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Abstract

Residual intersection generalizes the notion of linkage. The central questions in residual intersection
theory are: for a residual intersection J of I, when is R/J Cohen—Macaulay, and what is the canonical
module for R/J? Our main result gives answers to the two central questions in the case where R is merely
Cohen—Macaulay.
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1. Introduction

We study when residual intersections are Cohen—Macaulay. Let R be a local Noetherian ring.
An ideal J of R is an s-residual intersection of I if there exists an s-generated ideal a C I such
that / =a: [ and htJ > s (see [1]). This is a generalization of the notion of linkage. Two ideals
I and J are linked when I =a:J, J =a: 1, and a is generated by a regular sequence. Some
common examples of residual intersections are ideals of maximal minors [8] and defining ideals
of extended Rees rings of ideals of linear type and more generally of minimal reductions [8,13].

Peskine and Szpiro gave conditions for when a link of a given ideal is Cohen—-Macaulay [10],
but it is not clear when residual intersections of a given ideal are Cohen—Macaulay. Huneke
defined strongly Cohen—Macaulay ideals to determine when residual intersections are Cohen—
Macaulay [8]. Herzog, Vasconcelos, and Villarreal used ideals that satisfy sliding depth to
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generalize some of Huneke’s work [6]. Huneke and Ulrich generalized the statements further
using linkage theory and Gorensteinness [9]. In 1994, Ulrich used conditions on the depths of
the powers of an ideal to determine when residual intersections are Cohen—Macaulay in a Goren-
stein ring [12]. We prove similar results without assuming these strong conditions on / or on R.
We show in our main theorem (4.2) that if R is Cohen—Macaulay with canonical module w,
satisfies the local condition G (which is defined later), and depthw/I/w > dim R/I — j + 1 for
1 < j<s—htl+ 1, then every s-residual intersection J of / is Cohen—Macaulay.

The next question is if J is a residual intersection of /, what is the canonical module of R/J?
Huneke and Ulrich studied this question when R is Gorenstein [9,12]. Integral to these proofs is
the knowledge that the canonical module of R is isomorphic to R. Previously, this question was
not studied in the case where R is only Cohen—Macaulay. We show in the main theorem (4.2)
that the canonical module of R/J has an “expected form.”

Many proofs involve adaptations of the corresponding earlier ones, but serious difficulties
arise when we consider a Cohen—Macaulay ring or, more generally, a finite Cohen—Macaulay
module.

We start by reviewing the sections. In the second section, we study the properties of an ideal /
such that M /aM :p; I satisfies Serre’s condition S> where a : I is a residual intersection of / and
M is a finite Cohen—Macaulay module. This builds up to the main theorem in the section. Note
an s-residual intersection J of I is a geometric s-residual intersection of I it htl +J > s+ 1.
This is a simplified version of that theorem.

Theorem 2.8. Let R be a local Cohen—Macaulay ring with canonical module w, and let I be
an R-ideal with height g satisfying Gy where s is an integer such that g < s. Suppose that
Extiﬂ(R/Ij,a)) =0 and Extiﬂ(a)/lja),w) =0for1 <j<s—g+1IfJ=ua:lisa geo-
metric s-residual intersection of 1, then R/J and w/aw :,, I satisfy Serre’s condition S,.

In the third section, we review the properties of M-strongly Cohen—Macaulay ideals. If w
is the canonical module of a local Cohen—Macaulay ring, then a result of Sanders says that
I is strongly Cohen—Macaulay if and only if / is w-strongly Cohen—Macaulay [11]. We use
this fact to generalize work by Avramov and Herzog [2]. By assuming only that the ring is
Cohen—Macaulay with a canonical module, instead of Gorenstein, that the difference between the
minimal number of generators and the height of I is at most two, and w/Iw is Cohen—Macaulay,
we show that 7 is strongly Cohen—Macaulay.

In the fourth section, we use the methods developed earlier to prove the main theorem and
its applications. The main theorem generalizes the result of Ulrich outlined above. If the ring is
Gorenstein, it recovers this result. The following is a simplified version of the main theorem:

Theorem 4.2. Let R be a local Cohen—Macaulay ring with canonical module w, and let I be
an R-ideal with height g satisfying Gy where s is an integer such that g < s. Suppose that
depthw/lw > dimR/I — j+1for 1 <j <s—g+ 1 and Ext% ™ (R/1/, @) =0 for 1 < j <
s—g—11IfJ=a:lisani-residual intersection of I for g <i < s, then

(a) R/J is Cohen—Macaulay,
(b) wryy =178 w/al' 8w,
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2. M-s-residually S;

Let (R, m) be a local Cohen—Macaulay ring of dimension d, M be a finite Cohen—Macaulay
R-module, I be an R-ideal of height g, and s be an integer that often satisfies s > g. Recall
the ideal J is an s-residual intersection of I if there exists an s-generated ideal a C I where
J=a:Iandhta: [ >s. Similarly, the ideal J is a geometric s-residual intersection of I if J is
an s-residual intersection of I and ht/ + J > s + 1. The ideal I satisfies G if u(I,) < dim R,
for every p € V(I) with dim R, <s — 1. Also, [ satisfies G if I satisfies G for every s.

An example of a residual intersection is a link of an ideal. Huneke shows that determinantal
ideals and defining ideals of R[J¢,7~!] where I is of linear type are a just few examples of
geometric residual intersections [8]. Given the assumptions of our main theorem, for any minimal
reduction J of I, one can show the ideal J : I is a residual intersection of I which is rarely
geometric, and one can show the defining ideal of R[J?, t’l] is a residual intersection of (I, U)
with U a variable (by a similar proof as in [13, 2.1]).

Given an (s — 1)-residual intersection, we can use the following result of Artin and Nagata
to systematically define subideals that are also residual intersections and some of which are
geometric [12, 1.6(a)]. This allows one to build up residual intersections from smaller ones. We
often use this technique to do induction on s.

Remark 2.1. Let (R, m) be a Noetherian local ring, let s be an integer, let a C I be R-ideals
with hta: 7 > s > u(a), and assume that / satisfies G. Then there exists a generating sequence
a=ai,...,as of asuch that, with a; = (ay,...,a;) and J; = qa; : I,

(@) htJ; 2iif0<i <sand
O hlI+J;2i+1if0<i<s—1.

Recall if R is a Noetherian local ring and M is a finite R-module, M satisfies Serre’s condition
Sy if depth M, > min{dim M, k} for every p € Supp(M).

Definition 2.2. The ideal [ is (weakly) M-s-residually S, if for every i such that g <i <s and
every (geometric) i-residual intersection a : I of I, M /aM :js I satisfies Serre’s condition S5.

Definition 2.3. The ideal / satisfies M-AN; (or M-AN_) if for every g <i < s and every
(geometric) i-residual intersection J =a: I of I, M/aM :j; I is Cohen—Macaulay.

For each of these definitions if M is not specified, let M = R and say [ is (weakly) s-residually
S> and [ satisfies AN (or AN, ), respectively. More about these definitions can be found in [3]
and [12].

2.1. “Good” properties

Ideals that are weakly M-s-residually S> have some nice properties that will be used in later
proofs.

The next proposition will be used primarily in the case when [ is M-(s — 1)-residually S,.
It outlines some of the good residual properties mentioned above and is a generalization of [12,
1.7] (these properties are recovered by setting M = R).
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Proposition 2.4. Let R be a local Cohen—Macaulay ring of dimension d, I an R-ideal with height
g satisfying Gy for some s > g, and M a finite Cohen—Macaulay R-module with Supp(M) =
Spec(R). Let a: I be an s-residual intersection and J; = a; : I as in Remark 2.1. Let K; =
a; M :p I for all i, and let “—" denote the images in M/K;. Assume M/K; is S> for g <i <
s — 1. Then for 0 <i <s,

(a) M is unmixed of dimension d —i.

(b) The associated primes of the R-module M /a; M have height at most i.

© aM=IMN@M:yI)if0L<i<s—1orifi=sand a:1I is a geometric s-residual
intersection.

Assume M/K; is Sy for g <i<s—2. Thenfor0<i<s—1,

d) ajr 1My I =a;1 1M 35 I and ajy is A_l—regular.
€ aiM:y I =a;M:py(ajt1).

Proof. After adjoining a variable to R, M, and a and localizing, we may suppose that g > 1. We
proceed by induction on i, 0 <i < 5. [f 0 <i < g — 1, the claims are trivial. Assume the claim
holds for i such that g — 1 <i <s — 1. We want to show the assertion for i + 1.

(a) Part (d) for i implies ASS(K—) C Ass( ) and a;41 1is M- -regular. Take p €

Ass(al =). Thus depthM = 1. Since M is S, d1m M p» = 1. By the inductive hypothesis,
the helght of an associated prime of M is i. Therefore, ht p =i + 1 smce R is Cohen—Macaulay.
Therefore, M/ Kz+1 is unmixed. Since all minimal primes of Supp( ) have height i + 1,
dimM/Kiy1=d—({G+1).

(b) By (e) for i, we have K; = a; M :)s (a;4+1). That gives the exact sequence

M “dj41 M M
0—) e —
K; aM a1 M

— 0. 2.1

Let p € Spec(R) such that ht p > i 4+ 2. By the inductive hypothesis, p ¢ Ass(uiiM). Thus,
depth(M/a; M), > 1. Since M/K; is unmixed of dimension d — i by (a) for i, we have
ht p — ht Ann(M/K;) > 2. Using the fact that R is Cohen-Macaulay, dim(M/K;), > 2. Since
M/K; is S», depth(M/K;), > 2. By the depth lemma, depth(M/a;;1M), > 1. Therefore,
p ¢ Ass(2).

(c) It suffices to show a;1M D IM N (a;41M :p I) locally at the associated primes of
M/a; 1 M. Take p € Ass(Cl ”{M) By (b) fori + 1, ht p <i 4 1. Remark 2.1 implies ht J; | >
i+1fori+1<sand ht(/ + Jiy) 2i+2fori+1<s—1.1fi+1=s, then by as-
sumption J;41 is a geometric (i 4+ 1)-residual intersection of I and ht(/ + J;4+1) > i + 2 by
definition. In both cases, we have either Ji+1 € por I € p. If Jiy1 € p, then (aj41)p = I, and
(Kit1)p=Mp,.Hence IMNK;11)p = (a1 iM)y "My = (a; 1 M), If 1 Q p,then I, =R,
and (Kj+1)p = (a;1M)p. Thus UM N K;11)p = Mp N (ai+1M)p = (a; 41 M) .

(d) Note Ko = (ai+2+ai+ )M :p I = (aj+2M + a; 41 M) :p 1. By part (¢) for i + 1,

we have Kjio = [aizaM + (UM N Kix))] iy I = (aioM + Kiy1) iy 1. Hence g—ﬁ =

aitoM+Kiqy . w 1
Kit1 : :

Kit1
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To show a;4 is Kl—regular it is enough to show a; > ¢ p for all p € Ass( ) Let p €
Ass(K ).By(a)fori+1,htp=i+1.Sincei+1<s— 1, Remark 2.1 gives us that htJiy1 >
i+ 1, htJ,+2 i + 2, and ht(I + J;j4+1) > i + 2. Since Ass(m) C Supp(m) =
V(Ann(m)) we have a; 11 : I € p. So, we have Ji1» € p and I € p. Since a;41 € p,
this means that a; 1, ¢ p.

(e) It is enough to prove a;+1 M : M I 2D a;11M :p (aj+2). We may show this at the associated
primes of M /K; . Take p € Ass(K ). By (a) fori 41, we have ht p =i 4 1. As in the proof of

part (d), we canshow Ji 41 € p, I € p,anda; 42 ¢ p. Thus (a; 1M :p (ai42)) p = (@i11M) p 4,
Rp = (Kiy1)p. Therefore, Kiy1 =a; 1M :y (aiy2). O

Recall the definition of a d-sequence. A sequence of elements xi,...,x, in R is a d-
sequence with respect to M if (1) x1,...,x, is a minimal generating set of the ideal I = (x)
and (2) (x1, ..., x))M pp xXip1xk = (%1, ..., xi))M pp xp, forO<i <m—1and k > i+ 1. These

sequences are critical in the proof of the following lemma which is similar to [12, 2.7]. This
lemma is primarily needed for the proof of Theorem 4.2. It appears here, because concepts from
this proof will be used in the proof of Theorem 2.8.

Lemma 2.5. Let R be a local Cohen—Macaulay ring of dimension d, M a Cohen—Macaulay
R-module with Supp(M) = Spec(R), I an R-ideal with height g > 0, and s > g. Assume [
satisfies G, is weakly (s — 2)-residually S, and is weakly M-(s — 2)-residually S>. Assume
depthM/I'M>d—g—j+1for1<j<s—g+1 Leta:]I bean s-residual intersection with
a=(ay,...,as). For 1 <i <s,let J; =aqa;:1 with a; = (ay,...,a;) as defined in Remark 2.1.
For 1 <i <s, consider the complexes

Cij: 0= "Mja; V2M % M ja; 1 17"'"M — I'M/a; 17 "'M — 0,
where @ is induced by multiplication with a;. Then:

(a) The complexes C,j are exact whenever 1 <i <sandi —g+2<j<s—g+2

(b) depthI/M/a; 17="M > min{d —i,d — g — j + 2} whenever 0 <i <sandi—g+1<j<
s—g+1.

() I'MJa; I'""M = [I' M+ (a; M :p; 1)1/(a; M 2y I) whenever 0 <i <s—1landi—g+1<
j<s—g+1, orwheneveri =s, j=s—g+1,and J; zsageometrzcs -residual intersection.

Proof. Let K; = a; M :j; I forall i. We proceed by induction on i. Let i = 0. Then (a) is vacuous.
For (b), recall depth M = d. That takes care of the case when j < 0. So we may assume j > 1.
Then we have the exact sequence

0—>1'M—>M-—M/I'M— 0.

By the depth lemma, depth I/ M > min{d, (d — g — j + 1) + 1}. For (c), we only need to consider
g =0and s > 0. By Proposition 2.4(c), it suffices to show that I/ M N Ky = 0 for j > 1. We may
show this locally at the associated primes of M since I/ M N Ko € M. Since Ass(M) € Min(R),
we may localize at minimal primes p of R. Since s > 0 and the ideal I satisfies G1, I}, is either the
zero ideal or the unit ideal. If /, = 0, then (I/'M),J =0since j > 1.If I, = Ry, then (Kp)p =0.
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Now let us assume the claims are true for i. If j <0, theni 4 1 < g. Thus a;41 is minimally
generated by a regular sequence on R and also therefore on M. This implies a; 1M 1y I =
a;+1 M. Then (a), (b), and (c) are trivially true. So we may assume j > 1.

For (a), it suffices to show that ¢ is injective. There is a commutative diagram where ¢ and
are induced by multiplication by a;1:

I-'m 4 I'M
a;lf—zM a;IJ'*IM

| l

(II'M+K;) v (I’ M+K;)

K; K;

By the inductive hypothesis for (c), 7 is an isomorphism. Proposition 2.4(d) gives that a;4] is
M /K;-regular. Therefore, v is injective, and then ¢ is injective. Thus C; 4 ; is exact.
For (b), we have the following exact sequence by part (a) for i + 1,
0— I "M/a; 1’ 2M %L M0 17 'M — I'M/ai 1 17" M — 0.
Hence the inductive hypothesis for (b) gives
depth I/ M /a1 I/ "'M >min{d — (i + 1),d — g — j +2}.

For (c), we first prove that forevery j > 1 and 0 <k <s — 1

ara "M =a/ MO (M D). (2.2)

Let S=RXx M= i SS ((1;11)))2 where S(M) is the symmetric algebra of M. We know that
+

S _ ReM _ RoM
(kS s art1)  ag: (k1) ® M o (ax1) Tk © Ky

by Proposition 2.4(e) for the modules M and R. Therefore, m is Sy. Proposition 2.4(d),
(c), and (e) (applied with M = §) implies a = aj, ..., a, is a d-sequence on S. Hence the images
ak+1, - .-, as form a d-sequence in S/a;S [7, p. 252]. Let X = (ak+1,...,4as). So, a =a; + X.
This implies
/M NGM = (a + X) MNaeM = apa! ' M + (XM N o M).
By [7, Theorem 2.1], X/ S Na;.S € ax X/~1S. This gives
XIMOaM=[X/SNasS], S [aX/7'S], =arX/ ' M.

Therefore,

o/ MNuM=aqad "M+ (X' MN aM) < ara/ "M+ XM
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Since X C a, this gives
a/MN M C akaj_lM - a/MnN aM,
where the second inclusion is trivial. Therefore,
o/ "M =a/MNaM. (2.3)
Using Proposition 2.4(c),
dMNGgM=a'MNIMNO (@M : 1) =a’ MO (M :yI)

since j > 0. Therefore, (2.2) holds.

Consider the natural epimorphism rr:IjM/aiHIj_lM - M+ Kit1)/Kit1. Let A =
IjM/a;+1Ij_1M and B=(I'M+ Ki+1)/Ki+1. It suffices to show 7 is an isomorphism locally
at the associated primes of A. Let p be an associated prime of A. By (b) for i + 1, htp <
max{i +1,g+j —2}. If i +1=s and J;1| = Js is a geometric residual intersection, then
ht p <'s. Otherwise wheni 4+ 1 <s,thenhtp <s — 1.

If 1 ¢ p, I, =R, and 7, is an isomorphism. If / C p, then either htp <s — 1 orhtp <s
and J; is a geometric s-residual intersection of /. Both cases imply Jiy1 € p, I, = a,, and

(Ki+1)p=Mp,. We have A, = (ajiM)p. Ifi +1<s — 1, then (2.2) implies

ajp1a/IM
a/ M o/ M+ K;
AP=<7. ) ;<7+ ’*‘) =B,.
a/MNKit1/, Kit1 »

Ifi +1=s, then

oM /M + K,
A, = (_ajM) —0= (7K ) _ B,
P s P

Therefore, 7, is an isomorphism. O
2.2. How to obtain this property
The next lemma is helpful in showing some of the isomorphisms in Theorem 2.8 below.

Lemma 2.6. Let R be a Noetherian ring, M a finite R-module satisfying S», N a finite R-module
such that dim M, < 1 for every p € Ass(N), and ¢ : M — N. Then ¢ is an isomorphism if and
only if ¢ is an isomorphism locally in codimension one in Supp(M).

This proof is left to the reader using the S; and S properties.

Note 2.7. If (R, m) is a local Cohen—Macaulay ring of dimension d with canonical module @
and / is an R-ideal with height g, then by local duality

(2) Ext$™ (R/1,0) =0« HE ¢/ (R/17) =0,

) Ext5™ (/T w, 0) =04 Ha ¢ (/o) =0.
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In the next theorem, we prove a sufficient condition for the properties weakly s-residually S»
and weakly w-s-residually S> to hold. This is the main theorem of this section; it generalizes [3,
4.1] where the case of Gorenstein rings was treated. Parts of this proof parallel that of [3, 4.1],
but for the sake of readability, we discuss some of these arguments along with the new ones.

Theorem 2.8. Let R be a local Cohen-Macaulay ring with canonical module o, and let I
be an R-ideal with height g satisfying G for some s > g and Extiﬂ (R/1',w) =0 and
Ext‘;H (w/Iw,w) =0bothfor 1 <j<s—g.

@) IfExtfjj (w/lw,w) =0 for j =s — g+ 1, then I is weakly s-residually S, and weakly
w-(s — 1)-residually S5.

a) If Extiﬂ (R/17,w)=0for j =s—g+1, then I is weakly (s — 1)-residually S» and weakly
w-s-residually S;.

Proof. Let a: I be any geometric s-residual intersection of /. As in Remark 21,1let Ji=a;: I,
and write R; = R/J;. Foralli,let K; = ajw :,, [ and w; = w/K; = —>—

The theorem is a consequence of the following assertions, Wthh we shall prove by induction
on i. For the proof of part (i), let r = s and t = s — 1. For part (i), let r = s — 1 and r = 5. After
making these assumptions, the proof of each part is the same.

(a) R; satisfies Sy for0<i <r;

(@) w; satisfies S, for 0 <i <1¢;

(b) Ext ' (177872R;, w) =0 for 0 <i <1 — 1;

(b') Extiy (1178 2w, 0) =0 for 0 <i <r — 1;

(€) wg, = (I'=8F1w)VVY for 0 <i < s — 1, where —Y = Hom(—, wg,)- Note that this notation
implicitly uses the value of i.

If s > 0, then
oyZHw forallj>1. (2.4)

This is equivalent to I/w N (0:, 1) =0 for all j > 1. Since  is unmixed, we need to prove
this after localizing at minimal primes of R. Since [ satisfies G, the equality holds. Similarly, if
s > 0, then

'Ry =1/ forall j>1. (2.5)

(See [3, p. 208] for more details.)

Next, we prove the above five assertions by induction on i. Let i = 0. In this case, our as-
sertions are only nontrivial if g =0 (i.e. R # Rp). Let g = 0. Notice that we need only check
(a) if we are proving part (i) and that it suffices to check (a’) in the proof of part (i). Write
—/' = Hom(—, w). Note 0 : I = Hom(R/I, R) = Hom(R/I, Homg(w, w)) = Hom(w/lw, w) =
(w/1w)'. Consider the exact sequence

0= Iw—w— w/lo—0.
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Applying —’ and using the assumption Ext}e (w/1w, w) =0 yields the exact sequence
0= (w/lw) = (0) = (Jw) = 0.
Rewriting this sequence we obtain
0—-0: I—-R— (Iw) —0.

Therefore, (Iw) = R/(0: 1) = Ry. Since (Iw)’ is always S, Ry is 5.

Similarly, note 0 :,, I = Hom(R/I, w). Since Ext}Q(R/I,a)) =0, apply — to a free R-
resolution of R/I which yields an exact sequence. This implies wp = ﬁ satisfies S». (See
[3, p. 208] for more details.)

For the remaining parts, note that s > 0. Statement (2.5) which says I>Rg = I* gives (b).
Statement (2.4) implies I?wyp = I’w which gives (b). We know wg, = Homg(Ro, )
Hom((Iw)',w) as Ry = (Iw)'. By (2.4), Iw = Iwy. Using Hom-tensor adjointness, wg,
Hom([Hom(Iwp ®r, Ro,w)] ®gr, Ro,w) = Hom(Hom(/wy, Hom(Ry, w)), Hom(Ry, w))
Hom(Hom(/wy, wg,), wr,) = (Iwp)""; therefore, we have (c).

Now, we check the inductive step. Assume the assertions are true for i > 0. We show they
hold for i + 1.

For (a) and (a’), we may suppose i < s — 2. Notice that in the proof of part (i), we may also
assume i < s — 1 for (a) and that in the proof of part (ii), we may suppose additionally i <s — 1
for (a’). By the inductive hypothesis, I is weakly i-residually S> and weakly w-i-residually S;.
Thus, R; and w; are S>. By Proposition 2.4(a) and (d) applied with M = R and M = w, re-
spectively, R; and w; are unmixed of codimension i in R, a;4+; is regular on R; and on wj,
depth;(R;) > 0, depth;(w;) > 0, Jiy1R; = ai+1R; g, IR; = Homg,(IR;,ai11R;) =
Hole. (IR,‘, R,‘), and K,‘.H/K,' =dj+1W; w; IR,' = HomRi (IR,‘, a,‘_;,_]a),‘) which yields

1 1 1R

Kii1/K; =Homg, (IR;, w;). (2.6)

We start by proving (a). Since R; is S2, Ji+1R; = Homg, (I R;, Homg, (wg,;, @g,;)). By Hom-
tensor adjointness and the fact that depth; (wg,) > 0, we have that J; 11 R; = Hompg, ({wg,, wg,).
Hence by (c) for i, Ji11R; = Homg, (I(I' 8 1w;)VV, wg,). By Lemma 2.6, it suffices to
show the natural map (I (I8t w;)VV)Y — (I'=8F2w;)V is an isomorphism locally in codi-
mension one in R;. But this is clear since w; is torsionfree over R; by (a’) and Propo-
sition 2.4(a), and, therefore, I'"8t1w; = (I'"¢*1w;)¥V in codimension one. This yields
Jit1Ri = Homg, (I' 2w, wg,). By [3, 4.8], Jip1Ri = Exth(I'"2w;, w). By (b') for
i, we have ExtiRH(I"_ngzwi,a)) = 0. Since w; has codimension i by Proposition 2.4(a),
Extﬁ, (I i_g+2a),-, ) = 0 whenever ¢ < i — 1. Dualizing a free R-resolution of / i _g+2a),~ into
w, we see that the R;-module ExtiR (I'~8%2w;, w) satisfies S3. Thus Ji+1R; satisfies S3. Then
Riy11s S7. This proves (a) for i + 1.

Now we investigate the following claim that we will use to prove (a’),

w; = Hompg, (I8 R, (175 ;) ™Y). (2.7)
To prove (2.7), let ¥ : w; — Homg, (I'=8H Ry, (1181 w;)VV) be the map which to each element

w € w; associates multiplication by w followed by the natural map M — M"". By the inductive
hypothesis, w; is S>. By Lemma 2.6, it is enough to check that i is an isomorphism locally
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in codimension one in R;. Take any p € Spec(R) suchthathtp =i +1and a; : I C p. By Re-
mark 2.1, ht(Ji41+1) > i+2.Soeither I € por Ji11 € p.Letg; = pR;. If 1 € p,then I, =R,
and (IR;)4;, = (R;)y;. Therefore, v, is an isomorphism since (a)ivv)qi = (wj)g; naturally. If
Jiv1 Q p, then I, = (a;41)p and (IR;)y = (a;+1R;)g; = (y) where y is a nonzerodivisor on
(Ri)g;- Then Homg, (I' 8RR, (I8 w)VV),, = HOIH(R,-)qi(()’)i_gH, (}’)"—gﬂ(wi)(zv) =
Hom(g,),. ((Ri)g; (a),-);iv). Hence again 1, is an isomorphism. Thus (2.7) holds.

By (2.6) and (2.7), K;+1/K; = Homg, (I R;, Homg, (I' 8+ R;, (I'~8+1w;)VV)). By applying
Hom-tensor adjointness,

Kiy1/K; = Homg, (IR ® I' Ry, (15 a;)"Y).

Since depth; (R;) > 0, the kernel of the map I R; ®g, I' 8T'R; — I' "2 R; is annihilated by a
nonzerodivisor on (I' "8t1w;)VV . So, applying Hom(—, (1 ~8+1w;)VV) takes care of the torsion,
or more concretely,

Ki1/K; =Hompg, (I'"872R;, (178 w;) ™).

We have Kii1/K; = HomR,.(I"’gHRi, wg;) by (c) for i. By [3, 48], Kiy1/K; =
Extly (I'"$72R;, ). By (b) for i, Extiy ' (I'=¢*2R;, w) = 0. Since R; has codimension i,
ExtfQ (I'"812R;, w) = 0 whenever £ <i — 1. Dualizing a free R-resolution of J'=812R; into
w, we see that the R;-module ExtiR (Ii’g+2Ri, w) satisfies S3. Thus K;1/K; satisfies S3. Since
w; is Sy, wj11 is Sy. This proves (a’) for i + 1.

For (b), (b'), and (c), we may suppose that i + 1 < s — 1. The proof of part (i) only requires
i + 1< s — 2 for (b), and we merely need i + 1 < s — 2 for (b’) in the proof of part (ii). Using
Proposition 2.4 applied with M = R as below, we can show for | <k <i+land j<s—g+1,
there are complexes

Cij: 0= ' 'Reey =5 'Ry — 'R — 0 (2.8)
having nontrivial homology at most in the middle. Call this homology H, and note

_ Jenili
(ke N +a I

We can show that
Ext%(H,w) =0 whenever £ <min{g +j —1,i + 1} (2.9)

or equivalently Hy, =0 whenever dim R, < min{g + j — 1, i + 1}. Since this proof is parallel to
the one below, we will only show the latter. For this proof, use [7, Theorem 2.1] instead of (2.3).
For more details, see [3, p. 210].

By Proposition 2.4(d), (c), and (e) applied with M = w, a; is regular on wr_; whenever
1<k<i+1anday,...,ai+1 is a d-sequence with respect to w. Thus for 1 <k <i+ 1 and
Jj <s — g+ 1, there are complexes

Dyj: 0— ijlwk_l'a—k)Ija)k_l—)Ija)k—)O (2.10)



C. Cumming / Journal of Algebra 308 (2007) 91-106 101

having nontrivial homology at most in the middle. Call the homology H, and note

i Kinlo
H'= . -
(K1 Nlw) +apli—1ow
We will show that
Extfe(Hr, ) 0 whenever £ <minf{g+ j —1,i 4+ 1} 2.11)

or equivalently (H*),:l =0 whenever dim R, < min{g + j —1,i +1}.

To see this, let p € Spec(R) with dim Ry, < min{g + j — 1,i + 1}. If I & p, then I'=! ¢ p,
17 Q p, and (Ky)p = (axw)p. Hence (HT)1J =0.If / Cyp, then j > 1 since g <dimRy < g
+j—1. Also Iy = (a;41)p as dimRy, <i+1<s—1. Since j > 1 and [ is weakly w-i-
residually S,, Proposition 2.4(c) implies Kx—1 N Vo = K1 NIoN 1w =ay_1joN I/w. This
gives us (Kx—1 N I-’a));J = (ag—1w N Ija))p. Recall, ay, ..., a; form a d-sequence with respect
to w. Using the fact that I is weakly w-(i — 1)-residually S> and weakly (i — 1)-residually S,
(Kk NI w)p, = (ax I/~ '), by (2.3). Then we have (Kx N1 )y = (k-1 I/ Lo+ ax ' o), ©
(ax—10N Do+ a /o)y € (Kk—1 N o) + axl/ '), Hence (HY), = 0. Thus (2.11)
holds.

To prove (b), we can show by induction on k, 0 < k <i + 1, that

Ext§?+j71(1ij,) 0 wheneverk —g+2<j<i—g+3 (2.12)

as we show (2.13). Statement (b) follows when we set k =i + 1. The proof parallels that of (b’),
so we omit it. See [3, p. 210], for the full details.
Let us prove (b"). We show, by induction on k, 0 <k <i + 1,

Ext?'/_l(ljwk,) 0 wheneverk —g+2<j<i—g+3. (2.13)

Statement (b’) follows when we set k =i + 1.

First, suppose k = 0. Suppose j < 0. Then g > 2. Hence wy = w and I/wy = Rwy = w. As
above, we havethat g+ j—1 > 1, and Ext8t/— l(a), w) = 0. Assume j > 1. We have I/a)o =llw
by (2.4). Now the assertion follows because Extiﬂ M lw,w)=0for 1< j<s—g+1.

Next, suppose 1 < k <i+1.Assuming k—g+2 < j <i—g+3, asin the desired formula, we
have Ext,™ "> (H, w) =0 by (2.11), and Ext$T > (11 w1, ) = Extfjfl (Hawp_1,w)=0
by the induction hypothesis. Now using the complex Dy;, we derive ExtsT ™' (I oy, w) =0,
proving (2.13) and part (b’).

We prove (¢) for i + 1 <s — 1. By part (a’) for i and i + 1 and Proposition 2.4(a),
we know that w; and w;4; satisfy S> and are unmixed of codimension i and i + 1 in R.
Also by Proposition 2.4(d), we have K;;1/K; = a;11w; :o; IR; and a; 1 is w;-regular. Write
— =Homg, (—, wg,) and — = Homg, , (—, wg,,,)-

Recall the complex

7 -d
Diiliern: 00— [178H g S0 pimet20, S 17812041 — 0
+1i—g+ +
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introduced above which has nontrivial homology H' at most in the middle. By (2.11),
Ext!(H",w) = 0 for £ <i 4 1, and by part (') for i, Exty ' (I""8+2w;, @) = 0. Also,
Ext"R(I i ’g+2a),-+1, ) = 0. Thus the above complex D;1,;_g+2 induces an exact sequence

0— Ext"R (Ii_g+2wi, a)) il Ext’}e (I"_g'H a)) — EXt’Jrl (I’ g+2wi+1,w) —0
which can be rewritten using [3, 4.8],
0— (Ii_g"'za)l-)/ ity (Ii_g"'la)i)/ — (]i—g+2wl_+1)v — 0.
Dualizing and rewriting again, we obtain an exact sequence
0— (I wy;)" 20 (1178%20;)" — (I8 2wi41) " — Extid (15 ;)| o).

This shows that (I'"82w;)"/a;+1(I'"¢t1w;)” is isomorphic to an R;,-submodule of
(1 :—g+2wl_+])vv and that both modules coincide locally in codimension one in R;t1, as R;
satisfies S. Thus, since w; 41 is S2,

(I8 wig) " = (14 20y) " i (I wr)") ™.

Now we must show that the latter module is isomorphic to wg, .
By (c) for i, we have (I'"8%2w;)"/a;+1(I' "8 w;)” = (Iwg,)" /ai+10k,. But [3, 4.9]
shows that the last module is isomorphic to ExtR (Rl+1 , wg;). Thus it remains to prove that

ExtR (Rit+1,wr,)"" = wg,,,. Now, [3, 4.8] ylelds a natural map ExtR (Ri+1, wR;) = wg,

i+1?
which is an isomorphism locally in codimension one in R;y1, because R; satisfies S>. Thus, we

get EXt}Qi (Ri+l » WR; )VV = (a)R,'_H )\/\/ = WR; 1> prOVing (©. O

Under the strong assumption that Extiﬂ (R/17, w) and Extiﬂ (w/1'w, w) both vanish for
1< j<s—g+1, then Theorem 2.8 would follow directly from [3, 4.1] by passing to the
Gorenstein ring R X .

3. M-strongly Cohen—-Macaulay ideals

Assume R is a Noetherian local ring, I = (ai,...,a,) = (a) is an R-ideal, and M is a fi-
nite R-module. Let K4(a; M) be the Koszul complex of the sequence a with coefficients in M.
Let Bo(a; M), Z4(a; M), and He(a; M) be the boundaries, the cycles, and the homologies of
Ko (a; M), respectively.

Definition 3.1. The ideal I = (a) is M-strongly Cohen—Macaulay if H;(a; M) are Cohen—
Macaulay for all i. When M = R, one says that [ is strongly Cohen—Macaulay.

Note that the sequence ¢ need not be a minimal generating set. If the M-strongly Cohen—
Macaulay property holds for one generating set of I, it follows for all generating sets of I.
Flenner, O’Carroll, and Vogel also introduce this concept [4, 7.2.9]. They show slightly different
versions of Proposition 2.4(a), (b), and (c) assuming M is Cohen—Macaulay and [ satisfies M-
strongly Cohen—Macaulay.
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This brings us to an important theorem of Sanders that will be used in the next theorem. If R
is a local Cohen—Macaulay ring with canonical module w and I is a R-ideal, then I is w-strongly
Cohen—-Macaulay if and only if it is strongly Cohen—Macaulay [11, 1.6]. The next theorem was
proved by Avramov and Herzog for Gorenstein rings [2, p. 259]. We show it holds for rings that
are not necessarily Gorenstein.

Theorem 3.2. Let R be a local Cohen—Macaulay ring with canonical module @ and I an R-ideal
with u(I) —ht1 < 2 such that w/Iw is Cohen—Macaulay. Then I is strongly Cohen—Macaulay.

Proof. By Sanders’ result [11, 1.6], it is enough to show that [ is w-strongly Cohen—Macaulay.
Let a = aj,...,a, be a generating set of [ such that n = ht/ + 2. Let K, = Ko(a; ) and
H, = H,(a; ). Then H, is isomorphic the canonical module of R/I which is Cohen—-Macaulay.
Since Hy = w/1w, this module is Cohen—Macaulay by assumption. So it suffices to prove H; is
Cohen—-Macaulay. Let a € R be regular on R and on R/I. From the short exact sequence

0> K,% K, —> IT, -0
we obtain the long exact sequence
0— H, % H, — Hy(K.) > Hy “> Hy — H\(K,) > Hy > Hy — Ho(K.) — 0.

Since a isregularon R/I, Hy/aH> = wr/1)/awr/1) = ©OR/(1,a) = H>(K,). Clearly, a is regular
on o/l which tells us that the mapping Ho -4 Hj is injective. This implies a is H|-regular,
and Hy/aH| = H|(K,). By induction on the dimension of R/, the assertion follows. O

4. The main theorem

Remark 4.1. If (R, m) is a local Cohen-Macaulay ring with canonical module » and [ is an
R-ideal with height g, then depthw/I/w > dim R/I — j + 1 implies Ext% ™ (/I w, @) = 0 for
any integer j.

Now, we prove our main theorem. Under suitable assumptions, we show that an ideal has
G, and ANy, and we give a formula for the canonical module of R/J where J is a residual
intersection of . This is a generalization of [12, 2.9] where Ulrich assumed that R was a local
Gorenstein ring.

Theorem 4.2. Let R be a local Cohen—Macaulay ring with canonical module w; let I be an
R-ideal with height g; let s be an integer; and assume that for every p € V(I) with dim R, <
s — 1, either n(I,) < dimR, or £(I,) < dim R, — 1. Further suppose that depthw/I'w >

dimR/I—j+1f0r1gjgs—g—l—landExtf{H(R/Ij,w):Oforl<j<s—g—l.Then

(a) I satisfies G5 and ANy,

(b) for every g <i < s and every i-residual intersection J =a:1 of I, wr/j = I8ty
al'~8w, where wRyy = (I8 o+ aw:p I)/(aw i 1) in case J is a geometric i-residual
intersection.
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Proof. After adjoining a variable and localizing, we may assume g > 1 and R has an infinite
residue class field. Let J/ = a : I be an s-residual intersection. Let J; = q; : I be as in Remark 2.1.
Let K =aw:, I and K; = a;w :, I for all i. We proceed by induction on s. Let s = 0. Hence /
satisfies G trivially. Since g > 1, I satisfies ANy, and (b) trivially holds.

If s > 1, we may assume (a) and (b) hold for s — 1. In particular, I satisfies AN;_1. By [12,
1.11], I satisfies Gy.

By Remark 2.1, Js_1 = a,_1 : [ is a geometric (s — 1)-residual intersection of 7. Let

denote images in R’ = R/J;_1. The inductive hypothesis implies that R’ is Cohen—Macaulay
with wpr = % Note by Theorem 2.8(i), I is weakly w-(s — 2)-residually S>. Given this
fact and the fact that I satisfies AN;_1, we may apply Lemma 2.5. By Lemma 2.5(b) and (c),

we have de:pthLKVI >d—s+1and depthw >d—s+1.Since wp/ /I wp =

/o

(13 g£+11(‘ ')/(IA i w+KS L), it follows that depthwpg//I'wg: > d — s. As J;_1 is a geometric
(s — 1)-residual 1ntersect10n of I, ht(Js_; +I) > s, and hence dim R’ /I’ < d — 5. Now, the fact
that depthwpg/ /I'wg > d — s forces wg'/I'wg to be a Cohen—Macaulay module over R'/I’.
Applying Proposition 2.4(d) yields J; = (a;) : I’ where a; is R'-regular. By [12, 2.3], R/J =
R’/J’ is Cohen-Macaulay. Thus I satisfies AN;.

We also have from [12, 2.3] that

I8ty + Ky a, I’ 8w+ K,
wRJ;I/wR// a/ (,()R/:< )/( l )
/ ( S) Ks-1 Ks-1

On the other hand, Lemma 2.5(a) yields the exact sequence

I’ 8w « I8ty [$—8tly
Css—g+1: 00— ; — — — 0,
ag_1 178w ag_1 I 8w a5 8w

which by Lemma 2.5(c) is

S0+ Ke o FtHo+Ke o
—

0— — —
K, | K, al* 8w

This implies that

12

=8ty + Ky al* 8w+ K| sty
K1 K1 als=8w

Isfg+1w

Therefore,

WR/J = —.
/ al*~ 8w

If J is a geometric i-residual intersection, Lemma 2.5(c) gives

[S_g_Ha)—i—K
1) = O
R/J K
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This theorem leads to two quick corollaries which give some insight into its power. By setting
s = g, if w/Iw is Cohen—Macaulay, then for every link J/ =a: I of I R/J is Cohen—Macaulay
and wg,y = Iw/aw. Now setting s = g + 1, we can review the first nontrivial case.

Corollary 4.3. Let (R, m) be a local Cohen—Macaulay ring with canonical module @ and let
I be a generically complete intersection R-ideal of grade g. Also suppose w/lw is Cohen—
Macaulay, depthw/I?w > dim R/I — 1, and H,(,i;gfl (R/1) =0. Then for every (g + 1)-residual
intersection J =a: 1 of I

(@) R/J is Cohen—Macaulay,
(b) wr/y = 1Pw/alw.

Some of the assumptions of the main theorem can be replaced by other “nicer” assumptions.
Note that part (b) of this remark is a generalization of [12, 2.10].

Remark 4.4. Let R be a local Cohen—-Macaulay ring with canonical module w; let I =
(ay, ...,an) be an R-ideal with height g; and let s be an integer.

(a) Assume depthw/I/w > dimR/I — j+1for1<j<s—g+1and Extg+J (R/17,w) =
for 1 < j <s— g — L.If I satisfies G, then the conclusions of Theorem 4 2 hold.
(b) Assume for every p € V(I) with dimR, < s — 1, either u(I,) < dimR, or £(I,) <

dimR, — 1, and Ext‘Zﬂ(R/If,a)) =0 for 1 < j<s— g — 1. If the Koszul homology

Hj(ay,...,ay; ) are Cohen-Macaulay for 0 < j < s — g, then the conclusions of Theo-
rem 4.2 hold.
(c) Assume for every p € V(I) with dimR, < s — 1, either u(l,) < dimR, or £(I,) <

dim R, — 1. If I is strongly Cohen-Macaulay, then the conclusions of Theorem 4.2 hold.

Proof. (a) See the proof of Theorem 4.2.

(b) In light of Theorem 4.2, it suffices to show depthw/I' T o >d —g— jfor0< j <s —g.
We may assume that R has infinite residue class field. As above, we proceed by 1nduct10n ons.
The case when s = 0 is vacuous unless g = 0. If g = s =0, the condition is trivially satisfied.

So let s > 1 and suppose our assertion holds for s — 1. Then by Theorem 4.2, [ satis-
fies AN,_;. Hence by [12, 1.11], I is Gs. By [11, 1.3], the Cohen—Macaulay assumption on
Hj(ai,...,ay; w) implies for 0 < j <s — g that depthH;(ay,...,a,; ) > d — g. Since [
satisfies Gy, we can use the acyclicity lemma as like what is done in the proof of [5, 9.1] to
conclude that M ; = M (a; w) is acyclic for 0 < j <s — g (see [5, p. 83] for more on the M-
complex). By [5, 4.5, 4.6, and 4.9], Hy(M ) = Ifa)/ll“a) for 0 < j < s —g. Using the fact that
depthHj(ay,...,ap; w) >2d—gfor0<j <s—g,onecanshowthatdepthw/1j+]a) >d—g—j
for0<j<s—g.

(c) Similarly as in the proof of part (b), one shows that the strongly Cohen—Macaulay property
of I implies that depth R/I/ > dim R/I — j+1for 1 < j <s—g—1.Hence Extgﬂ (R/1', w) =
Ofor 1 < j<s—g—1.BySanders’ result [11, 1.6], this 1mphes H;(x; w) is Cohen—Macaulay
for all i > 0. Now use part (b). O
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