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1. Introduction

The wreath product of association schemes provides a useful way to construct new

association schemes from old ones (cf. [10,16], etc.). The wreath product of table alge-

bras was first used by Arad and Muzychuk [3] for the classification of certain classes
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of standard integral table algebras. Since the Bose—Mesner algebra of an association
scheme is a standard table algebra, and as a table algebra, the Bose—Mesner algebra of
the wreath product of association schemes is exactly isomorphic to the wreath product of
the Bose—Mesner algebras of those association schemes, the study of the wreath product
of table algebras has natural applications to association schemes. Some basic properties
of wreath products of C-algebras, table algebras, and association schemes are presented
in [1,15].

Reality-based algebras are generalizations of table algebras. In this paper we study
wreath products of standard reality-based algebras. Our main results (Theorems 1.6
and 1.8 below) characterize wreath products of these algebras in terms of their character
tables. An immediate consequence of Theorem 1.6 is a result of Arad and Fisman [1,
Lemma 2.11] on C-algebras that are wreath products (see Corollary 1.7 below). Ap-
plications to finite groups, table algebras, and association schemes are also discussed.
In particular, Belonogov’s result [7] for the Camina—Frobenius pairs in finite groups
(Corollary 1.10 below) is a direct consequence of Theorem 1.8, and the first and second
eigenmatrices of the wreath product of one-class association schemes can be easily ob-
tained without calculations from Theorem 1.8 and its proof. Furthermore, by applying
Theorem 1.8, we will show that the wreath product of one-class association schemes is
characterized by the zeros in its first eigenmatrix.

In the rest of this introductory section, we state the main results of the paper explicitly.
Let us start with some necessary definitions and notation.

Definition 1.1. (Cf. [5, Definition 1.16].) A reality-based algebra (RBA) (A, B) is a finite
dimensional associative algebra A over the complex numbers C with a distinguished basis
B :={b; | 0 <i <k}, where by = 14, the identity element of A, and the following three
conditions hold.

(i) The structure constants for B are real numbers; that is, for all b;,b; € B,
k
bibj = Z )\ijmbmy for some )\ijm € R.
m=0

(ii) There is an algebra anti-automorphism (denoted by %) of A such that (a*)* = a for
all a € A and b} € B for all b; € B. (Hence i* is defined by b;« = b}.)
(111) For all bi, bj € B, >\ij0 =0 lfj 7£ Z*, and ;<9 = A0 > 0.

Let (A,B) be a RBA. If all structure constants \;j,, are nonnegative, then (A, B) is
a table algebra. A degree map (cf. [5, Definition 1.1d]) for (A, B) is an algebra homomor-
phism f: A — C such that f(b;) € R\ {0} for all b; € B. The values f(b;) are called
the degrees of (A, B, f). If (A, B) is a table algebra, then there always exists a (unique)
degree map that is positive on B; such a degree map is called the positive degree map.
If f is a degree map of (A4, B) such that f(b;) = Aji=o for all i, then (A4, B, f) is called a
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standard RBA (SRBA), cf. [5, Definition 2.10]. A standard table algebra is a SRBA with
nonnegative structure constants, and a C-algebra (in the sense of [8]) is a commutative
SRBA. The basis B can be rescaled (cf. [5, Definition 2.11}), replacing each b; by p;b;
for some p; € R\ {0} such that pu; = p,« for all ¢ and pg = 1. It is clear that the rescaled
basis again yields a RBA. If (A, B) has a degree map f, then there is a unique rescaling
B’ such that (A,B’, f) is a SRBA (cf. [5, Proposition 2.20]).

Let (A,B) be a RBA. Then by [5, Proposition 2.1], there exists a positive definite
sesquilinear form (, ) on A (that is, the form ( , ) is biadditive, and for all a,b € A
and v € C, (va,b) = 7v(a,b), (b,a) = (a,b) and (a,a) > 0 if a # 0) such that for all
b;, bj, bm € B,

(bi,bj) :5ij)\ii*0 and (blb],b ) (bj,b;kb ) (b“bmb;) (11)

Furthermore, A is a semisimple algebra (cf. [5, Proposition 2.3]). As usual, a represen-
tation of A is an algebra homomorphism ¢ : A — M, (C) such that ¢(14) = I,,, where
n is a positive integer, M, (C) is the algebra of all n x n matrices over C, and I,, is
the n x n identity matrix. Let ¢ : A — M, (C) be a representation of A. ¢ is called
irreducible if ¢p(A) acts irreducibly on C™. The character afforded by ¢ is the linear map
X : A — C,a— Tr(¢(a)), where Tr(¢(a)) is the trace of ¢(a). x is called irreducible
if ¢ is irreducible. The set of all irreducible characters of (A4, B) is denoted by Irr(A)
or Irr(B).

Let (A,B,x0) be a SRBA. Then xq is an irreducible character of A. Let Irr(B) :=
{X0, X1, -+, Xr}, and Irr(B)? := TIrr(B) \ {xo}. For a nonempty subset S of B, define

= Z b; and o Z xo0(b:i) = xo S+)

b, €S b; €S

A linear map o : A — C is called a feasible trace (cf. [12]) if for any z,y € A, o(xy) =
o(yz). Define

k
(: A=C, T = ag, ifa::Zozibi. (1.2)
i=0

Then it follows from A;;xg = Aj=i0 for all 7 that ¢ is a feasible trace of A. According
o [12],

= Z ziXi, Wwhere z; € C are feasible multiplicities. (1.3)
i=0

Furthermore, each z; > 0 by [5, Lemma 2.11(i)]. Let e; be the central primitive idempo-
tent of A corresponding to x; € Irr(B), 0 < i < k. Then by [5, Proposition 2.14],

k
=Y —x;(bj)h, 0<i<k
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In particular, e = zoB¥*. Thus, 200(B) = x0(20B™) = xo0(eo) = 1. So 20 = o(B)7!,
and hence ey = 0(B)‘1B+. eg will also be denoted by eg. Since egA has dimension
XO(l) = 17

bieg = xo(bi)es, for all b; € B.
Let (A,B) be a RBA. For any b;,b; € B, define
Supp(b;b;) := {b € B | (bib;, bi) # 0}.
Note that for any b;,b;,b; € B, (1.1) implies that
by € Supp(bb;)) < b€ Supp(blb;'f) & b€ Supp(b?bl). (1.4)

For any nonempty subsets S and T of B, define the set product ST by

ST:= | J Supp(bib)).
b; Es,bj eT

Note that the set product need not be associative for RBAs. A nonempty subset N of
B is called a closed subset if N = N* and NN C N, where N* := {bf | b, ¢ N}. If N
is a closed subset of B, then (CN,N) is also a RBA, where CN is the C-space spanned
by N. Furthermore, when N is a closed subset of B, then (1.4) implies that

NB\N)UB\N)NCB\N. (1.5)
Definition 1.2. Let (A4, B, xo) be a SRBA, and N a nonempty subset of B. If
Supp(b;b;) = Supp(b;b;) = {b;}, forall b; € N,b; € B\ N,
then (A, B, xo) is called a wreath product (B, N).

Remark 1.3. (i) The above definition implies that if (A, B, xo) is a wreath product (B, N),
then N is a closed subset. In fact, for any b; € N such that b; # bo, since by € Supp(b;b}),
we see that Supp(b;b)) # {b;}, and hence b; € N. Thus, N* = N. For any b;,b; € N,
if there is b; € B\ N such that b, € Supp(b;b;), then by (1.4), b; € Supp(bjb;) = {b;},
a contradiction. Hence, NIN C N. Thus, N is a closed subset.

(ii) In the above definition for any b, € N and b; € B\ N, Supp(b;b;) = Supp(b;b;) =
{b;} is equivalent to b;b; = b;b; = xo(bi)b;. Hence, if A is commutative, then Defi-
nition 1.2 is the same as the definition of a generalized Camina—Frobenius pair for a
C-algebra in [1].

(iii) The definition of a generalized Camina—Frobenius pair for RBAs in [6, Defini-
tion 1.5] is a mild generalization of Definition 1.2 above. In particular, when there is no
degree map, then the product b;b; can be 0.
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(iv) Let (4,B) and (C,D) be SRBAs, with B = {by = 14,b1,...,b;} and D = {dy =
lo,dyy ..., dp}. It is immediate that (A ® C,B ® D) is an SRBA, the same as for table
algebras in [2] or [14]. Also as for table algebras, the (constructive) wreath product
(AC,B D) is defined as

B!D:={by®d; |0<j<hlUu{b;@D"|1<i<k}.

Then (A1 C,B D) is a wreath product (B! D, by ® D) in the sense of Definition 1.2,
where by @ D := {by ®d; | 0 < j < h}.

Definition 1.4. Let (A, B, xo) be a SRBA, and N a closed subset of B. For each x €
Irr(B), define

XIn = Xdon and  Irr(xdn) = {wt € Irr(CN) ‘ Xdon = thd)t with m; > O}.
t

Remark 1.5. (i) Let (A4,B, xo) be a SRBA. Let N be a closed subset of B, and vy the
degree map of (CN,N). Then yolen = %o-

(ii) Let ¢ be the feasible trace of A defined by (1.2). Then (l¢p is the feasible trace
of CN. Since the feasible multiplicities defined in (1.3) for ¢ and (lcn are positive, each
1 € Irr(N) is in Irr(xdpn) for some x € Irr(B).

Let (A,B) be a RBA, and x € Irr(B). Then for any nonempty subset S of B, let
X(S) :={x(b;) | b; € S}. Now we are ready to state the main results of the paper.

Theorem 1.6. Let (A, B, xo) be a SRBA, and N a closed subset of B. Then the following
are equivalent.

(i) (A,B,x0) is a wreath product (B,N).
(1) For any ¢ € Irr(N)*, 1h = xln for some x € Irr(B) such that x(B\ N) = {0}.

Let (A,B,x0) be a SRBA. Assume that A is commutative. That is, (A, B, xo) is
a C-algebra. Then up to exact isomorphism, (A, B, xo) has a unique dual C-algebra
(A,ﬁXO,XO). For any nonempty subset N of B, the kernel of N, ker,, N, is a subset
of ]§X0. The reader is referred to [4] for more details about dual C-algebras and kernels of
subsets. The following result of Arad and Fisman (cf. [1, Lemma 2.11]) is an immediate
consequence of Theorem 1.6 and (3.3) in its proof (see below).

Corollary 1.7. (Cf. [1, Lemma 2.11].) Let (A,B,x0) be a C-algebra that is a wreath
product (B,N) for some closed subset N. Then the dual C-algebra (A,B,,,Xx0) s a
wreath product (B, kery, N).

Let (4,B,x0) be a SRBA. The character table of (4,B,xo) is regarded as a ma-
trix whose columns are indexed by the elements of B and whose rows are indexed
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by the irreducible characters of A. Assume that B = {bg = 14,b1,...,bx} and
Irr(A) = {x0,X1,---,Xxr}. Then for any 0 < ¢ < r and 0 < j < k, the (x;,b;)-entry
of the character table is x;(b;). If the character table of (A4,B,xo) has an s x ¢ zero
submatrix, then we will prove that s+t < |B| — 1 (see Proposition 3.1 below).

Theorem 1.8. Let (A, B, xo) be a SRBA. Then the following are equivalent.

(i) By permuting the rows and columns if necessary, the character table of (A, B) has
an s X t zero submatriz such that s +t = |B| — 1, and the irreducible characters of
A corresponding to the zero submatriz are linear.
(i) There is a proper closed subset N of B such that CN is commutative, |N| = s + 1,
and (A, B, xo) is a wreath product (B, N).
Remark 1.9. Let G be an extra-special p-group of order p?"*+1. That is, |G| = p*"*1,
|Z(G)| = p, and G/Z(G) is an elementary abelian p-group, where Z(G) is the center
of G. Let (A,B) := (CG, G), and N = Z(G). Then (4, B) is a standard table algebra,
and N is a closed subset of B. It is well known that A has p — 1 irreducible characters
x; of degree p™ such that x;(B\ N) = {0}. Let s = p—1, and t = |B| — p. Then
s+t = |B| — 1, and by permuting the rows and columns if necessary, the character
table of (4,B) has an s X ¢ zero submatrix. However, (4,B) is not a wreath product
(B,N). ((4,B) is not a wreath product (B, M) for any proper closed subset M such
that [M| > 1, because B is a group.) So in the above theorem, if the assumption that the
irreducible characters corresponding to the zero submatrix are linear is removed, then
the implication (i) = (ii) is false, even if (A, B) is a standard table algebra. Also note
that for group G as above, (Z(CQ), Cla(G)) is a wreath product (Cla(G), Z(G)), where
Z(CQG) is the center of the group algebra CG, and Cla(G) consists of class sums.

For a finite group G and a normal subgroup N of G, let k(G) denote the number of
conjugacy classes of G, and kg (V) the number of conjugacy classes of G contained in N.
As a direct application of Proposition 3.1 and Theorem 1.8 to (Z(CG), Cla(G)) and its
irreducible (central) characters, we have the following

Corollary 1.10. (See [7, Corollary 1.2, Theorem 1.2].) Let G be a finite group. Then the
following hold.

(7) If the character table of G has an s X t zero submatriz, then s +t < k(G) — 1.
(it) The following are equivalent.
(a) By permuting the rows and columns if necessary, the character table of G has
an s X t zero submatriz such that s +t = k(G) — 1.
(b) G has a proper normal subgroup N such that kg(N) + k(G/N) = k(G) + 1.
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Let G be a finite group. If G has a proper normal subgroup N such that kg(N) +
k(G/N) = k(G)+1, then (G, N) is called a Camina—Frobenius pair. The reader is referred
to [7] for more details.

Let X = (X,{R;}o<i<a) be an association scheme, and let Ay, A,...,Aq be its
adjacency matrices. Let A be the Bose-Mesner algebra of X'. Then (A, B) is a standard
table algebra, where B := {4y, A1,..., Aq}. A subset T of {R;}o<i<a is a closed subset
of X if {A; | R; € T} is a closed subset of B. Let T' be a closed subset of X', and X/T :=
{zT | = € X}, where 2T := {y € X | (z,y) € t for some ¢t € T}. Then we have the
quotient scheme X //T on the set X/T. Furthermore, fix z € X, and let t,7 := tN (2T x
xT), for any ¢t € T. Then we have the subscheme Ty := {tyr | t € T} on zT. The reader
is referred to [20] for more details about subschemes and quotient schemes. Also see [17,
19]. It is well known that for a closed subset T of X and = € X, the Bose—-Mesner algebras
of X//T and T,r are exactly isomorphic to the quotient table algebra (A//N,B//N)
(see Section 3) and table subalgebra (CIN,N), respectively, where N := {4, | R; € T'}.

Since the first eigenmatrix of a commutative association scheme is the character ta-
ble of the adjacency algebra, the next corollary is immediate from Proposition 3.1 and
Theorem 1.8. More applications to commutative association schemes will be discussed in
Section 4. For the definition of the wreath product of association schemes, see Section 4.

Corollary 1.11. Let X = (X,{R;}o<i<a) be a commutative association scheme. Then the
following hold.

(7) If the first eigenmatriz P of X has an s X t zero submatriz, then s+t < d.
(it) The following are equivalent.
(a) By permuting the rows and columns if necessary, the first eigenmatriz P of X
has an s X t zero submatriz such that s +t = d.
(b) There is a proper closed subset T of X such that |T| = s+1 and the Bose—Mesner
algebra of X is exactly isomorphic to the Bose—Mesner algebra of the wreath
product (X //T) Tyt as table algebras.

The rest of the paper is organized as follows. In Section 2 we present some preliminary
lemmas. Then in Section 3, we prove Theorems 1.6 and 1.8, and discuss applications to
table algebras. Applications to association schemes are presented in Section 4.

2. Preliminary lemmas
In this section we present a few results that will be needed for the proofs of Theo-

rems 1.6 and 1.8 in the next section. Let (A4,B,xo) be a SRBA, with B := {b; | 0 <
i < k}. For any characters ¢, p of A, define the form

k
(608 =3 ——6(57)p(by):
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Since ¢(by) is the complex conjugate of ¢(b;) for any b; € B, the form is Hermitian, and
the following holds.

Lemma 2.1 (Orthogonality Relations). (Cf. [5, Proposition 2.12], [2, Theorem 3.6].) Let
(A,B, x0) be a SRBA. Then for any x;, x; € Irr(B),

(XisXj)B = ——
where z; is the feasible multiplicity.

The next lemma is a result for semisimple algebras over C in general.

Lemma 2.2. Let A be a finite dimensional semisimple algebra over C, and S a semisimple
subalgebra of A with 14 € S. Let & : A — M,,(C) (for some n) be a representation of A
such that @ g is irreducible, and x the character of A afforded by @. Let C be a C-subspace
of A that is a left (or similarly, a right) S-module. Then for x(C) := {x(c) | c € C},

x(C) ={0} if and only if &(C) = {0}.

Proof. It is obvious that if #(C) = {0}, then x(C) = {0}. Now assume that x(C) = {0}.
Toward a contradiction, suppose that @(c) # 0 for some ¢ € C. Then for some 1 < ¢,
J < n, the (¢, j)-entry ~; ; of &(c) is nonzero. Since S is semisimple and @ g is irreducible,
&(S) = M, (C). So there is s € S such that &(s) = Ej;, the matrix unit with 1 as the
(4, 7)-entry, and 0 elsewhere. Now sc € C' by hypothesis, and

D(sc) = P(s)P(c) = E;;9(c),

a matrix with v;; as its (j,j)-entry, and all other diagonal entries equal to zero. So
x(sc) = v;; # 0, a contradiction. This proves that #(C) = {0}. O

As a direct consequence of Lemma 2.2, we have the following

Corollary 2.3. Let (A,B,x0) be a SRBA, and N a closed subset of B. Let ¢ be a rep-
resentation of A such that ®lcn s trreducible, and x the character of A afforded by P.
Then

X(B\N) ={0} if and only if (B \ N) = {0}.
Proof. It is known that CIN is a semisimple subalgebra of A with 14 € CN. Let

C := C(B\ N) be the C-subspace of A spanned by B\ N. Then C' is a left and right
(CN)-module by (1.5). So the corollary holds by Lemma 2.2. O
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3. Proofs of Theorems 1.6 and 1.8

In this section we first prove Theorems 1.6 and 1.8. We will also present an upper
bound for the size of a zero submatrix in the character table of a SRBA, and discuss
applications to table algebras.

Proof of Theorem 1.6. (i) = (ii) Let enw = o(N)"IN™ the central primitive idempotent
of CN that corresponds to the degree map 1 of (CN,N). If ¢ € Irr(N)* and M is
an irreducible (CN)-module that affords ¢, then enM = {0}. Let b; € B\ N. Since
bib;j = b;b; = 1ho(b;)b; for all b; € N, it follows that bjexn = enb; = bj;, and (bjb;k»,bi) =
(bj, bibj) = ¥o(bi)xo(b;) by (1.1). Hence,

by = Xxob)NT 4+ > Ajjembm.
b €B\N

Therefore, M becomes an irreducible A-module with b;z = 0 for all b; € B\ N and
x € M. Let x be the irreducible character of A afforded by M. Then ¢ = xln, and
x(B\ N) = {0}. So (ii) holds.

(ii) = (i) Since A is semisimple, there is an algebra isomorphism

Q: A éMm(C).

i=0
Let II; : @;ZO M, (C) — M,,(C) be the projection, and §2; = II;12, 0 < i < r. Then
the irreducible representations of A, up to equivalence, are £2;, i = 0,1,...,r. For any
b; € N and bj €B \ N, since bzb] = b]bl = XO(bi)bj if and only if Q(blb]) = Q(bjbl) =
£2(xo0(b;)b;), it follows that (i) holds if and only if
Ql(bzbj) = Ql(bjbi) = (XO(bi)bj)v for all b; € N, bj €B \ N, 0<i<r. (31)
In the following we prove that (3.1) holds. Define

E(N) = {x € It(B) | xln € Irt(N)? and x(B\ N) = {0} }. (3.2)

Then by (i), {xIn | X € E(N)} = Irr(N)f. Let n € Irr(B) \ E(N). Then for any
x € E(N), x(B\N) = {0} and Lemma 2.1 imply that

0=(mx)B = (NN XINI)N-

Hence, Irr(nly) N Irr(N)* = . Let 1)y be the degree map of (CN,N). It follows that

ndn = (1), for all n € Irr(B) \ E(N). (3.3)
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Let §2; be an irreducible representation of A that affords some x € E(N). Then 2lcn
is irreducible, and hence 2;(B \ N) = {0} by Corollary 2.3. Thus, for all b € N and
b e B\N,

Q(bibj) = (b)) S0(b;) =0,  2(bsb;) = Qi(b;)12(b;) = 0,
21 (xo(bi)b;) = x0(bi)$2(b;) = 0.

Therefore,
Ql(blb]) = Ql(bjbz) = ) (XO(bi)bj)a for all b; € N, bj cB \ N.

Now let {2, be an irreducible representation of A that affords some n € Irr(B)\ E(IN).
Then (3.3) implies that for all b; € N, £2,,,(b;) = x0(b;)In,,, where n,, = n(1). So for all
b; € N and bj GB\N'7

D (bids) = 2 (b:) 2 (b5) = X0(b:)2m (b5) = 2m (X0 (b:)0;),
and
D (bjbi) = 2 (b5) 2 (0i) = X0(b:)2m (b5) = 2 (X0 (b:)b;)-
Therefore, we have shown that (3.1) holds. O

The next proposition gives an upper bound for the size of a zero submatrix in the
character table of a SRBA. We will need this result for the proof of Theorem 1.8.

Proposition 3.1. Let (A, B, o) be a SRBA. Assume that the character table of (A, B)
has an s X t zero submatriz. Then s+t < |B| — 1.

Proof. By permuting the rows and columns if necessary, we may assume that the char-
acter table of (A, B) is of the form

(Cu Cia

,  where O is an s x ¢ zero submatrix. (3.4)
Cyr O

Note that the rows of the character table are linearly independent by Lemma 2.1. Hence,
the rows of Co; are also linearly independent. Thus, rank(Cs;) = s. But for any x €
Irr(A)f, x(es) = 0, i.e. > b, X(bi) = 0. So the sum of any row of Cy; is zero. Thus, the
columns of Cy; are linearly dependent, and hence the number of columns of Cy; is at
least rank(Cs1) + 1. But the number of columns of Co; is |B| —t. Hence |B| —¢ > s+ 1,
and the proposition holds. O

Now we are ready to prove Theorem 1.8.
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Proof of Theorem 1.8. (ii) = (i) Let E(IN) be the same as in (3.2). Then by Theorem 1.6,
there is a bijection between E(N) and Irr(N)#, via x; ¢ x;n- Since CN is commutative,
|E(N)| = |Ir(N)*| = |N| — 1 = s, and every x; € E(N) is linear. Furthermore, all
X; € E(N) vanish on the columns of the character table indexed by the b; € B \ N.
There are t = [B| — |N| = |B| — (s + 1) of these columns. Hence, (i) holds.

(i) = (ii) Assume that B = {by = 14,b1,...,bx} and Irr(B) = {x0, x1,--., X} are
indexed in such a way that the character table of (A, B) is of the form (3.4). Hence,

x;j(b)) =0 forallj>r—sandl>s.

Let N := {bg, b1,...,bs}. Since s+t = |B| —1 is maximal for the size of a zero submatrix
in the character table by Proposition 3.1, and x;(b;) is the complex conjugate of x;(b;)
for all j, I, it follows that (B \ N)* = B\ N, and hence N* = N. For each j > r — s,
Lemma 2.1 and x;(b;) = 0 for all [ > s imply that

k
0= (x0,X;)B =)

2 D bl x; (b)) = ZXJ (b)), foranyj>r—s.

Hence, the (s + 1)-tuple (1,1,...,1)T is in the null space of Cy;. Since Cy; has rank s
and has s + 1 columns, (1,1,...,1)T spans the null space of Cy;. Let # € CN such
that x;(z) = 0 for all j > r — s. Assume that 2 = >°;_, 8;b; for some 3 € C. Then
0= oBixj(b) for all j > r — s implies that (8o, S1,...,8s)7 is in the null space
of Co1. Hence, (Bo, B1,...,Bs)T =~(1,1,...,1)T for some v € C, and

z€CNand y,(z)=0forall j >r—s < z=9NT forsomeyeC. (3.5)

Let b, € N, b, € B\ N, and set b,b, = = + y, where x € RN and y € R(B\ N).
For each j > r — s, x; is linear by the assumption of (i), and hence x; is an algebra
homomorphism from A to C. Thus, and since x;(b,) = 0,

0 = x;(bu)x;j(bu) = x;(buby) = x;j(2) + x;(y) = xj(z), forallj>r—s.

Hence by (3.5), z = YN for some v € R. If z # 0, then by € Supp(b,b,), and hence
b, = b € B\ N, a contradiction. Thus, z = 0, and

Supp(bub,) C B\ N, for all b, € B\ N,b, € N. (3.6)

If for some by, , by, € N, Supp(by, by, ) contains some b, € B\N, then b,, € Supp(b,b},) €
B\ N by (1.4) and (3.6), a contradiction. Therefore, NN C N, and N is a closed subset
of B. Furthermore, the s linear characters x;, j > r — s, yield s distinct irreducible
characters x;ln of Irr(N)%. Since s = |N| — 1, CN is commutative, and {x;In | j >
r — s} = Irr(N)¥, with x;(B\ N) = {0} for all j > r — s. Thus, (A, B) is a wreath
product (B, N) by Theorem 1.6, and (ii) holds. O
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When (A,B) is a table algebra, several equivalent variations on the statements of
Theorem 1.6 arise. We present them in Corollary 3.4 below. Let (A, B) be a standard
table algebra, and N a closed subset of B. Then for any b; € B, the positive degree of b;
is denoted by o(b;), and the set product N{b;}N is denoted by Nb;N. The quotient table
algebra (A//N,B//IN) is also a standard table algebra (cf. [2, Theorem 4.9]), where

B//N:={b;//N|b; € B} and b;//N :=0o(N)"*(NyN)*.
Furthermore, the positive degree of b;//N is o(b;//N) = o(N)~1o(Ny;N), and by [2,

Proposition 4.8],

o(bi//N)
bi//N = ————(enbien).
// o(br) (enbien)
Also each b;//N is an element of A, and A//N is a subalgebra of A4; but 14 ¢ A//N
it N # {1a}. For any n € Irr(B) such that nl4,,n # 0, 7da//~n € Irr(4//N) by [18,
Theorem 3.2].

Proposition 3.2. Let (A, B) be a standard table algebra, and N a closed subset of B. Let
n € Irr(B). Then the following are equivalent.

(i) ndn = n(D)vbe, where 1y is the positive degree map of (CN,N).
(it) For all b; € B,

o o)
(b) = s gy /N,
(#ii) For some character & of A//N and all b; € B,
‘ _o(bi)
b = S RS0/ /)

Proof. Assume (i). Then for any a € A, n(enaen) = n(a) by [18, Lemma 3.4]. Hence,

06/ /N) = "(”(j{bf”n(emiem _ wn@i),

and (ii) holds.
Assume (ii). Then (iii) follows, with § = nl 4 //n-
Assume (iii). Then for all b; € N,

_o(b)
o(1a//N)
In particular, n(14) = 0(14)(14//N) = &(14//N). So n(b;) = o(b;)n(1) for all b; € N,
and (i) holds. O

n(b;) = §(1a//N) = o(bi)§(1a//N).
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Remark 3.3. If (A,B) is a standard table algebra, then it is immediate from Re-
mark 1.3(iv) and the definition of B//N that (A,B) is a wreath product (B,N) if
and only if (4,B) &, (A//N,B//N) 1 (CN,N). Also see [15, Lemma 3.1].

The implication (i) = (v) in the next corollary was proved for association schemes
in [11].

Corollary 3.4. Let (A, B) be a standard table algebra, N a closed subset of B, and E(IN)
the same as in (3.2). Then the following are equivalent.

(@) If n € Irr(B) \ E(N), then nlx = n(1)%o, where ¢g is the positive degree map of
(CN,N).
(#53) If n € Irr(B) \ E(N), then for some character & of A//N and all b; € B,
o(b:)

n(bi) = Wf(bi//N)'

() If n € Irr(B) \ E(N), then

n(b:) = {O(b””(lfl//N), ifb €N,

o(N)n(bi//N), if b € B\ N.
(v) For any & € Irr(A//N), € is a character of A, where

Eby) = {O(bi)f(lA//N)7 if b; €N,
" Lo(N)E(bi//N), if b € B\N.

Proof. We may assume that N # B. Then the equivalence of (i) and (ii) follows from
Theorem 1.6, (3.3), and Remark 3.3; and the equivalence of (ii) and (iii) follows from
Proposition 3.2.

Assume (iii). Then for all € Irr(B) \ E(N) and all b; € B, Proposition 3.2 implies
that

o(bi)n(1a//N),  ifb; €N,
no;) = o(b; ]
%n(bi//N), if b € B\ N.

Then 1l 4//n € Trr(A//N) by [18, Theorem 3.2, and (i) implies that for all b € B\ N,
b;//N = o(N)~1b;. Thus, n(b;) = o(N)n(b;//N) for all b; € B\ N, and (iv) holds.
Assume (iv). By [18, Theorem 3.2], there is n € Irr(B) such that § = nl,,/n. So
n ¢ E(N). Hence £ =, and (v) holds.
Assume (v). Let §o = X0l a//n, the positive degree map of (4//N,B//N). Then for
all b; € N, on(bi) = 0(b;)&0(14//N) = o(b;); hence f/z)(lA) =1, and for all b; € B\ N,
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&o(b;) = o(N)&o(bi//N) = o(Nb;N). Thus, & € Irr(B), and is positive-real-valued on B.
By Lemma 2.1, £ = xo. Therefore,

o(bi) = xo(b:) = &o(b;) = o(Nb;N),

whence Nb;IN = {b;} for all b, € B\ N. It follows that (A4,B) is the wreath product
(B,N), and (i) holds. O

4. Applications to commutative association schemes

In this section we discuss some applications to the wreath products of association
schemes. In particular, we will show that the wreath product of one-class association
schemes is characterized by the zeros in its first eigenmatrix.

Let X := (X, {Ri}o<i<a) be a d-class association scheme of order |X|. For any 0 <
1 < d, the valency and the adjacency matrix of R; are denoted by k; and A;, respectively.
Let A be the Bose-Mesner algebra of X', and let B := {A, 44, ..., Aq}. For the rest of
this section, we will always assume that X' is commutative (that is, .4 is commutative).
Let Ey, F1, ..., B4 be the primitive idempotents of A, with Ey = ﬁJ, where J is the
matrix whose entries are all 1. Then {Ey, F1, ..., Eq} is another basis of .A. Following the
notation in [8, Section I1.3], we assume that

d d
A=Y pi()E; and E; = %Zqi(j)flﬁ 0<i<d (4.1)
§=0 §=0
Let P and @ be the (d + 1) x (d + 1) matrices whose (i, j)-entries are p; (i) and g, (i),
respectively. Then P and @ are called the first and second eigenmatrices of X', respec-
tively. Let Irr(A) := {xo0, X1, .-, Xxa} be the set of irreducible characters of A, where xq
is the degree map of A. Since P is also the character table of the standard table algebra

(A, B), by renumbering x1, ..., x4 if necessary, we may assume that
Xi(Ai) =pi(j), 0<4,j<d (4.2)

Furthermore, let E := {|X|FEy, | X|E1, ..., | X|Eq4}, and let o denote the Hadamard product
of matrices. Then (A, E, o) is a standard table algebra, called the dual of (A, B). The
primitive idempotents of (A, E, o) are Ay, Ay, ..., Ag, and by (4.1),

d d
. 1 . .
IX|E: =) a:(j)4;, and A= x| Y p(DIXIE;, 0<i<d
=0 =0

Therefore, the first and second eigenmatrices of (A, E, o) are @) and P, respectively. Note
that (A, B, xo) is a C-algebra, and its dual C-algebra

(A, ﬁxoaXO) >~ (A,E,o) as table algebras. (4.3)
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Let X = (X,{R;i}o<i<d) and Y = (Y, {S;}o<j<e) be association schemes, and let
Ag, A1, ..., Aq and By, By, ..., B, be the adjacency matrices of X and ), respectively.
Then the adjacency matrices Cy, 0 <[ < d + e, of the wreath product X 1) are given by

Cy = Ay ® By, Ci=Ay® Bq,..., C.=A4y® Be,
CeJrl:Al@sz---a Ceer:Ad@Jma

where m = |Y| and J,, is the m x m matrix whose entries are all 1. Therefore, the Bose—
Mesner algebra of X' ) is exactly isomorphic to the wreath product of the Bose—Mesner
algebras of X and ) as table algebras. Note that the wreath product XY in this paper
is the wreath product Y X in [13] and [16].

For any positive integer n > 2, let K,, denote the one-class association scheme of
order n. It is clear that the Bose-Mesner algebra of K, and its dual are exactly iso-
morphic as table algebras. Note that for C-algebras (4,B, f), (C,D,g), and (X,Y,h)
such that (4,B, f) = (C,D,g) 1 (X,Y,h), by [1, Theorem 2.9] or [15, Theorem 2.9] we
have (A, ]§f, =X, Y, h) (C, f)g,g). The next lemma is immediate from this result
and (4.3).

Lemma 4.1. Let X = K,,, 1 K,,, U+ - -V K,,, be the wreath product of one-class association
schemes Ky, Kn,,...,K,,, where d,ni,na,...,ng are positive integers greater than or
equal to 2. Let (A, E, o) be the dual of the Bose—Mesner algebra of X. Then as a table
algebra, (A, E, o) is exactly isomorphic to the Bose-Mesner algebra of the wreath product
Koy U UKy UK,

The next lemma describes the structures of Bose-Mesner algebras of wreath products
of one-class association schemes.

Lemma 4.2. (See [13, Theorem 2.2].) Let X = Ky, V- -V K, LKy, be the wreath product
of one-class association schemes K, ..., Ky,, K,,, where d,ny,na,...,ng are positive
integers greater than or equal to 2. Let Ag, Ay, ..., Ag be the adjacency matrices of X,
and let ko, k1,...,kq be the valencies of X. Assume that kg < k1 < -+ < kq. Then X
has the following properties.

(i) The valencies are ky =n1 — 1 and
ki = (kO + kl + -+ kifl)(ni - ]-) =ng-- 'nifl(ni - ]-)7 fOT’i = 2737 vd

ii AZA:kZA,0§Z<j§d, and
J J

(A)? = kiAo + ki Ay + - + ki A1 +

nifl
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Let X = (X, {R;}o<i<a) be a commutative association scheme. Assume that its first
eigenmatrix P is of the form (3.4) such that s+t = d. Then by Theorem 1.8, Theorem 1.6,
and (3.3), all the rows of Cy; are equal.

The next result was first proved by S.-Y. Song (cf. [9,10]). It is clear that Corol-
lary 4.3(i), (ii) follow directly from Lemmas 4.1 and 4.2, and Corollary 4.3(iii), (iv)
directly from Corollary 1.11, Lemma 4.1, and the remark in the above paragraph. That
is, this corollary can be easily obtained from the results proved in this paper without
calculations.

Corollary 4.3. Let X = K,,,1- - - 1 K, LKy, be the wreath product of one-class association
schemes Ky, ..., Kn,, Ky, , where d,n1,ns,...,ng are positive integers greater than or
equal to 2. Let ko, k1,...,kq be the valencies of X such that ko < k1 < -+ < k4. Let
Ey, Eq, ..., Eq be the primitive idempotents of the Bose—Mesner algebra of X, and let
mg, M1, - .., Mg be the multiplicities of X. Assume that mg < mq < --- < mg. Then the
following hold.

(i) The multiplicities are mqy = ng — 1 and
m;=(mo+mi+ - +mi—1)(Nagr1-i — 1) = na- - nare—i(nay1-i — 1), 2<i<d.

1 i —i— 2 .
EjoE; = —(miEo+miE1 +o A miEi + ME) 1<i<d
|X| Nd+1—4 — 1
(#ii) The first eigenmatriz of X is

1k ko k3 e kq_o ka1 kq
1k ko ks oo kao kar =Y ki
1 Kk ko ks o ko =2k 0
1k ko ks R e 0 0

P = ) ) ) ) . )
1 ki ks =52 ki 0 0 0
1k =ik 0 - 0 0 0
1 -1 0 0 . 0 0 0

(iv) Replacing k; by m; in the first eigenmatriz P, 1 < i < d, we obtain the second
etgenmatriz QQ of X.

(v) P=Q if and only if m; = k;, i = 0,1,2,....d, if and only if ngy1—; = n;, © =
1,2,...,d.
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Two association schemes X = (X, {R;}o<i<q) and Y = (Y, {S;}o<j<e) are said to be
isomorphic, if there is a bijection ¢ : X U{R;}o<i<a = Y U {S;}o<j<e such that

(i) ¢(X) =Y and o({Ri}o<i<a) = {Sj}o<j<e, and
(ii) for any z1,22 € X such that (z1,22) € R; for some 0 < ¢ < d, (¢(x1),9(x2)) €

o(R;).

Let X = (X, {R;}o<i<a) be a commutative association scheme, with adjacency matri-
ces Ag, A1, ..., Ag and valencies kg, k1, ..., kg such that kg < k; <--- < kq. It is proved
in [16, Theorem 1.1] that X is isomorphic to the wreath product of one-class association
schemes if and only if A4;A4; = k;A;, for any 0 < i < j < d. Let Ey, E1, ..., Eq be the
primitive idempotents of the Bose-Mesner algebra of X', and let mg,mq, ..., mq be the
multiplicities of X such that mg < my < --- < my. Then from Corollary 4.3 and [16,
Theorem 1.1], X is isomorphic to the wreath product of one-class association schemes
if and only if E; 0o E; = ‘TllmiEj, for any 0 < i < j < d. Furthermore, we have the
following

Proposition 4.4. Let X = (X, {R;}o<i<d) be a commutative association scheme. Then
the following are equivalent.

(i) X is isomorphic to the wreath product of one-class association schemes.
(it) By permuting the rows and columns if necessary, the first eigenmatriz P of X is of

the form
* % ok % * ok
* % ok % * ok
* ok %k % * 0
Xk ok ok 0 0 (4.4)
x x *x 0 0 0
x % 0 0 0

(iit) By permuting the rows and columns if necessary, the second eigenmatriz Q of X is

of the form (/.4).

Proof. Since (ii) and (iii) are equivalent by [8, Theorem 3.5(i), p. 63], and (i) implies (ii)
by Corollary 4.3, we only need to prove that (ii) implies (i). Without loss of generality,
we may assume that the eigenmatrix P of X is of the form (4.4). Then for any s €
{1,2,...,d — 1}, P has an s x ¢ zero submatrix such that s + ¢ = d. Thus, it follows
from the proof of Theorem 1.8 that {Rg, R1,...,Rs} is a closed subset of X, for any
1 < s <d - 1. Hence, by [16, Theorem 1.1]; X is isomorphic to the wreath product of
one-class association schemes, and (i) holds. O
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