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1. Introduction

Throughout this paper R denotes a ring with unity and M is a unital right R-module.
The endomorphism ring of M is denoted by S = Endr(M). Thus M can be viewed as
a left S-right R-bimodule. Recall that a ring R is (quasi-)Baer if the right annihilator
of every nonempty subset (resp. right ideal) of R is generated (as a right ideal) by an
idempotent of R. These definitions are left-right symmetric. In [9] Kaplansky introduced
Baer rings to abstract various properties of AW*-algebras, von Neumann algebras, and
complete *-regular rings.

In [7] Clark defined quasi-Baer rings, and used them to characterize when a finite di-
mensional algebra with unity over an algebraically closed field is isomorphic to a twisted
matrix units semigroup algebra. Large classes of rings satisfy the Baer property - ex-
amples include right self-injective von Neumann regular rings, von Neumann algebras,
and the endomorphisms rings of semisimple modules. Examples of quasi-Baer rings also
include large classes, such as all prime rings and rings of matrices over Baer rings.

In [14] Pollingher and Zaks have shown that the class of quasi-Baer rings is closed
under n X n matrix rings and under n X n upper (resp. lower) triangular matrix rings.
Furthermore, it can be followed from their results that the quasi-Baer condition is a
Morita invariant property. Thus an n x n (n > 1) matrix ring over a non-Priifer com-
mutative domain is a prime PI quasi-Baer ring which is not Baer (][9], p. 17). Also an
n xn (n > 1) upper triangular matrix ring over a domain which is not a division ring is
quasi-Baer but not Baer ([9], p. 16). Thus the class of quasi-Baer rings seems to behave
better than the class of Baer rings under various extensions.

According to Birkenmeier, Kim and Park [5], a ring is said to be right (resp. left)
principally quasi-Baer if the right (resp. left) annihilator of a principal right (resp. left)
ideal is generated (as a right (resp. left) ideal) by an idempotent. This definition is not
left-right symmetric. The class of p.q.-Baer rings includes all biregular rings and all
quasi-Baer rings and is closed under direct products and Morita invariance.

Birkenmeier, Kim and Park [6] have shown that a number of polynomial extensions
such as formal power series, Ore extensions of endomorphism type, and Laurent series
do not preserve the Baer condition. However all is not lost for, in spite of these examples,
some “Baerness” remains. They have also shown that for many polynomial extensions
(including formal power series, Laurent polynomials, and Laurent series), a ring R is
quasi-Baer if and only if the polynomial extension over R is quasi-Baer.

In [4] Birkenmeier, Kim and Park have shown that R is a right p.q.-Baer ring if and
only if R[x] is a right p.q.-Baer ring. Moreover, there is a p.q.-Baer ring R such that
the ring R[[z]] is not p.q.-Baer. In [12], Liu has proved that R is right p.q.-Baer if and
only if R[[z]] is right p.q.-Baer and any countable family of idempotents has generalized
join, when all the left semicentral idempotents are central. For a right p.q.-Baer ring,
the condition that left semicentral idempotents are central is equivalent to assume R is
semiprime, ([5], Proposition 1.17]). Huang [8] showed that, in Liu’s result, the condition
requiring all left semicentral idempotents being central, is redundant.
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In 2004, the notion of Baer rings was placed in the general module-theoretic setting
by Rizvi and Roman utilizing the endomorphism ring of the module for the first time
[15]. Tt was shown that many results for Baer rings can be proved in the general setting
of modules including a type theoretic decomposition similar to the one provided for
Baer rings by Kaplansky in [9]. Considering an R-module M as an (S, R)-bimodule
where S = Endgr(M), a module M is said to be Baer if the right annihilator in M
of any nonempty subset of S is generated by an idempotent of S (see also [16], [17],
[18]). Some examples of Baer modules include Baer rings R viewed as right R-modules,
semisimple modules, nonsingular (K-nonsingular) extending modules, free modules of
countable rank over a PID. The module My is said to be a quasi-Baer module if the
right annihilator in M of any two-sided ideal of S = Endr(M) is a direct summand of
M. It is easy to see that, when M = Rpg, the two notions coincide with the existing
definitions of Baer and quasi-Baer rings, respectively.

In [1] we introduced the notion of endo-principally quasi-Baer modules as a general-
ization of quasi-Baer modules. Let M be a right R-module and S = Endr(M), M is
called an endo-principally quasi-Baer (or simply, endo-p.q.-Baer) module if, for every
m € M, ls(Sm) = Se, for some e? = ¢ € S.

Alternative definitions of Baer (quasi-Baer) modules appear in [10] by Lee and Zhou.
Extending the notion of a reduced ring (for which a? = 0 implies a = 0, for each a € R),
they introduced the notion of a reduced module. By their definition, a right R-module
M is a reduced module if, for every m € M and a € R, ma = 0 implies mR N Ma = 0.
Knowing that reduced rings have been used to obtain results on various annihilator con-
ditions, such as Baer and quasi-Baer properties of the (Laurent) polynomial extensions
and (Laurent) power series extensions of rings, they extended some of the results from
reduced rings to reduced modules. Extending the notion of Baer and quasi-Baer rings,
Lee and Zhou define an R-module M to be Baer (resp. quasi-Baer) if rg(X) = eR, for
every subset X of M (resp. for every submodule X of M), where e? = e € R.

In [10], the authors prove that a module Mp is quasi-Baer if and only if M [z]p[,
is quasi-Baer if and only if M{[z]]g[j)) is quasi-Baer if and only if M[l‘,xil]R[Iym—l] is
quasi-Baer if and only if M{[z, 2] g((z,.—1] is quasi-Baer.

Throughout this paper, Baer, quasi-Baer and endo-p.q.-Baer modules are applied
based on their definitions in [15] and [1], respectively. We first determine endomorphism
rings of polynomial and power series extensions of any R-module M and then we char-
acterize the Baer and quasi-Baer properties of these extensions, in terms of those of M.

Let M be an R-module, S = Endr(M), X an arbitrary nonempty set of not nec-
essarily commuting indeterminates and 4 be the set of all monomials in R[X]. Note
that we suppose that every element of R commutes with every indeterminate. We define
R-modules Mz] and M[[x]] as:

Mz = { S0 mat cr > 0,m; € M}, M[z]] = {z;’jo miz s my € M}. Then M[z]

is a right R[z]-module and M|[[z]] is a right R[[z]]-module, by usual scalar products
(clearly every element of R commutes with z).
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In particular M[z] is a left S[x]-module by the following:
for every plz] = >21_y miz’ € Mlz] and flz] = 377, fia’ € Sa],

flalple] = >3 fi(ma)a™.

§=0 i=0

Similarly, M[[z]] is a left S[[x]]-module.

We define M[X] as the set of all elements of the form ) , maa such that, for every
a € A, my € M and there are only finitely many o € A, in which m, # 0. M[[X]]
is the set of all elements of the form ) ., mqa. By these definitions M[X] is a right
R[X]-module by the following:
for every >_ oo mac € M[X] and 35 738 € R[X],

(Z maa)(z Tﬁﬂ) = Z Z mar,ﬁaﬂ~

a€A BEA a€A BeA

Similarly, M[[X]] is a right R[[X]]-module. In particular, every element of S[[X]] can be
represented as ) 5. 4 fg3 in which, for some 3 € A, fz € S. By these notations M[[X]]
is a left S[[X]]-module, by the following scalar multiplication:

(Z fBﬁ)(Z Mmaa) = Z Z fa(ma)Bor.

BEA acA BEA acA

In this paper we prove that, the endomorphism ring of the module M |x] Rlz] 18 isomor-
phic to a subring of S[[z]] containing power series Y .=, f;z* in which, for every m € M,
there are only finitely many indices ¢ > 0 such that f;(m) # 0. Obviously, this ring
contains S[x]. We also show that the endomorphism ring of the module M [[z]]g(5] is
isomorphic to S[[z]]. As a consequence, we show that, for a module Mg and an arbitrary
nonempty set of not necessarily commuting indeterminates X, Mg is quasi-Baer if and
only if M[X]g[x] is quasi-Baer if and only if M[[X]]r[x) is quasi-Baer if and only if
M{z]R[y) is quasi-Baer if and only if M([[x]]g( is quasi-Baer. It is also shown that,
M][z]] is an endo-p.q.-Baer right R[[z]]-module if and only if My is an endo-p.q.-Baer
module and, for every countable subset N = {mq,m1,...} of M, ls(D>,_o, Sm;) is
generated by an idempotent in S, as a left ideal of S. As a corollary we show that, the
power series ring R[[z]] is left p.q.-Baer if and only if R is left p.q.-Baer and the left
annihilator of every countably generated left ideal of R is generated by an idempotent.
This result shows that in the Liu’s result [12, Theorem 3], the semiprime condition is
redundant. Our results also extend several other existing results.

2. Polynomial extensions of modules with Baer property

The notations N < M, N <® M or N < M mean that N is a submodule, a direct
summand of M or a fully invariant submodule (i.e. Vo € Endr(M),p(N) C N). We
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also denote lg(N) = {p € S|¢N = 0} for N < M. I < S means I is an ideal in S and
we denote rps(I) = {m € M|Im =0} and rg(I) = {p € S|Ip = 0}.

According to [3], an idempotent e € R is called right (left) semicentral, if for each
r € R, er = ere (resp. re = ere). First, we recall some of the basic properties of
idempotents, where S;(R) and S,-(R) denote the set of left semicentral idempotents and
right semicentral idempotents of R, respectively.

Lemma 2.1 (/5/, Lemma 1.1). For an idempotent e € R, the following conditions are
equivalent:

(i) e € Si(R);
(i) 1—e € S (R);
(7i1) (1 —e)Re =0;

(v) R(1—e) is an ideal of R;

)
)
)
(iv) eR is an ideal of R;
)
) eR(1—e) is an ideal of R and eR = eR(1 —e) @ Re, as a direct sum of left ideals.

(vi

According to Liu [12], a countable family of idempotents E = {eg, e1,...} of R is said
to have a generalized join e if there exists €2 = e € R such that

(1) e;R(1 —e) =0;
(2) If d is an idempotent and e;R(1 — d) = 0 then eR(1 — d) = 0.

By Huang [8], a countable subset E = {eg, e1, ...} of S;(R) has a generalized countable
join e if there exists e € S;.(R) such that, given a € R:

(1) e;e = e;, for all positive integer i;
(2) eja = ey, for all positive integer i, then ea = e.

Since Baer and quasi-Baer modules are defined by exploring the connections between a
module M and its endomorphism ring, we investigate the structure of the endomorphism
rings of M [x]g[, and M [[z]] p[z])-

Proposition 2.2. Let M be an R-module with S = Endr(M) and consider the modules
M[QE]R[Z] and M[[I]]R[[w]] . Then

(1) Every endomorphism of M|x|g[, has a representation as a power series in S[[x]].
(2) Bvery endomorphism of M|[x]]rjis) has a representation as a power series in S[[x]].

Proof. (1) For every ¢[z] € Endgjy(Mlz]) and m € M, we will have ¢[z](m) € M|z].
Take ¢[z](m) = mg + mix + maz? + ... + muzt. Now, for every i > 0, define the map
fi: M — M as f;(m) =m;. Since p[x] € Endgy(M|[z]), for every i, f; is a well defined
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endomorphism of M and so f; € S. Hence, for every m € M, o[z](m) = Y 2, fi(m)z".
Clearly, for every m € M, there are only finitely many indices i such that f;(m) # 0
By a routine computation, it is easy to show that, for every Z?:o njz? € M|z] and
olz] € Endgpy) (M|x]), we have

oo

ele] (Y 2y = (> fulng)a = O fie') (Y nyad).
7=0 =0

k=0 i+j=k i=0

Therefore, every ¢lx] € Endg,)(M|[z]) is represented by > 77 fiz’ where f; € S and,
for every m € M, there are only finitely many indices ¢ > 0 such that f;(m) # 0.

(2) For every ¢[z] € Endgjy)(M][z]]) and m € M, we will have p[z](m) € M][[z]].
Take [x](m) = mo+miz+maz?+. ... Now, for every i > 0, define the map f; : M — M
as fi(m) = m;. Since ¢[z] € Endpg) (M][z]]), for every i, f; is a well defined endomor-
phism of M. So, for every i, f; € S and, for every m € M, p[z](m) = Y .2, fi(m)z".
By a routine computation, we can show that, for every 777, n;z? € M][z]] and
olz] € Endgyp)(M][z]]), we have

oo

pla] (Y na’) =Y (Y filny)a* = fie) (D nyal).
j=0 i=0 j=0

k=0 it+j=k
Therefore, every ¢[z] € Endpg,)(M|[z]]) is represented by Y% fiz’. O

In the next theorem we characterize the structure of endomorphism rings of the mod-
ules M[x] gy and M[[z]] rypa))-

Theorem 2.3. Let M be an R-module and S = Endr(M). Then

(1) the endomorphism ring of the module M[x] gy, is isomorphic to a subring of S|[x]]
containing power series Zzo fiz® in which, for every m € M, there are only finitely
many indices i such that f;(m) # 0. Moreover, this ring contains S[z].

(2) the endomorphism ring of the module M|[x]] gy s isomorphic to S[[x]].

Proof. (1) By Proposition 2.2, every ¢[z] € Endg,)(M]z]) is represented by a power
series >_-° ) fiz" € S|[z]] in which, for every m € M, there are only finitely many indices i
such that f;(m) # 0. Conversely, consider Y_:° | fiz* € S[[z]] in which, for every m € M,
there are only finitely many indices ¢ > 0 such that f;(m) # 0. Now define ¢[z] :
M (2] pia) = M2 g, with ela)(pla]) = 22720324 = fi(my))a?, for plz] = mo +miz +
...+ mux'. Then, it is easy to check that, ¢ is well-defined and ¢[z] € Endgp,)(M|[z]).
Define S as the set of all > ;2 fiz* € S[[z]] in which, for every m € M, there are only
finitely many indices ¢ such that f;(m) # 0. Clearly, S is a subring of S[[z]]. Now, define
g : Endpp(Mlz]) — S with, g(elz]) = Y72, fir", for every ¢lz] € Endpgp,)(M|z]).
Then by a routine computation, g is a well-defined group isomorphism. Now, let ¢[x]
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and 9[z] be two arbitrary elements of Endpgp,)(M[z]) with g(p[z]) = Y0, fiz" and
g(¢[z]) = D50 hiz'. Then, for every plz] = mo + miz + ... + mya' € M|z],

(Wlzlel)) (plz]) = Yla](el2](ple))) = (O (> fimy)z')
t=0 i+j=t
= Z( Z hk(fimj))xt = Z( Z (hkfi)mj)xt
t=0 (i+j)+k=t t=0 (i+k)+j=t

=2 (D (9@lal)g(ela]))imy)a’ = (9(4[x))g(ela))) (pla]).

Hence, for every wla], vla] € Enday) (Mla]), g(lelple)) = g(l))g(ela]). Thus g is a
ring isomorphism and so Endpgy (M [z]) is isomorphic to a subring of S[[z]] containing
power series Y .o fiz® such that, for every m € M, there are only finitely many indices
i > 0 such that f;(m) # 0. Clearly, this ring contains S|x].

(2) By Proposition 2.3, every ¢ € Endp,j(M|[[z]]) can be represented by a power
series > :2 ) fiz' € S[[z]]. Conversely, consider power series > .o, f;z* € S[[z]]. Now we
define a map @[z : M([z]] gy — M[[@]]ripay), with @l2](plz]) = 32720(30 4 = fimj)t,
for p[z] = mo+mix+... € M[[z]]. Then, it is easy to check that, ¢ is well-defined and ¢ €
Endgjy) (M [[z]]). Now, define g : End g (M[[z]]) — S[[z]], with g(p[z]) = 3232, fia',
for every ¢[z] € Endpgp)(M][z]]). Clearly g is surjective and similar to (1), we can show
that g is a ring monomorphism. So Endg(,(M[[x]]) is isomorphic to S[[x]]. O

Example 2.4. Consider Q as a right Z-module. Then Endz(Q) ~ Q and so, by Theo-
rem 2.3, we will have:

Endg i) (Q[[«]]) ~ Q[[«]].
Example 2.5. Let R be a ring and consider @° R as a right [[;° R-module. Then,

obviously Endj= r) (@7 R) ~ [[{° R and hence, by Theorem 2.3, we will have:

End(z ryey (ED R)[=]) ~ [ Rll=].

Proposition 2.6. Let M be an R-module with S = Endgr(M) and X an arbitrary
nonempty set of not necessarily commuting indeterminates. Consider the modules
M[X]R[X] and M[[X]]R[[X]]. Then

(1) every endomorphism of M[X]|g(x) has a representation as a power series in S[[X]].
(2) every endomorphism of M[[X]|gyx]) has a representation as a power series in S[[X]].
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Proof. (1) For every ¢ € Endg;x)(M[X]) and m € M, obviously ¢(m) € M[X]. Define
A as the set of all monomials in R[X] and take p(m) = > . 4 mqa in which there
are only finitely many indices « such that m, # 0. For every a € A, define the map
fa: M — M as fo(m) = mg. Since ¢ € Endgp,(M[z]), for every a, f, is a well
defined endomorphism of M. So, for every a, f, € S and, for every m € M, p(m) =
> aca fa(m)a. Clearly, for every m € M, there are only finitely many o such that
fa(m) # 0. By a routine computation, it is easy to show that, for every ZBEA ngf €
M[X] and ¢ € Endgx)(M[X]), we have

(D npB) = emp)B=> Y falng)as= (D faa)()_ nsh).

BeA BeA BeEAacA acA BeA

Therefore, every ¢ € Endgpx)(M[X]) is represented by > 4 fa«, where f, € S and,
for every m € M, there are only finitely many indices a € A such that f,(m) # 0.
(2) The proof is similar to that of (1). O

Corollary 2.7. Let M be an R-module with S = Endgr(M), X an arbitrary nonempty set
of not necessarily commuting indeterminates and A be the set of all monomials in R[X].
Then

(1) the endomorphism ring of the module M[X]g(x) is isomorphic to a subring of S[[X]]
containing power series ) a fac, where fo € S and, for every m € M, there are
only finitely many indices o € A such that fo(m) # 0.

(2) the endomorphism ring of the module M[[X]]gyx is isomorphic to S[[X]].

Proof. (1) By Proposition 2.6, every ¢ € Endgix)(M[X]) is represented by a power
series ) c 4 fa € S[[X]] in which, for every m € M, there are only finitely many indices
a € Asuch that f,(m) # 0. Define S as the set of all power series ) | . 4 facr € S[[X]] in
which, for every m € M, there are only finitely many indices a € A such that f,(m) # 0.
Clearly, S is a subring of S[[X]]. Now define g : Endgy(M[z]) — S as, for every ¢ €
Endpix)(M(z]), g(¢) = > ,ea fae. Then by a routine computation, g is a well-defined
group monomorphism. Let 7 . 1 facr € S and define ¢ : M[X]r(x] — M[X]g[x] as, for
every p[X| = > 5c ampB, ¢(PIX]) = D g5cu D nea fa(mp)aB. Then, it is easy to check
that, ¢ € Endpx)(M[X]) is well-defined and, by the definition, g(¢) = > c 4 facw
Thus g is a group isomorphism. Now, assume that ¢ and v are two arbitrary elements
of Endpx)(M[X]) such that g(p) = > ,c4 fae and g(¢) = > s hyy and p[X] =
> seampp is an arbitrary element of M[X]. Then

() (pIX]) = (p(p[XD) = (Y Y falmg)ap)

BeEA aeA

= 3 hyfalma)raB =[O ) fa)I(D msp)

BEA~vEA aEA yEA acA BeA
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=1 (Y far)](p[X)).

yeEA acA

Hence, for every ¢,¢ € Endgix)(M[X]), g(¢¥p) = g(¢)g(¢). Therefore, g is a ring
isomorphism and so Endg,)(M[X]) is isomorphic to S.

(2) By Proposition 2.6, every ¢ € Endgjx)(M[[X]]) is represented by a power series
> aea faa € S[[X]]. Conversely, consider - 4 faa € S[[X]] and p[X] = "5 4, mpf
define the map ¢ : M[[X]]ryxy — M[[X]]ryxy with p(p[X]) = ZBE.A Y aca fa(mp)ap.
Then, it is easy to check that, ¢ is well-defined and ¢ € Endgjx)(M[[X]]). Now, we
define a map g : Endgyx(M[[X]]) — S[[X]] as, for every ¢ € Endgyxy(M[[X]]),
9(¢) = > neca fa. Then g is surjective and similar to (1), we can show that g is a ring
monomorphism. So Endg(xj (M [[X]]) is isomorphic to S[[X]]. O

In [6], Birkenmeier, Kim and Park show that for many polynomial extensions (includ-
ing formal power series, Laurent polynomials, and Laurent series), a ring R is quasi-Baer
if and only if the polynomial extension over R is quasi-Baer. In the following we provide
a module-theoretic analogue of these results.

Theorem 2.8. If MR is a quasi-Baer module, then M[X|gx) and M|[X]]grx)) are quasi-
Baer modules, where X is an arbitrary monempty set of not necessarily commuting
indeterminates.

Proof. We will prove that M[z]g[,) is a quasi-Baer module. The remaining cases are
similar. Let S = Endr(M), E = Endgj,(M|x]) and N be a fully invariant submodule
of M[z]g[y. We claim that Ig(N) = Ee, for some idempotent e € E. If N' = 0, we
are finished. Suppose N’ # 0 and C be the subset of M containing all coefficients of
terms of elements in N with minimal degree. Clearly 0 € C. We claim that C is a fully
invariant submodule of M. Let ¢ € C. Then there is some p[z] = cat + miattt + ... +
myztt" € N, for some integers (r,t > 0). Since S C FE, for every f € S, f(p[z]) =
fle)zt + f(my)x!™ + ...+ f(m,)2z!™™ € N. Thus f(c) € C and so C is a fully invariant
submodule of M. Since My is a quasi-Baer module, there exists an idempotent e € .S
such that [g(C) = Se. First, to see that Fe C lg(N), take n[z] € N. If n[z] = 0, then
en[z] = 0. So assume n[z] = ng + n1x + nox? + ... + n.a” # 0. Since ng € C, eng = 0.
Now en[z] = enyx + enga? + ... + enyz” € N and so en; € C. Thus en; = e(en;) = 0.
Similarly, we can get ens = ... = en, = 0. So en[z] = 0 and e € [g(N). Hence
Ee C lg(N). Now, we claim that I[g(N) C Ee. Let glz] = >°.°) giz* € lg(N). Then,
for every plz] = pox® + praFtt + poakt? + . 4 puaFtt € N, where py # 0 and k is
a nonnegative integer, g[z]p[z] = 0 and so gopo = 0. So gy € ls(C) = Se C Ig(N).
Thus goe = go and similarly, gop; = 0, for (i =0,...,t). Now g1po = 0. Hence similarly,
gie = g1 and ¢1p; = 0, for (i = 0,...,t). This process can be continued to yield that
gie = g;, for (i = 0,...,t). So glz] = g[z]e. Therefore Ig(N) = Fe and the result
follows. O
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Remark 2.9. Consider p[X] =" ., moa € M[[X]]. For every a € A, define the degree
of a as the number of indeterminates that are in a. Then p[X] may have more than
one term of minimal degree. In the proof of the previous theorem, in the general case of
the (non-commuting) set of indeterminates (M[X]gx] and M [[X]]g[x])), without loss
of generality, we define C as a subset of M containing all coefficients of terms in N with
minimal degree.

Theorem 2.10. A module Mg is quasi-Baer if and only if M[X]g(x) is quasi-Baer if
and only if M[[X]|gyx] is quasi-Baer, where X is a nonempty set of not necessarily
commuting indeterminates.

Proof. We prove that Mg is quasi-Baer when M [x] R[z] I8 quasi-Baer. The other cases
can be shown similarly. Let N be a fully invariant submodule of M. Then, it is easy
to see that, N[z] is a fully invariant submodule of M |z]. Since M [x]g[,] is quasi-Baer,
there exists an idempotent e[z] € E' = Endpg, (M [z]) such that (N |[z]) = Felx]. Since
elz] is an idempotent, constant term of e[z] is an idempotent ey € S. We claim that
Is(N) = Seg. Since e[z]N =0, egN = 0 and so Seq C lg(N). Conversely, let f € lg(N).
Then fN[z] =0 and so f € Ig(N[z]) = Eelz]|. Thus there is some h[z] € E such that
f = hlz]e[z]. Since f € S, f = hgeo, where hg is the constant term of hlx]. Hence
f € Seg and so lg(IN) C Seg. Therefore Ig(N) = Seg and M is a quasi-Baer module.
The remainder of the proof follows from Theorem 2.8. O

In 1974, Armendariz has shown that, for a reduced ring R, R[x] is a Baer ring if and
only if R is a Baer ring ([2], Theorem B). In the following we provide a module-theoretic
analogue of Armendariz’s result.

Definition 2.11. ([11], Definition 3.2) A right R-module M is said to satisfy the IFP
(insertion of factors property) if, for all ¢ € S, ra(p) is a fully invariant submodule of
M (or, equivalently, for all m € M, lg(m) < 5).

Proposition 2.12. An R-module with IFP is Baer if and only if it is quasi-Baer.

Proof. Assume that M is a quasi-Baer R-module and [ is a left ideal of S = Endr(M).
Since M satisfies the IFP, for every ¢ € I, ry(p) S M. Thus ra (L) = Neerrm(p) is a
fully invariant submodule of M and so M is Baer. The converse is trivial. O

Proposition 2.13. Let Mg be a quasi-Baer module. The following conditions are equiva-
lent:

(1) Mg satisfies IFP;
(2) Mlz]Rpy) satisfies IFP;
(3) M[[x]]pyay satisfies IFP.
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Proof. (1) = (2) Let p[a] = moa® + mia**tt +. . +m, 2" € M[z], with mq # 0. Then,
for every ¢lz] = fo+ fiz + foa® + ... € Endgp,) M|[z], such that o[z](p[z]) = 0 we have

(1) fo(mo) =0,
(2) fo(m1) + fi(mo) =0,
(3) folmz) + fi(m1) + f2(mo) =0,

By hypothesis and Proposition 2.12, M is a Baer module. Let S = Endg(M). Since M
satisfies the IFP, for every idempotent e € S, rps(e) = (1 —e)M <M and so 1 — e is
a left semicentral idempotent and e is a right semicentral idempotent. Hence, for every
idempotent e € S, 1 — e is a left semicentral idempotent and consequently e is a left
semicentral idempotent. Therefore every idempotent e € S is left and right semicentral.
So every idempotent e € S is central and S is an abelian ring. So there are central
idempotents eq,...,e, € S such that lg(m;) = Se;. By (1), foeo = eofo = fo. Left
multiplying (2) by eg we obtain fo(m1) = 0. Hence f1(mg) = 0. So foer = e1 fo = fo and
fieo = eof1 = fi1. Left multiplying (3) by eg we obtain fy(mse) + f1(m1) = 0. Multiply
this equality by e; from the left we have fy(mg) = 0. Hence fi1(m;) = 0. Continuing
in this way we may obtain f;(m;) = 0, for all ¢ and j. Hence f;S(m;) = 0. Now, let
Yla] = go+gre+g20° +... € E = EndpyM|z]. Then plallz] = 3572032, =, figi)z"
So ¢[z]y[x](p[x]) = 0. Hence Ig(p[z]) is an ideal of E. Therefore M [x]p(,) satisfies the
IFP.

(2) = (1) It is clear.

(1) & (3) The proof is similar. O

Theorem 2.14. A module My with IFP, is a Baer module if and only if M[z]pp is a
Baer module if and only if M|[[z]|g(.)) is a Baer module.

Proof. The result follows from Propositions 2.12, 2.13 and Theorem 2.10. O

The next example shows that, the “IFP” condition in Corollary 2.14 is not superfluous.
There exists an example of a Baer module Mg such that M [z]] g is not a Baer module.

Example 2.15. By ([15], Proposition 2.19), the Z-module M = Z @ Z is a Baer module.
Let S = Endz (M) = Mx(Z). Then, by ([6], Example 1.1), Endz,; (M]|[z]]) ~ S[[z]] =
M>(Z)[[x]] is not Baer. Hence, by ([15], Theorem 4.1), M{[x]]z,] is not a Baer module.
Note that, since Iz, (z)(1,0) is not an ideal, M does not satisfy “IFP”.

In ([4], Theorem 2.1), the authors proved that R is a right p.q.-Baer ring if and only
if R[z] is a right p.q.-Baer ring. Also, by ([4], Example 2.6), there exists a commutative
von Neumann regular (hence p.q.-Baer) ring R such that R[[z]] is not p.q.-Baer. In [12],
Liu has shown that R[[z]] is right p.q.-Baer if and only if R is right p.q.-Baer and any
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countable family of idempotent has generalized join when all left semicentral idempotents
are central. For a right p.q.-Baer ring, the condition left semicentral idempotents are
central is equivalent to assume that R is semiprime ([5], Proposition 1.17). Huang [8]
showed that, in Liu’s result, the condition requiring all left semicentral idempotents being
central, is redundant.

Definition 2.16. [1] Let M be a right R-module and S = Endg(M). M is called an
endo-principally quasi-Baer (or simply endo-p.q.-Baer) module if, for every m € M,
ls(Sm) = Se, for some e* =¢ € S.

Theorem 2.17. Let My be a module and X an arbitrary nonempty set of not necessarily
commuting indeterminates. If one of the extension modules M[X]grix), M[[X]]r(x],
M{z] R or M[[x]|g[ay) of MR is an endo-p.q.-Baer module, then so is Mp.

Proof. We will prove that Mg is an endo-p.q.-Baer module when the module M [x]g(,
is endo-p.q.-Baer. The other cases can be shown similarly. Assume that m € M and
E = EndppyM|[z] then Ip(Em) = Eelx], for some idempotent e[z] = eg + e1x + ... €
E. Clearly eg is an idempotent in S. We claim that Ig(Sm) = Sey and so M is an
endo-p.q.-Baer module. Since e[z]Em = 0, e[z]Sm = 0 and so egpSm = 0. Thus Seg C
lsSm. On the other hand, assume that f € [g(Sm) then f € Ig(Em)(S = Ee[z]()S.
Hence there is some h[x] € E such that f = h[z]e[z] and so f = hpeg. Thus lgSm C Sey.
Therefore ig(Sm) = Seg. DO

Corollary 2.18. Let R be a ring. If either of the extension rings R[z] or R[[x]] of R is a
left p.q.-Baer ring, then so is R.

Theorem 2.19. If Mg is an endo-p.q.-Baer module, then M[X|g(x) is endo-p.q.-Baer,
where X is a nonempty set of not necessarily commuting indeterminates.

Proof. We will prove M [z]p(, is an endo-p.q.-Baer module. The other cases are similar.
Let S = Endr(M) and E = Endgj,)(M|x]). Consider p[z] = mo +myx + ... + m,z"
as an arbitrary element of M[z], n € N. It is clear that Eplz] C (>°,.,-, Smi)[z].
Since M is an endo-p.q.-Baer module, for every 1 < i < n, lg(Sm;) = Se;, for some
e; € S:(5). So there is some e € S,(S) such that (),.,., Se; = Se. Hence Se =
Ni<icn Sei = (D 21<;<, Smi)lz]) C lg(Eplx]). Thus Ee C lg(Ep[x]). Now, let flz] =
fo+ fix + fox2 ... € lg(Eplz]). For every g € S, flz]gp[z] = 0. So

(1) fo(gmo) =0,
(2) folgma) + fi(gmo) =0,
(3) folgma) + fi(gma) + f2(gmo) = 0,
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By (1), fo € lsSmg = Seg and so foeg = fo. By (2), fo(eogm1)+ f1(eogmo) = 0. Since
egmg = 0, fo(gm1) = 0. Hence fy € lsSmy1 = Sey and so foe; = f1. Take €/ = egeq, by
(3), fo(e'gma)+fi1(e'gmy)+ fa(e'gmg) = 0. Since €’ gmgy = 0 and €'gmq = 0, fo(gmsz) = 0.
Thus fy € lsSmo = Ses. Continuing in this way we may obtain, for every 1 < i < n,
fo € lsSm; = Se;. Hence fy € Se. Similarly, we may obtain, for every j, f; € Se. Thus,
flr] € Ee and so [g(Eplx]) = Ee. Therefore, M|[x]g,] is an endo-p.q.-Baer module. O

In ([4], Theorem 2.1) Birkenmeier et al. have shown that R is a right p.q.-Baer ring if
and only if R[z] is a right p.q.-Baer ring. As a consequence of Theorem 2.19, we obtain
the following corollary that is similar to the result for a ring to be left p.q.-Baer. Notice
that the left p.q.-Baer property of R[z] is not equivalent to its right p.q.-Baer property.

Corollary 2.20. A ring R is left p.q.-Baer if and only if R[x] is left p.q.-Baer.

By ([4], Example 2.6), there is a p.q.-Baer ring R such that R[[z]] is not a p.q.-Baer
ring. Therefore, as illustrated in the following example, for an endo-p.q.-Baer module
Mp, the power series extension M [[X]]g[x)) is not necessarily endo-p.q.-Baer.

Example 2.21. By ([15], Proposition 2.19), the Z-module M = Z @ Z is a Baer mod-
ule and so M is an endo-p.q.-Baer module. Let S = Endgz(M) = Ms(Z). Then,
by Theorem 2.3, Endz,(M[[z]]) = S[[z]]. Assume to the contrary that the finitely
generated Z[[z]]-module M{[z]]z[) is an endo-p.q.-Baer Z[[z]]-module. Then, by ([1],
Proposition 3.5), S[[z]] = M2(Z)[[z]] is a left p.q.-Baer ring. But, similar to ([6], Ex-
ample 1.1), no nonzero idempotent element in S[[z]] = Ma(Z)[[z]] is contained in

2 0 0 0
Z[[x]]-module.

1
I < 0 O) + ( O) x), which is a contradiction. Thus M[[z]] is not an endo-p.q.-Baer

In the following we investigate conditions in which a power series extension of an
endo-p.q.-Baer module is endo-p.q.-Baer.
Similar to the Liu’s definition of the generalized join [12], we give the following.

Definition 2.22. A countable family of left semicentral idempotents {eq, e1, ...} of a ring
R is said to have a generalized join e if there exists e € S;(R) such that:

(1) (1 —e)Re; =0.
(2) If d is an idempotent and (1 — d)Re; = 0 then (1 — d)Re = 0.

Definition 2.23. Let M be a right R-module and S = Endg(M). Consider the countable
family of fully invariant direct summands & = {egM,e; M, ...} of M. We say £ has a
generalized countable join if there exists a fully invariant direct summand eM of M such
that:
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(1) YeneiM CeM.
(2) If fM is a direct summand of M and ;. e;M C fM, then eM C fM.

By ([1], Proposition 3.17), if M is a quasi-Baer module then the sum of every family
of direct summands is a direct summand of M, so, in this case, every countable family
of fully invariant direct summands has a generalized countable join.

Proposition 2.24. Let M be a right R-module and S = Endr(M). Every countable family
of fully invariant direct summands of M has a generalized countable join if and only if
every countable family of left semicentral idempotents of S has a generalized join.

Proof. Assume that every countable family of fully invariant direct summands of M has
a generalized countable join and {ej,eq,...} is a countable family of left semicentral
idempotents of S. Then & = {e;M,eaM, ...} is a countable family of fully invariant
direct summands of M. So £ has a generalized countable join, as, eM . Hence, for every
i€ N, e,M CeM and so (1 —e)Se; = 0. Assume that there is some f € §;(S) such that
(1= f)Se; =0 then, for every i € N, e;M C fM. Hence, by part (2) in Definition 2.23,
eM C fM and so (1 — f)Se = 0. As a result {ey,ea,...} has a generalized countable
join e. The converse is obtained by reversing all above arguments. 0O

The next result shows that, when left semicentral idempotents of a ring R are central
then the set of left semicentral idempotents of R[[z]] is Si(R).

Lemma 2.25. If R is a ring with S;(R) C C(R), then S|(R[[z]]) = Si(R).

Proof. Clearly S;(R) C Si(R[[z]]). If e[z] = eg + e1x + e22? + ... € Si(R[[x]]) then
e[r]? = e[z]. So

(1) e§ = eo
(2) eger + ereg = ex,
(3) epes + ere1 + eseg = ea,

By (1), e is an idempotent in R. Since e[z] € Si(R][z]]), eo € Si(R). So eg is central
and by (2), 2ege; = e and 2ege; = egey. Hence ege; = 0 and so e; = 0. From left
multiplication (3) by ey we may obtain that epea = 0 and e; = 0. Continuing in this
way we may obtain, for every i, ege; = 0 and e; = 0. Thus, e[z] = eg € S;(R). Therefore,
Si(R[[z]]) € Si(R) and finally Sy(R[[z]]) = Si(R). O

Theorem 2.26. Let Mp be a finitely generated module with S = Endr(M). If every
semicentral idempotent in S is central then the following statements are equivalent:
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(1) M[[X]]r[x] s an endo-p.q.-Baer module;

(2) M[[x]] g2y is an endo-p.q.-Baer module;

(3) Mg is an endo-p.q.-Baer module and every countable family of fully invariant direct
summand of M has a generalized countable join.

Proof. We will prove part (1) < (3), for X = {z}. The remaining cases are sim-
ilar. (1) = (3) By Theorem 2.17, Mg is an endo-p.q.-Baer module. Assume that
{eo,e1,...} be a countable set of left semicentral idempotents of S. By Corollary 2.7,
E = Endgy,M|[[z]] = S[[x]]. Take e[z] = eq + €12 + €2z + .. .. So e[z] € E. Since M is
finitely generated, M([[x]] [y is a finitely generated endo-p.q.-Baer module and so, by
([1], Proposition 3.5), E = S[[z]] is a left p.q.-Baer ring. Thus there is some f[z] € S;(E)
such that {g(Fe[z]) = Ef[z]. By the previous lemma, there is some fy € S;(S) such
that f[z] = fo. Hence, for every g € S, foge[z] = 0 and so, for every i, foge; = 0. Take
e = 1— fy then, for every i, (1—e)Se; = 0. Suppose that there is some f € §;(S) such that,
for every i, (1 — f)Se; = 0. Then, for every g € S and h|x] = hg + hiz + hoz?® +... € E,

(1= Hg(hlzlefz])) = (1= g>_ > hie;) =0.
k itj=k

Thus (1 — f)g C IgEelz] = Efy. Hence (1 — f)gfo = (1 — f)g and so we have (1 —
f)ge = 0. Therefore, {eg, e1, ...} has generalized join e and so, by Proposition 2.24, every
countable family of fully invariant direct summand of M has a generalized countable join.

Conversely, assume that My is an endo-p.q.-Baer module and every countable family
of fully invariant direct summand of M has a generalized countable join. Consider an arbi-
trary element of M{[z]] as p[x] = mo+miz+max®. ... Then Eplz] C (3, . Smi)[z].
Since M is an endo-p.q.-Baer module, for every i, there is e; € S,.(5) such that
lgSm; = Se; and Sm; C (1 — e;)M. So the countable family of fully invariant di-
rect summands {(1 —eg)M, (1 —e1)M, ...} has a generalized countable join (1 —e)M.
Thus

Therefore Fe C lg(Ep[z]). Now, let ¢lz] = fo + fiz + f22%... € lgEp[z], for every
g €9, flz]gplz] = 0. So

(1) fo(gmo) =0,
(2) folgma) + fi(gmo) =0,
(3) folgma) + fi(gma) + f2(gmo) = 0,
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By (1), fo € lsSmg = Seg and so foeg = fo. By (2), we will have fo(eggmi) +
fi(eogmo) = 0. Since eggmo = 0, fo(gm1) = 0. Hence fo € lgSm; = Se; and so
foer = f1. If € = egey then fo(e'gmsa) + fi(e'gmi) + fa2(e'gmg) = 0, by (3). Since
e'gmo = 0 and e’'gm; = 0, fo(gme) = 0 and so fy € lgSma = Ses. Continuing in this
way we may obtain, for every (i =0,1,...), fo € lgSm; = Se;. Similarly, we may obtain,
for every j, f; € () Se;. Hence, for every (i,j =0,1,...), fje; = f;. Since My, is a finitely
generated module, by ([1], Proposition 3.5), S = Endr(My) is a left p.q.-Baer ring.
So, for every (j = 0,1,...), there is some idempotent h; € S such that igSf; = Sh;.
Since e; is right semicentral, by the hypothesis, e; is central. Thus, for every g € 5,
gf;i = gfje; = eigfj and so (1—e;)gf; = 0 holds, for every (i = 0,1, ...). Hence, for every
(t=0,1,...), (1—e;) €lgSf; = Shjand so hj(1—e;) = (1—e;)h; = (1—e;). Let 1 —eis
a generalized join for {(1 —ep), (1 —e1),...}, forevery (j =0,1,...), hj(l —e) = (1 —e)
and so (1 — hj)e = (1 — hy;). Hence f; = (1 —hy)f; = f;(1 = hy) = f;(1 = hj)e = fe.
Thus ¢[z] = ¢[z]e € Felx]. So lpEp[z] = Ee. Therefore M|[z]] g, is an endo-p.q.-Baer
module. O

By ([12], Theorem 3), if R is a ring with S;(R) C C(R) then R[[z]] is a right p.q.-Baer
ring if and only if R is a right p.q.-Baer ring and any countable idempotent in R has
a generalized join. As a consequence of the previous theorem we obtain the following
corollary that is similar to the result for the left p.q.-Baer rings. Note that, for a ring R

with S;(R) € C(R), Si(R) = S,(R) = C(R).

Corollary 2.27. Let R be a ring with S§;(R) C C(R). Then R|[[x]] is a left p.q.-Baer ring
if and only if R is a left p.q.-Baer ring and any countable family of left semicentral
idempotent has a generalized join.

Similar to the Huang’s definition [8], we give the following.

Definition 2.28. A countable subset E = {eg, 1, ...} of S§;(R) is said to have a generalized
countable join e if there exists e € §;(R) such that, given a € R:

(1) ee; = e;, for all positive integers i.
(2) If ae; = ey, for all positive integers 4, then ae = e.

Proposition 2.29. Let Mg be an endo-p.q.-Baer module with S = Endr(M). If every
countable subset of left semicentral idempotents in S has a generalized countable join
in Si(R) then, for every countable subset N = {my,ma,...} of M, Is(} ;cn Smi) is
generated by an idempotent, as a left ideal of S. The converse holds if M contains a copy
of S as a left S-module.

Proof. Assume that N = {mq,mq,...} € M and I = I5(>_, . Sm;). We get Is(Sm;) =
Se;, for each m; € N. Suppose that e is a generalized countable join for the set of left
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semicentral idempotents {(1 —e1), (1 — e3),...}. Then we have e(1 —e;) = (1 — ¢;) and
soe—ee; =1—e;. Hence 1 — e = (1 — e)e;. Thus, for each m; € N, (1 —e)Sm; =
(1—e)e;Sm; = 0. Therefore S(1—e¢) C I. On the other hand, suppose g € I = [,y Sei
then, for every i € N, ge; = g. Hence g(1 —¢;) = 0 and so (1 — g)(1 —e;) = (1 — e;).
Thus g(1 —e) = g and so g € S(1 — e). Therefore I = S(1 — e). Conversely, assume
that M contains a copy of S as a left S-module and X = {ej,eq,...} is a subset of left
semicentral idempotents in S. Now according to assumption, Is(D, oy Sei) is generated
by an idempotent e € S, as a left ideal of S. So, for every i, (1 — e)e; = e;. If, for every
i, ae; = e; then (1 —a)e; = 0. So (1 —a)fe; = (1 —a)e;fe; =0, for every f € S. Hence
(1 —a) €lgSe;, for every i. Thus (1 —a) € Se and so (1 — a)e = e. Therefore 1 — e is a
countable generalized join for X. O

Corollary 2.30. A ring R is left p.q.-Baer and every countable subset of left semicentral
idempotents in R has a generalized countable join if and only if the left annihilator of
every countably generated left ideal of R is generated by an idempotent.

Theorem 2.31. For an R-module M, M]|[x]] is an endo-p.q.-Baer right R[[z]]-module
if and only if Mp is an endo-p.q.-Baer module and for every countable subset N =
{mo,ma,...} of M, ls(3 i1 Sm) is generated by an idempotent in S, as a left ideal
of S.

Proof. Let M be an R—module, S = EndR(M) and £ = EndR[[w” (MH.Z’H) If M[[:E]]R[[m]]
is an endo-p.q.-Baer module then, by Theorem 2.17, Mg is an endo-p.q.-Baer module. Let
N = {mg, my,...} be a countable subset of M. Since My is an endo-p.q.-Baer module,
for every (1 =0,1,...), there is some idempotent f; in S such that lg(Sm;) = Sf;. Since
M{[z]] gl is an endo-p.q.-Baer module, for every p[z] = mo+mix+... € M[[z]], there
is some idempotent e[x] = ey + e1x + ... € E such that [g(Ep[z]) = Ee[z]. So, for every
g €S, e[z]gplx] = 0 and we have:

(1) eo(gmo) =0,
(2) eo(gmi) + e1(gmo) =0,
(3) eo(gmz) + e1(gm1) + ea(gmo) =0,

By (1), eg € lgSmg = Sfy so egfo = eo. In (2), eo(fogmi) + e1(fogmo) = 0. Since
fogmo =0, eg(gm1) = 0 and we obtain that ey € lgSmy = Sfi and so egf; = eg. Take
e = fof1, by (3), we have eg(egms) + e1(egmy) + e2(egmg) = 0. Since egmy = 0 and
egmy = 0, eg(gms) = 0. Hence ey € lgSmo = S fo. Continuing in this way we may obtain,
for every i, egSm; = 0. Thus, clearly e is an idempotent in S ey € andls(Zi:o,l,,.. Smy).
So Seqg C lS(Zi:O.l,... Sm;). For the revers inclusion, take g € lS(Zi:O,l,‘.. Sm;). Since
Eplz] C (Zizo’lw;Smi)[m], g € lg(Ep[x]) = Eelx]. So g = ge[z]. Hence g = goeg and so
g € Seg. Therefore lS(Ei:O,l,... Sm;) = Seg.
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Conversely, assume that Mp is an endo-p.q.-Baer module and, for every countable
subset {mo,m1,...} of M, ls(3_;_q,  Sm;) is generated by an idempotent. Hence there
is some e € §,(5) such that ls(3 o, Sm;) = Se. If we take p[z] = mo + miz +
maz® + ... € M([z]] then Ep[z] C (3°,_ . Smi)[z]. Hence Ee C Ip(Ep[z]). Now, let
e[z] = eg+erx+eax?. .. be an element in [g(Ep[x]). Then, for every g € S, e[z]gp[z] = 0.
So

(1) 60(gm0) = 07
(2) eo(gmi) + e1(gmo) =0,
(3) eo(gma) + e1(gm1) + ea(gmo),

Since Mg is an endo-p.q.-Baer module, for every (i = 0,1,...), there is some idem-
potent f; in S such that [gSm; = Sf;. By (1), eg € lsSmg = Sfo so egfo = eo. In (2),
eo(foeogmi) + e1(foeogmo) = 0. Since foeggmo = 0, eg(gm1) = 0. Hence ¢eg € lgSmy =
Sf1 and so egf1 = eg. Take e = fof1, by (3), eo(egma) + e1(egmy) +ea(egmg) = 0. Since
egmo = 0 and egm; = 0, eg(gma) = 0. Thus eg € [gSms = Sfo. Continuing in this way
we may obtain, for every i, ey € lgSm; = Sf;. Hence eg € Se. Similarly, we may obtain,
for every i, e; € Se. Thus, e[z] € Ee and so [gEp[z] = Ee. Therefore, M{[z]] () is an
endo-p.q.-Baer module. O

In [13], Liu has shown that R][[x]] is left p.q.-Baer if and only if R is left p.q.-Baer and
the left annihilator of the left ideal generated by any countable family of idempotents
in R is generated by an idempotent. By applying Theorem 2.31 we obtain the following
corollaries.

Corollary 2.32. R[[z]] is left p.q.-Baer if and only if R is left p.q.-Baer and the left
annihilator of every countably generated left ideal of R is generated by an idempotent.

In [12], Liu has shown that R is right p.q.-Baer if and only if R[[x]] is right p.q.-Baer
and any countable family of idempotent has generalized join when all the left semicentral
idempotent are central. We also recall from [5, Proposition 1.17] that, for a right p.q.-Baer
ring, the condition left semicentral idempotents are central is equivalent to assume R is
semiprime. In the following corollary we see that the semiprime condition in Liu’s result
is not necessary.

Corollary 2.33. A ring R is left p.q.-Baer and every countable subset of left semicentral
idempotents in R has a generalized countable join in R if and only if R[[z]] is a left

p.q.-Baer ring.

Proof. By Corollary 2.32 and Corollary 2.30, the result follows. 0O
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