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Symplectic, product and complex structures on 3-Lie algebras

Yunhe Sheng and Rong Tang

Abstract

In this paper, first we introduce the notion of a phase space of a 3-Lie algebra and show

that a 3-Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra.

Then we introduce the notion of a product structure on a 3-Lie algebra using the Nijenhuis
condition as the integrability condition. A 3-Lie algebra enjoys a product structure if and
only if it is the direct sum (as vector spaces) of two subalgebras. We find that there are four
types special integrability conditions, and each of them gives rise to a special decomposition of
the original 3-Lie algebra. They are also related to O-operators, Rota-Baxter operators and
matched pairs of 3-Lie algebras. Parallelly, we introduce the notion of a complex structure
on a 3-Lie algebra and there are also four types special integrability conditions. Finally, we
add compatibility conditions between a complex structure and a product structure, between
a symplectic structure and a paracomplex structure, between a symplectic structure and a
complex structure, to introduce the notions of a complex product structure, a para-Kéahler
structure and a pseudo-Kahler structure on a 3-Lie algebra. We use 3-pre-Lie algebras to
construct these structures. Furthermore, a Levi-Civita product is introduced associated to a
pseudo-Riemannian 3-Lie algebra and deeply studied.
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1 Introduction

A symplectic structure on a Lie algebra g is a nondegenerate 2-cocycle w € A%g*. The underlying
structure of a symplectic Lie algebra is a quadratic pre-Lie algebra [17]. An almost product structure
on a Lie algebra g is a linear map E satisfying £2? = Id. If in addition, E also satisfies the following
integrability condition

[Ez, By| = E([Ez,y] + [z, By] — Elz,y]), VYz,y€g,

then F is called a product structure. The above integrability condition is called the Nijenhuis
condition. An equivalent characterization of a product structure is that g is the direct sum (as
vector spaces) of two subalgebras. An almost complex structure on a Lie algebra g is a linear map
J satisfying J2 = —Id. A complex structure on a Lie algebra is an almost complex structure that
satisfies the Nijenhuis condition. Adding compatibility conditions between a complex structure
and a product structure, between a symplectic structure and a paracomplex structure, between
a symplectic structure and a complex structure, one obtains a complex product structure, a
paraKahler structure and a pseudo-Kéhler structure respectively. These structures play important
roles in algebra, geometry and mathematical physics, and are widely studied. See [1, 2, 3,4, 5, 8, 9,
12, 14, 15, 16, 18, 19, 29, 35] for more details.

Generalizations of Lie algebras to higher arities, including 3-Lie algebras and more generally,
n-Lie algebras [24, 28, 37], have attracted attention from several fields of mathematics and physics.
It is the algebraic structure corresponding to Nambu mechanics [25, 32, 36]. In particular, the
study of 3-Lie algebras plays an important role in string theory. In [13], Basu and Harvey suggested
to replace the Lie algebra appearing in the Nahm equation by a 3-Lie algebra for the lifted Nahm
equations. Furthermore, in the context of Bagger-Lambert-Gustavsson model of multiple M2-
branes, Bagger-Lambert managed to construct, using a ternary bracket, an N = 2 supersymmetric
version of the worldvolume theory of the M-theory membrane, see [6]. An extensive literatures are
related to this pioneering work, see [7, 26, 27, 33]. See the review article [20] for more details. In
particular, metric 3-algebras were deeply studied in the seminal works [21, 22, 23]. In [31], the
authors introduced the notion a Nijenhuis operator on an n-Lie algebra, which generates a trivial
deformation.

The purpose of this paper is to study symplectic structures, product structure and complex
structures on 3-Lie algebras and these combined structures. In the case of Lie algebras, pre-Lie
algebras play important roles in these studies. It is believable that 3-pre-Lie algebras will play
important roles in the corresponding studies. Thus, first we introduce the notion of a representation
of a 3-pre-Lie algebra and construct the associated semidirect product 3-pre-Lie algebra. Several
important properties of representations of 3-pre-Lie algebras are studied.

Note that the notion of a symplectic structure on a 3-Lie algebra was introduced in [11] and it is
shown that the underlying structure of a symplectic 3-Lie algebra is a quadratic 3-pre-Lie algebra.
We introduce the notion of a phase space of a 3-Lie algebra g, which is a symplectic 3-Lie algebra
g @ g* satisfying some conditions, and show that a 3-Lie algebra has a phase space if and only if it
is sub-adjacent to a 3-pre-Lie algebra. We also introduce the notion of a Manin triple of 3-pre-Lie
algebras and show that there is a one-to-one correspondence between Manin triples of 3-pre-Lie
algebras and phase spaces of 3-Lie algebras.

An almost product structure on a 3-Lie algebra g is defined to be a linear map E : g — g
satisfying B2 = Id. It is challengeable to add an integrability condition on an almost product
structure to obtain a product structure on a 3-Lie algebra. We note that the Nijenhuis condition
(see (5)) given in [31] is the correct integrability condition. Let us explain this issue. Denote by



g+ the eigenspaces corresponding to eigenvalues £1 of an almost product structure E. Then it is
obvious that g = g, ©g_ as vector spaces. The Nijenhuis condition ensures that both g, and g_ are
subalgebras. This is what “integrability” means. Moreover, we find that there are four types special
integrability conditions, which are called strict product structure, abelian product structure, strong
abelian product structure and perfect product structure respectively, each of them gives rise to
a special decomposition of the original 3-Lie algebra. See the following table for a precise description:

product
structure

E[x7y7z}g = [E‘T7y7z]g +

[l‘,Ey,Z]g + [J,‘7y7EZ}g

—E([Ex, By, z]q + [Ex,y, Ez]g + [z, By, Ez]g)
+[Ez, By, Ez]4

g=0+ D0
[9+,0+,0+]g C o4
[o-,0-,0-]gCg-

strict product

E[l’,y,Z]g = [E:anaz]g

04+,04.0-]g=0

structure [0-,9-,0¢]g=0
abelian product | [z,v,z2]y = —|z, By, Ez|y — |[Ex,y, Ez]g — [Ex, Ey,zlg | [04,0+,0+]g =0
structure 9-.9-,9-]g=0

strong abelian
product structure

[z,y,2]g = E[Ez,y, 2] + El[z, By, 2|4 + Elz,y, Ez]q

O-operators
Rota-Baxter operators

[9+79+79+]g =0
9-,9-,8]g=0
04,01,0-]g C ot
9-,0+)g Co-

perfect product

Elz,y, 2]y = [Ez, By, Ezl,

0+,0+,0-]g C o

[

l9-.9

[

structure involutive automorphisms [0-,0-.0+]g C 9+
It is surprised that a strong abelian product structure is also an O-operator on a 3-Lie algebra
associated to the adjoint representation. Since an O-operator on a 3-Lie algebra associated to
the adjoint representation is also a Rota-Baxter operator [10, 34], it turns out that involutive
Rota-Baxter operator can also serve as an integrability condition. This is totally different from the
case of Lie algebras. Furthermore, by the definition of a perfect product structure, an involutive
automorphism of a 3-Lie algebra can also serve as an integrability condition. This is also a new
phenomenon. Note that the decomposition that a perfect product structure gives is exactly the
condition required in the definition of a matched pair of 3-Lie algebras [11]. Thus, this kind of
product structure will be frequently used in our studies.

An almost complex structure on a 3-Lie algebra g is defined to be a linear map J : g — g satisfy-
ing J? = —Id. With the above motivation, we define a complex structure on a 3-Lie algebra g to be an
almost complex structure satisfying the Nijenhuis condition. Then g; and g_;, which are eigenspaces
of eigenvalues +i of a complex linear map J¢ (the complexification of .J) are subalgebras of the
3-Lie algebra gc, the complexification of g. Parallel to the case of product structures, there are also
four types special integrability conditions, and each of them gives rise to a special decomposition of gc:

complex Jw,y, 2lg = [Jo,y,2]g + [z, Jy, 2lg + 2,9, J2]g gc=0i Do
structure +J([Jz, Jy, zlg + [Jx,y, 2] g + [z, Ty, J2]g) [9:, 94, Gilge € 04
—[Jx, Jy, J2]4 [0—i,0—i,0—ilgc C i
strict complex Jz,y, 2]y = [J2,y, 2]q 9585 8—ilge = 0
structure [9-i,0-i,0ilgc. =0
abelian complex | [z,y, 2] = [z, Jy, J2]g + [Jz,y, Jz]g + [Tz, Jy, z]g (0, 0i: 9ilge =0
structure [0-i,0-4,0-ilgc =0
[Ia Y, Z}g - _‘]([J‘Tv Y, Z}G + [zv Jy7 Z}g + [xv Y, JZ}Q) [gi7 9i, gi]gc =0
strong abelian [0-i,0-i,0-ilgc =0
complex structure O-operators (9,06, 0—ilge C 0i
Rota-Baxter operators [0-i,0-4,Gilgc C 09—i
perfect complex Jx,y,z)g = —[Jx, Jy, J2]q (04, 0is 0—ilge C 0—4
structure anti-involutive automorphisms [0-i,0—4, Gilge C Gi




Then we add a compatibility condition between a complex structure and a product structure on
a 3-Lie algebra to define a complex product structure on a 3-Lie algebra. We give an equivalent
characterization of a complex product structure on a 3-Lie algebra g using the decomposition of g.
We add a compatibility condition between a symplectic structure and a paracomplex structure on a
3-Lie algebra to define a paraKéhler structure on a 3-Lie algebra. An equivalent characterization of
a paraKéhler structure on a 3-Lie algebra g is also given using the decomposition of g. Associated
to a paraKéhler structure on a 3-Lie algebra, there is also a pseudo-Riemannian structure. We
introduce the notion of a Levi-Civita product associated to a pseudo-Riemannian 3-Lie algebra, and
give its precise formulas. Finally, we add a compatibility condition between a symplectic structure
and a complex structure on a 3-Lie algebra to define a pseudo-Kéahler structure on a 3-Lie algebra.
The relation between a paraKéhler structure and a pseudo-Kéhler structure on a 3-Lie algebra is
investigated. We construct complex product structures, paraKéhler structures and pseudo-Kéhler
structures in terms of 3-pre-Lie algebras. We also give examples of symplectic structures, product
structures, complex structures, complex product structure, paraKéhler structures and pseudo-Kéhler
structures on the 4-dimensional Euclidean 3-Lie algebra A, given in [6].

The paper is organized as follows. In Section 2, we recall Nijenhuis operators on 3-Lie algebras
and 3-pre-Lie algebras. In Section 3, we study representations of 3-pre-Lie algebras. In Section 4,
we introduce the notion of a phase space of a 3-Lie algebra and show that a 3-Lie algebra has a
phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra. We also introduce the notion of
a Manin triple of 3-pre-Lie algebras and study its relation with phase spaces of 3-Lie algebras. In
Section 5, we introduce the notion of a product structure on a 3-Lie algebra and give four special
integrability conditions. In Section 6, we introduce the notion of a complex structure on a 3-Lie
algebra and give four special integrability conditions. In Section 7, we introduce the notion of a
complex product structure on a 3-Lie algebra and give its equivalent characterization. In Section
8, we introduce the notion of a paraK&hler structure on a 3-Lie algebra and give its equivalent
characterization. Moreover, we give a detailed study on the associated Levi-Civita product. In
Section 9, we introduce the notion of a pseudo-Kéhler structure on a 3-Lie algebra and study the
relation with a paraK&hler structure.

In this paper, we work over the real field R and the complex field C and all the vector spaces
are finite-dimensional.

Acknowledgement: We give our warmest thanks to Chengming Bai for very useful comments
and discussions. This research is supported by NSFC (11471139) and NSF of Jilin Province
(20170101050JC).

2 Preliminaries

In this section, first we recall the notion of a Nijenhuis operator on a 3-Lie algebra, which will be
frequently used as the integrability condition in our later studies. Then we recall the notion of a
3-pre-Lie algebra, which is the main tool to construct examples of symplectic, product and complex
structures on 3-Lie algebras.

Definition 2.1. A 3-Lie algebra is a vector space g together with a trilinear skew-symmetric
bracket [-,-,]g : N3g — g such that the following fundamental identity holds:

[.’E,y, [vavv}g]g:[[mvyvz]g,wyv]g+['z’ [m,y,w]g,v]g—l—[z,w, [x7y7v]g]g7 v%yyszﬂ)eg- (1)
For z,y € g, define ad : A%g — gl(g) by
adg gz = [z,y,2]g, Yz e€g.



Then (1) is equivalent to that ad, , is a derivation, i.e.

adg y[z,w,v]g = [adg y2,w,v]g + [2,ads yw, v]g + [z, w,adz yv]g, Va,y € 0.

Let (g,[-,-,-]g) be a 3-Lie algebra, and N : g — g a linear map. Define a 3-ary bracket
['7'7 }]1\] : /\39 — g by
[‘Ta y7 Z]}V = [Nfﬂ,y, Z]g + ['CL)7 Ny7 Z}g + [l’, y7 Nz}g - N[:E7 yv Z]g- (2)
Then we define 3-ary bracket [, -,-]3 : A%g — g by
2,9, 21% = [No, Ny, 2lg + [#, Ny, N2lg + [N, y, N2l = Nlw,y, 2] - (3)
Definition 2.2. ([31]) Let (g,[-,-,"]g) be a 3-Lie algebra. A linear map N : g — g is called a
Nijenhuis operator if the following Nijenhuis condition is satisfied:
[Nz, Ny, Nzly = N[z,y, 2}, Vz,y,2€g. (4)
More precisely, a linear map N : g — g of a 3-Lie algebra (g, [, -, ]) is a Nijenhuis operator if
and only if
[Nz,Ny,Nz|lg = N[Nz,Ny,z]g+ N[z, Ny, Nz|g + N[Nz,y, Nz]q
_NQ[Nxay:Z]E - NZ[IaN:%Z]E - NQ[.Z',y,NZ}g
+N3[z,y, 2], (5)
Definition 2.3. ([28]) A representation of a 3-Lie algebra (g, [-,-, ]g) on a vector space V is a

linear map p : N2g — gl(V), such that for all vy, 72,73, 14 € g, there holds:
p([1, 22, 23]g, v4) + p(a3, [T1, T2, 24]g) = [p(w1, 72), p(23, T4)];
p[z1, 22, 23]g, 24) = p(z1,22) 0 p(x3, T4) + p(22, 23) © p(T1, T4) + p(T3, 1) © (2, T4).

Example 2.4. Let (g,[-,"]4) be a 3-Lie algebra. The linear map ad : A?g — gl(g) defines a
representation of the 3-Lie algebra g on itself, which we call the adjoint representation of g.

Let A be a vector space. For a linear map ¢ : A® A — gl(V), we define a linear map
o AR A — gl(V*) by

<¢)*(I,y)0[,’l)> = —<C¥7¢($7y)v>7 Vo € V*7x7y €g,ve V.

Lemma 2.5. ([11]) Let (V, p) be a representation of a 3-Lie algebra (g, [, ]g). Then (V*,p*) is
a representation of the 3-Lie algebra (g, [, -, ]q), which is called the dual representation.

Lemma 2.6. Let g be a 3-Lie algebra, V a vector space and p : A%g — gl(V) a skew-symmetric
linear map. Then (V' p) is a representation of g if and only if there is a 3-Lie algebra structure
(called the semidirect product) on the direct sum of vector spaces g ® V', defined by

[21 4 v1, 22 + v, 23 + 3], = [T1, T2, 3]g + p(1, T2)V3 + p(X2, T3)v1 + p(23,T1)V2, (6)

forall z; € g,v; € V,1 <@ < 3. We denote this semidirect product 3-Lie algebra by g x, V.



Definition 2.7. Let A be a vector space with a linear map {-,-,-} : @3A — A. The pair (A,{-,-,-})
is called a 3-pre-Lie algebra if the following identities hold:

{z.y.2} = —{y,2.2} (7)

{w1, 20, {zs, 20, 05} = {21, 22, 23], 20, 25} + {23, [21, 22, W4] 0, 25 }
+H{xs, x4, {71, 22,25} } (8)

{[1173727333}(1,%4,905} = {3717352, {51737374,955}} =+ {12,903, {951,904,965}}
+{zs, 21, {T2, 24,25} }, 9)

where x,y,z,x; € A, 1 <i <5 and [-,-,"|c is defined by

[z,y,2]lc = {x,y, 2} + {y, 2,2} + {z,2,y}, Va,y,z € A. (10)
Proposition 2.8. ([11, Proposition 3.21]) Let (A, {-,,-}) be a 3-pre-Lie algebra. Then (A, |-, -, ]¢)

is a 3-Lie algebra, which is called the sub-adjacent 3-Lie algebra of A, and denoted by A¢. (A, {,-,-})
is called the compatible 3-pre-Lie algebra structure on the 3-Lie algebra A°.

Define the left multiplication L : A2A — gl(A) by L(z,y)z = {z,y,2} for all z,y,2 € A. Then
(A, L) is a representation of the 3-Lie algebra A¢. Moreover, we define the right multiplication
R:®%A — gl(A) by R(x,y)z = {2,7,y}. If there is a 3-pre-Lie algebra structure on its dual space
A*, we denote the left multiplication and right multiplication by £ and R respectively.
Definition 2.9. ([11, Definition 3.16]) Let (g, [-,,|4) be a 3-Lie algebra and (V, p) a representation.
A linear operator T : V. — g is called an O-operator associated to (V,p) if T satisfies:

[Tu, Tv, Tw]g = T(p(Tu, Tv)w + p(Tv, Tw)u + p(Tw, Tu)v), Vu,v,w e V. (11)

Proposition 2.10. ([11, Proposition 3.27]) Let (g,[-,+,]g) be a 3-Lie algebra. Then there is a
compatible 3-pre-Lie algebra if and only if there exists an invertible O-operator T : V. — g associated
to a representation (V. p). Furthermore, the compatible 3-pre-Lie structure on g is given by

{z,y,2} = Tp(z,y)T~"(2), Va,y,z€g. (12)

3 Representations of 3-pre-Lie algebras

In this section, we introduce the notion of a representation of a 3-pre-Lie algebra, construct the
corresponding semidirect product 3-pre-Lie algebra and give the dual representation.

Definition 3.1. A representation of a 3-pre-Lie algebra (A, {-,-,-}) on a vector space V' consists
of a pair (p, i), where p : N2A — gl(V) is a representation of the 3-Lie algebra A on V and
p:®2A — gl(V) ids a linear map such that for all x1,xo, 3,24 € A, the following equalities hold:

p(xr, wo)p(@s, xa) = p(ws, za)p(21, 22) — (s, va) (2, 1)

+ulxs, za)p(z, v2) + pl(21, 22, 23], 24) + (23, {1, 22, 24}), (13)
w(lzr, w2, zs3]loswa) = plzr, m2) (s, va) + p(22, 23) (21, T4) + P23, 21) (T2, w4),  (14)
w@y, {z2, @3, 24}) = plas, za)p(@r, x2) + plas, v4)p(z1, v2)

—p(@s, xa) (@2, 1) — p(22, T4) (21, T3)
—(@2, za)p(1, 3) + pu(w2, T4 (23, 21) + P22, T3) (21, 74),  (15)
w(@s, za)p(z2, 1) — p(xs, za)p(z1, 22)
+p(z1, x2) (s, 24) — p(@2, {21, 23, 24}) + (21, {22, 23, 24}).  (16)

(s, z4)p(1, 2)



Let (A,{-,-,-}) be a 3-pre-Lie algebra and p a representation of the sub-adjacent 3-Lie algebra
(A° [, -, ]c) on the vector space V. Then (p,0) is a representation of the 3-pre-Lie algebra (A4, {-,-,-})
on the vector space V. It is obvious that (L, R) is a representation of a 3-pre-Lie algebra on itself,
which is called the regular representation.

Let (V, p, 1) be a representation of a 3-pre-Lie algebra (A, {-,-,-}). Define a trilinear bracket
operation {-,-,-},, : ®@(A&V) - A&V by

{z1 + 01,2 + 02,23 + v3}pu £ {21, 2,23} + p(21,22)v3 + (@2, 23)01 — (w1, w3)v0.  (17)
By straightforward computations, we have

Theorem 3.2. With the above notation, (A® V,{-,-,-}, ) is a 3-pre-Lie algebra.

This 3-pre-Lie algebra is called the semidirect product of the 3-pre-Lie algebra (A, {-,-,-})
and (V, p, ), and denoted by A x, , V.
Let V be a vector space. Define the switching operator 7 : @2V — @2V by

T(T)=22®x, VI =21®x3€ R2V.

Proposition 3.3. Let (p, i) be a representation of a 3-pre-Lie algebra (A, {-,-,-}) on a vector space
V. Then p — ut + 11 is a representation of the sub-adjacent 3-Lie algebra (A°,[-,-,-]c) on the vector
space V.

Proof. By Theorem 3.2, we have the semidirect product 3-pre-Lie algebra A x, , V. Consider its
sub-adjacent 3-Lie algebra structure [, -, -], we have

[T1 +vi, 20 +ve, 23 Fvsle = {x1+vi, 20+ ve, 23+ s}, + {2 +v2, x5+ U3, 1+ Ui},
{3 +vs3, 81 +v1, 20+ v2},,
= Az, 20,23} + p(21, w2)v3 + (22, 23)v1 — P21, 23)V2
Hao, w3, 21} + p(w2, 23)v1 + p(2s, v1)v2 — (2, 11)v3
Has, w1, 20} + p(es, 21)ve + p(2r, v2)vs — p(rs, v2)vr
= [21,22,23]c + ((p — p7 + p)(z1,22))v3
+((p = w1 + p) (@2, 23))v1 + ((p — p7 + ) (23, 21)) V2. (18)

By Lemma 2.6, p — u7 + 1 is a representation of the sub-adjacent 3-Lie algebra (A€, [, -, ]¢) on the
vector space V. The proof is finished. W

If (p, ) = (L, R) is the regular representation of a 3-pre-Lie algebra (A, {,-,-}), then p—pur+p =
ad is the adjoint representation of the sub-adjacent 3-Lie algebra (A, [, ]¢c).

Corollary 3.4. Let (p, 1) be a representation of a 3-pre-Lie algebra (A,{-,-,-}) on a vector space
V. Then the semidirect product 3-pre-Lie algebras A x,, V and A X,_,ry,0V given by the
representations (p, ) and (p — ut + p, 0) respectively have the same sub-adjacent 3-Lie algebra
A Xy Vo given by (18), which is the semidirect product of the 3-Lie algebra (A°,[-,-, ]c) and
its representation (V,p — ut + ).

Proposition 3.5. Let (p, i) be a representation of a 3-pre-Lie algebra (A, {-,-,-}) on a vector space
V. Then (p* — p*t + p*, —p*) is a representation of the 3-pre-Lie algebra (A, {-,-,-}) on the vector
space V*, which is called the dual representation of the representation (V, p, u).



Proof. By Proposition 3.3, p — u7 + p is a representation of the sub-adjacent 3-Lie algebra
(A [-,+,-]¢) on the vector space V. By Lemma 2.5, p* — pu*7 + p* is a representation of the
sub-adjacent 3-Lie algebra (A°, [-, -, ]¢) on the dual vector space V*. It is straightforward to deduce
that other conditions in Definition 3.1 also hold. We leave details to readers. W

Corollary 3.6. Let (V, p, u) be a representation of a 3-pre-Lie algebra (A,{-,-,-}). Then the semidi-
rect product 3-pre-Lie algebras A X - o V* and A X e _srqpy= —p= V™ given by the representations
(p*,0) and (p* — p*7 + p*, —p*) respectively have the same sub-adjacent 3-Lie algebra A X, V*,
which is the semidirect product of the 3-Lie algebra (A, [, -, |¢) and its representation (V*, p*).

If (p, ) = (L, R) is the regular representation of a 3-pre-Lie algebra (A, {-,-,}), then (p* —
wrr+ p*, —p*) = (ad*, —R*) and the corresponding semidirect product 3-Lie algebra is A¢ x - A*,
which is the key object when we construct phase spaces of 3-Lie algebras in the next section.

4 Symplectic structures and phase spaces of 3-Lie algebras

In this section, we introduce the notion of a phase space of a 3-Lie algebra and show that a 3-Lie
algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra. Moreover, we
introduce the notion of a Manin triple of 3-pre-Lie algebras and show that there is a one-to-one
correspondence between Manin triples of 3-pre-Lie algebras and perfect phase spaces of 3-Lie
algebras.

Definition 4.1. ([11]) A symplectic structure on a 3-Lie algebra (g, [-,-,-]g) is a nondegenerate
skew-symmetric bilinear form w € A2g* satisfying the following equality:

w([$7y7z}g7w)7w([yazaw]g7'r)+w([z7w7$]97y>7w([w7xay}g7z) 207 Vazy,zgweg. (19)

Example 4.2. Consider the 4-dimensional Euclidean 3-Lie algebra A4 given in [6]. The underlying
vector space is R%. Relative to an orthogonal basis {e1, ez, 3, €4}, the 3-Lie bracket is given by

[61762763] = €4, [62763764] = €1, [61763764] = €2, [61762764] = €3.

Then it is straightforward to see that any nondegenerate skew-symmetric bilinear form is a symplectic
structure on Ay. In particular,
* * * * * * * * * * * *
wr =ezNejteyNey, wr=eyNep+egNes, w3 =eygNep+esz ey,

wy=elNes+e;Ne;, ws=¢e]ANes+esAer, ws=e] Nes+esNey
are symplectic structures on A4, where {e7, €5, €5, e;} are the dual basis.

Proposition 4.3. ([11]) Let (g,[-,-,]g,w) be a symplectic 3-Lie algebra. Then there exists a
compatible 3-pre-Lie algebra structure {-,-,-} on g given by

w({xvyv Z},’LU) = —w(z, [zvva]g)v VL?J,ZJU €g. (20)

A quadratic 3-pre-Lie algebra is a 3-pre-Lie algebra (A, {-,-,-}) equipped with a nonde-
generate skew-symmetric bilinear form w € A?A* such that the following invariant condition
holds:

w{z,y, 2}, w) = —w(z, [z, y,w]e), Vr,y,z,w e A. (21)



Proposition 4.3 tells us that quadratic 3-pre-Lie algebras are the underlying structures of symplectic
3-Lie algebras.

Let V' be a vector space and V* = Hom(V,R) its dual space. Then there is a natural nondegen-
erate skew-symmetric bilinear form w on T*V =V @ V* given by:

Definition 4.4. Let (h,[,-,-]y) be a 3-Lie algebra and b* its dual space.

e [f there is a 3-Lie algebra structure [-,-,-] on the direct sum vector space T*h =h D h* such
that (h ® b*,[-,,-],w) is a symplectic 3-Lie algebra, where w given by (22), and (b, [, ]p)
and (h*,[-,,]|y») are 3-Lie subalgebras of (h & bH*,[-,-,"]), then the symplectic 3-Lie algebra
(h® b, [, -, ],w) is called a phase space of the 3-Lie algebra (b, [-,-,]y).

e A phase space (h & b*,[-,-,],w) is called perfect if the following conditions are satisfied:
[‘t?y?a]eh*ﬂ [a76’$} €h7 Vx’yeb’a7/8€b*' (23)

3-pre-Lie algebras play important role in the study of phase spaces of 3-Lie algebras.

Theorem 4.5. A 3-Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie
algebra.

Proof. Let (4,{-,,-}) be a 3-pre-Lie algebra. By Proposition 2.8, the left multiplication L is a
representation of the sub-adjacent 3-Lie algebra A° on A. By Lemma 2.5, L* is a representation
of the sub-adjacent 3-Lie algebra A¢ on A*. Thus, we have the semidirect product 3-Lie algebra
A )« A* = (A°@ A*,[,+,"]p~). Then (A° x1+ A* w) is a symplectic 3-Lie algebra, which is a
phase space of the sub-adjacent 3-Lie algebra (A€, [, -, ]¢). In fact, for all x1, x9, 23,24 € A and
a1, o, a3, a4 € A*) we have

([x1 + a1, w2 + g, w3 + a3lpx, 24 + )

(

= (L*(z1,x2)as + L (22, x3)1 + L* (x5, 1) 00, 24) — (@, [T1, T2, 3] )
—(az, {w1, 29, 24 }) = (a1, {2, 73, 74}) — (2, {73, 21, 24})
—(a

4, {Ihl’z,xs}} - (a4, {$2,$37$1}> - <a4, {$37$1,$2}>~

w
= w([z1, 22, 23)c + L (21, x2)az + L* (22, x3)a1 + L* (23, 21) 2, T4 + g)

Similarly, we have

w([xe + ag,x3 + ag, x4 + a4l 1 + 1)

Qg {362,333,561}) - <Oé27 {$3,$U4,£L’1}> - <0437 {$47$27$1}>
> a1,{562,$37554}> - <C¥17{$3,I47$2}> - <0617 {$47$2,$3}>7
([x3 + as, g + aq, 21 + 1]+, T2 + 2)

(
—
{
= —({ar, {23, 24, 22}) — (a3, {24, 21, 22}) — (4, {21, 23, 22})
{
(
—(

€

- CMQ,{$3,(E4,{L']_}> - <C¥2,{$4,{L’1,1’3}> - <0[2,{£L'1,£L'37.’E4}>7

(x4 + g, 1 + a1, 22 + 2]+, T3 + 3)

€

= - a27{9€4,9€1,9€3}) - (a4,{x1,x2,x3}) - <041, {CU27$4,963}>

az, {za, x1,29}) — (a3, {x1, T2, x4}) — (03, {w2, 4, 21}).



Since {z1, 22,23} = —{x2, 21,23}, we deduce that w is a symplectic structure on the semidirect
product 3-Lie algebra A° xr« A*. Moreover, (A, [-,-,-|¢) is a subalgebra of A® x - A* and A* is
an abelian subalgebra of A¢ x« A*. Thus, the symplectic 3-Lie algebra (A€ x - A*, w) is a phase
space of the sub-adjacent 3-Lie algebra (A, [, -, ]c).

Conversely, let (T*h = h @ bh*,[-,-,-],w) be a phase space of a 3-Lie algebra (b, [-,-,-]y). By
Proposition 4.3, there exists a compatible 3-pre-Lie algebra structure {-, -, -} on T*h given by (20).
Since (b, [, -, ]p) is a subalgebra of (h @ b*,[-,-,-]), we have

w{z,y, 2z}, w) = —w(z, [z,y,w]) = —w(z, [z,y,w]y) =0, Vz,y,zwéebh.

Thus, {z,y,z} € b, which implies that (b, {-,-,-}|s) is a subalgebra of the 3-pre-Lie algebra
(T*h,{-,-,-}). Its sub-adjacent 3-Lie algebra (h,[-,-,-]c) is exactly the original 3-Lie algebra
(h7 ['7 ) ]f)) u

Corollary 4.6. Let (I'"h =h D bh*,[,-,-],w) be a phase space of a 3-Lie algebra (h,[-,-,-]y) and
(b @ b*,{-,-,-}) the associated 3-pre-Lie algebra. Then both (h,{,-,-}|s) and (h*,{-,-,-}|s) are
subalgebras of the 3-pre-Lie algebra (h & b*,{-,-,-}).

Corollary 4.7. If (h @ b*,[-,-,-],w) is a phase space of a 3-Lie algebra (h,[-,-,]y) such that the
3-Lie algebra (h&b*, [, -, -]) is a semidirect product h X ,- b*, where p is a representation of (b, [-, -, ]y)
on by and p* is its dual representation, then

{z,y,2} = p(z,y)2, Va,y,2 €,
defines a 3-pre-Lie algebra structure on b.
Proof. For all x,y,z € h and a € h*, we have
({2, y ) = {9, 2),0) =6z 1,9, 0lqeer) = (2" (@,9)0) = ~(p" () 2)
= (o, p(z,y)2).
Therefore, {x,y,z} = p(z,y)z. A

Example 4.8. Let (A, {,-,-}4) be a 3-pre-Lie algebra. Since there is a semidirect product 3-pre-Lie
algebra structure (A x - 0 A*,{-,-,-}1r+,0) on the phase space T*A¢ = A x 1« A*, one can construct
a new phase space T*A° X« (T*A°)*. This process can be continued indefinitely. Hence, there
exist a series of phase spaces {A¢,) }n>2 :

Aqy=AC, Agy=T"Aqy=Axpe A, Ay =T Ap_r), -
Ay (n > 2) is called the symplectic double of A, _q).
At the end of this section, we introduce the notion of a Manin triple of 3-pre-Lie algebras.
Definition 4.9. A Manin triple of 3-pre-Lie algebras is a triple (A; A, A’), where
o (A, { - },w) is a quadratic 3-pre-Lie algebra;
e both A and A’ are isotropic subalgebras of (A,{-,-,-});

o A= A® A" as vector spaces;
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e forallz,y € A and o, 8 € A’, there holds:

{z,y,at € A', {a,z,y} €A, {a,B,2} €A, {z,a3}€A (24)

In a Manin triple of 3-pre-Lie algebras, since the skewsymmetric bilinear form w is nondegenerate,
A’ can be identified with A* via

(,2) 2 w(a,z), VreAacA.

Thus, A is isomorphic to A @& A* naturally and the bilinear form w is exactly given by (22). By
the invariant condition (21), we can obtain the precise form of the 3-pre-Lie structure {-,-,-} on
A A*.

Proposition 4.10. Let (A ® A*; A, A*) be a Manin triple of 3-pre-Lie algebras, where the non-
degenerate skewsymmetric bilinear form w on the 3-pre-Lie algebra is given by (22). Then we

have
{z,y,a} = (L*—R*7+ R")(z,9)aq, (25)
{2y} = —R'(z,y)a, (26)
{a,B,2} = (L*—R't+R*)(«,pP)x, (27)
{z,0,8} = —-R*(a,pP)x. (28)

Proof. For all z,y,z € A,a € A*, we have

<{x’y7 a}72> = w({x>yva}7z) = 7(“}(047 [x’y’ Z]C)
—w(a{z,y, 2} +{y, 2,0} + {z,2,9})
—w(a, L(z,y)z — R(y, z)z + R(z,y)z)
—(a, L(z,y)z — R(y, )z + R(z,y)z)
= (" = R'7+ R")(z,y)a, 2),

which implies that (25) holds. We have

({Oz,m,y}, Z> = w({a7x>y}v'z) = —w(y, [O@.Z‘,Z](;) = w(y, [z,x,a]c) = _w({zvx>y}aa)
= (o, R(z,y)z) = —(R*(x,y)q, 2),

which implies that (26) holds. Similarly, we can deduce that (27) and (28) hold. W

Theorem 4.11. There is a one-to-one correspondence between Manin triples of 3-pre-Lie algebras
and perfect phase spaces of 3-Lie algebras. More precisely, if (A ® A*; A, A*) is a Manin triple
of 3-pre-Lie algebras, then (A ® A*,[-,-,"]c,w) is a symplectic 3-Lie algebra, where w is given by
(22). Conversely, if (h ®b*,[-,-,-],w) is a perfect phase space of a 3-Lie algebra (b,[-,-,-]y), then
(6D b*;b,b*) is a Manin triple of 3-pre-Lie algebras, where the 3-pre-Lie algebra structure on b & h*
is given by (20).

Proof. Let (A® A*; A, A*) be a Manin triple of 3-pre-Lie algebras. Denote by {-,-,-} 4 and {-,-, -} 4~
the 3-pre-Lie algebra structure on A and A* respectively, and denote by [-,-,-]a4 and [, -, ]+ the
corresponding sub-adjacent 3-Lie algebra structure on A and A* respectively. By Proposition 4.10,
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it is straightforward to deduce that the corresponding 3-Lie algebra structure [-,-,-]c on A ® A* is
given by

[z +a,y+B,2+7c = [z,y,2]a+ L, B)2+ L7(B,v)x + L (v, )y
+[aaﬂa7]/-§* +L*($,y)’7—|—L*(y,Z)Oé+L*(27$)5 (29)

For all 21, x9, 23,24 € A and a1, as, ag, ay € A*, we have

w([z1 + a1, 20 + ag, 3 + aslo, x4 + 4)
w([z1, 22, x3)a + L (a1, a2)xs + L (2, a3)r1 + L¥ (g, 1) a2
+Ho, ag, as)ax + L (@1, w2)as + L (22, w3)ar + L™ (23, 21) e, T4 + aig)
= (Ja1, a2, a3]as + L* (21, 22)as + L (22, 23)1 + L™ (x5, 1) 02, 24)
—(ay, (21,2, 23]4 + L (1, a2)x3 + L™ (0, a3)xy + L (a3, a1 ) x2)
= <[041,0427043]A*7$4> - <C¥3, {1’17372,36‘4},4) - <0417 {$2,$37$4}A> - <012, {$3,$17$4}A>

—(a, [x1, 20, 23] ) + ({01, 22, u}fa-, 23) + ({02, a3, auta-, 21) + ({os, a1, aufa-, 22).
Similarly, we have

w([ze + ag, 23 + a3, x4 + 4], 21 + 1)

= ([a276¥3,044}c,961> - <a4, {7327-7337371}A> - <0427 {$37$47$1}A> - (0137 {$4,$2,$1}A>
—(au, [z, 23, 24]0) + ({2, a3, 1} a-, 2a) + ({az, aq, a1} a-, w2) + ({4, a2, a1} 4=, 23),
w([zs + as, x4 + ag, 21 + 1], 22 + @2)

= ([04370147061}07902> - <0617 {963@47902}14) S <037 {$47$1»$2}A> - (Ot47 {$17$37$2}A>
—(ag, [3, 24, 21])0) + ({as, au, a2} ax, 21) + {ou, a1, astax, x3) + ({or, as, az}a-, 24),
w([ra + o, x1 + o, T2 + s, 3 + as)

= (lou, o, 0]o,w3) — (a2, {z4, 21,23} a) — (au, {x1, 72,23} 4) — (1, {72, 24,23} 4)

—(as, [za, 71, 22]0) + ({aa, 1, a3} a5, 22) + ({on, a2, a3} ax, 74) + ({2, aa, a3t ax, 21).

By {z1,22,25}4 = —{z2, 21,23} 4 and {1, a2, a3}ar = —{aa, a1, asz}a-, we deduce that w is a
symplectic structure on the 3-Lie algebra (A @ A*, [, -, ]c¢). Therefore, it is a phase space.
Conversely, let (hdbh*, [, -, ],w) be a phase space of the 3-Lie algebra (b, [, -, ]y). By Proposition

4.3, there exists a 3-pre-Lie algebra structure {-, -, -} on hdh* given by (20) such that (hdb*, {,-,-},w)
is a quadratic 3-pre-Lie algebra. By Corollary 4.6, (b,{-,-,-}|s) and (b*,{-,-,-}|s~) are 3-pre-Lie
subalgebras of (h @ b*,{-,-,-}). It is obvious that both h and h* are isotropic. Thus, we only need
to show that (24) holds. By (23), for all 21,29 € h and ay, as € h*, we have

w({z1, 22,1}, a2) = —w(au, [T1, T2, a2]c) = 0,

which implies that {x1, 22,1} € b*. Similarly, we can show that the other conditions in (24) also
hold. The proof is finished. B

Remark 4.12. The notions of a matched pair of 3-Lie algebras and a Manin triple of 3-Lie algebras
were introduced in [11]. By (29), we obtain that (A°, A*“; L*, L*) is a matched pair of 3-Lie algebras
and the phase space is exactly the double of this matched pair. However, one should note that a
Manin triple of 3-pre-Lie algebras does not give rise to a Manin triple of 3-Lie algebras.
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Remark 4.13. For pre-Lie algebras, there are equivalent description between Manin triples of
pre-Lie algebras, matched pairs of pre-Lie algebras associated to the dual representations of the
reqular representations and pre-Lie bialgebras [8]. Here we only study Manin triples of 3-pre-Lie
algebras, which are closely related to phase spaces of 3-Lie algebras and para-Kdihler 3-Lie algebras
that studied in Section 8. We postpone the study of matched pairs of 3-pre-Lie algebras and 3-pre-Lie
bialgebras in the future.

5 Product structures on 3-Lie algebras

In this section, we introduce the notion of a product structure on a 3-Lie algebra using the Nijenhuis
condition as the integrability condition. We find four special integrability conditions, each of them
gives a special decomposition of the original 3-Lie algebra. At the end of this section, we introduce
the notion of a (perfect) paracomplex structure on a 3-Lie algebra and give examples.

Definition 5.1. Let (g,[-,-,]g) be a 3-Lie algebra. An almost product structure on the 3-Lie
algebra (g,[-,+,"]g) is a linear endomorphism E : g — g satisfying E*> =1d (E # +1d). An almost
product structure is called a product structure if the following integrability condition is satisfied:

Elz,y,zly = [Bx, By, Ezlg + [Ex,y,2]g + [z, By, 2]g + [2,y, E2lq
—FE[Ex,Ey, 2|y — E[z, By, Ez]g — E[Ex,y, Ez]y. (30)

Remark 5.2. One can understand a product structure on a 3-Lie algebra as a Nijenhuis operator
E on a 3-Lie algebra satisfying E* = 1d.

Theorem 5.3. Let (g,[,,|g) be a 3-Lie algebra. Then (g,[-,-,]g) has a product structure if and
only if g admits a decomposition:

g=9+Dg-, (31)
where g4 and g_ are subalgebras of g.

Proof. Let E be a product structure on g. By E? =1Id , we have g = g ® g_, where g, and g_
are the eigenspaces of g associated to the eigenvalues +1. For all 1,22, x5 € g4+, we have

Elzi,x9,23]y = [Ex1, Exo, Exslg + [Ex, 2, 3] + [v1, Bz, 23] + [T1, T2, Exs)g
—E[E,Tl, EZ’Q, ZE3}Q — E[IBI, El‘27 E.Tg]g — E[E,Tl, ZTo, E"Eg}g
= 4[([1,1‘27.773}5 — 3E[11,SL‘271’3]E.
Thus, we have [z1, 22, 23] € g4, which implies that g, is a subalgebra. Similarly, we can show

that g_ is a subalgebra.
Conversely, we define a linear endomorphism F : g — g by

Ez+a)=z—a, YreEgy,a€g_. (32)
Obviously we have E2 = Id. Since g, is a subalgebra of g, for all 21, z2, 23 € g4, we have

[Eml, E$27E.Z'3]g =+ [E.Z'hxg,xg]g + [xl,EI2,{L'3]B 4+ [‘T1,£L'2,E.I'3}g
7E[E$1,E.I‘2,J}3]g — E[.I}l,Exz,El'g]g — E[El'l,l‘g,E.T}:;]g
= Az, w2, w3]g — 3E[x1, 22, 23]5 = [21, T2, 3]

= E[$1a$27x3]g7
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which implies that (30) holds for all xy, za, 23 € g4. Similarly, we can show that (30) holds for all
z,y,z € g. Therefore, E is a product structure on g. B

Lemma 5.4. Let E be an almost product structure on a 3-Lie algebra (g,[-,-,"|g). If E satisfies
the following equation

E[z,y,z]g = [E‘Tvyvz]g’ (33)

then E is a product structure on g such that [g4,9+,9-]g =0 and [g_,9—,9+]g =0, i.e. g is the
3-Lie algebra direct sum of g+ and g_.

Proof. By (33) and E? = Id, we have
[Ez, By, Ez)g + [Ex,y,2]g + [z, By, 2] + [z, v, EZ]4
—FE[Ex,Ey, 2]y — Elz, By, Ez]g — E[Ex,y, Ez]4
= [Exz, Ey,Ez|lg+ Elx,y, zlg + [z, By, z|g + [z, y, Ez]g
—[E®z, By, 2]y — [Ez, By, Ez]y — [E?z,y, E2],
= Elz,y,z]g.
Thus, F is a product structure on g. For all 21, x5 € g1+,a7 € g_, on one hand we have
Elon, 1, 2]y = [Ear, w1, x0]g = —[ou, 1, 2] 4.
On the other hand, we have
Elon, x1, 2]y = Elx1, @2, 01]g = [Ex1, T2, 01]g = [T1, T2, a1g.
Thus, we obtain [g4, g+, 9-]g = 0. Similarly, we have [g_,g_, g4+]g = 0. The proof is finished. ®

Definition 5.5. (Integrability condition I) An almost product structure E on a 3-Lie algebra
(9,[»+]g) is called a strict product structure if (33) holds.

Corollary 5.6. Let (g,[,-,"]g) be a 3-Lie algebra. Then (g,[-,-,]g) has a strict product structure
if and only if g admits a decomposition:

g=0+ D9,
where g4 and g_ are subalgebras of g such that [94,9+,9-]g =0 and [g_,9-,94]g = 0.

Proof. We leave the details to readers. H

Lemma 5.7. Let E be an almost product structure on a 3-Lie algebra (g, [-,-,"|g). If E satisfies
the following equation
['Ta Y, Z]g = —[.Z', Eya Ez]g - [E'Ta Y, EZ]Q - [E$7 Ey7 Z}g: (34)

then E is a product structure on g.
Proof. By (34) and E? = Id, we have
[Ex, By, Ez]g + [Ex,y,z]g + [z, By, z]g + [z, y, EZ]g
—E[Ex,FEy, z|y — Elz, By, Ez]y — E[Ex,y, Ez]4
= —[Ex, E%*y, E*2], — [E*z, By, E*2), — [Ez, By, EZ],
+Er,y, 2lg + [x, By, 2lg + [2,y, E2lg + Elz,y, 24
= Elz,y,z]g.

Thus, F is a product structure on g. W
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Definition 5.8. (Integrability condition ITI) An almost product structure E on a 3-Lie algebra
(9,[+]g) is called an abelian product structure if (34) holds.

Corollary 5.9. Let (g,[,,|g) be a 3-Lie algebra. Then (g,[-, -, ]g) has an abelian product structure
if and only if g admits a decomposition:

g=94+Dg-,
where g+ and g— are abelian subalgebras of g.
Proof. Let E be an abelian product structure on g. For all x1, 29,23 € g4, we have
[x1,®2,x3]g = —[Ez1, Bxg,w3]y — (21, Exo, Exsly — [Ex1, 29, Exs)g
= —3[z1, 22, z3]g,

which implies that [x1, 29, 23]y = 0. Similarly, for all a1, as, a3 € g—, we also have [a1, ag, as]y = 0.
Thus, both g4 and g_ are abelian subalgebras.

Conversely, define a linear endomorphism F : g — g by (32). Then it is straightforward to
deduce that F is an abelian product structure on g. W

Lemma 5.10. Let E be an almost product structure on a 3-Lie algebra (g, [, -,|g). If E satisfies
the following equation

[mvyvz]g = E[Ez7y’Z]g+E[$7Eyvz]g+E[m7y7Ez}gv (35)
then E is an abelian product structure on g such that [g4,9+,9-]g C g4 and [g—,9—,09+]g C g—.
Proof. By (35) and E? = Id, we have

[Ex,Ey, Ez]g + [Ex,y,z]g + [z, By, z]g + [z, y, Ez]g
—FE[Ex,Ey, 2|y — Elz, Ey, Ez]y — E[Ex,y, Ez]4

= FElz,Ey, Ezlg+ E[Ex,y, Ez]ly + E[Ex, Ey, z]g + E[z,y, 2]4
—FE[Ex,Ey, 2|y — Bz, Ey, Ez]y — E[Ex,y, Ez]4

= Elz,y,2],.

Thus, we obtain that F is a product structure on g. For all 1, 25,23 € g4, by (35), we have

[331,332,173}5 = E[E$1,$2,$3]g =+ E[Jil,sz,Jig]g =+ E[Jil,ﬂl’g,EJ?g}g

= 3E[$1,(L‘2,1‘3]U = 3[%1,1‘2,1’319.

Thus, we obtain [g4, g+, 0+]g = 0. Similarly, we have [g_,g_,g-]g = 0. By Corollary 5.9, F is an
abelian product structure on g. Moreover, for all z1, 22 € g4, a1 € g—, we have

[#1, 20, 1] = E[Ex1,22,01]4 + Elx1, Exa, 0nlg + Elz1, 2, Eailg

= E[]Z’l,xQ,aﬂg,
which implies that [g4,9+,9-]g C g4. Similarly, we have [g_,g_,g4]; Cg—. W

Definition 5.11. (Integrability condition III) An almost product structure E on a 3-Lie algebra
(9,[]g) is called a strong abelian product structure if (35) holds.
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Corollary 5.12. Let (g,[-,-,-]g) be a 3-Lie algebra. Then (g,[-,-,]g) has a strong abelian product
structure if and only if g admits a decomposition:

g=g+Dg-,
where g4 and g_ are abelian subalgebras of g such that [g4,9+4,9-]g C g4 and [g—,9—,09+]g C 9.

Remark 5.13. Let E be a strong abelian product structure on a 3-Lie algebra (g, [-,,]g). Then
we can define vy : gy — Hom(A?g_,g_) and v_ : g_ — Hom(A%g,,gy) by

V+(.I')(Oé7ﬂ):[057ﬁ,$}g, V*(a)(xay):[x7y>a}g: Vx,y€g+7oz,ﬂ€g,.

It turns out vy and v_ are generalized representations of abelian 3-Lie algebras g4 and g— on g_
and g4 respectively. See [30] for more details about generalized representations of 3-Lie algebras.

More surprisingly, a strong abelian product structure is an O-operator as well as a Rota-Baxter
operator [10, 34]. Thus, some O-operators and Rota-Baxter operators on 3-Lie algebras can serve
as integrability conditions.

Proposition 5.14. Let E be an almost product structure on a 3-Lie algebra (g,[-,-,]q). Then
E is a strong abelian structure on g if and only if E is an O-operator associated to the adjoint
representation (g,ad). Furthermore, there exists a compatible 3-pre-Lie algebra (g,{-,-,-}) on the
3-Lie algebra (g, [-,-,"]q), here the 3-pre-Lie algebra structure on g is given by

{z,y,z} = Elz,y, Ez]g, Yz,y,z € g. (36)
Proof. By (35), for all x,y,z € g we have
[Ex,Ey,Ezly, = E[E%x, By, Ez|y+ E[Ez, E*y, Ez]y + E[Ex, By, E*2],
= FE(adpy pyz + adpy .7 + adp. pey)-

Thus, E is an Q-operator associated to the adjoint representation (g,ad).
Conversely, if for all x,y, z € g, we have

[E.T, Ey, Ez]g = E(adEI,Eyz =+ adEnyzz =+ adEZ,Ezy)
= E([E:QE:U?Z}Q + [.Z', Ey: EZ]E + [E{L',y, EZ]Q)7

then [z,y, 2]y = Elx,y, Ez]g + E[Ex,y, z]g + E[z, By, 2] by E~! = E. Thus, E is a strong abelian
structure on g.

Furthermore, by E~! = E and Proposition 2.10, there exists a compatible 3-pre-Lie algebra on
g given by {z,y,z} = Fad, ,E '(z) = E[z,y, Ez]g. The proof is finished. M

There is a new phenomenon that an involutive automorphism of a 3-Lie algebra also serves as
an integrability condition.

Lemma 5.15. Let E be an almost product structure on a 3-Lie algebra (g, [, -,-|q). If E satisfies
the following equation

Elz,y, 2]y = [Exz, Ey, Ezl, (37)
then E is a product structure on g such that

04,04,0-]gCo-, [9-,0-,0+]g C oy (38)
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Proof. By (37) and E? = Id, we have
[Ez, By, Ez]g + [Ex,y, 2] + [z, By, 2] + [2,y, E2]4
—E[Ex,Ey, 2|y — E[z, By, Ez]g — E[Ex,y, Ez]4
= Elx,y,z|g+ [Ex,y,zlg + |z, By, z]g + [z, y, Ez]g
7[E2x,E2y,Ez]g — [Egc7E2y,E2,z]g — [E2:L',Ey,EQ,z}g
= FElx,y, 2],
Thus, F is a product structure on g. Moreover, for all x1,z9 € g4, a1 € g_, we have
Elx1,29,01]g = [Ex1, Exo, Fonlg = —[21, 22, 1],
which implies that [g4,9+,9-]g C g—. Similarly, we have [g_,g_,94]; Cg;. W

Definition 5.16. (Integrability condition IV) An almost product structure E on a 3-Lie algebra
(9,],-,]g) is called a perfect product structure if (37) holds.

Corollary 5.17. Let (g, [, -, ]g) be a 3-Lie algebra. Then (g, [-,-,|g) has a perfect product structure
if and only if g admits a decomposition:

g=9g+Dg-,
where g4 and g_ are subalgebras of g such that [94,9+,9-]g C9— and [g—,9-,0+]g C 9.
Proof. We leave the details to readers. W

Corollary 5.18. A strict product structure on a 3-Lie algebra is a perfect product structure.

Remark 5.19. Let E be a product structure on a 3-Lie algebra (g, [, -,-|q). By Theorem 5.3, g4
and g_ are subalgebras. However, the brackets of mized terms are very complicated. But a perfect
product structure E on (g,[-,-,]g) ensures [g4,9+,9-]g C 9— and [g—,9—,9+]g C g+. Note that

this is exactly the condition required in the definition of a matched pair of 3-Lie algebras [11]. Thus,
E is a perfect product structure if and only if (g+,9-) is a matched pair of 3-Lie algebras. This
type of product structures are very important in our later studies.

Definition 5.20. (i) A paracomplex structure on a 3-Lie algebra (g,[-, -, ]q) is a product
structure E on g such that the eigenspaces of g associated to the eigenvalues £1 have the
same dimension, i.e. dim(gy) = dim(g_).

(i) A perfect paracomplex structure on a 3-Lie algebra (g,[,-,"]g) s a perfect product
structure 2 on g such that the eigenspaces of g associated to the eigenvalues £1 have the
same dimension, i.e. dim(gy) = dim(g_).

Proposition 5.21. Let (A,{:,-,-}) be a 3-pre-Lie algebra. Then, on the semidirect product 3-Lie
algebra A€ X« A*, there is a perfect paracomplex structure E : A° X« A* — A° X« A* given by

Ex+a)=z—a«a, Yoe A% ac A" (39)

Proof. It is obvious that £? = Id. Moreover, we have (A¢ x - A*), = A, (A°x« A*)_ = A" and
they are two subalgebras of the semidirect product 3-Lie algebra A° x « A*. By Theorem 5.3, E is
a product structure on A° X« A*. Since A and A* have the same dimension, F is a paracomplex
structure on A° x p+« A*. It is obvious that F is perfect. H

At the end of this section, we give some examples of product structures.
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Example 5.22. There is a unique non-trivial 3-dimensional 3-Lie algebra. It has a basis {e1, €2, e3}
with respect to which the non-zero product is given by

[61762763] =e€1.

1 0 0 1 0 0
Then E=1| 0 1 0 and E= 1 0 —1 0 | are strong abelian product structures and
0 0 -1 0 0 1
-1 0 0
E= 0 1 0 | isa perfect product structure.
0 0 1

Example 5.23. Consider the 4-dimensional Euclidean 3-Lie algebra A4 given in Example 4.2.
Then

10 0 0 1 0 0 0 1 0 0 0
01 0 0 0 -1 0 0 0 -1 0 0
Er=loo -1 0 ["2=lo 0o 1 0 ["®=0o o -1 0|
00 0 -1 0 0 0 -1 0 0 0 1
-1 00 0 -1 0 0 0 -1 0 00
0 10 0 0 1 0 0 0 -1 0 0
Ba = 0 01 o |"B= 0 0 —1 0 |Fe= 0 0 1 0
0 0 0 -1 0 0 0 1 0 0 0 1

are perfect and abelian product structures.

6 Complex structures on 3-Lie algebras

In this section, we introduce the notion of a complex structure on a real 3-Lie algebra using the
Nijenhuis condition as the integrability condition. Parallel to the case of product structures, we
also find four special integrability conditions.

Definition 6.1. Let (g,[,-,"]4) be a real 3-Lie algebra. An almost complex structure on g is
a linear endomorphism J : g — g satisfying J> = —Id. An almost complex structure is called a
complex structure if the following integrability condition is satisfied:

Jwy,2lg = —lJz,Jy, J2lg+ [Jz,y, 2lg + [z, Ty, 2lg + [2,y, T2y
+JJx, Jy, 2]g + Tz, Jy, J2]g + J[Jz,y, J2]4. (40)
Remark 6.2. One can understand a complex structure on a 3-Lie algebra as a Nijenhuis operator
J on a 3-Lie algebra satisfying J? = —Id.

Remark 6.3. One can also use definition 6.1 to define the notion of a complex structure on a
complex 3-Lie algebra, considering J to be C-linear. However, this is not very interesting since
for a complex 3-Lie algebra, there is a one-to-one correspondence between such C-linear complex
structures and product structures (see Proposition 7.1).

Consider gc = g ®r C = {x + iy|z,y € g}, the complexification of the real Lie algebra g, which
turns out to be a complex 3-Lie algebra by extending the 3-Lie bracket on g complex trilinearly,
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and we denote it by (gc, [, -, ]gc). We have an equivalent description of the integrability condition
given in Definition 6.1. We denote by o the conjugation in gc with respect to the real form g, that
is, o(z +iy) = x — iy, x,y € g. Then, o is a complex antilinear, involutive automorphism of the
complex vector space gc.

Theorem 6.4. Let (g, [, -, ]g) be a real 3-Lie algebra. Then g has a complex structure if and only
if gc admits a decomposition:

gc=q9p, (41)
where q and p = o(q) are complex subalgebras of gc.

Proof. We extend the complex structure J complex linearly, which is denoted by Jg, i.e. Jc :
gc — gc is defined by
Je(z +iy) = Jr +iJy, Vz,y € g. (42)

Then J¢ is a complex linear endomorphism on g¢ satisfying J@ = —Id and the integrability condition
(40) on gc. Denote by gu; the corresponding eigenspaces of g¢ associated to the eigenvalues +i
and there holds:

gc = 9i Dg—i-

It is straightforward to see that g, = {z — iJx|z € g} and g_; = {z + iJz|z € g}. Therefore, we
have g_; = o(g;).
For all X,Y,Z € g;, we have
JelX,Y, Zlg. = —[JcX, Y, JcZ]g. + [Jc XY, Z]g. + [ X, JcY, Z]g. + [ X, Y, JcZ] g,
+JC[JCX, JeY, Z}gc + Jc[X, Jey, JCZ]gc + Jc[J(cX, Y, J@Z]gc
= 4i[X,Y,Z),. — 3JclX,Y, Z),..
Thus, we have [X,Y, Z],. € g;, which implies that g; is a subalgebra. Similarly, we can show that

g_; is also a subalgebra.
Conversely, we define a complex linear endomorphism J¢ : gc — gc by

Je(X+0(Y)) =iX —io(Y), VX,Y €q. (43)
Since o is a complex antilinear, involutive automorphism of g¢, we have
JAX +0(Y)) = Jc(iX —io(Y)) = Je(iX +o(iY)) =i(iX) —ioc(iY) = - X — o(Y),
i.e. J2 = —Id. Since q is a subalgebra of gc, for all X,Y,Z € q, we have

—[JeX, JcY, Je Zlge + [Jc X, Y, Z]g. + [X, JcY, Z]g. + [X, Y, JoZ]g.
+<](C[JCX, JeY, Z}gﬂ: + Je [X, JeY, JCZ]gc + J(;[JcX, Y, JCZ]QC
= 4[X)Y,Z]y. —3Jc[X,Y, Z]4. = i[X,Y, 7]
~ JC[X7 K Z]Qrca
which implies that Jc satisfies (40) for all X, Y, Z € q. Similarly, we can show that J¢ satisfies (40)

for all X, Y, Z € g¢. Since gc = q @ p, we can write X € gc as X = X + o(Y), for some XY € q.
Since o is a complex antilinear, involutive automorphism of g¢, we have

(Jeoo)(X +o(Y)) = Je(Y + o(X)) = iY —io(X) = 0(iX —io(Y)) = (00 Jo)(X + o(Y)),
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which implies that Jg o 0 = 0 o Jg. Moreover, since o(X) = X is equivalent to X’ € g, we deduce
that the set of fixed points of ¢ is the real vector space g. By Jcoo = oo Jg, there is a well-defined
J € gl(g) given by

J = Jelg-
Follows from that Jc satisfies (40) and JZ = —Id on gc, J is a complex structure on g. W
Lemma 6.5. Let J be an almost complex structure on a real 3-Lie algebra (g, [-,-,]q). If J satisfies
Jz,y, zlg = [Jz,y, 2lg, Va,y,z € g, (44)
then J is a complex structure on (g, [, -, |g)-

Proof. By (44) and J? = —Id, we have
—Jz, Jy, Jzlg + [Jx,y, 2]g + @, Jy, 2]g + [z, v, T 2]
+J[Jx, Jy, z]g + J[x, Jy, J2]g + J[Jz,y, J2]4
= —[Jz,Jy,J2]g+ Tz, y, 2g + [z, Ty, 2]g + [y, J2]g
+ T2, Jy, 2)g + [Tz, Jy, J2)g + [Tz, y, 2] 4
= Jlz,y, 2],
Thus, we obtain that J is a complex structure on g. H

Definition 6.6. (Integrability condition I) An almost complex structure J on a real 3-Lie

algebra (g, [-,-,-]g) is called a strict complex structure if (44) holds.
Corollary 6.7. Let (g,[,-,]g) be a real 3-Lie algebra. Then there is a strict complex structure on
(9, lg) if and only if gc admits a decomposition:

gc=qDp, (45)

where q and p = o(q) are complex subalgebras of gc such that [q,q,plg. = 0 and [p,p,qlg. =0, i.c.
gc is a 3-Lie algebra direct sum of q and p.

Proof. Let J be a strict complex structure on a real 3-Lie algebra (g, [-,-,]g). Then, J¢ is a strict
complex structure on the complex 3-Lie algebra (gc, [, -, ]gc). For all X,Y € g; and 0(2) € g_;,
on one hand we have

JC[X7 YvU(Z)}Ec = [J(CXv YvU(Z)]gc = i[Xv ng(Z)]E

On the other hand, we have
JC[X7 YaU(Z)}BC = JC[U(Z)7X7 Y]Qc = [JCU(Z)7X> Y]Qc = 7i[U(Z)aX7 Y]EC'

Thus, we obtain [g;, gi, §—i]gc = 0. Similarly, we can show [g_;, g—s, gi]g. = 0.
Conversely, define a complex linear endomorphism J¢ : gc — gc by (43). Then it is straightfor-
ward to deduce that JZ = —Id. Since q is a subalgebra of gc, for all X,Y, Z € q, we have

JC[Xv Y, Z}Ec = i[Xv Y, Z]gc = [J(CXv Y, Z]gm

which implies that Je satisfies (44) for all X, Y, Z € q. Similarly, we can show that Jc satisfies (44)
for all X,),Z € gc. By the proof of Theorem 6.4, we obtain that J £ Jclg is a strict complex
structure on the real 3-Lie algebra (g, [+, -, ]g). The proof is finished. ®
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Let J be an almost complex structure on a real 3-Lie algebra (g, [, -, ]g). We can define a
complex vector space structure on the real vector space g by

(a+bi)x £ ax +bJz, Ya,b € R,z € g. (46)

Define two maps ¢ : g — g; and ¢ : g — g_; as following:

plr) = %(z—z}]x),
W) = %(m+iJm).

It is straightforward to deduce that ¢ is complex linear isomorphism and 1) = o o ¢ is a complex
antilinear isomorphism between complex vector spaces.

Let J be a strict complex structure on a real 3-Lie algebra (g, [, -, ]4). Then with the complex
vector space structure defined above, (g, [-,,|4) is a complex 3-Lie algebra. In fact, the fact that
the 3-Lie bracket is complex trilinear follows from

[(a + bi)x,y, z]g [ax +bJ,y, 2]g = alz,y, 2]g + b[J2, Y, 2]

= a[$7y72]g+bJ[I,y,Z]g = (aJFbZ)[xvva}g

using (44) and (46).

Let J be a complex structure on g. Define a new bracket [-,-,-]; : A%g — g by
[IL’, Y, Z]J é Z([xvyv Z]g - ['T7 J?J» Jz}g - [Jm7y7 Jz]g - [JCL’, Jy7 Z]g)v nyy» S g. (47)
Proposition 6.8. Let J be a complex structure on a real 3-Lie algebra (g, [-,-,-]g). Then (g, [, ]1)
is a real 3-Lie algebra. Moreover, J is a strict complex structure on (g, [-,+,]s) and the corresponding
complex 3-Lie algebra (g, [, -, ]s) is isomorphic to the complex 3-Lie algebra g;.
Proof. One can show that (g,[-,-,-]s) is a real 3-Lie algebra directly. Here we use a different

approach to prove this result. By (40), for all z,y, z € g, we have

(P@) oW PlNe = 5l = iy — iy, 2 = i3]y

1
= g([m,%z}g — [z, Jy, J2lg — [Jz,y, Jzlg — [Tz, Jy, z]g)

1.
fgz([x,y, Jz]g + [z, Jy, 2]g + [Jz,y, 2)g — [Tz, Jy, Jz]g)

1
= g([maywz}g - [l’a Jy7JZ]9 - [J‘Taya JZ]B - [Jxvjyv Z}g)

1.
—ng([z,y, 2)g — lx, Jy, J2]g — [Jz,y, Jz]g — [Jx, Jy, 2]g)
= olz,y, 2] (48)

Thus, we have [z,y,2]; = ¢ '[p(z), p(y), (2)]g.. Since J is a complex structure, g; is a 3-Lie
subalgebra. Therefore, (g, [, -, ]s) is a real 3-Lie algebra.
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By (40), for all z,y, z € g, we have

1
J[I,y,Z]J - ZJ([xvy:Z]g_ [I7Jy7<]z]g_[‘]x7y7 ‘]Z}g_ [Jl‘ajy:z]g)
1
= Z(f[Jx, Jy, J2lg + [Jz,y, 2] + [z, Jy, 2]g + [@, Y, J2]g)
= [Jljv Y, Z].]7
which implies that J is a strict complex structure on (g, [-,-,]s). By (48), ¢ is a complex 3-Lie

algebra isomorphism. The proof is finished. B

Proposition 6.9. Let J be a complex structure on a real 3-Lie algebra (g, [-,-,]g). Then J is a
strict complex structure on (g, [-,-,]g) if and only if [-,-,-]; = [, -, ]g-
Proof. If J is a strict complex structure on (g, [, -, |g), by J[z,y, 2|y = [Jz,y, z]4, we have

1
[xayvz]J = Z([:E?y7z]g - [I:J?J»JZ}Q - [Jxayv Jz]g - [Jvay7Z]g) = [I7y7z}g'
Conversely, if [-,-,-]; = [, -, |4, we have
=3[z, vy, 2lg = [z, Jy, J2lg + [Jx,y, Jz|g + [Tz, Jy, 2]

Then by the integrability condition of J, we obtain

4J[$7yvz]J = _[Jmajyﬂ]z}g+[Jxayvz]g+[x7<]yvz]g+[x7yajz]g
3[J£, Y, z]g + [Jxv Y, Z]E
= 4[]1’,y,2]g,

which implies that J[z,y, z]g = [Jz,y, z]g. The proof is finished. W

Lemma 6.10. Let J be an almost complex structure on a real 3-Lie algebra (g, [, -, ]g). If J
satisfies the following equation

['r:yaz]g = [:E, Jy7 JZ]Q =+ [Jmaya JZ]E + [J.Z', Jy?'z}ga (49)
Then, J is a complex structure on g.

Proof. By (49) and J? = —1Id, we have

—[Jz, Jy, J2lg + [Jz,y, 2] + [z, Ty, 2]g + [y, J2]g
+JJx, Jy, z]g + [z, Jy, J2]g + J[Jx,y, J2]4

= —[Jx, J%y, J?2]g — [JPx, Jy, J?2]g — [JP2, T2y, J 2],
[z, y, 2l + [, Jy, 2l + [,y 2] + T, y, 2]

= Jlz,y, 2],

Thus, we obtain that J is a complex structure on g. W

Definition 6.11. (Integrability condition IT) An almost complex structure J on a real 3-Lie
algebra (g, [-,-,-]g) is called an abelian complex structure if (49) holds.
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Remark 6.12. Let J be an abelian complex structure on a real 3-Lie algebra (g,[,-,-]g). Then
(g, +]s) is an abelian 3-Lie algebra.

Corollary 6.13. Let (g,[-,-,-]g) be a real 3-Lie algebra. Then g has an abelian complex structure
if and only if gc admits a decomposition:

gc=q9Dp,
where q and p = o(q) are complex abelian subalgebras of gc.

Proof. Let J be an abelian complex structure on g. By Proposition 6.8, we obtain that ¢ is a
complex 3-Lie algebra isomorphism from (g, [-,-,-].;) to (gi, [, |gc). Since J is abelian, (g, [-,-,].s)
is an abelian 3-Lie algebra. Therefore, q = g; is an abelian subalgebra of gc. Since p = g_; = o(g:),
for all x1 + ty1, w2 + iy2, x3 + iys € g;, we have

[0(z1 +iy1),0(z2 + iy2), o(x3 + 1y3)] g
= [z1 — Y1, T2 — Y2, T3 — iY3]ge
= ([v1,22,23]q — [21,92,y3]g — [y1, 22, y3]g — [V1, 2, 23]g)
—i([z1, T2, yslg + [T1, Y2, T3]g + [Y1, T2, T3]g — [V1, Y2, U3lg)
= olzy +iy1, 22 + Y2, T3 + 1Y3]g.
0.

Thus, p is an abelian subalgebra of gc.

Conversely, by Theorem 6.4, there is a complex structure J on g. Moreover, by Proposition 6.8,
we have a complex 3-Lie algebra isomorphism ¢ from (g, [-,-,"]s) to (q,[-, -, ]gc)- Thus, (g,[,,]s)
is an abelian 3-Lie algebra. By the definition of [-,-,];, we obtain that J is an abelian complex
structure on g. The proof is finished. W

Lemma 6.14. Let J be an almost complex structure on a real 3-Lie algebra (g, [, ]g). If J
satisfies the following equation

[mayaz}g = —J[Jx,y,z]g—J[.r, Jy7ZL3—J[£E7y,JZ]g7 (50)
then J is a complex structure on g.
Proof. By (50) and J? = —1Id, we have
—[J$7 Jy7 JZ]E + [J.??,y, Z]g + [SC, Jya Z]B + [:E? Y, JZ]B
+JJx, Jy, z]g + [z, Jy, J2]g + J[Jx,y, J2]4
= J[J%x, Jy, J2)g + J[Jx, JPy, J2|g + [Tz, Jy, J?2]g + J[z,y, 2]g
+JJx, Jy, 2] + J[x, Jy, J2]g + J[Jz,y, J2]4
= Jlz,y, 2,
Thus, J is a complex structure on g. W

Definition 6.15. (Integrability condition III) An almost complex structure J on a real 3-Lie
algebra (g, [-,-,+]g) is called a strong abelian complex structure if (50) holds.
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Corollary 6.16. Let (g,[,-,"|g) be a real 3-Lie algebra. Then g has a strong abelian complex
structure if and only if gc admits a decomposition:

gc=q9Dp,
where q and p = o(q) are abelian complex subalgebras of gc such that [q,q,plg. C q and [p,p, qlg. C p.

Parallel to the case of strong abelian product structures on a 3-Lie algebra, strong abelian
complex structures on a 3-Lie algebra are also O-operators associated to the adjoint representation.

Proposition 6.17. Let J be an almost complex structure on a real 3-Lie algebra (g, [-,-,|4). Then
J is a strong abelian complex structure on a 3-Lie algebra (g,[-,-,"|q) if and only if —J is an
O-operator on (g, [, -,]g) associated to the adjoint representation (g,ad). Furthermore, there exists
a compatible 3-pre-Lie algebra (g,{-,-,-}) on the 3-Lie algebra (g, [, -, |q), here the 3-pre-Lie algebra
structure on g is given by

{$7y,2} = 7‘]['1:7?-/7‘]2}97 V.I‘7y721 cg. (51)
Proof. By (50), for all x,y,z € g we have
[—Jz,—Jy,—J2], = J[J?z,Jy,J2]g + J[Jx, J?y, J2]s + J[Jx, Jy, J?2],
= —J(@d_je—gyz+ad_jy .z +ad gz _s2y).

Thus, —J is an O-operator associated to the adjoint representation (g, ad).
Conversely, if for all z,y, z € g, we have

[7‘]1‘, —Jy, sz]g = fJ(ad,J%,Jyz + ad,Jy’,sz + ad,Jzﬁ,ny)
—J([=Jz,=Jy, 2|g + [z, =Ty, —Jz]g + [Tz, y, =T z]g),

then we obtain [z,y, 2]y = —J[z,y, J2]y — J[J2,y, 2]g — J[x, Jy, 2]g by (—=J)1 = J.
Furthermore, by (—J)~! = J and Proposition 2.10, there exists a compatible 3-pre-Lie algebra
on g given by {z,y, 2} = —Jad, ,(~J *(2)) = —J[z,y, Jz]g. The proof is finished. W

Lemma 6.18. Let J be an almost complex structure on a real 3-Lie algebra (g, [-,-,]g). If J
satisfies the following equation

Jz,y,2]lg = —[Jz, Jy, Jz]g, (52)
then J is a complex structure on g.
Proof. By (52) and J? = Id, we have

—[Jz, Jy, J2lg + [Tz, y, 2] + [, Ty, 2]g + [2,y, J2]g
+JJx, Jy, 2] + [z, Jy, Jz]g + J[Jx,y, J2]4
= Jlz,y,zls + Ja,y, 2lg + [2, Jy, 2] + [2,y, J 2]
—[ P2, %y, Jz2)g — [Tz, TPy, J?2]y — [T, Jy, J?2],
= Jlz,y, 2],

Thus, J is a complex structure on g. W
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Definition 6.19. (Integrability condition IV) An almost complex structure J on a real 3-Lie
algebra (g,[-,-,-]g) is called a perfect complex structure if (52) holds.

Corollary 6.20. Let (g,[-,-,"]q) be a real 3-Lie algebra. Then g has a perfect complex structure if
and only if gc admits a decomposition:

gc=qgDp,
where q and p = o(q) are complex subalgebras of gc such that [q,q,plg. Cp and [p,p,qlg. C q.

Corollary 6.21. Let J be a strict complex structure on a real 3-Lie algebra (g,[-,-,|g). Then J is
a perfect complex structure on g.

Example 6.22. Consider the 4-dimensional Euclidean 3-Lie algebra A4 given in Example 4.2.
Then

00 -1 0 0 -1 0 0 0 -1 0 0
00 0 -1 1 0 0 0 1 0 0 0
=110 0 o |20 0o 0o 1" o 0o o 1|
01 0 0 0 0 1 0 0 0 -10

0 1.0 0 0 1 0 0 0 0 1 0
-1 00 0 -1 0 0 0 0 0 0 1
Ja= 0 00 -1 |"F5= 00 0 1= 1 0 0o
0 01 0 0 0 -1 0 0 -1 0 0

are abelian complex structures. Moreover, Ji,Js are strong abelian complex structures and
Jo, J3, Jy, J5 are perfect complex structures.

7 Complex product structures on 3-Lie algebras

In this section, we add a compatibility condition between a complex structure and a product
structure on a 3-Lie algebra to introduce the notion of a complex product structure. We construct
complex product structures using 3-pre-Lie algebras. First we illustrate the relation between a
complex structure and a product structure on a complex 3-Lie algebra.

Proposition 7.1. Let (g, [, -, ]g) be a complex 3-Lie algebra. Then E is a product structure on g
if and only if J = iFE is a complex structure on g.

Proof. Let E be a product structure on g. We have .J? = i?E? = —Id. Thus, .J is an almost
complex structure on g. Since E satisfies the integrability condition (30), we have

iE[z,y, z]q
—[iEz,iEy,iEz]q + [iEx,y, 2] + [, 1By, z|g + [z, y,1Ez]g
+iE[iEx,iEy, z]g + iE[z,iEy,iEz]g + iE[iEx,y,iEz]4.

J[:le Y, Z}Q

Thus, J is a complex structure on the complex 3-Lie algebra g.
The converse part can be proved similarly and we omit details. B

Corollary 7.2. Let J be a complex structure on a real 3-Lie algebra (g,[-,-,-|g). Then, —iJc is a
paracomplex structure on the complex 3-Lie algebra (gc, [+, -, |gc), where Jc is defined by (42).
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Proof. By Theorem 6.4, gc = g; @ g—; and g_; = o(g;), where g; and g_; are subalgebras of gc. It
is obvious that dim(g;) = dim(g_;). By Proposition 5.3, there is a paracomplex structure on gc.
On the other hand, it is obvious that J¢ is a complex structure on gc. By Proposition 7.1, —iJ¢
a product structure on the complex 3-Lie algebra (gc, [, -, ]g)- It is straightforward to see that
g; and g_; are eigenspaces of —iJ¢ corresponding to +1 and —1. Thus, —iJ¢ is a paracomplex
structure. W

Definition 7.3. Let (g,[-,-,-]g) be a real 3-Lie algebra. A complex product structure on the
3-Lie algebra g is a pair {J, E} of a complex structure J and a product structure E satisfying

JoFE=—Fol. (53)
If E is perfect, we call {J, E} a perfect complex product structure on g.

Remark 7.4. Let {.J, E} be a complex product structure on a real 3-Lie algebra (g, [-,-,-]q). For all
x € g4, by (53), we have E(Jx) = —Jx, which implies that J(g+) C g—. Analogously, we obtain
J(g-) C g+. Thus, we get J(g—) = g+ and J(g+) = g—. Therefore, dim(gy) = dim(g_) and E is
a paracomplex structure on g.

Theorem 7.5. Let (g,[-,-,]g) be a real 3-Lie algebra (g, [-,-,]g). Then the following statements
are equivalent:

(i) g has a complex product structure;

(ii) g has a complez structure J and can be decomposed as g = g & g_, where gy,g_ are 3-Lie
subalgebras of g and g_ = Jg,.

Proof. Let {J, E'} be a complex product structure and let g1 denote the eigenspaces corresponding
to the eigenvalues £1 of E. By Theorem 5.3, both g, and g_ are 3-Lie subalgebras of g and
JoE =—FoJ implies g_ = Jg.

Conversely, we can define a linear map E : g — g by

Exz+a)=2x—a, YVxEg,a€g_.
By Theorem 5.3, E is a product structure on g. By g_ = Jg and J? = —Id, we have
E(J(x+a)) = E(J(z)+ J(a) = =J(x) + J(a) = —J(E(x + a)).
Thus, {J, E'} is a complex product structure on g. The proof is finished. W
Example 7.6. Consider the product structures and the complex structures on the 4-dimensional

Euclidean 3-Lie algebra A4 given in Example 5.23 and Example 6.22 respectively. Then {J;, E;}
for i =1,2,3,4,5,6 are complex product structures on Ay.

We give a characterization of a perfect complex product structure on a 3-Lie algebra.

Proposition 7.7. Let E be a perfect paracomplex structure on a real 3-Lie algebra (g, [, -, ]q)-
Then there is a perfect complex product structure {J, E} on g if and only if there exists a linear
isomorphism ¢ : g+ — g satisfying the following equation
o,y 2lg = —[o(),8(y), d(2)]g + [¢(2),y, 2lg + [2, 8(y), 2]g + [, ¥, ¢(2)]g
+618(2), $(y), 2la + Blz. (1), (g + (6@, v 6(N]gs V.2 € g (54)
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Proof. Let {J, E} be a perfect complex product structure on g. Define a linear isomorphism
¢:94 — g- by ¢ = J|g, : g+ — g—. By the compatibility condition (40) that the complex
structure J satisfies and the coherence condition (38) that a perfect product structure E satisfies,
we deduce that (54) holds.

Conversely, we define an endomorphism J of g by

J({L‘ + CY) = _¢71(a) + ¢($), Vz € graeg. (55)

It is obvious that J is an almost complex structure on g and Jo F = —FE o J. For all o, 8,7 € g_,
let z,y, z € g4 such that ¢(z) = o, ¢(y) = 5 and ¢(z) = ~v. By (54) and (38), we have

—[Ja, JB, Jy]g + [T, B,7]g + [, JB,7]g + [, B, J7]g
+J[Ja, JB,v]g + T, I B, Jvlg + T[T, B, T]g

= [z,y,2lg — [z, 0(y), ¢(2)]g — [¢(2), y, 6(2)]g — [6(), D(y), 2l4
—07 [z, y,0(2)]g — 67 [b(@), ¥, 2]g — 67, 0(y), 2

= —¢ (), 9(y), $(2)]

= J[aaﬁvﬂgv

which implies that (40) holds for all «, 3,7 € g_. Similarly, we can deduce that (40) holds for all
the other cases. Thus, J is a complex structure and {.J, E'} is a perfect complex product structure
on the 3-Lie algebra g. W

At the end of this section, we construct perfect complex product structure using 3-pre-Lie
algebras.

A nondegenerate symmetric bilinear form B € A* ® A* on a real 3-pre-Lie algebra (4, {,-,-}) is
called invariant if

B({.’l‘,y,Z}7’lU): fB(z,{ac,y7w})7 Vmayazaw€A~ (56)
Then B induces a linear isomorphism Bf: A — A* by
(B'(x),y) = B(z,y), Yr,y € A. (57)

Proposition 7.8. Let (A,{:,-,-}) be a real 3-pre-Lie algebra with a nondegenerate symmetric
bilinear from B. Then there is a perfect complex product structure {J, E} on the semidirect product
3-Lie algebra A¢ X« A*, where E is given by (39) and the complex structure J is given as follows:

J(z+ ) :—B”rl(oz)—i—B’j(gc)7 Ve e Aae A" (58)

Proof. By Proposition 5.21, E is a perfect product structure on A° x« A*. For all x,y,z € A°,
we have

—[B* (), B* (y), B* (2)].- + [B*(x), y>Z]L* + [z, B (y), 2] + [2,y, B (2)] -
+B B (x), B4 (y), 2]~ + B[z, B (y), B*(2)] .+ + BB (z), y, B (2)] -

= [ f(@), 9, 2L + [w B (y), 2+ + [z, y, B¥(2)] -
= L*(z,y)B(2) + L*(y, 2)B(x) + L* (2, 2) B (1)
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By (56), we have

(B¥[z,y,2)c,w) = (B{x,y,2},w) + (B y, 2,2}, w) + (B2, 2,5}, w)
B({z,y,z},w) + B({y, z, 2}, w) + B({z,2,y}, w)
—B(z,{z,y,w}) — B(x,{y, z,w}) = By, {z,2,w})

= —(B(2), {z,y.w}) — (B*(2), {y, z,w}) — (B*(y), {z, ¢, w})
= (L*(2,y)B(2), w) + (L*(y, 2)B(x), w) + (L* (2, 2) B (y), w),

which implies that
Biz,y,zc = L*(2,y)B*(2) + L*(y, 2)B*(z) + L* (2, 2)BH(y).
Thus, we have

Bﬁ[$7y7z}c = 7[Bﬁ($)’6ﬁ(y)78u(z)]L* + [Bn(x)ayaz][/* + [x’Bﬂ(yLZ}L* + [$7y78ﬁ(2)]L*
+BH B (), B (y), 2]~ + B[z, B (y), B} (2)] - + B [B¥(x), y, B*(2)] -

By Proposition 7.7, we obtain that {J, E'} is a perfect complex product structure on A¢ x - A*. W

Let (A,{-,-,-}) be a real 3-pre-Lie algebra. On the real 3-Lie algebra aff(4) = A° x A, we
consider two endomorphisms J and E given by

J(l’,’q) = (_ya 1’)7 E(o@y) = (-777_3/), V;r,y €A (59)

Proposition 7.9. With the above notations, {J, E} is a perfect complex product structure on the
3-Lie algebra aff(A).

Proof. It is obvious that E is a perfect product structure on aff(A). Moreover, we have J? = —1d
and Jo E = —FE o J. Obviously aff(A)y = {(z,0)|]z € A},aff(A)_ = {(0,y)|ly € A}. Define
¢ : aff(A), — aff(A)_ by ¢ £ Jlagr(ay, +aff(A)y — aff(A)_. More precisely, ¢(x,0) = (0, ).
Then for all (z,0), (y,0), (z,0) € aff (A), we have

—[(2,0), 6(y,0), ¢(2,0)] + [¢(,0), (y,0), (2,0)] + [(=,0), 6(y,0), (2,0)]
+[(z,0), (5,0),6(2,0)] + ¢[d(x,0), d(y,0), (2,0)| + ¢[(x,0), ¢(y, 0), ¢(2,0)]
+9[¢(,0), (y,0), ¢(2,0)]L

= [0(2,0),(,0),(2,0)] + [(2,0), 6(y,0), (2,0)] + [(,0), (3, 0), 6(2, 0)]

= (0{y,z,2}) +(0,{z2,9}) + (0,{z,y,2})

= ¢[(=,0),(,0), (2,0)]L.

By Proposition 7.7, {J, E} is a perfect complex product structure on the 3-Lie algebra aff(4). ®

8 Para-Kahler structures on 3-Lie algebras

In this section, we add a compatibility condition between a symplectic structure and a paracomplex
structure on a 3-Lie algebra to introduce the notion of a para-Kéhler structure on a 3-Lie algebra.
A para-Kéhler structure gives rise to a pseudo-Riemannian structure. We introduce the notion of a
Levi-Civita product associated to a pseudo-Riemannian 3-Lie algebra and give its precise formulas
using the decomposition of the original 3-Lie algebra.
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Definition 8.1. Let w be a symplectic structure and E a paracomplez structure on a 3-Lie algebra
(9, ]a). The triple (g,w, E) is called a para-Kahler 3-Lie algebra if the following equality
holds:

w(Ez, By) = —w(x,y), Vx,y€g. (60)

If E is perfect, we call (g,w, E) a perfect para-Kahler 3-Lie algebra.

Proposition 8.2. Let (A, {-,-,-}) be a 3-pre-Lie algebra. Then (A° xp« A*,w, E) is a perfect
para-Kahler 3-Lie algebra, where w is given by (22) and E is defined by (39).

Proof. By Theorem 4.5, (A° X« A*,w) is a symplectic 3-Lie algebra. By Proposition 5.21, F is a
perfect paracomplex structure on the phase space T*A¢. For all x1,29 € A, a1, a5 € A*, we have

w(E(r1+ 1), E(ze + a2)) = w(x; —ag, e —ag) = (—ag,x2) — (—ag,21)

= —w(z + a1, 29 + as).
Therefore, (T*A¢ = A° x 1+ A*,w, F) is a perfect paraKéhler 3-Lie algebra. M

Similar as the case of para-Kéhler Lie algebras, we have the following equivalent description of
a para-Kéhler 3-Lie algebra.

Theorem 8.3. Let (g,w) be a symplectic 3-Lie algebra. Then there exists a paracomplex structure
E on the 3-Lie algebra (g, [, -, |q) such that (g,w, E) is a para-Kdihler 3-Lie algebra if and only if
there exist two isotropic 3-Lie subalgebras g+ and g_ such that g = g+ @ g— as the direct sum of
vector spaces.

Proof. Let (g,w, E) be a para-Kéhler 3-Lie algebra. Since F is a paracomplex structure on g, we
have g = g4 ® g—, where g, and g_ are 3-Lie subalgebras of g. For all 21,x5 € g, by (60), we
have

w(Exy, Exs) = w(xy,x2) = —w(x1, 22),

which implies that w(g,g+) = 0. Thus, g is isotropic. Similarly, g_ is also isotropic.
Conversely, since g4 and g_ are subalgebras, g = g4 @ g as vector spaces, there is a product
structure E on g defined by (32). Moreover, since g = g4 @ g— as vector spaces and both g and
g_ are isotropic, we obtain that dim gy=dim g_. Thus, E is a paracomplex structure on g. For all
1,% € g4, 01,9 € g, since g4 and g_ are isotropic, we have
w(E(z1 + 1), E(xe + a2)) = w(xr — a1, 22 —ag) = —w(x1, ) — w(ag, z2)

= —w(z1 + a1, 22 + as).
Thus, (g,w, F) is a para-Kéhler 3-Lie algebra. The proof is finished. ®

Example 8.4. Consider the symplectic structures and the perfect paracomplex structures on the
4-dimensional Euclidean 3-Lie algebra A4 given in Example 4.2 and Example 5.23 respectively.
Then {w;, E;} for i = 1,2,3,4,5,6 are perfect para-Kéhler structures on Ay.

Example 8.5. Let (h,[,-, ]y be a 3-Lie algebra and (h & h*, w) its (perfect) phase space, where w
is given by (22). Then E : h @ h* — h @ h* defined by

Exz+a)=2—a, Vzebhach’, (61)

is a (perfect) paracomplex structure and (h @ h*, w, F) is a (perfect) para-Kéhler 3-Lie algebra.
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Let (g,w, E) be a para-Kéhler 3-Lie algebra. Then it is obvious that g_ is isomorphic to g7 via
the symplectic structure w. Moreover, it is straightforward to deduce that

Proposition 8.6. Any para-Kdihler 3-Lie algebra is isomorphic to the para-Kdhler 3-Lie algebra
associated to a phase space of a 3-Lie algebra.

In the sequel, we study the Levi-Civita product associated to a perfect para-Kéhler 3-Lie algebra.

Definition 8.7. A pseudo-Riemannian 3-Lie algebra is a 3-Lie algebra (g, [-,-,]g) endowed
with a nondegenerate symmetric bilinear form S. The associated Levi-Civita product is the product
ong, V:®3%g — g with (z,y,2) — V2, given by the following formula:

SS(vx,ysz) = S([Ivyvz}ng) - 25([$7y7w}9’ Z) + S([yvsz}g’x) + S([vavw]wy)' (62)

Proposition 8.8. Let (g,5) be a pseudo-Riemannian 3-Lie algebra. Then the Levi-Civita product
{+,-,-} satisfies the following equations:

Vayz = —Vyaz (63)
v.’E.’yz + vy,ZJ" + vZ,l‘y = [aj7 y, Z]g' (64)
Proof. For all w € g, it is obvious that
35(Vyaz,w) = Sy, z, zlg, w) — 25([y, z, wlg, 2) + S([z, z, wlg, y) + S([z, y, wg, x)

= —35(Vgyz w).

By the nondegeneracy of S, we obtain V, ,z = =V, . 2.
For all z,y,z,w € g, we have

3S(v1,yz7w) = S([m,y,z]mw);25’([fc,y,w]g,z)+S([y,z,w]g,a:)+S([z7:1:,w]g,y),
3S(vy¢2x7w) = S([yvz7x]97w)_25([y727w}9’x)+S([z7‘r7w]97y)+S([x7y7w]97z)7
35(V.zy,w) = Sz, z,ylg,w) = 25([z, z, wlg, y) + S([z,y, wlq, 2) + S([y, 2, wlg, x).

Add up the three equations, we have
38(Vaeyz + Vy .o + V. .y, w) = 35([x,y, 2], w),
which implies that V, 2 + V, .2 + V. ,y = [z,y, 2]4. The proof is finished. W
Let (g,w, E) be a perfect para-Kéhler 3-Lie algebra. Define a bilinear form S on g by
S(z,y) 2 w(x, By), Vz,y€g. (65)

Proposition 8.9. With the above notations, (g, S) is a pseudo-Riemannian 3-Lie algebra. Moreover,
the associated Levi-Civita product V and the perfect paracomplex structure E satisfy the following
compatibility condition:

EVay2 =V pyFz. (66)

Proof. Since w is skewsymmetric and w(Ez, Fy) = —w(x,y), we have

S(y,z) = w(y, Ex) = —w(By, E%z) = ~w(By, ) = w(z, By) = S(z,y),
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which implies that S is symmetric. Moreover, since w is nondegenerate and E? = Id, it is obvious
that S is nondegenerate. Thus, S is a pseudo-Riemannian metric on the 3-Lie algebra g. Moreover,
we have

35(VEs pyEz,w)
= S([Ez,Ey, Ez]g,w) — 2S([Ez, Ey,wlg, Ez) + S([Ey, Ez,w]y, Ex) + S([Ez, Exz,w]g, Ey)
= S(Elz,y,zlg,w) —2S(Elz,y, Bwlg, Ez) + S(Ely, z, Ewlg, Ex) + S(E[z,z, Bwlg, Ey)
= —(S([z,y, 2lg, Ew) = 25([z,y, Bwlg, 2) + S([y, 2, Ewlg, ) + S([z, 2, Ewlg, )
= —35(Vgyz, Ew)
3S(EVy yz,w).

Thus, we have EV, 42 = Vg pyEz. B

The following two propositions clarifies the relationship between the Levi-Civita product and
the 3-pre-Lie multiplication on a para-Kahler 3-Lie algebra.

Proposition 8.10. Let (g,w, E) be a para-Kdihler 3-Lie algebra and V the associated Levi-Civita
product. Then for all x1,x2,23 € g4 and a1, az, a3 € g, we have

Va3 = {21, 22,23}, Va, a3 = {01, a2, a3}

Proof. Since (g,w, F) is a para-Kéhler 3-Lie algebra, 3-Lie subalgebras g, and g_ are isotropic
and g = g4 @ g_ as vector spaces. For all x1, 9, 23,24 € g4, we have

3w (Va0 T3, T4)
S(vflflxw2x37 E.C£4) = 3S(vz1,w2z37x4)

([$1,l‘27$3}g,$4) - 25([171,302,:64]97373) + S([.TQ,J)3,SU4]B7$1) + S([l‘g,wl,ﬁﬂ4]g7$2)
[

= w([z1, 22, 23]g, 74) — 2w([1, T2, Talg, T3) + w([T2, T3, Talg, 1) + w([T3, T1, Talg, T2)

[
n w

\
o

By (g4+)* = g4, we obtain Vg, 4,23 € g4. Similarly, for all aj,as,a3 € g, Va, 0,03 € g_.
Furthermore, for all 1, z2, 235 € g4, and a € g_, we have

3w(Va, a3, @)
= 39V a3, Ea) = —35(Vy, 2,23, @)
—S([z1, 2, w3]g, @) + 25([x1, 2, &g, x3) — S([T2, 23, ]y, x1) — S([x3, 71, g, T2)
w([z, w2, 3]g, @) + 2w([x1, T2, g, 3) — w([T2, 23, ]y, 1) — w([x3, 21, g, T2)

w([o, @1, wolg, x3) + 2w([x1, 2, &g, 23)

—3w(ws, [11, 22, a]q)

= 3w({z1,m2, 23}, Q).
Thus, Vg, 2,23 = {x1, x2, x3}. Similarly, we have Vq, o,3 = {o1, a2, ag}. The proof is finished. B

Proposition 8.11. Let (g,w, E) be a perfect para-Kdhler 3-Lie algebra and V the associated
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Levi-Civita product. Then for all 1,29 € g4+ and ay, a9 € g, we have

Viygeon = {z1,22,0} + 2({$27a17$1}+{a1a$17$2}) (67)
Voo T2 = —g{al,xl,mg}—l— §{x2,a17x1}, (68)
Verae®1 = {100,211+ = 2 ({az, z1,00} + {31, 01, 2}), (69)
Viera g = —5{961&%1,042}-5- 3{0@,901,@1} (70)

Proof. Since (g,w, F) is a perfect para-Kédhler 3-Lie algebra, 3-Lie subalgebras gy and g_ are
isotropic and g = g4 @ g_ as vector spaces. Thus, we have S(gy,g+) = S(g—,g-) = 0. For all
21,22 € g+ and ag,as € g, we have
3S(v11712(11, Oéz)
- S([l'l, Z2, O‘l]gv C%Q) - 25([1.17 X2, az]gv al) + S([x27 aq, O‘2]ga xl) + S([alv X1, a?}ga :LIQ) =0.

Since S is nondegenerate, we have V, ,,a1 € g—. Moreover, For all z,z2, 23 € g4 and a; € g_,
we have

3w(Vay w1, 3)
= 35( Z1712a17E“,E3) = 3S( Ty, 1201171}3)

T1,T2,0q 951.3) - 25([$1,(E2,m3]g,0{1) + S([J?Q,Oé17x3}g,l'1) + S([alamlvx3]gax2)

Xr1,T2, 1g7E-73 )72w([$1,$2,$3]g,Eal)+UJ([$2,O[1,$3]9,E1‘1) Ld([Oél,fl, 3}97Ex2)

w

S(1 ]
w(] o]
([z1, 2, a1]g, x3) + 2w([z1, 22, 23]g, 1) + w([22, 1, x3]g, 1) + w([a1, z1, T34, T2
(I ]

( T2)
w([z1, T2, a1lg, x3) + 2w({1, T2, 1}, x3) + w({w2, a1, 21}, 23) + w({on, T, w2}, 3).

Thus, we obtain

2
vl’lymal y {x17x27a1}+ {x270‘17x1}+{041:m17x2}

which implies that (67) holds.
For all x1,2z9 € g4+ and a,as € g_, we have

3S(Va17x112,0£2)
= S([on, 1, 2]y, 0) — 28([a1, 21, aolg, x2) + S([21, T2, a2]y, a1) + S([22, a1, ], 71) = 0.
Since S is nondegenerate, we have Vg, 5,22 € g—. Moreover, For all 1, 22,23 € g4 and oy € g,
we have
3w(va1,11$2,$3)

= 3S(Va1,x1$2,ESL‘3) = 3S(Va1 xll‘g,l’g)

= S([ahﬂﬁhl’ﬂg,l’s) ([
([on, w1, 22]g, 23) — 2w([on, 21, T3], T2) — W([21, T2, T3]g, 1) + w([w2, a1, 234, 71)
( ) (

[a1, 21, 22]g, 23) — 2w({r, z1, X2}, 3) — w({w1, 2, a1}, w3) + w({w, 0, 1}, 3).

—2S([a1, z1, 23]g, w2) + S([z1, T2, 23], a1) + S([x2, 1, 23] g, 1)
= w

= w
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Thus, we obtain

1 2
Var,z,: T2 = —g{al,xl,fﬂz} + §{962,041,961}7

which implies that (68) holds.
(69) and (70) can be proved similarly. We omit details. The proof is finished. H

Under the isomorphism given in Proposition 8.6 and the correspondence given in Theorem 4.11,
using the formulas provided in Proposition 4.10, we get

Corollary 8.12. For the perfect para-Kdihler 3-Lie algebra (h @ b*,w, E) given in Example 8.5, for
all z1,x2 € h and a1, s € h*, we have

Vaygon = (L*(21,22) — %R*(mz,xl) + %R*(ml,xz))al, (71)
Vor,o:T2 = (éR* (T1,22) + %R*(xg,acl))al, (72)
Vara:1 = (L(ag,a2) — éR*(ag, ay) + %R*(al, ag))ry, (73)
Venmz = (3R (an,a0) + 2R (az,an))an. (74)

9 Pseudo-Kaihler structures on 3-Lie algebras

In this section, we add a compatibility condition between a symplectic structure and a complex
structure on a 3-Lie algebra to introduce the notion of a pseudo-Kéhler structure on a 3-Lie algebra.
The relation between para-Kéhler structures and pseudo-Kéhler structures on a 3-Lie algebra is
investigated.

Definition 9.1. Let w be a symplectic structure and J a complex structure on a real 3-Lie algebra
(9, ]g)- The triple (g,w,J) is called a real pseudo-Kéhler 3-Lie algebra if

w(Jz, Jy) = w(z,y), VYr,y€g. (75)

Example 9.2. Consider the symplectic structures and the complex structures on the 4-dimensional
Euclidean 3-Lie algebra Ay given in Example 4.2 and Example 6.22 respectively. Then {w;, J;} for
1=1,2,3,4,5,6 are pseudo-Kéahler structures on Ay.

Proposition 9.3. Let (g,w,J) be a real pseudo-Kihler 3-Lie algebra. Define a bilinear form S on
g by

S(z,y) 2 w(x, Jy), Yo,y <€ g. (76)
Then (g, S) is a pseudo-Riemannian 3-Lie algebra.
Proof. By (75), we have
S(y,x) = w(y, Jo) = w(Jy, J°z) = ~w(Jy,z) = w(z, Jy) = S(z,y),
which implies that S is symmetric. Moreover, since w is nondegenerate and .J? = —Id, it is obvious

that S is nondegenerate. Thus, S is a pseudo-Riemannian metric on the 3-Lie algebra g. H
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Definition 9.4. Let (g,w,J) be a real pseudo-Kihler 3-Lie algebra. If the associated pseudo-
Riemannian metric is positive definite, we call (g,w, J) a real Kahler 3-Lie algebra.

Theorem 9.5. Let (g,w, E) be a complex para-Kdihler 3-Lie algebra. Then (ggr,wr,J) is a real
pseudo-Kahler 3-Lie algebra, where gr is the underlying real 3-Lie algebra, J = iE and wg = Re(w)
is the real part of w.

Proof. By Proposition 7.1, J = ¢FE is a complex structure on the complex 3-Lie algebra g. Thus, J
is also a complex structure on the real 3-Lie algebra gg. It is obvious that wg is skew-symmetric. If
for all € g, wr(z,y) = 0. Then we have

w(z,y) = wr(z,y) + iwg(—iz,y) = 0.
By the nondegeneracy of w, we obtain y = 0. Thus, wgr is nondegenerate. Therefore, wg is a
symplectic structure on the real 3-Lie algebra gr. By w(Ex, Ey) = —w(z,y), we have
we(Jz, Jy) = Re(w(iBz,iBy)) = Re(—w(Ew, Ey)) = Re(w(z,y)) = we(z,y).

Thus, (gr,iF,wr) is a real pseudo-Kéhler 3-Lie algebra. M
Conversely, we have

Theorem 9.6. Let (g,w,J) be a real pseudo-Kdihler 3-Lie algebra. Then (gc,wc, E) is a complex
para-Kahler 3-Lie algebra, where gc = g ®r C is the complezification of g, E = —iJc and wc is the
complexification of w, more precisely,

wel(zy +iy1, T2 +iye) = w(z1, T2) — w(yr, ¥2) + iw(x1, y2) +iw(yi, x2), Yo, x2,y1,y2 €. (77)

Proof. By Corollary 7.2, £ = —iJ¢ is a paracomplex structure on the complex 3-Lie algebra gc.
It is obvious that wc is skew-symmetric and nondegenerate. Moreover, since w is a symplectic
structure on g, we deduce that wc is a symplectic structure on gc. Finally, by w(Jz, Jy) = w(x, y),
we have

we(E(xy +iyr), E(xe + ty2)) = we(Jyr —iJxy, Jys —iJaa)
= w(Jy1,Jy2) — w(Jxy, Jag) —iw(Jxy, Jy2) — iw(Jy1, Jas)
= Wy, y2) —w(xy, v2) —iw(ry, y2) —iw(ys, z2)
= —wc(z1 +iyr, 2 + iy2).
Therefore, (gc,wc, —iJc) is a complex para-Kéhler 3-Lie algebra. B

At the end of this section, we construct a Kéhler 3-Lie algebra using a 3-pre-Lie algebra with a
symmetric and positive definite invariant bilinear form.

Proposition 9.7. Let (A,{-,-,-}) be a real 3-pre-Lie algebra with a symmetric and positive definite
invariant bilinear form B. Then (A° X« A* w,—J) is a real Kihler 3-Lie algebra, where J is given
by (58) and w is given by (22).

Proof. By Theorem 4.5 and Proposition 7.8, w is a symplectic structure and J is a perfect complex
structure on the semidirect product 3-Lie algebra (A¢ x -« A*[-,+,"]p+). Obviously, —J is also a
perfect complex structure on A€ x - A*. Let {e1,--- ,e,} be a basis of A such that B(e;, e;) = d;;
and ej,--- , e’ be the dual basis of A*. Then for all 4, j, k, [, we have
wle; +ej,ex+e) = 6k —ou,
w(=J(ei +ej),—J(ex +ef)) = wlej—ef,er—ex)=—diu+ oy,
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which implies that w(—J(z + «),—J(y + f)) = w(x + a,y + 8) for all z,y € A and o, € A*.
Therefore, (A° X« A*,w,—J) is a pseudo-Kéhler 3-Lie algebra. Finally, Let z = Y1 | \e; €
Ay =31 pief € A* such that = + o # 0. We have

Sez+a,x+a) = wt+a,-J(r+ )

w( Z Aie; + Z Hiej s Z Hie; — Z Niey))
i1 i1 i=1 i1

S+ A >0

i=1 i=1

Thus, S is positive definite. Therefore, {A¢ X« A*, w, —J} is a real Kdhler 3-Lie algebra. W
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