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1. Introduction and the main result

In this paper, by an algebra we mean a basic, indecomposable, finite-dimensional asso-
ciative K-algebra with identity over a field K. For an algebra A, we denote by mod A the
category of finite-dimensional right A-modules, by ind A the full subcategory of mod A
formed by a chosen set of representatives of the isomorphism classes of indecomposable
modules, by D the standard duality Hom g (—, K) on mod A, by I" 4 the Auslander-Reiten
quiver of A, and by 74 and Tgl the Auslander-Reiten translations D Tr and Tr D, respec-
tively. An algebra A is called selfinjective if A 4 is injective, or equivalently, the projective
modules in mod A are injective. If A is a selfinjective algebra, then the left socle of A and
the right socle of A coincide, and we denote them by soc(A). Two selfinjective algebras A
and A’ are said to be socle equivalent if the quotient algebras A/soc(A) and A’/ soc(A’)
are isomorphic.

In the representation theory of selfinjective algebras a prominent role is played by the
selfinjective algebras A which admit Galois coverings of the form B— B /G = A, where B
is the repetitive category of an algebra B of finite global dimension and G is an admissible
group of automorphisms of B. Namely, frequently interesting selfinjective algebras are
socle equivalent to such orbit algebras B /G and we may reduce their representation
theory to that for the corresponding algebras of finite global dimension occurring in
B. For example, for K algebraically closed, this is the case for selfinjective algebras of
polynomial growth (see [31,32]), the restricted enveloping algebras [10], or more generally
the tame Hopf algebras with infinitesimal group schemes [11], in odd characteristic, as
well as for the special biserial algebras [7,25]. We also mention that for algebras B of
finite global dimension the stable module category mod Bis equivalent (as a triangulated
category) to the derived category D’(mod B) of bounded complexes in mod B [13].

Among the algebras of finite global dimension a prominent role is played by the
tilted algebras of hereditary algebras, for which the representation theory is rather well
understood (see [1,3,6,14,18,20,21,23,27-29] and [43] for some basic results and charac-
terizations). This made it possible to understand the representation theory of the orbit
algebras B /G of tilted algebras B, called selfinjective algebras of tilted type (we refer
to [1,4,5,8,9,15-17,19,22,31,32,35,36,40,42] for some general results and applications). In
particular, it was shown that every admissible group G of the repetitive category B of
a tilted algebra B is an infinite cyclic group generated by a strictly positive automor-
phism of B. In the series of articles [33-35,37-39] we developed the theory of selfinjective
algebras with deforming ideals and established necessary and sufficient conditions for a
selfinjective algebra A to be socle equivalent to an orbit algebra B /G, for an algebra
B and an infinite cyclic group G generated by a strictly positive automorphism of B
being the composition prg of the Nakayama automorphism vg of B and a positive
automorphism ¢ of B.

In this paper we concentrate on the question of when a selfinjective algebra A, and
its module category mod A, can be recovered from a finite collection of modules in ind A
satisfying some homological conditions. We will show that this is possible when these
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indecomposable modules form a hereditary stable slice in the Auslander-Reiten quiver
PA of A.

We shall describe the main result of the paper.

Let A be a selfinjective algebra and I'$ the stable Auslander-Reiten quiver of A,
obtained from I' 4 by removing the projective modules and the arrows attached to them.
Following [42], a full valued subquiver A of T4 is said to be a stable slice if the following
conditions are satisfied:

(1) A is connected, acyclic, and without projective modules.
(a,a’)

(2) For any valued arrow V. ——= U in ' 4 with U in A and V non-projective, V belongs

to A or to T4A.

(3) For any valued arrow U O yinr 4 with U in A and V non-projective, V belongs

to A or to 7, 'A.

Assume now that A is a finite stable slice of I'4. Then A is said to be right reqular
(respectively, left reqular) if A does not contain the radical rad P (respectively, socle
factor P/soc P) of an indecomposable projective module P in mod A. More generally,
A is said to be almost right regular if for any indecomposable projective module P from
mod A with rad P lying on A, rad P is a sink of A. Dually, A is said to be almost left
regular if for any indecomposable projective module P from mod A with P/soc P lying
on A, P/soc P is a source of A. Finally, A is said to be hereditary if the endomorphism
algebra H(A) = End4 (M (A)) of the direct sum M (A) of all modules lying on A is a
hereditary algebra and its valued quiver Qg (a) is the opposite quiver A°" of A.

The following theorem is the main result of this paper and extends results established
in [35,42] to a general case.

Theorem 1.1. Let A be a selfinjective algebra over a field K. The following statements
are equivalent.

(i) Ta admits a hereditary almost right regular stable slice.
(ii) T4 admits a hereditary almost left reqular stable slice.
(iii) A is socle equivalent to an orbit algebra B/(pvg), where B is a tilted algebra and
@ 1s a positive automorphism of B.

Moreover, if K is algebraically closed, we may replace in (iii) “socle equivalent” by “iso-
morphic”.

We would like to stress that in general we cannot replace in (iii) “socle equivalent” by
“isomorphic”. Namely, there exist fields K, with non-zero second Hochschild cohomology
group H?(K, K), and non-splittable Hochschild extensions

0— D(H)—H—H—0
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of hereditary algebras H over K such that His a selfinjective algebra socle equivalent
but non-isomorphic to the trivial extension algebra T(H) = H x D(H) = H/ () (see
[33, Corollary 4.2 and Proposition 6.1]).

We also mention that the class of selfinjective algebras occurring in the statement (iii)
is closed under stable, and hence derived, equivalences (see [24,34,39] and [26]).

We note that, for a selfinjective algebra A, A satisfies (i) if and only if A°P satisfies
(ii), and A satisfies (iii) if and only if A°P satisfies (iii). Therefore, in order to prove
Theorem 1.1, it is sufficient to show that (i) is equivalent to (iii).

2. Orbit algebras of repetitive categories
Let B be an algebra and 1p = e; + - - - + e, a decomposition of the identity of B into

a sum of pairwise orthogonal primitive idempotents. We associate to B a selfinjective
locally bounded K-category B, called the repetitive category of B (see [16]). The objects

of B are em,i, m€Z,i€{1,...,n}, and the morphism spaces are defined as follows
e;Bey, r=m,
B(em,i,erj) = D(e;Bej), r=m+1,
0, otherwise.

Observe that e;Be; = Homp(e; B, e;B), D(e;Bej) = e;D(B)e; and

P B(em.i,er;) = ;B @ D(Be;),
(m,i)eZx{1,...,n}

for any r € Z and j € {1,...,n}. We denote by vz the Nakayama automorphism of B
defined by

vg(em,i) = emy1,s forall (m,i) € Z x {1,...,n}.

An automorphism ¢ of the K-category B is said to be:

* positive if, for each pair (m,i) € Z x {1,...,n}, we have p(en ;) = e, for some
p > m and some j € {1,...,n};

o rigid if, for each pair (m,i) € Z x {1,...,n}, there exists j € {1,...,n} such that
@(em,i) = €m,j5

e strictly positive if it is positive but not rigid.

Then the automorphisms 1/]%, r > 1, are strictly positive automorphisms of B.

A group G of automorphisms of B is said to be admissible if G acts freely on the set
of objects of B and has finitely many orbits. Then, following P. Gabriel [12], we may
consider the orbit category B /G of B with respect to G whose objects are the G-orbits
of objects in E, and the morphism spaces are given by
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(E/G)(a,b) = {(fym) € H f?(amy) | 9fy.e = fgy.ga, forall g e G,z €a,y € b}

(z,y)€axb

for all objects a, b of E/G Since E/G has finitely many objects and the morphism spaces
in B /G are finite-dimensional, we have the associated finite-dimensional selfinjective
K-algebra @ (B / G) which is the direct sum of all morphism spaces in B/@, called the
orbit algebra of B with respect to G. We will identify B/G with @(B/G). For example,
for each positive integer r, the infinite cyclic group (v B) generated by the r-th power
V% of v is an admissible group of automorphisms of E, and we have the associated
selfinjective orbit algebra

by 0 0 0 0 0
fa b O 0 0 0
0 f3 by 0 0 0
(r) Ty — oo bi,...,b,—1 € B,
T(B) B/(VA)* Frveeos foa ED(B) ,
0 0 0 ... foq by O
(0 0 0 ... 0 fi b

called the r-fold trivial extension algebra of B. In particular, T(B)") = T(B) = Bx D(B)
is the trivial extension algebra of B by the injective cogenerator D(B).

Let A be a selfinjective algebra. For a subset X of A, we may consider the left
annihilator [4(X) = {a € A | aX = 0} of X in A and the right annihilator
ra(X)={a€ A| Xa=0} of X in A. Then by a theorem due to T. Nakayama (see [41,
Theorem IV.6.10]) the annihilator operation [4 induces a Galois correspondence from
the lattice of right ideals of A to the lattice of left ideals of A, and r 4 is the inverse Galois
correspondence to l4. Let I be an ideal of A, B = A/I, and e an idempotent of A such
that e + I is the identity of B. We may assume that 14 = e; +--- + e, with e1,..., e,
pairwise orthogonal primitive idempotents of A, e = e; + --- + ¢, for some n < r, and
{e; | 1 <i < n} is the set of all idempotents in {e; | 1 < ¢ < r} which are not in I. Then
such an idempotent e is uniquely determined by I up to an inner automorphism of A,
and is called a residual identity of B = A/I. Observe also that B = eAe/ele.

Let A be a selfinjective algebra, I an ideal of A, B = A/I, e a residual identity of B and
assume that r4(I) = el. Then we have a canonical isomorphism of algebras eAe/ele —
A/I and I can be considered as an (eAe/ele)-(eAe/ele)-bimodule. Following [33], we
denote by A[I] the direct sum of K-vector spaces (eAe/ele) @ I with the multiplication

(b,2) - (¢,y) = (be, by + xc + xy)

forb,c € eAe/ele and x,y € I. Then A[I] is a K-algebra with the identity (e+ele,14—e),
and, by identifying x € I with (0,2) € A[I], we may consider I to be the ideal of A[I].
Observe that e = (e + ele,0) is a residual identity of A[I]/I = eAe/ele = A/I. We also
note that soc(A4) C I and leac(I) = ele = reac(I), by [33, Proposition 2.3].
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The following theorem is a consequence of results established in [33] and [35].

Theorem 2.1. Let A be a selfinjective algebra, I ideal of A, B = A/I, e a residual
identity of B. Assume that ro(I) = el and the valued quiver Qp of B is acyclic. Then
the following statements hold.

(i) A[Il] is a selfinjective algebra with the same Nakayama permutation as A.
(ii) A and A[I] are socle equivalent.
(iii) A[I] is isomorphic to an orbit algebra B/(pvg), for some positive automorphism ¢
of B.

Moreover, if K is an algebraically closed field, we may replace in (ii) “socle equivalent”

by “isomorphic”.

Proof. The statements (i), (ii) and the final part of the theorem follow from [33, Theo-
rems 3.2 and 4.1]. The statement (iii) follows from [35, Theorem 4.1]. O

3. Proof of the implication (i) = (iii) of Theorem 1.1

Let A be a selfinjective algebra over a field K, and assume that " 4 admits a hereditary
almost regular stable slice A. Let M be the direct sum of all indecomposable modules
in mod A lying on A, I the right annihilator r4 (M) = {a € A| Ma = 0} of M in mod A,
B = A/I, and H = Endp(M). We note that H = End4(M) and hence is a hereditary
algebra. Moreover, the valued quiver Qg of H is the opposite quiver A°P of A. This
implies that every non-zero non-isomorphism in mod A between two modules lying on A
is a finite sum of compositions of irreducible homomorphisms in mod A corresponding
to valued arrows of A°P.

Lemma 3.1. Let X be an indecomposable module from A. Then the following statements
hold.

(i) If X is the radical of an indecomposable projective A-module, then X is an injective
B-module.

(i) If f( 18 not the radical of an indecomposable projective A-module, then Tng =
T, X.

Proof. (i) Assume X = rad P for an indecomposable projective A-module P. Since X
lies on A and P is not in A, X is the largest right B-submodule of the injective A-module
P, and consequently X is an injective B-module, because B is a quotient algebra of A.

(ii) Assume that X is not the radical of an indecomposable projective A-module. Let
Y =7;'X and f: P(Y) — Y be a projective cover of Y in mod A. Since A is an almost
right regular stable slice of I' 4, we conclude that f factors through a module M" for
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some positive integer r. But then Y is a B-module, and hence 75 X = TXIX . Clearly,
then X is not an injective B-module. O

Lemma 3.2. The following statements hold.

(i) Homp(r5' M, M) = 0.
(ii) idp M < 1.

Proof. (i) It follows from the proof of Lemma 3.1 that there is an epimorphism of
right B-modules g : M*® — 74 YM for some positive integer s. Then we conclude that
Homp(r5' M, M) = 0, because Enda(M) = Endp(M) is a hereditary algebra whose
valued quiver is the opposite quiver A°P of A.

(ii) Since M is a faithful B-module there is a monomorphism of right B-modules B —
M for some positive integer ¢ (see [41, Lemma I1.5.5]), and hence Homp(75'M, B) = 0,
by (i). This implies that idg M <1 (see [41, Proposition II1.5.4]). O

Lemma 3.3. The following statements hold.

(i) For any valued arrow U % V inTp with U in A, V belongs to A or to TglA.

(ii) For any valued arrow V M U inTp with U in A, V belongs to A or to TgA.

Proof. (i) It follows from Lemma 3.1 and the fact that A is a stable slice in I'4.

(ii) Assume that V 99, 1 is a valued arrow in T p with U in A. We may assume
that V' is not on A. We claim that V' is not an injective B-module. Suppose that V is
injective. Because M is a faithful B-module, there is an epimorphism of right B-modules
MP — D(B) for some positive integer p, by the dual of [41, Lemma I1.5.5], because
Ig(D(M)) = rg(M) = 0. Then there exist homomorphisms of right B-modules W ER
V L U with gf # 0 and W an indecomposable B-module lying on A. Since V is not in A,
this contradicts the fact that A°P is the valued quiver of the algebra End g (M ). Therefore,

V' is not injective in mod B. But then TglV is an indecomposable module and there is

a valued arrow U 29, 75"V in T'p (see [41, Lemma TI1.9.1 and Proposition T11.9.6]).

Then it follows from (i) that 75"V belongs to A or to 75" A. Since V is not in A, we
conclude that T§1V belongs to A, and hence V belongs to TgA. O

Lemma 3.4. The following statements hold.

(1) HOHIB(M,TBM) =0.
(ii) pdg M <1.

Proof. (i) Consider an injective envelope h : T g M — E(7pM) of Tg M in mod B. Since
7 M has no injective direct summands, it follows from Lemma 3.3 that h factors through
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a module MY for some positive integer ¢, and hence there is a monomorphism of right
B-modules v : 7 s M — M. But then Hompg(M,75M) = 0, because A°P is the valued
quiver of the hereditary algebra Endg(M).

(ii) Since M is a faithful B-module there is an epimorphism of right B-modules
MP — D(B) for a positive integer p, and consequently Homp(D(B),75M) = 0. This
implies that pdg M <1 (see [41, Proposition II1.5.4]). O

Proposition 3.5. The following statements hold.

(i) M is a tilting B-module.

(i) T = D(M) is a tilting module in mod H.

(iii) There is a canonical isomorphism of K -algebras B — End g (T).

(iv) A is the section Ag of the connecting component Cr of T'p determined by T.

Proof. (i) Let fi,..., fa be a basis of the K-vector space Homp (B, M). Then we have
a monomorphism f : B — M¢ in mod B, induced by fi,..., f4, and hence a short exact
sequence

0sBL M9 NS0

in mod B, where N = Coker f and ¢ is a canonical epimorphism. Then, applying
standard arguments using pdg M < 1, we conclude (see the proof of [42, Proposi-
tion 3.8]) that M @ N is a tilting B-module. We prove now that N belongs to the
additive category add(M) of M. Assume to the contrary that there exists an indecom-
posable direct summand W of N which does not belong to add(M), or equivalently
W does not lie on A. Clearly, Homp(M,W) # 0 because W is a quotient module of
M¢?. Applying now Lemma 3.3, we conclude that HomB(TglM7 W) # 0. Moreover, by
Lemma 3.2, we have idg M < 1. Then, applying [41, Corollary II1.6.4], we infer that
Exty (W, M) = DHompg(r5" M, W) # 0, which contradicts Extp (N, M) = 0. Therefore,
M is a tilting module in mod B. We also note that the rank of Ky(B) is the number of
indecomposable modules lying on A.

(ii)—(iv) It follows from tilting theory that T'= D(M) is a tilting module in mod H
and there is a canonical isomorphism of K-algebras B — Endgy(T) (see [43, Propo-
sition VIIL.3.3]). In particular, B is a tilted algebra of type A°P. Moreover, we have
isomorphisms of right B-modules

Hompyg (T,D(H)) = Hompg (D(M),D(H)) = Hom fyop (H, M) =~ M,

because M is a right H°P-module. Therefore, A is the canonical section Ar of the
connecting component Crp of I'p determined by T (see [43, Theorem VIIL.6.7]). O

We may choose a set eq, . .., e, of pairwise orthogonal primitive idempotents of A such
that 14 = e1 +---+ e, and, for some n < r, {e;|1 <i < n} is the set of all idempotents
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in {e;|1 <4 < r} which are not in I. Then e = e + --- + e, is a residual identity of
B=A/I

Our next aim is to prove that r4(I) = el.

We denote by J the trace ideal of M in A, that is, the ideal of A generated by the
images of all homomorphisms from M to A in mod A, and by J’ the trace ideal of the
left A-module D(M) in A. Observe that I = [4(D(M)). Then we have the following
lemma.

Lemma 3.6. We have J C I and J' C I.

Proof. First we show that J C I. By definition, there exists an epimorphism ¢ : M* — J
in mod A for some positive integer s. Suppose that J is not contained in I. Then there
exists a homomorphism f : A — M in mod A such that f(J) # 0. Then we have the
sequence of homomorphisms in mod A

Mg Al m

with u being the inclusion homomorphism. But then f(uy) = fue # 0 and this contra-
dicts the fact that A°P is the valued quiver of H = End4(M). Hence J C I.

Suppose now that J’ is not contained in I. Then there exists a homomorphism
f'+ A = D(M) in mod A°P such that f'(J’) # 0. Moreover, we have in mod A°P an
epimorphism ¢': D(M)™ — J' for some positive integer m. Then f'u’'¢’ # 0 for the in-
clusion homomorphism u': J' — A. Applying the duality functor D : mod A°® — mod A
we obtain homomorphisms in mod A

D(f")

D(D(M)) D) 2 D(D(M)™),

where D(D(M)) £ M, D(D(M)™) =2 M™, D(A) 2 Ainmod A, and D(¢")D(vw')D(f') =
D(f'v'¢') # 0. This again contradicts the fact that A°P is the valued quiver of
H = Ends(M). O

Lemma 3.7. We have la(I) =J, ra(I) =J and I =rs(J) =14(J").

Proof. See [33, Lemma 5.10] or [42, Lemma 3.11]. O

Lemma 3.8. We have ele = eJe. In particular, (ele)? = 0.

Proof. Since B = eAe/ele canonically, M is a module in mod eAe with 7. 4.(M) = ele.
We note also that eJe is the trace ideal of M in eAe, generated by the images of all
homomorphisms from M to eAe in mod eAe. It follows from Lemma 3.6 that eJe = eJ

is an ideal of eAe with eJe C ele C radede. Let C' = eAe/eJe. Then M is a sincere
module in mod C'. We will prove that M is a faithful module in mod C. Observe that
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this implies ele/eJe = rc(M) = 0, and consequently ele = eJe. Clearly, then (ele)? =
(eJe)(ele) =0, because JI = 0.

We prove the claim in several steps.

(1) Assume that rad e; A lies on A, for some i € {1,...,n}. Clearly, then e; = e;e = ee;
and e;(rad A) = e;(rad A)e. Moreover, we have e;(rad A) = e;J, because e;A does not
lie on A. On the other hand, e;B = e;A/e;I is an indecomposable projective B-module.
Since M is a faithful B-module, there exists a monomorphism e;B — M" for some
positive integer r. Further, since A°P is the valued quiver of Endg(M), we conclude
that the composed homomorphism e;rad A — e; A — e¢;B — M" is zero. Hence e;1 =
ei(rad A), and consequently e;J = e;I. In particular, we conclude that e;(rad A) is an
injective module in mod C'.

(2) Assume that rad e; A lies on A, for some i € {n+1,...,7}. Then e¢;Ae C ¢;(rad A),
and hence e;Ae = e;(rad A), because e;(rad A) is a right B-module. This shows that the
canonical epimorphism e;(rad A) — e;(rad A)/soc(e;A) is a minimal left almost split
homomorphism in mod eAe, and hence e;(rad A) is an injective eAe-module. Clearly,
then e;(rad A) is also an injective C-module.

(3) Assume that X is a module on A which is not the radical of an indecomposable
projective module in mod A. Then it follows from Lemma 3.1 that there is an almost
split sequence in mod B

0-X—->Y—>2-0

which is an almost split sequence in mod A. Recall that B =+ eAe/ele canonically.
Applying now the properties of the restriction functor res, = (—)e : mod A — mod eAe
(see [2, Theorem 1.6.8]), we conclude that the above sequence is an almost split sequence
in mod eAe. In particular, we conclude that 7_, AleX =175 1 X, under the identification
B = eAe/ele. Clearly, then we have also TEIX = Tng.

(4) We may decompose M = U @V in mod B with V being the direct sum of all
indecomposable modules on A which are not radicals of indecomposable projective
modules in mod A. Tt follows from (1) and (2) that U is an injective C-module. We
prove now that ide V' < 1. We may assume that V' # 0. Observe that, by (3), we have

TeAleV = TglV = Tglv. Consider the exact sequence

0—ele = ede = C —0
in mod C, where u is the inclusion homomorphism and v is the canonical epimorphism.
Applying the functor Home 4. (7,4, V,—): modeAe — mod K to this sequence, we get

the exact sequence in mod K of the form

HomeAe(T;lleV, eJe) = Homea, (T;Ale‘/, eAe)

i HorneAe(Te_AleV7 ) N ExtiAe (7';416\/7 eJe),
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where o = HomeAe(T;AleV, u), B = HorneAe(T;AleV,v)7 and ~ is the connecting homo-
morphism. Since A is a section of the connecting component of I'g, we conclude that
there is an epimorphism M?® — 75 1V in mod B, for some positive integer s, and hence
in mod eAe. Hence « is an isomorphism, because 7';416V = T§1V. This implies that
is a monomorphism. Further, every homomorphism from M to eJe in mod B factors
through (75'V)! = (75" M)? for some positive integer ¢, and hence there is an epimor-
phism (75'V)! — eJ. Then we get Homea.(eJe,V) = Homp(eJe,V) = 0, because
Homp(r5' M, M) = 0. Then we obtain Ext!, (1., V,eJe) = DHom,a.(eJe,V) = 0.
Summing up, we conclude that Homc(TCTlV, C) = HomeAe(T;AleV, C) = 0, and hence
ideV < 1.

(5) By (1), (2) and (4), we have ide M < 1. Further, Extj(M, M) = DHomc (15" M,
M) = DHomp(r5' M, M) = 0. Since the rank of K,(C) is the rank of Ky(B), which is
the number of indecomposable direct summands of M, we conclude that M is a cotilting
module in mod C. Then D(M) is a tilting module in mod C°P. In particular, D(M) is
a faithful module in mod C°P. Then we obtain the required fact ro(M) = reer (D(M))
=0. O

Lemma 3.9. Let f be a primitive idempotent in I such that fJ # fAe. Then L =
fAeAf+fJ+fAeAfAeteAf+eleisan ideal of F = (e+f)A(e+f), and N = fAe/fLe
is a module in mod B such that Homp(N, M) = 0 and Homp(M, N) # 0.

Proof. It follows from Lemma 3.8 that fAele C fJ. Then the fact that L is an ideal of
F is a direct consequence of fJ C fAe. Observe also that N # 0. Indeed, if fAe = fLe
then fAe = fJ + fAe(rad(eAe)), since eAfAe C rad(eAe). But then fAe = fJ, by
the Nakayama lemma [41, Lemma 1.3.3], which contradicts our assumption. Further,
B = eAe/ele and (fAe)(ele) = fAed C fJ C fLe, and hence N is a right B-module.
Moreover, N is also a left module over S = fAf/fLf and F/L is isomorphic to the
triangular matrix algebra

S N
A= [0 B} :
Let X be an indecomposable direct summand of M. Assume first that X is not the radical
of an indecomposable projective module in mod A. Then it follows from Lemma 3.1 that
we have in mod B an almost split sequence

0—X—>Y —27—0

which is also an almost split sequence in mod A, and consequently in mod F'. Since A
is a quotient algebra of F' and B is a quotient algebra of A, we conclude that it is
also an almost split sequence in mod A. Applying now [33, Lemma 5.6] (or [43, Theo-
rem VIL.10.9]) we conclude that Homp (N, X) = 0. Assume now that X = rad P for
an indecomposable projective module P in mod A. Suppose that Homp(N, X) # 0. It
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follows from the assumption imposed on A that every direct predecessor of X in I'4 lies
on A and is not the radical of an indecomposable projective module in mod A. Moreover,
by Proposition 3.5, A is the canonical section Ar of the connecting component Cr of
I'p. Then Homp (N, X) # 0 forces that X is an indecomposable direct summand of N.
Recall that N = fAe/fLe with L = fAeAf + fJ + fAeAfAe+ eAf + ele. Hence we
obtain P = fA and X = rad P = fAe. Then we conclude that fLe = 0, and hence
fJ = 0. But it is not possible because f(rad A) =rad fA lies on A, and is equal to fJ.

Summing up, we obtain that Hom g (N, M) = 0. Since every indecomposable module in
mod B is either generated or cogenerated by M, we conclude that Hompg (M, N) #0. O

Applying Lemmas 3.6-3.9 as in [33, Proposition 5.9], we obtain the following propo-
sition.

Proposition 3.10. We have Ie = J and el = J'.

It follows from Lemma 3.7 and Proposition 3.10 that r4(I) = J' = el and I4(I) = J.
Moreover, since B is a tilted algebra, the valued quiver g of B is acyclic. Then applying
Theorem 2.1 we conclude that A is socle equivalent to the orbit algebra B /(pvg) for
some positive automorphism ¢ of B. Further, if K is an algebraically closed field, then
A is isomorphic to E/(qué).

4. Proof of the implication (iii) = (i) of Theorem 1.1

We start with general facts.
Let A be a selfinjective algebra. Then for any indecomposable projective module P in
mod A we have a canonical almost split sequence

0 — rad P — (rad P/soc P) @ P — P/soc P — 0,

and hence rad P is a unique direct predecessor of P and P/soc P is a unique direct
successor of P in I'y. Hence, the Auslander-Reiten quiver I'y /soc(a) is obtained from T'y
by deleting all projective modules P and the arrows rad P — P and P — P/soc P. We
also note that if A is a stable slice of I'y then A is a full valued subquiver of I'y/soc(a)-
Hence we have the following fact.

Proposition 4.1. Let A and A be two socle equivalent selfinjective algebras and ¢ :
mod A/soc(A) — mod A/ soc(A) the isomorphism of module categories induced by an
algebra isomorphism ¢ : A/ soc(A) — A/soc(A). Then a full valued subgquiver A of T's
is a hereditary almost right reqular slice of T if and only if $(A) is a hereditary almost
right reqular stable slice of T 4.
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Therefore, for proving the sufficiency part of Theorem 1.1, we may assume that A =
B/(¢vg) for a tilted algebra B and a positive automorphism ¢ of B. We divide that
proof into three cases.

Proposition 4.2. Assume A is of infinite representation type. Then ' o4 admits a hereditary
right reqular stable slice A.

Proof. By [15,16] and the assumption, we conclude that B is not a tilted algebra of
Dynkin type. It follows from general theory (see [1,8,35,36]) that I'4 admits an acyclic
component C containing a right stable full translation subquiver D which is closed under
successor in C and generalized standard in the sense of [30] (the restriction of the infinite
radical rad’ of mod A to D is zero). We note that D does not contain projective module,
because D is right stable. Then we may choose in D a full valued connected subquiver
A which intersects every T4-orbit in D exactly once. Clearly, A is a right regular finite
stable slice of I'4. Moreover, since D is generalized standard, we obtain that A is a
hereditary slice of I'y. O

Proposition 4.3. Let A be a Nakayama algebra. Then I 4 admits a hereditary almost right
reqular stable slice A.

Proof. Let P be an indecomposable projective module in mod A. Then using the struc-
ture of almost split sequence over Nakayama algebras (see [41, Theorems 1.10.5 and
I11.8.7]) we conclude that there is a sectional path A of the form

socP=X; —+>Xo—--—X,_1—>X,=rad P

such that the 74-orbits of these modules exhaust all indecomposable non-projective
modules in mod A. Moreover, the 74-orbit of rad P consists of the radicals of all in-
decomposable pI‘Q]GCthG modules in mod A. Hence A is an almost right regular stable
slice of T'4. Since A = B/ (prg) with ¢ being a positive automorphism of B, we con-
clude that rk Ko(A) > rk Ko(T(B)) = rk K¢(B), where T(B) = Bx D(B) = B/(I/B). On
the other hand, it follows from [15,16] that rk Ko (B) is the number of 74-orbits in I'}.
Therefore, the number of pairwise non-isomorphic indecomposable projective modules
in mod A is at least n. This implies that rad P has multiplicity-free composition factors.
But then the endomorphism algebra of the direct sum of modules on A is a hereditary
algebra and A°P is its valued quiver. Summing up, we conclude that A is a hereditary
sliceof I'y. O

Proposition 4.4. Assume that A is of finite representation type but not a Nakayama
algebra. Then T 4 admits a hereditary right reqular stable slice A.

Proof. We choose a right regular stable slice A of T'4 following the proof of [19, The-
orem 3.1]. Namely, since A is not a Nakayama algebra, there exists an indecomposable
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projective module P such that P/soc(P) is not the radical of a projective module. Con-
sider the full valued subquiver Ap of T'4 given by 7, *(P/soc(P)) and all indecomposable
modules X such that there is a non-trivial sectional path in I'%, from P/soc(P) to X. It
is shown in [19] that Ap does not contain @/ soc(Q) for any indecomposable projective
module @ in mod A. Clearly, Ap is a stable slice of T'4. Then A = 74(Ap) is a right
regular stable slice of I'y. We claim that A is a hereditary slice. Let g = pvg and G be
the infinite cyclic group generated by g. Consider the Galois covering F' : BB /G=A
and the push-down functor F) : mod B — mod A associated to it. Since B is tilted of
Dynkin type, Bisa locally representation-finite locally bounded K-category (by [15,
16]) and hence F) is dense, preserves almost split sequences, and T'4 is the orbit trans-
lation quiver I's /G of 'z with respect to the induced action of G on I'g (see [12,
Theorem 3.6]). Moreover, F) is a Galois covering of module categories, that is, for any
indecomposable modules X and Y in mod §, F), induces an isomorphism of K-vector
spaces

P Homz(X, g"Y) — Homy (FA(X), FA(Y)).
reZ

In particular, we conclude that there exists a right regular stable slice {2 of I'g such
that F)(2) = A. Let N be the direct sum of all indecomposable B-modules ly-
ing on Q. Then M = F)\(N) is the direct sum of all indecomposable A-modules
lying on A. Consider the annihilator algebra C = B/ anng(Q2) of Q in B. Since
N is a finite-dimensional E—module, the support of N is finite, and hence C is a
finite-dimensional K-algebra. Further, because I'z is an acyclic quiver and (2 is a
right regular stable slice of I'z, we conclude that Q is a faithful section of I'c such
that Homg(N,7¢N) = 0. Then it follows from the criterion of Liu and Skowronski
[43, Theorem VIIL.7.7] that N is a tilting C-module, H = End¢(N) is a heredi-
tary algebra, T = D(N) is a tilting module in mod H, C = Endgy(T) canonically,
and  is the section of I'c determined by T. In particular, C is a tilted algebra
of Dynkin type Q°° = A°P. We note also that B = (7, and hence vy = vg
(see [16]). Since g = ¢rg with ¢ a positive automorphism of B, we conclude that,
for any non-zero integer 7, the categories C' and ¢"(C') have no common objects,
and consequently Hompz(N,g"N) = 0. Then we obtain isomorphisms of K-vector
spaces

H =Endc¢(N) =Endg(N) = @Homé(N,ng) =~ Enda (FA(N)) = Enda(M).
rEL

Hence End 4 (M) is a hereditary algebra and A°P is its valued quiver. Therefore, A is a
hereditary stable slice of 'y. O

We end this section with an example illustrating the above considerations.
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Example. Let Q be the quiver

@ Y
1l—=3 =2
,8 g

R the ideal in the path algebra KQ of Q) over K generated by Sa —vo, af and o7, and
A = KQ/R. Moreover, let Q* be the quiver

1232 9

and B = KQ™* the associated path algebra. Then A is the selfinjective algebra of the
form B/(ypvg) where ¢ is the positive automorphism of B given by

@(em,l) = €m,2, Sp(em,Q) = €m,1, @(emﬁ) = €m,3, for all m € Z.

For each i € {1, 2,3}, we denote by P; and \S; the indecomposable projective module and
simple module in mod A associated to the vertex i. Then the Auslander-Reiten quiver
T'4 of Ais of the form

Py
/N
rad P Py /Sy rad P»

\/\/\/

rad Py > Py > Py/S3 |

/\/\/\

radP2 PQ/Sl radP1
Py
Then we have the hereditary right stable slices associated to Py, Ps, P5 (as in the proof

of Proposition 4.4)

TA(API)ZTA(AP2): P1/52<—53—>P2/51
TA(AP3)I SQ—)Pg/S:g,(—Sl.

On the other hand, we have the stable slices of I" 4
radP1—>Sg—>P2/Sl and radP2—>53—>P1/Sg

which are not hereditary.
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