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1. Introduction and preliminaries

Let G and H be arbitrary finite groups. By definition, an H-G-biset U is a set U with a left H-action
and a right G-action, which satisfy

(hu)g =h(ug)

for any he H, u € U, g € G [2]. In this article, an H-G-biset is always assumed to be finite.
If we are given an H-G-biset U, then there is a functor

Ug— . gset — yset

which preserves finite direct sums and fiber products [2]. In fact, for any X € Ob(gset), the object
U 8X € Ob(yset) is given by
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ngz {(u,x) e U x X | 4G < Gy}/G,
where the equivalence relation (/G) is defined by

- (u,x) and (v, x") are equivalent if there exists some g € G satisfying u’ = ug and x = gx'.

We denote the equivalence class of (u, x) by [u, x]. Then U 8X is equipped with an H-action

hlu,x]=[hu,x] (“heH, "[u,x]e UoX).

For any f € gset(X,Y), the morphism U 0 f € yset(U SX’ u ° Y) is defined by

Ugf([u,x]) =[u. f®] ("lu,xle ugx).

This functor Ug — enables us to transform a Mackey functor M on H into a Mackey functor M o

U=MU ° —) on G [3,2]. In fact, this construction gives a functor [2]

—o U :Mack(H) — Mack(G); M MoU,
which, in this article, we would like to call the biset transformation along U. Here, Mack(G) and

Mack(H) denote the category of Mackey functors on G and H, respectively.
In this article, we show that the functor U o= cset — yset also preserves exponential diagrams

if U is right-free, namely if any element u € U satisfies

ug=u = g=e
for g € G. As a corollary we obtain a biset transformation for Tambara functors
—oU:Tam(H) - Tam(G); T TolU
for any right-free biset U, where Tam(G) and Tam(H) are the category of Tambara functors on G
anthI;Ii; biset transformation is compatible with some algebraic operations on Tambara functors, such

as ideal quotients or fractions. If we are given an ideal .# of a Tambara functor T on H [6], then .
is transformed into an ideal .# o U of T o U, and there is a natural isomorphism of Tambara functors

(T/ 7)o U—5(T 0 U)/(.F o U).

Or, if we are given a multiplicative semi-Mackey subfunctor .# of a Tambara functor T on H [7], then
. is transformed into a multiplicative semi-Mackey subfunctor . o U of T o U, and there is a natural
isomorphism of Tambara functors

(7' T)oU—5(F0U) (T oU).
In the latter part, we construct a left adjoint functor

Ly : Tam(G) — Tam(H)



906 H. Nakaoka / Journal of Algebra 399 (2014) 904-926

of the biset transformation — o U : Tam(H) — Tam(G). As an immediate corollary of the adjoint prop-
erty, £y becomes compatible with the Tambarization functor §2[—] (Corollary 3.12).

Tam(H) v Tam(G)

2n[-] T O T 26[-]

SMack(H) T SMack(G)

U

For any finite group G, we denote the category of (resp. semi-)Mackey functors on G by Mack(G)
(resp. SMack(G)). If G acts on a set X from the left (resp. right), we denote the stabilizer of x € X by
Gy (resp. xG). The category of finite G-sets is denoted by ¢set.

We denote by Set the category of sets. For any category %, we denote the category of covariant
functors from ¥ to Set by Fun(%, Set). For functors E, F : € — Set, we denote the set of natural
transformations from E to F by Nat( ser)(E, F) = Fun(%, Set)(E, F). If & admits finite products, let
Add(%, Set) denote the category of covariant functors F : ¥ — Set preserving finite products.

Definition 1.1. For each f € gset(X,Y) and p € gset(A, X), the canonical exponential diagram generated
by f and p is the commutative diagram

p
X <~— A< XxII(A)

Y
fl exp ¢f’
Y~ 11;(A)
where
yey,

o : f~1(y) - Ais a map of sets, ,
p oo is equal to the inclusion f~1(y) — X

(A =3 (y,0)

w(y. o)=Y, e(x, (y.0)) =0,
and f’ is the pullback of f by 7. On ITf(A), G acts by

g(y.0)=(gy,%0),

where €0 is the map defined by $0 (x') = go (g~ 'x) for any X’ € f~1(gy). A diagram in gset isomor-
phic to one of the canonical exponential diagrams is called an exponential diagram.

Remark 1.2. We denote the comma category of ¢set over X € Ob(¢set) by ¢set/X. For each morphism
f € gset(X,Y), the functor

My :gset/X — gset/Y; (A5 X)) (Mf(A)SY)
gives a right adjoint of the pullback functor

— Xy X:¢gset/Y — gset/X.
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Definition 1.3. (See [8].) A semi-Tambara functor T on G is a triplet T = (T*, T4, T,) of two covariant
functors

T4+ : gset — Set, T, : gset — Set

and one additive contravariant functor

T*: cset — Set
which satisfies the following.
(1) T =(T*,T+) and T* =(T*, T,) are objects in SMack(G). T“ is called the additive part of T, and

TH is called the multiplicative part of T.
(2) (Distributive law) If we are given an exponential diagram

p A
<~ A <—

X z
fl exp lp
Y B

-
q
in gset, then
T+(p) T* ()
T(X) T(A) T(Z)
Te(f) l O l Te(p)
T(Y) T(B)
T+ (@

is commutative.

If T=(T* T4+, T, is a semi-Tambara functor, then T(X) becomes a semi-ring for each X €
Ob(gset), whose additive (resp. multiplicative) monoid structure is induced from that on T%(X) (resp.
TH(X)). For each f € gset(X,Y), those maps T*(f), T+ (f), T¢(f) are often abbreviated to f*, fi, fe.

A morphism of semi-Tambara functors ¢ : T — S is a family of semi-ring homomorphisms

¢={px: TX)— S(X)}Xeob(cset)’

natural with respect to all of the contravariant and the covariant parts. We denote the category of
semi-Tambara functors by STam(G).

If T(X) is a ring for each X € Ob(gset), then a semi-Tambara functor T is called a Tambara functor.
The full subcategory of Tambara functors in STam(G) is denoted by Tam(G).

Remark 1.4. In [8], it was shown that the inclusion functor Tam(G) < STam(G) has a left adjoint
yc : STam(G) — Tam(G).

Remark 1.5. Taking the multiplicative parts, we obtain functors

(—)* : STam(G) — SMack(G), (—)* : Tam(G) — SMack(G).
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In [5], it was shown that (—)* : STam(G) — SMack(G) has a left adjoint

S : SMack(G) — STam(G).
Composing with y;, we obtain a functor called Tambarization
2¢[—1=yc oS : SMack(G) — Tam(G),
which is left adjoint to (—)* : Tam(G) — SMack(G).
2. Biset transformation

In this section, we consider transformation of a Tambara functor along a biset, and show how the
functors in the previous section are related.
First, we remark the following.

Remark 2.1. Assume we are given an exponential diagram

fl exp lp 2.1)

in gset. For any H-G-biset U, since U o preserves pullbacks, we obtain a pullback diagram (we will

denote pullback diagrams with a square [1)

u gp)O(U (0;)»)

UoX UoZ
G G
wl
UoY Uollf(A
8 -~ 8 f( )

in pset. If we take an exponential diagram associated to

Ugf ng
UoX<«—UoY<«—UoA
G G G

das

then by the adjointness between
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— X (UoX):pset/uoy — HSet/uox
UoY G G G

and
My, f:uset/uox — Hset/uoy,
G G G
we obtain a natural bijection
set/uoy(Uollf(A), Ty, r(UcA
H /UCY( ° 7(A) Ucf( ° )
= yset/yo Uollf(A UoX),UoA
H /ch(( 0 £( ))U%(Y( ° ) ° )
= pset/yox(UoZ,UoA).
H /ch( ° ° )
Thus there should exist a morphism
Uollf(A Iy, s(UoA
° F(A) —> UGf( ° )
corresponding to UoA:UoZ — UoA.
G G G
With this view, we construct an H-map
D:Uollf(A Iy, f(UoA
° f(A) — Ucf( ° )

explicitly for any H-G-biset U, for the later use.
By definition, we have

uedl,
Vel =lw 0.l (y oy e a0, “KG”"”}’

, UoY,
[u,yle °

My, pWoA) =1 (uyl7)| T Uo N,y — UgAisamap,
¢ satisfying (U gp) o7 =incl.

Remark 2.2. Let U be any H-G-biset. For any [u, y] € U ° Y, the following hold.

(1) An element [ug, xo] € U SX belongs to (Ugf)‘1([u, y]) if and only if there exists go € G satisfy-

ing

u=upgo and goy= f(xo). (2.2)

In particular, g5 -xo € f~'(¥).
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(2) Let [ug, xo] be an element in (Ugf)*l([u, y)). If go satisfies (2.2) and g similarly satisfies

u=uogy and gyy= f(xo),
then we have g; ' - xo = g5~ - xo.

Proof. (1) We have

[uo, ol € W /)TN (I, y]) & [uo, flxo)] =Tu, ]
< goeG suchthat u=uggo, g0y = f(Xo).
(2) Since upgo = upgg, implies g{)ga] € 4y G < Gy, it follows gago’] -Xo=x0. O

Lemma 2.3. For any [u, (y,o0)] €U gﬂf(A), define @ ([u, (y,0)]) by

¢([u7 (.V’ U)]) = ([U, J/], ‘CU,U)7

where T4y 1 (U 8 H~u, y) - U8A is a map defined by

To.u (U0, %0]) = [u. 0(g5"%0)]  (“I0. X0l € (U 2 H7' (11, y1)).

where go € G is an element satisfying (2.2). (It can be easily confirmed that [u, G(g(;]xo)] belongs to U 0 A,

by using (2.2).)
Then @ : U gﬂf (A) — Iy, s (U SA) becomes a well-defined H-map.
G

Proof. By Remark 2.2, this U(gg]xo) is independent of the choice of go.
It suffices to show the following.

(1) to.u is well-defined for each [u, (y,0)] € Ung(A).

(2) @ is well-defined.
(3) @ is an H-map.

(1) Suppose [ug, 5] = [uo, Xo] and take go, g, € G satisfying

u = upgo, 8oy = f (o),

u=upg. gy = f(xp)-
Since [ug, x{)] = [ug, Xo], there exists some g € G satisfying

uy=1uog, Xp=g 'xo.

Then we obtain

[u.0 (g5 "x0)] = [u. 0 (g5 "8 "%0)].
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Since upgo = u = uyg, = Ugggy, we have
r—1,-1
gOgo g € uOG < Gxoy
which means g{)’lg‘lxo = g51x0, and thus
[u. 0 (g7 %0)] = [u. 0 (g5 'x0)].
(2) Suppose [u, (y,0)]1=[u', (y’',0")]. There exists g € G satisfying
u'=ug and (y.,0)=g7"' (y,0),
namely y' =g~ ly, o/ = £ 5. In particular we have [u, y]=[u’, y'], and thus
Wo N7 (Iu,yl)=We HT ([, y]).
For any [ug, xg] € (Ugf)‘l([u, yD), take go and g satisfying
u=uogo, Loy = f(xo),
u'=uogy, 8oy = f(x0).
Since upgog = ug = u’ =uog; implies ggé)’]xo = galxo as in the above argument, we have
o ([uo. x01) = [/, 07 (g5 "%0)] = [ug. g "o (g5 "%0)]

= [ug. 870 (g9 'x0)] = [, o (g5 '%0) ] = To u (0. X01).

Thus we obtain ([u, y], T5,4) = ([t/, ¥'], To’.w), and @ is well-defined.
(3) Let [u, (y,0)] be any element. For any h € H, we have

(bl 0.00) = ([, .0)
= ([hu7 v, Ta,hu) = (h[u, v, T(r,hu)-

Thus it suffices to show 74 py = htg,u.
Let [uf, x1] € (U ° £)~Y([hu, y]) be any element. Take gt € G satisfying

hu=u;gy, gy = fxp). (2.3)
By the definition of 74 p,, we have
To hu ([U, X¢]) = [hu, a(gT_le)] =h[u, a(gT_le)] (2.4)

for any [uy, xt] € (Ugf)*l([hu, yD.
We have the following.
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Remark 2.4.

(1) When [uy, xt] runs through the elements in (Ugf)*l([hu, y]), then

h1 [ug, x¢] = [h_luT, XT]

runs through the elements in (U 8 H(u, yD.
(2) If gt € G satisfies (2.3), then we have

u=h""urgy, gy =f(xp).
Thus by the definition of 74 ,, we have
Tou([h™ s x1]) = [u, 0 (g5 'x1)]-
By (2.4) and Remark 2.4, we obtain
hfo,u[uTa Xt]=htsy ([h_] Uy, XT])
=h[u, o (g7 %)) = Tonu ([t %1])

for any [u}, xi] € (Ugf)‘l([hu, y]). Namely, 5 py = hrg,u. O

So far we obtained an H-map & : Ugl'lf(A) — My, 5(U gA). We show that this map is bijective,
G

when U is right-free.

Proposition 2.5. Let G, H be finite groups, and let U be a right-free H-G-biset. Then
U 8 —:¢gset — yset

preserves exponential diagrams.

Remark 2.6. When U is not right-free, this does not necessarily hold. For example, let U be a singleton
U = {x} with a trivial H-G-action, and put

X=G/e, Y=G/G, A=G/ellG/e,
f:X—Y; theunique constant map,

p:A— X; thefolding map.

If G is non-trivial, then we have ITy, s (U 0 A)=Y, while U 0 Hp(A)=Y LY.
G

Proof of Proposition 2.5. Let (2.1) be any exponential diagram as before. By Lemma 2.3, we have a
well-defined H-map

D :Uollf(A Iy, r(UoA).
gf()—> ucf(g)

It suffices to construct the inverse ¥ of &.



H. Nakaoka / Journal of Algebra 399 (2014) 904-926 913

Remark that since U is right-free, we have
u 8 X=UxX)/G

for any X € Ob(gset). Thus for any [u, y] € UgY and any x" € f~1(y), we have

[u,xT] € (Ugf)_l([u, y1)

by Remark 2.2.
For any ([u,y],t) € My, (U SA)' define ¥ ([u, y],7) by
G

([u,yl.7) =[u, (v, 00.0)].

where o7y : f~1(y) — A is a map satisfying

[, 00 u(xX)]=7([u,xT]) (x"e f ). (2.5)
Here, we have the following.

Remark 2.7. If [u,a], [u',d'] €U 0 A satisfy

[u,al=[u'.d'] and u=u',
then we have a=a’.

Thus orqu(xT) is well-defined by (2.5) for each x'. To show Proposition 2.5, it suffices to show the
following.

(1) w: Hugf(UgA) — Ugl‘[f(A) is a well-defined map.
(2) Yo @ =id.
(3) @ o¥ =id.

(1) Suppose ([u, y],t) = ([t/, ¥'], t'). Then obviously we have 7’ = 7. There exists some g € G
satisfying

!/

u=u'g, gy=y.
In particular we have f~1(y") =g - f~1(y). By definition of o7y and oy, we have
[u. oc.u(x1)] = 7 ([u.x"]),
[, oc.w(gx)] = ([, gx"])

for any x' € f1(y).
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Thus it follows
(.0 (s1)] = 7 ([u.x']) = 7 (/.51
= ([’ gx']) = [/ 0. ()]
= [ug ™" orar ()] = [u. 5 o ().
By Remark 2.7, this means o7 , = g o,y . Thus it follows
[u7 (ya OT,U)] = [u/g7 (gily/, g71 Ur,u’)]
=[v'g. g7 (v orw)]=[u. (v o)),

and thus ¥ is well-defined.
(2) Let [u, (y,0)] € Ugﬂf(A) be any element. We have

o d([u,(y,0)]) =¥ (U, y], To.u) = [U, (¥, 0, 0],
where 75 4 and o, , , are defined by
To.u ([0, X01) = [u, o (85 'x0)]  (“[uo. 0] € (U o H7 1w y1)),
[u. 0t u ()] = T u([uxT]) (%" e £ (1)),

using go € G satisfying u =upgo and goy = f (xg). In particular we have

Tou([ux]) =[uo(x] (% e ),

and thus

(11,07 a (KF) ] = T ([ X)) = [, 0 ()]

for any x' € f~1(y). By Remark 2.7, it follows 0, ,u=0,and thus ¥ o ®([u, (y,0)]) =[u, (y,0)].
(3) Let ([u,yl,7) € HUOf(UgA) be any element. We have
G

Do (lu,yl.7)=2([u, (v.0rw)]) = ([, Y], Tor 1)

where o; y and 7, , , are defined by

[uoru(x)]=7([u.x"]) (%" e F7 ),
Toru.u([tt0. Xo1) = [, 0v.u(g5 "%0)]  ("[uo. x0] € (U 0 /)7 (1w, y1)),

using go € G satisfying u = uogp and goy = f(xp). It follows

Top ou (U0, %01) = T([u, &5 '%0]) = 7 ([uo. x01)

for any [ug, xo] € (Ugf)‘l([u, y]), and thus @ o ¥ ([u, y],t) = (u,yl, 7). O
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Proposition 2.5 allows us to transform Tambara functors along a biset.
Corollary 2.8. Let U be a right-free H-G-biset. For any T € Ob(Tam(H)), if we define T o U by
ToUX)=TU ° X) ("X € Ob(gset)),
(ToU)*(f) = T*(Ugf),
(ToU)(H=T+Wof) ("fegset(X, ),

(ToU)e(f)=TeWe f)

then T o U becomes an object in Tam(G).
If o : T — S is a morphism in Tam(H), then

polU= {(pUSX}XEOb(Gset)

forms amorphism@ oU : T o U — S o U in Tam(G).
This correspondence gives a functor — o U : Tam(H) — Tam(G). In the same way, we obtain a functor
—o U :STam(H) — STam(G).

Remark 2.9. Since U o= : gset — yset preserves finite direct sums and pullbacks, this induces a func-
tor

— o U :SMack(H) — SMack(G),

defined in the same way. (For the case of Mackey functors, see [3].)
Clearly by the construction, these functors are compatible. Namely, we have the following commu-
tative diagrams of functors.

Tam(H) ——~ > Tam(G)

J o J Tam(H) — > Tam(G)
STam(H) Y STam(G) <—>“J/ O l(—)“ (2.6)
(—)H O (=" — >

J/ i Mack(H) -y Mack(G)

SMack(H) —U> SMack(G)

Corollary 2.10. In [6], an ideal .# of a Tambara functor T on H is defined to be a family of ideals

{‘](X) < T(X)}Xeob(Hset)’

which satisfies the following for any f € yset(X,Y).
i) fXIY) I X),

(i) fr(F (X)) cF(Y),
(i) fo(F (X)) € fo(0) +.7(Y).
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If # C T is an ideal, then the objectwise ideal quotient

T/ = {T(X)/'i(x)}XEOb(HSet)

carries a natural Tambara functor structure on H induced from thaton T.
Concerning Corollary 2.8, suppose we are given a right-free H-G-biset U. If we define .# o U by

S oUX)=F(UoX)

for each X € Ob(¢set), then .# o U C T o U becomes again an ideal, and we obtain a natural isomorphism of
Tambara functors on G

(T)F)oU=(ToU)/(I o).

Corollary 2.11. Let T be a Tambara functor on H. In [7], it was shown that for any semi-Mackey subfunctor
. C TH, the objectwise ring of fractions

-1 -1
ST = {y(X) T(X)}Xeob(Hset)

carries a natural Tambara functor structure on H induced from thaton T.
Concerning Corollary 2.8, suppose we are given a right-free H-G-biset U. Then . oU C (ToU)* =THoU
becomes again a semi-Mackey subfunctor, and we obtain a natural isomorphism of Tambara functors on G

(S7IT)oU=(LoU) (Tol).
3. Adjoint construction

In the rest, we construct a left adjoint of — o U : Tam(H) — Tam(G) constructed in Corollary 2.8.
We use the following theorem shown in [8].

Fact 3.1. Let G be a finite group. There exists a category % with finite products satisfying the follow-
ing properties.

(1) Ob(%) = Ob(gset).
(2) There is a categorical equivalence ¢ : Add(%, Set) —> STam(G).

We recall the structure of % briefly. Details can be found in [8].
The set of morphisms % (X, Y) is defined as follows, for each X, Y € Ob(%;) = Ob(¢gset).

(X, Y) = {(XﬁA_v)B_u) Y) A, B € Ob(gset), u € gset(B,Y) ] ~
equiv.

v € gset(A, B), w € gset(A, X)

where (X Xatplh Y) and (X Yalpl Y) are equivalent if and only if there exists a pair of
isomorphisms a: A— A’ and b: B— B’ such that u=u'ob, bov=v'0oa, w=woa.
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X O J/a O bl O Y
o -~
A/ B/ u
vl

Let [X L A2 B Y] denote the equivalence class of (X Zatsp —”>~Y). The composition law in
U is defined by [Y <~ C— D — Z]o[X < A— B— Y]=[X < A” — D — Z], with the morphisms
appearing in the following diagram:

/57\5
ey
AT

For any X,Y € Ob(%(), we use the notation

o T, = [X<—X—>X—>Y] for any u € gset(X,Y),
° NV:[X<—X—>Y—>Y] for any v € ¢set(X,Y),
° RW:[XﬂYg Yg Y] for any w € ¢set(Y, X).

Remark 3.2. For any pair of objects X, Y € Ob(%(), if we let XI1Y be their disjoint union in gset and
let 1x € gset(X,XLIY),ty € gset(Y, X LI 'Y) be the inclusions, then

Riy Ry
X<«~—XUY—Y
gives the product of X and Y in %.

Remark 3.3. For any 7 € Ob(Add(%c, Set)), the corresponding semi-Tambara functor T = u¢(7) €
Ob(STam(G)) is given by

e T(X) =T (X) for any X € Ob(;set).
o T*(f)=T(Ryp), To(f) =T (Ny), To.(f) =T (Ty), for any morphism f in gset.

As a corollary of Proposition 2.5, the following holds.

Corollary 3.4. Let U be a right-free H-G-biset. Then U <G> — : gSet — yset induces a functor Fy : % — Uy

preserving finite products, given by
Fuy(X)=U ° X

forany X € Ob(gset) and
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w v u U 8 w U 8 v U 8 u
Fy([X<A—B—Y]) =[UoX«—UoA—UoB—UoY]
for any morphism [ X Zatpl Y]e % (X,Y).

Proof. Since Ug — : gSet — gset preserves finite coproducts, pullbacks and exponential diagrams, it

immediately follows that Fy preserves the compositions, and thus in fact becomes a functor. More-
over by Remark 3.2, Fy preserves finite products. O

Remark 3.5. The biset transformation obtained in Corollary 2.8 is compatible with the composition

by Fy:

—oF,
Add(Zy, Set) —— Add(%c, Set)

MH\LZ O :J/Mc

STam(H) — STam(G)

In the following argument, we construct a functor

Lr, : Fun(%g, Set) — Fun(y, Set)

for each right-free H-G-biset U. In fact, we associate a functor Lf : Fun(%g, Set) — Fun(%y, Set) to
any functor F : %; — %y preserving finite products. The construction involves Kan extension, and
basically depends on [1].

Definition 3.6. Let G, H be arbitrary finite groups, and let F : %; — %y be a functor preserving finite
products. For any X € Ob(%4), define a category %x and a functor Ay : €x — % as follows.

- An object e = (E, k) in % is a pair of a finite G-set E and k € Zy(F(E), X).
- A morphism in %x from ¢ to ¢ = (E’, k’) is a morphism a € % (E, E’) satisfying k¥ =k’ o F(a).

F(a)

F(E) ——— F

\/

- For any ¢ € Ob(%Y), define Ax(e) € Ob(%;) by Ax(¢) =E
- For any morphism a € €x (e, ¢'), define Ax(a) € Zc(Ax(e), Ax(¢')) by Ax(a)=a:E — E'.

Definition 3.7. Let G, H, F be as in Definition 3.6, and let 7 be any object in Fun(%, Set). Using the
functor Ay : €x — % in Definition 3.6, we define (Lr7)(X) € Ob(Set) by

(LET)(X) = colim(T o Ay)

for each X € Ob(%y).
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For any morphism v € % (X, Y), composition by v induces a functor

Uy 1 Cx — Gy,
(E,xk)— (E,vok)

compatibly with Ax and Ay.

Uy
‘fx4>‘€y

DN

This yields a natural map

(LET)(v) : colim(T o Ax) — colim(7 o Ay),

and Lg7 becomes a functor Lg7T : %y — Set.
Moreover, if ¢ : 7 — S is a morphism between 7T, S € Fun(%, Set), this induces a natural trans-
formation

@oAx:ToAx = SoAx
and thus a map of sets
(LT (X) = (LFS)(X)
for each X. These form a natural transformation from Lr7 to LrS, which we denote by Lrp:
Lrp:LrT = LfS.
This gives a functor Lf : Fun(%g, Set) — Fun(%y, Set).
This functor satisfies the following property.
Proposition 3.8. For any functor F : %c — %y preserving finite products, we have the following.
(1) If T belongs to Add(%, Set), then LgT also belongs to Add(%y, Set). Thus, Lg defines a functor
Lf : Add(%;, Set) — Add(%y, Set).
(2) The functor obtained in (1) is left adjoint to the functor
— o F : Add(%y, Set) — Add(%g, Set),
which is defined by the composition of F.

By virtue of Remark 3.5, this leads to the following theorem.
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Theorem 3.9. Let U be a right-free H-G-biset. Then the functor

Ly =puolp, opg':STam(G) — STam(H)
gives a left adjoint of the biset transformation functor — o U : STam(H) — STam(G) obtained in Corollary 2.8.

Remark 3.10. A similar argument proves that — o U : SMack(H) — SMack(G) admits a left adjoint
Ly : SMack(G) — SMack(H). (For the case of Mackey functors, see also [3].)

As a corollary of the theorem, we will obtain the following.

Corollary 3.11. Let U be a right-free H-G-biset. Then the functor — o U : Tam(H) — Tam(G) admits a left
adjoint.

Proof. This immediately follows from Theorem 3.9. In fact yy o £y gives the left adjoint. We also
abbreviate this functor to £y. O

Corollary 3.12. Let U be a right-free H-G-biset. The functors £y and Ly are compatible.

Lu
Tam(H) <— Tam(G)

2y[-1 T O T 2¢[-]

SMack(H) <£— SMack(G) .

U
Proof. This follows from the commutativity of (2.6), and the uniqueness of left adjoint functors. O

In the rest, we show (1) and (2) in Proposition 3.8. First we remark that (2) follows from (1) and
the following.

Remark 3.13. (Cf. Theorem 3.7.7 in [1].) Lf is left adjoint to — o F : Fun(%y, Set) — Fun(%g, Set).

Proof. For any X € Ob(%y), we abbreviate 7 o Ax to Tx. We denote the colimiting cone for 7x by

Ox :Tx = ALr7(),

where Aj,7(x): Gx — Set is the constant functor valued in Lr7(X) [4].
We briefly state the construction of the bijection

Nat (o, sety (T, S 0 F) ——— Nat (o sety (LET, S)
W w

7] -~ w
(YT € Ob(Fun(%g, Set)), ¥ S € Ob(Fun(%y, Set))).

Suppose we are given w € Nat (g, ser)(LF T, S). For any A € Ob(%), the object (A, idra)) is ter-
minal in éF(a), and 8r(a) becomes an isomorphism. The compositions
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F(A),(A,idg)

k)
B4 = WF(A) © SE A (Aidp) = (T(A) LT (F(A) 28 S(F(A)))

form a natural transformation 6, : 7 — SoF.
Conversely, suppose we are given 6 € Nat o, ser)(7T,SoF). For any X € Ob(%4) and any morphism
a € 6x(e, ¢') between

e=(E,k), ¢=(E«),
we have a commutative diagram in Set

3

Tx(e) == T(E)

SOF(E) S(k)
|
Tx(a)l O J/T(a) O SeF@ S(X).
y

Te(¢) — T(E)

SoF(E') St

£/

This gives a cone Tx = As(x), and thus there induced a map wg x : LF7 (X) — S(X) for each
X € Ob(%y). These form a natural transformation wy : L7 — S. O

It remains to show (1) in Proposition 3.8. By definition, this is equal to the following.

Claim 3.14. If T belongs to Add(%, Set), then for each pair of objects X, Y in %y, the natural map

(LET(Rig), LET(Ryy)) : LET(XLY) — LET(X) x LET(Y)
is bijective, where tx : X <— XY, ty : Y < X LY are the inclusions in yset.

To show Claim 3.14, we prepare a set Z = colim(7x * 7y) and a map (wx,my): Z — LFT (X) x
LeT(Y) as follows.

Construction 3.15. Let 7, X, Y be as in Claim 3.14.
(1) For any pair of objects X, Y € Ob(%y), define Ax x Ay to be the composition of functors
Ex X%YAX—X}AY?/G X UG i) 2,
(A,B) —» ALB.

Since T is additive, T o (Ax * Ay) becomes naturally isomorphic to

Tx xTy
Gx x Gy 25 Set x Set — Set.

We abbreviate this to Tx * Ty, put Z = colim(7Tx * Ty) and denote the colimiting cone for Tx * Ty by

§:Tx*xTy = Ay.
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(2) Let €x x Gy Px @ be the projection, and let px : Tx * Ty = Tx o pry be the natural transformation

induced from the projection.

Prx
(gx X %y —— %X

(204
S
Tx*Ty Tx

Set

By the universality of the colimiting cone, there uniquely exists a map of sets

x:Z— LT (X)

which makes the following diagram of natural transformations commutative.

[
Tx * Ty =——= Tx o Pry

Bu o) Uéxoprx

Az == (ALp7 (X)) 0PIy

Similarly, we have a canonical map my : Z — LgT (Y). Thus we obtain a natural map

(x,my): Z — LET(X) x LET(Y),

which is shown to be bijective, as in Lemma 3.7.6 in [1].

Definition 3.16. Let X,Y € Ob(%4) be any pair of objects. For any

5= (S,0) € Ob(¥xuy),

define sx € Ob(%x) and sy € Ob(%y) by

sx = (Riy)z(s) € Ob(€x),
sy = (Ryy)z(s) € Ob(%y),

where tx : X — XY, ty:Y < XY are the inclusions in yset.

(3.1)

Definition 3.17. Let X, Y € Ob(%y) be arbitrary objects. For any ¢ = (E, k) € Ob(%x) and 0= (D, 1) €
Ob(%Yy), define ¢ L1 0 € Ob(%xy) by

ello=(ELUD,xk LA),

where « LI A is the abbreviation of

F(EUD)=F(E)UFD) X xuy.
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Lemma 3.18. Let (¢, 0) € Ob(%x x éy) be any object. If we denote the inclusions in ¢set by
tp:E—EILD, tp:D— EILID,
then we obtain morphisms R,; € €x((e 1d)x,¢) and R,, € €y ((e L10)y, D).

Proof. By the commutativity of the diagram

F(ELD) = F(E)LIF(D)%-XLIY

O
F(R@L A) o l&x

F(E) X

K

(LF(E) : F(E) < F(E) I F(D) is the inclusion in Hset)
in %, we obtain R,, € €x((¢ LId)x, ¢). Similarly for R,,. O

As a corollary of Lemma 3.18, we obtain commutative diagrams in Set

Tx(Regp) Ty (R
Tx((e L1 2)x) Tx (e) Ty ((e L d)y) Ty (0)
Sx, (eLID)\ / Sy, (cLID A (32)
LFT(X) Y)

Claim 3.19. Let T : ¥x x €y — Exuy be the functor defined as follows.

- Forany ¢ = (E, k) € Ob(%x) and 0 = (D, ) € Ob(%y), define T(¢,0) by T(e,0) =e¢ LI 0.
- Foranya € €x(e,¢) and b € €y (0,0'), define T(a, b) by

T(a,b)=allb:elld— ¢ 11D

Then t is a final functor in the sense of [4]. Namely, the comma category (s | T) is non-empty and connected,
for any s € Ob(Gxuy).

If Claim 3.19 is shown, then Claim 3.14 follows. In fact if 7 is final, then by [4], the unique map

heSet(Z, LET(X1Y))

which makes the following diagram commutative for any (¢, 0) € Ob(%x x %y), becomes an isomor-
phism.

(Tx *Ty)(e,0) = Tx(e) x Ty(®) = Txuy(eld)

5(e,a>\ O /5xuy,eua (33)

z LET(XLY)

114

=
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From (3.2), (3.3) and the definition of L7 (R,,), we obtain a commutative diagram

X, (¢,0)
(T = TY)(e,0) o T
\ ‘E/
Seor | Txuy(eLd) = Tx((e L 0)x)
O \ \ O Sx.e
VA  dxuy.euo O O, (ellv)y

—~Z \
LET(XUY) —— LFT(X),
LrT(Riy)

F 5%

for any (e,9) € Ob(¥x x 6y). Comparing with (3.1), we see that ;x satisfies wx = LT (R,y) o h, and
thus

LT (X1 Y)
\ /m&x)
LET(X)

becomes commutative. For Y, similarly wy satisfies Lr 7 (R,,) oh = my. Thus we obtain a commutative
diagram

LeT(X1IY)

(7Tx,7Ty)
(LET(Riy).LET (Riy))

LFT(X) x LFT(Y) .
Since h and (;y, wy) are isomorphisms, it follows that

(LET(Ri). LET(Ryy)) : LET(X L Y) — LET(X) x LT (Y)

is an isomorphism for any X, Y € Ob(%4), and Claim 3.14 is shown.
Thus it remains to show Claim 3.19.

Proof of Claim 3.19. Let s = (S, o) € Ob(%xuy) be any object. Since the folding map V:SIIS — S
makes the diagram

F(Rv)
F(S) — = F(SUS)

O
o oxUoy

Xy

in %y commutative, this gives a morphism Ry : s — sx LI sy in %xpy. Thus (s | T) is non-empty.
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Moreover, let (¢, ) € Ob(%x x €y) be any object, where

e=(E, k), 0= (D, A),

and let a € ¥xuy (s, e L10) be any morphism. Denote the inclusions by

tg:E— ELD, ip:D— EILD,
and put

ag =R, ocae % (S, E),
ap =R,y ca e % (S, D).

Then, by the commutativity of the diagram

FS) — 2~ xuy
o
s o
F(E 11 D) x
o
FRy) X

K

F(E)

in %y, we obtain a morphism ag € €x(sx, ¢)
phism (ag,ap) : (sx, sy) — (e,0) in €x x Gy.
Now there are three morphisms in @x1y

Ry :s > sx Usy = 1(sx, 5v),

a:s—>ell0o=1(e,0),
ag Uap =t(ag,ap) : T(sx,s5y) = 7(e,0),

and the commutativity of the diagram in %

54>SLIS

N

EUD

implies the compatibility of these morphisms.

5 —> T(s5x,5y)

\ /r(as ,p)

7(e,0)

. Similarly we obtain ap € %y (sy, ), and thus a mor-
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Thus for any (5—a> T(e,0)) € Ob((s | 1)), there exists a morphism from (5R—¥ T(sx,5y)) to (5—a> T(e,0))
in (s | 7). In particular, (s | t) is connected. O
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