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1. Introduction

Let k& be an algebraically closed field of characteristic p > 0, and S be a nonsingular
complete algebraic surface over k. We denote by Hfl r(S) the second de Rham cohomol-
ogy group of S, and by NS(S) the Néron—Severi group of S. NS(.9) is a finitely generated
abelian group, and the rank p(S) of NS(S) is called the Picard number. We have the
Chern class map NS(S)/pNS(S) — H2,(5) and this map is injective if the Hodge-to-de
Rham spectral sequence of S degenerates at Ej-term (cf. Ogus [9]). We also have the
Chern class map ¢; : NS(S)/pNS(S) — H'(S, 22}). This map is not necessarily injec-
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tive, even if the Hodge-to-de Rham spectral sequence of S degenerates at Ej-term (cf.
Ogus [9]).

In this paper, we examine this map c¢; in the case of abelian surfaces. For abelian
surfaces, the Chern class map c¢; is injective if and only if the abelian surface is not
superspecial (for the definition, see Section 2). This fact was implicitly proved in Ogus
[9] by using the notion of K3 crystal. We give here a down-to-earth proof of this fact and
determine a basis of the kernel of the Chern class map c¢; for the superspecial abelian
surface. To calculate a basis of Kercy, in Section 2 we examine the structure of the
Néron—Severi group of the superspecial abelian surface. Using theory of quaternion alge-
bra, problems on divisors on superspecial abelian surfaces are translated into problems in
matrix algebras over quaternion algebras. As an example, we give an explicit description
of our theory in the case of characteristic 3. Finally, we examine the Chern class map
for Kummer surfaces and show results similar to those for abelian surfaces.

The author would like to thank Professor Gerard van der Geer for useful advice and
stimulating conversation. He is also grateful to the referee for his/her careful reading
and many suggestions.

2. The Néron—Severi group

Let k& be an algebraically closed field of characteristic p > 0. An abelian surface
is said to be supersingular if it is isogenous to a product of two supersingular elliptic
curves. An abelian surface is said to be superspecial if it is isomorphic to a product
of two supersingular elliptic curves. By definition, if an abelian surface is superspecial,
then the abelian surface is supersingular. But the converse does not necessarily hold (cf.
Oort [11]). Note that a superspecial abelian surface is unique up to isomorphism (cf.
Shioda [12]). In this section, we examine the structure of the Néron—Severi group of the
superspecial abelian surface.

Let F be a supersingular elliptic curve defined over k, and we consider the superspecial
abelian surface A = Fy x Fy with F; = E5 = E. We denote by Op the zero point of E.
We take a divisor X = Fy x {Og,} 4+ {Opg, } x Es, which gives a principal polarization
on A. We also denote Ey x {Og,} (resp. {Opg, } X E3) by E; (resp. by Es) for the sake
of simplicity. We set O = End(E) and B = End’(E) = End(E) ® Q. Then B is a
quaternion division algebra over the rational number field Q with discriminant p, and
O is a maximal order of B (cf. Mumford [8], Section 22 and Deuring [3], Section 2). For
an element a € B, we denote by a the image under the canonical involution.

We have a natural identification of End(A) with the ring M2(O) of two-by-two ma-
trices with coefficients in O:

End(A) = My(0).

Here, the action of (3‘ g) € My(0) is given by
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(O‘ §> A=—EXE-—A=ExE
v

(z,y) = (a(@)+ By),v(x) +d(y)).

From here on, by a divisor L we often mean the divisor class represented by L in
NS(A) if confusion is unlikely to occur. For a divisor L, we have a homomorphism

or 1 A — Pic’(A)
x = TrL—1L,

where T, is the translation by = € A (cf. Mumford [8]). We set

HZ{(i ?)€M2(0)’0¢a5eza%5€0’7:5_}~

The main part of the following theorem may be known to specialists (cf. Mumford [8],
and Ibukiyama, Katsura and Oort [6]), but since we cannot find a convenient reference,
we give here a proof for it.

Theorem 2.1. The homomorphism
j:NS(A) — H
L = px opr

is bijective. By this correspondence, we have

= (5 0). (g h).

For Ly, Ly € NS(A) such that

. (a1 B . [ B2
j(Ll)_<71 51>a j(LQ)_<72 52>7

the intersection number L1 - Ly is given by
Ly - Ly = agdy + 102 — y182 — 7251

In particular, for L € NS(A) such that j(L) = (3 ?) we have

L2:2det<a ﬂ)
v 0

L-By=qa, L-Ey=56.

We have also j(nD) = nj(D) for an integer n.



88 T. Katsura / Journal of Algebra 425 (2015) 85-106

The first and the final statements of this theorem are given in Mumford [8]. In par-
ticular, the final statement follows easily from the definition of . To prove the others,
we need some lemmas.

Lemma 2.2. The restriction homomorphism

Res : Pic’(A) — Pic’(E}) x Pic’(E»)
L — (Llg,, LlE,)

is an isomorphism, and the following diagram commutes:

A £, Pic’(A) 5 L
|| \L Res \L
Pop. X@
Erx By PLX%% picd(By) x Pic%(Bs) 3 (Llg,, Llg,)

Proof. The first statement is well-known (cf. Mumford [8]). For z = (x1,22) € A, we
have

Res o px(z) = Res(T; X — X)
= (T;10E1 - OEMT;gOEQ - OEz) = (QOOE1 X SOOEQ)(‘(E) o
We now examine the canonical involution of B. Since we have B = End(E) ® Q, it
suffices to define it for the elements of End(E). Then, for ¢ € End(E), the canonical

involution is given by

G=¢5. 00" °00,,

which is the Rosati involution of End(E) ® Q (cf. Mumford [8], Section 21, and Tate
[13], Section 4). For the elliptic curve E, we have

Gog= o 04" 0po,0g=(degg)idp.

Lemma 2.3. Under the Rosati involution the element g = (z ?) € Ms(B) maps to

(5 3)

Proof. We denote by § the dual morphism of g. As the action on divisors, we have

Qi
121

g = g*. The Rosati involution is given by ¢’ = gp)_(l o gowx. We calculate the right-hand
side term explicitly. We have a commutative diagram
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$Oop, ><LPOE2

Ey x By L Pic’(E}) x Pic’(Es)
dox I
Pic’(E; x E») Res Pic’(E;) x Pic’(E»)
T4 1 ResogoRes ™!
Pic’(E; x E») Res Pic’(E}) x Pic®(E»)
T ex I
Eix By K0 picd(By) x Pidd(Ey).

Using this diagram, for the point (x1,z2) € E1 x Es we have

T -1 T
g’<x2> = px Ogosax<x2>

— A~ — x
= (Y05, X $0,,) " oResogoRes™ ! o (vo,, X 90y,) (é)

-1 N _1 [ pog, (x1)
= X o Reso §oRes 1
(pos, * ¥0x,) g ( ©0p, (72) )

= (Pop, X Por,) " oReso §(pipo, (x1) + Pspos, (12))
= (P0s, X P0r,) " o Res((p109) Pos, (1) + (P20 9)*Pop, (v2))

We denote by m; the addition of E; (i = 1,2). Then, we have

prog=mio(axf), p2og=mgo(yx9d).

We denote by ¢; (i = 1,2) the i-th projection £y X Fy — Fj. Then by Mumford [8], for
L € Pic’(F;) we have

miL ~¢iL+q¢5L (linearly equivalent).
Therefore we have

(P10 9)*Pop, (x1) = (m1 0 (a x B)) pop, (1)
= (a x B)'mipoy, (v1)
= (ax B) (aipog, (1) + G3pop, (21))
={q10(axB)} o, (x1) + {a o (a x B)} vop, (1).

Since we have commutative diagrams

EixB 8 mixEB  BixB 28 BxB
im J,th szz J/(D

E1 i) El, E1 i E17
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we have

(P1°9)" Pog, (1) = P1O PO, (x1) T P38 PO, (21)-
In a similar way, we have

(P22 9) PO, (r2) = P17V PO, (12) + P20 PO, (22)-

Therefore, we have

z - kK * Q%
g (xl) = (SOOE1 X <,00E2) 1 oRes(pla PO, (z1) + p38 YO, (1)

+ DIV 0, (T2) + P30 0oy, (12))

a* 0o, (T1) + 7 ¢o, (T2) )

= (p0g, X P0r,)""
K K B*00p, (1) + 6" Q0 , (22)

[ Pop, @ P05, (1) + 95, VPO, (x2)
%0522 B*pop, (1) + 905]132 §*Q0y, (x2)

B (‘PE;Q*WO& @5}517*on2> 1
- Pop, B P08, 0y, 0 PO, <$2>
Since B} = Ey = E and 9o, = ¢0,, we conclude
/
-(56)-(63) -

Lemma 2.4. For a divisor L € Pic(Eq x E3) with j(L) =g = (f; ’g), we have

™ Rl
4 2l

(X:L-El, 5:LE2

Proof. Since « is an integer, we have

(an)- (5 3) (6)- ()

Now, we examine ax.

T _ 1 T _ -1 *
g <0E2 > =¥Yx °PL <0E2 ) =¥x {T(m,OQ)L - L}

= (po, X 0,) " o Res{T(, o, L — L}



T. Katsura / Journal of Algebra 425 (2015) 85-106 91

We restrict the divisor L to F; and denote it by e. Then, the divisor is expressed as

A
e~ E ’I’Llpl
i=1

with integers n; and points P; on By (i =1,2,---, ). We have
A
L-E) =dege= Zni.

i=1

We set n = Z?:l n;. Then, we obtain the following form:

x = ( o = Tre—e
g OE2 = ¥Oog, $Og, % .

We denote by @ the addition of E7, and by © the subtraction of E;. Then, we have
A
Tre~ Zni(Pi o).
i=1
By Abel’s theorem, we see that
Tie—e~ni(Prox)®---@&n(Prox)o (mPL@- - @nyP\) —Opg,
~ (—TL){L‘ - OEI = T;:EOEI - OEI = ¥0Opg, (nx)

Therefore, we have 9051@1 ((=nx) — Og,) = nx, and

(on)= (%)

Hence, comparing (1) and (2), we have & = n = L - Eq. In a similar way, we have
0=L-F,. O
Lemma 2.5. We have j(E,) = (8 ?) and j(E2) = ((1) 8).

Proof. For a point (z1,22) € F1 X Fs, we have

-1 T —1 [ %
Yx °¥PE <$2> = ¥x {T(azl,azz)El _El}

= (('OOEI X SDOEQ)_l © ReS{T(*mhmz)El - El}

= (SOOE X POgp )71 OEl y OEl = OEl .
! 2 (—x2) — Og, )
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Therefore, we have

0 0
. _ 1 _ .

In a similar way, we obtain the second assertion. O

Lemma 2.6. For L € NS(E; x E»), we set j(L) =g = (f; Z) Then,

L? =2detg.
Proof. Since «,d € Z, we have

X O P(L—aE—6E) = Px QL — 0y 0 pE, — 6px 0 YR,
(e vy _[a 0} _ (00
\y 0 0 0 0 6
_ (0 7
=15 o)

Since the right-hand side is contained in H, there exists a divisor Z such that

_ 0 %
1 _
Px OSOZ—(7 0>'

If Z is zero, then we have v = 0. Therefore, we have Z = aEy+dE; and Z? = 2ad = det g.
Now, we assume Z # 0. Since px is an isomorphism, by the Riemann—Roch theorem
on the abelian surface A, we have

deg(px' 0 pz) = degypz = (22/2)°
On the other hand,
deg(px' 0 ¢z) = degy - degy = (degn)? = (v7)?
By Lemma 2.4, we have
Z-Ey=7-FEy,=0.

Therefore, we have Z - (Ey + Eo) = 0. Since (E; + E3)? = 2 > 0, by the Hodge index
theorem we see Z2 < 0. Therefore, we have, Z2/2 = —~7.
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On the other hand, since px is an isomorphism and ap}l O P(L—aBy—sE,—~z) = 0, we
have o, —ap,—sE,—z) = 0. Therefore, we have

OEL*OLEQ*(SE&*Z,
where by = we mean algebraic equivalence. Hence, we have
L? =206 + 7% = 2(ad — v¥) = 2det g. O

For an automorphism g of A, we can regard ¢ as an element of M3(O), and then we
can consider *g.

Lemma 2.7. Let Ly and Lo be two divisors with j(L1) = g1 and j(La) = g2. Let g be an
automorphism of A. Then, g*L1 = Lo if and only if 'gg1g = go.

Proof. We have

9" L1 = Ly Pg*Ly = PL,

<

< goyr,09=L,

= gy ogopxo(px opL,)og=vx opL,
— gogiog=gs. a

Let m : E x E — FE be the addition of E, and we set
A = Kerm.

We have A = {(P,—P) | P € E}. Note that this A is different from the usual diagonal.
For two endomorphisms aq,az € End(E), we set

Aa17(l2 = (a1 X ag)*A.
Using this notation, we have A = A ;. We have the following theorem (cf. [7]).
Theorem 2.8.
. &1a1 @1@2
Agran) =1 - _ .
7(Aay ) (azal a2a2>

In particular, we have
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Proof. Let a, 3, be elements of O such that

—1 (0% ’7
Px OPA = (7 6>'

Then, since £y - A = F5 - A =1, we have a = § = 1 by Lemma 2.4. Since we have

_ x 1 s _ @
SDXl SN (m) = ‘le{T(x,—x)A B A} = Sﬁxl(o) = <02> )

we have y(z) = x for any x € E. Therefore, we have v = 1.
By definition, we have

Aal,az = (a1 X a2)*A.

Therefore, we have

1 1 a a
j(Aahaz) ="' “ 0 “ 0 = C_Llal ?1a2 O
0 ag 1 1 0 as asay a2a9
3. Non-superspecial cases

In this section, we examine the injectivity of the Chern class map of abelian surfaces.
Let ay, be the local-local group scheme of rank p (cf. Oort [10] for the definition and
properties). Then, we have End(a,) ~ k, and for an abelian variety X, Hom(a,,, X) is a
right vector space over End(a,) ~ k by composition of morphisms. The a-number of X
is defined by

a = dimy Hom(ay,, X).
We denote by [p]x multiplication of p:

plx: X —X

T — pT.

Then, the reduced part of Ker[p]x is of the form:

(Ker[plz), , ~ (Z2/pZ)®"

with an integer r (0 < r < dimX). We call r the p-rank of X (cf. Mumford [8]).
The following theorem follows essentially from the results in Ogus [9], but we give here
a down-to-earth proof. For the definition and properties of the Cartier operator, see
Cartier [2].
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Theorem 3.1. Let X be an abelian surface defined over k. Then, the Chern class map
1 NS(X)/pNS(X) — H' (X, 2%)
1s injective if and only if X is not superspecial.

Proof. The only-if-part will be proved in Theorem 4.4. We prove here the if-part. We
denote by r(X) the p-rank of X, and by a(X) the a-number of X. By Oort [11], X is
superspecial if and only if a(X) = 2. Therefore, we assume a(X) # 2. Take an affine
open covering {U;} of X, and suppose that there is a divisor D = { f;;} which is not zero
in NS(X)/pNS(X), such that c¢1(D) = {dfi;/fi;} ~ 0 in H'(X, 2%). Then, there exists
w; € HO(U;, £2%) such that

dfij/ fij = wj — w;.

(i) The first case: dw; = 0.
Applying the Cartier operator C, we obtain

dfi;/ fi = Clwj) = Clwi).
Therefore, we have
C(w;) —wj =C(w;) —w; onU;NU;
and we have a regular 1-form w’ on X which is defined by
C(w;) —w; on Uj.

Since C' —id : HY(X, 2%) — HY(X, %) is surjective, there exists a regular 1-form
w € HO(X, 2%) such that (C — id)(w) = w’. Therefore, we have

Clw; —w) =w; —w.

By the property of the Cartier operator, there exists a regular function f; on U; such
that

wi —w = df/ fi,
and we have
dfsj/ fij = df;/ f; — dfi] fi.

This means d(f;;fi/f;) = 0. Therefore, there exists a regular function g;; on U; N U;
such that
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fisfil fi = gf; on Ui NUj.

Since D = {f;;} is a cocycle, we see that {g;;} is also a cocycle and that this gives an
element of NS(X). Therefore, we conclude D € pNS(X), which contradicts D # 0 in
NS(X)/pNS(X).

(ii) The second case: dw; # 0.

In this case we have dw; = dw; on U; NU; and we get a non-zero regular 2-form on X.
Since this regular 2-form is d-exact and is a basis of HY(X, 2%), the Cartier operator
acts on H(X, %) as the zero map. Therefore, X is not ordinary, that is, r(X) # 2.
Therefore, we have either 7(X) =1 and a(X) =1, or r(X) =0 and a(X) = 1.

Now, we consider the absolute Frobenius F : HY(X,Ox) — HYX,0Ox). Since
a(X) = 1 in both cases, there exists a non-zero element 3 = {g;;} in H*(X,Ox) such
that F'(8) = 0. This means that there exists a regular function g; on U; such that
gfj = gj — ¢;- Since dg; = dg; on U;NU;, we have a non-zero regular 1-form n on X given
by dg; on U;. Since dimH%(X, £2%) = 2, in both cases there exists a nonzero regular
1-form 7’ such that {n,n'} gives a basis of H*(X, £2%) with C(n) # 0. In fact, we can
take n’ with C(n) = nif 7(X) =0 and a(X) = 1, and we can take ' with C(r) =’ if
r(X) =1 and a(X) = 1. Since we have H?(X, %) = A’ HO(X, %), n A1 gives a basis
of HO(X, 2%). Therefore, there exists a non-zero element a € k such that

dw; = an A’ = a(d(gin')).
We set 0; = w; — ag;n’. Then, 6; is d-closed and we have

dfij/ fij = agin’ — agin’ + 6; — 0;
=aghn +0; —0;

Applying the Cartier operator, we have
dfij/fij = a'/g;C(n) + C(6;) — C(6y).
This means that
c(D) ~aPB® C(n') € H(X,0x) ® H'(X, 2%) =2 H' (X, 2%)
Since B # 0 in HY(X,0x) and C(n') # 0 in HO(X, 2%), we see 3 ® C(n) # 0 in

HY(X, 2%). A contradiction.
Hence, if a(X) # 2, we conclude that ¢; is injective. O

4. Superspecial cases

Let k be an algebraically closed field of characteristic p > 3. For an elliptic curve FE
over k, we examine the action of endomorphisms of £ on H(E, 2L) and H'(E, OF).
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Lemma 4.1. Let E be an elliptic curve and o € End(E). Assume o« acts on H'(E, Op)
as multiplication by B € k (B # 0). Then, o acts on HO(E, 2%) as multiplication by

deg /8.

Proof. Using the endomorphism « : E — E, we obtain a commutative diagram

NS(E)/pNS(E) o, NS(E)/pNS(E)
\L c1 ~lf c1
H'(E, ) o H'(E, 2))

\ \
a*®a*

H'(E,0p) @ H(E, QL) “2% HY(B,0p) @ H(E, 2L).

Take a point @ € E, and bases w € H(E, 2%), n € H'(E, Og). Then, we have o*(Q) =
(deg @)@, and (a* ® a*)(w ®n) = (Bw) @ a*n. The result follows from the diagram. O

For an integer n, we have an endomorphism [n|g : E — E given by P — nP
(PeE).

Lemma 4.2. The induced homomorphism
[n]y : HY(E, Q) — HY(E, Q)
is multiplication by n, i.e., [n]w = nw for w € HY(E, 2}).

Proof. This follows from the fact that [n], is given as multiplication by n on the tangent
space at the origin (Mumford [8]). O

Assume p # 2. Following the theory of Ibukiyama (cf. [5]) to construct a quaternion
division algebra over Q with discriminant p, we take a prime number ¢ such that —g =5
(mod 8) and (=) = —1, and take an integer a such that a? = —p (mod q). Here, (1) 1s
the Legendre symbol. Then, the quaternion division algebra B over Q with discriminant
p and a maximal order O of B are given by

B=Q®QF®Qa® QFa with
F? = —p, a? = —q, Fa=—-aF

0=z+z(1+0‘> +Z(M> +z(w>.

2 2 q

Then, we know that there exists a supersingular elliptic curve F over k with End(E) = O
and End’(FE) = B (cf. Deuring [3]).
We need the following well-known lemma.
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Lemma 4.3. For a non-singular complete algebraic curve X, the Chern class map
c1 : Pie(X)/pPic(X) — H' (X, 2%)
s injective.

Proof. Let L be a class of Pic(X)/pPic(X). Then, we can lift this class to Pic(X). We
take an open affine covering {U;} that trivializes the corresponding invertible sheaf, and
let the invertible sheaf be given by {f;;} with a regular function f;; on U; N U;. Then,
we have C1 (L) = {df”/f”}

Suppose {dfi;/fij} ~ 0. Then, there exists w; € 2% (U;) such that

dfi;
fij

Since X is one-dimensional, w;’s are d-closed. By the Cartier operator C, we have

= W; — Wj.

Y~ o) - ).
fij

Therefore, we have
C’(wz) — Ww; = C(Wj) — Wj.

Hence, C(w;) — w; on U; gives a global regular 1-form w € H°(X, £2%). Since C —idx is
surjective on HO(X, 2%), there exists {@} such that (C' — idx)(@) = w. Replace w; by
w; —w, we may assume C(w;) = w;. Hence, there exists f; such that w; = % The result
follows from this fact (cf. the proof of Theorem 3.1). O '

We now compute the Chern class map explicitly for A, where A = E; x Es with
FEy = E5 = E, the supersingular elliptic curve. The cup product induces a natural
isomorphism

H! (A, (2}4) = Hl(A, O4)® HO (A, (2114)
with

HY(A,04) 2 HY(E,,Op,) ® H (F,, Op,),
HO(A, 2}4) 2 H°(Ey, 25,) @ HO(Es, 2,).

—~

Therefore, we have a decomposition

H' (Aa “(2114) = (Hl(El’OEl) ® HO(El’OEl)) D (Hl(Ela OEl) ® HO(EZv Qég))
@ (H'(Es, Op,) @ HY(E1, 2p,)) ® (H' (B2, Op,) ® H* (B2, 25,)).  (*)
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We have projections
pri:A— E; (i=1,2).
Then, we have injective homomorphisms
pri HY(E;, Q) — H' (A4, 2}).
Note that

H'(Ey1, 2p,) = H'(Ey, Op,) @ H(Ey, 25,)
H'(E,, 2p,) 2 H'(Es, Op,) @ H(Es, 2p,),

and we have the following commutative diagram

C1

NS(A)/pNS(4) H'(A, 2})
1 pry T ()
Pic(E;)/pPic(E;) < H'Y(E;, 2})

The image of the homomorphism pr} is a one-dimensional subspace H(E;, Of,) ®
HO(E;, (2]151) (i=1,2) in H(A, 2}).

Now, we consider the Chern class map

NS(A4)/pNS(A) = Pic(A)/pPic(A) = H' (A, 2}).

For the divisors E (resp. Eq) on A, we set 21 = ¢1(Es) (resp. £24 = ¢1(E1)). Then, by the
diagram (+*) 21 (resp. §24) is a basis of HY(Ey, Op, ) @H°(E1, Op,) (resp. HY(Eq, Og,)®
HO(Es, Q3,).

We set

Aa = Aid,a-

Here, id is the identity endomorphism of E. Then we have

. 1 a
(Ba) = (a aa>
Since {id, %, F12, (atF)ey §s a basis of O = End(E), we see that
q
By, By A = A, Avge, Apige, Aeria
q

is a basis of NS(A). Since a? = —¢, we see that a acts on H(E, 2},) as multiplication
by £1/—¢. We can choose « such that the action o on H°(E, 2}) is multiplication
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by v/—q. F acts on H(E, 2},) as the zero-map. Therefore, HTC‘7FHT(" and @ act

on HO(E, 2}) respectively as multiplication by

ltv=a  av/=q
2 7 7 q N
Since H'(F,OF) is dual to H(E, 2},), by Lemma 4.1 the actions of 11 F1£® and

—(a+qF)O‘ on H'(E, Og) are respectively given as multiplication by

1=v=e  _av/=4
2 ) ) q *

1+

Therefore, on the decomposition () of the space H' (4, 2} ) the endomorphisms id x 152,

id x FHT"‘, id x @ of A act respectively as multiplication by

1++/—q 1—+/—=q 1 V—=q¢ +/—q a*
17 + q> q7 +q ) (1307070)7 1u q7_ q7a_
2 2 4 q q q

on each direct summand.
We consider the automorphism 7 of A defined by

TIAZEl XE2—>A=E1 XEQ
(Pl,Pg) — (PQ,Pl).

We denote by (2, a basis of H'(E1, Op,) @ H(Ea, 2;). We set {23 = 7(2,. Then, 23 is
a basis of H°(Ey, 2p,) ® H'(Ey, Op,), and there exist coefficients a; € k (i = 1,2,3,4)
such that

Cl(A) = Cl(Aid) = 041_01 + QQQQ —+ 04393 —+ 06494

We consider inclusions

612E1—>E1XE2:A 622E2—>E1XE2:A
P — (P,Og,) P — (Og,P)

Then, we have the following diagram induced by ;.

Pic(E;)/pPic(E;) — HY(E;, 02f)
T T
NS(A)/pNS(4) 25 HY(A,02Y).

Using this diagram, by A- E; =1 and A - Es =1 we see a3 = ag = 1. Since 7*A = A,
we also have ay = a3, which we denote by «.
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We show now a # 0. We consider the natural inclusion ¢ : A — A = F; X FEs and
the diagram

Pic(A)/pPic(A) -2 HY(A, 21)
0 )
NS(A)/pNS(4) < HL(A, 2Y).

Since A% = 0, we have ¢*c;(A) = 0. On the other hand, since A - B} = A - FEy =1, we
have ¢*c1(F1) = ¢*c1(Es) # 0. Therefore, we see a # 0. Replacing (25 by af2y, we may
assume a = 1.

Summarizing these results, we have

c1(Ey) = (2, c1(Ey) = (2,
(D) = Q1 + 2o+ 25 + D,

1+y=¢. 1-v=qg. 1+
c1(Arga) =0 + 5 10, + 5 L0, + 4q947

c1(Apige) = {2,

ya ya 2
01(A<u+F>a)=91+a . qQQ_ a . q93+%94-

Since 2q is prime to p, there exists an integer ¢ such that ¢ = % (mod p). Keeping these

notations, we have the following theorem.

Theorem 4.4. The kernel Ker c; is 2-dimensional over F,, and a basis of Kerc; is given
by divisors

AFH»TQ_E27 Az2ira —éAuTa —|—2€A—(£+1)E2—(1—q—|—2a)€E1.
q
Proof. With respect to the basis ({2, {25, 23, 24), the Chern classes ¢1(E1), ¢1(FE2),

c1(A), Cl(AH»Ta)7 c1 (AFHTQ), c1(A @irya ) are respectively represented as the following
q
vectors:

0 1 1
1= 0 ’ 2 — 0 5 3 — 1 )
1 0 1
1
1 1
1+v—¢q 0 ayv/—q
uy = 2 us = ug = 1
4 1-v/=q 9 5 0 9 6 —av/—q
2 q
1tg 0 a®
4 q
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Since uy, ug, us, uy are linearly independent over F, and we have

2a a a a a a®
ug=—w—-ug+ (- +1l|ut+|—-—5+—|u,
q q 2¢ 2 ¢

we see dimg, Imc; = 4. Since dimg, NS(A)/pNS(A) = 6, we have dimp, Kerc; = 2.

Since {El,EQ,A,AHTa7AF1+Ta, A rra } is a basis of NS(A)/pNS(A), the latter part
2

follows from our construction. 0O

Using this theorem, we have the following known corollary (cf. van der Geer and
Katsura [4], for instance).

Corollary 4.5. Let A be a superspecial abelian surface. Then, H' (A, 2Y) is generated by
algebraic cycles.

Proof. This follows from the fact that u;,us,us,uy are linearly independent also
over k. O

5. Example

We give here one concrete example. Assume characteristic p = 3. Then, there exists
only one supersingular elliptic curve up to isomorphism and it is given by

E:y?=a%—2
We consider two automorphisms defined by

c:x—ax+1, Y=y,

T:T W —x, y—=v—1ly
We have a morphism defined by

7: E— P!

(z,y) = @
By the result of Ibukiyama [5], we have
End(EY=Z+Z7t+ ZioT+ ZT0oL00.

Here, ¢ is the involution of E.
Let P be the point on P! given by the local equation = 0, and P a point on E such
that w(P) = P. We consider an affine open covering {Up, U;} of P! which is given by
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Uoz{xEPl‘x;«éoo}, U1:{x€P1|x7é0}.
The divisor P is given by the functions
x on Uy, 1 on U;.
Under the notation, we have the following diagram.
2P € Pic(E)/3Pic(E) < HYE, QL) = k

T ) )
P € Pic(P")/3Pic(P!) <% HY(P',02L,)

I
=~

In this diagram, we have ¢;(P) = {92}, and ¢;(P) = {£}.

We set A = F; x Ey with By = E; = E. We consider the Chern class map
c1: NS(A)/3NS(A) — H' (A4, 2}) 2 H'(A,04) ® H° (A, 2})
We also consider the natural inclusion defined by

(pZE—>E1XE2:A
P — (P,OE2)

We have a commutative diagram

NS(A)/3NS(4) 25 NS(E)/3NS(E)
\LCI ~LCI

*

H'(4,24) —  HY(E,Qp)

Then, we have

" (c1(A)) = c1(¢*(A)) = e1(0p) = {Z—z} #0

We determine the action of End(E) on H°(E, 24). A basis of HO(E, 2}) is given
by df and we have

d d d d d d
(Loa)*—x:——x, T*—x:f\/fl—x, (TOLOJ)*—x:\/fl—x.
) Y Y ) Y Y

Since H'(E, Of) is dual to HO(E, 2},), the actions of t o o, 7 and T o ¢ are respectively
given as multiplication by

T S |
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by Lemma 4.1. Since we have

H'(A, 2}) 2 H'(A,04) ® H° (A, 2})
= (H'(E1,Op,) ® H'(E1, 0g,)) ® (H'(E1,0p,) ® H (B, 2p,))
® (Hl(E27 OEQ) @ HO(ED QlEl)) D (Hl(E27OE2) & HO(E27 QEQ))’

the actions id X to o, id X 7 and id X 7 o 1 0 0 are respectively given as multiplication on
each summand by

(1,-1,-1,1)
(1,v/—1,—v/—=1,1)
(1, —v/—1,v/—1,1).

By our general theory,
E17 E27 A? ALOO" ATa A‘I’OLOO‘

gives a basis of NS(A) over Z. Therefore, A+ A5+ E1+ Fs and A; + Aro00 + F1 + Eo
are linearly independent divisors in NS(A)/3 NS(A) over F3. Moreover, considering the
actions of the endomorphisms id x ¢t o o, id x 7 and id x 7 o200 on H}(A4, 2}) and the
commutative diagram
NS(4) L5 NS
la la
HY(A,04) L5 HY(4,0))

with f € End(A), we conclude that the Chern classes of these two divisors are zero.
Therefore, we see that

A + ALOO‘ + El + E23 A‘r + Arowa + El + E2
gives a basis of Kerc; over Fj.
6. An application to Kummer surfaces

Let A be an abelian surface defined over k, and ¢ be the involution z — ©x. We
denote by A the surface made of 16 blowing-ups at 16 two-torsion points on A. Then,
¢ induces the action 7 on A and Km(A) = A/ is the Kummer surface. We denote by
7 : A — Km(A) the projection. A K3 surface X is called supersingular if the Picard
number p(X) is equal to the second Betti number by(X) = 22. For a supersingular K3
surface, the discriminant of NS(X) is equal to the form —p2°° and oy is called an Artin



T. Katsura / Journal of Algebra 425 (2015) 85-106 105

invariant. We know 1 < g9 < 10 (cf. Artin [1]). A supersingular K3 surface with Artin
invariant 1 is said to be superspecial. Such a K3 surface is unique up to isomorphism and
is isomorphic to the Kummer surface Km(A) such that A is superspecial (cf. Ogus [9] and
Shioda [12]). We also know that a supersingular K3 surface with oy = 2 is isomorphic
to a Kummer surface Km(A4) such that A is supersingular and non-superspecial (cf.
Ogus [9]).

We have the following commutative diagram:

NS(Km(A))/pNS(Km(A4)) - H' (Km(A), 2, 4))

1 i}
NS(A)/pNS(A) BTN H'(A, 2%).

Since we have 2NS(A) C 7#*NS(Km(A)) C NS(A) by Shioda [12] and p # 2, we see
NS(Km(A))/pNS(Km(A)) = NS(A)/pNS(A). Since ¢ acts on H' (A, 0 4) and HO(A, 2})
as multiplication by —1. Since H!(A, 21) = H}(A,04) @ H(A, 2}), we see that ¢ acts
as identity on H'(A, 2}). Therefore,  acts as identity on H'(A, _Q}&). Hence, we have

H!(Km(A), “Q}l(m(A)) ~ H!(A, _Qllg). Summarizing these results, by Theorems 3.1 and 4.4

we have the following theorem.

Theorem 6.1. For a Kummer surface Km(A), let ¢c; be the Chern class map
¢1: NS(Km(A))/pNS(Km(A)) — H' (Km(A), gpa))-

Then, we have the following.

(i) If Km(A) is not superspecial, then cy is injective.
(ii) If Km(A) is superspecial, then dimg, Kerc, = 2.

Remark 6.2. For a supersingular K3 surface X, it is known that the homomorphism
NS(X)/pNS(X) ®r, k — H'(X, 2)
induced by ¢ is not injective (cf. Ogus [9]). In particular, if Km(A) is supersingular,
NS (Km(A)) /pNS(Km(4)) @r, b — H' (Ki(4), %ua))
is not injective even if Km(A) is not superspecial.
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