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1. Introduction and notation

In this article, we determine the image of the Artin groups of types B and D inside
the Iwahori-Hecke algebras defined over finite fields in the semisimple case. We now
recall previous work done on this subject. O. Brunat and I. Marin determine the image
of the usual braid group inside the finite Temperley-Lieb algebra [5] and O. Brunat,
K. Magaard and 1. Marin determine the image of the usual braid group inside its finite
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Iwahori-Hecke algebra [4]. In [20], I. Marin determines the Zariski closure of the image of
the Artin groups inside the corresponding Iwahori-Hecke algebra in characteristic 0 and
for generic parameters. In this paper we extend and conclude the study of classical types
over finite fields and establish results which are a natural sequel to the results in [20].
For a Coxeter group W, we write Ay for its associated Artin group and Ay for the
derived subgroup of Ay . In theorems analogous to Theorem 1.1 of [4], we determine,
under certain conditions on the parameters of our finite Iwahori—-Hecke algebras, the
image of the derived subgroups of the Artin groups Ap, and Ap,_ inside their associated
Iwahori-Hecke algebras. Restricting to the derived subgroup is, as it was in type A,
more convenient, and does not significantly weaken our results since Ag, /Ap, ~ Z>
and Ap, /Ap, ~ Z. For type B, the main results are given in Theorems 2.2, 2.3 and 2.4
in Section 2.2.2. The main result for type D is given in Theorem 3.2.

As in [3], we write SL,(q), SU,(q2), SP,(q) and QF(g) for the finite classical groups
acting naturally on the vector space Fy. As in [5] and [4] for type A, the irreducible
representations of the Iwahori—-Hecke algebras in types B and D are explicitly described
by the Hoefsmit model (see [9] or [13]). The irreducible representations of the Iwahori-
Hecke algebras are indexed by double-partitions A of n and have a basis formed by the
standard double-tableaux T associated with those double-partitions. A double-partition
of n is a partition of r and a partition of n — r for a given r € [0,n]. Each double-
partition is therefore associated with two Young diagrams, a standard double-tableau
associated with this double-partition is the result of some filling of these Young diagrams
with the integers from 1 to n which increase towards the right and towards the bottom
within each diagram. The image of Ap, and Ap, by a given irreducible representa-
tion associated to a double-partition is one of the above finite classical groups defined
over F, or Fq%, depending on properties of the double-partitions and of the field on
which the Iwahori—-Hecke algebra is defined. In order to recover the image inside the full
Iwahori-Hecke algebra over the field on which it is defined, we find the factorizations
between different irreducible representations (see Propositions 2.5, 2.6 and 3.5) depend-
ing on combinatorial properties of the double-partitions, and then use Goursat’s Lemma
(see [10]).

Certain problems arise when treating types B and D which were not present in the case
of type A. The main difficulty which arises in type B comes from the second parameter
which forces us to deal with a larger variety of field extensions (see Section 2.2.2). The
image varies according to the field extension which is considered, in the last three cases,
the results obtained are quite different from the ones in type A. The outline of the proof
is the same as in [4], we first find the factorizations between the different representations
and prove the result for small n. Then we get the result for all n by induction using a
theorem by Guralnick and Saxl [11] and the branching rule. The small cases are the most
interesting parts of the study and require techniques different from the ones in [4]. One
of these techniques is to use the maximal subgroups of low-dimensional classical groups
which were determined in [3].
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In type D, the main difficulty comes from the fact that the representations associated
with double-partitions with the same components split into two irreducible represen-
tations and we have to consider the double-partitions up to transposition of the two
components. For example, this produces a more complex branching rule (Lemma 3.1).

Our results about the image of Artin groups inside the finite Hecke algebras may
have various applications. For instance, finite classical groups and direct products of
finite classical groups appear as finite quotients of the Artin groups. Since the latter are
fundamental groups of algebraic varieties, this also defines interesting finite coverings
of these varieties. Since these varieties are defined over Q, this may have applications
to inverse Galois theory (see for example [25]). It is also interesting in terms of finite
classical groups because we get explicit generators verifying the braid relations for those
groups. This can provide interesting constructions of these groups and some of their
subgroups by looking at restrictions to parabolic subgroups of the Artin groups.

We now introduce various notations which we use throughout the article. For a finite
group G, we write O,(G) for its maximal normal p-subgroup and G’ = [G,G] for its
derived subgroup. We write k for the cyclic group of order k, N.H for an extension of NV
by H which can be split and N : H for a split extension of N by H where in both cases
N is the normal subgroup. We write E,» for the elementary abelian group of order p".
If X\ is a partition of n then we write A - n, if T is a standard tableau associated to A then
we write T € X\. If A\ F n, we write A’ the partition obtained by transposing the Young
diagram associated to A and for T € A, we write T/ € )’ the standard tableau obtained
by transposing T. If A is a double-partition of n, we write A H- n and if T = (T, Ts) is a
double-tableau associated with A\, we write T € A and we call T; and Ts the components
of T. We write u; = fand ug = —1. For A H-n, T € A, we write T, ;41 the double-tableau
obtained from T by exchanging the positions of i and i + 1. For i € [1,n] and T € A,
we write 7r(i) = 1 if ¢ is in the left component of T and 7r(i) = 2 if ¢ is in the right
component of T. We write ny for the number of standard double-tableaux associated
with A\. We write Iy the identity matrix and E; ; the elementary matrices. We write N*
the positive integers.

Acknowledgments. This article is part of a doctoral thesis directed by O. Brunat and
I. Marin at the Université Picardie Jules Verne. The author thanks I. Marin for a careful
reading of the manuscript and suggested improvements. The author thanks O. Brunat
and I. Marin for help understanding [4] and [5] and discussions on some proofs of this
article. The author also thanks K. Magaard for suggestions which were a great help to
simplify proofs for the low dimensional cases. The author thanks R. Chaneb for pointing
out [3] for maximal subgroups of low-dimensional finite classical groups.

2. Type B

Let p be a prime, n € N*, «a € ]F_p of order a greater than n and not in
{1,2,3,4,5,6,8,10} and 8 € F, \ {—a’,—(n — 1) < i < n — 1} different from 1. We
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set Fy = Fp(a, 8). The Artin group of type B is the group generated by the elements
T = S0,51,...,S,-1 verifying the relation S¢5150S51 = 51505150, for i € [1,n — 2],
SiSi+ISi = SZ'+1SiSZ'+1 and for (Z,]) S [[O,n — 1]] such that |Z — ]‘ Z 2, SiSj = SjSl
The associated Iwahori-Hecke [ -algebra Hp, o, is defined by the generators indexed
in the same way as for the Artin group and verifying the previous relations and defor-
mations of the relations of order 2 of the Coxeter groups: (T'— )(T + 1) = 0 and for
i€ l,n—1], (S; — a)(S; +1) = 0. In the following, we identify the Artin group with
its image inside the Iwahori-Hecke algebra. We write ¢, {2 for the length functions on
Ap, = (T, Si)ic[1,n—1) such that for all i € [1,n — 1], £1(S;) = 1,£1(T) = 0,£2(S;) = 0
and 6(T) = 1.

In Section 2.1 we give the irreducible representations described by the Hoefsmit
model in [9] and [13] (Theorem 2.1) and define a weight on standard tableaux and
double-partitions of n which allows us to define a bilinear form verifying nice properties
(Proposition 2.1).

In Section 2.2, we determine all the isomorphisms between different irreducible rep-
resentations and then state the main results for type B (Theorem 2.2, 2.3 and 2.4).

In Section 2.3, we prove the result in all possible cases depending on the properties
of the field extensions F, of F,,(a + a1, 3+ 71) and Fp(a) of Fp(a +a™h).

2.1. Hoefsmit model and first properties

In this theorem, we define the matrix model we will be considering throughout the
article and define a natural bilinear appearing when we consider those models. This will
establish the groundwork for the rest of the article.

Theorem 2.1. Assume « is of order greater than n and 8 € F, \ {—a’,—(n —1) < i <
n—1}. The following matriz model gives a list of the pairwise non-isomorphic absolutely
irreducible modules V) of the Iwahori-Hecke algebra Hp, g indexed by double-partitions
of n.

If T = (T, T2) is a standard double-tableau, then

e if1eT, T.T=pT and if 1 € Ty, T.T = —T,
¢ 5. T = my(T)T + (1 + ml('ﬂ‘))'ﬂ“ where T = Ticyir1 if Tieyir1 s standard and O
otherwise.

Above we have m;(T) = %, ct(T : j) = a%M="iMg if 5 € Ty and ct(T : j) =

17ct(T:i+1)
—aM=ri(M) otherwise and r;(T) (resp. c;(T)) is the row (resp. column) of j in the
tableau of T containing j.

Proof. This theorem is a standard result and the proof in the generic case can be found
in [9] or Hoefsmit’s Ph.D. thesis [13]. The proof in the finite field case is similar. For
more details, we refer the interested reader to [8]. O
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We now generalize the work done in [4] for type A to type B, that is we define a
bilinear form which is fixed by the image of the derived subgroup of the Artin group of the
Iwahori-Hecke algebra. We define a weight by w(T) = w1 (T)wa(T)ws(T) where w; (T) =

I[I  (=1),wa(T) = Il (—1) and ws(T) = I1 (=1)
1<j,i€T1,j7€T2 1<4,1,j€T2,r;(T)>r; (T) 1<4,1,J€T1,r; (T)>r; (T)
and a bilinear form (.|.) by (T|T) = w(T)dyp 7 where T" = (T, T7) for T = (Ty, T2). In
the same way X = (A}, \]) is the transpose of A = (A1, \2).
If 1 is a partition of m with diagonal size b(u) = max{i, u; > i}, we let v(p) = 1 if

m%w is even and —1 otherwise. Note that by Lemma 6 of [19], if u =y’ then m%w
is an integer and v(u) = (—l)m%b(w. If A = (A1, 2) is a double-partition with A\; a
partition of r and A a partition of n — 7, we let #(\) = v(A)r(Xg)(—1)""—7),

We now give a proposition similar to Proposition 3.1 in [4].

Proposition 2.1. For all standard double-tableauz T, T, we have the following properties.

(1) (S;.T|S;.T) = (—oz)(T|’ﬁ‘~) and (T~']I‘|T1~1’) = (—B)(T|T).

(2) For allbe Ag,,(b.T|b.T) = (T|T).

(8) The restriction of (.|.) to Vx when A = X and to V\ & Vi when A # X is non-
degenerate.
Suppose that X = X. Then (.,.) is symmetric on Vy if (\) = 1 and skew-symmetric
otherwise. Moreover, its Witt indezx is positive.

Proof. Let T and T be two double standard-tableaux. Recall that for A H- n, T =
(T1,T2) € X and i € [1,n], we write 7p(i) = 1 if ¢ € Ty and 7p(i) = 2 if i € To. We also
recall that u; = 8 and ug = —1.

1. We have (T.T|T.T) # 0 < (T|T) #0 & T' = T = (T.T|T.T) = —B(T|T) because
(1) = 3 — mp(1). Let ¢ € [1,n — 1], if 7p(¢) = 7r(¢ + 1) then by [4, Prop 2.4.], we
have (S;.T|S;.T) = (T|T) because in the same way, we have w(T) = —w(Tiq41) for
any standard double-tableau T and m;(T) = m;(T,. ;) when 7r(i) = 7r(i 4+ 1). We
now assume 77(7) # 7r(i + 1). We have that S;.T = m;(T)T + (1 + m;(T))Ticsi+1 and
SlT =m; (T)T + (1 + m; (T))Ti(_}i_’_l. It follows that

(8:-T|S:.T) = mi(T)mi(T)(T|T) + (1 + m;(T))mi(T)(Tiwsi41, T)

+ mi(T) (L + mi(T)(T|Tiesit1)
+ (14 mi(T) (1 + mi(T)(Ticsir | Ticsita)-

This is non-zero only if T =T’ or T = T, +1- We now have two possible cases.

The first case is T = T’. We write a = ¢; — i + 741 — ¢i41 with (riyc;) and (141, Cit1)

the boxes in T, we then have
(S;:.T1S;.T) = m; (T)mi (T )w(T) + (1 4+ mi(T))(1 + m4 (T"))w(Ticsis1)
= —w(T)(1 + my(T) +m;(T"))
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a—1 a—1
= —w(T) (1 + 1+ =6 qa + 1+ uf(i+1)a—a>

Ur(i41) Uz (i)

4 u“*ﬁ(i)1 a® + 1+ ";('ifl) a—°
— —w(T)l 4 (a _ 1) 7(i+1) 7 (i)

14 U‘T.(’i) a® + uT(ifl)a7a+1
Ur(i+1) U (i)

= —a(T|T).

The second case is T = T we then have

i<>1+10

(Si-T)S:.T) = (1 + mi(T)) (mi(Thy141))w(Ticrizr) + mi(T) (1 + mi(Thyipq))w(T)
= —w(T)(mi(T}41) — mi(T))

a—1 a—1
=—w(T —
e
Ur(ip1) @ Ur (1) @ LTI
=0
= —a(T|T).

This concludes the proof of the first result, (2) follows from the first result.

3. By definition, the bilinear form is non-degenerate. Assume A\ = (A1, Ay) = \. We
consider T = (T, T3) € A. Since substituting iy < iz < ... < in Ty by 1 <2< ... <!
does not change the product and the weight w on T € u for p H- n satisfies w(T)w(T") =

v(p) by [19] (Lemme 6), we have w(T)w(T") = v(A1)v(A2) I (-1).
1<j,3€T1,j€T2 or i€Ta,j€T1
The cardinal of the set {i < j,i € T1,j € Ty or i € To,j € Ty} is equal to the number of

pairs (4, j) with i in Ty and j in Ty, which equals (%)2. It follows that w(T)w(T") = #(X)
for any standard double-tableau T associated with A. For any pair (T, ﬁ‘), we have that

(TIT) = w(T)oy 57 = 2N (T")op 5 = P(\)w(T)d5 7 = Z(A)(T|T).

)

The Witt index is positive since the basis can be partitioned in pairs (T|T’). O

We remark that we have proved that w(T)w(T’) = #()) for any double-partition A
and any standard double-tableau T in Vj.

2.2. Factorization of the image of the Artin group in the Iwahori—-Hecke algebra

In this subsection, we first see how the different representations are related when
restricted to the derived subgroup. We see some factorizations appear between the rep-
resentation associated to a given double-partition A and the representation associated to
its transposed double-partition in Proposition 2.2. We also see that when the field exten-
sion is non-trivial, we have factorizations through field automorphism. All those results
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are summarized in Proposition 2.5. Finally, we see that all the representations associated
to hook diagrams factor through two representations as is shown in Proposition 2.6.

2.2.1. Isomorphisms between representations
Let £ € End(V) be defined by T — w(T)T’. We give a generalization of Lemma 3.2.
of [4].

Proposition 2.2. Let A be a double-partition of n such that A £ X (resp. A =X ). L in-
duces an endomorphism of Vx & Vi (resp. V) which switches Vy and Vy (resp. leaves
Vi stable) such that the actions of S, and T satisfy

LS. L7 (—a) =t LTL Y (-p) L = T

Proof. This follows directly from Proposition 2.1 by writing the matrix of the bilinear
form and the matrix of £. O

We now suppose Fy,(, 8) = Fy(a+a™", 8) = Fy(a, B+ 871) # Fplata™, B+671).
We then have an F,-automorphism € of order 2 such that e(a) = o~ ! and €(3) = 871
In [4], a function d was defined on any standard tableau T associated to a partition A of

[y ci—rit1 i ..

nbyd(T)= T] ch_rj;# where for i € [1,n], r; denotes the row of ¢ in T and
4,J,7i >T;

¢; denotes the column of 7 in T.

Let (.,.) be the hermitian form defined by (T, T) = d(T)dy 7 where

d(T) = d(T1)d(T2)

H 2+ Bati—l 4 g-lgl-ai;
ieTy jeTaici O T ™t + fatts + i
with a; ; = ¢; —; +7j — ¢; and d induced by the d defined in [4] applied to T; and Ty by
seeing them as standard tableaux using the ordered bijections onto [1,r] and [1,n — r].

We now check that d(T) is well defined and non-zero for any standard double-tableau.
We prove in what follows that the big product in the expression of d is indeed well-defined
and non-zero for any double-tableau with no empty components.

Let AH-n,T = (T, T2) € A and (4,5) a pair of integers such that i < j,i € T; and
j € Ty. We set r to be the number of boxes of Ty, we have 1 —r < ¢; —r; <r — 1 and
l-(n—r)<c¢i—r;<n—-r—1s02-n<a=a;; <n-—2 Wehave a+a !+
ﬁaa + 6—1a—a — a(l + Baa—l) —i-a_aﬁ_l(l +Baa—1> — a(l +ﬁa“_1)(1 + Ot_a_lﬁ_l).
This product never cancels because 8 ¢ {—a’,1 —n < i < n — 1}. In the same way
2+ Ba? 1t + 7ot = (1 + Ba® 1) (1 + B~1al~?) never cancels.

Now we have defined this hermitian form, we can generalize Proposition 3.6 from [4].

Proposition 2.3. The group Ap, acts in a unitary way on V with respect to this her-
mitian form and this form is non-degenerate on Vy for any double-partition \ of n. In
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particular, for any double-partition X of n, there exists a matriz P € GLy, (q) such that
PRA\(T)P~! = €(R5(T)) = Rx(T) and PR\(S,)P~! = e(RX(S\)).

Proof. The action of T is indeed unitary with regard to this hermitian form because
Be(B) = (—1)e(—1) = 1. Let T be a standard double-tableau and r € [1,n — 1]. If
7r(r) = 7r(r + 1) then the result is a consequence of Proposition 3.6. in [4].

We now assume that mp(r) # 7r(r + 1), up to switching T and T,.,4; we can
assume that 7r(r) = 1 and 7r(r + 1) = 2. It remains to show that (T,T) =
<S7'-T7‘S’T-T>a<Tr<—)r+17’]rr<—>r+1> = <ST-TT<—>T+1;ST-TT<—>T+1> and <Sr-1~ra ST-TT<—>T+1> =
(T, Tresr41)- In the following computation, we write a = @;i+1 and T = Typq1. We
have

(S,..T, S,.T) = my, (T)e(my (T))d(T) + (1 + my(T))e(1 + my(T))d(T)
= d(T)(m,(T)e(m,(T))
a+a—1 —l—ﬁa“ +5—1a—a
( 2 + ﬁaa—l + 6—1a1—a
a—-1 at-1
- d(T)<1 R
o+ a—l +Baa +ﬂ—1a—a a—l—ﬂa“ a—l _’_B—la—a
2+Baa—1 +B—1a1—a 1+Baa 1+ﬂ—1a—a )

(14 mo(T))e(1 + mrmr))))

(T < 2—a—a ! a—l—oz_l—l—ﬁa“—l—ﬁ_lofa)
= d(T) 2+ pa® + p-ta~e 2+ pa® + p-ta~e

= d(T)

= (T, T).

We also have
(8,1, 8,.T) = mp(T)e(mn(T))d(T) + (1 + m,(T))e(1 + m,(T))d(T)
- a—1 alt-1
=d(T
d )<1 + a2 1+ Ba®
2 +5aa71 _'_ﬂflalfa a +ﬁ71a7a 0171 +ﬂaa
at+a 4+ a4+ la 1+ 7 la™® 14 fa°
~ 2—a—a !
=d(T
( )<2—|—,804a+ﬂ_104_a+
4+2ﬁaa+l +2B—1a—a—1+25aa—1+ﬁ2a2a+a—2+25—1a1—a+a2+ﬁ—2a—2a>
(a+a™l +Ba*+p71a"9)(2+ Ba* + B~ 1a™9)

- 2—a—at
=d(T) (HBMWIQQ
N (Oé+Oé_1 _i_ﬁaa _'_B—la—a)Z )
(O{—‘rOé_l +ﬁaa+ﬁ—la—a)(2+ﬁaa_|_ﬁ—1a—a)




A. Esterle / Journal of Algebra 514 (2018) 145-198 153

Finally, we have

(S,..T,8,.T) = m,(T)e(1 + m,(T))d(T) + (1 + m,(T))e(m,(T))d(T)
a—1 a '+ pa®

= d(T) (1+6aa 1+ Bas
at+a '+ a4+ B la®a+ Bata”t — 1)
24 Bar"l + p7lal=r 1+ fa® 1+ fa®
a—1
(14 pae)?(2 + Bar=t + f~Lal=a)
X ((0571 +ﬁaa)(2+ﬁaa71 _’_ﬂflalfa)
—a Hat+a ™t +Ba" + ") (a+ Ba))
a—1
= d(T) (1+ Ba®)?2(2+ Bas—! + f=1al-a) (
4280+ 8% ta—a—a' = Ba® — B la" — Ba® — a2

_B2a%al a_l)

= d(T)

2a—1 +6aa—2 +6—1a—a

We recall that Ap, = [Ap,, Ap,] is the derived subgroup of Ap, . When it exists, we
write € for the automorphism of order 2 of F, = F,,(a, 8).

Lemma 2.1. If X is a double-partition of n then the restriction of Ry to Ap, is absolutely
irreducible.

Proof. For n < 3, this is a consequence of the results on the representations with two
columns by [18] (Proposition 5). Since Ap, is generated by Ap, _, and Ap,_, we have

the result by the same method as in the Lemma 3.4(i) of [4]. O

n—1

We now recall Lemma 2.2 of [4].

Lemma 2.2. Let G be a group, k a field and Ry, Ra two representations of G in GLy (k)
such that the restrictions to the derived subgroup of G are equal and the restriction of at
least one of them is absolutely irreducible. There exists a character n: G — k* such that
Ry =Ry ®n.

Proposition 2.4. If A1 a partition of n then R(x, p)jas, = B@r)|Az, -
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Proof. The action of T is diagonal and the action of S; on (T, () is identical to the one
on (P, Ty) so the proof of the result is straightforward. O

Proposition 2.5. Let A and p be double-partitions of n with no empty components. We
then have the following properties.

(1) If Fy =Fp(a, B) =Fp(a+ a~t, B+ 371, then

(a) Ryap, =~ Ruap, © A=H,
(b) RMABH ~ R;IABn S A= [Ll.

(2) IfFg =Fp(e, ) =Fp(a+a !, 8) =Fy(a, B+ ) #Fpla+a ™, B+ 571), then

(a) Ryap, = Ruap, © A=H,
(b) Ryjag, =~ RZIABn S A=,
(¢) Rajag, ~€eoRya, < A=,
(d) Ryjag, ~¢€ oR 4, S A=p.

(3) IfFy =Fp(a,B) =Fp(a, B+ B71) £ Fp(a+at,B) =Fpla+at,3+571), then

(a’) R)\|A3n = RHlABn S A= K,
(b) Ryjag, ~ RZIAB% S A=,
(¢) Bajag, > €0 Ryjap, < (A, A2) = (11, 1),

(d) R)\|.ABn ~eo RZ“ABn A4 ()‘17>\2) = (MQ?MI)'

(4) If Fg =Fp(a, ) =Fpla+a™t, B) #Fp(a, B+ 57) =Fpla+a™', B+ B71), then

(a’) R)\|.A3n = RMIABn S A= H,
(b) R)\|AB,,L = R;|A3n S A= :u‘/}
(¢) Rxjag, €0 Ryay, & (A1, A2) = (p2, 1),
(d) Ryjap, ~ €0 Ry & (A1, A2) = (41, ).

Proof. In all cases, (a) and (b) are the same and the proof is identical.

(a) By the preceding lemmas, it is sufficient to show that if there exists n: Ap, — F}
such that Ry ~ R, ® n then A = u. Assume such a character exists, since the abelian-
ization of Ap, is < T,S; >~ 72 up to conjugation we have Ry(b) = R, (b)u’+®)yf2®)
for some u,v € Fy. Taking the eigenvalues of S; and T on both sides of the equality
we get that {a, —1} = {ua, —u} and {8, -1} = {vB3, —v}. Since o # 1 # (2, we have
u = v = 1 which implies that R, and R,, are isomorphic representations. By Theorem 2.1,
this implies A = p.

(b) The implication A = ' = Ryjap, =~ R;\Asn follows from Proposition 2.2.

Assume now Ryj4, = R;\Asn’ we then have Ry/jq, =~ R;IABH ~ (R;lABn)* =
Ryjap, - The result follows from (a).
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In the same way, it is enough to show the converse implication in the remainder of
the proof.

2. d) This result follows directly from Proposition 2.3.

2. ¢) By 2. d) and 2. b), we have

~ * — * ~
€0 Rya,, €0 (eo RA’\ABTL) = RA’lABn ~ Ry jap, -

3) In this case e(a) = a~! and €(B) = B.

3. ¢) For every standard double-tableau T = (T, Ty), we define T by T = (T4, T%).
Let : A, — T} be the character of Ap, defined by n(T") = 1 and 7(S,) = —a for all 7.

Let Q : Vv(/\h/\z) — ‘/()\/17/\/2), (Tl,Tg) — (Tll,TIQ), U:Vy—>VWV,T— UJ(T)T

Using the same notations as in Proposition 2.3, we will show that for all r € [1,n—1]:

QN (—a)e(Ry 2, (5:)Q = UT'PRA(S,)P'U, Q' e(Ry 2, (T))Q
=U'PR\(T)P~'U.

Let T = (Ty,T2) be a standard double-tableau. The second equality follows from
PRA\(T)P~! = R\(T) and €(8) = B. If T,ypp1 is non-standard, the first equality is
verified by S,. Assume T, .11 is standard, write a = a, y41. If 70(r) = 7p(r + 1) then
in the basis (T, Ty« pr41), we have:

a—1 a—a”“ a"l-1 a"l-a®
RA(S,) = (gy;;‘; o ) JU"'PRA\(S,)P~'U = —a ((;Tg;u oo ) ,

1—a* l—-a—@ 1—ao T—a—a
7} a—a®

—aQ " e(Ray 2, (5:))Q = —ae( ( bratl oo ) =U"'"PR\(S,)P~'U.
l-a—a 1—a@

If 7r(r) = 1 and 7r(r + 1) = 2 then we have

a—1 a+B ta"® a-l_1 B*lafal._"_a—l
BaS) = | Tt e | .UTPRAS)PIU = —a [ TP, TR ),

a+La a—1 Ba®+a” S|
1+Bac 1+8-1a—@ T+Ba 16 Ta-@
a—1 a—i—,@*lla“
_OZQ_IE(R)\/D)\/z)Q = —CYE( iigz,a 1+571a = U_l.PR)\(ST)P_lU.
1+Ba=e  1+B~lac

It follows that R(>\1>>\2)|ABn ~e€o R()‘/17>‘/2)|A3n'
3. d) This is a consequence of 3. ¢) and 3. b).
4. ¢, 4. d) The proof of these results is analogous to the ones of 3. d) and 3. ¢). O

For r € [1,n — 1], we define the double-partitions Ay = ([1"7"],[r]) and A" =
([r],[1™~"]). The following proposition is a generalization of Proposition 3.5 of [4].

Proposition 2.6. For r € [1,n — 1], there exists n1,,,m2,r : Ap, — F; such that
Ry, = (A"Ry,,) @i and Ryoy = (A"Ry)) @ n2,r-



156 A. Esterle / Journal of Algebra 514 (2018) 145-198

Proof. Every double-tableau associated with A can be mapped in a one-to-one way to a
set {i1,12,...,4, C [1,n] such that i; < iy < ... <4, where ix is the number in the k-th
box of the right component. We write vy the corresponding double-tableau and v; = v;;.
After computation, we get the following for k € [1,n — 1].

(1) 61 € I then Ry, (T)o; = —vy.
(2) 61 ¢ I then Ry, (T)vr = fuy.
(3) Ifkk+1 ¢ I then R)\(r) (Sk)UI = —uvy.
(4) If k,k+1 €I then R)\(T) (Sk)’l)[ = Quy.
1gk—1
(5)
(6)

5) Itk € I,k+1¢ I then Ry, (Sk)vr = s vr + S0 vpa i)
1—k

6) If k ¢ I,k+1 €I then Ry, (S)vr = %xi=rvr + ljggl FULA{kb41}-

Above, A is the symmetric difference: AAB = (AU B)\ (AN B).

To each set I = {iy,is,...,4,} can be given in a one-to-one way an element u; of
ARy, writing uy = v, Avi, Ao Av;, and these uy form a basis. For k € [1,n — 1], we
have the following.

(1) If 1 € T then A"Ry, (T)u; = —f"tuy

(2) If 1 ¢ I then A"Ry,, (T)ur = "ur.

(3) If k,k+1 ¢ I then A"Ry,, (Sp)ur = (—1)"u;
(4) If k,k+ 1 € I then ARy, (Sk)ur = (=1)"*
(5) Itk € I,k+1 ¢ I then A" Ry, (Sp)ur = (—1)"~ 171+6%;;k,1u1+(—1)—r—17a+ﬁ X

1+8
UTA{k,k+1}-
(6) Ik ¢ I,k+1 €I then A"Ry, (Sp)ur = (1)~ m%xt=rur + (—1)"~ “;jggl -
UTA{k,k+1}-

Looking at the basis change vy + u; and the character 1 ,.(h) = (—1)=Dah)
Br=1(h) we have the first part of the proposition. In the same way, writing n2r(h) =
(=1)r=Dar) (1) (=P | we have the second part of the proposition. 0

2.2.2. Factorization depending on the field

In this subsection, we use the work from the previous sections to state the main results
in type B which we will prove in the remainder of section 2. As for the factorizations
shown in Proposition 2.5, we have to distinguish cases depending on the field extensions
appearing.

The result depends on the properties of the field extension Fy, = Fy,(a, 5) of Fp(a +
a”!, B+ 371 and the field extension Fy = Fp, () of F,(a + a™!). By elementary field
theory, we have the following possibilities.

(1) F, = Fp(oz,ﬂ) = Fp(a =+ Oflvﬂ + 571) and Fp(a)

—F,(a+al).
(2) Fy =Fp(a,B) =Fp(a+ a8+ B7") and Fy(a) #F

pla+a™).



A. Esterle / Journal of Algebra 514 (2018) 145-198 157

(3) Fy=Fp(a, B) =Fpla+a 1, B8) =Fpla,B+ 87 #Fpla+a™t, 3+ 571).

(4) Fq = Fp(oz,ﬂ) = Fp(oz,ﬂ +571) # Fp(a + Oflaﬁ) = ]Fp(a + Oflaﬂ + 571)-

(5) Fy = Fp(e, ) = Fpla+a ', 8) # Fypla,f+ 7)) = Fpla + a8+ 71) and
Fp(a) # Fpla+a™t).

(6) Fy = Fp(a, B) = Fp(a + a !, B) # Fpla, B + g = Fpla + o~ B+ 471 and
Fp(a) =Fyla+at)

We remark that in the third and fourth cases, we have F,(a) # Fp(a 4+ a™1).

Before stating the main results for type B, we recall the two following lemmas, the
first one is Lemma 2.4 of [5] and the proof of the second one is included in the proof of
Proposition 4.1 of [4].

Lemma 2.3. Let p be an absolutely irreducible representation of a group G in GL.(q)
where Fy is a finite field such that there exists an automorphism € of order 2 of Fy. If
p~ eop*, then there exists S € GL,(q) such that S~'p(9)S € GU,(q2) for all g € G.

Lemma 2.4. Let p and G be as in the previous lemma. If p ~ € o p, then there exists
S € GL,(q) such that S~'p(g)S € GL,(q2) for all g € G.

In certain cases, (A1, A2) factorizes through (A2, A1) or (M, A;) so we need a good
order on double-partitions of n. We first choose for r < n an order on partitions of
r such that if r has 2[ partitions different from their transpose {a;,a; }iep,) and s
partitions {a;yi}icpi,s) €qual to their transpose then a; < aj < az < ap < ... < ap <
a; < appr = apy < ... < apps = ap,,. We also require a; = [r]. This gives us that A < p
implies that \' < u/ whenever A # p/. If A H ny and g H ny then we say A > p if
n1 > ng or np = ny and A > u. We then define the order < on double-partitions of n in
the following way where A is a partition of 7x: (A1, A2) < (w1, p2) if ra <ryor (rx=ry,
and A\p < pq) or (ra =7y, A1 = g1 and Ag < po).

Lemma 2.5. If A = (A1, \2) is a double-partition such that X # N, X # (A2, \1) and
A # (M, AL) then exactly one element of {\, N, (A, A), (A2, A1)} verifies the property:

()N < N and A < (N, \)).

Proof. Let A = (A1, A2) be a double-partition verifying the conditions in the lemma.
Assume A > X and A < (A}, \)). Since A > X', we have ry > ry and since r\+71) = n, we
get ry > 4. Let’s show that either (A" < A and X < (X2, A1)) or ((A2, A1) < (A}, A3) and
(A2, A1) < (A5, A))), i.e. either X verifies (%) or (A2, A1) verifies (x). Those two cases are
indeed distinct because either X < (A2, A1) or (A2, A1) < M. If X < (A2, A1) then we are in
the first case because we assumed A > . Let’s now assume X > (A2, A1), we must show
(A2, A1) < (A, AL). This is obvious if 7 > §. If 7y = § then (A1, Ad2) = A > X = (X5, \])
implies that A; > A, or (A; = A, and A2 > A}) which is a contradiction so Ay > A, and



158 A. Esterle / Journal of Algebra 514 (2018) 145-198

since A; # Mg, this implies A} > Ay by definition of our order on partitions of r,. This
shows that (A2, A1) < (A}, A%).

Assume A > X and A > (M, A\}). We then have that either A’ verifies (%) or (A2, A1)
verifies () in exactly the same way as in the previous case.

Assume A < X and A > (A}, Ay), let us show that (A}, ) < (A2, A1) and (A}, \)) <
(A1, A2), i.e. (AN, Ay) verifies (x). It is enough to show the second inequality since we have
the first one by assumption. This is obvious if 7y < 5. If ry = § then A\; < AL because
A1 # Ay 50 A] < Ag because A; # Ag and (A}, Ay) < (A2, \1).

Assume A < A and A < (A}, A}). To conclude the proof, it is enough to show that not
one of X, (N, \y) and (Mg, A1) verifies (x) in this case. It is obvious for A’ and (A}, \q).
If ry < %, it is also obvious for (A2, A1) since (A2, A1) > (A}, A5). If rx = & then since
A1 < AL and Ap # A}, we have that A2 > M| so (A2, A1) > (A, AL). O

We are now able to state the main results for type B which are a generalization of
Theorem 1.1 of [4], the end of the proof will be in the next section. The main difference
arises from the additional factorizations in the last cases for the field extensions explicited
in 6 different cases at the beginning of section 2.2.2. Theorem 2.2 corresponds to the first
case given at the beginning of section 2.2.2. Theorem 2.3 corresponds to the third case
and Theorem 2.4 corresponds to the fourth case.

We write Al,n = {()\1, @), )\1 [ ’n},AQm = {(@, )\2), )\2 - n},An = Al,n @] Agm. Aﬁn =
{(A\1,0) € A1, A not a hook}, €, = {\FFn, A ¢ A,, X not a hook}, F; = Fp,(«).

Theorem 2.2. If F, = Fy(a, 3) = Fp(a+a ', 8+ 871) and Fy(a) = Fy(a +a™?t), then

the morphism: Ap, — ’Hémaﬁ ~ [ GL()\) factors through the epimorphism
AFFn

@y Ap, — SLn_1(q) x 11 SLy,, (§) x 11 OSP()\) x
(A1,0)€Aen A1 <] (A1,0)€Aen A1=X]

SLa(9)*x [[ SLm(@x ][] 0SPW,

AEen AN ACen A=\

where OSP(N) is the group of isometries of the bilinear form considered in Proposi-
tion 2.1.

IfF, =F,(a,8) =Fp(a+a '3+ 571) and Fy(a) # Fp(a + ') then we have the
corresponding theorem where the first row of groups corresponds to the unitary case in
[4] and we write ®,,, the corresponding morphism.

Theorem 2.3. IfF, = F,(a, ) = Fp(a+a™t, B) = Fy(a, B+B71) # Fplat+a™t, f+871),

then the morphism Ap, — My 5= 1 GL()) factors through the epimorphism
o AFFn

@3, Ap, = SU,_1(§?) x I1 SUn, (§?) x I1 OSP(N) x
(A1,0)€Aen A1 <A (A1,0)€Aen A=)
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SUL*)*x ] SUnte®)x [[ OSSP,

AEen AN AEen A=)

where 6_5’?’(/\) is the group of isometries of a bilinear form of the same type as the one

considered in Proposition 2.1 but defined over ]Fq% .

Assume that F, = F,(, 8) = Fp(a, B+871) £ Fplat+a™,B) = Fy(a+a™t, f+671),
we then have by Proposition 2.5 and Lemmas 2.3 and 2.4 the following theorem:

Theorem 2.4. IfF, = F,(a, B) = Fp(a, B+871) # Fp(ata™t, B) = Fyla+at, +571),
then the morphism Ag, — 'Hgmaﬁ ~ J[ GL()\) factors through the epimorphism

AFEn
Byt Ap, = SU,_1(G7) x 11 SU,, (§2) x I1 OSP(\) x
(A1,0)€Aen A1 <] (A1,0)€Aen A1=0]
SLn(q) X 11 SLny(g) %

A€en, AN AL(A]L,AL),A# (A2, A1)

H SUnA(q%) X H SLm(q%) x

A€, AN A=(A2,\1) A€en AN A=(A],\5)
11 OSP()) x 11 OSP()).
AEen , A=N A (N ,AL) AEen A=N A=(A],05)

The corresponding statements for the cases F, = F,(a,3) = Fy(a + a1, p) #
Fy(a, f+671) = Fy(a-ta, f+671) and (Fy(a) = Fyla+a~") or Fy(a) # Fylata™))
should be clear and are left to the reader. We write in those cases ®5, and ®¢ , for the
morphisms respectively. Their proof is deduced from the same propositions and lemmas.

2.8. Surjectivity of the morphisms ®; ,,

In this section, we conclude the proof of the theorems in the previous section by
showing that for all ¢ € [1, 6], the morphism ®, ,, is surjective. The core of the proof for all
1 will be in Section 2.3.1. However, for small n, the different factorizations which appear
in cases 4, 5 and 6 of the field extensions described at the beginning of Section 2.2.2
change the proofs for small cases. They require to introduce new tools and consider the
maximal subgroups of some classical groups of low dimension. Those were classified in
[3] and we will use their tables in order to treat those cases. In all cases, the proof is
based on induction reasoning. We start by proving the result for small n and we then
use Goursat’s lemma and a Theorem by Guralnick and Saxl [3] which relies on the
classification of finite simple groups and gives us a list of conditions for a group to be a
classical group. Our induction assumptions will allow us to check that all the conditions
are verified. It will be more tricky to verify those conditions in cases 4, 5 and 6 because
of the additional factorizations.
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2.8.1. First case: Fy =Fp(a, ) = Fp(a+a ™, 8+ 871),Fp(a) =Fpla+a™t)

In this subsection, we prove the surjectivity of the morphism in the easiest case and
establish groundwork for the other cases. This will conclude the proof of Theorem 2.2.
We first prove the result for n < 4 and then use induction to get the result for all n.

We recall Goursat’s Lemma also used in [5] and [4], it was originally proven in [10]
and an English version of the proof can be found in [1] (Lemma 2.3.5):

Lemma 2.6 (Goursat’s Lemma). Let G1 and Ga be two groups, K < Gy X G, and write
7« K — G; the projection. Let K; = m;(K) and K* = ker(my) or (i,i') = (1,2).
There exists an isomorphism ¢ : K1/K' — Ky/K? such that K = {(k1,k2) € K; x
Ko, p(k1 K1) = ko K2},

We first prove that if for any A\ H- n, the composition of Ry with the projection on
its corresponding quasi-simple factor is surjective then ®; , is surjective and then prove
by induction that each composition is indeed surjective. In order to get the image of the
hook partitions it is enough to get the images inside the representations associated with
the partitions ([1"71],[1]) and ([1],[1"71]). We recall Wagner’s theorem which can be
found for example in [17, II, Theorem 2.3].

Theorem 2.5. Let F,. be a finite field, n € Nyn > 3 and G C GL,(r) a primitive group
generated by pseudo-reflections of order greater than or equal to 3. Then one of the
following is true.

(1) SL,(7) C G C GL,(7) for some 7 dividing r.
(2) SU,(72) C G C GU,(72) for some 7 dividing r.
(8) n <4, the pseudo-reflections are of order 3 and G ~ GU,(2).

Proposition 2.7. Let n > 3 and Ry (resp. Rg) be the representation associated with
the double-partition ([1"71],[1]) (resp. ([1],[1"71])). We have Ri(Ap,) = Ra2(Ag,) =
SLu(q).

Proof. Let n > 3, we use Theorem 2.5. The eigenvalues of R;(T") are 8 with multiplicity
n — 1 and —1 with multiplicity 1 and the eigenvalues of R;(S;) are o with multiplicity
1 and —1 with multiplicity n — 1. The group G = (87 R1(T), —R1(S1), ..., —R1(Sn-1))
is generated by pseudo-reflections. To apply Wagner’s Theorem (Theorem 2.5), we must
show our group is primitive. If G was imprimitive, we could write Fj = Vi@ Vo ®..aV,,
where for all 7 and for all g € G, there exists a j such that ¢g.V; = Vj. Since R; is
irreducible, either 371 R (T).V; # V; or there exists i < n—1 such that —R;(S;).Vy # V4.
Assume there exists ¢ such that —R;(S;).V; # V. Up to reordering, we have Vo =
—R(S;).V1. If dim(Vy) > 2 then H_p, (g,) (the hyperplane fixed by —R;(S5;)) has a
non-empty intersection with V3 so V1 N V4 # () which is a contradiction so dim(V;) = 1.
This reasoning is valid for any V; so they are all one-dimensional. Let x € V; be a non-zero
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vector, it can be written in a unique way as x = z1 + x2 with 2; € Ker(R:(S;) + «)
and o € H_g,(s,)- We then have that —R;(S5;)x = —ax1 + 22 and —R(S;)(—R(S;)r) =
a?z1+ a2 = a(z1 +22)+ (1 —a)(—az; +22) € Vi & Va. Since o ¢ {0, 1} this contradicts
the fact that there exists j such that —R(S;).Vo = V;. If Vi # B~IR(T)Vy = Va, then
if v =21 + 22 # 0 with v € Vi,21 € Ker(Ri(T) + B)x2 € Hg-1p, (), we have that
BT'R(T)x = B~ w1+ and B~ Ri(T) (B Ri(T)x) = B~ w1 + a0 = B (21 +22) +
(1— 871 (=B tx1 +22) € V4 @ V. This is absurd because 371 ¢ {0,1}. This shows that
G is primitive and in the same way, G = (—Ry(T), —Ra(S1), ..., —R2(S,_1)) is primitive
and generated by pseudo-reflections of order greater than or equal to 3. By Theorem 2.5,
we have SL,,(§) € G,G C GLy,(q) or SU,(G2) C G,G C GU,(q2) for some § dividing g.
If we were in the unitary case then there would exist an automorphism ¢ of order 2 of Fy-
such that det(M) = e(det(M))~" for all M in G or G. We also have det(8~ 'Ry (T)) =
—B71, det(=R1(S1)) = det(—Ry(S1)) = —a and det(—Ry(T)) = —f8 so if G or G is
unitary then ¢(8) = 87! and e(a) = ! so a+a~! and B+ 37! would be in F; which is
a contradiction because ¢* divides ¢ and Fy, = F(a+a~!, 3+ 371). This proves we have
SL,.(G) € G,G C GLy,(q) for some ¢ dividing ¢ so using again the determinants, we have
aand S in F; and so ¢ = q. We have SL,,(q) = [G,G] = [R1(4B, ), R1(AB,)] = Ri1(Ag,)
and SL,(q) = [G,G] = [R2(AB, ), R2(Ap, )] = Ra2(Ag,) which concludes the proof. O

By [22], Ap, is perfect for n > 5 but not for n < 4 so those cases must be treated
separately.

Lemma 2.7. If n < 4 then ®,, is surjective.

Proof. The representations labeled by double-partitions of n = 2 are all one-dimensional
except for ([1], [1]) so we only need to show that Ry 1)(Ap,) = SLa(q). We write t =

0 -1 . .
Ry (T) = (g _1) and s = R[l],[1](51) = ﬁ aaﬁ 1 aaﬂtﬁﬁ) . First note that if

p- <% _11,> then P~1tP = 1 (fﬂJrll éﬁj_@) and P~1sP = (8‘ _01>.
This proves that the roles of a and 3 are completely symmetrical in this case so up
to conjugating by P, we can exchange the conditions on « and the conditions on (.
We write G =< t,s >. We have det(t) = —f and det(s) = —a. Let (u,v) € F_p2 such
that u?> = —87! and v?> = —a~!, we set F,, = F,(u,v). We then have G = (,3) =
(ut,vs) C PSLs(q’"). We write &,, the permutation group of n elements and 2, its
derived subgroup. By Dickson’s Theorem [14, Chapter 11, HauptSatz 8.27], we have that
G is either abelain by abelian or isomorphic to &3, 2y, s, &4, PSLa(G) or PGLo(q) for
a given ¢ greater than or equal to 4 and dividing ¢’.

If ut" =1 in PSLy(q') then ((—u)")? =1 so " = (—1)" and by the condition on the
order of o, G cannot be isomorphic to &3, &4, 24 or AUs. o

We now exclude the case G abelian by abelian. If G is abelian by abelian, then [G, G]
is abelian, i.e. ab = ba for all a,b € [G,G] or equivalently ab = +ba for all a,b € [G, G].
We have that (tst=1s™1)(s7ttst™1) — (s ltst =) (tst~1s71) =
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_ (B=1)(a=1)*(af+1)(a+B) _ (0282403 —ap?—a?B+af+p2—a—B)(a—1)(af+1)
BaZ(B+1) BaZ(B+1)
(@?B%+ap®—ap®—a?p+af+pi—a—pB)(a—1)(a+B) (B=1)(a—=1)2(aB+1)(a+p)
B2aZ(B+1) BaZ(B+1)

This matrix is non-zero because the diagonal coefficients are non-zero by the condi-
tions on (3. This means that if [G,G] is abelian than we have (tst~1s™1)(s~1tst~!) +
(s7tst=1)(tst=ts™!) = 0 but this matrix equals

cx4ﬁ+o¢35272a3ﬁ72a2ﬁ2+a3+4a2[3+a52720¢272aﬁ+a+/5
o2

_ (&®B+a B2 aftatB)(atp)(a=l)
252
(a?B+a B2—2 a B+a+pB)(a—1)(a f+1)
a2
aB+a’B?—2a°B—2a%B%+a’+4a?B+aB?—2a’—2a B+a+s
a?f

The non-diagonal coefficients are non-zero if A = a?S+a 2 —2 a B+ a+ 3 is non-zero. If
A = 0 then, the bottom right coefficient of (tst=1s™1)(st~ts™1t) + (st~ 1s71t)(tst1s71)
is equal to —W multiplied by

a4ﬂ3—|—o¢3ﬁ4—a452—304363—2a2ﬂ4—|—50¢3ﬁ2+4a263—|—
aBt—3a28-8a%82—3aB+4a2B+5aB2+ 82 —20%> -3ap -5 =
(@?8? —a?B + 208 —20)A+ B((B — 1A —2a%(B% + 1)) = —28a%(B% + 1).

This is non-zero by the condition on . The diagonal coefficients of the difference of these
two commutators are identical to the ones of the difference of the previous commutators
so they’re non-zero. This proves G isn’t abelian by abelian and there exists § greater
than or equal to 4 such that [G, G| ~ PSLy(F;).

For H a group and A an H-module, we write Z?(H, A) = {f : H x H — A Vx,y,2z €
H,z.f(z,y)f(xy,2) = f(y,2)f(xy,2)} the group of cocycles and B?(H,A) = {f :
HxH — A3t : H— AVx,y € H, f(z,y) = t(y)t(zy) ly.t(z)} the group of
coboundaries. We write M (H) = H?*(H,C*) = Hy(H,Z) its Schur multiplier. We have
[G,G] = [G,G] C PSLa(q), this inclusion gives a projective representation of SLa(q)
with associated cocycle ¢ € Z?(SLy(Fg),F}). We show that H?(SLy(Fg),F}) is trivial
which is equivalent to Z?(SLy(Fg),F}) = B*(SLa(Fg), F}) so this cocycle is a cobound-
ary. We write H = SLy(q). By the Universal Coefficients Theorem [12, Theorem 3.2],
we have the following exact sequence

1 = Ext(Hy(H,Z),F%) — H*(H,F}) — Hom(Hy(H,Z),F;) — 1.

We have H(H,Z) = H/[H, H| [16] and Hy(H,Z) = M(H), since ¢ > 4, SLy(F3) is
perfect and the exact sequence becomes

2
1—1— H*(H,F,) - Hom(M(H),F;) — 1.
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By [16, Theorem 7.1.1], if § ¢ {4,9} then the Schur multiplier M (H) is trivial so this
reduces to H*(H,F}) ~ {1}.

It remains to take care of the cases § =4 and § = 9. If § = 4, we have M (H) = Z/2Z
and char(F,) = 2 so Hom(M(H),F}) = 1. Indeed, every morphism ¢ from M (H) to
F} verifies 1 = p(2z) = @(x)? for all z € M(H) so 0 = p(z)* — 1 = (p(z) — 1)? for
all z € M(H) so ¢ is trivial. If § = 9 then we have M(H) = Z/3Z and H?(H,F}) is
trivial by the same reasoning as for § = 4. In all cases, we can define a representation p
of SLy(q) in SL2(q).

By [2], any representation o of SLy(q) in GLa(g) is up to conjugation of the form
o(M) = (M) where ¥ (M) is the matrix obtained from M by applying ¢ € Aut(F,)) to
all its coefficients. We have IF, = Fg(w) for any w generating the cyclic group Fj. There
exists a homomorphism from F, to F; sending 1 to w and stabilizing Fsz. We define
a representation p of SLy(q) in SLa(q) such that p(M) = p(M) for all M in SLy(q).
We have p(M) = p(M) = (M) for all M in SLy(§). We have [G,G] ~ PSLy(q)
so (|G, G]) ~ PSLy(§) is conjugate to PSLa(q§) in GLy(q"). We have (tst~1s7!) €
(|G, G)) so its trace 2 — (a+ a1 + B+ B71) belongs to F;. This shows that a +a ™1 +
B+ B~ € F;. We also have that the trace Ty of s?t~!1s72t and the trace Ty of st=2s~ 12
are in F;. We have T} = a4ﬁ+°‘352_2a35_2a2ﬁ2+(’;+4“2’8+“52_mz_2aﬁ+a+ﬁ. We write
B=a+a '+ B+ 71 We then have T} = (a+a~1)B — 2B + 2. T, has the expression
of Ty with o and 3 switched so Ty = (8 + 871)B — 2B + 2. Since B,T; and T are in
Fz, we have (o + a~')B and (B+ 7!)B are in Fz. We have B=a+a ' + 8+ 371

so B = 0 would imply o € {—3, —37'} which contradicts the assumptions on « and 3.
1

B is non-zero so a + a~! and 3+ 7! are in F; and so F; = F,. We conclude using

Lemma 2.1 of [5].

The double-partitions of n = 3 to consider are ([2,1],0), ([1],[1?]) and ([1%],[1]). We
want to show the image of @3 is equal to SLa(§) x SL3(q) x SL3(q). If we restrict ourselves
to the image inside SL3(F,) x SL3(F,), we show that it is SL3(q) x SL3(q). By Propo-
sition 2.7, SL3(q) = Rpi2),11)(AB,) and Ry 12)(Ap,) = SLz(q). We now use Goursat’s
Lemma: we write as in the lemma K = R(Ap,), K1 = R[12],[1] (Ap,), K2 = R[l],[p] (Ap,)
1 (resp. m2) the projection unto SL3(q) (corresponding to ([1%], [1])) (resp.. SL3(q)) (cor-
responding to ([1],[12]))), K! = ker(ms), K? = ker(m) and ¢ the isomorphism given
by Goursat’s Lemma. We have K = {(z,y) =€ K; x K, p(xK') = yK?}. By the same
reasoning as the one in Proposition 3.1. of [5], either SL3(F,) x SL3(F,) C K or K;/K*
is non-abelian and ¢ is an isomorphism of PSL3(FF,) and using the same notations, up
to conjugation Ry (b) = S?(Ry(b))z(b) for all b € Ap, (S =Idor S =M s 'M~1).

Let us show that the second possibility is absurd by choosing the right elements
in Ap,. For any element b of Ap,, Tr(Rpjz2)(b)) = z(b) Tr(S?(Rpz))(b)). We write
U= 58"V =T8T 1S;" W = 55815,% and X = SoTS;T~155?, they are all
elements of Ap,. By explicit computation, for both choices of S, we have:

(@ —1)?

Tr(Rp),p2)(U)) = Tr(Ry,uz) (V) = Tr(Rpy pzy(W)) = Tr(Rpyy pz(X)) = —
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Tr(S(Rpzy,1(U))) = Tr(S(Rpzy,py(V))) = Te(S(Rpzy,py(W))) = Tr(S(Rpzy,y(X)))

(a-1)

This shows that 2(U) = 2(V) = 2(W) = 2(X) and
_(a-1)?

1=2U)z(W) ' =2(UW™1) = Wa‘”)
This proves ¢(a +a~!) = a+ a~!. We also have

3—a—alt-pg-p71

oB—a—al-F-p1)

Using ¢(a+a™') =a+a1, we have ¢(8+ B71) = B+ 37! so ¢ = 1. We deduce that

1=2UVY =

a—1)(aB?—-2aB+28—1) —af
ap (= 1)(2aB + B2 —a —2B)

1:z(UX‘1):(
B 1+ 2a8 —28 — af?
B2 4+2aB-20—-a’

1—af?=p8"—a,(1-5*(1+a)=0.

Since 82 # 1 and o2 # 1, we get a contradiction. This shows that SL3(q) x SL3(q) =
R(Apg,).

We now set G1 = SL3(q) x SL3(q) and Ga = SL2(§), the image of ®3 is a subgroup of
G1 X G for which the projections onto GG; and G5 are surjective. Using again Goursat’s
Lemma and the notation there, we have K;/K!' ~ K,/K?. We have a surjective mor-
phism ) from K; = G; = SL3(q) x SL3(q) to K2/K? where Ky = SLo(§). If Ko/K? was
non-abelian then we would have Ko/K? ~ PSLy(q). If the restriction 1 (resp. 12) of
¥ to SL([1%],[1]) (resp. SL([1], [1%]) was not trivial then 1y (resp. 1)2) would factor into
an isomorphism from PSL3(q) unto PSLy(F,) since the center of SL3(F,) would again
be in the center of ¥ and 2. This would lead to a contradiction so their image is trivial
and 1 is not surjective so the quotients are abelian. This shows that K; = [K;, K] C K*!
and Ky = [Ky, K] C K? then using Goursat’s Lemma we conclude that the image of
®3 is equal to G; X Go. This shows that ®3 is surjective.

The double-partitions of 4 in our decomposition are ([1%],0), ([22],0), ([2,1,1],0),
([, 23], (3], [1]), ([1%],[13]) and ([2,1],[1]) of respective dimensions 1, 2, 3, 4, 4, 6
and 8 (we removed the hooks, ([3],[1]) and ([1],[3])). We know the restriction to the first
five is surjective by [4] and Proposition 2.7 so we only need to show that Rz 12)(Ap,) =
SLe(q) and R(2.1),1])(Ap,) = SLs(q).

Let us first consider the double-partition ([1?],[1?]). By the branching rule and the
case n = 3 above, we have
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SL3(q) X SLg( ) R[lz] (.ABg) X R[l] [12] (ABs)
= Rp2n2)(As,) C Rpzpnz(As,) C SLe(q).

We can now use Theorem 3 from [5].

Theorem 2.6. Let F,. be a finite field and T' < GLy(r) with N > 5 and q¢ > 3 such that

(1) T is absolutely irreducible,
(2) T contains SL4(r) in a natural representation with a > %

If N # 2a then T' contains SLy(r). Otherwise, either I' contains SLn(r), or T is a
subgroup of GLy (r)16,.

We use this theorem on Rj12) [121(Ap, ). To get the desired result, we only need to show
that Ryj2)12)(Ap,) cannot be a subgroup of GL3(r) 1 &,. If it were true, then we would
have Rp2)12)(AB,) C SL3(q) x SL3(q) which would contradict the irreducibility shown
in Lemma 2.1. This shows that we have R[y2) 12)(Ap,) = SLg(q)-

We now consider the double-partition ([2,1], [1]). Again by the branching rule and the
case n = 3, we have that the restriction to Ap, is SL3(Fy) x SL3(F,) x SLa(Fz). We
now use the fact each of these groups is generated by transvections and the fact that
Ap, is normally generated by Ap,. When the characteristic is different from 2, we can
use the following theorem (first theorem of [24]).

Theorem 2.7. If G is an irreducible subgroup of GL,(q) generated by transvections with
qg=7p",p>3,n>2 then G is conjugate inside GLy(q) to SL,(q), Spn(q) or SUn((jé)
for some ¢ dividing q.

We write G = R2,1),11))(AB,), H = R(j2,11,1])(ABs) = SL3(q) x SL3(q) x SL2(q) and
we pick t1 (resp. t2 (resp. t3)) a transvection of SL3( )x {Is} (resp. {I3} x SL3(q) x {I2}
(resp. {Is} x SL2(G)). We then have H = (ht;h"',h € H,i € {1,2,3}) and so G =
(ghg=* h € H,g € G) = (gtig~', 9 € G,i € {1,2,3}) is generated by transvections and
we can apply the theorem. We also recall the following lemma [4, Lemma 5.6].

Lemma 2.8. For any prime p and m > 2, the field generated over F, by {Tr(g),g €
SLpy(q)} is Fy and for all m > 3, the field generated over Fy, by {Tr(g),g € SUn(q2)}
is Fy.

By Proposition 2.5, we know that R[31},1](Ag,) preserves no non-degenerate bilinear
form. It also shows that it can preserve no non-degenerate hermitian form. Indeed, if
it were to preserve a hermitian form then we would have Tr(M) = e(Tr({(M)1)) for
any M in G and we have diag([a, a™1,1,1,1,1,1,1]) and diag([8,57%,1,1,1,1,1,1]) in
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H C G, so we would have e(a + a™!) = a+a™! and (8 + 37') = B+ B7L. Since

F, = Fp(a, B) = Fpla+ a1, 3+ p71), the automorphism € of order 2 would be trivial

which is a contradiction. This proves G is conjugated in GLg(q) to SLg(g) for some ¢

dividing ¢. By Lemma 2.8, the field generated over I, by the traces of the elements of G is

F; so § = q because G contains SLs(q) in a natural representation so the field generated

by its elements contains F,. This shows that when p # 2, G = Rj2,1),n))(AB,) = SLs(q)-
Assume now p = 2, we can use the following theorem [23, Theorem 1].

Theorem 2.8. Let V' be a Fy-vector space of dimension n > 4 with q even. If G is an
irreducible proper subgroup of SL(V) = SL,(q) generated by a set D of transvections
of G, then D is a conjugacy class of odd transpositions of G.

Assume G = R(12,11,1])(Ap,) is different from SLg(q). We again have that G is gen-
erated by transvections and by applying the above theorem, those transvections are in
a single conjugacy class of G. Since O,(G) is normal in G and V = FZ is an irreducible
F,G-module, we apply Clifford’s Theorem [7, Theorem 11.1] and get that ResgP(G)(V)
is semisimple. Since O,(G) is a p-group, the unique irreducible F,0,(G)-module is the
trivial module so O,(G) acts trivially on V. It follows that O,(G) is trivial. We can thus
apply Kantor’s Theorem [15, Theorem IIJ:

Theorem 2.9. Let p be a prime and q = p' for some | € N. Assume G is an irreducible
subgroup of SLn(q) generated by a conjugacy class of transvections, such that O,(G) <
[G,G] N Z(G). Then G is one of the following subgroups.

(1) G=SLy(¢) or G=Spn(¢") in SLn(¢') or G = SUn(¢'2) in SLn(q'), ¢|q.
(2) G =0x(¢") < SL.(¢), 4 lg-

(3) G=6, < SLn(2) where N =n—d and d = gcd(n, 2).

(4) G = Say in SLap_1(2) or in SLap(2).

(5) G = SLy(5) < SLa(9).

(6) G=3.PQy™ < SLg(4).

(7) G =SU4(2) < SL5(4).

(8) G =Ax Sy in SLn(2%) where A is a subgroup of diagonal matrices.

Since « is of order greater than 4, we have ¢ > § = 2" > 8. The group G contains
H = SL3(q) x SL3(q) x SL2(q), so cases 3 to 7 are excluded. If we were in Case 8 then
G would have at most (¢ — 1)12%2 = 45(¢q — 1) transvections (see proof of Theorem 1.3.
page 661 of [5]). SL3(q) has % = (¢ —1)(¢*> + ¢+ 1)(¢ + 1) transvections and
(> +q+1)(g+1) > 847(¢ — 1) > 45(q — 1). For the same reasons as when p # 2,
G is neither unitary nor symplectic nor orthogonal. The only remaining possibility is
G = SLg(q) which is a contradiction since we assumed G # SLg(gq). This proves that
G = SLg(q).
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The restriction to each double-partition of 4 is thus surjective, it remains to show
®, is surjective using Goursat’s Lemma (Lemma 2.6). This means we have to show the
image is SL2(G) x SL3(§) x SLa(q) x SL4(q) x SLs(q).

By Theorem 1.2. of [5], the restriction to SL2(§) x SL3(G) is surjective. We write
G the image of this restriction and G = Rpuj,ns))(Ap,) = SLa(q). Let K be the
image Ap, in G x G2, using the corresponding notations in Goursat’s Lemma, we have
K, =Gy, Ky = Gy and K;/K' ~ K5 /K?. If these quotients are abelian then the proof
of K = G x G is straightforward using Goursat’s Lemma. Since the only non-abelian
decomposition factor of G is PSL4(q) and the only non-abelian decomposition factors of
G are PSLQ( ) and PSL3(G), we have a contradiction if these quotients are non-abelian.
Write now K = R, (Ap,) = SLa(q) and let us consider the image J of Ap, inside
K x K. Using again Goursat s Lemma, this time with K1 = K, Ky = f(, we have
Ki/K' ~ K5/K?. If the quotients are abelian then J = K x K. If the quotients are
non-abelian then there is an isomorphism S? from PSLy(q) to PSLy(q), where the first
one corresponds to Riy13))(Ap,) and the second one to R((1,3))(Ap,). This implies
that there exists a character z from Ap, to F; such that up to conJugatlon7 for every
h € Ha, we have Ry 12)(h) = S®(Ruy,3))(h))z(h). The isomorphism S¢ is of the form
[26, Section 3.3.4] M +— ¢(M) or M + ¢({(M~1)) where ¢ is a field automorphism of F,,.
We would then have that for all h € ABMTI“(R([ls]’[l])(h)) = Qﬁ(TI‘(S(R([l])[g])(h)))z(h).

Writing U= S84V = TST 1S X = SoTSiT 1S3 P = 5355;2,Q =
TS T~ 53 , Ry = R([p] 1) and Ry = R([1]7[3]), we have 3 —a —a~! = Tr(Rl( ))
TH( (PQ1) = Tr(o(P) =Te(Ra( PQ1) = Te((Aa(PQ ) )) = Tx((a(PQ ™) )
so 2(PQ™Y) = z(P) = ?3:0; o _B-a—o | Thig shows that 2(Q) = 2(P)z2(PQ™1)~1 = 1. We
also have Tr(R1(Q)) = Tr(R2(Q )) Tr((R2(Q)™ ) =2—a—-atsol=2Q) =
@(220;70;_11 and <I>(a—|—a b = a+a~t. We have Tr(Rl(U)) = Tr(Rl(V)) Tr(R:(X)) =
Tr(Rx(U)) = Tr(Re(V)) = Tr(Rz( ) = Tr((R(X)7h) = Tr((Ra(V)7H)) =
Tr((R2(U)™Y) = 3 —a—atsoz(U) = 2(V) = 2(X) = 1. Te(R(UVY)) =
Tr(Ro(UV L)) = Tr((Ro(UV 1)) =d—a—a~t —3—37L. It follows that z(UV 1) =

—( Dt_l _ —1 _ _ .
z(U)z(V)*1 =1 = Gilete S o BB+ 1) = B+ B Since F, =

Fp(a+a~ 5 ﬁ 1), we have ® = Iy. Te(Ry (UX 1)) = —200tafoer—hofofitat2),
Tr(Ro(U (Ry(UX~1)71))) = e2f2=207F-ab +5aboa20+1 Gipce ,(UX 1) =
af

z(U)z(X)_1 =1 and O = [, it follows that
a?f% - 2028 —af?+ 508 —a—28+1=-20°8—af’+a®+5af+ (% —a—20.

This shows that o282 + 1 = a2 + % so (a? — 1)(8% — 1) = 0. This contradicts the
conditions on « and 3. This contradiction shows that J = K x K.

We conclude using Goursat’s Lemma with R(i2)12))(AB,) = SLe(q) then with
Rpp1,1)(AB,) = SLs(q). O

We now show that if the representation associated with each double-partition is sur-
jective, then @, ,, is surjective.
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Lemma 2.9. If n > 5,F,(a, ) = Fp(a+ a1, 8+ B71) and Fp(a) = Fp(a+ a™t) and
the composition of ®1, and the projection upon each quasi-simple group associated with
each double-partition is surjective, then ®1 ,, is surjective.

Proof. Let n > 5, we know by [4, Theorem 1.1] that the restriction to double-partitions
with an empty component is surjective. We first show that we can add the hook par-
titions. We then show by induction on the double-partitions using the order we picked
that ®, , is surjective.

We write Go,o = SLp—_1(q) x I1 SLy, (q) % I1 OSP’(\) where
(A1,0)€Aen, A1 <A} (A1,0)€Aen A=)

OSP’'()) is the derived subgroup of the group of isometries of the Fg-bilinear form defined
in [4] which identifies to the one defined in this article. We then have by Theorem 1.1. of
[4] that the image of Ap, inside Go,o is Go,0. We have Go,1 = Rp1),n-1)(AB,) = SLn(q)
by Proposition 2.7. We use Goursat’s Lemma to show that the image of Ap, inside
Go,o % Go,1 is equal to Go o X Go,1. Using the notations in Goursat’s Lemma, we have
K1 = Gy, K2 = Go,1 and Ki/K! ~ Ky/K?. If the quotients are abelian then we are
done since the groups we consider are perfect. We assume that they are non-abelian
and show there is a contradiction. The only non-abelian decomposition factor of Ks
is PSL,(q) so since the finite classical simple groups are non-isomorphic as long as
n > 4 and ¢ > 4 [26, Section 1.2], there would exist a decomposition factor of K;
corresponding to a double-partition A of n with its right component empty such that
PG(X\) = Rx(AB,) ~ PSL,(q) = R, n—1))(AB, ). Therefore, up to conjugation [26,
Section 3.3.4], we have that Rx(h) = S®(R(p),(n-1))(h))z(h) for all h € Ap, with z :
Ap, — Fj, ® an automorphism of F, and S being either the identity or the transpose

of the inverse. Since n > 5, we have Ap, perfect [22, Corollary] so z is trivial. By
Lemma 2.2 and since the abelianization of Ap is the group {T,S;} ~ Z?, we have
Ry(h) = S® (R([l],[n_l])(h))uél(h)v&(h). Since A has its right component empty, the only
eigenvalue of R(T) is 3. On the other hand, the eigenvalues of S?(R(1),(n—1))(T))v are
equal to {v®(3), —v} or {v®(B71), —v}, so we would have —v = v®(f3) or —v = v®(31)
which is not possible because we have 8 # —1. This contradiction shows that the image
is equal to Go,o x Go,1.

Assume now G2 = Go,o x Go,1 and Go3 = R1y,1n—1))(AB, ) = SL,(q) and consider
the image of Ap, inside Gy = G2 x Go 3. We use Goursat’s Lemma with K1 = G 2 and
Ky = Go,3. In the same way as before, it is sufficient to show that the quotients Ki/K! ~
K3/K? are abelian. The sets of eigenvalues of S*(R(p,j1n-1))(T)) are again {®(3), —1}
or {®(B)~t,—1}. If the quotients were non-abelian, we would have Ry -1 (h) =
S?(R(),n—1))(h))z(h) for all h € Ap, with S, ¢ and z as before. We have z trivial
since Ap, is perfect so R1},n—1])(h) = S¢’(R([1]’[1n71])(h))uzl(h)v&(h). Let us show @
is trivial. We have R (1] (n—1))(T) and Rpj,;1»-17)(T) both have for eigenvalues —1 with
multiplicity » — 1 and S with multiplicity 1. This shows that either 5 = v®(8) and
—1=-vor=v®(B)"!and —1 = —v. In both cases, v = 1 and ®(B+7!) = +37L.
The eigenvalues of R([1] (n—1])(S1) are —1 with multiplicity 1 and —a with multiplicity
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n — 1 and the eigenvalues of Ry [1n- 1] (S1) are —1 with multiplicity n» — 1 and « with

multiplicity 1 so we have elther -1 = u®(a) and @ = —u or —1 = u®(a~?!) and
a = —u. In both cases u = —a and ®(a + a~!) = a + a~!. We have & trivial so
IF =F (Oé + 0(71,6 + ﬁfl). This would imply R([l],[nflmABn o~ S(R([l]v[ln )| Ap, ) but
([ 1, [171) ¢ {([1], [n—1]), ([1],[n—1])'} when n > 2. By Proposition 2.5, this is absurd.

This shows the image of Ap, in Gy is equal to Gy.
For A\g € e, = {\FFn, A ¢ A,,, A not a hook}, we set

Gy = SLy—1(Fg) x 11 SLn, (§) X 11 OSP'(\)x

(A1,0)€EAen, A1 <] (A1,0)EAen, A=A}

SL,(F,)? x 11 SLy, (q) x II osPw,

A€en , A<min(N\ ,\o) A€€n , A=< Ao

where OSP()) is the group of isometries of the bilinear form defined before Proposi-
tion 2.1.

For the minimal element Ay of €,, we just showed the composition ®;, with the
projection onto G, = Gy is surjective. Let us show by induction (numbering the double-
partitions of n with the order defined previously) that for all Ao, the composition of @ ,,
with the projection onto G, is surjective.

Let Ao € €,. Assume the composition is surjective onto G, and let us show that the
composition onto Gy,+1 = Ga, X G(A\o) is surjective where G(\g) = SLn(q) if Ao # A
and G(X\o) = OSP'(\) € {SPn(q), 2 (q)} if Ao = \j. We use Goursat’s Lemma with

= G,, and K3 = G(\g) on the image ®; ,, in K; X Kj. As before, it is sufficient to
show that the quotients K;/K! ~ K, /K? are abelian. Assume they are non-abelian. The
only non-abelian Jordan-Hoélder factor of G(\g) is PG(\g), so there exists A less than
Ao such that up to conjugation (see [26] 3.3.4., 3.5.5. and 3.7.5) Ry (h) = S®(Ry,(h)z(h)
for all h € Ap, (there is no triality involved since if n > 5, A = X and A € ¢, then
dim(Vy) > dim(V{j2,13,;2,1)) = 80 > 8). By the same arguments as in the induction

initialization, we have that A has no empty components. Since n > 5, Ap, is perfect
and z is trivial. We then have Ry |4, =~ S'I)(RMABW). Let us show that @ is trivial.
By Lemma 2.2, there exists u,v € Fj such that up to conjugation, for all h € Ap,,
we have Ry, (h) = S®(Rx(h))u’*Mof2() Comparing eigenvalues of T, we get either
{8,—1} = {v®(B), —v} or {B, -1} = {v®(B~!), —v}. In the first case, either v = 1 and
®(B) =Borv=—Band —1 = v®(B) so ®(B+L71) = B+B7L. In the second case either
v=1and ®(B~ ) =Borv=—Fand v®(B!) = —-1s0 ®(B+ ') =B+ L In the
same way using Sp, we show ®(a+a~1) = a+a~ L. This shows that & is trivial because
F, = Fy(a+a 1,8+ 571). We then have Ryglap, == S(Rilap,) which contradicts
Proposition 2.5 since A < \g < \j. O

To get that ®, , is surjective, it now only remains to show that what we assumed in
Lemma 2.9 is true.
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Theorem 2.10. If n > 5 then for all A = n double-partitions in our decomposition, we
have Ry(Ap,) = G(\) where G(X) is the group in the following list.

(1) SLo+(@) if A = ([0 — 1,1],0).

(2) SLn(q) if A= (A1,0), A < AT

(3) SPN(G) if A= (A1,0),\1 =X] and (p=2 or (p >3 and v(\1) = —1)).
(4) QN(@) if A= (M, 0), M =N, p >3 and v(A) = 1.

(5) SLn(q) if X € {([], [n — 1)), (1], "]}

(6) SLn(q) if A € en, A < N.

(7) SPn(q) if A\=X and (p =2 or v(\) = —1).

(8) Q% (q) if \=XN,p>3 and v()\) = 1.

Proof. Let n > 5. By [5] (Theorem 1.1.), it is sufficient to show it for A € €.
The result is true for n = 4, so we can use induction and assume ®,,_; is surjective.
The main result we use to show this theorem is a theorem by Guralnick and Saxl [11].
Recall that the proof of [11] uses the classification of finite simple groups.

Theorem 2.11 (Gulralnick—Saxl). Let V be a finite-dimensional vector space of dimension
d > 8,d # 10 over an algebraically closed field IE"_p of characteristic p > 0. Let G be a
primitive tensor-indecomposable finite irreducible subgroup of GL(V). We write vg(V)
the minimal dimension of [8g,V] = (Bg — 1)V, for g € G and 8 € F,, such that g # 1.
We then have either vg(V) > max(2, @) or one of the following assertions.

(1) G is a classical group in a natural representation.
(2) G is the alternating or the symmetric group of degree ¢ and V is the permutation

module of dimension ¢ —1 or ¢ — 2.

The first thing to do is to take care of the double-partitions such that ny, > 8 and
nx # 10. For n = 5, the double partitions to consider are ([13], [1%]), ([1?], [13]), ([1],[2,2]),
(11,12, 13]), ([11,13,1]), ([2],[2,1]) and ([12],[2,1]) of respective dimensions 10, 10, 10,
15, 15, 20 and 20. For n = 6, they are ([12],[1%]), ([1%],[12]), ([1%],[1%]), ([1],[4,1]),
(ML 2190, (03,2, (O, [2200), (0103, 1)), (2 22), (12,122, (12],[3,1),
(120, 3, 173, (121, [2.12]), (1121, 2, 12]), (3], [2.1]), ([1%], [2 1)) and (2, 1],[2.1]) of respec-
tive dimensions 15, 15, 20, 24, 24, 30, 30, 36, 30, 30, 45, 45, 45, 45, 40, 40 and 80.
We can now note that if n = 6, we have ny > 15 so by the branching rule, if n > 6
and A is a double-partition of €, then ny > 15. The only double-partitions A such that
ny < 8 or ny = 10 are ([13],[12]), ([1%],[1%]) and ([1],[2,2]) which are of dimension 10.
By Lemma 2.7 and the branching rule, we have that Ry |2.2)(AB,) = SLs(q) X SL2(§),
R[13],[12](AB4) = SL4(q) X SL6(q) and R[13]7[12](.AB4) = SL4(q) X SLG(q). By Theo-
rem 2.6, we have that R([1]7[272])(.A35) = R[13]7[12](ABS) = R[12]7[13](A35) ~ SL10(q).

We now show in the same way as in [4] (Part 5), that the other assumptions of
Theorem 2.11 are verified. In order to do this, we use the following results shown in [4].
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Lemma 2.10. If d > 6 and G < GL4(q) contains an element conjugated to
diag(&,671,1,1,...) with €2 # 1, then G is tensor-indecomposable.

Lemma 2.11. If d > 16 and G < GL4(q) contains an element of order prime to p
conjugated to a diag(€,€,671, 671 1,1,..,1) with €2 # 1, then G is tensor-indecomposable
except possibly if G < G1 @ Go with G1 < GLa(q).

For a block matrix with blocks By, ..., B, we write diag(By, ..., B,).

Lemma 2.12. If G contains a natural SLa(q) and ¢ > 8 or G contains a twisted diago-
nal embedding of SLa(q) (G D {diag(M, (M=), In_4),M € SLa(q)}), then case 2 of
Theorem 2.11 is excluded.

By the proof of the imprimitivity of G in [4], it is sufficient to show that Ap_ is
normally generated by Ap, , and that G contains either a transvection or an element
of Jordan form diag(ls + E1 2,12 + E1 2, In—4) to get that G is imprimitive.

In order to show that we are in case 1 of Theorem 2.11, we must show that for
n > 5, that we have ¢ > 8 and that for any double-partition A of n, G = Rx(Ag,)
contains either a natural SLy(gq) and ny > 6 or contains a twisted diagonal embedding
of SLy(q) and ny > 16. We must also prove that Apg is normally generated Ap, , and
the exceptional case of Lemma 2.11 is impossible when ny > 16, GG contains a twisted
diagonal embedding of SLy(g) but no natural SLs(g) in an obvious way.

Let n > 5, assume the lemma is true for all m < n — 1. By Lemmas 2.9 and 2.7, we
have ®,,, surjective for all m < n— 1. By assumption, « is of order strictly greater than 5
and not belonging to {1,2,3,4,5,6,8,10}. This implies that « is of order at least 7 and
that ¢ > 8. If A has at most two columns then since A € €,, A contains a natural SLy(q).
Assume now \ € €, has at least three rows or three columns.

Assume that for all 4 C A containing ([2, 1], [1]) or ([1], [2, 1]), we have p/ C A. We then
have that A = X and n is even. Since n is even, we have p # p’ for any double-partition
© C A. Since A\ € €, and contains strictly more than two rows and two columns, there
exists u C A containing ([1], [2, 1]) or ([2,1], [1]). Since @, is surjective and u’ C A, we
have a twisted diagonal embedding of SL,,(q) in G = Rx(Ap,, ) and since n, > 8 > 2, we
have a twisted diagonal embedding of SLy(g). Otherwise there exists 4 C A containing
([2,1],[1]) or ([1],[2,1]) such that p/ C A. Since ®,,,_; is surjective, we get that A contains
a natural SLy, (¢q) and so contains a natural SLy(q). For double-partitions which are not
of dimension strictly greater than 16, i.e. ([1],[2,1%]) and ([1], [3,1]), we are in the second
case.

We now show that Ap, is normally generated by Ap, , for n > 5. By [4, Lemma
2.1], we have that A4, is normally generated by A4, , for n > 4. Since T' commutes
with S; for all ¢ > 2, we have the same result for Ap, for n > 4.

It now only remains to show that the exception of Lemma 2.11 is impossible when
there is no obvious natural SLs(g) in G. In order to do this, we show a proposition
analogous to Proposition 2.4. of [4].
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Proposition 2.8. Let K be a field, ifn > 7 and ¢ : Ag, — PSLy(K) is a group morphism
then ¢ = 1.

Proof. Let K be a field, n > 7 and ¢ such a morphism. The restriction ¢ to As, <
Ap, is trivial by Proposition 2.4. of [4]. By Theorem 3.9. of [22], Ap, is generated
by po = Sp-2S, 21,01 = Sn-1S0-25,21,43 = Su-35, 21,0 = Sn 25,115, 35, 15,1 =
T'S TS, _1, ¢ = Sn,iS;EI,l € 7,4 <1i<n—2 and the following relations:

(1) For 4 < j < n—2,pog; = q;p1 and p1g; = q;p; 'p1-

(2) Forl € Z,por; = rip1 and pyr; = rlpalpl.

(3) For3<i<j<n-—2,i—jl>2a¢q =qa-

(4) For 3 <i<n-—3,q;ir =14;.

(5) pogspy - = b, pobpy ' = b%gz b,

(6) pragspy ' = a5 'b,p1bpr " = (g5 'b)3q5°b.

(7) For 3<i<n—3,¢i¢i+1¢; = Gi+1¢i%i+1-

( ) For [ € Z, gn—2T19n—2 = T1qn—277.

(9) For l € Z,rri41 = 417142

By [4, Proposition 2.4], the images of all the generators except for (r;);cz are trivial.
By the eighth relation, we get that the images of the r; are also trivial and the desired
result follows. O

This shows that if n > 7 and G < G; ® G2 with Gi1 < GLa(q), then G C
SL%(q) X SL%(q). This contradicts the irreducibility. Since we need n > 7 to apply
this reasoning, we must consider separately the cases where n € {5,6} and G does not
contain a natural SLs(q). Looking at all the cases enumerated previously, the only one
to consider is X = ([2,1],[2,1]). Up to conjugation, we have H = Ry 1) 21](AB;) =
{diag(M, (M), N, (N~1)), M, N € SLx(q)} = SLag(q) x SLao(q)-

Assume that G = R(j2,1),12,1))(ABs) C G1 ® G2 and that G1 C GLa(q). We then have
a morphism 6 from G to SLa(q) since Ap, is perfect for n > 5. If we consider the
restriction of 6 to H, its kernel is a subgroup of H and its image is a subgroup of SLy(q).
Since PSLsp(g) is the only non-abelian composition factor of H, we have that if the
image is non-abelian then there exists a subgroup of SLy(g) isomorphic to PSLag(q).
This is absurd so the image is abelian and the kernel contains the derived subgroup of
H which is equal to H since H is perfect. In the same way, for all g € GG, the restriction
of § to gHg~! is trivial and since H normally generates G,  is trivial which contradicts
the irreducibility of G in the same way as in the proof of the previous proposition.

We have thus shown that we are in the first case of Theorem 2.11. By the same
reasoning as in [4, page 176], we have in all cases that ¢/ = ¢. If A = X, we have G C G())
by Proposition 2.2 so G = G(\). If X\ # X, G preserves no bilinear form since R} is not
isomorphic to R}. If G preserves a hermitian form then there exists an automorphism @
of order 2 of F,, such that M is conjugated to ®((M)~!) for all M € G. Since G contains



A. Esterle / Journal of Algebra 514 (2018) 145-198 173

a natural SLa(q), we then have Tr(diag(c, ™1, 1,1, ..., 1)) = ®(Tr(diag(a™ !, a, 1, ..., 1)))
and Tr(diag(B, 574, 1,1,...,1)) = ®(Tr(diag(8~1,3,1,...,1))) so ®(a +a ) =a+a~!
and ®(8+7') = B+ 7. This implies that ® = I because F, = F,(a+a~ !, +571).
This is absurd and we conclude that G = SL,,(¢). O

By Theorem 2.10, Lemma 2.7 and Lemma 2.9, we have that for all n, ®, ,, is surjective.

2.8.2. Cases 2-3

We have shown the surjectivity of ®; ,,, this corresponds to the first of the six possible
field extension configurations described at the beginning of 2.2.2. The proof in cases 2
and 3 only requires small changes to the one in the first case, but the new factorizations
appearing in cases 4 to 6 require more work, especially for the low dimensional represen-
tations. We treat in this subsection cases 2 and 3 emphasizing on the differences with the
first case. This will conclude the proof of Theorem 2.3 and the corresponding statement
in the second of the six cases listed at the beginning of section 2.2.2.

In case 2, i.e., Fy = Fy(a,8) = Fy(a+a ', 3+ B71) and Fy(a) # Fp(a+ a™t), the
same arguments as the ones in case 1 work at every step of the proof. Indeed, S Ug((ﬁ)
is also generated by a conjugacy class of transvections. Since § is a square and « is order
not diving 8 by assumption, we have that § > 16 and (ﬁ > 3. We also still have that
SLs(q) x SU(§2) contains SLg(q) x {I} so all the arguments works in the same way.
This shows that in case 2, ®5 ,, is surjective for all n.

In case 3,i.e.,F, = F,(a, ) = Fp(ata™,8) = Fpla, B+871) # Fplat+a™t, B+5871),
all representations are unitary. The main differences occur in the proof that when n = 4,
the direct product of two SU4(q%) is in the image, and in the conclusion of the proof of
this version of Theorem 2.10.

Theorem 2.12. If n > 5, then for all A F= n in our decomposition, Rx(Ap,) = G(X\)
where G(\) is the corresponding group in the following list.

() ST, = (- L1110

(2) SUN(G2) if (/\1,(0),/\1 <\

(3) SPN(Q%) zf/\ = (A,0),\1 =X, and (p=2 or (p >3 and v(\1) = —1)).
(4) QR (@) if A= (A1,0), M = X, p >3 and v(\1) = 1

(5) SUa(a?) if A € {([1], [n — 1]), (11], (1" "))}

(6) SUN(q2) if A € €n, A < N.
(7) SPn(q2) if \=X and (p =2 or (p > 3 and #(\) = —1.
(8) Q% (q2) if A= XN,p>3 and #(\) = 1.

Proof. We recall Proposition 4.1. of [4].

Proposition 2.9. Let ¢ = u?, ¢ be a non-degenerate bilinear form over IF , ¥ a non-
degenerate hermitian form over ]F,]]V If G C OSPN(p)NUN(Y) is absolutely zrreducible,
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then there exists v € GLy(q) and a non-degenerate bilinear form ¢' over FY such that
TG C OSP(¢') and ¢’ is of the same type as p.

When n = 4, the proof that ®, is surjective is the same up to the point where we
prove ® is trivial using ®(a+ a ') = a+a ! and ®(B+ 1) = B+ B~ In case 3,
® could also be equal to the automorphism € of order 2 of F,. It is thus necessary to
show that the following is absurd:

—2023 —af? +a® +5aB + B2 —a—28
o

a?f% — 2028 —af? +5aB —a—26+1
af B

e( ).

This would imply

o?B? — 2% —af? +5af —a—26+1
720[72[371 o 0471[‘372 + 0472 4 50‘71B71 + ﬂ72 o Oz71 o 2B71
- o232

=-28—a+ B2 +5a8+a® —af?—24%8.

This is absurd because it is the same equality we proved to be impossible in the first
case.

We now adapt the end of the proof of the corresponding version of Theorem 2.10.
By [4, page 178], we are in case 1 of Theorem 2.11. If A\ # X, G contains a natural
SUg(q%) so ¢ = ¢’ by Lemma 2.8. Since G C SU,,, (q%) and G preserves no bilinear form
by Proposition 2.5, we have G = SU,, (q%) If A = X\, we use Proposition 2.9 to get
that G € OSP(q?). By Lemma 2.8, we have that F, contains {z + €(z),z € F,}. This
implies that ¢’ = q% because Fy contains o + o~ and 8+ 371 and ¢’ divides q%. We
conclude that G = OSP'(¢2). O

2.8.8. Cases 4-5-6

In this subsection, we finish the proof for type B by considering the last three cases for
the field extensions listed at the beginning of section 2.2.2. The will conclude the proof of
Theorem 2.4 and the corresponding statement for the last two cases. In these cases more
factorizations appear and this complicates greatly the proof for small n. We will use the
tables of maximal subgroups of finite classical groups in low dimension from [3]. This
gives interesting techniques to determine if a certain subgroup G of a classical group is
the group itself, when given information on the subgroups of G.

In these cases, we can still use various arguments from the first case, but except for
Proposition 2.7 which remains true in all these cases, all the low-dimensional cases must
be done again. It is not necessary to use new arguments for Lemma 2.9. We start by
studying the case n < 4.

Lemma 2.13. Fori € {4,5,6}, we have ®, ,, surjective for n < 4.
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Proof. For n = 2, we have, using the same arguments as in the first case and Lemma 2.4,
that Im(®3) = SLy(q2).

For n = 3, we have by the factorizations in Proposition 2.5 that in all cases @3 is
surjective.

The only case left to consider is n = 4 and the double-partitions ([1%],[12]) and
([1],2,1]) of respective dimensions 6 and 8. We have to prove that Ri2)12))(AB,) =
SLg(q2) or SUg(q2) and R(2,1),1)(AB,) = SLs(q2) or SUs(q?) depending on the case.

We start by G = R[12),[12))(H4) in case 5 or 6, where we have F, = F,,(a, 8) = F,(a +
a bt B) £ Fp(a, B+871) =Fy(a+a™t, B+ 7). We then have H = R12) ;12))(AB,) ~
SL3(F,). Since ([1%],[1%]) = ([1?],[1?]), by Proposition 2.5 (4.c) and Lemma 2.4, up to
conjugation, we have G C SLg(q?).

We use the classification of maximal subgroups SLg(q?) [3, Tables 8.24 and 8.25].
Using the fact that H is a subgroup of G, we exclude the possibility that G is included
in all but two of these groups, using the divisibility of the cardinals that would ensue. We
start by considering the sporadic maximal subgroups in table 8.25 and get the cardinals
of these groups using the atlas [6]. Since ¢ is a square and « is of order greater than 4,
we have ¢ > 9. This implies that [SLs(q)| = ¢*(¢> — 1)(¢®> — 1) > 9® % (92 - 1)(93 - 1) =
42456960 which is greater than all the cardinals in the list (the last one is of cardinal
6q2(q—1)(¢*—1) and 6 < g2 (q+1)(¢2 +1)). We now look at the list in table 8.24 of the
18 geometric maximal subgroups of SLg(q%). In cases 1,2,3,4,5,6,7 and 13, the cardinal
of the maximal subgroup divides ¢= (¢2 —1)(¢2—1)(¢? —1)2(¢g—1)%(¢2 —1). This implies
that it is sufficient to show that |SL3(q)| = ¢*(¢®>—1)(¢*>—1) does not divide this quantity
to exclude these cases. It can be true only if ¢3—1 divides (¢% —1)(q? —1)2(g—1)2(¢2 —1).
The Euclidean remainder of those two quantities seen as polynomials in q% is 4q% +2¢% —
Zq% —4q — Qq% + 2. Therefore, if ¢> — 1 divides the first quantity than it divides the
remainder which is positive so it is less than or equal to it. We have e(a) = a=! = a? :
SO aq%“‘l = 1. Since « is of order strictly greater than 6 by assumption, we have that
q% > 6 and 4q% —|—2q2—q—2q% —4q—2q% +2< 4q% +2¢°+2 < 4q% +3¢% < 5qg <¢@-1.
This gives us the desired contradiction.

Using the same type of arguments, we exclude all the remaining cases except for cases
11 and 17 which are SLs(q).(¢2 +1).2 and (q% -1,3) x SP6(q%). We start by excluding
case 11.

We know H = R(j12),12))(AB,;) =~ SL3(q) normally generates G = R([12),12))(AB,) C
P_lSL(;(IFq%)P for a certain matrix P in GLg(q). Assume PGP~! is a subgroup of
M = SLg(q).(q% +1).2, since SL3(q) is perfect, PHP~! is perfect and the image of
PHP~" in the quotient Z/2Z of M is trivial. H is thus included in SLs(q).(q% 4+1). Using
the same argument, we have that PHP~! is included in the SL3(q) appearing in the
expression of M so PHP ™! is equal to that SL3(q). For all g € PGP~!, we can apply the
same reasoning to gPHP 'g~! = SL3(q) = PHP~! so PGP™! = SL3(q) = PHP~!
because H normally generates G so H = G. This leads to a contradiction because G is
irreducible and H is not.
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It only remains to show PGP~! cannot be included in the maximal subgroup M =
(g2 —1,3) x SPs(q2) of SLg(q2). Assume it is the case. By the same arguments as in
case 11, we have that PGP~ C {1} x SPs(qz) ~ SPs(q?). Looking at the cardinals
in Tables 8.28 and 8.29 of [3], we see that none of them is divisible by |SL3(q)|. This
implies that SLs3(q) ~ SPG(q%) which is absurd. This excludes case 17 and shows that
PGP~ is equal to SLg(¢2). This concludes the study of double-partition ([12],[12]) in
the field cases 5 and 6.

Assume now we are in case 4, i.e., Fy = F, (o, B) = Fp(a, B+ 871) # Fpla+a™t,8) =
Fp(a + a1, 3+ B71). We then have by Lemma 2.3 and Proposition 2.5 that there
exists a matrix P such that PGP~ C SUs(q?) and H ~ SLs(q), writing again G =
Rz, 12])(./434) and H = R(j12)112])(AB, ). The goal this time is to show that PGP~ =
SUs(q2). Using Tables 8.26 and 8.27 of [3], cardinality arguments and the fact that
groups in class C! are not irreducible and so cannot contain PGP~! as a subgroup, we
get that if G # SUs(q2), then G is included in SLs(q).(¢2 —1).2. By the same argument
as before, this is impossible. It follows that PGP~ = SUs (q%).

The only double-partition remaining for n < 4 now is A = ([2, 1], [1]) which affords a
representation of dimension 8 and verifies A = (A}, A\}).

We start by case 4, ie., F, = Fy(a,8) = Fp(a, 8+ B7) # Fpla+a™1,p) =
Fo(a+a™!,3+371) and so Fj = Fy(a + a™!) # Fy(a). We then have by Goursat’s
Lemma and the result for n = 3 that H = R2,1),11))(AB;) =~ SL3(q) x SUy(G2) € G =
Rz2,1,11))(AB,)- By Proposition 2.5, we know that there exists P € GLg(q) such that for
all h € Hy, PR(j2,1),1))(h) P~ e(R( 2,11,/1)) (). By Lemma 2.4, this implies that there
exists S € GLg(q) such that ST R2.1],11) (.AB4)S C GLg(q?) with v~ 1P = ¢(S)S~! and
(P)P = ().

We can use the arguments used previously to see that our group is primitive, tensor-
indecomposable, preserves no symmetric, skew-symmetric or hermitian form over Fé
and cannot be included in GLg(¢') for ¢ < q2. Using [3, Tables 8.44 and 8.45] and
the order of our subgroup H of G, if S™'GS # SLs(¢2) then we have S™!GS C

(((g2 — 1,4)(q% + 1)) 0 SL4(q)). % 2, which is in class C3 of SLs(q?). An element
a2 -1,

of class C3 cannot contain a transvection of SLg(q2 ). This contradicts the fact that H
is included in G because H contains the transvections of SUs(¢). This shows that the
only possibility left is S™1GS = SLg(q2).

We now consider cases 5 and 6 where our representation is now unitary by Propo-
sition 2.5. In both cases, there exists a matrix P such that PGP~! ¢ SUs(q2) with
G = R2,1),1))(AB,) and we have H = R(2,1),1))(AB,) =~ SL3(q) X SU2(q) (resp. SL2(q))
in case b (resp. case 6). We again have that G is a primitive tensor-indecomposable group
preserving no symmetric or skew-symmetric form over Fq 1. This implies that G is in-
cluded in no maximal subgroup of type C! or C2. Looking at the tables 8.46 and 8.47
of [3] and using the information above and cardinality arguments, we get that PGP~*
must be equal to SUg (q%). This concludes the proof of the lemma. O
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We must now show that we can use Theorem 2.11. The factorizations of A = (A1, Ag)
by (A}, A,) and by (A2, A1) change the arguments for the natural SLs(q) and twisted
diagonal embeddings of SL3(q). Let A = (A1, A2) be a double-partition of n > 5.

We then have five different cases.

(1) M # NN # (A2, A1) and A # (M), AL). Let us show Ry(Ap,) contains a natural
SLs(q). Tt is sufficient to show there exists ;& C A such that g/ ¢ A, (2, 1) ¢ A and
(115 pa) Z A

We write \; partition of ny and Ay partition of ny with n = ny +ny > 5. We only
consider double-partitions with no empty component. This implies that n; and ng
are greater than or equal to 1. Since the roles of A; and Ag are symmetrical for this,
we can assume without loss of generality ny > ns.

(a) ny =1, we then have that Ay = A}, so A1 # A|. There exists g1 C A1 such that
i ¢ A1. We then have that p = (u1,\2) C A, but ¢/ ¢ A and (Ag, 1) ¢ A
because ny —1 >4 > 1 and (], \y) ¢ A, because p) ¢ A1.

(b) n1 > ng =2 and A\ # A|. We set u = (Aq,[1]), we have g/ and ([1], A1) ¢ A
because ny > n2 and (A}, [1]) € A because A} # Aq.

(¢) n1 >ng =2and Ay = N|. If for all 3 C Ay, pg C Ag or py C Ao then ny = 3
and A\; = [2,1] which implies that either ([2],[1?]) C X or ([1%],[2]) C A. By
Proposition 2.6, R(Ap, ) contains a natural SLs3(q).

(d) ny > ng > 3 and Ay # M. There exists pug C Az such that ph ¢ Ao. We then
set = (A1, p2). We have that (u2, A1) ¢ A, (uh, A1) ¢ A because ny > ny and
(Xoo 1) ¢ A because i ¢ Ao,

(e) m1 > ng > 3 and Ay = A}, so Ay # \|. We know that there exists py C A; such
that p] & A1. If (Ao, 1) C A or (A, pf) C A then py = Ao or pf = Ag. We have
that Ay = A} so this contradicts pf ¢ A1. This shows that py # p}. We have
that (p),Ay) ¢ X because ) ¢ Aq.

(f) n1 = n2 > 3. We then have that Ay # A or A2 # M. If Ay # \|, we pick
1 C Ap such that pf ¢ Ay and set p = (p1,A2), by the assumption on pq,
(1, A2) & Ay (Mg, 1) € X and (N, 1f) & A because Mg # A1 and Ny # Ay If
Ao # Ny, we pick ps C A2 such that ph ¢ Ay and p = (Aq, p2) verifies the
required property.

(2) A= (N, M), #£ (A2, A1) and A # ). We then have that pf C A for all uy C A\; and
that for all us C A9, ph C Ao. We also have that ny + ng > 5.

(a) n1 > ng = 1. Let 1 C A1, we set u = (u1, A2). We have that (Ao, 1) ¢ A and
W & X because ng —1 >3 > 1 but (uf,\y) C A

(b) n1 > ng > 2. We pick pa C Ag and set p = (A1, p2). We have that (ug, A1) ¢ A
and p/ ¢ X because ny > ng but (A, uh) C A

(¢) n1 =mng > 2. We pick g C A and set p = (p1, A2). We have that (Mg, 1) € A
because Ay # A1 and p/ ¢ A because A, # Ay but (u], ph) C A
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In case 4 for the fields, i.e., F; = Fp(a, 8) = Fp(a, B+ 871 # Fp(at+a™t, ),
if w # (uh, ph) then Ry(Ap, ) contains up to conjugation {diag(M, e(M), I,,, —¢),
M € SLs(q)}, and a natural SLs(q2) if u = (u}, i) (it is possible this is the
case for all ;1 C X if we have square partitions).

In cases 5 and 6 for the fields, ie., F;, = Fy(a,3) = Fy(a + a1, B) #
Fp(a, B+ B7Y), if u # (u),ph) then Ry(Ap,) contains up to conjugation
{diag(M, 'e(M~Y), I, _6), M € SLs(q)}, and a natural SUs(q2) if pu = (1}, 11h).

(3) A = (A2, A1) # N. We then have ny = ny > 3. A\ = Ay # A| because A £ \. We
can then pick p; C A; such that pf ¢ N and p = (u1, A2), we have (uj, \y) ¢ A
and g/ ¢ X because N, # Ay = Mg and (Mg, 1) C A but p # (A, 1) because
ny —1 < ny =ns.

In case 4 for the fields, Ry(Ap,) contains up to conjugation {diag(M,%(M 1),
Iny—¢), M € SL3(q)}-

In cases 5 and 6 for the fields, Ry(Ap, ) contains up to conjugation {diag(M, e(M),
In,—6), M € SL3(q)}.

(4) X=X # (M, ML) = (A2, A1), we have ny = ny > 3 and there exists 1 C A; such that
11 ¢ Ao because A; # Ao. We have p/ C X because py C A] = Ao, (Ao, 1) € A car
A2 # A1 and (pf, Ny) & A because N, # Ay = N|. We have pu # u/ because N, # p;.
Ry\(Ag,) contains up to conjugation {diag(M, (M 1), I,, ), M € SL3(q)}.

(5) A =X = (A2, A1) = (A}, Ny). We then have ny = ng > 3. If \; and X are square
partitions, then for all u C A, we have that u = (u), ) # 1 = (u2, u1), because
ny=ng >ny —1=mng— 1.

In case 4 for the fields, Ry(Ap,) contains up to conjugation {diag(M,{(M~1),
In,—6), M € SUs(q2)}.

In cases 5 and 6 for the fields, R)(Ag, ) contains up to conjugation {diag(M, (M 1),
Iny—¢), M € SLs(q%)}.

If A\; or Ay is a square partition, then there exists yu C A such that u # p/,
w# (2, 11) and p # (uf, ph). This implies that Ry(Ap, ) contains up to conjugation
{diag(Mv t(M_l)7 6(M), e(t(M_l))v I7M—12)7 M e SL3(Q)}'

We use the notations in Theorem 2.11. In all of the above cases except for the last
one, there exists g in Rx(Ap, ) such that [g,V] = 2. This implies that vg(V) = 2 and
va(V) < max(2, @) In the last case, we have in the same way an element g such that
[g9, V] = 4. We also have in that case that A = A’ = (A1, A2) and n > 6. This implies that
A contains ([2,1], [2,1]), which is of dimension (g) x 2 x 2 = 80. It follows that d > 80
and @ > @ > 4. This shows that we still have vg (V) < max(2, @)

It remains to check that all the assumptions of the theorem are again verified and the
classical group we get is the one we want.

The first step is to take care separately of double-partitions A such that n) < 10. If
n) = 10 then by the conditions in Theorem 2.11, we can assume p # 2. The second step
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is to verify that the remaining double-partitions are tensor-indecomposable. The third
step is to verify that they are imprimitive in the monomial case. The fourth step is to
verify that they are imprimitive in the non-monomial case. The fifth step is to check that
we are not in 2. of Theorem 2.11. The sixth and last step is to verify that we have the
desired classical groups in each of the above cases.

First step. For n = 5, it is enough to consider ([2,2],[1]), ([2,1,1],[1]), ([2,1],[2])
and ([1%],[1%]), for which the respective ny is 10, 15, 20 and 10. We must show that
R[13),112)) (Ap,) = SLio(q) and R([2’2]’[1])(ABS) = SLlo(q%) in case 4 for the fields
and Rz, (AB;) = SUlo(q%) in cases 5 and 6 on the fields. The other double-
partitions are of dimensions greater than 10. We know that G' = R([13),[12))(AB,) contains
R3),12))(AB,) = SLa(q) x SLg(q2) and it is normally generated by this group, which
is generated by transvections. Since p # 2, Theorem 2.7 implies that G is conjugated in
GL1o(q) to SL1o(q"), SPio(q") or SUso(¢’ %) for some ¢’ dividing q. Lemma 2.8 implies
that ¢’ = ¢. The groups SPio(q) and SUlo(q%) are excluded by Proposition 2.5, because
R([13),12]) is not isomorphic to its dual representation or its dual representation composed
with the automorphism of order 2 of IF,. This shows that G = SL1(q). In case 4, we know
that G = R(j2,2),11))(ABs ) is conjugated to a subgroup of SLlO(q%) by Proposition 2.5 and
Lemma 2.4 and that G contains Rz 2,11))(AB,) = SLs(q2) x SLy(q). It follows that it
contains a natural SLg(q%) and we can apply Theorem 2.6 to get that G = SLlo(q% ). In
cases 5 and 6, G = R(2,9,11])(AB,) is conjugated to a subgroup of SUyo(q2) by Proposi-
tion 2.5 and Lemma 2 3 and contains Rz 2),1))(AB, ), which contains a natural SUs(q2)
in both cases. By Theorem 1.4 of [5], we have indeed G = SUyo(q2).

Second step. We now show that those representations are tensor-indecomposable.
Since ([2,1,1],[1]) contains a natural SL3(q), doubles-partitions with at most two rows
or at most two columns are tensor-indecomposable by Lemmas 2.10 and 2.11. By the
enumeration of the different cases, those lemmas cover all double-partitions of n except
it A= (A1, A2) = XN = (A2, A1) = (A}, Ay) and neither Ay nor Ag contains a sub-partition
w such that g = p/. In such a case, A contains (]2, 1], [2, 1]) which is of dimension 80 and
we can use the following lemma.

Lemma 2.14. If d > 80 and G C GL4(q) contains an element of order coprime to p and
conjugated in GLg4(q) to the diagonal matriz (&,6,&,&,671 671671 671 1,...,1) with
&2 £ 1, then G is tensor-indecomposable, except possibly if G C G1 ® Gy with G1 C
GL.(q), a € {2,4}.

Proof. Let g = Pdiag(&ly,67 11y, I;—s)P~1. Assume that g = g1 ®g2 with g1 € GL.(F,),
g2 € GLy(F,) with 3 < a < b and ab = d. We have that b > Vd so b > 9
because d > 80. We write A1,..., A\, the eigenvalues of g; and puq, ..., the eigen-
values of go. We then have that Vi € [1,a], Vj € [1,b], \ip; € {1,£,€7}. The
numbers ¢ and ¢! only appear 4 times each. This implies the number of couples
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(Mg, Aapi) € {(1,8),(&,1), (§,€71)} is less than or equal to 4 as is the number of couples
(Mpi, Aapei) € {(1,671),(€7,1), (671, €)}. For any i € [1,a], the inequality Aip; # Aap;
implies that (>‘1.u’ia /\Q:U‘i) € {(17 6)7 (57 1)’ (17 571)’ (5717 1)’ (5’ 571)7 (gilv 6)} It follows
that there are at most 8 couples (A1, Aapt;) such that A\qp; # Asp;. Since b > 9, this
implies that there exists ¢ € [1,a] such that Ajpu; = Agu;. It follows that Ay = Ay, In
the same way, we have that A\; = A; for all j € [1, a]. Up to reordering, we can assume
A1pr = &€ We then have Aopq = Agpg = €. Since there are exactly 4 ways £ appears as
a A, we have that a = 4.

By the assumptions on A\, H = Ry(Ap, _,) is a direct product of groups isomorphic to
some SL,,(q) with m > n(z 1) 2) = 20. If G = R\(Ap,) is not tensor-indecomposable
then G C SL»(q) ® SLa(q) or G C SLy(q) ® SLa(q). We then have a morphism from G
into SLa(q) or SL4(q). If we consider the restriction of this morphism to H, its kernel is
a normal subgroup of H. The only non-abelian decomposition factors of H are PSL,,(q)
with m > 20 so if the image is non-abelian, then there exists a subgroup of SLs(g) or a
subgroup of SLy(q) isomorphic to some PSL,,(q). This leads to a contradiction because
m > 20. It follows that the image is abelian and since H is perfect, the kernel is equal to
H. Since H normally generates (G, the morphism is trivial on G which contradicts the
irreducibility of G. O

Third step. In the monomial case, the only additional case to consider is the same one
as in the second step. Looking at the corresponding proof in [4, page 174], we get that
(p — )r <4 with ¢ = p". We know that ¢ is a square, n > 6, « is of order greater than
n and e(a) € {a,at} so a9 -1 — 1 or @22 +1 = 1. In both cases q? +1> 6, and so
q% > 6 and ¢ > 36. The condition (p — 1)r < 4 implies that ¢ < max(5',4',32,2%) = 16
so we have a contradiction.

Fourth step. We know that there exists a matrix ¢ of order p such as the one in [4,
page 174] or with Jordan form diag(ly + E1 2,1 + Ev 2, 1o + Ev2,Io + Eq 2,1, —3).

If p # 2, we can use the same arguments as in page 175 of [4] because we still have
(t—1)2=0.

Assume now that p = 2. Assume that G C H16,, = (Hy X Hy X - -+ X Hp,) X &, with
Hy,...Hy, the m-copies of GLy/,,(q) permuted by &,,, that V =U; Uz ®--- @ Up, is
the direct sum corresponding to the wreath product and that t ¢ Hy x - - - X H,,. Assume
t ¢ Hy x---x Hy,. Up to reordering, we can assume tU; = Us. If dim(U;) > 5 then we
can consider linearly independent vectors vy, ve,vs,v4,v5 in Uy and by completing the
family of vectors (vy,tvy,va, tve, vs, tus, vy, tvg, vs, tvs) which are linearly independent
because tU; = Uy # U, we get a basis upon which ¢ acts as a matrix of the form

My @ My @ My @& My & My @& X for a certain X with My — ? (1)

the rank of ¢ — 1 is greater than or equal than 5 which is a contradiction.

We can thus assume that dim(U;) < 4. Note that G = Rx(Ap, ) and Ap, is perfect
for n > 5 [22] so G is perfect. If G C (Hy X Hy X -+ X Hp,) X G,,, we get G C
(Hy X Hy X -+ X Hp) x 2, because [G,,, G,] C Appy-

). This implies that
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If t is a transvection then by the same reasoning as above on the dimensions of U;,
we are in the monomial case which was done in the third step.

If ¢ is of rank 2, then either we are in the monomial case or dim(U;) = 2. The monomial
case is done, so it is sufficient to prove that dim(U;) = 2 leads to a contradiction. We take
t; and 5 two such elements of rank 2. Assume dim(U;) = 2, since we have t(U;) = Us
and t,(Us) = t3(Uy) = Uy. If (ug, up) are linearly independent then (t1uq — tq, t1ups — up)
is a basis of Im(¢; — 1), which is of dimension 2 and included in Uy @ Us for all i ¢ {1, 2},
t;(U;) = U;. Tt follows that the projection of ¢; upon &, from the semi-direct product is
a transposition. This is a contradiction because the projection of G upon &, is included
in 2A,,.

If t is of rank 4 and R)(Ap, _,) does not contain in an obvious way any transvections or
elements ¢ of rank 2, then G contains up to conjugation {diag(M, (M ~1),e(M), e(M~1),
I, _s),M € SLa(q)}. We consider two elements 1 and t5 of rank 4. If dim(U;) = 4 then
if (w1, ug,us,uq) is a basis of Uy, (u1 — t1uy, ug — t1ug, ug — t1ug, ug — t1ug) is a basis
of Im(¢; — 1), which is of dimension 4. It follows that the projection of ¢; upon Sy, is a
transposition, which is absurd.

If dim(U; ) = 3, then if (u1, us, u3) is a basis of Uy, we have that Vect{tiu; —uq,t1us —
ug, tyug — ug} C Im(¢; — 1). If there exists ¢ ¢ {1,2} such that ¢;(U;) # U; then in the
same way as before, there would exist a subspace of dimension 6 of Im(¢; — 1), which is
of dimension 4. This shows that the projection of ¢; upon &,, is a transposition, which
is absurd.

If dim(U;) = 2, then we can take 4 distinct non-zero elements a1, as, as, a4 of Fy, which
is possible because q% > 6. We know that G contains up to conjugation the elements ¢; for
J €{1,2,3,4} with t; = diag(lo+a; E1 2, [s+a;E1 2, [s+€(a;)Er 2, Is+€(a;)Er 2, In, —3).
We have that Im(¢; —1) is independent of j. We also have that t1(U;) = Us and t1(Us) =
t2(Uy) = Uy. Since Im(t; — 1) N U; @ Us is then of dimension 2 and the projection of
t; upon &,, is not a transposition, there exists ¢ ¢ {1,2} such that ¢;(U;) # U;. Up to
reordering, we can assume t(Us) = Uy and t1(Uy) = t3(Uz) = Us. This shows that for all
J€{1,2,3,4},Im(t; —1) =Im(t; — 1) C Uy ® Uy ® Uz ® Uy. Since each t; is of order 2, it
follows writing 7 the projection of G upon &, that we have {w(t1), 7 (t2), w(ts), 7(t4)} C
{14, (12)(34), (13)(24), (14)(23)}.

Let us show that 7(¢t;) = I for all j. They are all conjugated in G. Since Hy X Hy X - - X
H,, is a normal subgroup of (Hy X Hy X - -+ X H,,) X &,,, it is sufficient to show it for one
of them. Assume it is wrong for all of them. We then have {w(t1), 7 (t2), 7(t3), m(t4)} C
{(12)(34), (13)(24), (14)(23)}. Therefore, there exists a pair (i,7),% # j such that 7 (¢;) =
7(t;) and so w(t;t;) = I;. But the matrix of ¢;¢; in the basis we chose is diag(I> + (a; +
a;)E1 2, Is+(a;+a;)Eq 2, Is+€(a;+a;)Er 2, [s+€(a;+a;)Er 2, In, —s). We have a;+a; # 0
because p = 2 and the elements q; are pairwise distinct. It follows that ¢;t; is conjugated
each ¢; so we have a contradiction. This shows that for all j € {1,4},7(t;) = I4. It follows
that ¢; € Hy x Hy x --- x Hp, which is normal in (H; x Hy X -+ X Hy,) X G,,. Since
G is normally generated by Rx(Ap,_,), which is normally generated by elements of the
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form t;, we have that G C Hy x Hy x - - - X Hy,, which contradicts the irreducibility of G.
This is absurd and it follows that G is an imprimitive group.

Fifth step. If G contains a natural SLg(q%) or a natural SU2(q%) then we can apply
the same arguments as in [4, page 173]. If G contains a twisted diagonal embedding
or a twisted diagonal embedding composed with the automorphism of order 2 of F, of
SLs(q), then we can apply the arguments of [4, page 174]. If we are not in any of the
above cases, then A = X = (A\y, A1), so n > 6 and we are in one of the following cases.

Rx(Ap,) contains up to conjugation {diag(M, (M 1), I, ¢), M € SU3(q2)}

(2) Rx(Ag,) contains up to conjugation {diag(M, (M=), I,,_¢), M € SLs(q2)}.
Ry\(Ag,) contains up to conjugation {diag(M, (M 1), e(M),%e(M~1Y), I, _12), M €
SLs(q)}

In the first two cases, we have an element g conjugated to diag(&,&, 671,671, 1,...,1)
with & of order q% — 1 but the order of « is less than or equal to q% 4+ 1 in both cases.
If g is an element of &,,, such that [g, V] = 4, then we have (g = 01020304 product of
4 disjoint transpositions and g is of order 2) or (g is the product of 2 disjoint 3-cycles
and g is of order 3) or (g is a 5-cycle and g is of order 5) or (g is the disjoint product of
2 transpositions and a 3-cycle and g is of order 6). Since ny > 6 and the order of « is
greater than n, q% +1>7so0 q% — 1 > 5 which contradicts all the cases except for the
last one. In the last case, we have that n) > 7 by the decomposition of g. Since A = X/,
ny is even and q% —-1= q% +1—2>ny— 2> 6, which contradicts the last case.

In the third case, we have an element g conjugated to diag(¢, &, &, €, 671, €71 7 7Y
1,...,1) which is of order o(g) = ¢ — 1 but g2 +1 > 7so0q > 36. Since ¢ is an even
power of a prime number, it follows that ¢ > 49 and ¢ — 1 > 49. We have [g,V] = 8
so by considering the decomposition into disjoint cycles of g and using the fact that the
rank of o — 1 of a cycle o is equal to the length of the cycle minus 1, we get o(g) €

{lem({n; + 1}ier), >.n; = 8,n; € N*}. It follows that o(g) < 30 <49 < g—1 = o(g)
iel
which is a contradiction.

Sixth step. We have shown that G = R)(Ap,) is a classical group in a natural
representation, the last step is to show that we have the following theorem.

Theorem 2.13. If n > 5, then for all double-partition A FF n in our decomposition,
Rx(Ag,) = G(X), where G(\) is given by the following list.

(1) When Fy =Fp(a,B) =Fp(a, B+ B71) #Fp(a+a™t, B), and F; = Fp(a) # Fpla+

a™h)

(a) SUn,l(clj%) zf)\ ([n —1,1],0).

(b) SU,,(G2) if A= (M1,0), A\ < N).

(c) SP, (G2) zf/\ A, 0, =X and (p=2o0r (p>3 and v(\) = —1)).
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(@) (@) if A= (A, 0), A = M, p>3 and v(\1) =
(¢) SLu(Fy) if A= ([1],[n —1)).

(F) SLuy(By) if A# N\ £ (M, X) and A # (ha, A).

(9) SUn,(q2), if A= (A2, \1) # N.

(1) SLuy(F_ 1), if A= (X, Xp) # X'

(%) SPm(q) fA=XN# (A2, A1) and (p=2 orv(A\) = —1).

G) (@), if A=XN# (A2, M), p#2 and v(\) = 1.
(k) SPm((lﬁ), fA=N= (AQ, A1) and (p=2 or v(\) = —1).
(1) Qf (q2) if A\ =X = (X2, A1), p#2 and v(\) = 1.
(2) When Fy =TFp(a, B) = (a—l—a 75) #Fp(a,ﬂ—&—ﬂ_l),
(a) when Fg =Fy(a) =Fp(a+a™l),

(ZZ) SLnA(]Fq) ’Lf/\ = (/\1,@),/\1 < )\/1
(iii) SPn, (§) if A= (A1,0),\1 =X, and (p=2 or (p >3 and v(\1) = —1)).
(i) Q5@ if A= (A,0),\1 =, p>3 and v(A\) = 1.

(b) when Fy = Fy(a) # Fyla+a),

(i) SUn— l(q%) if A= (ln— 1’1]’(2))'

(i) SU,, (G %) if A= (A1, 0), A1 < A
(iii) SPn, (G2) if A= (A1,0),M\ = X, and (p=2 or (p >3 and v(\y) = —1)).
(iv) Q5G2) if A= (A, 0), M\ =N, p>3 and v(A\y) = 1.

(¢) SLn(Fq) if A= ([1]; [n —1]),

(@) SLy, (Fy) if A # N, A # (X, A) and A # (A, A1),

(e) SL”A( q%) if A= (>‘2a/\1) #N,

(f) SUny(q%) if A= (M, X5) # N,

(9) SPay(q) if A= N # (Aa, \1) and (p =2 or v(\) = —1),

q

(h) 5 (@) if A =N # (A2, M), p# 2 and v()) = 1,
(i) SPm(q%) X=X =2, M) and (p=2 orv(A) = —1),

() Qi (q2) if A =N = (A2, M), p#2 and v()) = 1.

Proof. It is sufficient to prove the result for double-partitions with no empty components
which are not hooks. We know by Theorem 2.11 and the previous steps that G()) is
a classical group in a natural representation. The proof uses Proposition 2.5 and the
separation of the cases made before the enumeration of the six steps. We write Fy/ the
field over which our classical group is defined. In all cases G(\) C SL,(q) so ¢’ divides g.

Assume Fy = Fy(a, B) = Fpla, B+ 871 #Fpla+a™1,B).

(1) TEX #£ N, A # (A, A,) and A # (A2, A1), then G(X) contains a natural SLy(q). By
Lemma 2.8, we have that ¢’ = ¢. By Proposition 2.5, G()\) preserves no hermitian
or bilinear form, so G(A) = SLy,, (q).
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If A = (A2, A1) # X, then by Proposition 2.5 and Lemma 2.3, we have up to conjuga-
tion G(A\) C SU,, (¢7). Up to conjugation, G()\) contains {diag(M,%e(M~1), I,,, _¢),
M € SLs(q)}, so G(\) contains {diag(M, M, I, _¢), M € SUs(q2)}.

Let ¢ be the natural representation of SUs(¢2) in GLs(F,) and p the diagonal
representation of SUs(q2) in GL,, (F,), given by the above subgroup of G(\).

We have p ~ ¢ @@ ® 1™~ with 1 the trivial representation. Let o be a generator
of Gal(F,/F, ). Since G(A) is a classical group over F,, we have that p ~ p7 so
@ ~ ¢7. Tt follows that for every M € SUs(q?), we have o(Tr(M)) = Tr(M). By
Lemma 2.8, we have that F, = IFGal(]F a/Fa)
preserves no bilinear form so G(X\) = SU,, (¢2).
If A = (M, \;) # XN, then by Proposition 2.5 and Lemma 2.4, up to conjugatlon we
have that G(\) C SLy, (¢2). The group G()\) contains either a natural SLs(q2) or
a group of the form {diag(M,e(M),I,,—¢), M € SL3(q)}.

If G()) contains a natural SL3(g2) then by Lemma 2.8, we have ¢ = ¢2. We know

and so ¢' = q. By Proposition 2.5, G())

by Proposition 2.5 that G(\) preserves no symmetric or skew-symmetric bilinear
form. If we had G(\ ) C SU,, (q7), then the natural SLs(g2) in G(\) would inject
itself in some SUs(q7). This is absurd because of their orders so we have G(\) =
SLn, (q 2).

If G contains up to conjugation a group of the form {diag(M,e(M), I, —¢), M €
SLs(g)} then it contains {diag(M, M, I, _¢), M € SL3(q2)}. Let ¢ be the natural
representation of SLs(qz) in GLs (F,) and p the diagonal representation of SLs(q2)
in GLy, (F,) given by the above subgroup of G()). We then have p ~ ¢ & p & 1" 6.
Let o be a generator of Gal(IF(ﬁ /Fq). We have p ~ p? so ¢ ~ ¢” and by Lemma 2.8,

Gal(F 1 /F,/)
we have that F A= F, so ¢' = qz. We cannot have G(\) = SU,, (¢7)

q2
because SLs(g) would inject itself in SUs(q7) and we know that ‘SUG(M 1< lSL;(q)‘
By Proposition 2.5, G(\) cannot preserve any symmetric or skew- s;mmetrlc bilinear
form so G(\) = SL,, (q2).
Case 4 is analogous to Case 3.
If A = X = (A2, \1), then by Proposition 2.5 and Proposition 2.9, G(\) preserves a
bilinear form of the type given by Proposition 2.1 defined over Fq% . This shows that

q < q% and it is enough to show that ¢’ = q% to conclude the proof.

If A; and \g are square partitions then G(\) contains up to conjugation the group
{diag(M’ t(M_l)’ Inx—6)7 M e SU?)(q%)}

Let ¢ be the natural representation of SUs(¢2) in GL3(F,), and p the twisted
diagonal representation of SUg,(q%) in GL,, (F,) given by the above subgroup of
G()\). We have p ~ ¢ @ ¢* @ 1™ 76, Let o be a generator of Gal(qu/Fq /). Since

G()) is a classical group over F,, we have p ~ p?. It follows that ¢ ~ ¢7 or
Gal(F 1 /F,/)

@ =~ (p*)?. The first possibility implies that Fq% =F, ¢ ! ,s0 ¢ = qz. The
q2

second possibility implies that ¢ ~ ¢, so ¢’ = g% or o is of order 2 and SU3(Q%)
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injects into SUs (qi), which is a contradiction. In both cases, we have ¢/ = q% and
the desired result follows.

If A\; or ) is not a square partition, then G()) contains up to conjugation the
group {diag(M,{(M1),e(M),%e(M~1),I,, _12), M € SL3(q)}, and so contains its
subgroup {diag(M, (M ~1), M,{(M~1),I,,, _12), M € SL3(q?)}. Let ¢ be the natural
representation of SLs(q?) in GL3(F,) and p be the representation of SLs(q2) in
GLy,, (F,) given by the above subgroup G(A). We have p ~ ¢ @ ¢ ® ¢* ® p* © 1™ 76,
Let o be a generator of Gal(IFq% /Fq). Since G(A) is a classical group defined over Fy,
we have that p ~ p?. It follows that ¢ ~ ¢ or ¢ ~ (¢*)?. By the same arguments as
before, we have ¢’ = g2 or SLg(q%) injects itself in SUg(qi), which is not possible.
This proves ¢’ = g2 and concludes the case F, = Fp(o, B) = Fp(a, B+ 871 #
Fp(a+a™t, B).

IfF, =F,(a,B8) =Fyla+at,8) #F,(a,8+ B71), then all the arguments are the
same up to permutation of the different cases. O

3. Type D

In this section, we determine the image of the Artin group of type D inside its as-
sociated finite Iwahori-Hecke algebra. The structure of this section is the same as in
type B, we first define the model and prove some basic properties on the irreducible rep-
resentations. We then show the different factorizations appearing, they will be similar
to the last cases we had to consider in type B. We then state the main results for type
D in Theorem 3.2 and Theorem 3.3. The last two sections prove those theorems using
induction. The main differences which will arise come from the fact that we only have to
consider one parameter, the branching rule (Lemma 3.1) is quite a bit more complicated
and we need to prove some results on orthogonal groups defined over finite fields in a
less general setting as we did in type B.

3.1. Definition of the model

Let n > 4, p a prime different from 2, o € IFT, of order greater than 2n. We set in
this section F, = F,(c). As in [9], we take for the Iwahori-Hecke algebra of type D
Hp, .o the sub-algebra of Hp, o1 generated by U = T'S:T,S1,...5,-1. In this case
o Ve = Vauag, (T1,Te) — (T2, Tq) is an isomorphism of Hp, o-modules. It is a
standard fact (see [8] for a proof) that under those conditions on «, the simple modules
of Hp, « are indexed by double-partitions (A1, A2), A1 > A2 and the modules V) » split
into two irreducible sub-modules V) » + and V) x,— of the same dimension. The branching
rule for type D is more complicated so we recall it in the following proposition (a proof
in a more general setting can be found in [21]):

Lemma 3.1. Let n > 5 and (A, ) H n, A > p. We then have:
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(1)
(2)

(3)

(4)
(5)
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If ny > n, + 1, then VA7H|7‘1Dn,1,a = &P Vj\’ﬂ-
AT
Ifny=n,+1and p ¢ A, then
Viulto, 0= (@Vk’ﬂ) @ (@Vf\w) @ (EBV/U\)
ACH ACA ACA
5\>;L 5\<,u
Ifny =n,+1 and p C A, then
VA,MIHD",I,Q = (@V&ﬂ) ® (@VZ\,H) ® (@VN,X) D Vit © Vi, —
ACH ACA pYaP)
A>p A<p
If nx =ny and X > p, then Vi ypuy, o= (D Vap) © (D YV, 5)-
acCu ACA
If A = p, then VA«\,HHDH_l,a = V,\,A,_|HDTL_1,Q =@ V-

ACH

We keep the same weight on double-tableaux as for type B. Let A = (A1, A2) H- n and

T =

(T1,T2) € A\. We define o(T) to be TV if u/ > X and o(T’) otherwise. We define a

new 7(A) to be v(A)r(Ag)(=1)" 1 (=m21) if Xb > A} and #(A\) = v(\)r(\2) otherwise.
We define the bilinear form (T|T) = w(T)dy 1y 7-

Proposition 3.1. For any pair of standard double-tableaux (']I‘,T), we have the following

properties.

(1)
(2)

(3)

(4)

(5)

(S:.T|5;.T) = (=)(T|T) and (U.T|U.T) = (—a)(T|T).
For all d € D,,, we have that (d.T|d.T) = (T|T).

Those relations stay true if we substitute one or two of the standard double-
tableauz by the elements o(T) — T and o(T) + T, which form bases for Vx4 and
Vi,— for double-partitions X of the form A = (A1, A1).

The restriction of (.,.) to Vx if A = ©(A) # (A2, A1) and to Vy @ V) if A ¢
{©(N), (A2, A1)} is non-degenerate with p(X) = X if nx = n, and @' > X, and
w(A) = (N, X)) otherwise.

If X = p(\) # (A2, A1) then (.,.) is symmetric on Vy if #(A) = 1 and skew-
symmetric otherwise.

Moreover, its Witt index is positive.

If n =0 (mod4) and A = (A1, \1), then the restriction of (.,.) to Va4 and Vi _ if
A=X and to Vi & Vy_ if A# X, is non-degenerate.

If A= X then (.,.) is symmetric on V + and Vy — if i(A) = 1 and skew-symmetric
otherwise. Moreover, its Witt index is positive.

If n = 2 (mod4) and A = (A1, A1) then the restriction of (.,.) to Va4 & Vi _ is
non-degenerate.
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Proof. For 1. and 2., the proof is exactly the same as for Proposition 2.1 by noting
m;(o(T)) = m;(T). The extension to elements of the bases of V + and V) _ follows from
the bilinearity of (.,.).

For 3., the proof also remains the same because 7(A) = w(T)w(p(T)). This is true
because when ¢(T) = T’, 7(\) does not change from the one in type B and when
©(T) = o(T"), #()\) is multiplied by (—1)":(*=7x1) = ((T)w (o (T)).

4. We assume n = 0 (mod4). If A = (A1, A1) H n and T € A then w(o(T)) =
(=1 (T) = (—1)Ew(T) = w(T).

For any standard double-tableaux T, T, we have that (T|T) = w(T)dr,,(my- Since
A= (A1, A1), we have p(A) = X and for all T € A and all T € XN, we have ¢(T) =T".

Let A = (A1, A1) and A = (A1, A1) be double-partitions of n. If T € A and T € X then
we have:

(T +o(T)|T +o(T)) = (T|T) + (T} (T)) + (o(T)|T)) + (o(T)|o(T))
= w(T)(dp 5 + Op o 5y) T wW(O(T))(65(m) 5 + Oo(r),0f))
= (0p3 + Op o (7)) (@ ( ) +w(o(T))
= T+a(1r),fr/+a(fr/)( w(T) 4+ w(o(T)))
= 20(T)0p 1 (1) T4 o (T)-
In the same way, we have that (T + o(T)|T — o(T)) = (T — o(T)|T 4 o(T)) = 0 and

(T — o(T)|T — o(T)) = 2w(T)07 _ (1) F—o(f)- The result follows.
5. Assume n = 2 (mod 4). If A = (A,A\) H n and T € A, then w(o(T)) =

(1)1 (=) o(T) = (=1)(2)°w(T) = —w(T). It follows that if A = (A, A1) H n
and T € A, then (T + o (T )\T—&—U(T)):( —U(’H‘ IT —o(T)) =0, (T+o(T)|T - o(T)) =
20(T)0y 1y F—o(r) a0d (T — o(T)|T + o(T)) = 2w(T)0p 1 51y F40(F)- The result fol-
lows. O

3.2. Factorization of the image of the Artin group inside the finite Hecke algebra
In this subsection, we find the different factorizations between the irreducible repre-
sentations of Ap . Most of the factorization results are summarized in Proposition 3.5.
We then state the main results for type D in Theorems 3.2 and 3.3.
We define the linear map £ from V to V which sends T to £(T) = w(T)e(T).
Proposition 3.2. Let r € [1,n — 1] and T a standard double-tableau, we then have
LS L7HT) = (~a)(S, )(T), LUL™ = (=) (U H)(T).

Let X = (A1, A2) H n. We have the following propositions.

(1) If X & {@o(N), (A2, A1)}, then L stabilizes Vi © Vi, (n) and switches Vy and Vi(y).
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(2) If A= o(X) # (A2, A1), then L stabilizes V.

(3) If n =0 (mod4) and X\ = (A1, A1) # (A}, A]), then L stabilizes V + & Vi 4 (resp.
Va,— @ Vv —) and switches Vi 4 and Vx4 (resp. Va— and Vy _ ).

(4) If n =0 (mod4) and X = (A1, A1) = (N[, N]), then L stabilizes Vx + and V) _.

(5) If n =2 (mod4) and X = (A1, \1), then L stabilizes Vi 4+ &V _ and switches Vi 4
and Vy _.

This follows directly from Proposition 3.1 by writing the matrix of the bilinear form
and the matrix of £. .

Proposition 3.3. For r € [1,n — 1], we write A, the double-partition of n defined by
Ar = ([r], [1"77]) dif r > § and N = ([1"77],7) if r < §. Taking the same notations as in
Proposition 2.0 of type B, for all d € Ap, , we have m »(d) = n2,-(d) because the length
in T of such an element is even and we have § = 1. We define the character n, of Ap,
by 1 (d) = 1.0 (d) = 12,0 ().

We then have by Proposition 2.0 that Ry, ~ (A"Rx,) @ mi» for allr € [1,n —1].

Assume F, = Fp(a) # Fy(a + a™1). We write € the unique automorphism of F, of
order 2. We have that e(a) = a~!. We then define for every standard double-tableau

the same way as for type B, d(T) = d(T,)d(Ts) [] 2+°ia1i’jialfjalii2fj and the
i€Ty,jeT, @ T Farhitae n
) i<j
associated hermitian form (.,.) defined by (T, T) = d(T)dy 5. We write A for the set of
all double-partitions A = (A1, A2) of n such that Ay > Ao.

Proposition 3.4. For alld € Ap,, A € A and T € A\, we have (d.T,d.T) = (T, T). This
shows that Ap, acts in a unitary way on those irreducible modules.

Proof. The proof of the first statement follows from Proposition 2.3 and the second
follows from the expression of the bases of V) + and the Z-bilinearity of the hermitian
form. O

The following proposition summarizes the results in this section:

Proposition 3.5. Let A\, u, v and & be doubles-partitions of n such that dim(Vy) > 1,
A1 > Ao, i1 > pe, v1 = 2 and §; = 9. We have the following properties.

(1) The restrictions of Ry, Ry 4+ and R, _ to Ap, are absolutely irreducible.
(2) RMADn ~ R#|-ADn S A= .

(3) Rxjap, # Ry xap, -

(4) Ry xiap, =~ Rsxjap, &7 =0.

(9) Ry siap, # Bszlap, -

(6) Rajap, = Ryya, < p=0().
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(7) Bajap, # R4
(8) If n =0 (mod4), then

(a) Rysjap, =R 4, = 7=0(0)
(b) R’y,i\ADn ¢ RE,HADH .

(9) If n =2 (mod4), then

() By tap, # B 4, -
(b) R'Y»:H-ADR ~ REFHADW, Sy = @(6)

(10) If Fy = Fp(a) # Fp(a+a™t), then

(a) R>\|AD" ~ €O R;lADn S A= H-
(b) R)\lAD" #eoRy .

(¢) By tjap, ~€0RS 14, <=0
(d) Ry xjap, #€0RS 114, -

Proof. 1. is shown in the same way as Lemma 3.4. of [4], because Ap, is generated by
Ap, ans Ap,_,.

Using Propositions 3.4 and 3.2, it is sufficient to show 2,3,4 and 5 to conclude the
proof. In the same way as for type B, we need to use Lemma 2.2. If Ryj4,, =~ Ryja,,
then there exists a character i : Ap, — Fy such that Ry ~ R, ®n. Since Ap, /Ap, =<
Sy >, there exists u € F} such that for all d € Ap,,n(d) = u!®. We have Ry(S;) =
uR,(S1). By considering the eigenvalues, we have that {o, —1} = {ua, —u}. Therefore
u=1or a? = 1. By the conditions on a, u =1 and Ry ~ R,, so A = p. Since the set of
eigenvalues is of R, +(S1) is also {«, —1}, the rest of the proof follows. O

We now give a theorem for double-partitions with an empty component and then
results for hook partitions.

Theorem 3.1. Let A = (A1, ) H-n with Ay not a hook and G = Rx(Ap, ). We then have
the following.

(1) If Fy =Fp(a) =Fy(a+a™t), then

(a) if M # N, then G = SLy, (q),
(b) if \y =X, and ©(\) = —1, then G = SP,, (q),
(c) if A =N, and D(\) = 1, then G =, (q).

(2) If Fy =Fp(a) # Fy(a+a™t), then

(a) if \y # N, then G = SU,, (¢2),
(b) if \y = X, and 5(\) = —1 then G = SP,, (¢2),
(c) if \1 = \) and D(\) =1 then G = Q,‘fk(q%).
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Proof. The restriction of Ry to Ap, is the same as the representation Rj, in type A.
Since 7(A) = wv(X\1), the result follows directly from [4, Theorem 1.1] after noting
that Rx(Aa,) C Rx(Ap,) and that we have the corresponding inclusions by Propo-
sition 3.1. O

Proposition 3.6. If F, = F,(a) = Fy(a+ a™'), then Rin-1) 1) (Ap,) = SLn(q) and if
1
Fq = Fp(a) 75 ]Fp(a + 04_1) then R([17L—1]7[1])(AD”) = SUn(qE).

Proof. The proof is the same one as the proof of Proposition 2.7. O

We write again A1, = {(A1,0), A1 F n}, Ao, = {(0,X2), A2 b n}, Ay = A1, UAg,
and €, = {\H n, A not a hook}.

Theorem 3.2. If F, = F,(a) = F,(a + a™ ') and n is odd, then the morphism from Ap,

to ’Héma ~ )\E GL,, (q) factorizes through the epimorphism
n
A1> A2

Oy Ap, = SLu1(q) X SLu(g) x [ SLu(@)x  J[ 0SPO.

A€en,A>p(N) A€en, A=p(X)
A1> Ao nx>ng,

IfF, = Fyla) = Fp(a +a™t) and n = 0 (mod4), then the morphism from Ap, to

HE o~ [ GL,, (Fy) x [I GLn, . (q9) X GLy,, _(q) factorizes through the epi-
" /\,\FT A=(A1,M1)Fn ' ’
1>A2

morphism

Oy Ap, = SLu-1(q) x SLu(q) x [ SLa@x J[ 0SPOx

AEen, A>p(X) AEen, A=p(N)
A1>A2 A1> A2
I[I sStwm@*x [ ospo+)=
A:()\l,)\l)EEn )\:(Al,k1)66n
A>@(A) A=p(X)

If Fy = Fy(a) = Fp(a+ a™t) and n = 2 (mod4) then the morphism from Ap, to

HE o~ [l GL,, (Fy) x [I GLn, . (q) X GLy,, _(q) factorizes through the epi-
" /\,\FT A=(A1,M1)Fn ' ’
1>A2

morphism

Oy Ap, = SLu-1(q) x SLu(q) x [ SLa@x J[ 0SPO'x

AEen, A>p(X) AEen, A=p(\)

A1>A2 A1> A2
I[I stu@x JI St
A=(A1,A1)€en A=(A1,A1)€en

A>p(N) A=p(A)
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In all of the above, OSP()\) is the group of isometries of the bilinear form defined in
Proposition 3.1.

In the unitary case, we have an analogous result:

Theorem 3.3. If F, = F,(a) # F,(a +a™ 1) and n is odd, then the morphism from Ap,

to ’Hf)ma ~ /\H GL,, (q) factorizes through the morphism
n
A1>A2

By Ap, = SUn-1(q%) x SUa(¢2) x  [[  SU. @) x  J] OSPOY.
AE€en, A>p(N) AEen, A=p(N)
A1> Ao nA>ng,

IfF, = Fy(a) = Fyla +a™t) and n = 0 (mod4), then the morphism from Ap, to

HE o= [ GL,, (Fq) % II GLn, (9 xGLn, _(q) factorizes through the mor-
" /\,\w/{z A=(A1,A1)Fn ’ '
1>A2

phism

By Ap, =+ SUn1(q%) x SUn(¢*) x  [[  SUw(@®)x J] 0SPO)x

AEen,A>p(N) A€en , A=p(A)
A1>A2 A1>A2
[T sum@?=x J[ 0SP(+)2
A=(A1,A1)€en A=(A1,A1)€en
A>p(N) A=¢p(X)

IfF, = Fy(a) = Fyla +a™t) and n = 2 (mod4), then the morphism from Ap, to

HE o~ T GL,, (Fy) % II GLn, (9 xGLy, _(q) factorizes through the mor-
" /\,\w; A=(A1, 1)Fn ’ '
1>A2

phism

By Ap, =+ SUn-1(q%) x SUn(¢2) x  [[  SUw(@®)x  J] OSPO)x

AEen , A>p(AN) AE€en , A=p(A)
A1>A2 A1> A2
1.9 1
[T svs@)»’x I SU=(e).
)\:()\1,)\1)€En )\:(/\1,)\1)€6n
A>p(X) A=p(X)

In all of the above, O/S\U/D()\) s the group of isometries associated with the bilinear form
over Fq% obtained from the one in Proposition 5.1 using Proposition 2.9.

Those two theorems (except for the surjectivity) follow Propositions 3.1, 3.2, 3.3, 3.4,
3.6, Theorem 3.1 and Proposition 3.5. It now remains to check that ®,/ , and ®y ,, are
surjective in all cases.
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3.83. The case n =4

In this subsection, we prove the result for n = 4.

The double-partitions to consider for n = 4 are ([4],0), ([3,1],0), ([2,2],0), ([2,1,1],0),
([147,0), ([3], (1)), ([2, 1], []), ([1°), (1]), (2], [2]), ([2], [1%]) and ([1%], [1%]).

By Proposition 3.2, if we know the image for A, we know the image for ¢(\). By
Proposition 3.1, we know the image for doubles-partitions with an empty component.
By Proposition 3.6, we know the image for ([1%],[1]) and by Proposition 3.3, we know
the image for ([2],[12]) using the image of ([13],[1]). The only double-partitions left to
consider are ([12],[1?]) and (]2, 1], [1]).

Lemma 3.2. If F, =Fy(a) =Fy(a+a™t), then Rpqy)(Ap,) = SPs(q).

IfF, =F,(a) #Fy(a+a™t), then Rig1,1)(Ap,) = SPg(q%).
Proof. Assume first that F, = F,(a) = Fp(a + a™'). Using Proposition 3.1, there ex-
ists P € GLg(q) such that G = PRy 1),1)(Ap, )P~ C SPs(q). Using Lemma 3.1, we
have that R[271]7[1] (AD3) = R[QHH X R[12],[1] X R[271]7@(AD3) ~ SLs(q) x SLa(q), where
SLs(q) is in a twisted diagonal embedding and SLy(q) is in a natural representation
using Goursat’s Lemma and the previous arguments. Using the same arguments as be-
fore and Lemma 2.8 with the natural representation of SL2(q), we know G is primitive,
tensor-indecomposable, irreducible, perfect and cannot be realized in a natural represen-
tation over a proper subfield of ;. This implies that G cannot be included in a maximal
subgroup of class C1,C2,Cy or Cs. Using the fact that the order of SL3(q) x SLa(q) is
q*(¢* — 1)%(¢® — 1) and the fact that « is of order greater than 16, we have that ¢ > 17
so ¢ > 19 and |G| > 19%(192 — 1)(19% — 1). Looking at the Tables 8.48. and 8.49. in [3],
we have by cardinality arguments that G can be included in no maximal subgroup of
SP3(q), so G = SPs(q).

Assume now F, = F,(a) # F,(a + a™!). There exists P € GLg(q) such that G =
PRy 1y,11(Ap, )P~ ¢ SPg(q%) and G contains SUg(q%) X SUg(q%)7 where SUg(q%) is
in a tw1sted diagonal embedding and S Ug(q%) is in a natural representation. We can no

longer use Lemma 2.8 in this case, but since e(a) = a~?

0

, we have up to conjugation

that diag(Is, ) € G. It follows that a + a~! belongs to the field generated

@
(i
by the traces of the elements of G. This shows that any field over which G is realized
in a natural representation contains F 1. By the above, in this case, we have that G is
primitive, tensor-indecomposable, 1rre(fu01ble perfect and cannot be realized in a natural

representation over a proper subfield of qu . This implies that GG cannot be included in

a maximal subgroup of SPg(q%) of class C1,Co,Cy or Cs. Since a?” = e(a) = a™ 1, we

have that q% +1 > 16 and so q% > 17 because p # 2. Looking again at the tables
8.48. and 8.49. in [3] we get that G = SPs(qz) or G C GUy(q2).2. Since G is perfect,
the latter would imply that G C SUs(g2) and that there is some copy of SUs(q2) x
SU,(q2) inside SU,(g? ). Looking at all the maximal subgroups in tables 8.10. and 8.11.,
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we see using only cardinality arguments, that such a copy cannot be included in any
maximal subgroup of S U4(q%) and so such a copy is equal to .S U4(q%). This leads to a
contradiction. This proves that G = S Pg(q%) and concludes the proof of the lemma. O

Lemma 3.3. Iqu = IFp(a) = Fp(a—i-a_l), we have R([12],[12]),+(ID4) = R([12]7[12])7_('D4) =
SL3(q). )
If]Fq = Fp(oz) 7& ]Fp(a—i—a_l), we have R([12]7[12])’+(D4) = R([lz]’[lz])7,<D4) = SU3<q5>.

Proof. The result follows from Lemma 3.1 and the fact that R(i2),1))(D3) is equal to
the group we want in both cases. 0O

3.4. Surjectivity of ®1:,, forn>5

In this subsection, we use the previous subsections to prove by induction on n the
main results for type D. We will here conclude the proof of Theorem 3.2.

Assume first that F, = Fy(a) = Fy(a + a™!). Using Proposition 3.5, by the same
kind of arguments as for type B, we can use Goursat’s Lemma to show the morphism
is surjective upon each component. This means it is sufficient to show the following
theorem.

Theorem 3.4. Let A = (A1, A2) H- n not a hook, such that \y > Aa. We write G(\) =
R\(Ap,) if M1 > X2, G(A\,+) = Ry +(Ap,,) and G(\,—) = Rx_(Ap, ) otherwise. We
then have the following possibilities.
(1) If X = ([2,1"72],0), then G(\) = SL,—1(q).
(2) If x= (1], [1]), then G(X) = SLy(q).
(8) If X € €p, A1 > g and XA > o(N), then G(A) = SLy,, (q).
(4) If X € eny A1 > Ao and A = (), then we have the following possibilities.
(a) If D(N) = —1, then G(\) = SP,, (q).
(b) If v(X) =1, then G(X) = Qf (q).

(5) If A= (M1, A1) € €n, then we have the following possibilities.

(a) If (X) > A, then G(X, +) = G(A, —) = SL= (q).
(b) If o(X\) = A, then we have the following possibilities.

(i) If n =0 (mod4) then

(4) if v(N\) = =1 then G(\,+) = G(\,—) = SP,, (q),
(B) if 7(X) =1 then G(\,+) = G(\, =) = Q} ().

(i) If n =2 (mod4) then G(A,+) = G(A, =) = SLx (q).
Proof. For n = 4, we have the result by the previous section. Theorem 3.1 gives us the

result for double-partitions with an empty component and Proposition 3.6 gives us the
result for double-partitions with two rows or two columns and one of the components of
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size one. For n > 5, we proceed by induction but we must first treat the following cases
separately: ([2,2) 1)), (1], [12]) and (([1%], [1%]), %).

By Lemma 3.2, Theorem 3.1, Lemma 3.1 and Goursat’s Lemma, we have
R2,21,1)(Ap,) = SP(q) x SPy(q). By Theorem 1 of [24] and Lemma 5.6. of
[4], we have that R(gg] ( ) {SLlo( ),SUlo(q%),SPw(q)}. Since ([2,2],[1}) =
©(([2,2],[1])) and P([2,2], [ ) = (=1)"2°(=1)"2" = —1, we have up to conjugation
that R(p2,91,17)(Ds) C SPio(q) by Proposition 3.1 and so up to conjugation, we have
R(12,21.1)(D5) = SPio(q)-

In the same way, we have that Ris)12))(Ds) = SLa(q) x SLsz(q) x SL3(q) so
G(([13],[12)) = R113),1121y(Ds) is in {SLlo(q),SUlo(q%),SPlo(q)}. By Proposition 3.5,
we know that G(([1%],[12])) preserves no bilinear form, so we only have to exclude
the unitary case. Assume G(([1],[12])) is included up to conjugation in SUjo(q2).
There then exists an automorphism e of order 2 of F, such that each M in G()\) is
conjugated to e((M~1)). In particular G(([13],[12])) contains a natural SLs(g). This
implies that diag(Is, (0; aql ) is conjugated to diag(Ig,te((<g aql )~1)). Taking
the traces of those matrices implies that e(a +a~! +8) = a + a~! + 8. We have that
F, = Fy(a) = Fy(a + a™!) so this shows that € is trivial which is a contradiction. It
follows that G(([13],[12])) = SL10o(q)-

By Lemma 3.1 and the fact that R[;3),12))(Ds) = SLio(q), we have that SLio(q) C
R([ls]’[p])’i('Dg) C SLio(q). It follows that R([ls]’[la])’i(pg) = SL10(q).

We now proceed to the induction on n using Theorem 2.11.

Let n > 5 and A H n. Suppose the theorem is true for n — 1. We use Lemma 3.1
for different possibilities to show that G(\) or G(\, &) contains a subgroup verifying the
same properties as in type B.

1) If A = (A, X2) and A1 > Ao and A A) then p(\) = ()N}, \,) because the order
(1) @ @ 1> A
we picked for partitions of § verifies that, if \; # A5 and Ay > Ao, then A} > ;. We
then have A1 # \| or Ay # ).

(a) If A, # Aq, then there exists po C A2 such that py ¢ Ao. We have that (A}, ub) ¢
(A1, A2) because uhy ¢ Ag) and (uh, A}) € (A1, A2) because otherwise \] = Ay
and so A, = A;. This shows that G(\) contains a natural SLs(q).

(b) If A2 = X, and Ay # A}, then there exists u; C A; such that pj ¢ A;. We
then have (p, Ay) € (A1, A2) because py ¢ A1 and (M5, p)) € (A1, A2) because
A, # A1. This shows that G(\) also contains a natural SLs(g) in this case.

(2) If X = (A1, A2) = () and A\p > Ao, then
(a) If (A) = (A}, Ay), then

(i) If A; and Ag are square partitions, then Rx(Dy—1) = G(u1, A2) X G(A1, p2)
and since D(p1, Aa) = P(A1, p2) = P(N), we have that:

(A) If #(A) =1, then Q;L*'(M’AZ)(q) x QF (9 C G(\) Cc (q).

T(A1,m2) T(A1,22)



A. Esterle / Journal of Algebra 514 (2018) 145-198 195

(B) If #(A) = =1 then SP, , . /(q¢) X SP, . (q) C G(A) C SP,,(q). It
follows that G()) is an irreducible group generated by transvections
because it is normally generated by the group on the left of our inclu-
sions so by Theorem 1 of Serezkin—Zalesskii [24], we have that G()\)
is equal to the group on the right and the theorem is proved in this

case.

(if) If A1 or Ay is not a square partition then there exists u C A such that
o(w) # p. Tt follows that o(u) C A or o(p(p)) C A, so G(\) contains a
twisted diagonal SLs(q).

(b) If p(N) = (M5, A]), then if 4 C Ag, we have that (A1, ) C (A1, A2), (A1, 1))
(A, 1) & (A1, A2) because Ay # N). We have that (u/,\]) C (A1, A2) so G(X)
contains a twisted diagonal SL3(q).

(3) It A = (A1, A1) # (A}, \]), then there exists p1 C Ay such that p) ¢ A;. It follows
that (M, p)) & (A1, A1) and (p), N}) ¢ (A1, A1). This shows that G(A, +) contains a
natural SLs(q).

(4) It A = (A, A1) = (M\], A1) and \; is not a square partition, then there exists 1 C A\
such that py # pj so (A, p1) # (M, p1)) = (M, 1}). We have that (ufj, \]) C
(A1, A1) so G(A, £) contains a twisted diagonal SLs(q).

(5) It A = (A1, A1) = (M}, A]) and \q is a square partition, then we have the two following
possibilities.

n)‘Z _

(a) If n = 0 (mod4), then for all 4 C )\, we have that #()\) = v(\)?(—1)(3
1 = o(p). This is because if A\; is a square, then the only sub-partition uq of A
verifies v(y1) = v(\;). By the branching rule, we have that Q7, (¢) C G(\, %) C
Q% (). Tt follows that G(\) = QF, (¢) and the theorem is pﬁoved in this case.

(b) If;L = 2 (mod4), then (u) = 1/(2)\1)2 = 1 for all ¢ C A. The branching rule
shows that Qi:% (q) C G(\, %) C SL% (¢). By Proposition 3.5, G(\, &) preserves
no bilinear form so G(\, £) = SL%(q).

In all the cases where G(\) or G(A, £) contains a natural SLs(q) or a twisted diagonal
SLs(q), we can use exactly the same arguments as in [4] because if the morphism A4,
to Ap, defined by S; — S; is trivial then Ap  is trivial.

The only case we need to treat separately is (([2,1],[2,1]),£) because n = 6. We
need a separate argument to show that G(([2,1],[2,1]),%) is tensor-indecomposable.
In this case Ry 21))(Aps) = G([2,1],[1%]) x G([2,1],[2]) = SLao(q) x SLao(q).
If G(([2,1],[2,1]),%£) C SLso(q) ® SLz(q), then the morphism from Rz 1)2,1))(Ds)
to SLy(q) is trivial. Since R(2,13,(2,1))(D5) normally generates G(([2,1],[2,1]),%),
G(([2,1],[2,1]), %) is included in SL40(q) x SL4(q). This contradicts its irreducibil-
ity.
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This shows that it is sufficient to take care of case 2.a.i.A. Assume we are in case
2.a.i.A. We then have that G(\) C QIA (q) is generated by a conjugacy class of long root
elements and G(\) is irreducible. Since p # 2, if we check that O,(G(X)) C [G,GINZ(G),
then we can apply Theorem I in Kantor’s article [15]. Applying Clifford’s Theorem
(Theorem 11.1 of [7]), we have that Resgi?)G(A))(V) is semisimple and since O,(G()\)) is
a p-group, its only irreducible representation over I, is the trivial one. This shows that
Resgi/(\z;()\)) (V) is trivial so O, (G(N)) = 1 and all the assumptions of Theorem I of Kantor
are verified (the minimal dimension in this case is greater than or equal to the dimension
of ([3,3,3],[2,2]) and the dimension of ([4,4,4,4], [1]) which are 42 x 2 x (') > 5 and
17 x 24024 > 5). This shows that we are in one of the following cases:

A) =97 (d). dla,
(¢") € (¢'?),q'?|q and ny is even,

(1) G(A)

(2) GV )

(3) G(N) = SUn (¢') € f, (¢'),nr =0 (mod4) and ¢'|g,
(4) G(A)

() G(N)

(6) ¢

Since n > 13, a?"! =1 and « is of order greater than 2n, we have ¢ > 29 and n) >
min(84(143), 17 x 24024). This proves that Cases 4, 5 and 6 are excluded by cardinality
arguments.

Let us show that 3. is also excluded by cardinality arguments. We write |G|, the

cardinal of a Sylow p-subgroup of a group G, so that |SU% @)y =4 w We
know that G(X) contains Qf (¢) x Qf (¢). It follows that if A; is the square partition
of r and Ay is the square partition of n — r < r, writing a; for the number of standard
tableaux associated with a square partition of [ € N*, we have that ny = (:) Ay gy N =

n—1

- )a,,an,r. Note that a, is even because r > 1 and using the

(’;:ll)aran,r and ng = (
branching rule twice, we get that a, is equal to twice the dimension of the two partitions
we get by removing first the only extremal node and then one of the two extremal nodes
of the resulting partition. It follows that |} (¢) x @ ()], = ¢ = (Z~D+F(F-D. To

DA (Bx gy
2 2
2 VIt

exclude 3, it is sufficient to show that this quantity is strictly greater than ¢
we write A the g-logarithm of the quotient of those two quantities, we have that:

nx (N
ny ni ng2 N2 7(7_1)
A= —(— -1 —(——1) —

2(2 >+ 2(2 ) 2
mi2 np? %2 ny
2 2 2 4

n>\2
_ 2 _oMmimaTmi N

2 2 2 4

(n2,\_n1)2 na
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2 (e () (P57 -1).

This shows that A > 0 if and only if 2a,a,_, (f)% > 1. Using the branching

rule and the hook formula, we get: a; = 1,a4 = 2,a9 = 42, a16 = 7><62><531<64i4><33><22 =
24024 > 81 x 162, ags = 701149020 > 81 x 252 and asg > 81 x 362. Let k > 6, assume
axz > 81(k?)2. The branching rule shows that a(1)2 > 2a,2 > 81(2k*) > 81(k* + 4k +
6k%+4k+1) = 81((k+1)?)2, the last inequality being true because k > 6. It follows that
for all k > 4, we have that az> > 81 x (k?)2. In our case, we have that r > 16 or r = 9
and n —r =4. If r > 16 and n — r > 2 then we have a,a,, > r?(n —r)? > 4r2 > 2r% +

2r(n—r) > (r+n—r)% > n? It follows that 2a,a, (:f)M >2n?(M) & = @ > 1.

4n?
Ifr > 16 and n — 7 = 1, then 2a,a, (") Zm0 = Stas _ 2001 5 469 5 1 Tfr = 9
and n — r = 4, then 2a,a,_, (?)% =2 x42 x 2(193)% > 1. This shows that
independently of r and n — r, we have that A > 0. This proves that 3. is excluded.
LD NYELD NP
We have that |Q;f (¢2)], = ¢~ % . The previous arguments show that 2. is also
impossible.

The only remaining possibility is 1 and using again the same arguments, we get ¢’ > q%
so ¢’ = q and this concludes the proof of Theorem 3.4. O

In the unitary case, i.e. F; = F,(a) = F,(a + a™!), all the arguments are analogous.
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