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Introduction

In recent years, Calabi-Yau (CY) algebras have attracted lots of attention due to their applications
in Algebraic Geometry and in Mathematical Physics. The study of Calabi-Yau Hopf algebras was ini-
tiated by K. Brown and ]. Zhang in 2008, cf. [5], where they studied rigid dualizing complexes of
Noetherian Hopf algebras. S. Chemla showed in [6] that quantum enveloping algebras are Calabi-Yau.
In [8] ]. He, F. Van Oystaeyen and Y. Zhang showed that the smash product of a universal envelop-
ing algebra of a finite dimensional Lie algebra is Calabi-Yau if and only if the group is a subgroup
of the special linear group and the enveloping algebra itself is Calabi-Yau. Thus they were able to
classify the Noetherian cocommutative Calabi-Yau Hopf algebras of dimension less than 4 over an
algebraically closed field. The smash product construction of Calabi-Yau Hopf algebras applied in [8]
provides in fact an effective method to construct new Calabi-Yau (Hopf) algebras based on existing
Calabi-Yau (Hopf) algebras. However, the Calabi-Yau property of the smash product R#kG depends
strongly on the action of kG on R. For example, the pointed Hopf algebra U (D, 1) of finite Cartan type
constructed in [1] with I" an infinite group of finite rank is Calabi-Yau if and only if the associated
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graded Hopf algebra R#kI" is Calabi-Yau, where R is the Nichols algebra of U(D, ). But in this
case, if R#kI" is Calabi-Yau, then R cannot be Calabi-Yau; and vice versa cf. [22]. This leads to the
question: can we find the “right” action of G on R so that the Calabi-Yau property of an algebra R
delivers the Calabi-Yau property of R#KkG?

The question was answered by Wu and Zhu in [20], where they considered the smash product
R#KkG of a Koszul Calabi-Yau algebra R by a finite group of automorphisms of R. They showed that
the smash product R#kG is Calabi-Yau if and only if the homological determinant (Definition 1.13)
of the G-action on R is trivial. Later, this result was generalized to the case where R is a p-Koszul
Calabi-Yau algebra and kG is replaced by an involutory Calabi-Yau Hopf algebra [13]. A crossed prod-
uct is a generalization of a smash product. P. Le Meur studied in [12] when the crossed product of a
graded Calabi-Yau algebra by a finite group is still Calabi-Yau.

Inspired by the work of Wu and Zhu [20] and the fact that the associated graded Hopf algebra
of a pointed Hopf algebra is a smash product of a braided Hopf algebra in a Yetter-Drinfeld module
category over the coradical, we consider in this paper the Calabi-Yau property of a smash product
Hopf algebra R# H, where R is a braided Hopf algebra in the Yetter-Drinfeld module category over
H. We use the homological determinant of the Hopf action to describe the homological integral (Def-
inition 1.10) of R# H. We then give a necessary and sufficient condition for R# H to be a Calabi-Yau
algebra in case R is Calabi-Yau and H is semisimple (Theorem 2.8). We then continue to consider the
inverse problem. That is, if R# H is Calabi-Yau, when is R Calabi-Yau? In Section 3, we answer this
question in case H = kG is the group algebra of a finite group. We then go on to characterize the
Calabi-Yau property of R when R#kG is Calabi-Yau (Theorem 3.10). Applying our characterization
theorem we obtain the Calabi-Yau property of U(D, 1) in case the datum is not generic. The generic
case is completely worked out in [22]. We will provide two examples of Calabi-Yau pointed Hopf
algebras with a finite abelian group of group-like elements.

The paper is organized as follows. In Section 1, we review the definition of a braided Hopf alge-
bra, the definition of a Calabi-Yau algebra, the concept of a homological integral and the notion of
homological determinants.

In Section 2, we study the Calabi-Yau property under a Hopf action. Our main result in this section
is Theorem 2.8, which characterizes the Calabi-Yau property of the smash product Hopf algebra R# H,
where H is a semisimple Hopf algebra and R is a braided Hopf algebra in the Yetter-Drinfeld module
category over H.

In Section 3, we consider the question when the Calabi-Yau property of R# H implies that R is
Calabi-Yau. We answer this question in case H = kG is the group algebra of a finite group. We first
construct a bimodule resolution of R from a projective resolution of k over the algebra R #kG. Based
on this, we obtain a rigid dualizing complex of R in case R is AS-Gorenstein (Theorem 3.8). Our main
result in this section is Theorem 3.10.

Throughout, we work over a fixed field k. All vector spaces and algebras are assumed to be over k.

1. Preliminaries

Given an algebra A, let A°’? denote the opposite algebra of A and A® denote the enveloping algebra
A ® A% of A. The unfurnished tensor ® means ®y in this paper. Mod A denotes the category of left
A-modules. We use Mod A% to denote the category of right A-modules.

For a left A-module M and an algebra automorphism ¢ : A — A, write yM for the left A-module
defined by a-m = ¢ (a)m for any a € A and m € M. Similarly, for a right A-module N, we have Ng.
Observe that Ay = ;1A as A-A-bimodules. Ay = A as A-A-bimodules if and only if ¢ is an inner
automorphism.

For a Hopf algebra, we use Sweedler’s notation (sumless) for its comultiplication and its coactions.
Let A be a Hopf algebra, and & : A — k an algebra homomorphism. We write [£] to be the winding
homomorphism of & defined by

[§1(a) = &(ar)az,

for any a € A.
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1.1. Braided Hopf algebra

Let H be a Hopf algebra. We denote by ﬁyD the category of Yetter-Drinfeld modules over H
with morphisms given by H-linear and H-colinear maps. If I" is a finite group, then HJJD will be

abbreviated to £YD.
The tensor product of two Yetter-Drinfeld modules M and N is again a Yetter-Drinfeld module
with the module and comodule structures given as follows

him@n)=him®hyn and §(M®@n)=m—nn-1) @ mq) N,
for any h € H, m e M and n € N. This turns the category of Yetter-Drinfeld modules Z)}D into a

braided tensor category. For more detail about braided tensor categories, one refers to [10].
For any two Yetter-Drinfeld modules M and N, the braiding cy n : M ® N — N ® M is given by

cM,NMn) =m_q) -nQmy,
for any me M and n € N.

Definition 1.1. Let H be a Hopf algebra.

(i) An algebra in ZyD is a k-algebra (R, m, u) such that R is a Yetter-Drinfeld H-module, and both
the multiplication m: R ® R — R and the unit u : k — R are morphisms in Z))D.

(ii) A coalgebra in ZyD is a k-coalgebra (C, A, €) such that C is a Yetter-Drinfeld H-module, and
both the comultiplication A : R — R ® R and the counit € : R — k are morphisms in ZyD.

Let R and S be two algebras in ZyD. Then R ® S is a Yetter-Drinfeld module in ZJ}D, and
becomes an algebra in the category EyD with the multiplication mrgs defined by

MRgs := (Mg ® ms)(id ®c ® id).
Denote this algebra by R®S.

Definition 1.2. Let H be a Hopf algebra. A braided bialgebra in ZyD is a collection (R,m,u, A, ¢),
where

(i) (R,m,u) is an algebra in HYD.
(i) (R, A, &) is a coalgebra in HYD.
(iii) A:R— RQ®R and ¢ : R — k are morphisms of algebras in ’,ij.

If, in addition, the identity is convolution invertible in End(R), then R is called a braided Hopf algebra
in f,yD. The inverse of the identity is called the antipode of R.

In order to distinguish comultiplications of braided Hopf algebras from those of usual Hopf alge-
bras, we use Sweedler’s notation with upper indices for braided Hopf algebras

AM=r'er.

Let H be a Hopf algebra and R a braided Hopf algebra in the category ZyD. For h € H and
r € R, we write h(r) for h acting on r. It is an element in R. On the other hand, we write hr for
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h multiplying with r. It is an element in R# H. The algebra R# H is a usual Hopf algebra with the
following structure [16]:
The multiplication is given by

(r#g)(s#h) :=rg1(s)# g2h
with unit ug ® uy. The comultiplication is given by
1 2 2
A(r#thy =11 #(r%) _h ® (%) o, #h2 (1)
with counit g ® ey. The antipode is as follows:

Sr#H(r#h) = (1#Sy(r—1)h)) (S (1) #1). (2)

The algebra R#H is called the Radford biproduct or bosonization of R by H. The algebra R is a
subalgebra of R# H and H is a Hopf subalgebra of R# H.

Conversely, let A and H be two Hopf algebras and 7 : A— H, ¢ : H — A Hopf algebra homomor-
phisms such that ¢ = idy. In this case the algebra of right coinvariants with respect to &

R=A“":={acA|(d@m)A(@)=a® 1},

is a braided Hopf algebra in ZyD, with the following structure [16]:

(i) The action of H on R is the restriction of the adjoint action (composed with ¢).
(ii) The coaction is (7 ® id)A.
(iii) R is a subalgebra of A.
(iv) The comultiplication is given by

AR(r) =r1tSym () ®r3.

(v) The antipode is given by

Sr(r) = (r1)Sa(r2).
Define a linear map p: A — R by
p(@) = a1tSym(az),
for all a € A.
Theorem 1.3. (See [16].) The morphisms ¥ : A — R# H and @ : R#H — A defined by
U(a)=p(a)#m(ay) and &(r#h)=ru(h)

are mutually inverse isomorphisms of Hopf algebras.
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1.2. Calabi-Yau algebras

We follow Ginzburg’s definition of a Calabi-Yau algebra [7].

Definition 1.4. An algebra A is called a Calabi-Yau algebra of dimension d if

(i) A is homologically smooth, that is, A has a bounded resolution of finitely generated projective
A-A-bimodules;
(ii) there are A-A-bimodule isomorphisms

Exthe (A, A%) = {

In the sequel, Calabi-Yau will be abbreviated to CY for short.

CY algebras form a class of algebras possessing a rigid dualizing complex (ungraded version). The
non-commutative version of a dualizing complex was first introduced by Yekutieli.

A Noetherian algebra in this paper means a left and right Noetherian algebra.

Definition 1.5. (Cf. [21], [18, Defn. 6.1].) Assume that A is a Noetherian algebra. Then an object # of
Db (A®) is called a dualizing complex if it satisfies the following conditions:

(i) Z is of finite injective dimension over A and A°P.
(ii) The cohomology of Z# is given by bimodules which are finitely generated on both sides.
(iii) The natural morphisms A — RHomu (%, #) and A — RHompo (%, %) are isomorphisms in
D(A®).

Roughly speaking, a dualizing complex is a complex % € DP(A°®) such that the functor
RHoma(—, %) : D%, (A) — DY, (AP) (3)

is a duality, with adjoint RHom o (—, &) (cf. [21, Prop. 3.4 and Prop. 3.5]). Here Dl}g(A) is the full tri-
angulated subcategory of D(A) consisting of bounded complexes with finitely generated cohomology
modules.

Dualizing complexes are not unique up to isomorphism. To overcome this weakness, Van den Bergh
introduced the concept of a rigid dualizing complex cf. [18, Defn. 8.1].

Definition 1.6. Let A be a Noetherian algebra. A dualizing complex & over A is called rigid if

RHom e (A, pAZ @ %p) =X
in D(A®).

The following lemma can be found in [5, Prop. 4.3] and [18, Prop. 8.4]. Note that if a Noetherian
algebra has finite left and right injective dimension, then they are equal cf. [23, Lemma A]. We call
this common value the injective dimension of A.

Lemma 1.7. Let A be a Noetherian algebra. Then the following two conditions are equivalent:

(i) A has arigid dualizing complex % = Ay [s], where v is an algebra automorphism and s € Z.
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(ii) A has finite injective dimension d and there is an algebra automorphism ¢ such that

i |0, i#d;
EXti‘\e(A’Ae):{Aqbv i=d

as A-A-bimodules.
If one of the two conditions holds, then ¢+ is an inner automorphism and s = d.
The following corollary follows directly from Lemma 1.7 and the definition of a CY algebra.

Corollary 1.8. Let A be a Noetherian algebra which is homologically smooth. Then A is a CY algebra of dimen-
sion d if and only if A has a rigid dualizing complex A[d].

1.3. Homological integral

In [8], the CY property of Hopf algebras was discussed by using the homological integrals of Artin-
Schelter Gorenstein (AS-Gorenstein for short) algebras [8, Thm. 2.3]. The concept of a homological
integral for an AS-Gorenstein Hopf algebra was introduced by Lu, Wu and Zhang in [14] to study
infinite dimensional Noetherian Hopf algebras. It generalizes the concept of an integral of a finite di-
mensional Hopf algebra. In [5], homological integrals were defined for general AS-Gorenstein algebras.

Definition 1.9. (Cf. [5, Defn. 1.2].)

(i) Let A be a left Noetherian augmented algebra with a fixed augmentation map € : A — k. A is
said to be left AS-Gorenstein, if
(a) injdimgA =d < oo,
0, i#d;

(b) dimExt"AmkAA):{L i=d,

where injdim stands for injective dimension.
A Right AS-Gorenstein algebras can be defined similarly.

(ii) An algebra A is said to be AS-Gorenstein if it is both left and right AS-Gorenstein (relative to the
same augmentation map ¢&).

(iii) An AS-Gorenstein algebra A is said to be regular if in addition, the global dimension of A is finite.

Definition 1.10. Let A be a left AS-Gorenstein algebra with injdim 4A = d. Then Extﬁf\(/\lk, AA) is a 1-

dimensional right A-module. Any non-zero element in Ext‘i (ak, 4A) is called a left homological integral

of A. We write fl‘ for Ext‘i‘ (ak, 4A). Similarly, if A is right AS-Gorenstein with injdim A4 = d, any non-

zero element in Extf’q (ka, Ap) is called a right homological integral of A. Write j/g for Exti(ﬂq, Ap).
ffl‘ and fg are called left and right homological integral modules of A respectively.

The left integral module ffl‘ is a 1-dimensional right A-module. Thus ffl‘ = kg for some algebra
homomorphism & : A — k.

Proposition 1.11. Let A be a Noetherian augmented algebra such that A is CY of dimension d. Then A is
AS-regular of global dimension d. In addition, f/g = k as right A-modules.

Proof. If A is an augmented algebra, then 4k is a finite dimensional A-module. By [4, Remark 2.8],

A has global dimension d.
It follows from [4, Prop. 2.2] that A admits a projective bimodule resolution

0—-Py—:-+—>P1—>Pg—A—0,
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where each P; is finitely generated as an A-A-bimodule. Tensoring with functor ® 4k, we obtain a
projective resolution of alk:

0> Pi®R®sk—>---—>P1R®ask—> PygRak— gk—0.

Since each P; is finitely generated, the isomorphism

k ® s Hom ge (Pi, Ae) = Homa(P; ®4 k, A)

holds in Mod A°P. Therefore, the complex Homu (P, ®4 k, A) is isomorphic to the complex k ®4
Hom e (P,, A®). The fact that the algebra A is CY of dimension d implies that the following A-A-
bimodule complex is exact:

0 — Homge (Po, A°) — -+ — Hompge (Pg_1, A°) — Hompge (Pg, A®) - A — 0.

Thus the complex k ® 4 Homge (P,, A®) is exact except at k ® 4 Homge (P4, A), whose homology is k.
It follows that the isomorphisms

i ~ 10, i#d;
EXtA(A[k’AA)—{Ik’ i=d
hold in Mod A°P. Similarly, we have isomorphisms

0, i#d;

Ext;([kA,AA);{[k i

in Mod A. We conclude that A is AS-regular and f/i =Zk. O

Remark 1.12. From the proof of Proposition 1.11 we can see that if A is a Noetherian augmented
algebra such that

(i) A is homologically smooth, and
(ii) there is an integer d and an algebra automorphism v, such that

: -0, i#d;
Ext;\e(A,Ae):{Aw, il

as A-A-bimodules,

then A is AS-regular of global dimension d. In this case, f/g = kg. The algebra homomorphism £ is
defined by &(a) = e(¥(a)) for all a € A, where ¢ is the augmentation map of A.

1.4. Homological determinants

The homological determinant was defined by Jergensen and Zhang [9] for graded automorphisms
of an AS-Gorenstein algebra and by Kirkman, Kuzmanovich and Zhang [11] for Hopf actions on an
AS-Gorenstein algebra. The homological determinant was used to study the AS-Gorenstein property of
invariant subrings.
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Definition 1.13. (Cf. [11].) Let H be a Hopf algebra, and R an H-module AS-Gorenstein algebra of in-
jective dimension d. There is a natural H-action on Ext%([k, R) induced by the H-action on R. Let e be
a non-zero element in Ext‘,’e([k, R). Then there exists an algebra homomorphism 7 : H — k satisfying
h-e=n(h)e for all h € H.

(i) The composite map 1Sy : H — k is called the homological determinant of the H-action on R, and
it is denoted by hdet (or more precisely hdetg).

(ii) The homological determinant hdety is said to be trivial if hdetg = ey, where &g is the counit of
the Hopf algebra H.

2. Calabi-Yau property under Hopf actions
Let H be a Hopf algebra and R a braided Hopf algebra in the category ZyD. In this section, we
study the CY property of the smash product R# H, when R is a CY algebra and H is a semisimple

Hopf algebra.
For a left R# H-module M, the vector space M ® H is a left R# H-module defined by

(r#h)-m® g):=F#h1)m hy g,
for all r#h e R#H and m® g € M ® H. Denote this R # H-module by M # H.

Let M and N be two R# H-modules. Then there is a natural left H-module structure on
Hompg (M, N) given by the adjoint action

(h— f)m) :=hy f(Sy" (h1ym),
for all h e H, f e Homg(M, N) and m € M.

Lemma 2.1. Let M be a left R # H-module. Then Homg (M, R) ® H is an H-R # H-bimodule, where the left
H-module structure is defined by

h-(f®g) :=h— f®hag
and the right R # H-module structure is given by the diagonal action:
(f®g) - (r#h):= fg1(r) ® g2h,
forall f e Homg(M,R), g,he Handr € R.
Proof. First we show that for all h € H, f € Homg(M, R) and r € R
(h1 = fHha(r) =h — (fr). (4)
For m € M, we have
[(h1 = Hha()](m) = (h1 — fH)(m)hy (1)
= hy(f(Sy;" (h1)m))h3(r)
= ha(f(Sg' (h1)m)r)

=hy((fr)(Sy" (h1)m))
=[h— (f)]m).
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Now we check that for all f ® g€ Homgr(M,R)® H,he H and r#ke R#H, (h-(f ® g)) - (r#k) =
h-((f ®g) - (r#k)). We have

(h-(f®9)  (r#k)=(h1 — f ®hyg) - (r#k)
= (hy — f)(h2g1)(r) ® h3gak
and

h-((f®g) - #k) =h— (fg1(r) ® g2k)

=hy — (fg1(r) ® hag2k
D (hy =~ fH(hagn)() @ hsgak. O

Let M be an R# H-module. There is a natural right R# H-module structure on Homg#y(M#H,
R# H) induced by the right R# H-module structure of R# H. Homgu#y(M# H, R# H) is also a left
H-module defined by

th-Him® g) = f(m® gh), (5)

for all h e H, f € Homgsy(M#H,R#H) and m® g € M ® H. Then Homg4+y(M#H, R# H) is an
H-R # H-bimodule.

Proposition 2.2. Let P be an R # H-module such that it is finitely generated projective as an R-module. Then

Homg(P,R) ® H =Homgz#y(P#H,R#H)
as H-R # H-bimodules.

Proof. Let

¥ :Homg(P, R) ® H — Homg#p(P#H, R# H)

be the homomorphism defined by

[v(feh](p®g) =(g1— f)(p)#gh
=22(f(Sy' (g1)p)) # gsh,

for all f ® h e Homg(P,R)® H and p® g€ P#H.
We claim that the image of v is contained in Homgu#y(P#H,R#H). For any f Q@ h €
Homg(P,R)® H, r#ke R#H and p® g € P#H, on one hand, we have
[v(f@m](T#k(peg)=[v(fOh](Ir#k)p ®kg)
= (k3g2)(f (Sy ' (kag1) ((r#k1)p))) # kagsh
= (k223)(f(((Sy" (k122)) () Sy " (81)p)) #k3gah.
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On the other hand,

r#[v(f @M](p ® &) = (r#k)(g2(f (Sy ' (81)p)) # g3h)
=r(k122)(f(Sy" (g1)p)) #kag3h
= (k283) (S (k122)(") f (Sy;" (81)p)) #ksgah
= (k223) (f(((Sy" (k122))()Sy" (g1)p)) #k3gah,

where the third equation follows from the identity: r#h = hy v8§1(h1)(r). Now we show that ¢ is
an H-R# H-bimodule homomorphism. We have

[V ((f @M #K)](p® 2) = [¥(Fhi(r) @ hak) | (p ® 2)
2([fhi(](Sy ' (g1)p)) ® g3hak
2(F (S (21)p))(g3h1) (1) ® gahak
= (22(f (S (g1)p)) ® g3h) (r#k)
[v(f@h(r#k)](p®g)

g
g

and

[v(k(fem)]pee =Vl — fkh](p g
=g2((k1 — )(Sg'(g1)p)) # gskah
= (g2k2) (f (S k1)Sp;' (g1)p)) # g3ksh
= ((g1k1) = f)(p) ® g2kzh
=[v(f @] gk
=[k-v(feM](Pp® 2.

So Homg(P,R) ® H = Homg#y(P#H, R#H) as H-R# H-bimodules when P is finitely generated
projective as an R-module. O

Proposition 2.3. Let H be a finite dimensional Hopf algebra and R a Noetherian braided Hopf algebra in the
category #YD. Then

Exth ,  (H, R# H) = Exth (k, R) ® H
as H-R # H-bimodules for all i >0.

Proof. Since R is Noetherian and H is finite dimensional, R # H is also Noetherian. Then g#pylk admits
a projective resolution

o> Pp—> o> P1—>Pg—>k—>0

such that each P; is a finitely generated R# H-module. Because H is finite dimensional, each P, is
also finitely generated as an R-module. Tensoring with H, we obtain a projective resolution of H over
R#H
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o> Py#H— ..-— P1#H — Pg#H — H — 0.
Applying the functor Homg#py(—, R# H) to this complex, we obtain the following complex
0— HOH]R#H(P()#H,R#H)% HOH]R#H(P1#H, R#H)—>
— Homgp4y(Ph#H,R#H) — ---. (6)

This is a complex of H-R # H-bimodules, where the left H-module structure is defined as in (5). By
Proposition 2.2, one can check that it is isomorphic to the following complex of H-R # H-bimodules,

0 — Homg(Pg,R) ® H— Homg(P1,R)® H — ---
— Homg(Pp,R)Q H— ---. (7)

After taking cohomologies of complex (6) and complex (7), we arrive at isomorphisms of H-R # H-
bimodules

Exth ,  (H, R# H) = Exth (k, R) ® H
for all i>0. O
The algebra R can be viewed as an augmented right H-module algebra through the right H-action:

r-h:= Sgl(h) -1, for all r € R and h € H. The algebra H#R can be defined in a similar way. The
multiplication is given by

(h#s)(k#1) := hky # (s - ki)r = hko # (S5 " (k1) (5))r,
for all h#s and k#r € H# R. The homomorphism ¢ : R# H — H#R defined by
Pr#k) =k # S5 (k1)(r)
is an algebra isomorphism with its inverse v : H# R — R# H defined by
yk#r)y =ki(r)#k;.
In addition, ¢ is compatible with the augmentation maps of R#H and H#R respectively. Now

right R# H-modules can be treated as H# R-modules. Let M and N be two H # R-modules, then
Hompg (M, N) is a right H-module defined by

(f <= h)(m) := f(mSH(h1))hy,

for all h e H, f €e Homg(M, N) and m € M.
Similar to the left case, we have the following proposition.

Proposition 2.4. Let H be a finite dimensional Hopf algebra and R a Noetherian braided Hopf algebra in the
category #YD. Then

Exthypy (HRen, R# Hpyn) = H ® Exthy (kg, Rg)

as R # H-H-bimodules for all i>0.
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Lemma 2.5. Let H be a Hopf algebra and R an H-module algebra. If the left global dimensions of R and H are
dg and dy respectively, then the left global dimension of A = R # H is not greater than dg + dy.

Proof. Let M and N be two A-modules. We have
Homy (M, N) = Homp (k, Homg (M, N)),

that is, the functor Homus (M, —) factors through as follows

Hompg (M, —)
Mod A ModH .
Homm A&,—)
Mod k

To apply the Grothendieck spectral sequence (see e.g. [19, Section 5.8]), we need to show that if N is
an injective A-module, then Ext‘l,([k, Hompg (M, N)) =0 for all g>1.
Let

o> Pi—>Pi1—>--+—>P1—>Pg—>k—>0

be a projective resolution of k over H. Ext};(k, Homg (M, N)) are the cohomologies of the complex
Hompy (P,, Homg (M, N)). The following isomorphisms hold:

Homy (P., Homg (M, N)) = Homy (k, Homy (P, Homg (M, N)))
= Homy (k, Homg (Pe ® M, N))
= Hompg#y(Pe ® M, N).

Let P; be a projective module in the complex P,. Note that the R # H-module structure on P; ® M is
given by

(r#h)-(p®h)=hy ® rhym,
for all r#h e R#H and p ® m € P; ® M. The complex P, is exact except at Pg. Since the functors

Homg#y(—,N) and — ® M are exact, the complex Hompy(P,, Homg (M, N)) is also exact except at
Hompy (Pg, Homg (M, N)). It follows that

Ext}; (k, Homg (M, N)) =0

for all g>1.
Now we have

Ext] (k, Exth(M,N)) = Exthid (M, N).

Because the left global dimensions of R and H are dg and dy, Exth, (M, N) =0 for all i>dg + dpy.
Therefore, the left global dimension of R# H is not greater than dg +dy. O

Let H be an involutory CY Hopf algebra and R a p-Koszul CY algebra and a left H-module al-
gebra. As mentioned in the introduction, Liu, Wu and Zhu used the homological determinant of the
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H-action to characterize the CY property of R#H in [13]. They defined an H-module structure on
the Koszul bimodule complex of R and computed the H-module structures on the Hochschild coho-
mologies. Then they proved that R# H is CY if and only if the homological determinant is trivial. If
H is not involutory or R is not a p-Koszul algebra, is it still true that R# H is a CY algebra when the
homological determinant is trivial?

We answer this question in the case where R is a braided Hopf algebra in the category ,’ij,
where H is a semisimple Hopf algebra. We use the homological determinant to discuss the homolog-
ical integral and the rigid dualizing complex of the algebra A = R# H. We then give a necessary and
sufficient condition for A to be a CY algebra. The result we will obtain is slightly different from what
was obtained by Liu, Wu and Zhu. We first need the following lemma.

Lemma 2.6. Let H be a Hopf algebra, and R a braided Hopf algebra in the category ZJ)D. Then

SEuy (M) =Su(r1) (3;23 (r0)))-
foranyr eR.

Proof. Set A= R# H. By Eq. (2), for any r € R, we have

Sar) = (1#Sur—1)) (Sr(r0) #1).

Therefore,

S3(r) =Sa((1#Su (1)) (Sr(r) #1))
=Sa(Sr(ro) #1)Sa(1#Su(r(~1)))
= (1451 (Sr(r0) 1)) (Sr(Sr (@) @) #1) (1 # 57 (r-1)))
= (1#8n(r0)-1)) (St r0)0) #1) (1485 (r-1)))
= (1#8n(r-12)) (Sz(r) #1) (1# S (1)
=SH({r1)3) (31% (r)) #SH (r12)SH 1)
=8y (r-1)2) (51% (ro) #Su(er—11))
=Sur-1)(Sk(re)). O
Proposition 2.7. Let H be a semisimple Hopf algebra and R a braided Hopf algebra in the category ﬂyD. IfR

is an AS-regular algebra of global dimension dg, then A = R# H is also AS-regular of global dimension dg.
In this case, j/g = k¢, where & : A — k is defined by

E(r#h) =&g(r) hdet(h),

for all r#h € R# H, where the algebra map &g : R — I defines the left integral module of R, i.e., f,’Q = k.
The rigid dualizing complex of A is isomorphic to  A[dR], where v is the algebra automorphism [S]Sf‘. To be
precise, v is defined by

Y (r#h) =r(r') hdet((?) _;)1h1)Su (%) 1)) (SR (%) ) # St (h2).

forallr#h e R#H.
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Proof. Let P, - H — 0 be a projective A-module resolution of H with each P; finitely generated.
Since H is semisimple, k is projective as an H-module. It follows that k®y P, — k — 0 is a projective
A-module resolution of k. Now the following isomorphism of complexes holds:

Homy (k ®y Po, A) = Homy (k, Homa (P,, A)).

The fact that the trivial module k is a finitely generated projective H-module implies that

Extly (k, A) = Hompy (K, Extly (H, A))

= Homy (k, H) ®y Ext) (H, A) (8)

for all i > 0. Following Proposition 2.3, we have f}‘ = f;, ®H f,’g ®H and

. i _ 10, i#dg;
dlmExtA(Ik,AA)_{L i = dp,

Let e be a non-zero element in f}lz and h a non-zero element in fl, Since H is semisimple, H is
unimodular. That is, we have f;, =k. Let n: H— k be an algebra homomorphism such that h-e =

n(h)e for all h € H. Then the following equations hold
(h@e®1) - r#th)y=§&&(h®e®h
=& Mh®ethe®h;
=&r(Mh @ n(Su(h1))n(h2)e @ hs
=&@N(Su(h))h®hy - (e®1)
=&r(MN(Su(h1))e(h)h@e® 1
=ép(r)hdetthhh® e® 1.

This implies that fl‘ = ke, where £ is the algebra homomorphism defined in the proposition. Similarly,
by Proposition 2.4, we have

o _[o. i#dg:
dimExt, (k, Ap) = { 1 iZdg
Because H is finite dimensional and R is Noetherian, the algebra A is Noetherian as well. Therefore,
the left and right global dimensions of A are equal. Since H is semisimple, the global dimension of H
is 0. Now it follows from Lemma 2.5 that the global dimension of A is dg. In conclusion, we have
proved that A is an AS-regular algebra.
By [5, Prop. 4.5], the rigid dualizing complex of A is isomorphic to [g]sgA[de For any r#h e R#H,
we have

[£1S2(r#h) 2 S2[E1r#h)

@ E(r'# (rz)(—l)hl)sxzx ((rz)(O) #ha)

=&r(r') hdet((rz)(_l)m)sz\ ((rz)(O)) # 57 (hy)
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@ &R (r]) hdet((rz)(q)m)SH (("2)(0)(71))(5}22 (("2)(0)(0))) #8p(ha)
=&r(r') hdet((rz)(qnh])SH((rz)(fl)z) (Sk ((rz)(O))) #87(h2).

Egs. (a), (b) and (c) follow from [5, Lemma 2.5], Eq. (1) and Lemma 2.6 respectively. Thus the proof is
completed. O

Since & is an algebra homomorphism, the following equation holds

&g (r) hdet(h) = &g (h1(r)) hdet(hy).

We show how flg#H looks like. Let e be a non-zero element in Ext‘fz(lk, R). There is an algebra
homomorphism 7’ : H — k satisfying € - h = n/(h)e’ for all h € H. Applying a similar argument as
in the proof of Proposition 2.7, we have that if f,g = Eé[k, then f; = gk, where £ is defined by
&' (r#h) =S,Q(Sgl(hl)(r))n’(SH(hz)) for all r#h e R#H.

Now we give the main theorem of this section.

Theorem 2.8. Let H be a semisimple Hopf algebra and R a Noetherian braided Hopf algebra in the category
ZyD. Suppose that the algebra R is CY of dimension dg. Then R# H is CY if and only if the homological
determinant of R is trivial and the algebra automorphism ¢ defined by

¢ (r#h) =Sy (r1)(S3(r0))SHh)

forallr#h € R# H is an inner automorphism.

Proof. From Proposition 1.11, we have that R is AS-regular with fé = k. In addition, since H is finite
dimensional and semisimple, the algebra H is unimodular. Thus frll =k. Set A= R#H. By Proposi-
tion 2.7, we obtain that A is AS-regular with fl‘ = k¢, where £ is the algebra homomorphism defined
by &(r#h) = e(r) hdet(h) for all r#h € R# H. Following from [8, Thm. 2.3], the algebra A is CY if and
only if £ =¢ and Si is an inner automorphism. On one hand, £ = ¢y if and only if hdet = ¢y. On the
other hand, by Lemma 2.6, we have S2(r#h) = Sy (r(~1))(S3(r(0)))S%(h), for any r#h e R#H. O

In [13] it is proved that if R is p-Koszul CY and H is involutory, then R#H is CY if and only if
the homological determinant is trivial. Thus in Theorem 2.8, if the braided Hopf algebra R is p-Koszul
and the Hopf algebra H is involutory, then we have that the homological determinant is trivial implies

that the automorphism ¢ is inner. In the following Example 2.9, we see that the automorphism ¢ can
be expressed via the homological determinant of the H-action.

Example 2.9. Let

D(T, (gi)1<i<o- (Xi1<i<o- @ij)1<i, j<o)

be a datum of finite Cartan type (see [2] for terminology), where I" is a finite abelian group and (aj;)
is of type A1 x --- x Aq. Assume that V is a braided vector space with a basis {x1,...,Xy} whose
braiding is given by

c(xi X)) =qijx; @x;, 1<1i,j<6,

where g;j = x;(&i).
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Let R be the following algebra:

kix1,.... % | XiXj =qijXjx;, 1 <i<j<0).

The algebra R is a braided Hopf algebra in the category ICJ}D. Moreover, it is easy to see that R is a
Koszul algebra. Assume that K is the Koszul complex (cf. complex (6) in [17])

0—R®R; — - —>R®R'*—>R®RJ ;== R®RY—>R—0.

Then we have that X — grlk — 0 is a projective resolution of k. Each R’j* is a left kI"-module with
module structure defined by

(8Os, -1 %) = Bls™ (A )
=B () Ao A g (X))

j
= (]_[ )(if(g)>/ff(xf1 A AKX,
t=1

where g € S']* Thus each R ® R!j* is a left kI"-module. It is not difficult to see that the differentials
in the Koszul complex are also left I"-module homomorphisms. By [6, Prop. 5.0.7], we have that
fé = ng*. Therefore, hdet(g) = ]_[f:1 xi(g™h forall geI.

Following from [18, Prop. 8.2 and Thm. 9.2], the algebra R has the rigid dualizing complex Ry [6],
where ¢ is the algebra automorphism defined by ¢(x;) =q1;---q(i— 1),-ql_(,1+1) qlg xi, for 1 <i<6.
By Corollary 1.8, the algebra R is a CY algebra if and only if for each 1 <i <0, qii---qi-1)i =
dici+1) - - - gie- In this case,

0
hdet(gj) = [ xi(g;")

i=1

(]_[xz g )x] g )(kﬁ xk(gjl)>

~(Hen)ots( 11,5
= xi(g;")-

The algebra automorphism ¢ given in Theorem 2.8 is defined by

¢ (xj) = xj(g;")xj = hdet(g))x;

forall 1< j<6 and ¢(g) =g for all g e I'. However, x;(g;) # 1 for all 1 < j <. The algebra R#kI"
is not a CY algebra.
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Example 2.10. Let g be a finite dimensional Lie algebra, and U(g) the universal enveloping algebra
of g. Assume that there is a group homomorphism v : I" — Aut;.(g), where Aut;i.(g) is the group of
Lie algebra automorphisms of g. Then it is known that U(g) #kI" is a cocommutative Hopf algebra.

It is proved in [8, Cor. 3.6] that the smash product U(g)#k/ is CY if and only if U(g) is CY and
Im(v) C SL(g).

Let d be the dimension of g. By [8, Lemma 3.1], we have fll](g) = /\d g* as left I"-modules, where
the left I"-action on g* is defined by (g-a)(x) =a(g™'x) forall ge I', o € g* and x € g, and I acts
on /\d g* diagonally. Let {x1,...,x4} be a basis of g. Then

8l A A xg) = det(u(5 ™)) (65 A -+ A )

for all g € I'. So hdet(g) = det(v(g)). That is, if Im(v) € SL(g), then the homological determinant
is trivial. The algebra U(g) is a braided Hopf algebra in the category IC)ZD with trivial coaction. So
the automorphism ¢ defined in Theorem 2.8 is the identity. Therefore, if U(g) is a CY algebra and
Im(v) € SL(g), by Theorem 2.8, the algebra U(g)# kI is a CY algebra. This coincides with the result
mentioned before.

3. Rigid dualizing complexes of braided Hopf algebras over finite group algebras

In this section, we further assume the characteristic of the base field k is 0. Let I" be a finite
group and R a braided Hopf algebra in the category FyD of Yetter-Drinfeld modules over kI" such
that R#I" is a CY algebra. In this section, we answer the question when the algebra R is a CY algebra.

Let A be a Hopf algebra. By [15, Appendix, Lemma 11], A can be viewed as a subalgebra of A¢ via
the algebra homomorphism p : A — A¢ defined by

p@ =7 a1 ®5@). (9)

Then A€ is a right A-module via this embedding. We denote this right A-module by R(A®). Actually,
R(A®) is an A°-A-bimodule. Similarly, A¢ is also an A-A¢-bimodule, where the left A-module is
induced from the homomorphism p. Denote this bimodule by £(A¢).

From now on, let I" be a finite group and R a braided Hopf algebra in the category FyD with
I'-coaction §. The biproduct A= R#kI" is a usual Hopf algebra [16]. Let 2 be the subalgebra of A¢
generated by the elements of the form (r#g) ® (s#g~!) withr,seRand ge I'.

Note that R is a I"-graded module, i.e., R = @ger Rg, where Rg = {r e R | §(r) = g ®r}. Therefore,
for any r € R, it can be written as r = der rg with rg € Rg. Then §(r) = derg ®Tg.

Lemma 3.1. The subalgebra & is a left (resp. right) A-submodule of L(A®) (resp. R(A®)).

Proof. For any r#h € A, where h € I', by Egs. (1) and (2), we have

A(r#h):Zrl#gh®(r2)g#h
gel’

and

Sa(r#h)y =Y h~'g7 Sg(ry).
gelr

Any element in 2 can be written as a linear combination of elements of the form s#kQt#k™1 € 2
with s,teR and ke I'.
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(r#h) - (s#k@t#k™) = (' #gh)(s#k) ® (c#k")Sa((r?), #h)
gel

=) (r#gh)s#k ® (t#k~)h g7 Se((),)
gel

= Y (" @) # i) ® (ck ) (Se((7),) #k )

€ 9.

This shows that 2 is a left A-submodule of L(A®). Similarly, & is also a right A-submodule of
R(A®). O

The following lemma is known, we include it for completeness.

Lemma 3.2.

(a) Both L(A®) and R(A®) are free as A-modules.
(b) R(A®) ®4k = A as left A°-modules and this isomorphism restricts to a left R¢-isomorphism 2 ® 4k = R.
(c) If& : A— kis an algebra homomorphism, then there is an isomorphism ke @4 L(A®) = A[E]b’i of right

A®-modules and the isomorphism restricts to a right R®-isomorphism ke ®4 2 = R([S]SE\)\R'

Proof. (a) was proved in [5, Lemma 2.2]. The module L(A®) defined in the same paper is isomorphic
to R(A®) as right A-modules.

(b) This follows from [15, Appendix].

(c) It was proved in [5, Lemma 4.5] that ke ®4 L(A®) = A[é]S,ﬁ as right A°-modules. Here we give
another proof. We construct the isomorphism explicitly. Define a homomorphism @ : ks ®4 L(A®) —
A[g]s,z\ by ?(1®a®b)= E(aﬂbSﬁ(az) and a homomorphism ¥ : A[S]Sﬁ — ke ®4 L(A®) by ¥(a) =

1® 1 ®a. Note that [£]S% = S2[£] holds by Lemma 2.5 in [5]. For any x,a, b € A, we have

(1@ x1a ® bS(x2)) = £(x1)&(a1)bS (x3)8 (x2)S* (a2)
=E(x1)E(@)bS(£(x2)) S (@)
=£(XE(@1)bS*(a2)
=£XP(1®a®b).

This shows that @ is well defined. Similar calculations show that @ and ¥ are right A°-module
homomorphisms and they are inverse to each other.
It is straightforward to check that the isomorphism ks ® 4 L(A®) = A[sjsﬁ restricts to the isomor-

phism k: ®4 7 = R([EJS,%ﬂR' O
Lemma 3.3. Homge (2, R) = 2 as A-R¢-bimodules.

Proof. The algebra & is an A-R¢-bimodule. Note that the A-module structure is induced from the
homomorphism p defined in (9). On the other hand, the A-R®-bimodule structure on Homge (2, R®)
is induced from the right A-module structure on £ and the right R®-module structure on R®. We
have r#g = (1#g)(g 1 (r)#1) for any r#g € R#kI". Therefore, an element in & can be expressed
of the form dep(l #g (8 #1) ®s8# g with r&, s& e R. For simplicity, we write gr for the element
(1#g)(r#1) withreRand geI'. Let ¥ : 2 — Homge (2, R®) be a homomorphism defined by
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[ <Zg e sg#g)](h@;h’l):rh@sh,

gel’

for der g 'r8®s8#ge P, heI. Next define a homomorphism & : Homge (2, R¢) — 2 as follows:
o(fH=) (g'®e)f(gve™")

gel’

for f € Homge(Z2, R®). It is clear that @ is a right R®~-homomorphism. On the other hand, we have

o(r#hf) =Y (g @g)(r#hf)(g®g™)

gel’

=3 (g @g)f(g(r #k)h @ Sa((?), #h)g™")

gel' kel

=3 (g @) f(g(r #k)h@h Tk Se((), )Y

gel' kel

=Y D (g @) f(s(r") #gkh@h k" g g(Sr((?),))):

gel' kel

and

r#h)@(f) = (Zrl #kh ®h*1k*1sR(r2k)) d(e'og)fe®g™)

=§:ZF(” #khg™! ®gh1k1$i((r2)k))f (g®g™)
=I;12F(khg‘l(gh‘lk‘l)(rl) ® (gh™ 'k 1)Sk(())gh "k ") fe@g™)
=I;g§(’<hg‘l ®gh™ k™) f((gh™ k) (") # g @ 27" (h™ k71 (Sr((r*),)))
= geZ;ZF(g] ®8)f(a(r) # gkh @ h~ k"2 g(Sr((),))-

So @ is an A-R®¢-bimodule homomorphism. It is easy to check that @ and ¥ are inverse to each
other. Thus @ is an isomorphism. O

Lemma 3.4. Let I" be a finite group and R a braided Hopf algebra in the category FyD. If A=R#kI is

AS-Gorenstein with ffl\ = kg, where £ : A — k is an algebra homomorphism, then we have R-R-bimodule
isomorphisms

) 0, i#d;
Ext‘eR,Re;{ T
ke(R-K) Rieis2),r i=d
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Proof. We have the following isomorphisms,

Exthe (R, R®) = Exthe (2 ®4 k, R%)
= Exty (ak, Homge (2, R®))
= Extly (ak, 2)
= Exth (ak, A) ®4 2

0, i#d;
ke @4 2= R([$]5,24)|R’ i=d.

112

The first, the third and the last isomorphisms follow from Lemma 3.2, Lemma 3.3 and Lemma 3.2
respectively. The fourth isomorphism follows from the fact that 2 is left A-projective. This is because
A® is free as a left A-module by Lemma 3.2 and A® is a direct sum of finite copies of 2. Indeed,
A* =D 2", where 2" is the left A-submodule of A¢ generated by elements of the form (r# gh) ®
(s#g~") with r,s € R and g € I'. Moreover, for every h € I', 2" is isomorphic to 2 as a left A-
module. O

Lemma 3.5. If the global dimension of A = R#kI is finite and R is Noetherian, then R is homologically
smooth.

Proof. By assumption, the algebra A is Noetherian, and 4k has a finite projective resolution

0—-Py—>P41—:-+—P1—>Pp—>k—=0,

such that each P;, 0 <i <d, is a finitely generated projective A-module. By a similar argument to
the one in the proof of Lemma 3.4, we have that & is projective as a right A-module. Therefore, the
functor ¥ ®4 — is exact. Now we obtain an exact sequence:

0> 2P2®AP1—>P2QRa4P4-1—> - —>2P2QRQP1—>2R4Py—> 24k— 0. (10)

2 is projective as left R®-module and 2 ®4 k= R as left R®-modules (Lemma 3.2). So the complex
(10) is a projective R-R-bimodule resolution of R. Because each P; is a finitely generated A-module
and I is a finite group, each 2 ®,4 P; is a finitely generated left R®-module. Therefore, we conclude
that R is homologically smooth. O

The homological integral of the skew group algebra R# kI was discussed by He, Van Oystaeyen
and Zhang in [8]. Based on their work, we use the homological determinant of the group action to
describe the homological integral of R#KkI".

Lemma 3.6. Let I be afinite group and R a braided Hopf algebra in the category fyD. If R is an AS-Gorenstein
algebra with injective dimension d and f}’2 = kg, where &g : R — k is an algebra homomorphism, then the

algebra A = R#I" is AS-Gorenstein with injective dimension d as well, and f/l\ = ke, where & : A — ks the
algebra homomorphism defined by &(r #h) = &g (r) hdet(h) forany r#h € R#kI".
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Proof. By [8, Props. 1.1 and 1.3], we have that A = R#kI" is AS-Gorenstein of injective dimension d,
lee is a 1-dimensional left /"-module, and as right A-modules:

I [

/;(/W)r,

A R

where the right A-module structure on fé ®kI" is defined by

(e®g) (r#h)=e(g(n) ® gh,

for gekl", r#h e R#kI and e € f}'2 and the left "-action on fé ®KkI” is the diagonal one. Let e be

a basis of f,é It is not difficult to check that the element dep g(e) ® g is a basis of (flé #kIMT. Let
1 :kI" — k be an algebra homomorphism such that h-e =n(h)e for all h € I'. For any r#h € R# kI,
we have

( > (e #g) (r#th) =" g(e)g(r) # gh

gel’ gel’

= gler)#gh

gel’

=Er(N) Y g(e)#gh

gel’

=&mn(h™") D (gh(e)#gh

gel

=&mn(h™") D g #g

gel’

=Er(n hdet(h) > g(e)#g

gell

=E@r#h) Y gle)#g.

gel’
It implies that fl‘ Zke. O

The following proposition shows that the AS-regularity of R#[kI" depends strongly on the AS-
regularity of R.

Proposition 3.7. Let I" be a finite group and R a braided Hopf algebra in the category ?yD. Then R is AS-
regular if and only if A= R# kI is AS-regular.

Proof. Assume that R is AS-regular. By Lemma 3.6, the algebra A is AS-Gorenstein. To show that A is
AS-regular, it suffices to show that the global dimension of A is finite. Since the global dimension of
R is finite, there is a finite projective resolution of k over R,

0—-Py—P4_1—>:-+—>P1—>Pg—>k—0.
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Note that A is projective as a right R-module. Tensoring this resolution with A ® g —, we obtain an
exact sequence

0>AQrPi—AQrPyj_1— - —>A®rP1—>AQrPy— ARrk— 0.
It is clear that each A ®g P; is projective. This shows that the projective dimension of A ®g k is finite.
But 4l is a direct summand of A®pgk as an A-module [3, Lemma II.4.8]. So the projective dimension
of ak is finite. Since A is a Hopf algebra, the global dimension of A is finite.
Conversely, if A is AS-regular, then R is AS-regular by Lemma 3.4, Lemma 3.5 and Remark 1.12. O

We are ready to give the rigid dualizing complex of an AS-Gorenstein braided Hopf algebra.

Theorem 3.8. Let I" be a finite group and R a braided Hopf algebra in the category IC)JD. Assume that R is an

AS-Gorenstein algebra with injective dimension d. Iff,'2 = ke, for some algebra homomorphism &g : R — k,
then R has a rigid dualizing complex , R[d], where ¢ is the algebra automorphism defined by

o) =) &r(r") hdet(®)g ' (S((r%),));

gel’

foranyr eR.

Proof. Let A be R#kI". By Lemma 3.6, A is AS-Gorenstein with f/l\ = ke, where £: A — k is the
algebra homomorphism defined by

E(r#h) = &g(r) hdet(h)

for any r#h € R#kI". By Lemma 3.4, there are R-R-bimodule isomorphisms

) 0, i#d,;
Ext’ER,Rez{ 7
ke(R-K) Rizis2), =4

For any r € R,

(1S3 =Y £(r' #2)Sa((r%),)

gel’

- Z £r(r') hdet(g)S3 ((r?) g)

gerl’

=Y &r(r') hdet(g)g ™" (S3((r%),))-

gel’
Now the theorem follows from Lemma 1.7. O

Remark 3.9. The algebra A = R#kI" has a rigid dualizing complex [g]SﬁA[d] [5, Prop. 4.5]. Observe
that the algebra automorphism ¢ given in Theorem 3.8 is just the restriction of [E]Sﬁ on R.

Now we can characterize the CY property of R in case R#KkI" is CY.
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Theorem 3.10. Let I" be a finite group and R a Noetherian braided Hopf algebra in the category ICJ/D. Define
an algebra automorphism ¢ of R by

e =Y g (Sk(y),

gel’

forany r € R. If R#KI is a CY algebra, then R is CY if and only if the algebra automorphism ¢ is an inner
automorphism.

Proof. Assume that A = R#LkI" is a CY algebra of dimension d. By Proposition 1.11, A is AS-regular
of global dimension d and f/f‘ = k. It follows from Lemma 3.5 that R is homologically smooth.

Since f/g =k, by Lemma 3.4 there are R-R-bimodule isomorphisms

0, i#d,

Exthe (R, R®) = ied

RSZ R’
Following Remark 1.12, we obtain that R is AS-regular. Suppose || ,’e = ke, for some algebra homomor-
phism &g : R — k. Then by Lemma 3.6, f/: = ke, where & : A — k is defined by &(r #h) = &g (r) hdet(h)

for any r#h € R#kI". But f/g = k. Therefore, é&g = €g and hdet = ¢y. It follows from Theorem 3.8 that
the rigid dualizing complex of R is isomorphic to ,R[d], where ¢ is defined by

o) =) &r(r') hdet(®)g™' (S5((),))

gel’

= Z g SR(rg)

gel’

for any r € R. Now the theorem follows from Corollary 1.8. O

Corollary 3.11. Let I" be a finite group and R a braided Hopf algebra in the category ,CJJD. Assume that R is
an AS-regular algebra. Then the following two conditions are equivalent:

(a) Both R and R#kI" are CY algebras.
(b) The following three conditions are satisfied:
i) }la =k;
(ii) the homological determinant of the group action is trivial;
(iii) the algebra automorphism ¢ defined by

o =Yg (Sz(ry)

gel’

for allr € R is an inner automorphism.

Proof. (a) = (b) Since R is a CY algebra, by Proposition 1.11 we have flé = k. Because both R and
R#WI" are CY, (ii) and (iii) are satisfied by Theorem 2.8 and Theorem 3.10.

(b) = (a) Since R is AS-regular, R#kI" is AS-regular by Proposition 3.7. Thus R is homologically
smooth (Lemma 3.5). By Theorem 3.8, if the three conditions in (b) are satisfied, then the rigid du-
alizing complex of R is isomorphic to R[d], where d is the injective dimension of R. So R is a CY
algebra. That the algebra R# kI is a CY algebra follows from Theorem 2.8. O
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Example 3.12. Keep the notations from Example 2.10. Assume that I” is a finite group and that g is a
finite dimensional I"-module Lie algebra. Suppose there is a group homomorphism v : I" — Aut;.(g).
In Example 2.10, we use Theorem 2.8 to obtain that if U(g) is a CY algebra and Im(v) € SL(g) then
U(g)#KkI" is a CY algebra. Now by Theorem 3.10, if U(g)#kI" is a CY algebra, then U(g) is a CY
algebra as well. This is because U(g) is a braided Hopf algebra in ﬁyD with trivial coaction, the
algebra automorphism ¢ in Theorem 3.10 is the identity.

By [5, Prop. 6.3], we have that ]L',(g) = kg, where &(x) = tr(ad(x)) for all x € g. We calculate in
Example 2.10 that hdet(g) = det(v(g)) for g € I'. Therefore, both U(g) and U(g) #kI" are CY algebras
if and only if tr(ad(x)) =0 for all x € g and Im(v) € SL(g). This coincides with Corollary 3.5 and
Lemma 4.1 in [8].

We refer to [2] for the definition of a datum of finite Cartan type and the definition of the algebras
U (D, A). The algebras U(D, A) were constructed to classify finite dimensional pointed Hopf algebras
whose group-like elements form an abelian group.

Let

D(T, (8)1<i<o- (Xi)1<i<o- (@ij)1<i,j<o)
be a datum of finite Cartan type for a finite abelian group I and A a family of linking parameters
for D. Let {¢1,..., g} be a set of simple roots of the root system corresponding to the Cartan matrix

(ajj). Assume that wq = sj, ---Si, is a reduced decomposition of the longest element in the Weyl
group as a product of simple reflections. Then the positive roots are as follows

B1 =0, B2 = si; (¢i,), Bp =iy =+ Si,_; (i)

If B = Y"0_, mict;, then we define xg = x" --- x5
The following proposition characterizes the CY property of the algebra U(D, A).

Proposition 3.13. (a) The algebra A = U(D, A) is AS-regular of global dimension p and f/i = kg, where & is
the algebra homomorphism defined by £(g) = (Hzp=1 Xxg)(g), forallg e I' and £(x;) =0 forall 1 <i < 6.
(b) The algebra A is CY if and only if]—LP:] Xg =¢€ and Sf‘ is an inner automorphism.

Proof. (a) can be obtained by applying [2, Thm. 3.3] and a similar argument as in the proof of Theo-
rem 2.2 in [22]. (b) follows from [8, Thm. 2.3]. O

Let R be the algebra generated by x1, ..., X subject to the relations
@dex)' " (x)) =0, 1<i,j<6,i#].

Then U(D,0) = R#KkI", where U(D, 0) is the associated graded algebra of U(D, 1) with respect to
its coradical filtration.

Proposition 3.14. The algebra R is CY if and only if]_[f:]#jk Xg:(8k) =1 foreach 1 <k <6.

Proof. By Lemma 3.5 and Theorem 3.8, we have that R is homologically smooth, and that it has a
rigid dualizing complex ,R[p], where ¢ is the restriction of [S]Sﬁ on R. That is, ¢ is defined by

QOxE) = ]_[leyi#jk Xg: (&) (), 1 <k <0, where each 1 < ji < p is the integer such that 8j, = o.
Therefore, R is CY if and only if ]—If’zl#jk Xp:(g) =1 for each 1<k<6. O

One may compare these results with Theorem 2.3, Theorem 3.9 and Lemma 4.1 in [22].
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Table 1
Y1 y2
X1 -1 1
X2 -1 -1

In case the algebra U(D, 0) = R#KkI is CY, the algebra automorphism ¢ defined in Theorem 3.10
is ) = Xi(gi’l)(x,-), 1 <i< 0. However, x;(gi) # 1 for all 1 <i< 6. We conclude that when R#kI”
is CY, the algebra R is not a CY algebra.

Now we give two examples of CY pointed Hopf algebra with a finite group of group-like elements.

Example 3.15. Let A be U(D, A) with the datum (D, 1) given by

I'=(y1,¥2) S Zy X Z3;

The Cartan matrix is of type Aj;
gi=Yyi, 1<i<2;

Xxi» 1 <i<2, are given in Table 1.
A=0.

The algebra A is a CY algebra of dimension 3. Let R be the algebra generated by x; and x; subject to
relations

x%xz — xzxf =0 and x%)q — x1x% =0.

Then A = R#k[I". The rigid dualizing complex of R is ,R[3], where ¢ = —id.

Remark 3.16. From the proof of Proposition 5.8 in [22], we can see that if A=U(D, A) is a CY algebra
such that (D, 1) is a generic datum, then the Cartan matrix in D cannot be of type A,.

Example 3.17. Let A be U(D, 1) with the datum (D, A) given by

o I'=(y1,¥2) = Zn X In;

e The Cartan matrix is of type A1 x Aq;

o gi=yii=12;

o X1(¥) =q, x2(yi) =q~1, i=1,2, where q € k is an n-th root of unity;
o A=1.

The algebra A is a CY algebra of dimension 2.

Let R be the algebra k(xi,xs | X1x2 = ¢~ 'x2x1). Then GrA = U(D, 0) = R#kI", where GrA is
the associated graded algebra of A with respect to the coradical filtration of A. The rigid dualizing
complex of R is ,R[3], where ¢ is defined by ¢(x1) =q x; and @(X2) = qx;.
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