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1. Introduction
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skew group rings, partial skew group rings provide a way to construct non-commutative
rings, and recently Leavitt path algebras have been realized as partial skew group rings
(see [10]), indicating that the theory of non-commutative rings may benefit from the
theory of partial skew group rings. Still, when compared to the well-established theory
of skew group rings, the theory of partial skew group rings is still in its infancy. In fact,
to our knowledge, [3] and [4] are the only existing papers regarding the ideal structure
of partial skew group rings, and [9] is a recent paper describing simplicity conditions for
partial skew group rings of abelian groups.

Our main goal in this paper is to derive necessary and sufficient conditions for sim-
plicity of partial skew group rings. In general, this is still an open problem, even for
skew group rings. In [12] and [14], Oinert has attacked this problem for skew group rings
Ry X4 G, where either the group G, or the ring Ry, is abelian. Recently, in [9], a criterion
for simplicity of partial skew group rings of abelian groups has been described. In our
case, we will extend results of [12] to partial skew group rings Ry X, G, where Rg is
assumed to be commutative and associative (not necessarily unital) and « is a partial
action on ideals of Ry, all of which have local units. More specifically, we will show that
Ry % G is simple if and only if Ry is G-simple and maximal commutative in Ry X, G. In
particular, our results can be applied to Leavitt path algebras, by realizing them as par-
tial skew group rings (see [10]), and to partial skew group rings associated with partial
topological dynamics.

Our work is organized in the following way: In Section 2 we present our main results,
preceded by a quick overview of the key concepts involved below. In Section 3 we apply
the results of Section 2 to derive a new proof of the simplicity criterion for Leavitt path
algebras, as well as a new proof of the Cuntz—Krieger uniqueness theorem for Leavitt
path algebras. In Section 4 we show an application of the results of Section 2 to partial
topological dynamics, namely to partial actions by clopen subsets of a compact set.

Recall that a partial action of a group G (with identity element denoted by e) on
a set {2, is a pair @« = ({Dt}iea, {ou}tec), where for all s,¢ € G, Dy is a subset of {2
and oy : D;—1 — D, is a bijection such that D, = (2, «a, is the identity map on {2,
at(Dy-1 N Dg) = Dy N Dys and oy (as(x)) = ays(x), for all 2 € D,—1 N Dy—14-1. In case {2
is a ring (algebra) then, for each ¢t € G, the subset D; should be an ideal and the map «;
should be a ring (algebra) isomorphism. In the topological setting, each D; should be an
open set and each «; a homeomorphism, and in the C*-algebra setting each D; should
be a closed ideal and each «; should be a *-isomorphism.

Associated with a partial action of a group G on a ring A, we have the partial skew
group ring, A x, G, which is the set of all finite formal sums ... a;d;, where, for
each t € G, a; € Dy and d; is a symbol. Addition is defined in the usual way and
multiplication is determined by (a:d;)(bsds) = (-1 (ar)bs)des. An ideal I of A is said
to be G-invariant if ag(I N Dy-1) C I holds for all g € G. If A and {0} are the only
G-invariant ideals of A, then A is said to be G-simple.

For a = ), ;atd; € A x4 G, the support of a, which we denote by supp(a), is the
finite set {t € G : a; # 0}, and the cardinality of supp(a) is denoted by #supp(a).



D. Gongalves et al. / Journal of Algebra 420 (2014) 201-216 203

For g € G, the projection map onto the g coordinate, P, : A xo, G — A, is given
by Py(> ;cq a:dt) = ay and the augmentation map 7 : A xo G — A is defined by
T(Xieq atdi) = Dpeq -

Recall also that the centralizer of a nonempty subset S of a ring R, which we denote by
CRr(S), is the set of all elements of R that commute with each element of S. If Cg(S) = S
holds, then S is said to be a maximal commutative subring of R. Notice that a maximal
commutative subring is necessarily commutative. Following [13], a subring S of a ring R
is said to have the ideal intersection property in R, if SNI # {0} holds for each non-zero
ideal I of R.

By abuse of notation, the identity element of an arbitrary group G will be denoted
by 0.

2. Maximal commutativity, the ideal intersection property and simplicity

This is the key section of our paper. Recall from [2] that a ring S is said to have local
units, if there exists a set U of idempotents in S such that, for every finite subset X
of S, there exists an f € U such that X C fSf. From this it follows that x = fx =« f
holds for each x € X. If such a set U exists, then it will be referred to as a set of local
units for S and the idempotent f is then said to be a local unit for the subset X.

Throughout this section we will assume that Ry is a commutative and associative ring
and that & = ({R:¢}teq, {at}tec) is a partial action of a group G on the ring Ry such
that, for each ¢ € G, the ideal R;, viewed as a ring, has a set of local units. In particular,
this implies that R, is an idempotent ring, for each ¢t € G, and thus, by [5, Corollary 3.2],
we are ensured that the partial skew group ring Ry X, G is associative. We begin by
showing the relationship between maximal commutativity of Ry and the ideal intersection
property of Ry in Ry x4 G.

Theorem 2.1. Let Ry be a commutative associative ring, G a group and oo = ({Ri}ieq,
{attiec) a partial action such that, for each t € G, Ry has a set of local units. Then
Rdg is mazimal commutative in Ry X G if and only if INRydo # {0} for each non-zero
ideal I of Ry x4 G.

Proof. First suppose that Rydp is maximal commutative in Ry X, G and let I be a
non-zero ideal of Ry %, G. We will show that I N Rydy # {0}.

Let x = ZteF x+d; be a non-zero element in I such that #supp(z) is minimal among
all the non-zero elements of I and assume that x; # 0 foreacht € FF C G. Pickan s € F,
let e € R,—1 be a local unit for a,—1(x,) and define y := x - ed;—1 € I. Next we show
that y € Rodo, but first notice that y # 0 and #supp(y) < #supp(z), since x5 # 0 and

Yy=2x- elg-1 = xsls-eig—1 + Z T40s - €0g—1 = 2400 + Z T0p - €dg-1.
teF\{s} teF\{s}
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Now, let a € Ry and z := adg -y — y - ady € I. Notice that #supp(z) < #supp(z),
since ady - ¢80 — 2500 - adg = 0, and hence, from the minimality of #supp(x), we have
that z = 0. But this implies that ady - y = y - adg for all a € Ry and so, by the maximal
commutativity of Rydp, we obtain that y € Rydy and I N Rydy # {0} as desired.

Next we show that if Rydg is not maximal commutative in Ry X, G then there exists
a non-zero ideal J of Ry X, G such that J N Rydy = {0}.

So, suppose that Rgdg is not maximal commutative. This means that there exists an
element a = ), a;0; € Ro %o G\ Rodg such that a-bdy = bdg -a for all b € Ry, which is
equivalent to a;d;-bdg = bdgy-a;d; for all t € F and b € Ry. Evaluating the multiplications
in this last equation we obtain that a;(ca-1(a)b)d; = baidy, for all t € F and b € Ry
and hence

Qg (Oét—l (at)b) = bat = atb (1)

holds for all t € F and b € Ry.

Now, fix a non-identity g € F' such that ay # 0 and let J be the ideal of Ry xo G
generated by the element agdg — agydy.

Notice that each element of J is a finite sum of elements of the form b,d;(ay00 —
agdq)cr 0y, where b.dy, ¢,6, € Ry X G. Moreover, J # {0}, since if e is a local unit for ag,
then edg(agdo — agdy)edp is a non-zero element of J.

We will show that J has null intersection with Rydy by showing that 7(J) = 0. In
order to do so, notice that, for b9, ¢.-0, € Ry X G, we may use Eq. (1) to conclude that

bidt(agdy — agdy)crdy = bpdy - agdo - cr0r — bpdy - agdy - Cr 0y
= b0 - ager 0 — bidy - oy (0494 (ag)cT)(Sgr

= bt(5t . CLgCT(S,,« — bt5t . agcrdgr = d6tr — d(;tg’r‘,

where d = ay(ay-1(bt)age,), and hence T(J) = 0. Since the restriction of 7 to Rydg is
injective we conclude that J N Rydy = {0}, as desired. O

The above result generalizes [12, Theorem 3.5].

Remark 2.2. In this paper we are mainly interested in the situation when each ideal Ry,
for t € GG, has a set of local units. Notice, however, that when it comes to Theorem 2.1
this assumption can be relaxed. In fact, it is enough to assume that R; is non-degenerate
for each t € @, in the sense that for each non-zero a € R; there is some b € R; such
that ab # 0 or ba # 0. If R, is non-degenerate for each ¢t € G, then one can easily adapt
the proof of Theorem 2.1, replacing the local units by the elements arising from the
non-degeneracy of the ideals, to show that maximal commutativity of Ry in Ry X, G
implies that Ry has the ideal intersection property (alternatively one can realize that
the natural G-gradation on Ry X4 G is non-degenerate in the sense of [13, Definition 2]).
Conversely, non-degeneracy of each Ry, for ¢ € G, ensures that Ry X, G is associative,
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see [5, Corollary 3.2], and this is all that is needed to show that the ideal intersection
property of Ry in Ry X, G implies maximal commutativity of Ry.

We can now prove the simplicity criterion for Ry %, G, and thereby generalize
[12, Theorem 6.13].

Theorem 2.3. Let Ry be a commutative associative ring, G a group and o = ({R:}ieq,
{at}iec) a partial action of G on Ry such that, for each t € G, Ry has a set of local
units. Then the partial skew group ring Ry X G is simple if and only if Ry is G-simple
and Rydy is maximal commutative in Rg X, G.

Proof. Suppose first that R = Ry X, G is simple. By Theorem 2.1, Rgdy is maximal
commutative. We show below that Ry is G-simple.

Let I be a G-invariant non-zero ideal of Rg. Define J as the set of finite sums ZteG aidy
such that a; € IN Ry for all t € G, that is, J = {}_,cqamd: € R:a; € IN Ry, t € G}.

Notice that J is a non-zero ideal of R. Indeed, if a6, € R and a; € I N R; then
a0y - a0y = ay.(a—1(ay)ag)dpe. Since I is G-invariant, o, (a,-1(a,)a;) € I and by the
definition of a partial action «,(«,-1(a,)a;) € Ryt so that a0, - a;dy € J. Similarly, J is
a right ideal of R and so, by the simplicity of R we obtain that J = R. Now notice that,
from the definition of J, Py(J) = I and from what was done above, Py(J) = Py(R) = Ry.
So I = Ry and Ry is G-simple.

Suppose now that Ry is G-simple and that Rydy is maximal commutative in R. Let [
be a non-zero ideal of R. By Theorem 2.1, I N Rodg # {0}. Let J = I N Rpdy and notice
that Py(J) is a non-zero ideal of Ry. Next we show that Py(.J) is G-invariant.

Let a; € Py(J) N Ry and pick a local unit e for a; in R;. Since a;d9 € J we have that
ag-1(e)dg—1 - adp - edy = ay-1(ay)dp is in J and hence ay-1(a) € Py(J) and Py(J) is
G-invariant.

Now, since Ry is G-simple we have that Py(J) = Ry and so J = Rydp. In particular,
Ropdg C I. Take s € G, as € Rs and an arbitrary asd; € Ry X4 G. Then, letting e be a
local unit for as in Ry, we have that as0; = edg - as0s € I. This shows that Ry X, G = I,
as desired. O

Remark 2.4. Notice that the proof of the fact that simplicity of the partial skew group ring
Ry X, G implies G-simplicity of Ry holds for any partial action & = ({ Rt} e, {at ftea)-

Inspired by [8, Example 3.4], we provide the following example.

Example 2.5. Let Ry = Ke; @ Kes ® Keg, where K is a field and ey, es, e3 are orthogonal
central idempotents of Ry. Let Cy be the cyclic group of order 4 with generator g and
define a partial action of Cy on Ry by ag = idp,,
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ag: Key @ Kes — Key @ Kea, ag(e2) =er  and  ag(es) = ea;
ag : Key @ Kes — Key @ Kes, ag(e)) =e3 and  ay2(es) =eq;
ags : Key @ Key — Keg @ Kes, ags(er) =ez and  ags(ez) = es.

There are exactly six proper (non-zero) ideals of Ry, namely
Keq, Kes, Kes, Kei @ Keo, Ke; ® Kes and Key ® Keg,

none of which is Cy-invariant. One easily checks this using the definition of . Thus, Ry is
Cy-simple. Moreover, a short calculation reveals that Rgdy is maximal commutative in
the partial skew group ring Ry X C4. By Theorem 2.3, we conclude that Ry X, Cy is
simple.

3. A new proof of the simplicity criterion for Leavitt path algebras

Recently, Leavitt path algebras have been described as partial skew group rings [10].
More precisely, the Leavitt path algebra associated with a graph F has been realized
as a partial skew group ring of a commutative algebra by the free group on the edges
of E and so we can apply the characterization of simplicity given in Section 2 to Leavitt
path algebras. This will lead to a new proof of the simplicity criterion for Leavitt path
algebras that rely solely on partial skew group ring theory. Before we proceed, for the
convenience of the reader we shall recall some important notation and definitions.

A directed graph E = (E°, E',r, s) consists of a set E° of vertices, a set E' of edges,
a range map r : E' — E° and a source map s : E' — E° which may be used to
read off the direction of an edge. Given a field K and a directed graph F, the so called
Leavitt path algebra associated with E (see e.g. [1,11]) is denoted by Lk (F). To be more
precise, L (E) is the universal K-algebra generated by a set {v,e,e* : v € E° e € E'}
of elements satisfying the following five assertions:

) for all v,w € EY, v? = v, and vw = 0 if v # w;

) s(e)e =-er(e) =e for all e € EY;
(iii) r(e)e* = e*s(e) = e* for all e € E';

) for alle, f € Et, e*e = r(e), and e*f = 0 if e # f;

) V=2 feer: s(e)=v) €€ fOr each vertex v € E° which satisfies 0 < #{e € E' :
s(e) = v} < 0.

In [10], Gongalves and Royer showed that each Leavitt path algebra can be realized
as a partial skew group ring. We shall review their construction by first defining a partial
action at the level of sets.

Let E = (E°,E',r,s) be a directed graph. A path of length n in E is a sequence
&1&...&, of edges in E such that r(&;) = s(&41) for i € {1,2,...,n —1}. If £ is a
path of length n, then we write || = n. The set of all finite paths in E is denoted
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by W. An infinite path in E is an infinite sequence &1&5 ... of edges in F such that
r(&) = s(&i+1) for i € N. The set of all infinite paths in E' is denoted by W. Notice
that W (respectively W) is a subset of the set of all finite (respectively infinite) words
in the alphabet E'. As usual, the range and source maps can be extended from E! to
W UW® U E° by defining s(§) := s(&1) for € = &1&s... € WX or & =&1...6, € W,
r(€) :=1r(&,) for £ =& ...& € W and r(v) = s(v) = v for v € E°. A finite path 7 is
said to be an initial subpath of a (possibly infinite) path £, if there is a path £’ such that
r(n) = s(¢’) and £ = n¢’ hold.
The partial action that we are about to define, takes place on the set

X={¢eW:r(¢)isasink}U{ve E°:visasink} UW™

which is acted upon by F, the free group generated by the set E'.

Since [ is generated by E', the set of edges of E, some elements of F can be thought
of as coming directly from W. More concretely, each element a € W can be viewed as
an element of F, and similarly a € W defines an element a~! € F. Hence, given a,b € W
we may view a as an element of F and b~! as an element of F and their product ab™*
will be an element of F. These are three types of elements of F that will be of particular
interest to our construction. Notice that not all elements of F arise in this way.

In order to have a partial action of F on X, for each ¢ € F we need to define a set X,
and a map 0, : X.-1 — X, such that they comply with the definition of a partial action.

The first step towards the construction of our partial action, is to define the sets X,
for ¢ € F. This is done as follows:

e Xy := X, where 0 is the neutral element of F.

o Xp-1:={{e€X:5) =r)} forallbe W.

o Xy ={€X &6 & =a}, forallacW.

o Xpp1 :={{€X :48...&q =a} = X,, for ab™! € F with a,b € W, r(a) = r(b)
and ab~! in its reduced form.

e X, :=0, for all other ¢ € F.

The second step towards the construction of our partial action, is to define the maps
0.: X.-1 — X, forceF.

Let 6y : Xo — Xy be the identity map. For b € W, 6, : X;-1 — X} is defined by
0p(&) = bE, for € € Xp—1. Notice that 6,(€) is well-defined. Indeed, using that s(§) =
r(b) we may form the path b¢ which obviously contains b as an initial subpath. Hence,
0p(§) € Xp. For b € W, we now define 6,-1 : X — X1 for n € Xy—1, by 0,-1(n) =
Np|+1Mb+2 - - - if 7(b) is not a sink and 6,-1(b) = r(b), if r(b) is a sink. It is easy to see
that 6, is bijective with inverse 6,-1.

Finally, for a,b € W with r(a) = r(b) and ab~! in reduced form, 0,1 : Xpo1 —
Xap—1 is defined by 0,5-1(&) = a&pj+1)€(pj42) - - for € € Xpg-1. This map is well-
defined. To see this, notice that £ € X;,-1 contains b as an initial subpath. Moreover,
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r(a) = r(b) = 5(§p|+1) and hence we may form the path a(jp|41)§(p|+2) - - - which ob-
viously contains a as an initial subpath. Hence, 0,,-1(§) € Xg;-1. It is not difficult to
see that the inverse of this map is given by 6p,-1 : X4p-1 — Xp,-1 which is defined by
Opa—1(1) = ON(jal+1)(Jal+2) - - - for 1 € Xgp-1.

Notice that {{X}cer, {0c}cer} is a partial action on the level of sets and so it induces
a partial action {{F(X.)}cer, {c}teer}, where, for each ¢ € F, F/(X..) denotes the algebra
of all functions from X. to K, and «. : F(X.-1) = F(X,.) is defined by a.(f) = fof.-1.
The partial skew group ring associated with this partial action is not Ly (E) yet. For
this one proceeds in the following way:

For each ¢ € F, and for each v € E°, define the characteristic maps 1. := yx, and
1y := xx,, where X, = {£ € X : s(§) = v}. Notice that 1. is the multiplicative identity
of F(X.). Finally, let

Dy =span{{l,:peF\{0}}U{l,:ve Eo}}

(where span means the K-linear span) and, for each p € F\ {0}, let D, C F(X,) be
defined as 1, Dy, that is,

D, =span{l,1,:q € F}.

Since ay,(1,-114) = 1,1, (see [10]), consider, for each p € F, the restriction of a,, to
D,-1. Notice that oy, : D,
{{ap}per, {Dp}per} is a partial action.

In [10] it was shown that the partial skew group ring Dy %, F is isomorphic to the
Leavitt path algebra L (F). More precisely, the map ¢ : L (E) — Dy X, F defined by
o(e) = 1.6, p(e*) = 1,-18,-1 for all e € B! and p(v) = 1,y for all v € E°, was shown
to be a K-algebra isomorphism.

Recall, see [15], that a subset H C E° is said to be hereditary if for any e € E! we
have that s(e) € H implies r(e) € H. A hereditary subset H C Ej is called saturated if
whenever 0 < #s7!(v) < oo, then {r(e) € H : e € E* and s(e) = v} C H implies v € H.
In [15] it is proved that L (E) is simple if and only if the graph E satisfies condition (L),

-1 = D, is an isomorphism of K-algebras and, furthermore,

that is, each closed path in the graph E has an exit, and the only hereditary and saturated
subsets of EY are EY and (). From now until the end of this section we will focus on the
proof of the above simplicity criterion for Dy X, F via Theorem 2.3, thus giving a new
proof of the simplicity criterion for Leavitt path algebras. On the way, we will obtain
some useful results that we will also use, together with Theorem 2.1, in order to give a
new proof of the Cuntz—Krieger uniqueness theorem for Leavitt path algebras.

Proposition 3.1. The set Dydy is maximal commutative in Doy o F if and only if the
graph E satisfies condition (L).

Proof. Suppose first that E satisfies condition (L). We will show that Dydp is maximal
commutative by contradiction. For this, suppose that there exists an element a; € Dy,
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with ¢ # 0 and a; # 0, such that a;d; - agdg = agdg - a;6; for each ag € Dy, that is, such
that

o (atfl(at)ao) = a.ag (2)

holds for all ag € Dg.

Notice that a; # 0 implies that either t € W or t = r~1, with r € W, or t = ab™ !,
where a,b € W. Furthermore, if in Eq. (2) we take ag = 1;-1 we obtain that a; = a;1;-1
and hence the support of a; is contained in D; N D;-1 and so t must be a closed path.

Now, taking appropriate functions for ag in Eq. (2) and using induction we obtain
that, for all n € N, a; = a;1(4n)-1 and a;14y» = a;. For example, for ag = 1;-1,-1 we
obtain that a;1,-1 = a¢1;-1;—1 and so a; = a;14-1,—1. On the other hand, for ag = 1;1;-1
we get that ay(ay-1(ar)l¢l—1) = az1414-1 and hence a1y = agly-1 = ay.

Before we derive our contradiction, notice that if £ € X; is such that a;(£) # 0 then,
since a; € Dy, there exists an m € N such that for each p € Xy with gy ... oo, = &1.. . &
it holds that a:(p) = a¢(§). We now separate our argument into three cases.

Case 1. Suppose t € W.

Since a; = a;lym we have t™ = &1...&m ... §m)¢|- Let s be an exit for ¢ and p € X;
be such that py ...y .. e = t™t1...ts. Then ay(p) = ai(§) # 0, but as(p) =
a(p)lym+1 () = 0, a contradiction. So ¢ is not an element of W.

Case 2. Suppose t = r~ 1, with r € W.

This case follows as the previous one, by using the equality a; = a;1(;m)-1 instead of
Ay = Aag ltm .

Case 3. Suppose t = ab™', where a,b € W.

We obtain a contradiction by proceeding as in Case 1 if |a| > |b| and as in Case 2 if
la| < ]b]. The details are left to the reader.

We conclude that there is no a; € Dy, with ¢t # 0, such that a;0; commutes with each
element of Dydg and hence Dydg is maximal commutative.

Suppose now that E does not satisfy condition (L), that is, there exists a closed path
t =1t1...t,, which has no exit. We will show that 1;0; commutes with all of Dydy and
so Dgdp is not maximal commutative.

Recall that Do = span{{1, : p € F\ {0}}U{1, : v € E°}} and so it is enough to show
that 1;6; commutes with 1,09 and with 1,4¢, for each v € E® and p € F \ {0}.

Let v € EY Then 1;6; - 1,00 = ay(oy-1(14)1,)8: = a(1,-11,)8; which, by
[10, Lemma 2.6(2)], is non-zero only if r(t) = v, in which case is equal to 1;5;. On
the other hand, 1,dp - 1:6; = 1,1:9;, which is non-zero only if s(t) = v, in which case is
equal to 1;9;. Since t is a closed path it follows that 1,6; commutes with 1,dq.



210 D. Gongalves et al. / Journal of Algebra 420 (2014) 201-216

Now let r € F \ {0}. Notice that, in order to check that 1;§; commutes with 1,0 it
is enough to verify that a;(1;-11,) = 1;1,, which is equivalent to 1;1;. = 1;1, (since
a(1;-11,) = 1;14.). As before, we now divide our proof into cases:

Case 1.7 € W.

If r = t";...t; for some n > 0 and 1 < k < m then, since ¢ has no exit, X, =
X; = {tttt---} and hence 1;1;. = 1; = 1;1,.. If » € W is not of the above form, then
L1y =0=1,1,.

Case 2.7 = s~ ! with s e W.

Suppose first that r(s) = (). Then X,-1 = Xy, since t is a closed path with no exit,
and hence 1,14 = 1;1;,-1 = 1y = 1;1,-1 = 11, If r(s) # r(t), then 1;5-1 = 0= 1;1,-1.

Case 3. r = ab! with a,b € W and r(a) = r(b).
Since 14 = 1gp-1 = 134 and 1, = 1,,-1 = 1, this case reduces to Case 1.
Case 4. All other r € F.

In this case 1,, = 0 and hence both sides of the equation ay;(1;-11,) = 141, are equal
to zero.

‘We have proved that 1;d; is in the centralizer of Dgdg and hence Dydg is not maximal
commutative, as desired. O

Before we proceed to show the connection between F-simplicity of Dy and the nonex-
istence of proper hereditary and saturated subsets of EY, we shall prove two useful
lemmas.

Lemma 3.2. Let xgdg be a non-zero element of Dgdg and denote by I the principal ideal
of Do x4 F generated by x¢dg. Then there exists a vertex v € E° such that 1,09 € I.

Proof. We can write xy as a linear combination of characteristic functions; zo =
doici Ailg 1 + 3000 Bily,, where a; € Woand b; € WU {0} (if a; = 0, then 1,1 =
1,1 = 1, since Xb;1 = X, (s,))- Choose some v € E° such that 1,zo # 0. If vis a
sink, then 1,1, ,-1 = 0 for each ¢, and then

0 # 1,200 = Zﬂjlvlvj dp = Z B 1,60
=1

Jj o vj=v

which shows that 1,09 € I.
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Now, suppose that v is not a sink. Let m = max{|a;| | 1 < i < n}. Recall that we
can write X, = () ,c; X, where the index set I consists of all ¢ € W such that s(c) = v
and |c[ = m or s(c) = v, [c] < m and r(c) is a sink. If 1.1, ;-1 # 0, then q; is an initial
subpath of ¢, and then 1claib;1 = 1.1,, = 1.. Moreover, if iclvj # 0, then 1.1,;, = 1.
Using this, we obtain

n m
0 7& 1C$060 = Z Ailclaibfl(so + Zﬁjlclvj50
= i=1

= > Al + Y Bilely,do

Tl 170 j i lely, #0
= Y Aldo+ > Biledo
i 1ol 170 j o lely, #0
= ( Z >\z + Z 5]) 1050a
i:lel ,—170 J i lely; #0

which shows that 1.09 € I\ {0}. Notice that 1,00 = 1.-109 = 1.-10.-1 - 1cdg - 1cde.
Using that I is an ideal, we conclude that 1,)do € I which proves the lemma. O

Lemma 3.3. Let I be an F-invariant ideal of Do. Then, the set Z ={v € E°:1, € I} is
hereditary and saturated.

Proof. Let e € E! be such that s(e) € Z. Then 1, = lyeyle € 1N D, and, by the
F-invariance of I, ae-1(1e) = 1c-1 = 1,(¢) € I, so that r(e) € Z.

Now, let v € E® be such that 0 < #s7'(v) < oo and r(e) € Z for each e € s71(v).
Notice that 1,() = 1.-1 and so, since I is F-invariant, we have that 1. = a(1.-1) € I.
This implies that 1, Zeerl(v) 1. € I and hence v € Z as desired. O

The following proposition gives us a characterization of F-simplicity of Dy.

Proposition 3.4. The algebra Dy is F-simple if and only if the only saturated and hered-
itary subsets of E° are E° and ().

Proof. Suppose first that Dy is F-simple. Let F' be a nonempty saturated and hereditary
subset of E°. We need to show that F' = E°.

Consider the ideal I generated by {1,060 : v € F'} in Dy X, F, that is, I is the linear
span of all the elements of the form a..6,1,00bsds, with v € F, a, € D,, by € Ds and
r,s € F. Let J = Py(DodpNI) and notice that J is a non-zero F-invariant ideal of Dg (J is
F-invariant since if a; € JN Dy, then a;dg € I, 30 ay—1(az)dg = 14-10¢-1-a400- 140 € I and
hence a;-1(a;) € J). Now, since Dy is F-simple we have that J = Dg and, in particular,
1, € J for each v € EY. This means that for each u € E°, 1,80 € I, and so we can write
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1u60 = thét : ]-'ut(SO . yt—l(st—l = Zat(a;l(xt)lvtyt_l)éo,
t

t

where the above sum is finite and v; € F for each ¢. Multiplying the above equation by
1,90, we obtain

1ubo = Z Lo (O‘t_l(xt)lvtyt*l)éo’

teT

where

T:={teF:l,ou(a; " (x¢)ly,y,—1) # 0}.

In particular, since luat(at_l(xt)lvtytfl) # 0 for each t € T, we have that 1,1; # 0 and
1y, 11 #Oforallt € T

Our aim is to show that each u € E° belongs to F'. So, let u € E°. If u = r(b) for some
path b and s(b) € F then u € F, since F is hereditary. Moreover, if 0 < #s71(u) < co
and r(e) € F for each e € s7!(u) then u € F, since F is saturated. So, we are left with
the cases when there is no path b with s(b) € F and 7(b) = u and either s~1(u) = 0,
#s71(u) = 00, or 0 < #s 1 (u) < co but r(e) ¢ F for some e € s~!(u). We handle these
three cases below.

Case 1. s7!(u) = 0, and there is no path b with s(b) € F and r(b) = u.

First notice that since there is no b € W such that s(b) € F and r(b) = u, for each
b € W, it holds that either 1,,1,-1 = 0 or 1,1, = 0 for each v € F. Then, by the statement
right after the definition of T', we obtain that there is no t € T of the form ¢ = b~! (with
b € W). Now, for t of the form ¢t = ab=! € F, with a € W and b € W U {0}, we have
that 1,1; = 0, since s(a) # u, and hence t = ab=! ¢ T. We conclude that T'= {0}, and
so 1, = 1,201ly,y0 and it follows that v = vy € F.

Case 2. #s 1 (u) = oo, and there is no path b with s(b) € F and r(b) = u.

Here, as in Case 1, there is no t € T of the form ¢t = b~ with b € W. Suppose
that 0 ¢ T. Then each t € T is of the form ¢t = ab™!, with a € W and b € W U {0}.
Since #s~(u) = oo, there is an element ¢ € X with s(¢) = u and s(§) # s(a) for each
ab=! € T. Notice that 1;(¢) =0 for all t € T and so

1=1,(8) =Y Lua (a7 (@) Lo, ye—1) (€) = 0,

teT

which is a contradiction. So 0 € T" and 1,x01,,y0 # 0, which implies that v = vy € F.

Case 3. 0 < #s(u) < oo, and there is no path b with s(b) € F and r(b) = u, and there
is an edge e € s~ (u) such that r(e) ¢ F.
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Again, as in Case 1, there is no t € T of the form ¢ = b~! with b € W. Suppose, as in
Case 2, that 0 ¢ T. Then, as before, each ¢t € T is of the form t = ab™!, with a € W and
be W u{0}.

Now, for each t € T, let ¢; = 1,04 (a; (2)1y,1-1). Since, for each t = ab~! € T, it
holds that 1,1; # 0 and 1,,1;-1 # 0, we have that s(a) = u and s(b) = v, € F. The
heredity of F' now implies that r(b) € F and since r(a) = r(b) we have that r(a) € F.
So, we obtain that

1u:ZCt: Z Cab—1,

teT ab—leT

where u = s(a) and r(a) € F for all ab=! € T..

Let 2 = 21...2y, be a path of maximum length such that |z| < max{|a| : ab™! € T}
with s(z) = w and r(z;) ¢ F for each i € {1,...,m}. By the hypothesis, such a z exists.
Then multiplying the equation 1, = >, 17 Cap—1 by 1. we obtain

12 = Z Cab—1-

ab= €T : |z|<|a|,a1...am=2

Since the sum on the right-hand side is finite, we have that 0 < #s~1(r(z)) < co. By
the maximality of |z|, there is no edge e € s~!(r(z)) such that r(e) ¢ F. Then, r(e) € F
for all e € s71(r(2)) and, since F is saturated, we obtain that r(z) € F, a contradiction
(since r(z) = r(2m) ¢ F).

We conclude that 0 € T and, as in Case 2, it follows that u € F' as desired.

Suppose now, that the only saturated and hereditary subsets of E° are E° and 0.
Let I be a non-zero F-invariant ideal of Dy. We need to show that I = Dy.

Let J be the (non-zero) ideal of Dy x4 F consisting of all finite sums Y a;d;, with
ar € DN I (J is an ideal since I is F-invariant) and let Z = {v € E° : 1, € I}. By
Lemma 3.2, there is some v € E° such that 1,09 € J, so that 1, € I (since J N Dydy =
Ido) and hence Z is nonempty. By Lemma 3.3, Z is hereditary and saturated, and
therefore Z = E°. Thus, 1, € I for each v € E° and hence I = Dy, as desired. O

Propositions 3.1 and 3.4 above, enable us to translate the language of Leavitt path
algebras into the language of partial skew group rings, and vice versa. Using this, we
shall now give a new proof of the simplicity criterion for Leavitt path algebras.

Theorem 3.5. The partial skew group ring Do X, F is simple if and only if the graph E
satisfies condition (L) and the only hereditary and saturated subsets of E° are () and E°.

Proof. By combining the results from Theorem 2.3, Proposition 3.1 and Proposition 3.4,
the desired conclusion follows. 0O

We end this section by providing an alternative proof of the Cuntz—Krieger uniqueness
theorem for Leavitt path algebras (cf. [10] and [15]).
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Theorem 3.6 (Cuntz—Krieger uniqueness theorem). Let E be a graph that satisfies con-
dition (L). If ¢ : Do X F — B is a K-algebra homomorphism such that ¢(1,0¢) # 0 for
each v € E°, then ¢ is injective.

Proof. Suppose that E satisfies condition (L) and that ¢(1,80) # 0 for each v € E°.
Let I denote the ideal ker(¢). Seeking a contradiction, suppose that I # {0}. Proposi-
tion 3.1 and Theorem 2.1 now yield Dgdg NI # {0}. Let x9dg € Dodg N I be a non-zero
element. By Lemma 3.2, there is some v € E° such that 1,6y € I = ker(¢), but this is a
contradiction. Hence ker(¢) = {0}. O

4. Partial topological dynamics

In this final section we use the results of Section 2 to characterize partial actions on a
compact space by clopen sets whose associated partial skew group ring is simple. More
specifically, we will prove the following theorem.

Theorem 4.1. Let 0 = ({X;}ica, {ht htec) be a partial action of a group G on a compact
space X such that for each t € G, X; is a clopen set. Then the partial skew group ring
C(X) x4 G, where C(X) denotes the continuous complez-valued functions on X, is simple
if, and only if, 0 is topologically free and minimal.

Remark 4.2. Partial actions on the Cantor set by clopen subsets are exactly the ones for
which the enveloping space is Hausdorff (see [6]).

Remark 4.3. Since the partial action acts on clopen sets, each D; is unital. Hence, we
can use Theorem 2.3 to prove the above theorem.

Remark 4.4. In light of Remark 2.2 and Remark 2.4, it follows that the first part of
Theorem 4.1 holds for any topological partial action on a locally compact space X, that
is, if C(X) x4 G is simple then 6 is topologically free and minimal.

Before we proceed, recall that there is a correspondence between partial actions on a
locally compact Hausdorff space X and partial actions on the C*-algebra of continuous
complex-valued functions vanishing at infinity, Co(X), (see e.g. [4,7]). Namely, if 0 =
({Xi}tiea, {ht}tec) is a partial action on X, then o = ({D;}ieq, {at }ec), where Dy =
Co(X:) and ay(f) := f o hy-1, is a partial action of G on Co(X). Simplicity of the
associated C*-partial crossed product was studied in [7], and a version of the above
theorem for partial actions of abelian groups was given in [9]. Below we will recall the
relevant definitions and make the proper adaptations of the ideas in [9] to the case at
hand.

Definition 4.5. A topological partial action § = ({X;:}ieq, {ht}tec) is topologically free
if for all ¢ # 0 the set Fy = {x € X;-1 : ht(x) = =} has empty interior and is minimal if
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there is no proper open invariant subset of X (U C X is invariant if hy(U N X;-1) C U
holds for all t € G).

Proposition 4.6. A partial action 0 = ({X;}ieq, {ht}teq) on a compact space X is min-
imal if, and only if, C(X) is G-simple.

Proof. The proof of this can be found in [7]. O

Proposition 4.7. Suppose that 0 = ({Xt}ieq, {ht}tec) is a topologically free partial ac-
tion. Then C(X)dg is mazimal commutative in C(X) X4 G.

Proof. Suppose that C(X)dp is not maximal commutative. Then there exists a non-zero
function f; and t € G, with t # 0, such that f;d;- féo = fdo - f:9: for all f € C(X), which
is equivalent to ay(ay—1(ft)f)o: = f fide, for all f € C(X), which in turn is equivalent to

fe@)f (hu-1(2)) = f(=) fe(2), (3)

for all f € C(X) and z € X;.

Now, since f; is non-zero, there exists x € X; such that f;(z) # 0 and the continuity
of f; implies that there exists an open set U C X; such that f; is non-zero in U. Since
the partial action is topologically free there exists y € U such that h;—1(y) # y. Let
f € C(X) be such that f(y) =1 and f(h;-1(y)) = 0 (such a function exists by Urysohn’s
lemma). But then Eq. (3) above implies that f;(y) = 0, a contradiction. O

Proposition 4.8. If C(X) xo G is simple, then 0 = ({Xt}ieq, {ht}iec) is topologically
free.

Proof. The proof of this proposition is analogous to the proof of Proposition 4.7 in [9]. O

Remark 4.9. The three propositions above, combined with Theorem 2.3, provide the
proof of Theorem 4.1.
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