, = w,, and
(Vg5 - V)W, ..o, W) = N(Vys + oo V3, Wy, ..., Wo). By Lemma 1.9,
N(vy, ..., V1, Wy, ..., wp) IS CONGruent to an element of €¢; C €, where

S = mv, and T = 7rw0 Therefore,  is a multiplicative basis for E(A). 1

We would now like to describe the bound quiver of E(A). We say that an
element n of € is of degree m if it is contained in ‘€5’ ¢ for some i, j. Since
%€ is a basis, there exists a uniqgue minimal subset of € which generates
E(A). These minimal generators can be partitioned into the disjoint union
€y U €;, where the elements of €, have degree 0, and the elements of %;
have positive degree. The elements of €, can be identified with the vertex
set Q, of the quiver Q of A. Now we have the following description of the
quiver of E(A).

PROPOSITION 2.4. Let A be the quiver with vertices Ay = Qq and ar-
rows Ay = {x, |n € €1}, such that if m is in € g, then x, is the arrow
9]

je el IO i. Let kA be the path algebra of A, and let .7 be the ideal of kA
with generators

(1) Xyt Xy s where M,M,_1---n1 =0,
(2) xg xy —xgexg where mym, g oom =L, 00
Then E(A) = kA/.7.
Proof.  Since the vertices and arrows of A correspond to minimal gen-

erators of E(A), we have an epimorphism kA 2 E(A), where the image
of a path x,, - X, in A under & is the congruence class of the exact se-
quence m,m,_1--- M. By Lemma 1.9, such a sequence is either zero or
congruent to some element of €. The generators of .7 are clearly in ker ®.
If aypy + -+ aypy is in ker ®, where a4, ..., a; € k are not all zero and
P1, .- -, py are paths in A, then using the fact that the image of each p; is ei-
ther zero or an element of the basis ¢, we conclude that a;p; + - - - + ayp

is in .7, which completes the proof. 1
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Remark. The Ext-algebra of a representation-finite biserial algebra need
not be biserial, even if it is representation-finite. For example, let A be given
by the bound quiver

Q

[ ] —> [ ]

<! I®
°

1 2 4

with relations Ba = ya = 0. By Theorem 2.2 in [17], E(A) is given by
the same quiver, but without the relations, so E(A) is representation-finite
hereditary, but not biserial.

ExampLE. Let Q be the quiver

TR

Let I be the ideal of kQ generated by the relations ay = 68 = 0, and
Ba = y8. Then A = kQ/I is representation-finite special biserial. In fact,
A is a Brauer quiver algebra. The Auslander—Reiten quiver T, is

3
2

N

: > 1
AN AN N
123 2 123 - L o 123
S I VS

2 1 3

1 2

NS

b

where identification is made along the dotted lines, and indecomposable
modules are represented by their Loewy series. We now use the above re-
sults to determine a presentation of the Ext-algebra of A as a bound quiver
algebra (a numerical algorithm for determining the minimal generators of
the Ext-algebra of a Brauer quiver has been developed by Chasen [12]).
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We have the left maximal rectangular chains

where simple modules contained in the rectangles are shown. Elements
of € can be read from the chains by starting at a simple module inside
a rectangle and continuing left to right with modules at the vertices of
the rectangles. For example, in the first sequence, we have the sequence
(S, 5,85, 5, 2. 1), which is an element of Ext3(S;, S;). Since each simple
module is a syzygy of itself, the exact sequences obtained from the above
chains, and their products will span E(A).

To determine minimal generators, we observe first that n(S;, f,Sl) =
1n(S3, S2)n(S,, S;) by Lemma 1.9. Similarly, all other 2-fold extensions are
Yoneda products of short exact sequences. However, n(S;, g f S;) can-
not be expressed as the product of extensions of smaller degree, so it is
a minimal generator. The other minimal generators are 1(S,, 55, 5, S2),
(S, ; é S3), and the generators corresponding to vertices and arrows of
Q. Thus the quiver of E(A) is

The arrows vy, ; correspond to the minimal generators in Extf’\(Sj,Si),
and the arrows «; ; correspond to the minimal generators in Ext}x(Sj, Si).
Since Ext3(S;,S;) = Exti(S;,S3) = 0, we get the relations Q10001 =
azpap 3 = 0. But since n(Sy, $1,5,) = 1(S2, 83, 8;) = n(Sz, 5, S2), we
have the commutativity relation «, ;o , = @, 303 ,. The other relations are
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Y1,3032 = &12Y22, V31%12 = 0‘3,231’2,22’ and vy, ,a; 1 2= ?%,373,1- For exam-
ple, by Lemma 1.9, n(S2, S1)n(S1, 5, 5-83) = 1(S2, 135 5 » S2)1(S2, S3), S0

Y1,3%2,1 = &2372,2-
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