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1. Introduction

A lattice A is a discrete additive subgroup of R™. Equivalently, A C R™ is a lattice
iff there are linearly independent vectors vy,...,v,, € R™ such that A = {2111 a;v;;
a; € Z, izl,...,m}.

Lattices have been considered in different areas, especially in coding theory and more
recently in cryptography. In this paper, we attempt to construct lattices with full rank,
i.e., m = n, which may be suitable for signal transmission over both Gaussian and
Rayleigh fading channels (see [9, Section I]). For this purpose the lattice parameters we
consider here are packing density, diversity and minimum product distance.

The classical sphere packing problem is to find out how densely a large number of
identical spheres can be packed together in the Euclidean space. The packing density of
a lattice A is the proportion of the space R™ covered by the non-overlapping spheres of
maximum radius centered at the points of A. The densest possible lattice packings have
only been determined in dimensions 1 to 8 and 24 (see [12, p. 12| forn =1,2,...,8 and
[13] for n = 24). It is also known that these densest lattice packings are unique.

A lattice A has diversity k < n if k is the maximum number such that any non-zero
vector y € A has at least k non-zero coordinates. Given a full rank lattice with full
diversity A C R”, i.e., k = n, the minimum product distance of A is defined as dj, yin(A) =
min{[]7", |yil; y € A, y # 0}

Usually the problem of finding good signal constellations for a Gaussian channel is
associated with the search for lattices with high packing density (see [12, Chapter 3]).
On the other hand, for a Rayleigh fading channel the efficiency, measured by lower
error probability in the transmission, is strongly related to the lattice diversity and high
minimum product distance (see [9, Section ITT]).

In this paper, we make use of algebraic number theory for constructing rotated lattices
via subfields of cyclotomic fields. Let K be a number field of degree n, Ok its ring of
integers and « € Ok a totally positive real element. In [3,4] it was introduced a twisted
embedding o, : K — R™ such that if Z C Ok is a free Z-module of rank n, then o,(Z)
is a lattice in R™. These lattices are called here algebraic lattices. Special algebraic lattice
constructions can be used to obtain certain lattice parameters such as packing density
and minimum product distance, which are usually difficult to calculate for general lattices
in R™. Some constructions and properties of algebraic lattices can be found in [1-18].
We quote particularly the paper [8], where full diversity rotated versions of the lattices
Ay, Eg, Eg, K15 and Agy are constructed.

Let K be a totally real number field. When an algebraic lattice can be obtained
via a free Z-module 7 contained in Ok, its minimum product distance depends on the
discriminant dg of the number field considered (see [6, Section I1I]). In order to get greater
minimum product distances, we consider number fields with small discriminants. Results
on the existence of number fields K such that it is possible to obtain rotated As, Fg and
E;-lattices via twisted embeddings applied to fractional ideals of Ok are presented in
Propositions 4.1, 4.7 and 4.10. Using some constructions of rotated Z"-lattices, we also
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show that there are infinitely many rotated D3, D5, and Er-lattices obtained via free
Z-modules that are not ideals.

The paper is organized as follows. In Sections 2 and 3, we collect some results on
number fields and algebraic lattices. In Subsections 4.1, 4.2, 4.3, 4.5, 4.6 and 4.7 explicit
constructions of rotated As, D4, Eg, Fg, K15 and Agy-lattices via principal ideals and
free Z-modules that are not ideals are presented. In Subsections 4.2 and 4.4 rotated
D3, D5 and FEr-lattices are obtained. Finally, in Section 5, we present a comparison
between relative minimum product distance and density of the lattices considered here
and rotated Z"-lattices.

2. Basic results from algebraic number theory

In this section, we summarize some concepts and results from algebraic number theory
and establish the notation to be used from now on. The results presented here can be
found in [22,23].

Let K be a number field of degree n and O its ring of integers. As it is well known,
there are exactly n distinct Q-homomorphisms o; : K — C, for i = 1,2,...,n. A homo-
morphism o; is said to be real if 0;(K) C R and émaginary otherwise. A number field
K is said to be totally real if o; is real for all 4 = 1,...,n and totally imaginary if o; is
imaginary for all i = 1,...,n. A number field K is called a CM-field if there is a totally
real number field F such that K is a totally imaginary quadratic extension of F.

Given z € K, the values N(x) = Ngjg(z) = []i—, 0s(2) and Tr(z) = Trggz) =
o, oi(z) are called norm and trace of z in K|Q, respectively, and if x € Ok, then
N(z), Tr(z) € Z.

Every non-zero fractional ideal Z of Ok is a free Z-module of rank n. The norm of
a free Z-module Z C Ok of rank n is defined as Ng(Z) = |Ox/Z|. If {w1,...,w,} is a
Z-basis of Ok, the integer dx = (det(o;(w;))}';—,)? is called the discriminant of K and
it is an invariant under change of basis.

Let p be a prime number and P = pZ C 7Z a prime ideal. The ideal POg C Ok can
be expressed as POg = le Q7f, where Q;’s are distinct prime ideals of Ok and e;’s
are positive integers. The integer e; is called the ramification index of Q; over P and it
is denoted by e(Q;|p). The degree f; = f(Q;lp) = [Ox/Q; : Z/P)] is called the residual
degree of Q; over P. We have that > 9_, e; f; = n.

A prime p is said to be inert in K|Q if g = 1 and e; = 1, that is if pZ = Q (and hence
f1 =n). A prime p splits completely in K|Q if g = n (and hence e; = f; = 1 for all 7).
p is said to be ramified in K|Q if there is an e; > 2, otherwise p is said to be unramified.

If K|Q is a Galois extension, then we have that POg = le Qf, where the Q;’s
are distinct prime ideals of Ok, f(Q;lp) = [Ox/Qi : Z/P] = f foralli=1,...,g, and
n=cefg.

Let (,, € C be a primitive m-th root of unity. We consider here the cyclotomic field
L = Q((n) and its maximal totally real subfield K = Q(( + ¢,,!). We have that
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[Q(Cm) : Q] = o(m) and [Q(Cr + ¢21) = Q] = @(m)/2, where ¢ is the Euler function.
Moreover, O, = Z[(] and Ox = Z[¢m + -

3. Algebraic lattices

Let {v1,...,v,} be a set of linearly independent vectors in R™ and A = {Z?il a;V;;
a; € Z} the associated lattice. The set {v1,...,vy,} is called a basis for A. A matrix M
whose rows are these vectors is said to be a generator matriz for A while the associated
Gram matriz is G = MM"' = ((v;,v;));,_,. The determinant of A is detA = detG
and it is an invariant under change of basis (see [12, p. 4]). A lattice A is said to be
integral if (x,y) € Z for any x,y € A. An integral lattice is said to be even if (x,x)
is even for any @ € A and odd otherwise. A unimodular lattice is an integral lattice
with det(A) = 1. Two lattices A; and As are said to be similar if there is an orthogonal
mapping ¢ : R” — R™ and a real positive number ¢ such that c¢(A;) = Az. When ¢ =1
the similar lattices A; and As are said to be congruent or isomorphic. In this paper, as
in [6,17], we will say that A; is a rotated Ag-lattice if A; and Ay are congruent.

The computational search for detecting if two lattices are isomorphic is in general a
difficult problem. The isomorphism problem on lattices, which also has showed up in
lattice applications to cryptography, is at least as hard as that on graphs and lies on
complexity class SZK (see [16] and references therein). In [16, Theorem 1.1] it is derived
an algorithm for solving it running in time n°(™ times a polynomial in the input size,
where n is the rank of the lattice.

In what follows let K be a number field of degree n = r; + 2ry. Let oy, for i =

1,...,n, be the n distinct Q-homomorphisms from K to C such that o4,...,0,, are
real, 0y, 415y Or 4oy Orydrotly -+, 0r +2r, are imaginary and oy, 4r,4; is the complex
conjugate of o, 44, forall e =1,...,7a.

Definition 3.1. (Cf. [4], Section 4.) Let a € K be a totally positive element (i.e., o;(c) > 0
foralli=1,...,n), and let o; = o;(«x). The twisted embedding o, : K — R™ is defined
by oa(z) = (Vaio1(2), ..., /aror (2), V200, +1R(07,41(2)), V200, 11300 41(2)), - -,

V200, 473 ROy 40 (%)) V200, 475 (0 ) 45 (2))), where R and  represent the real and
imaginary part of a complex number, respectively.

Proposition 3.2. (Cf. [20], Corollary 2.1.) Let K be a number field of degree n, and let
a € K be a totally positive element. If T C Ok is a free Z-module of rank n with Z-basis
{wy,...,w,}, then the image A = 04(Z) is a lattice in R™ with basis {o4(w1),. ..,

Ua(wn)}'

If K is a totally real number field or a CM-field, the complex conjugation commutes
with all homomorphisms o;, i = 1,...,n, and therefore the associated Gram matrix for
04(Z) can be expressed in the special form described next.
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Proposition 3.3. (Cf. [20], Proposition 2.1.) Let K be a totally real number field or a
CM-field, and let o € K be a totally positive element. If T C Ok is a free Z-module
of rank n with Z-basis {w1,...,w,}, then G = (TTK|Q(awiuTj))Zj:1 is a Gram matric
for oo(Z).

From now on we will consider K a totally real number field or a CM-field.

Proposition 3.4. (Cf. [/, Proposition 15.) Let T C Ox be a free Z-module of rank n.
A lattice A = 04(Z) has diversity n if K is totally real, and diversity 5 if K is totally
maginary.

Proposition 3.5. (Cf. [6], Theorem 1.) Let T C Ok be a free Z-module of rank n. If

K is totally real, then A = 04(Z) has minimum product distance given by dp min(A) =

de;[((/\) NKl(I) mingyez |[Nrjo(y)|. In particular, if T C Ok is a principal ideal, then

mingzyez [Nrjo(y)| = Nr(Z).

Definition 3.6. Let 1 be the minimum Euclidean norm of a non-zero vector of a lattice A.
The relative minimum product distance of A, denoted by d,, rei(A), is the minimum prod-
uct distance of the scaled lattice %A.

Proposition 3.7. (Cf. [3], Proposition 2.1.) If T C Ok is a non-zero free Z-module of
rank n, then det(c4(Z)) = Nk (Z)? Ngjg()|dx|.

In what follows we present a necessary condition for constructing an algebraic lattice
A = 04(Z) with determinant D via a fractional ideal Z of Og. Proposition 3.9 is a
generalization of [18, Proposition 4.3], which considers rotated D,,-lattices.
Lemma 3.8. Let p be a prime number. Suppose that pOx = [[I_, Qf, where Q;’s are
distinct prime ideals of Ok, and f(Q;lp) = f, for alli = 1,...,9. If B C Ok is an
ideal and p divides Ng(B), then Ng(B) = (pf)a b, where a > 1 is an integer and b is an
integer such that p does not divide b.

Proof. Let B =[] _, P{", where the P;’s are distinct prime ideals of Ok. Since p | Nk (B),
it follows that p| Nx(P;) for some j. Since P; NZ = rZ is a prime ideal of Z, it follows
that r is a prime number and P; lies over 7Og Thus, r = p, the ideal P; lies over pOx
and Ni(P;) = p’. So, Nx(B) = [I;_, Nx(P;)% = (p/)" b, where a > 1 is an integer and
b is an integer such that ptb. O

Proposition 3.9. Let K|Q be a Galois extension and dx = p"d, where p is a prime number,
r > 0 is an integer and d is an integer such that p does not divide d. Let A be a lattice
such that det(A) = p™q, where m > 0 is an integer and q is an integer such that p does
not divide q. If pOx = [[{_, Q¢, where Q;’s are prime ideals of Ox and f = f(Q;ilp)
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does not divide (m — ), then there does not exist any fractional ideal T of Ok such that
A =0,(2) for some a € K.

Proof. Suppose that there exist a fractional ideal Z of Ok and a totally positive element
a € K such that A = 04(Z). Thus, there exists a positive integer ¢ € Z such that
tZ = A is an ideal of Ok, and therefore, Ng(Z) = Ng(A)/t". By Lemma 3.8, if p divides
Nk (A), then Ng(A) = (pf)a1 b1, where a; > 1 is an integer and by is an integer such
that p t by. Otherwise, if p does not divide Ng(A), then Ng(A) = (pf)a1 b1, where
ay; = 0 and b; is an integer such that p 1 b;. So, we can write Ng(A) = (pf)a1 b1, where
a; > 0 is an integer and b is an integer such that p { b; and then Ng(Z) = (pf)a1 by /t™.
Given a € K, there exists an integer s such that sa € Ox. We can write Ng|g(sa) =
Nk (sa0g) = (pf)a2 by, where as > 0 is an integer and b is an integer such that p { bo.
Then, Ngjg(a) = (pf)a2 by/s". Let t = p*1l; and s = p*2ly, where k1, ko > 0 are integers
and Iy, Iy are integers such that p {{; and p 4 ls. From Proposition 3.7, it follows that

f 2(11 b2 f a2b
b b r
L 1% T

— p2fa172k:1n+fa27k2n+r (bfll—anz—an'dD _ pmq’

Ni(Z)* Ngjo(a)|die| =

and therefore, m = 2fa; — 2kyn + fas — kan +r. Since n = efg, it follows that m —r =
f(2a1 — 2k1eg + as — koeg), that is f divides (m — r), which is a contradiction. O

The next remark will be used as a tool for constructing rotated integer lattices.

Remark 3.10. Let A C Z" be an integer lattice with a generator matrix M, K a number
field of degree n, a € K a totally positive element, and Z C Ok a free Z-module of
rank n. If co,(Z) is a rotated Z"-lattice, for some real positive number ¢, then there
exists a generator matrix R for co,(Z) such that RR! = I,,«n,. The matrix MR is a
generator matrix for a rotated version of A which is contained in co,(Z). Therefore we
may use the matrix M R and homomorphism properties to get the free Z-submodule
J C T such that A = coo(J).

4. Algebraic constructions for densest lattices

In this section, we discuss the possibility of constructing rotated Ay, Fg and E7-lattices
via twisted embeddings applied to fractional ideals of the ring of integers of a number
field K. Constructions of rotated AQ, D3, 1)47 D5, EG, E’77 Eg, K12 and A24—1attices via
ideals and free Z-modules that are not ideals are also presented. Full diversity rotated Ao,
Es, Es, K12 and Agy-lattices are obtained via Q(12 + szl), Q(¢s36 + Cz);sl), Q(¢eo + C&)l),
Q(Csa + Cai') and Q(Crao + (i), respectively, the same number fields considered in |8,
Section 3] where the authors construct these lattices by shifting ideal lattices constructed

over cyclotomic fields in [3, Section 3] to maximal totally real subfields of cyclotomic
fields.
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4.1. Rotated As-lattice

The classical Ap-lattice in R? is generated by the basis {(1,0),(—1/2,v/3/2)}. We
consider next the scaled lattice Ay with basis {v/2(1,0),v/2(—1/2,/3/2)} which has
minimum squared Euclidean norm 2 and det(Az) = 3. In the next result, we obtain a
necessary condition for constructing a rotated As-lattice via a twisted embedding applied
to a fractional ideal of Ok. A related result, through a different approach, can be found
in [7, Theorem 3.3].

Proposition 4.1. Let K be a quadratic number field. If 3 is inert in K|Q, then there does
not exist any fractional ideal T of Ox such that o,(Z) is a rotated As-lattice, scaled
by Vc*, with ¢* € Z, for any a € K totally positive.

Proof. Suppose that there exist a fractional ideal Z of Ok and a totally positive element «
such that A = 04(Z) is a rotated As-lattice, scaled by /c with ¢ > 0 an integer. Then,
det(A) = 3c?, where ¢ = 3% with a > 0 an integer and b > 1 an integer such that
31b. So, det(A) = 31729p2. Since 3 is inert in K|Q, we have that 30k = P, e(P|3) = 1,
f = f(P|3) = 2 and 3 does not divide the discriminant dg. By Proposition 3.9, since
f = 2 does not divide (m —r) = (1 + 2a — 0), it follows that there does not exist any
fractional ideal Z of Ok such that A = 0,(Z) is a rotated As-lattice, scaled by /¢, with
c € Z, for any a € K. Since Ay = @Ag the last assertion holds also for the lattice A5. O

Example 4.2. Note that [Q((,) : Q] = 2 if and only if m = 3,4 and 6 and [Q((,, +
¢ - Q] = 2 if and only if m = 5,8,10 and 12. Let K; = Q(&4) = Q (\/—_1), Ky =
QG+ G = QCo + ¢g') = Q(V5) and Ky = Q(¢s + ¢5') = Q(v2). Through a
direct computation, we have that 3 is inert in K;|Q for ¢ = 1,2,3. By Proposition 4.1,
it follows that there does not exist any fractional ideal Z of Ok,, for ¢ = 1,2,3, such
that A = 0,(Z) is a rotated As-lattice, scaled by /c with ¢ € Z, for any a € K; totally
positive.

Algebraic constructions of rotated As-lattices with diversity 1 via Q(¢3) = Q({s) =
Q(v/—=3) appear in [3, p. 76] and [9, p. 508]. In what follows we present a construction
of a rotated As-lattice, which is full diversity as the one presented in [8, Section 3|, via
a principal ideal of the ring of integers of Q(C12 + (') = Q(V/3).

A rotated Aj-lattice via an ideal of Z[(12 +(1_21]: IfK = Q(¢2 + C1—21) =QW3), I =
<1 + \/§> and a = 1, then the lattice A = %aa (Z) is arotated Ag-lattice and +/dp, rer(A) =
0.5. In fact, since dg = 12 = 223, consider the factorization 20x = P2, where P =
<2, 1+ \/§> = <1 + \/§> and Ng(P) = 2. Taking Z = P and a = 1, a straightforward
computation shows that the Gram matrix for 2o, (Z), related to the Z-basis {1++/3,3+
V/3} of Z, has only even numbers in its diagonal. Therefore, 0,(Z) is an even lattice
with determinant 3. Since As is up to equivalence the only lattice with this property in
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dimension 2, it follows that 104(Z) a rotated As-lattice. Since the minimum Euclidean
norm of 104(Z) is V2, its relative minimum product distance satisfies \/dp rei(A) =

\/22 2/ Nig(@)Ne(@)? = V0.25 = 0.5.

The rotated As-lattices presented above and in [8, Section 3] have the same relative
minimum product distance (Proposition 3.5) and, as it can be seen next, this is the
maximum possible value for a rotated As-lattice.

Proposition 4.3. The mazimum relative minimum product distance for a rotated
Ag-lattice is 0.25. Moreover, up a coordinate axis reflection, there is a unique rotated
As-lattice with this relative minimum product distance.

Proof. Since an orthogonal transformation in the plane is either a rotation or a re-
flection R; on the z-axis composed with a rotation, any lattice congruent to A, is
obtained by a rotation. Let Rot(Asz,0) be the rotation of As by an angle 6, i.e.,
Rot(Az,0) = {k1(cos(0),sin(0)) + ka(cos(0 + %),sin(0 + 5)), k1, ke € Z}. Taking into

account the symmetry of Ay we can consider only & < ¢ < %. Moreover, since we
also have that Rot(Az, —0) = Ry(Rot(As,0)) and Rot(As, § — 0) = Ro(Rot(As,0)),
where Ry(z,y) = (y,x), we can restrict our analysis to 0 < 6 < {5. The abso-
lute value of the product of the coordinates of a point in Rot(As,0) is f(k1,ke,0) =
|1K% sin 29) + $k3sin(20 4+ &) + k1kosin(260 + Z)|. Since f(k1,0,0) = |1k%sin(26)| <
| k3 sin( | = 1k , it follows that % an upper bound for f(k1, ke, ) which is not reach-

able for 0 ;é 15 On the other hand f(kq, k2, %) = % |k’% + k3 + 4k:1k2’ %0, for k1, ks € Z,
kiky # 0, what implies that the relative minimum product distance of Rot(Asg, {5) is i,
the biggest possible. The same holds for Rot(Az, —{5) = Ri(Rot(Az,0)). O

4.2. Rotated D3, Dy and Ds-lattices

For n > 3, the n-dimensional lattice D,, in R™ is described, in its standard form,
as D, = {(z1,...,2,) € Z"; Y i~ x; is even}. The set g = {(-1,-1,0,...,0), (1, -1,
0,...,0),(0,1,-1,0,...,0),...,(0,0,...,1,—1)} is a basis for D,,, the minimum squared
Euclidean norm of this version of D,, is 2 and det(D,,) = 4 for all n.

Algebraic constructions of rotated Dy-lattices with diversity 2 were presented in [3,
p. 76] and [9, p. 512] via Q((s), and algebraic constructions of full diversity rotated Ds,
Dy and Ds-lattices were presented in [17, Propositions 4.6 and 5.1] via Q(¢7 + ¢,
Q16+ ¢ ) and Q(Ci1 + (1Y), respectively. The lattice Dy was obtained via a principal
ideal of Z[(16 + Cl_Gl] whereas the lattices D3 and Ds were obtained via free Z-modules
in Z[¢7 + ¢1) and Z[¢1y + ¢;1'], respectively, that are not ideals. If it were possible
to construct such rotated D3 and Djs-lattices via principal ideals of Z[(; 4 (7 '] and
Z[¢114+¢1, 1], respectively, their minimum product distances would be twice those obtained
in such constructions via Z-modules. However, in [18, Proposition 2.7] it was shown that
if K is a totally real Galois extension with dg an odd integer, then it is impossible to
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construct rotated D,-lattices via fractional ideals of Ok. In particular, it is impossible
to construct rotated D3, D4 and Ds-lattices via fractional ideals of any Galois extension
K C Q(¢m) with m odd.

In what follows we discuss some possibilities for constructing a full diversity rotated
Dy-lattice and present a construction of Dy via a principal ideal of Z[(12] and via a free
Z-module in Z[Cy5 + Ci5')-

Example 4.4. Note that [Q((y) : Q] = 4 if and only if m = 5,8,10 and 12 and [Q((, +
¢:1) : Q] = 4 if and only if m = 15,16,20,24 and 30. Let K; = Q(¢5) = Q(C1p) and
Ko = Q(C15 + (15) = Q(Cs0 + Cag')- Since dy, is odd for i = 1,2, there does not exist
any fractional ideal Z of Ok,, for i = 1,2, such that A = 0,(Z) is a rotated Dy-lattice,

scaled by /c with ¢ € Z, for any a € K; totally positive.

A rotated Djy-lattice via an ideal of Z[¢y2]: Let e; = (iy+ (o forall i € N. If K = Q((12),
7 = Og and a = (1—eq)es, then éaa((’)K) is a rotated Dy-lattice. In fact, since dg = 2432,
consider the factorizations 30k = P?, where P = (e5) and Ng(P) = 2% and 20k = 92,
where Q = (1 — e1) and Ng(Q) = 22. Taking Z = Ok and a = (1—e; )e;s a totally positive
element, a straightforward computation shows that the Gram matrix for oo (Z), related
to the Z-basis {1, (12, (%, (35 } of Ok, has only even numbers in its diagonal. So, the lattice
A= %UQ(OK) is an even lattice with determinant 4. Since Dy is, up to congruence, the
only lattice with this property, it follows that %UQ(OK) is a rotated D,4-lattice.

By considering only the values of m such that [Q((mn + ;) : Q] = 4 and reordering
the list from the minimum to the maximum discriminant, we have m = 15,20, 16 and 24.
The case m = 15 is considered next.

A rotated Dy-lattice via a Z-module in Z[(15 + (5'): Let e; = Cis + (5 for all i € N and
K = Q(¢15 + (13- Since m is odd, there does not exist any fractional ideal Z of Ok such
that 0,(Z) is a rotated and scaled Dy-lattice for any « € K totally positive. If Z = Ok
and o = (1 +e1)(1+ €1 + e2)eq, then the lattice A = \/—aa(OK) is a rotated Z*-lattice.
In fact, since dx = 325, consider the factorizations 30y = P?, where P = (1 + e; + e3)
and Ng(P) = 32, and 50k = Q*, where Q = (1 + ¢;) and Nx(Q) = 5. Taking Z = Ok,
a=(14e1)(1+e; +ez)er a totally positive element and calculating a Gram matrix for
A= FUQ(OK) we have that A is an odd unimodular lattice in dimension 4, i.e., A is
a rotated Z*-lattice. Using Remark 3.10, we obtain the Z-module Z C Ok with Z-basis
{e1,2eq,€e3,e4} such that A} = \/%UQ(I) is a rotated Dj-lattice. Since the minimum

Euclidean norm of Dy is V2, Nk(Z) = 2 and Ngg(e1) = 1, the relative minimum

product distance of Ay satisfies {/dp rei(A1) = (‘/\/154 ﬁ\/ (325) 22% = 0.29383.

Remark 4.5. Although the discriminants of Q((15 + ¢j5') and Q(Ci6 + i) are 1125
and 2048, respectively, the relative minimum product distance of the rotated D,4-lattice

Ay obtained in [17, Proposition 4.6] via a principal ideal of Z[(16 + C1_61] satisfies
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Y dp’rel(Ag) = 0.324210 and is greater than the relative minimum product distance
obtained via the free Z-module considered above in Z[¢15 + ;5] Tt is also worth notic-
ing that, in certain cases, the relative minimum product distances obtained via free
Z-modules can be greater than some obtained via principal ideals. For example, the ro-
tated Dg-lattice Az obtained in [17, Proposition 5.1] via a free Z-module in Z[C17 + (')
has relative minimum product distance satisfying {/d, rei(Az) = 0.20472 whereas the
rotated Dg-lattice A4 obtained in [17, Proposition 4.6] via an ideal of Z[(32 + (35'] has
relative minimum product distance satisfying {/d, rei(Asa) = 0.201311.

In the next proposition, we show that the lattices D3 and Ds can be obtained from
infinitely many free Z-modules contained in subfields of cyclotomic fields.

Proposition 4.6. There exist infinitely many prime numbers p and number fields K such
that K C Q(¢p + Cp_l) and a full diversity rotated Ds-lattice (Dj5-lattice) can be obtained
via a twisted embedding applied to a free Z-module of rank 3 (rank 5) contained in Ok.

Proof. By Dirichlet’s Theorem, it follows that there exist infinitely many prime numbers
p such that p = 1 (mod 3). Since 3 divides p — 1 and G = Gal(Q((p) : Q) is cyclic, it
follows that there is a unique subgroup H C G such that |[H| = (p —1)/3. By Galois
Correspondence Theorem, it follows that there is a unique field K contained in Q(¢p)
which is cyclic of degree 3 over Q. Now, since 3 is odd, it follows that 3 divides (p—1)/2
and K C Q(¢,+¢,"). Using the cyclic construction of [6, Section V] we obtain a rotated
Z3-lattice via Og. Since D3 C Z3, the result follows from Remark 3.10. A similar proof
holds for Ds. 0O

4.3. Rotated Eg-lattice

Algebraic constructions of rotated Eg-lattices were presented in [3, p. 77] and [10, p. 48]
via Q((o) with diversity 3, and in [8, Section 3] via Q((36+Csg ) with full diversity. In what
follows we discuss some possibilities for constructing a full diversity rotated Fg-lattice,
present a construction of a rotated FEg-lattice via a principal ideal of Z[(36 + {&f], and
calculate its minimum product distance.

The 6-dimensional densest lattice Eg is an even lattice with minimum squared
Euclidean norm 2 and det(Eg) = 3. Eg can be defined by the basis (1,1,0,0,0,0),
(-1,1,0,0,0,0), (0,-1,1,0,0,0), (0,0,—1,1,0,0), (0,0,0,—1,1,0) and (1/2,-1/2,—1/2,
—1/2,-1/2,/3/2).

Note that the generator matrix M defined by the basis above (and hence any other
generator matrix for Fg in dimension 6) is not a matrix with only rational entries, up to
a scalar factor. So, we cannot use the same strategy of Remark 3.10 for constructing a
rotated FEg-lattice.

Proposition 4.7. Let K = Q(0) be a Galois extension with [K : Q] = 6. Let 30x =
7, Q%, where Q;’s are prime ideals of Ok, e(Q;|3) = e and f(Q;|3) = f, for all
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i=1,...,9. If 3 does not divide dx, then there does not exist any fractional ideal T of
Ok such that A = 0,(Z) is a rotated Eg-lattice, scaled by /c with ¢ € Z, for any o € K
totally positive.

Proof. Suppose that there exists a fractional ideal Z of Ok such that A = 0,(Z) is
a rotated Fg-lattice, scaled by /¢ with ¢ > 0 an integer. Then, det(A) = 3¢5, where
¢ = 3%, with a > 0 an integer and b > 1 an integer such that 3 1 b. So, det(A) = 31646,
By Proposition 3.9, it follows that f must divide (14+6a—r). Since 3 does not divide dx, it
follows that r = 0. We show next that f # 1 and f divides 6. Therefore, f does not divide
(m—r) = (146a—0) = 1+6a and the result follows. Let m(z) = ming(¢) be the minimal

polynomial of § over Q and m(x) the polynomial obtained from m(xz) by reduction

modulo Zs[z]. If f =1, then m(z) is written as the product of irreducible polynomials of

degree 1 in Zs[x] and there are only three possibilities for these polynomials m;11(z) =
x —1, for i = 0,1,2. If m(z) = my(x)ma(xz)ms(z), then 30x = Q192095 Since f =1,
it follows that N (Q1) = Ng(Q2) = Nx(Q3) = 3! = 3. Thus, Nx(30k) = 3% and this

is possible only if [K : Q] = 3. Similarly, if m(x) = m;41(z), for some i = 0,1,2, then

K : Q] =1, and if m(z) = m;y1(x)m;q1(z), for some i,j = 0,1,2, with ¢ # j, then
[K: Q] = 2. Therefore, f > 1. Since e f g = 6, it follows that f divides 6. O

Example 4.8. Note that [Q(() : Q] = 6 if and only if m =7,9,14 and 18, and [Q((m +
¢.1) - Q] = 6 if and only if m = 13,21, 26,28, 36 and 42. Set K; = Q(¢7) = Q(¢14), Ko =
Q(C13+¢i3) = QCas + o6 ), Ka = Q(Car +(1') = QCaz + (') and Ky = Q(Cas +Cog)-
A straightforward computation shows that dx, = —7°, dg, = 13°, dg, = 3375 and
di, = 2°57°. According to Proposition 4.7, it follows that it is not possible to obtain a
rotated Eg-lattice, scaled by +/c with ¢ € Z, via a fractional ideal of Ok, for i = 1,2,4.
For i = 3, we have that 30k, = P?, where P is a prime ideal of Ok, and f(P|3) = 3.
Following the notation of Proposition 3.9, let p = 3. Suppose that there exists a fractional
ideal Z of Ok, such that A = 0,(Z) is a rotated Eg-lattice, scaled by /c with ¢ > 0 an
integer. Then, det(A) = 3¢5, where ¢ = 3% with a > 0 an integer and b > 1 an integer
such that 31 b. So, det(A) = 3176945, Since f = 3 does not divide (1 + 6a — 3), we have

a contradiction.

A rotated Eg-lattice via an ideal of Z[(3s + (36']: Let K = Q(C36+Ca ) and e; = Cig+Cag -

If o = e} and T = (1+ ey + €}), then the lattice A = \/%UQ(I) is a rotated Egs-lattice

and ¥/d,, re1(A) = 0.24037. In fact, since dg = 2°3° consider the factorizations 30x =
Q5 where Q = (e1) with Nx(Q) = 3 and 20k = P?, where P = (1+e1 +¢€}) and
Ng(P) = 23. Taking o = e, Z = P and § = 1 + e; + €3, we have that « is totally
positive, Ngg(a) = 3%, Ng(Z) = 2% and a straightforward computation shows that
a Gram matrix for %o*oé(I)7 associated with the Z-basis {fej,...,0es} of T has only
even numbers in its diagonal. Therefore, %O’a (Z) is an even lattice with determinant 3.
Its minimum squared Euclidean norm must be 2, otherwise we would have a lattice
denser than Fjg in dimension 6. Since Ejg is, up to congruence, the only even lattice
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with minimum squared Euclidean norm 2 and determinant 3 in dimension 6, it follows
that §oo(Z) is a rotated Eg-lattice. Since the minimum Euclidean norm of oo (Z) is
V2, its relative minimum product distance is dp rei(A) = 6%;\/ 2634 = L and then

V3¢ 2637
8/dy rer(A) = 0.24037.

Example 4.9. Let K = Q((12 + (5" )Q(¢r + ¢ 1) the compositum of the fields Q((1a +
(3") = Q(V3) and Q(¢7 + ¢ ). We have that dx = (223)3(7%)? = 263374, Consider the
factorizations 3Z[(; + (7 '] = Py where P, = (3,24 a1 + af + a}) with a1 = {7 + Gt
and 30k = P3, where P5 is the prime ideal of Ok such that Py N Z[(7 + C{l] = P; and
f(P2|3) = 3. Suppose that there exists a fractional ideal Z of Ok such that A = 0,(Z)
is a rotated Eg-lattice, scaled by /¢ with ¢ > 0 an integer. Then, det(A) = 3c®, where
c = 3"s with > 0 an integer and s > 1 an integer such that 3 s. So, det(A) = 316755,
Since 3 does not divide (1 + 6r — 3), it follows that there does not exist any fractional
ideal Z of Ok and a totally positive element « such that 0,(Z) is a rotated and scaled
FEg-lattice.

4.4. Rotated E7-lattice

The 7-dimensional densest lattice E7 is an even lattice with minimum squared Eu-
clidean norm 2 and det(E7) = 2. A basis for v/2E7 in dimension 7 is given by the vectors
(2,0,0,0,0,0,0), (0,2,0,0,0,0,0), (0,0,2,0,0,0,0), (0,0,0,2,0,0,0), (1,1,1,0,1,0,0),
(0,1,1,1,0,1,0) and (0,0,1,1,1,0,1).

In Proposition 4.10, we present a necessary condition for constructing a rotated
FEr-lattice via a fractional ideal in a Galois extension. In Proposition 4.12, we show
that there exist infinitely many number fields such that it is possible to obtain a scaled
and rotated E7-lattice via free Z-modules of rank 7.

Proposition 4.10. Let K = Q(0) be a Galois extension such that [K: Q] = 7. Let 20k =

7, Q¢ where Q;’s are prime ideals of Ok, e(Q;]2) = e and f(Q;|2) = f, for all
i=1,...,9. If 2 does not divide dg, then there does not exist any fractional ideal T of
Ox such that A = 0,(T) is a rotated E;-lattice, scaled by /c with ¢ € Z, for any o € K
totally positive.

Proof. Suppose that there exists a fractional ideal Z of Ok such that A = 0,(Z) is a
rotated Er-lattice, scaled by \/c with ¢ > 0 an integer. Thus, det(A) = 2¢7, where ¢ = 2%b
with @ > 0 an integer and b > 1 an integer such that 2 { b. So, det(A) = 21+79)7. By
Proposition 3.9, it follows that f must divide (1 + 7a — ). Since 2 does not divide dk,
it follows that » = 0. We show next that f = 7 what implies that f does not divide
(m—r) = (1+7a—0) =1+ 7a and the result follows. Let m(z) = ming(f) be
the minimal polynomial of # over Q and m(z) the polynomial obtained from m(z) by

reduction modulo Zs[z]. If f = 1, then m(z) is written as the product of irreducible
polynomials of degree 1 in Zy[z] and there are only two possibilities for these polynomials:
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) = mq(x)ma(x), then 20x = Q1 Q5. Since f =1,
2! = 2. Thus, Ng(20k) = 22 and this is possible
) = ma(x) or m(z) = ma(x), we get [K: Q] = 1.

my(x) =T and may(z) = z — 1. If m(z
it follows that Nx(Q1) = Ng(Q2) =
only if [K : Q] = 2. Similarly, if m(z

Since e f g =7, it follows that f=7. O

Example 4.11. Let K C Q((, +¢;,,') be a Galois extension of degree 7 and m odd. Since
dx is odd, it is not possible to get a rotated FEr-lattice via a fractional ideal of Ok.

Since v/2 E; is an integer lattice, using Remark 3.10 and the cyclic construction of
[6], the next proposition can be derived.

Proposition 4.12. There exist infinitely many prime numbers p and number fields K such
that K C Q(¢p + Cp_l) and a full diversity rotated \/2E7-lattice can be obtained via a
twisted embedding and a free Z-module of rank 7 contained in Ok.

Remark 4.13. Let p be a prime number and K € Q(¢,+¢, ') such that [K : Q] = 7. Since
dx = pb, it follows that in this case the minimum value of dy is achieved when p = 29.
Using the cyclic construction of [6, Section V], it follows that there exists a rotated
Z7-lattice, Rot(Z"), via a subfield K C Q(Ca9 + (o) satisfying {/d, ,e(Rot(Z7)) =
0.23618. Using this rotated Z"-lattice, we can obtain a rotated v/2E7-lattice, Rot(v/2E7),
such that Rot(v/2E;) C Rot(Z"). Since the minimum squared Euclidean norm of F is 2,

it follows that (/dpm(Rot(\/ﬁEﬁ) > \/ ( 5 (0.23618)7 ) = 0.11800.

4.5. Rotated Eg-lattice

The 8-dimensional densest lattice is defined, in its standard form, as Eg = {(x1,...,
xg) such that z; € Z for all ¢ or x; € Z +1/2 for all i and Zle x; is even}. The lattice
Ejs is an even unimodular lattice with minimum squared Euclidean norm 2.

Algebraic constructions of rotated Eg-lattices were presented in [3, p. 77] via the
cyclotomic fields Q(¢15), Q(C20) and Q(¢24) and in [11, p. 52] via Q(¢20) and Q((24). In
[15] it was shown that there exist infinitely many subfields K C Q((p,), with p, ¢ distinct
primes, such that it is possible to obtain rotated Fgs-lattices via the canonical embedding
applied to an ideal of Ok. All these rotated Eg-lattices have diversity 4. In [8, Section 3]
it was presented a full diversity rotated Es-lattice via Q({go + Cﬁ_ol). In what follows we
discuss some possibilities for constructing a full diversity rotated Fg-lattice and present
constructions of Eg via a principal ideal of Z[(so + C&)l] and via a free Z-module in
Z[C0 + <6—01] that is not an ideal. In both cases we obtain the relative minimum product
distance.

Note that [Q((n) : Q] = 8 if and only if m = 15, 16,20, 24 and 30 and [Q((m + (1)
Q] = 8 if and only if m = 17,32, 34,40,48 and 60. Reordering the last list from the
minimum to the maximum discriminant we have m = 60, 17,40, 48 and 32.
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A rotated Eg-lattice via an ideal of Z[(eo + (o]t Let K = Q(Coo + (o) and e; =
Clo + Cogl for all i € N. If @ = (eg + e5)es and T = (eg + eq + eg), then the lattice A =
\/%Ua (Z) is a rotated Fg-lattice and {/d, e (A) = 0.20776. In fact, since dg = 283%5°
consider the factorizations 20x = P?, where P = (2,1 + el +ef) = (e1 + €4 + eg) and
Nk (P) = 2%, 30x = Q?, where Q = (3,24 ¢f +e}) = (e5) and Ng(Q) = 3%, and
50k = R*, where R = <5, 2+ e?) = (e1 + e5) and Ng(R) = 52. Taking o = (e1 + e5)es
and Z = P, it follows that « is totally positive, Ngjg(e) = 5?3* and Ng(Z) = 2%

If 0 = e; + e4 + €4, a straightforward calculation shows that the Gram matrix for
\/%UQ(I), associated with the Z-basis {feq,...,0es} of Z, has only even numbers in

its diagonal. Therefore, \/%UQ(I) is an even unimodular lattice. Since Eg is, up to
congruence, the only even unimodular lattice with minimum squared Euclidean norm 2
in dimension 8, it follows that \/— 0o(Z) is a rotated Es-lattice. Since the minimum

Euclidean norm of \/—aa (T) is v/2, it follows that its relative minimum product distance

= _1 /983452 _
satisfies {/dp rer(A) = \/ L5 V/253157 = 0.20776.

A rotated Eg-lattice via a free Z-module in Z[(so + (5] Let K = Q(Coo + 46701) and e; =

Cﬁo—i—CGO foralli e N.If a = (e; —|—e5)e5 and Z = Ok, then the lattice A = aa((’)K) isa
rotated Z8-lattice and {/d, r;(A) = 0.29382. In fact, a straightforward calculatlon shows

that A is an odd unimodular lattice in dimension 8. Therefore, \/%UQ(OK) is a rotated
7Z8-lattice. Since 2Eg is a sublattice of Z8, using Remark 3.10 we obtain the Z-module
J with Z-basis {2e1,2es + 2e5,e3 + €5 + eg + e7 + es, 2eq, des, 2eg, 2e7, 2eg} such that
Ag = \/%UQ(J) is a rotated 2Fg-lattice, i.e., A, = \/11700a(J) is a rotated FEg-lattice.
The Z-module J is not an ideal of Og. In fact, if J were an ideal we would have
(2e1)es = 2e3+2e; € J and then (2e3+2e1) —2e; = 2e3 € J. Moreover, 2(es +e5+eg+
er+eg)—2e3—2eg —2e7 —2eg = 2e5 € J. Therefore, {2e1, 2eq, 2e3, 2e4, 2e5, 2e¢, 2¢7, 2e8}
would be a Z-basis of a free Z-module J; C J. However, \/1;7000‘(‘71) is a rotated
78-lattice. Since Z8 is not a sublattice of Eg, it follows that 7 is not an ideal of Ok. Since
the minimum Euclidean norm of Eg is v/2 and ming.yec 7 |[Nijo(y)| = 2* = Ngjgles +
es + e¢ + e7 + eg), the relative minimum product distance of A, satisfies {/dp, rei(As) =

f/ﬁ e /(375%)2¢ = 0.146913.

Example 4.14. For m = 16 if we consider Z = Z[(36] and o = 1 we obtain a rotated
Z3-lattice. We also get rotated Z3-lattices for m = 17,32,40 and 48 when we consider

T =2ZlGm+Cp' and a = 2= (Gr+ 7', 2 (Go+ Gz ), (Gao o) (Sl +Cao ) (Co + o)
and (Cag+Cigt) (Chs +Crt) (Gl +Ce'™), respectively. In such cases we can use Remark 3.10

to obtain rotated 2FEjg-lattices via free Z-modules of rank 8.
4.6. Rotated Kio-lattice

The Coxeter—Todd lattice Kio is a 12-dimensional even lattice with determinant
det(K13) = 3% and minimum squared Euclidean norm 4.
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Algebraic constructions of rotated Kjs-lattices with diversity 6 were presented in
[3, p. 78] and [9, p. 513] via Q({21). In what follows we discuss some possibilities for
constructing a full diversity rotated Kjo-lattice with the same minimum product distance
of the one constructed in [8, Section 3.

Example 4.15. Note that [Q((y) : Q] = 12 if and only if m = 13,21, 26,28, 36, 42
and [Q(Cm + ¢Y) @ Q] = 12 if and only if m = 35,39,45,52, 56, 70,72, 78,84 and 90.
Let Ki = QG5 + Gi5') = Q(Cro + &gy Ko = Q(Ci3) = Q(¢a6) and Kz = Q(as).
A straightforward computation shows that dg, = 5719 30k, = Q with f(Q|3) = 12,
dx, = 1313, 30k, = R with f(R|3) = 12 and dx, = 2'270, 30k, = S with f(S|3) = 12.
By Proposition 3.7, it follows that there does not exist any rotated Kio-lattice via a
fractional ideal of O, for i = 1,2, 3, since f(Q|3) = f(R|3) = £(S|3) does not divide 3°.

Considering only the values of m such that [Q(¢,, + (') : Q] = 12 and reordering
the list from the minimum to the maximum discriminant we have m = 35, 45, 84, 39, 56,
72 and 52.

A rotated Kip-lattice via an ideal of Z[{g4 +(8_41]: Let K = Q(Csq + 48_41) and e; =
¢y —|—C8_4i for all i € N. If o = egegperges and Z = (1 + ea + e3 + e5 + eg), then the lattice
A= \/%fsaa (Z) is a rotated Kio-lattice and %/dy, rei(A) = 0.15172. In fact, we have that
dg = 21235710 20k = P2, where P = <27 1+ef+ e?> = (l+ex+e3+e5+eg) and
Nk(P) = 2% and 70k = SS, where S = (7,4+¢€}) = (e3) and Ng(S) = 7. Taking
o = egegerger and I = P, it follows that Ngjg(e) = 72 and « is totally positive. If
0 =1+ es+e3+e5+ eg, then a Gram matrix for \/%aa (Z), associated with the Z-basis
{0e1,...,0e12} of Z, has only even numbers in its diagonal. Therefore, \/%O'a (Z) is an
even lattice with determinant 3%. Moreover, using a full search algorithm in the software
Mathematica we shown that its minimum squared Euclidean norm must be 4. Since
K15 is up to equivalence the only even lattice with minimum Euclidean norm 2 and
determinant 3% in dimension 12 [3], it follows that \/%Ua(I) is a rotated Kjo-lattice.

Since the minimum Euclidean norm of \/%JQ(I) is 2, its relative minimum product

distance satisfies ¥/dp rei(A) = ¥/ ﬁ%\ﬂmﬁ =0.15172.
4.7. Rotated MAoy-lattice

The Leech lattice Aoy is, up to congruence, the only even unimodular lattice in the
24-dimensional Euclidean space with minimum squared Euclidean norm 4 (cf. [13]).

Algebraic constructions of the Leech lattice were presented in [11] via Q((39) and in
13, p. 79] via Q((39) and Q(C35). In [3] it was also stated in Proposition 3.4 that the
Leech lattice can be obtained from Q((,,) if only if m = 35,39,52, 56,70, 78 and 84.
In [8, Section 3] it was presented a construction of a full diversity rotated Aq4-lattice
via Q(C140 + C1ap)- In what follows we discuss some possibilities for constructing a full



G.C. Jorge et al. / Journal of Algebra 429 (2015) 218-235 233

diversity rotated Leech lattice via a principal ideal of Q({,, +¢;,}), present a construction
for m = 140, and obtain its minimum product distance. We also present a construction
of Agy via a free Z-module in Z[(150 + Cl_S})}'

Note that [Q((m+¢;,) : Q] = 24 if and only if m = 65,104, 105, 112, 130, 140, 144, 156,
168,180 and 210. This last list when reordered from the minimum to the maximum
discriminant is 105, 140, 180, 168, 65, 156, 112, 144 and 104. If we could construct a Leech
lattice for the case m = 105 via a principal ideal of Z[Ci05 + Cjg5), we would have the
greater minimum product distance possible among the constructions obtained via the
number fields in this list and principal ideals. However, we could not get the Leech
lattice for m = 105 using an algorithm approach similar to the one described next for
m = 140.

A rotated Ags-lattice via an ideal of Z[{140 + Cﬂ})]: Let K = Q(C140 + C;&)) and e; =
Clyo + §1_4% for all i € N. If v = eser(ejeqsergeas) and Z = (1 + er + e14), then the lattice
A= %OUQ(I) is a rotated Ass-lattice and %/d, i(A) = 0.08594. In fact, we have
that di = 224515720 20y = P2, where P = (2,14 ¢ + ¢§ + ¢l 4 ¢d !l 4 ¢l2) =
(1+e7+e14) and Nx(P) = 212, 50 = 8%, where S = (e7) and Nk(S) = 55 and
70k = RS, where R = (e5) and Ng(R) = 7*. Taking o = eser(ejeseipens) and T = P,
it follows that NK|Q(04) = 5%7% and « is totally positive. If § = 1 + e; + eqq, then
a Gram matrix for ﬁaa (Z), associated with the Z-basis {fey,...,0e24} of Z, has
only even integer numbers in its diagonal. From the Gram matrix above, it follows
that ﬁaa (Z) is an even unimodular lattice. To show that this lattice is in fact the
Leech lattice Aoy a fundamental result is that Asy is, up to congruence, the unique even
unimodular lattice with minimum squared Euclidean norm 4 in dimension 24 [13]. In
order to show that the minimum squared Euclidean norm of ﬁoa(l) is not 2 we
implement an algorithm in the Mathematica software following the ideas of [14] (which
has inspired the so called Sphere Decoder process [19,24]). Since ﬁaa (Z) is an even
unimodular lattice and does not have vectors with minimum squared Euclidean norm 2,

it follows that this lattice is a rotated Agy-lattice. Its relative minimum product distance

is % dp,rel(A) = 2</ﬁ/1i()7im 2245674 = 0.08594.

A rotated Agy-lattice via a free Z-module in Z[(s0 -I-(l-s})]: Let K = Q(C1s0 + (igo)
and e; = (lgo + Ciap for all i € N. If a = (e1 + e5 + e9)3(—ey — ex7)(1 — 4e2; + et,) and
T = (—1—e5+eaa+ea3), then the lattice A = ﬁaa (Z) is arotated Es @ Eg® Es-lattice
and Zm = 0.119954. In fact, we have that dx = 224336518 20k = P2, where
P = (=1 — e15 + €22 + e23) and Ng(P) = 2!2, 50k = §*, where S = (e1 + e17) and
Ng(S) = 55, and 30x = RS, where R = (e1 +e5 +e9) and Nxg(R) = 3% Taking
a = (e; +e5+eg)(—er —e17)(1 — 4€2, + ef), it follows that « is totally positive and
Ngjg(a) = 5932 Let T = P and 0 = —1 — €15 + €22 + ez3. The Gram matrix for
\/1%@004 (T), associated with the Z-basis {feq,...,0ez4} of Z, has only even numbers in
its diagonal. Using the LLL algorithm for reduction of basis we show that ﬁaa (Z)isa
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rotated Eg @ Eg @ Eg-lattice. Since the minimum Euclidean norm of Es @ Es @ Eg is v/2,
it follows that %/dp re(A) = 2</\/1_ﬁ;07737“/ 22456312 = (0.119954. Using the fact that
V/2A4 is a sublattice of Eg® Eg @ Eg we found the Z-module J C T with Z-basis {6(e; +
e16+e17+erg+ear+eanteas), O(eaterr+eigteig+ergtesnteas), 0(es+eig+eisterg+
ea1+e2), 0(es+ern+eraterstFerrt+ergtens), f(es+ern+eig+erg+ean+ea), f(es+era+
e15+e17+erg+eantenntea), O(erterr+eratersteigterr+erg+eaztens), 0(es+ei6+
ea1+e23), 0(eg+eraters+eigt+errt+eistergtenr +entens), 0(ero+ernt+eis+errteg+
ea1+ea3+eas), 20e11,20e10,0(e13+e15+e17+e20+e21+e22), 0(€ra+e15+err+erg+erg+
ea0+ea1+eanteas), 20e15, 20e16, 20e17, 20e1s, 20e19, 20e99, 20ea1, 20€92, 2093, 20€94 . The
Gram matrix for the lattice A; = %aa (J), associated with this Z-basis of J has only

360
even integers in its diagonal. Using an algorithm in the Mathematica software we show

that the minimum squared Euclidean norm of A; is 4. Then, ﬁaa(j ) is a Leech lattice.

Since N |g(0) = 2'2, it follows that ming.ye 7 [Ni|g(y)| > 2'%. Now, y = —1+42¢; +ex+
2e3+2e4+2e5+2eg+3e10+e11 —2e13 —e14 —e15 —e17 —3e19 — 3egp —2e1 —4esn —ea3 € J

and |Ngg(y)| = 2'2. Therefore, 3/dp rei(A1) = 2</W2%\/5634212 = 0.0599771.

5. Conclusion

In this section, we present a comparison between relative minimum product distance
versus density. As mentioned in the Introduction, density and minimum product distance
are lattice parameters which are associated with the efficiency in the signal transmission
over Gaussian and Rayleigh fading channels, respectively.

The next Table 1 shows a comparison between the best known normalized product
distance of rotated Z"-lattices and of the densest lattices A in dimensions 2 to 8, 12 and
24. The center density ¢ of these lattices are also displayed.

The relative minimum product distance of the rotated As-lattice obtained here is the
maximum possible, as stated in Subsection 4.1. A broader question to be investigated
is if algebraic constructions of lattices, as the ones approached here, can provide the
greatest possible relative minimum product distance for rotated densest lattices in other
dimensions.

Table 1
Relative minimum product distance versus center density (from [6,21,17]
and the results presented here).

n Y dp, et (Z7) /Ay et () 5(2™) 5(A)
2 0.66870 0.5 0.25 0.28868
3 0.52276 0.36965 0.125 0.17677
4 0.43899 0.32421 0.06250 0.12500
5 0.38322 0.27097 0.03125 0.08838
6 0.34958 0.24037 0.01563 0.07217
7 0.30080 >0.11809 0.00781 0.0625
8 0.29382 0.20777 0.00391 0.0625

12 0.22967 0.15172 0.00024 0.03704

24 0.15134 0.08594 5.96 x 1078 1
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