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1. Introduction

Let K be a field with positive characteristic p and let G be a finite group with order divisible
by p. The Green ring RSk (G) of G over K is a ring formed from isomorphism classes of the finite-
dimensional KG-modules, with addition and multiplication coming from direct sums and their tensor
products, respectively. If K is algebraically closed and the Sylow p-subgroups of G are cyclic, then
the ring structure of RSk (G) is theoretically approachable [6]. Even in cases of finite cyclic p-groups,
however, the A-structure of RSk (G) induced from exterior powers is far from being approachable.
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Most obstructions to studies of the A-structure of RSk (G) are caused by the fact that RSk (G) is not
a A-ring. Hence it would be quite natural to search for the smallest A-ideal I such that the quotient
ring RSk (G)/I is a A-ring. In 1987, Kouwenhoven settled this problem for the case in which G is
a cyclic group of order p for each prime p [9]. Furthermore, he proposed a challenging conjecture
for the case in which G is a cyclic group of order p* (k > 2). Throughout this paper, the Green ring
is simply denoted by RS(p¥) if K is a field of order p and G is a cyclic group of order p*. It is
well known that RS(p) is a free Z-module with basis {V,: 1 <n < p*}, where V,, := K[X]/(X — D"
Against this background, Kouwenhoven'’s conjecture is stated as follows.

Conjecture. (See [9].) For every prime p, let g = p* for k > 2 and let Iq be the ideal generated by Vi —
Vpi_y — Vi for 1 <i<k. Then Iq is closed for the exterzor powers and RS(q) /14 is equipped with the X- rmg
structure for the induced exterior powers.

It was recently shown that the above conjecture is true when p = 2, but false when p =3 [10].
We show here that it is false for every odd prime p. In brief, our strategy is to compute
wf(vpﬂ) (mod Ig) in two different ways. The first is to express 1/f§’(Vp+1) as a linear combina-
tion of indecomposable modules using Newton’s formula (for a precise description, see Theorem 4.3).
It should be noted that this method is applicable since the explicit decomposition of S"(V,,1) can
be obtained by virtue of the elegant theorem of Shank and Wehlau [11, Theorem 1.3]. The sec-
ond way is to compute wg(vpﬂ) from wﬁ(vpz_(pﬂ)) modulo ZV > using the result reported by
Bryant and Johnson [5, Theorem 6.2]. Under the validity of the conjecture, I/Jﬁ(vpz,wﬂ)) is equal
to Yh(V2) — ¥A (Vi) (mod I,2). Since ¥ (V2) = pV), and ¢4 (V1) is computable by virtue of
another result presented by Bryant and Johnson [4, Theorem 4.7], the value of wg(vpﬂ) (mod 1)
is also computable (Lemma 4.1). Finally, by comparing the results thus obtained, we derive a contra-
diction.

The remainder of the paper is organized as follows. Section 2 recollects the notations and theorems
required to develop our arguments. Section 3 describes the explicit decomposition of S"(V,41) into
a direct sum of indecomposable modules for each positive integer n. The final section shows that
Kouwenhoven'’s conjecture does not always hold.

2. Preliminaries

This paper is a sequel to a previous study [10]. To avoid confusion and ambiguity, we adopt all the
previous definitions and notation without change. We also introduce further notation and theorems
required to develop our argument.

Let K be a field, G a finite group, and RSk (G) the Green ring of G over K. In the case in which
K is a field of order p and G is a cyclic group of order p¥ for a positive integer k, we denote RSk (G)
by RS(p*) throughout the paper. For any KG-module V, let V denote the corresponding element of
RSk (G). It is well known that RS(p¥) is a free Z-module that has a Z-basis consisting of p¥ inde-
composable modules V1, Vs, ..., Vpk satisfying dim V,; =n for each 1 <n < pk. Conventionally, Vg is

defined by the zero element in RS(p*).

The most significant pre-A-ring structures of RSk (G) come from the exterior powers A™ and the
symmetric powers S" (n=0,1,2...), respectively. For each positive integer n and for all x € RSk (G),
we define ¥ (x) and ¥{(x) as follows.

2}1>W“uw ‘“%Amx

Zwmmﬂ~dm&m



S.-Y. Nam, Y.-T. Oh / Journal of Algebra 368 (2012) 75-91 77
where

A =1+ AW+ 2@ + -,
Se(x) =1+ STt + S22+ ---.
We can easily show that ¥} (x), ¥¢(x) € RSk (G) and
YR+ ) =vR) +vi(), US(X+y) =Yg + ¥5(y)
for all positive integers n and all x, y € RSk (G). Hence, we have the Z-linear functions
Y, ¥ : RSk (G) — RSk (G),

which are called the nth Adams operations on RSk (G). From the definition of Adams operations, we
can derive Newton’s formula for ¢ and y{ (n >1):

n—1 n—-1
DDA = (=1)"A" and ) yETiS=ns", Vn>1. (2.1)
i=0 i=0

These formulae imply that each ¥ and /¢ can be expressed as a polynomial in Aland ST (1<i<n),
respectively, with integer coefficients. As a consequence, if I is invariant under A" (S™) for all n > 1,
then it is also invariant under '} (¥¢) for all n > 1. In studies of the A-structure of RSk (G), Adams
operations are useful because they contain much information about A-operations and are easier to
deal with than A-operations because of their additivity. In particular, Bryant showed that ¥ and ¢
behave well provided n is not divisible by the characteristic of K [3].

Theorem 2.1. (See [3].) For every positive integer n that is not divisible by the characteristic of a field K, we
have ¥ = ¢ and each of these maps is a ring endomorphism of RSk (G). Furthermore, under the composition
of maps we have

Yaova=vi',  Ysovs =yg"
for all positive integers m.

For a KG-module V, let Py denote the projective cover of V. It is uniquely determined up to
isomorphism and the value of the Heller operation £ at V is defined as the kernel of the map
Py — V so that the short sequence

0—-2(V)—>Py—>V->0

is exact [2]. Then we can have a Z-linear function on RSk (G) by extending §2 by linearity. We define
20 as the identity map and £2" the map obtained by composing 2 n times for each positive inte-
ger n. In the case in which K =T, and G is a cyclic group of order Pk, Vi is the only projective
indecomposable KG-module and V «_, is the Heller translate of V, in RS(p¥).

For any positive integer n not divisible by p, let y(n) denote the unique integer satisfying the con-
ditions 1<y(m) <p—1and n=y®) (or, —y(n)) (mod 2p) and set y(0) to 0. For me {0, ..., k—1}
and i € {1,..., p — 1}, we define a Z-linear map 6jym : RS(p™) — RS(p™*1) so that

Qipm (V)= Vip"‘+r - Vipm -r
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forr=1,..., p™. In particular, 6 is defined as the identity map on RS(p™). The following propositions
are useful for computation of the value of Adams operations.

Proposition 2.2. (See [4,5].) Let k be a positive integer. Then we have the following.

(a) Letm €{0, ..., k— 1} and let n be a positive integer not divisible by p. Let s be a positive integer satisfying
p™ < s < p™t1 and write s = sop™ + 51, where 1 <so < p — 1 and 1 < s; < p™. Then

VAV = 3 Opampn (WAVsD) + D Byampm (WA(Vpms).

i€{0,....s0} i€{0,...,s0}
i=sg (mod 2) i#sg (mod 2)

(b) Let q = pX. Then for each positive integer n, the nth Adams operations Y and ¢ on RS(q) satisfy the
relation

YE(Vs) = (1" 2" (Y4 (Vg-s)) + (1, @) Vjmq) (mod ZVy),

whereq/p <s<q.
Proposition 2.3. (See [4,5].) Let k be a positive integer. Then we have the following.

(@) For 0<i<k—1, xivh(x) = lef\_](xi) holds, where x; denotes the ith generator of RS(p), i.e.,
Vi1 — Vpi_g

(b) Let q be a power of an odd prime. Then for each positive integer n, ¥ (Vq) = (n, @) Vq/(n,q) holds.

(c) For all positive integers n not divisible by p and 1 <m <k,

me_] ifn is odd,
Vpm — V1 ifniseven.

00|

The following proposition presents the rules necessary for multiplication of RS(q) through decom-
position of the tensor product of two indecomposable modules.

Proposition 2.4. (See [8,9].) Suppose that p is prime and q = p¥, where k is a positive integer.
(a) For 0 < n < gq, we have

Vi1 + Vg1 ifpin,

VoV, =
2o {2vn ifpn.

(b) Let m and n be positive integers such that m < n < pq. We write n = noq + n; and m = moq + my with
0<mq,n <q—1.Suppose Vy, Vi, = Zsasvs. Ifm+n < pq, then

mo q—1
VaVin =YY as(Vngrmo+2-20)q+s + Vg +mo+2-20)g—5)
i=1 s=1
q—1 mo
+ Zas V(no—mo)q+s +|n1 +mq —q| Z V(n0+mo+1—2i)q
s=1 i=1

mo

+1m1 =111 ) Vg mo+2-20)q + Max(0,my + 11 — Vg mo+1)g
i=1

+ max(0, m1; — 1)V my—mg)q-
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Ifm+n > pq, then

VaVimn =Vpg—nVpg—m + (m+m — pq)Vpq.
It has been shown that there exists a ring isomorphism, say ¢ : RS(p)®* — RS(q), defined by [1,7]

ith
~= .
19 ®1® Va ®1®--- @1 Vypin — Vo1 + Vi (1<i<k).

Contrary to the simplicity of the ring structure, the A-structure of RS(q) is extremely complicated.
Indeed RS(p¥) (k > 1) is not a A-ring for the A-operations coming from the exterior powers. We define
I, as the ideal of RS(p) generated by V, — V;,_1 — V1. In 1987, Kouwenhoven showed that RS(p)/I,
is the largest Z-torsion free quotient of RS(p) that is a A-ring for the induced exterior powers [9]. He
also showed that ¢ induces a ring isomorphism

- ®k — _
@: (RS(D)/Ip)™" = RS(@Q)/lg, X ®X%® - @K+ PX1 ®X2 @ -+ D X)),

where Iq is the ideal generated by Vi — V,i_; — Vy for all i with 1 <i <k. Here, bar notation is used
to denote a coset. However, if there is no danger of confusion, this will be omitted for simplicity.
Motivated by this observation, he proposed the following conjecture on the A-structure of RS(q)/Iq
when k > 2.

Conjecture 2.5. (See [9].) For every prime p, let q = p* with k > 2 and let Iq be the ideal generated by
Vi = Vpiog — Vi for1<i gNk. The exterior powers induce operations on RS(q) /14 and the induced ring iso-
morphism ¢ : (RS(p)/Ip)®" = RS(q)/lq commutes with the A-operations. In particular, RS(q)/Iq is a A-ring.

We recently presented a partial result for Conjecture 2.5 [10]: we showed that it is true when
p =2, but false when p = 3. The main goal of the present paper is to show that I is not closed for
the exterior powers if p is an odd prime and k > 2.

We finish this section by providing a Z-basis of RS(q)/I4, which plays a key role in the final step
in disproving Conjecture 2.5.

Let
p—1 .
A:=1(@aq,...,a¢-1): 0<a; < > forall1 <i<k—-13%.
For any (k — 1)-tuple (a1, ...,ax_1) € A, we define sum(ay,...,ax_1) as
>
1<m<k—1

Proposition 2.6. (See [10].) Let k be a positive integer and let g = p¥. Then the set

{Vsum@@,....ar_p+it @1, ..., a1 €A, j=1,3,...,p}

is a Z-basis of RS(q)/I4.
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3. Symmetric powers of V¢

In this section, we decompose S"(Vp41) into a direct sum of indecomposable modules for each
positive integer n. It should be noted that Shank and Wehlau have already succeeded in decompos-
ing S"(Vp41) into a direct sum of indecomposable modules (Theorem 3.4) [11]. Their decomposition,
however, is up to induced modules. Here we calculate the multiplicity of each induced module ap-
pearing in the decomposition of S"(V 1) precisely.

We first provide two results on the decomposition of symmetric powers.

Proposition 3.1. (See [1].)

(a) S"(Vy) =V foro<r<p-—1.
(b) S"(Vpm_¢) = ST/P(VPWH) @ free forr =0 (mod p) and t in the range 0 <t < p — 1.

Lemma 3.2. For any non-negative integer s and 0 <r < p — 1, we have

SPH (V) = Vi @5V, (3.1)

Proof. If r = 0, then S*P(V;) = SS(V;) @ free, which follows from Proposition 3.1(b), and this holds
for all prime p. Comparing the dimension of either side of (3.1) immediately yields the desired re-
sult. Thus, r is assumed to be positive hereafter. To accomplish our purpose, we use mathematical
induction on sp +r. Note that S(V,) = V5. Suppose that the decomposition of S¥(V) satisfies our
assertion for all k < sp 4+ r, where sp +r > 1. Since sp + r is not divisible by p, in this case we have

Sp+r

D (=DIA VST (V) =0 (32)
i=0

in RS(p). Thus,
SSP+F(V2) _ v255p+r—1 (VZ) + SSP+F—2(V2) —=0.
If p # 2, the induction hypothesis implies that
0= S (Va) — Vo(Vr +5Vp) + SPH2(V3)
[SSPJ”(VZ)—Vz—Zsz—i-Vp—l—(s—l)Vp ifr=1,
| SPH(Vy) = Vgt — Veog — 25V 4 Vi 45V, otherwise

{SSerr(Vz)—Vz—SVp ifr=1,
- SPH (V) — Vg1 — sVp otherwise.

The second equality follows from Proposition 2.4(a). Conversely, if p =2, we have
0=SPH (V) — Va(Vy +5V2) + SEDPH (V)

= SPt(Vy) — Vo — 25V5 45V,
=SPH(Vy) — (s + V2.

This completes the proof. O
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Remark 3.3. For any KG-module V, consider the following exact sequence:

0> AYV) > AT TSI (V) > .. > AN (V) @ S (V) —» s V) — 0.

It is well known that the above exact sequence splits whenever d is invertible, and hence Eq. (3.2)
follows [1, Theorem 2.3].

Next we introduce a result due to Shank and Wehlau on the decomposition of S"(V,41) into
a direct sum of indecomposable modules [11]. We first review the notation required. Let G be a finite
group and let H be a subgroup of G. For any KG-module V, let Resy(V) denote the KH-module
obtained from V by restriction. Since restriction commutes with direct sums and tensor products, we
can extend Resy to a ring homomorphism from RSk (G) to RSk (H). Furthermore, it is well known that
Resy commutes with the exterior powers and symmetric powers. Conversely, for any KH-module W
let IndG(W) denote the KG-module obtained from W by induction. Since induction commutes with
direct sums, Ind® can also be extended to a Z-linear map from RSk (H) to RSk (G). A KG-module is
said to be induced if it is induced from a KH-module for some subgroup H of G and an element of
RSk (G) is said to be induced if it is a Z-linear combination of induced modules. Now assume that K
is a field of characteristic p, G is a cyclic group of order p¥, and H is the unique subgroup of index p
in G. Then we have

Resy(Vs) =51 Vsyp1 + (p —51) Vs, (3.3)

where s =sgp+s; with 0<s;<p—1and, forr=1,..., p*k 1,

Ind®(Vy) = V.

It is not difficult to show that V, is induced from a module of a proper subgroup of G if and only
if r is divisible by p. Hereafter, we write Res for Resy, the restriction map (3.3), for simplicity. The
following theorem is key in the proof of our main result.

Theorem 3.4. (See [11].) Let K be a field of characteristic p, let G be a cyclic group of order p? and let d be
any non-negative integer. In the decomposition of S™(V 1) into a direct sum of indecomposable KG-modules,
there is at most one indecomposable summand V. that is not induced from a representation of a proper sub-
group. In particular, writing n = ap® + bp + ¢, where 0 < b, c < p — 1, S™(Vp41) is an induced module when
b = p — 1 and there is exactly one non-induced indecomposable summand when b < p — 2 that is isomorphic
to Veptbt1-

Note that

St(Res(Vp41)) = Se((p — DV1 + V2)
=(14t4+2+4-)" 7 (145" Wt + S (V)2 +--2).

Thus, the coefficient of t" in S;(Res(Vp1)) is given by

SM(V2) + ((p N 1))5"*1<vz) Tt ((’; B :))5](V2) + ((" - 1)) vie G4

where the notation ((z)) denotes the number of k-multicombinations (or k-combinations with rep-

(n+k71

etitions) of an n-element set. Note that ((;)) = ("",”"). To apply Lemma 3.2, we write the above

summation as
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c+1 p—l ap+b—2p—1 p_] 12 "
n—j n—(c+2+pi+j
3{(() ORI SN L2

j=0 i=0 j=0
p—2 p—1
+ ] gh=m+2=p+j) (y , 35
2z p ) @)

where n=ap? +bp + ¢ with 0 <b, ¢ < p — 1. Using the convention that ((})) is zero when k is a neg-
ative integer, in view of Lemma 3.2, we can write the summation in Eq. (3.5) as a linear combination

p
> vy
k=1
of Vq,..., Vp, where
c(k)—agjb p-1 1<k< 1
- = \e+1—k+ip))T sP
and
Y@ +b - Y0 () ifc#£p—1
C(p) _ p c+1—j+ip p ’ (3 6)
= , . .
Za“ (ap—i—b—l)z ((c+1 ]+lp))+ap+b+1 ifc=p—1.
Moreover, for 0 <c<p—1and 0<j<p—1, it is easy to show that ((._f~ 11 p)) =0 unless

c=p-—1and j=0. Thus, two cases in Eq. (3.6) can be merged as
ap+b p—1
c(p)= ap+b—i
(p)= ,;(p )Z<<c+1—1+lp)>

Next, we recall the identity

S™(Res(Vp11)) = Res(S"(Vp11)),

which follows from the fact that the restriction map commutes with symmetric power. Using Theo-
rem 3.4, we can derive

Vepib1 +n(DVp +cn(2)Vap + -+ +Cn(P)Vp2 ifb<p

. 3.7
n(DVp +cn(2)Vop + - +cn(p)V 2 ifb=p-—1, (3-7)

S"(Vp41) = {
for some non-negative integers ¢, (i) (1 <i < p). To Eq. (3.7) we apply the formulae

Res(Vepspi1) = (0 —b — DVe + (b + DVery

and

Res(Vip) = pVi
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and then compare the coefficient of V; on either side of S"(Res(Vp.1)) =Res(S"(V41)). This enables
us to derive the explicit decomposition of S"(V 1) into indecomposables.

Theorem 3.5. Writing n = ap® + bp 4+ c with 0 < b, c < p — 1, we have
P
S"(Vp1) = (1 =8 p-1)Vepabr1 + Y cn(k) Vi,
k=1
whereif b= p — 1, then

Z?i-(i)_b ((c+1p_1c1+ip)) fr<k<p-1,

pen(k) ==
S @p b —i) ¥ ((c+1 _Jl+zp)) ifk=p

and if b # p — 1, then

ST () f1<k<p—1 k#cc+1,
YE () —p+b+1 ifk=c,

pen(l) = 1 (P, ) —b—1 ifk=c+1, k#p.
Z?f“;(aijb—l)Z (((lfl); ) —b=1 ifk=c+1, k=p,
ST ap+b -0 () ifk#c+1, k=p.

Example 3.6. Let p = 5. According to Theorem 3.5, the first ten S"(Vg) value (1 <n < 10) are decom-
posed into indecomposable modules in the following fashion.

S'(Ve) Ve

S2(Ve) Vi1 ©2Vs

S3(Ve)  Vie®4Vs

$4(Ve) Va1 ®@7Vs ®4Vi0 D 2Vys

S3(Ve) Vo @11Vs @ 7V10 D4Vis @2V ® Vs
S8(Ve) V7 ®17Vs ® 11V © 7V1s ® 4V & 3V3s
S7(Ve) Vi2 ®26Vs @17V @ 11V15 ® 7V 7V
S8(Ve) V17 @®37Vs D26V10D17V1is © 11Va0 & 14Vas
S%(Ve) Voo @51V5 @37V19 @ 26V15 ® 17V © 25V 35
S10(Ve)  V3@68Vs@®51V10@®37V1i5 @26V @ 43Vas

4. The value of Adams operations at V1 and Kouwenhoven’s conjecture

The purpose of this section is to disprove Conjecture 2.5 for every odd prime. We first provide
a brief outline of our argument. Assume that I, is closed for the exterior powers. Then it is also
closed for all Adams operations associated with the exterior powers, that is, ¥ (Iq) € I for all
positive integers n, because each ¥’ can be expressed as a polynomial in A" (n > 1) with inte-
ger coefficients. Consequently, wﬁ(vpz,(p+1)) should be equal to wﬁ(vpz — Vp41) modulo I since
Vp+1(sz — sz_1 —Vy = sz — sz_(p+1) —Vp € Ipz. However, we show that this phenomenon
does not occur if p is odd. Throughout this section, p denotes an odd prime.

First, we express wf,(vpz — Vp41) as a linear combination of V; values modulo I,;. To use Propo-
sition 2.3(a), we multiply by V,;q — Vj_1. Since wf,(vpz) = pV), by Proposition 2.3(b), it follows
that
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(Vps1 = Vp DY R (V2 — Vi)
=(Vps1 = Vp)(PVp — ¥4 (Vpi1)
=PVp(Vps1 = Vp-1) = (Vp1 = Vo )DY R (Vs = Vp_1)
— (Vo1 = Vp DY (Vo). (41)
The term (Vpp1 — Vp-1)¥A(Vpi1 — Vp_1) is equal to 2957 (V1 — V,_1) by Proposition 2.3(a)

because X1 = Vpy1 — Vp_1. Furthermore, from [3, Lemma 3.4] it follows that wﬁ(vp_o =
(p —1DVy (mod Ip2). Substituting these into Eq. (4.1) yields the modulo equivalence

(Vps1 = Vp DY (Ve = Vi)
=pVp(Vps1 — Vpo1) = 205 (Vi — V)
—(P—=1D(Vpr1—Vp1) (modly). (4.2)

Moreover, by Propositions 2.3(c) and 2.2(b), we can deduce that 1//5"71(Vp,1) = Vp — Vq, and hence

YAVp1) =0y mp (V" (VD) +6y0p (V3 (Vp-1))

= Vnp-H - Vnp—l + 1//2(‘/19—1)
{ Vip+1 — Vip—1 +Vp_1 ifnis odd,

e (43)
Vip41 — Vip—1 +Vp — V1 ifniseven,

where 1 <n < p — 1. Applying Eq. (4.3) to Eq. (4.2), we finally have the following identities.

Lemma 4.1.

(Vo1 = VDY (Ve = Vo) =pVp (Vo1 = V) = (0 + D(Vpy1 — Vpo1)  (mod I2)
and
YET (Vo) = Vo (mod Iy2).
Letting g = p%, s = p2 — (p + 1) in Proposition 2.2(b) yields the identity
(Vo1 = VoDV (Vo (1) = Vo1 = Vp D (WS (V1) —pVp)) (ModZV,2).  (44)

Note that 2(V,) = Vi =V (mod I2) since the Heller operation 2 translates V; to Vi, in RS(p?).
Therefore, we have the following lemma.

Lemma 4.2.

(Vo1 = Vp DV R (V2 p 1))

=pVp(Vpr1 — Vp1) = ¥E (Vi) (Vpy1 — Vpo1)  (mod I2). (4.5)
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Proof. The desired result can be obtained by comparing the dimension on either side of Eq. (4.5). O
Thus, if Conjecture 2.5 is true, then by Lemmas 4.1 and 4.2,
Y2V ) (Vpy1 = Vp ) = (p+ D(Vps1 = Vp1) (mod 2).
We now show that this modulo equivalence does not hold unless p =2 by computing the explicit
value of ¥ at Vpyq.
We first introduce multiplication formulae necessary for computation of 1//£(Vp+1), all of which
can be derived from Proposition 2.4 by direct calculation.
(P1) If s >, then
(Vsp+1 - Vspfl + fol)vrp = (Vsp+1 - Vspfl + Vp - Vl)Vrp
=Vtnp = Vis—np + (0 — DVrp.
(P2) If s=r, then
(Vsp+1 - Vspfl + fol)vrp = (Vsp+1 - Vspfl + Vp - Vl)Vrp
=Vap+(p—1DVpp.
(P3) If s <, then
(Vsp+1 - Vspfl + fol)vrp = (Vsp+1 - Vspfl + Vp - Vl)Vrp
=Viinp+Ve—sp+ (@ —1DVpp.
(P4) If 1 <r < B, then
Vp-rnpt1 = Vo-rnp-1+Vp-1)Vipt1
==V =V 1 +2Ve +Vernp-1 — Ve-anp-1-
(P5) If 1 <r < 251, then
Vp-rp+1 = Vip-np-1+Vp = V1)Vrp1
=P =DV —Vp_1+2Vp2 +Vai1)p — Vip-2rp-1— Vip+1-
(P6) prTH <r<p-—1, then
Vp—rp+1 = Vip-rnp-1+ Vp-1)Vip+
=P—=2)Vip =V 1 +2Vp2 + Virnyp-1+ Var—pp+1-
(P7) prT“ <r<p-—1, then

Vp-np+1 = Vp-np-1+Vp = V) Vi
=P -DVip—Vp_ 1 +2Vp + Vigrnp + Vear—pp+1 — Vip+1.
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Theorem 4.3. For every odd prime p, we have

YE(Vpr1) =pVa+ Vo1 —Vp+ (p—2)V,e 1 — (p—2)V 0.
Proof. In view of Theorem 3.5, we obtain
i L p—1+i-r
S'Vps1)=Vipp1 + Y ( b2 )p” Vip, (4.6)
r=1

where 1 <i<p—1, and

2p—2 P2l ap—1—r
sP(va):szr((p_z)—1>p*1vp+z< p_2 )p*lvrp+vpz. (4.7)
r=2

In addition, Eq. (2.1) implies that
p-1
YEWVps1) =pSP(Vps1) = Y ¥ (Vpr)S' (Vprn).

i=1

For any V in RS(p¥), let [V]jnq denote the sum of induced indecomposable summands in the de-
composition of V into indecomposables. More precisely, if V = Zi>] ciVi, then [V ] is defined as

Zi>] cpiVpi. Using this notation, we can rewrite t/ff(VpH) as
p—1 )
pV2+p[SP (Vi) ]jng = D_¥E (Vpy1)Vips1 — Z YV [S' (Vpin)] g (48)

i=1

To express Eq. (4.8) as a linear combination of indecomposables, we first focus on the last term,

Zw (VD[S (Vs ] g

Utilizing Theorem 2.1 and Eq. (4.3), we can show that wffi(vpﬂ) is equal to

V5p+‘l — Vsp_1 + Vp_1 if s is odd,
Vspr1 —Vsp1+Vp —Vy ifsiseven,

where s = p — i. We then multiply w""'(vpﬂ) by [S'(Vp+1)]ima using formulae (P1), (P2) and (P3).

For each 1 <i < p — 1, the multiplicity of Ve, (1<e<i—1) in Sl(VpH) is given by
—14+i—e
m(i,e) := <p + )p’l
p—2
in view of Eq. (4.6). For e <i—1, we set m(i, e) to zero. Therefore, we obtain

VT V0[S Vi) ]ipg = D _mG 9E™ (Vi) Vep,
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where

' Vip—iterp = Vip—i—eyp + (0 — 1DVep ife<p—i,
Y2 (Vpi1)Vep = { Vaep + (0 = DVep ife=p—i, (49)
Vip—iveyp + Vieri—pp + (0 —DVep ife>p—i.

It should be noted that V ;i ¢)p in Eq. (4.9) cannot be V> because e ranges from 1 to i —1 for each

1<i< p—1. In what follows, for each r with 1 <r < p — 1, we compute the multiplicity of V;, in
iV T (Vpi)[S'(V p41)Ting, Which is equal to

Z Z m(, e)(v(pft#e)p —Vp—i—ep + (P — 1)Vep)
i e<p—i

+ Y m(. p—)(Vapp—iy + (P — DVp(p-i)
i

+ Z Z m(i, e)(V(p—i+eyp + Vieri—pyp + (P — 1 Vep).

i e>p—i

Thus, the coefficient of V;, in ) °; w;"i(vpﬂ)[sf(vpm]md is given by

Z m(i,e) — Z m(i,e) + Z m@,r)(p—1)

1<ig<p-1 1<ig<p-1 1<i<p—r
1<e<i—1 1<e<i~1 rH1<i
i—e=p—r i+e=p—r

+m(p—1/2,r/2) +m(p —r,n)(p —1)
+ Z m(i,e) + Z m(i,e) + Z m(i,r)(p — 1).

1<ig<p-1 1<ig<p-1 p-r<i<p-1
p—i<e<i—1 1<e<i—1 r+1<i
i—e=p—r i+e=p+r

Here, if r is odd, m(p —r/2,r/2) is set to zero. We now simplify the above summation.
First, note that if i +e=p —r,then 1<i<p—r—1since e=p —i—r > 1. In the same fashion,
ifite=p+r,thenr+1<i<p—1sincee=p—i+r<p—1.As a consequence,

I'=— Y mGe+ Y mi.e)

1<ig<p-1 1<ig<p-1
1<e<i-1 1<e<i-1
i+e=p—r i+e=p+r

=— Z m@,p—r—i)+ Z m(i,p+r—i)

1<ig<p—r—-1 r+1<i<p—-1

= — Z m@i,p—r—i)+ Z m(i+r,p—1i) (byreplacingibyi+r)
1<igp-r-1 1<igp-r-1

The final equality follows from the identity m(i,p —r —i) =m(i +r,e).
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Second, note that

Third,

then 1 <

Similarly,

We also

=Y m@npE-H+mp-r.n@E-D+ Y. minp-1)

1<i<p—r p—r<i<p-1
r+1<i s
=p-1 Y m@rn
r+1<i<p—1
p=1r(p p+1 2p-2-1\ -
[ BHGP) FC) e+ R if1<r<p -2,
0 ifr=p—1.

note that if i —e =p —r, then m(i,e) = (ZPp_jz_r)p”. Conversely, if

1<i<p—-1, 1<e<i—1, i—e=p-r,

<e=i—p+r<p—iandthus p—r+1< 1<p—— Consequently,

SLERL Tt ifrisodd,

Z mG,ey=1{ > P7?
1<i<p—1 ( —1)(21J 1= r)p_l if r is even.
1<e<i-1
i—e=p—r
. = (pr—12—r)p,1 if r is odd,
Y. mie= 2,
1<igp1 (5 — 1)( )p~! ifriseven.
p—xgegx—l
i—e=p-r
note that
0 if r is odd,
m(p —r/2,1/2) = (prf_lzfr)pq if 1 is ever.

Putting these together, it is evident that

M= Y mGe+mp-r/2.r/2+ Y  mie

1<ig<p-1 1<ig<p-1
1<e<i-1 p—i<Le<i-1
i—e=p—r i—e=p—r

equals (r — 1)(2" Cp
Since the coefficient of V,p in Zfz_]l ¢§“(vp+1)[si(vp+1)]lnd equals I + II + III, we obtain

p—1

Z‘// (Vp+1) S (Vp-H) Ind = Zxrp 1Vrp»

r=1

(4.10)
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where

2 P! 1
xr=<r—1)<p_ ) Z(p—l)( _;').

Note that
2p—1-r\ _1 2p—1 _1prl p—1+4i
p(p—z)(r )<p—2)(p )Z( )
o 2p—1-—r o _ p+1 p+1 2p—2-—r1
=@ rH)( p—2 ) » 1)[ p+(p—1)+<p—2>+ +< p—2 )]
2p—1— 2p—1—
=(p—r+1)<p r)—(p—1)<p r>+p<p—1>
p—2 p—1

=p(p-1.

Here the second and third equalities come from the well-known formula (}) = (;~ 1) +(" ]) We now
apply this identity to Egs. (4.7) and (4.10) to obtain

p—1 ' ‘ p—1
P[SP (Vi) ]ina = D ¥ (Vps D[S (Vi) g = @ = DVp + Y (0 = DV +pV 2.
i=1 r=2

Conversely, by Eq. (4.3) and formulae (P4)-(P7), we derive the identity

Y (V1) Vipta

(P = DVip+ Viigtyp — V1 +2V2 = Vipaipp—1 — Vipsr  if 1<i < 251 odd,
(P=2Vip = Vyo_y +2Vy2 = Vip_aip—1 + Viirnp—1 if 1 <i< 2L even,

V1@ —DVip+Virnp — V1 +2Ve + Vaipypt1 — Vipy1  if pzi <i<p-—2odd,
(P—2)Vip — Vg +2V 0 + Vaimpypst + Viisyp—1 if 221 <i < p—2even,
(P—2)Vip +2V 2 + Vipypi1 ifi=p—1.

This implies that

— ) p—1
Y U Ve Vi =) (0= DVip— (0 =2V +2(p — DV}
i i=1

s
-

M~|

Vpaip-1+ Y, Virpa+ Y Virnpa (411)

1 1_.
1 1<ig< St Pl ig<p—2
AY

2 2
even even

p—1

+ Z V(2i7p)p+1 - Z Vip+1 - Z Vip+1- (4-12)
i=21 1<f<dd”2;1 "T< <p
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Since {p —2i: 1<i< pT_l} is the same as {i: 1<i<p—2, odd}, (411) equals

p—2 p—2 p—2 p—2
=2 Vi1 + ) Visnp-1==) Vi1 +)_ Vip1==Vp1.
i=1 i=2 i=1 i=2

odd even odd odd

In the same manner, we can show that (4.12) =0 and hence

p—1 ) p—1
Zlﬁg_'(‘/pﬂ)wpﬂ = Z(P —DVip=(p=2)Vype 1 +2(p = l)V; — V-1,
i=1 i=1

As a consequence,

p—1 p-1

VW) = pVa + P[P (Vi) g = D ¥ (Vps) Vipr1 — Y ¥E (Vo) [S' (Vi) g
i=1 i=1

p—1

=pVa+(P=2Vp+ Y (p—DVip+pVp
r=2

p—1
- (Z(p —DVp—(p=2Vp  +2(p—DV) - vp_1>
r=1

=pVo+Vp1=Vp+ (@ —-2)Vp_ 1 —(p—2)Vp2,
as required. O
Theorem 4.4. If p = 2, then W?(Vp“) =2V, - V.

Proof. The desired result is straightforward from Proposition 2.4(b), Theorem 3.5 and Eq. (2.1). O

Recall that we have already shown that if 1,2 is closed for the exterior powers, then

Y2 (Vo) (Vi1 = Vo) =(p+ D(Vpy1 = Vp1) (mod12).

If p is odd, then Theorem 4.3 states

wé’(vpﬂ) =pVo—(p—1Vy (modlI,),

and hence

YEVpr1) (Vo1 = Vo) = (0 + D(Vpy1 — Vpo1)
=p(Va(Vps1 = Vp-1) —=2(Vpy1 — Vpo1)) (mod I ,2)
=p(Vpt2 — Vp—2 —2Vpi1 +2Vp_1) (mod )
=p(Vap —Vap 2 =2Vpy1 +3Vp — V2 —2Vy) (modI2). (4.13)
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However, (4.13) cannot be zero modulo I > because all the indecomposable modules in the last term

are contained in {Vgpyj: 0<a< pz;], j=1,3,...,p}, which is a Z-basis of RS(pz)/Ipz (Proposi-

tion 2.6).
Corollary 4.5. For every odd prime p, Conjecture 2.5 is not true.

Proof. The proof follows from the natural embedding from RS(q) — RS(pq) mapping V, to V, for all
n<q. O
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