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We investigate a family of 3-generator groups G, . indexed
by a prime p > 3 and integers z,y. The groups all have order
p” and class 3. If z and y are coprime to p, then the order of
the automorphism group of G, .., is one of four polynomials
in p, where the choice of polynomial depends on the number of
roots in GF(p) of the polynomial g(t), where g(t) = t3 —xt—y.
If  and y are integers such that the Galois group of g(t) over
the rationals is S3, then the number of roots of g(t) over GF(p)
is not a PORC function. So for most pairs of integers =,y the
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function. Nevertheless, the frequency with which the different
orders of automorphism group arise over all x, y is describable

in terms of PORC functions.
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1. Introduction

If p > 3 is prime then we define the group G, ,,,) to be the class 3 group of order p’

and exponent p with generators a, b, ¢ satisfying the following relations:

[b,a,b] = [b,a,c] =[c,a,a] = [c,a,b] =1, [c,a,c] = [b,a,al,

[c,b,b] = [b,a,al?, [c,b,c] =1b,a,al”.
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The quotient group G/v3(G) is the free class two group of exponent p of rank 3, and has
order pb. The subgroup 73(G) is cyclic of order p, generated by [b, a, a]. Our main result
is the following theorem.

Theorem 1. Let x,y be integers which are coprime to p, and let g be the polynomial
t3 — xt —y. The order of the automorphism group of G (p,z,y) 5 one of four polynomials
in p, with the choice of polynomial depending on the number of roots of g in GF(p).
Specifically, the automorphism group of G, . has order (P> —=1)p'2, (p—1)(p*—1)p'?,
p(p —1)%p'2 or (p — 1)3p'? when g has 0, 1, 2, or 3 roots in GF(p).

There is a deep theorem in Number Theory that asserts that if g(¢) is a polynomial
in ¢ with integer coefficients, and if the Galois group of ¢(t) over the rationals is abelian,
then the number of roots of ¢(t) over GF(p) is a PORC function of p, whereas if the
Galois group is not abelian, then the number of roots is not a PORC function of p.
(A function f(p) is said to be PORC, Polynomial On Residue Classes, if there is a finite
set of polynomials in p, g1(p), g2(p), - - ., gx(p), and a fixed integer M, such that for each
prime p, f(p) = gi(p) for some i (1 < i < k), with the choice of i depending on the
residue class of pmod M.) If g is quadratic, then the Galois group is always abelian, and
so the number of roots of g over GF(p) is PORC. Of course you can see this directly
from quadratic reciprocity. For example the polynomial #? + 3 has two roots in GF(p) if
p = 1mod 3, and no roots if p = 2mod 3. But if g is a cubic with Galois group S3, then
the number of roots of g over GF(p) is not PORC. So this theorem in Number Theory
immediately gives us:

Theorem 2. If x, y are non-zero integers such that the Galois group of the polynomial
t3 — xt —y over the rationals is Sz then the order of the automorphism group of Gp,z,y)
is not a PORC function of p.

Note that if we have a fixed pair of non-zero integers z, y, then x and y will be coprime
to p for all but finitely many primes. Note also that the Galois group of t3 — xt — vy is
S3 if the cubic is irreducible, and if its discriminant 42% — 2732 is not a square. So the
Galois group is S3 for “most” pairs of integers x,y. See Section 2 below for a short note
about this theorem from Number Theory.

On the other hand the non-PORC behaviour of individual groups G, ,,,) disappears
if we average over the whole family:

Theorem 3. For any given prime p > 3 there are (up to isomorphism) p+2+ged(p—1,3)
different groups G(p. 5., Let

1) = Y 1Au(@)]
G
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where Aut(G) is the automorphism group of G, and where the sum is taken over a set of
representatives for the isomorphism classes of the groups G, 5,. Then f(p) is PORC.

I would like to thank Roger Heath-Brown for all the help he has given me with the
number theory in this paper.

2. Roots of polynomials

If f(t) is a polynomial in ¢ with integer coefficients, then we can define the function
N¢(p) to be the number of roots of f over GF(p). As mentioned in the introduction,
Ny is PORC if and only if the Galois group of f over the rationals is abelian. Of course
N¢(p) < deg f, and so Ny is PORC if and only if there is an integer M such that

pmod M = gmod M implies that N¢(p) = N¢(q).
Wyman [11] gives the following theorem:

Theorem 4 (Abelian polynomial theorem). The set Spl(f) can be described by congruences
with respect to a modulus depending only on f if and only if f is an abelian polynomial.

Here, f is abelian if the Galois group of f is abelian, and Spl(f) is the set of primes
over which f splits. See [2], Theorem 2.1 and Corollary 5.11 for the history of this result
and some proofs. If Spl(f) is not describable by congruences, then of course neither is
Ny, whatever the degree of f. It is easy to see that the converse holds for degree 3. If f
is an irreducible polynomial of degree 3, with discriminant d, then N¢(p) = 1 if d is not
a square in GF(p) and Ny(p) = 0 or 3 when d is a non-zero square in GF(p). Quadratic
reciprocity takes care of when d is a square in GF(p), and so if Spl(f) is describable by
congruences then so is Ny.

The beauty of the Abelian Polynomial Theorem is that it shows that cubic polynomials
with Ny(p) not PORC are ubiquitous. But it is relatively easy to find specific cubic
polynomials f where there is a direct proof that Ny is not PORC, and this shows that
there are at least some groups G, ...,y such that the orders of their automorphism groups
are not PORC functions of p. For example it is well known that the polynomial 3 — 2
splits over GF(p) if and only if p = 1mod3 and p = a? + 27b* for some a,b. And
this is enough to show that N;s_5 is not PORC. (See for example [3], page 179.) The
polynomial ¢3 — 2 is not suitable for our purposes, since we need cubic polynomials of
the form t3 — xt — y where z,y # 0. But it is easy to show that ¢* — 2 has the same
number of roots as t3 + 6t — 2 in any field.

3. Connections with Graham Higman’s PORC conjecture

My interest in the non-PORC behaviour of the groups G, ;) arises from its connec-
tion with Graham Higman’s PORC conjecture [5,6]. Higman conjectured that if we set
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f(p,n) equal to the number of p-groups of order p™, then f(p,n) is a PORC function of
p for each positive integer n. He proved that the number of p-class two groups of order
p™ is a PORC function of p for each n. At the time Higman made his conjecture it was
known to hold true for n <5, and it has since been proved correct for n <7 (see [8,9]).
For example, for p > 5 the number of groups of order p° is

3p® +39p + 344 4+ 24 ged(p — 1,3) + 11 ged(p — 1,4) + 2ged(p — 1,5).

The number of groups of order p® with exponent p has also been shown to be PORC
(see [10]), as has the number of class three groups of order p° with exponent p.

Higman’s conjecture has stimulated interest in finding p-groups exhibiting non-PORC
behaviour of various sorts. For example du Sautoy and Vaughan-Lee [4] give an example
of a class two group G with exponent p and order p® with the following properties:

1. The number of conjugacy classes of G is not PORC.

2. The order of the automorphism group of G is not PORC.

3. The number of immediate descendants of G with exponent p and order p'° is not
PORC.

(A p-group H is said to be an immediate descendant of a p-group G if G =2 H/N,
where N is the last non-trivial term of the lower p-central series of H. See [8] for de-
tails.) The relevance of property (3) of G to Higman’s PORC conjecture is that the
classification of the groups of order p® in [8] was obtained by classifying the immediate
descendants of order p® of all the groups of order less than p%. In each case the num-
ber of descendants was PORC, and the PORC formula for the total number of groups
of order p® was obtained by summing all these individual PORC functions. The same
considerations apply to the classification of groups of order p” in [9]. If we were to use
the same method to compute the number of groups of order p'® then we would need
to draw up a complete and irredundant list of the groups with order dividing p°, and
compute the number of descendants of order p'® of each group in the list. Our example
shows that at least one group of order p® has a non-PORC number of descendants of
order p'°. However there are likely to be other groups of order p° with a non-PORC
number of descendants of order p'°, so the grand total of groups of order p'® could be
PORC, with individual non-PORC summands cancelling out. Nevertheless du Sautoy
and Vaughan-Lee [4] confidently asserted: “It seems likely that there are other groups of
order p° with a non-PORC number of immediate descendants of order p'°, and so it is
possible that the grand total is PORC, even though not all of the summands are PORC.
The authors’ own view is that this is extremely unlikely.”

It is still an open question whether the number of groups of order p'® is PORC, but
nevertheless this assertion is now looking rather foolish! Lee [7] has recently found a class
two group H with exponent p and order p® with the following properties:
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1. The number of conjugacy classes of H is not PORC.

2. The order of the automorphism group of H is not PORC.

3. The number of immediate descendants of H with exponent p and order p° is not
PORC.

However, in this case we now know that the total number of class three groups of
order p? with exponent p is PORC. In fact, in apparent contradiction to Lee’s result, I
have a complete list of the 70 class two groups of exponent p with order dividing p®. For
every single group G in my list

1. The number of conjugacy classes of G is a polynomial in p.
2. The order of the automorphism group of G is a polynomial in p.
3. The number of class 3 descendants of G with order p° and exponent p is PORC.

The explanation for this “contradiction” is that Lee’s group H is really a family of
groups, one for each p, as are the groups in my list. For any given p, Lee’s group H must
lie in one of my families, but it does not have to lie in the same family for every p. It
turns out that there are four (families of) groups in my list A, B, C, D. If p = 3 then
H = A if p=2mod3 then H = B, if p = 1mod3 and t3 — 2 has no roots in GF(p)
then H = C, and if p = 1mod3 and t* — 2 has three roots in GF(p) then H = D.
The non-PORC properties of Lee’s group arise from the fact that the number of roots
of 3 — 2 over GF(p) is not PORC.

The groups G,z do not directly impinge on Higman’s conjecture since they are
all terminal (i.e. they have no descendants). Also the number of conjugacy classes of
Gpzy) is “well behaved”. If y is coprime to p then G, ;) has p* + p® — 1 conjugacy
classes, and if ply it has p* +2p3 — p? — p conjugacy classes. Nevertheless it is interesting
to see non-PORC behaviour in groups with order as low as p”. And it is also interesting

to see how the non-PORC behaviour of individual groups in the family G cancels

DZ,Y)
out when you look at the “grand total”.

4. The groups G (p,»,) — isomorphisms and automorphisms
Clearly

G(p,w,y) = G(p,w”y’)

if 2 = 2’ modp and y = y’ mod p. More precisely, we can say that G, ;) is isomorphic
to G(p,ar,y) if and only if

/

' = A2zmodp, v = XN3ymodp

for some A which is coprime to p. The “if” part of this claim is straightforward. If a, b, c

are the defining generators of G, ;. ,), and if we set a’ = a, b’ = b’\27 ¢ =c* thena' bV, ¢
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satisfy the relations of G (;, x25,13,). The “only if” part of the claim is far from trivial —
we give a proof in Section 7.

There are p — 1 non-isomorphic groups G, . ,,) with x and y coprime to p. There are
ged(p — 1,3) groups G(p0,y) With y coprime to p, two groups G, .0y With x coprime
to p, and the group G(,,0,0)- So, in all we have p + 2 + ged(p — 1,3) groups G, 4., for
any given p. It is easy enough to write down an irredundant set of representatives for
the p+ 2+ ged(p — 1, 3) isomorphism classes if we think of x and y as elements of GF(p)
— we can do this since up to isomorphism it is only the values of z and y modulo p
which matter. We obtain a set of representatives for the p—1+ged(p—1, 3) isomorphism
classes with y # 0 as follows. If p = 1mod 3 we pick a primitive element w € GF(p), let
y range over {1,w,w?} and let x range over {0} U T, where T is a transversal for the
cube roots of unity in the multiplicative group GF(p)\{0}. If p = 2mod 3 we let y = 1,
and let x take any value in GF(p). For y = 0 and = # 0 we have two isomorphism classes
depending on whether x is a square in GF(p), or not a square. And finally, of course, we
have the group G, 0,0)-

The automorphism group of any one of the groups G, . ) is determined by its action
on the Frattini quotient G/G’. If d, e, f are any three elements in the derived group then
we have an automorphism mapping a, b, ¢ to ad, be, cf, and we can compose any other
automorphism of G with this automorphism. So the order of the automorphism group
of G is |A|p'?, where A is the automorphism group induced on G/G’. This group A is a
subgroup of GL(3, p) and we show that if 2 and y are coprime to p it is the group A, )
of all non-singular matrices in GL(3,p) of the form

o} B 0
Yy a+xzB —yB
yb+ay vy a

(Here a, 3,y represent general elements of GF(p).) When p|z but y is coprime to p then
the group of automorphisms induced on G/G’" depends on pmod 3. If p = 2mod 3 then
it is A(g,y), but when p = 1 mod 3 it is the group of all non-singular matrices of the form

1 0 O a fp vy
0 X 0 yy a —yB
0 0 A yB -y o«

where A3 = 1. The group A(o,y) is a subgroup of index 3 in this group.

If y # 0, it turns out that the order of A, ,) depends on the number of roots of the
polynomial t3 — zt — y. Depending on whether the number of roots is 0, 1, 2 or 3, Az
has order p* — 1, (p — 1)(p? — 1), p(p — 1)? or (p — 1)3. We give proofs of these claims in
Section 6 and Section 7.

There are three groups G, 5 ) With ply, G, 50y with 2 = 0,1, w where w is a primitive
element modulo p. Calculating the action induced on G/G’ by the automorphism group of
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G in these three cases is straightforward. When x = 0 we have the group of non-singular
matrices of the form

1 B v
MO w2 0
0 —ypu p

which has order p?(p — 1)2. When z = 1,w we have the group of non-singular matrices

A 0 1 0
+xy Fy o

The determinant of this matrix is A\3(a? — 2v?), so the order of this group 2(p — 1)? if
r=1,and 2(p—1)(p?> - 1) if = w.

5. Proof of Theorem 3

In this section we show that Theorem 3 follows from Theorem 1.
Let

fo =z, y|z,y € GF(p)\{0}, t* — xt — y has n roots}|

for n = 0,1,2,3. Then the functions f,, have the following values. If p = 1 mod 3 then
fo, f1, f2, f3 are

v-DE - DE -1, - D

respectively, and if p = 2mod 3 then fy, f1, f2, f3 are

, (p*1)$, (p—1), (p*l)p%5

ptl

(r—1) 3

respectively. This is quite easy to see. The discriminant of ¢3 — xt —y is 42% — 27y2. The
polynomial has one root if 423 — 2742 is not a square, and two roots if 423 — 27y% = 0.
It is easy to see that there are p — 1 pairs z,y with z,y # 0 and 423 — 27y? = 0. This
gives the value of fo. When z,y # 0 we can write

2
4a® = 27y = 2?(dz — 2755
€T

so we can see that for a fixed value of £ there are p—gl non-zero values of x such that
423 — 2742 is not a square when p = 1 mod 3, and p—;?’ values when p = 2mod 3. This

Please cite this article in press as: M. Vaughan-Lee, Non-PORC behaviour in groups of order p7, J.
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gives the value of f;. The value of fy comes from counting the number of irreducible
polynomials of the form t3 — xt — y. Finally, we have f3 = (p — 1)? — fo — f1 — fo-

Up to isomorphism there are p — 1 groups G, . ) With z,y # 0, each group arising
p— 1 times. As stated in Theorem 1, if x,y # 0 the order of the automorphism group of
G (p,z,y) 1s one of four polynomials in p, with the choice of polynomial depending on the
number of roots of t3 — xt —y in GF(p). The number of times each automorphism group
arises as we range over these p — 1 groups can be obtained by dividing the functions f,,
by p — 1. So if we sum the orders of the automorphism groups over these p — 1 groups
we obtain a PORC function.

When z = 0 and y # 0 we have (up to isomorphism) one group with automorphism
group of order (p —1)(p? — 1)p*2 when p = 2mod 3, or three groups with automorphism
groups of orders

3(p—1)%p"2, 3(p* — 1)p'%, 3(p® — 1)p*?

when p = 1mod3. And finally, when y = 0 we have three groups with automorphism
groups of order

P (p—1)%", 20— 1)°p"%, 2(p — 1)(p* — 1)p**.
This proves Theorem 3.
6. The matrix group A, .

In this section we investigate the group A, ) of non-singular matrices in GL(3, p) of
the form

a B Y
M, B,7) = Yy at+azf —yB |,
yp+zy v a

where z,y € GF(p), y # 0. The key feature of these matrices is that the second and
third rows are determined by the first row. It is easy to check that the set of non-singular
matrices M (a, §,v) forms a group under multiplication. In fact the group is an abelian
group. We show that the order of this group depends on the number of roots of 3 — 2t —1y,
andis p® —1, (p—1)(p> —1), p(p—1)? or (p—1)3 depending on whether this polynomial
has 0,1, 2 or 3 roots.

The determinant of M (a, 8,7) is

o’ + oa?Br — 3afyy — ay’e — By — 2B%yxy — By 2 — 4Py,

and we need to determine the number of triples «, 3,7 such that this determinant is
zero. It turns out to be helpful to look at some special cases:

Please cite this article in press as: M. Vaughan-Lee, Non-PORC behaviour in groups of order p”, J.
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det(M (e, 0,0)) = a?,
det(M(0, 8,0)) = =%,
det(M(0,0,7)) = =y,
det(M(0, 8,7)) = =B°y* — 28%yay — Bv°a”® — %y,
det(M(a,0,7)) = o® — ar’z — 47y,
det(M(a, 8,0)) = o® 4+ o Bx — B3>

So if two of a, 3,y are zero and the third is non-zero then the determinant is non-zero. If
two of a, 3, are non-zero and the third is zero, then the number of matrices with zero
determinant depends on the numbers of roots of the following polynomials: y?t3 —2zyt? —
22t —y, 3 —at —y, t3 + xt — 2. It is easy to see that these three cubics all have the
same number of roots, and we can obtain expressions giving the roots of any one of these
cubics in terms of the roots of any other.

To handle the general case, we let K be a splitting field for 3> — 2t — y over GF(p),
and we let d, e, f be the roots of > — zt —y in K. Then

det M (e, 3,7) = (e + (—=d® + 2)B — dy) (o + (—€* + 2)B — ey)(a + (—f> + z) B — [7).

This factorization was not so easy to find, but it is easy to verify it using a computer
algebra system such as MAGMA [1]. Define P to be

(a+ (—d*+2)B —dy)(a+ (—e* + )8 —ey)(a+ (—f* +2)B — fv) — det M(a, B, 7).

Then we want to prove that P = 0. We have d+ e+ f =0 and ef + fd + de +z = 0.
We use the equation d + e + f = 0 to eliminate d from ef + fd + de + x, and obtain
z—e2 —ef — f2 = 0. If we use the equation d + e + f = 0 to eliminate d from P, and
then add

(f° = fz —y)Bapy + B°f° = B° fz + By + 28%y2 + 7°)
(which we know to be zero), then we obtain an expression which is exactly divisible by

r—e?—ef —f%2 SoP=0.
If 3 — 2t — y has no roots in GF(p), then none of the factors

(a+ (=d*+ )8 —dy),
(a+(—€*+ )8 —e),
(a4 (=f>+2)8—fv)

can be zero unless a = 8 =+ =0, and so A(, ,) has order p3 — 1.
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If the discriminant of 3 — 2t —y is zero then we have roots d, e, e in GF(p), with d # e.
There are p? triples (c, 3,7) such that a+ (—d?+x)3 — dy = 0, and p? triples such that
a+ (—e? +2)B — ey = 0. Also, there are p triples such that

a+ (—d*+2)p—dy=a+ (—e*+ )3 —ey=0.

So A(z,y) has order p* — 2p* +p = p(p — 1)*.
If 3 — 2t — y has three distinct roots d, e, f € GF(p) then the three simultaneous
equations

a4+ (—d* +2)p —dy =0,

a+(—e2+x)—ey=0,

a+(=fP+a)f—fy=0
are independent since

1 —-d*+z —d
det | 1 —e2+z2 —e | =(d-f)(d—e)e—f).
L —fte —f

So the order of the group A, ) is pP—3p>+3p—1=(p— 1)3.
Finally suppose that t> — 2t — y has a single root d € GF(p). Then

t3—at—y=(t —d)(t* +dt +d* — ),

and so if we pick u € GF(p?) such that u? = 42 — 3d? then the other two roots e, f of
t3 — xt — y can be expressed in the form

—d+u
5

Note that since e, f ¢ GF(p), u ¢ GF(p). Using this expression for e, the factor a +
(—e% + z)3 — ey can be expressed in the form

1 1 1 1
ZBd? + =yd — ~yu + - Bd
a+26 —1-27 2vu+2ﬁu

Since u ¢ GF(p) this factor can only be zero if v = Bd, and then it equals 8d? + . So
this factor can only be zero if o = —3d? and v = Bd. The same applies to the factor
a+ (=f%+z)B — fv. So in this case there are p? solutions to a + (—d? + )3 — dy =0
and p solutions to

(a+ (= + ) —ey)(a+ (—fP+ )8 - fy)=0.
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Note that if &« = —Bd? and v = Bd then the factor a + (—d? + x)3 — d is equal to
8 (z — 3d*) which can only be zero if 8 = 0. (If # = 3d? then u? = 9d* and u € GF(p).)
It follows that A, ,) has order pP-p—-p+1l=(p-1) (p2 — 1).

7. Automorphism groups and isomorphisms revisited

We still need to prove our claims made in Section 4 about the automorphism groups
of the groups G, ., when y is coprime to p. We also want to prove the “only if” part
of the claim made in Section 4 that G, ;) is isomorphic to G, . ) if and only if

' = Nz modp, ¥ = Nymodp (1)

for some A\ which is coprime to p.

It makes the exposition easier, and the notation clearer, if we switch to Lie algebra
notation. The Lazard correspondence gives a correspondence between groups of exponent
p and nilpotent Lie algebras over GF(p). Under this correspondence the group G 4.4
corresponds to the Lie algebra L, . ,) over GF(p) with presentation

{(a,b, c|bab, bac, caa, cab, cac — baa, cbb — ybaa, cbc — xbaa, class 3).

The automorphism group of L, ., is the same as the automorphism group of G, ..,
and just as in the group case it is determined by its action on L/L2. If A is a matrix in
GL(3,p) and if we let

a a
v]=4a|0b],
C/

then o/, V', ¢ generate L. We want to prove that the map sending a, b, ¢ to a’, V', ¢’ extends
to an automorphism of L if A € A, ,). We also want to prove that if z,y # 0 then the
map extends to an automorphism if and only if A € A, ).

It is straightforward to show that matrices A € A, ) define automorphisms. Let

a b c
A=|d e [ | eGL(3p).
g h i

Then A gives an automorphism of L, , . if the 7 polynomials below evaluate to zero.
fi = xbf? — zcef + ybef — yce?® + ade + af? — bd* — cdf

fo=axbfi — xcei + ybfh — yceh + aeg + afi — bdg — cdi
fs = xbci — xc?h + yb%i — ybeh + a’h — abg + aci — g

Please cite this article in press as: M. Vaughan-Lee, Non-PORC behaviour in groups of order p7, J.
Algebra (2016), http://dx.doi.org/10.1016/j.jalgebra.2016.07.042




YJABR:15893

12 M. Vaughan-Lee / Journal of Algebra o e o (o e o 0) o0 0—0 o

fa = xbfi — xcfh + ybei — yceh + adh + afi — bdg — cfg
fs = —xbef + xbi® + xc’e — xchi — yb® f + ybee + ybhi — ych? — a’e + abd
—acf + agh + ai® — bg® + *d — cgi
fo = —zybef + zyc’e + zefi — xf2h — y?b? f + y*bee — ya®e + yabd
— yacf + yc2d 4+ ye?i — yefh + d*h — deg + dfi — f?g
fr = —a?bef + 2%cPe — ayb® f + zybce — xa’e + zabd — zacf + xcd + vei®
— xfhi+yehi —yfh? + dgh + di* — eg® — fgi.
Define a’, V', ¢ as above and then ¥'a’b’ = 0 if and only if f; evaluates to zero, ¥’a’c’ =0
if and only if fy evaluates to zero, and so on.

We assume that y # 0, and let H be the set of matrices A € GL(3,p) such that if we
define a’, ', ¢’ as above then a',b’, ¢’ satisfy the first five defining relations of L, ; ,:

ba't =vdd =cdd =ddb =cddd —bdd =0. (2)

At this stage we place no restriction on x. We show that H is the set of non-singular
matrices of the form

1 0 O Q@ I3 y
0 X 0 vy a+zB8 —yB |. (3)
0 0 A yp + vy —y @

In other words, if we set

1 0 O
Jn =0 x» o],
0 0 A

then H is the set of non-singular matrices of the form J(A)M(«,B,v). It is easy to
check that if a’, ', ¢’ do correspond to a matrix of this form, then a’,¥’, ¢’ do satisfy the
relations (2) — just substitute the entries in a matrix of this form into the polynomials
f1, fo,. .., fs corresponding to these relations, and check that the polynomial evaluate
to zero.

It turns out to be a straightforward calculation using a computer algebra program
to show that any matrix in H with first row («, 3,0) must equal J(A)M(a, 3,0) for
some \. If we set ¢ = 0 in fi, fo,..., f5, then we obtain 5 polynomial equations in
a,b,d,e, f,g,h,i, and it turns out that you can solve for d,e, f,g,h,i in terms of a,b.
Similarly, any matrix in H with first row (a, 0,v) must equal J(A\)M («, 0,) for some A,
and any matrix in H with first row (0, /3, ) must equal J(A\)M (0, 3,~) for some .
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I have been unable to find a similar straightforward calculation to deal with the case
when «, 3,7 are all non-zero, so I approached the problem in a different way. As above,
we let A = A, ) be the set of non-singular matrices M (c, 3,7). The set H is not closed
under multiplication, but HA = H. To see this let A € H, and let B € A. We want to
show that AB € H. Let

a a a a
V| =B|b], |V | =AYV
c c c’ c

We want to show that a”,b”, ¢ satisfy the relations (2), and this follows from the fact
that a/, b, ¢’ satisfy all the relations of L, and from the fact that A € H.

An independent proof that HA = H can be obtained as follows. If we let A be a
general 3 x 3 matrix with symbolic entries, then we have 5 polynomials f1, f2,..., f5 in
the entries from A corresponding to the relations (2). If the polynomials evaluate to 0
for a particular matrix A then A € H. Now let B = M (q, 3,7), where the entries «, 3,7
are symbolic. If we evaluate the polynomials f1, f, ..., f5 at the entries in AB then we
obtain five polynomials g1, g2, ..., g5, and we can verify that f;|g; for i =1,2,...,5.

Now let A € H have first row («, 3,7). The case when det M (a, 8,7) # 0 is straight-
forward. If we let B = M («, 3,7) then AB~! € H and AB~! has first row (1,0,0). But
we know that the only matrices in A with first row (1,0,0) are the matrices J(A). (This
follows from the remarks above about matrices with & = 0, or 8 = 0, or v = 0.) So
AB~! = J()\) and

A=JNB=JNM(a,f,7).

The problem is that in the case when det M («, 3,7) = 0 then we need to show there
is no matrix in ‘H with first row («, 8,7).
Now we know from Section 6 that if det M («, 8,~) = 0 then either

a=(d*—z)B+dy
for some d satisfying d®> — xd —y = 0, or @ = —3d? and v = 3d for some d satisfying

d® —xd—y=0.
First consider the case when a = —3d? and v = f3d for some d satisfying

d®—zd—y=0.
Then the row (a, 8,7) corresponds to the element

a' = —Bd*a+ b+ Bde € L,

and it is straightforward to show that la’a’ = 0 for all [ € L. In particular, if o', ', ¢’

were generators of L satisfying the relations (2), then we would have ¥'a’a’ = 0, which
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would imply that ¢’a’ was in the centre of L. But when y # 0 then the centre of L is L3.
So no element of H can have first row (—3d?, 3, 3d).
Next consider the case when a = (d? — x) + d, and suppose that

(@—z)B+dy B
A= ) e (| eH.
A uwov

We know that if 8 =0 or v = 0 then A must lie in J(A).A for some A, so we assume that
B and -y are non-zero.
Let

B = M((d? - )3 + d,0,7).

Then AB = C, where the last entry in the first row of C'is zero. If det B # 0 then B € A
and C = AB € H. But C has a first row with a zero in it, so C € J(\)A for some A,
and it follows that A = CB~1 € J(\)A.

Similarly, if we let

D = M(By,~,0)

then AD = E where the last entry in the first row of E is zero, so that provided det D # 0
we see that A = ED™! € J()\)A for some .
We complete the proof of (3) by showing that if

detB=detD=d*>—a2d—y =0

then the element a’ = ((d?> — )83 + dvy)a + Bb+ ~c has the property that la’a’ = 0 for all
l € L. As above this shows that @’ cannot be part of a generating set a’,b’, ¢ satisfying
the relations (2). We have aa’a’ = fbaa and ba'a’ = gbaa, where

f=aB? —d*B* —dpy -+,
g =B = 2xd’B* — 2xdBy — x7* — yBy + d* 5% + 2d°By + d°°.

Using the fact that v # 0, la’a’ =0 for all [ € L if and only if f = g = 0. However if we
subtract By(d® — zd — y) from g (hence eliminating y), then the result is divisible by f.
So we only need to show that if

detB=detD=d®—ad—y =0
then f = 0. Now det D = 32 (—73 +yp3 +:10527) and y # 0, so if det D = 0 we have

0= (=" + B +25>) + B(d* — zd — y)
=(y—dp)f.
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So provided 7 # df we have f = 0. On the other hand, if v = df then f = 32 (x — ?)c1l2)7
and

3
3% det B — ;—QdetD — 3% (¢ —d?) (x — 3d%)°.

We cannot have 2 = d? since d® — xd —y = 0 and y # 0, and so if
y—dBf =detB=detD =0

then f = 0 as required.
We are at last in a position to justify our various claims about the automorphism
group of L, ;) and G, .,y and about the isomorphism classes of the groups G, 4 4)-
Let L = L 4, with y # 0. Let A € GL(3,p), and assume that the map 6(A) sending
a,b,cto a',b,c extends to an automorphism of L, where

a a
v |=Alb
c/

Then certainly A € H, and so A = J(A)M («, 8,7) for some A, «, 3,7. Let

a a
b | =M(a,8,7) | b
c’ c

We know M («, 8,7) does give an automorphism of L, so that a”,b”,¢” satisfy all the
defining relations of L. We have a’ = a”, b’ = A\?b”, ¢/ = A¢”’. We also know that a’, b, ¢
satisfy the relations (2). We then have

C/b/b/ _ )\E)Cllb//b” —_ )\Syb//a//a// _ )\3yb’a’a’, (4)

C/b/c/ — )\46//1)//6// _ >\4xb//a//a// _ )\sz/a/a/.

So for §(A) to be an automorphism we require A*> = 1, A2z = x. If x # 0 we must A = 1,
and if x = 0 then A can be any cube root of unity. This establishes our claims about the
automorphism groups of L, , ) and G, ,,) when y # 0.

Finally, assume that y # 0, and let ¢ : L, 5.4y — L4,y be an isomorphism. Pick
generators a’, b, ¢’ for L, ., such that ¢(a’), o(b'), ¢(c’) are the defining generators of
L

pay)- Then o' b, ¢’ satisfy the relations (2), and

C/blb/ — y/b,ala/,

v =a2'ba'd.
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Since o/, V', ¢’ satisfy the relations (2), we must have

a a
V| =J\)M(a,B,9) | b
c c

for some A, a, 3,7, where a,b, c are the defining generators of L, 5 .. So, as in (4) we
have

V'Y = Nyb'd'd,

b = N2abdd.

So ' = A2z, and y' = A3y, as claimed in (1). In particular, the fact that y # 0 implies
that y’ # 0.

To complete the proof of our claim (1) about when two groups G, ;) and Gy . )
can be isomorphic we need to prove that G, 0y = Gp 0y if and only if 2’ = A2z for
p,z,y) Of the form a, b)‘Q, >
that there are at most 3 isomorphism classes of groups G, . o) for any given p — one

some A. Now we know from considering generating sets for G

class when = = 0, one class when z is a non-zero square, and one class when x is not
a square in GF(p). But the groups in these three classes have different automorphism
groups, so we have exactly three isomorphism classes.
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