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The existence of Hall polynomials for Dynkin or cyclic quivers not only gives rise to a simple real-
ization of the £-part of the corresponding quantum enveloping algebras, but also results in interesting
applications. For example, by specializing q to 0, degenerate quantum enveloping algebras have been
investigated in the context of generic extensions [20,8], while through a certain non-triviality prop-
erty of Hall polynomials, the authors [4,5] have established a monomial basis property for quantum
enveloping algebras associated with Dynkin and cyclic quivers. This property describes a systematic
construction of many monomial/integral monomial bases some of which have already been stud-
ied in the context of elementary algebraic constructions of canonical bases; see, e.g., [15,27,21,5] in
the simply-laced Dynkin case and [3,18], [9, Ch. 11] in general. Moreover, in the cyclic quiver case,
it has also been used in [10] to obtain an elementary construction of PBW-type bases, and hence, of
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canonical bases for quantum affine sl;;. In this paper, we will complete this program by proving this
property for all finite types.

The second purpose of the paper is to establish some relationship between the monomial basis
property and tight monomials. Following Lusztig [17], a monomial which is also a canonical basis
element is called a tight monomial. See also [19,1] for further work on tight monomials. We first
prove that the tight monomial criterion given in [22] for quantum enveloping algebras associated
with symmetric generalized Cartan matrices works also for all symmetrizable ones. This criterion
is built on Lusztig’s criterion for signed bases [16, Ch. 14]. Then we show in the finite type case
that a tight monomial is necessarily a monomial associated with a weakly distinguished word. Thus,
to test a monomial to be tight, it suffices to test monomials associated with weakly distinguished
words. We further conjecture that monomials associated with distinguished words cover all tight
monomials.

We organize the paper as follows. Beginning with a quiver Q with automorphism o, we first
briefly review the relationship between representations of the path algebra A =kQ over the alge-
braic closure k = Fq of Fy and the fixed point Fg-algebra AF of the Frobenius morphism F = Fo.o,q
The generalization of the criterion for tight monomials is presented in Section 2. From Section 3 on-
wards, we assume that Q is a Dynkin quiver. In Sections 3-5, we define the generic extension map
g for a Dynkin quiver Q with automorphism o and use it to establish the monomial basis property
for quantum enveloping algebras associated with (Q, o). In the last three sections, we discuss the
relationship between tight monomials and the monomial basis property. In Section 6, we prove that
a tight monomial is necessarily a monomial associated with a weakly distinguished word, and in Sec-
tion 7, we develop an algorithm to compute tight monomials of rank 2 and determine explicitly those
of type Bs. Finally, in the last section, we verify the conjecture for type B that tight monomials all
arise from directed distinguished words and identify them as the canonical basis elements described
in [29].

Throughout the paper, IF; denotes the finite field of q elements and k is the algebraic closure Fq
of [Fq. For an algebra B over a field, the category of finite-dimensional left B-modules will be denoted
by B-mod.

1. Preliminaries

Let Q = (Qo, Q1) be a finite quiver with vertex set Q¢ and arrow set Qq, and let o be an auto-
morphism of Q, that is, o is a permutation on the vertices of Q and on the arrows of Q such that
o(hp) =ho(p) and o (tp) =to (p) for any p € Q1, where hp and tp denote the head and the tail
of p, respectively.

Recall from [6] that there is a Frobenius morphism Fq .4 on the path algebra A:=kQ of Q over
k =y defined by

F=Fqoq:A—>A Y xps—> Y xlo(ps),
S N
where )" Xsps is a k-linear combination of paths ps. This gives an FF4-algebra

AF:{aeA|F(a):a}.

If Q contains no oriented cycles, then AF is a finite-dimensional hereditary [Fg-algebra. Conversely,
every finite-dimensional hereditary basic Fg-algebra is isomorphic to AF for some quiver Q with
automorphism o (see [6, Th. 6.5] or [7, Th. 9.3]).

By [6, Prop. 4.2], there is a Frobenius twist functor

OM': A-mod - A-mod, M M
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which is an equivalence of categories. Alternatively, let M be an .A-module and Fy; : M — M be an
arbitrary Frobenius map on the k-vector space M. We define the Fy-twist of M to be the .A-module
MIFuM] such that MIFM] = M as vector spaces and the .A-module structure is given by

asxm:= FM(F(E]U;q(a)FA_,[l(m)) forallae A, me M.

By [7, Lem. 2.5], M{F™] is isomorphic to M1,
A module M € A-mod is called F-stable if M = M, Moreover, for an F-stable .A-module M,
there is a Frobenius map Fy; on M satisfying

Fy(am) =Fq 5,q(@Fy(m) forallae A, me M,

that is, MIFm] = M as .A-modules. Consequently, we obtain an .Af-module
MF =M™ ={meM | Fy(m)=m}.

By [6, Th. 3.2], the correspondence M — M induces a bijection between the isoclasses of F-stable
A-modules and those of .Af-modules.

Suppose that Q contains no oriented cycles. Let I be the set of isoclasses of simple modules in
AF-mod. (Note that I identifies with the set of o-orbits in Qg.) The Grothendieck group #5(AF)
of AF-mod is then identified with the free abelian group ZI with basis I. Given a module M in
AF-mod, we denote by dimM the image of M in J#(AF), called dimension vector of M. Then, for
each i € I, we have a simple A" -module S; with dimension vector i. Hence, if dimM = }";_, x;i, then
x; is the number of composition factors isomorphic to S; in a composition series of M.

The Euler from (—,—) : ZI x ZI — 7Z associated with (Q, o) is defined by

(dim M, dim N) = dimg, Hom 4+ (M, N) — dimp, Ext', (M, N),

for M,N € Af-mod. For i e I, let d; = dimp, End 4+ (S;) = (i, i), and for i, j € I, define

2, ifi=j,
Cij= { 4-((dimS;, dim S ) + (dim S}, dim S;)), if i j.

The matrix Cq,s = (Cj,j)i,jes IS a symmetrizable generalized Cartan matrix with symmetrization D =
diag(d)ie;.

Let g =g(Cq,») be the Kac-Moody algebra associated with Cq » and let U= U,(g) be the cor-
responding quantized enveloping algebra over the fraction field Q(v) in indeterminate v. We are
interested in the positive part U™ of U, which is by definition the Q(v)-subalgebra of U generated
by E;, iel. Let Z=7Z[v,v™'] be the Laurent polynomial ring over Z. Although the definition of U
depends on a realization of Cq », UT depends only on Cq  and is called the quantum algebra asso-
ciated with Cq » (or (Q,0)) in the sequel. Let U be the Z-subalgebra of U generated by divided
% for all i € I, m € N, where [m]} = [1];[2]; - - - [m]; with [a]; = vi—\‘/’-_l (vi = vii).

Let £2 be thelset of all words in the alphabet I. For each word w = i1i;~~~im e, i=
(i1,...,ip) eI, and a = (ay, ..., a;) € N, define monomials

.~
Vi—Vi

(m) . _
powers E;" 1=

Ew:=E; Ei,---E;, eUT,
@ ._ pa)p@) | p@) g+
EY =EVES B eUT. (10.1)
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Then U™ is spanned by {Ey }weg, while U™ is spanned by {E;a) liel’, ae N, teN}. Thus, it would
be interesting to ask how to extract monomial bases from these spanning sets. For quantum algebras
associated with a Dynkin or cyclic quiver, the answer is given in [4,5]. We will generalize this result
in Sections 3-5 to include the nonsimply-laced Dynkin cases.

2. A criterion for tight monomials: the general case

In [22], Reineke gave a criterion for a monomial to be tight (i.e., to be a canonical basis element)
in a quantum enveloping algebra associated with a symmetric generalized Cartan matrix. We will see
in this section that this criterion can be easily extended to all quantum enveloping algebras.

As in Section 1, let Q be a quiver with automorphism o. Suppose that Q contains no oriented
cycles. Then Cq » is a symmetrizable generalized Cartan matrix. Moreover, the Euler form (—,—)
associated with (Q, o) gives a Cartan datum (I, -) in the sense of [16, 1.1.1], where the bilinear form
ZI x ZI — Z, (X,y) — X -y is defined by

X-y=(X,y) +(y,x), forx,yeZI.

Thus, for each i €I, i-i=2(i, i) = 2d;. We will identify Cq , with its associated Cartan datum (I, -)
and speak of the quantum algebra U™ associated with (I, -).

The algebra U* admits an NI-grading U™ = @, ; Uy such that Uf is spanned by all monomials
Ei, ---Ej, with i + --- + ig = X. Given a homogeneous element x € U], we write |x| =X. For each
s > 2, there is a twisted product on the s-fold tensor product Ut ® .- ® U™ given by

X ® ®X)(Y1® -+ ® y5) = vEizi il Wily y1 @ . @ x5,

where ® = ®qv), and X1, ...,Xs, ¥1,..., ys are homogeneous elements in U™, This algebra is called
the s-fold graded tensor product of Ut and will be denoted by

U)*=ut g Bur.
—_————
N

Following [16, 1.2.2], there is a unique algebra homomorphism t: Ut — Ut QU™ such that t(E;) =
Ei®1+1Q® E; for each i € I. Moreover,

C®Dr=1®vr: Ut > Ut Ut QUut.

In general, for each s > 2, there is an algebra homomorphism

t(s):U+—>(U+)®S, Eim Y 1% QEe192,

S1+s2=s—1

In particular, ¢ = t®,
Fori=(i1,...,ip) el and a=(ay,...,a;) e N, let EE“) be the monomial defined in (1.0.1). Using
[16, 1.4.2] and an inductive argument (see [22, Lem. 2.5]), we have for each s > 2,

t(s) (E:a)) — Z V77i.a Egal) R EEaS), (202)

aj+-+as=a
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where a; = (ar1, ...,a;) € Nt, for 1 <r <s, and
Ni,a = Z (im, im)apmarm ~+ Z 1+ im)Apm0yy.
1<m<t 1<p<r<s
1<p<r<s 1<l<m<t

The following results are taken from [16, Prop. 1.2.3] and [16, Lem. 1.4.4].

Lemma 2.1. There is a unique bilinear inner product (—,—) : Ut x UT — Q(v) such that

(1) a,1H=1 and(E,,E])_S,] 2 1foralll jel,

(2) &%, y'y") = (00, y' ® y") forallx,y', y" € U*;

(3) WX, y) = @X',x(y)) forall X, X",y e UT.

Here vi = vii/2 =vdi gqnd (¥ @ X",y @ y") := (', y) (", y") forall X', X", y', y" € Ut. Moreover, for each
ieclanda >0

a v?(a-&-l)/z

(a) (0)
E E 1_[ —Zm)

e(1+v'ZIv ') NQ). (2.11)

(vi — vy H[al;

Observe that the sum in (2.0.2) is taken over the decompositions of a =a; + --- + a5 each of
which defines an s x t matrix A = (arn) with rows aq, ..., as satisfying co(A) = a, where co(A) =

(X1 @pis oy Xp—y Apr). We also put 10(A) = (3 g @ims -+ s Xy Gsm)-

Definition 2.2. For any fixed i = (i1,...,i;) € I' and a = (a1, ...,a;) € Nt, let .#; q be the set of t x t
matrices A = (a;,) with entries ar,; in N satisfying the conditions ro(A) = co(A) =a and a;;, =0
unless ir = ip. Define a quadratic form q: .#; 4 — Z by setting

q(A) = Z {im, im)ApmArm + Z (i - im)apmar + Z (ir, ir)Arm 1,
1<m<t 1<p<r<t 1<r<t
1<p<r<t 1<l<m<t 1<l<m<t
for all A € #jq.

We illustrate the definition with an example. This example will be repeatedly used in an algorithm
of computing tight monomials in the rank 2 case in Section 7.

Examples 2.3. Let (I,-) be a Cartan datum of Dynkin type with I = {1,2}. Thus, UT is a quantum
algebra associated with a rank 2 Cartan matrix.

(1) Ifie{(2,1,2),(1,2,1)} and @ = (a1, az, a3) € N3, then
ag—x O X
Mia={Ax|0<x<minfay, a3}, whereAx=|: 0 a 0 i|
X 0 az3—x
and
q(Ax) = (i1, i1)a11as1 + (i3, i3)as1ass + (iy - i2)az2a31 + (iz - i3)a13az2
+ (i1 - i3)aizazy + (i1, i1)ar1a13 + (i3, i3)aszass

=2(i1, i1)x(a1 — x) + 2(is, i3)x(a3 — X) + ((i1 - i2) + (i2 - i3))xaz2 + (i1 - i3)x%.
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2)Ifie{2,1,2,1),(1,2,1,2)} and a = (a1, a3, a3, aq) € N4, then
(

Mia={Axy|0<x<min{ay, a3}, 0 <y < minfay, as}},

where
a —Xx 0 X 0
A 0 a@m-y O y
Xy = X 0 as —x 0 ’
0 y 0 as—y
and

q(Ax,y) =2((i1, i1)x(a1 — X) + (i2, i2) y (@2 — y) + (i3, i3)x(a3 — X) + (i4,i4) y(as — ¥))
+ (1 -i2) + (12 - i3))x(az — ) + (i1 - i3)%% + (i1 - ia) + (iz - i3))xy + (i2 - ia)y?
+ ((iz - i3) + (i3 - i4)) y (a3 — X).

Lemma 2.1 together with (2.0.2) allows us to compute (E(a) E(“)) in terms of (E(a’) E(ar)) and

(E(a"”) E(a’”’)) for all A = (aym) € #iqa. The proof of the following result is similar to that of
[22 Th. 2 2] for the symmetric case. However, we provide a proof for completeness.

Corollary 2.4. Keep the notation above. For i = (i1, ...,i;) e I'anda = (a1, ..., a;) € Nt, we have

(Ega)7 E:a)) — Z Vq(A) 1_[ (Ei(:lrm)’ El(:lrm))

A=(arm)eMia 1<r,m<t
t
_ (@) g(ar) (A) @m) p(am)
= [T E) + ) vi® T (B E™),
r=1 A=(arm)eMia\{Da} 1<r,m<t
where Dq :=diag(as, ..., a).

Proof. By Lemma 2.1(3) and (2.0.2),

(B0, E7) = (B -0 £, (E7)

v e BB 60 )

a+--+ar=a
— Z ylia 1_[ (E,(fr), Egar))’
a+--+ar=a 1<r<t

where a; = (a1, ...,ar) for 1 <r <t. By Lemma 2.1(2), (E,.(fr), E;“’)) =0 unless ay =a; + - + ay
and arm = 0 if iy #i;. This implies that the matrix A = (ayn) with rows ay, ..., a; is in .# 4, and

E(ar) LE?), Therefore,

lar T, -~lare Ij,
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(EQED) = Y yme [T (E“ E@)

A=m)etia  1<I<t
!
=Y v ol g oy
lanl, -lagly © 7
A=(arm)eM; q 1<rge Uy, rt i,
| ar(ar+1)/2
_ (a1} yararth/
= Z vnl.a r r
' ! . _ v a !
A=(am)eMiq 1<rse Al - lardi (Vi —v; Hrlar]y
arm(arm+1)/2
. 21 <l<m<t Armrl Vi
- ni, <l<m<t r
= Z ylia 1_[ Vi 1_[ i —v_l)arm[a T
A=(arm)E M q 1<r<t 1<mge Ve ir rmlj,
_ q(A) @rm) p(am)
= ) v [T (™ E).
A=(arm)€Mia 1<r,m<t

as required. The last equality follows from the fact that q(Dq) =0. O

Let B be the canonical basis of UT; see Remark 4.5. Following [17], a monomial El@ is called tight
if it belongs to B. We now can easily extend [22, Th. 3.2] to the general case.

Theorem 2.5. Let UT be the quantum algebra associated with a Cartan datum (I, -). For i = (i1, ..., i) € I
anda = (ay,...,a;) € N, the monomial El@ is tight if and only if q(A) < 0 forall A € #; a\{Da}.

Proof. By [16, Ch. 14] (see also [22, Prop. 3.1]),
EYeB o (E E®)e(1+vZIv ') NnQ).
Furthermore, by (2.1.1), for all A= (a;y) € #jq and 1 <r,m<t,
(E& E“™) € (14 v 2v 1) N Q).
The assertion then follows from Corollary 2.4. O

The following result is very useful in the determination of tight monomials; see Section 7 for the
rank 2 case.

Corollary 2.6. Let i = (i1, ...,i;) € I' and a = (ay, ..., a;) € N'. Suppose Elf“) is tight. Then the monomials
Elf:”)EffE]) e E}ff),for all 1 <r < s <t are also tight. Moreover, ifEE") is tight with a sincere, then i, # ir4+1

forall1<r<t.
Proof. Write j=(i;,...,is) and b= (ar, ..., as). Then

E;b) — Egar)E'(ar+]) . E

as)
Ir Ir41 s °

For each B € .#j j, define
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where @ = (aj,...,ar_1) and @’ = (asy1,...,a). It is easy to see that Be Miq and q(B) = q(E).

Moreover, B = Dg if and only if B = Dp. Since E;“) is tight, we get by Theorem 2.5 that
q(B)=q(B) <0 forall B € .#;jp\{Dp).

Applying Theorem 2.5 again, we conclude that ES.") is tight, as desired.
With a similar argument, the last assertion follows from the fact that, for any positive integers a, b
and i € I, the monomial E?“)El@ is not tight. O

3. The generic extension map associated with (Q , o)

One of the main ingredients in describing the monomial basis property is the generic extension
map g from the set £2 of all words in the index set I of simple representations to the set of isoclasses
of all representations over [Fg. Since representations of a Dynkin quiver Q over an arbitrary field
are determined by their dimension vectors, we can simply define the map g by sending a word
w =itiy...ir to the generic extension S;, * S;, *--- % S;, of simple representations S;,, Si,, ..., S;, of
Q over k. This definition does not make sense if k is replaced by the finite field F,. However, the
theory developed in Section 1 can be used to generalize the definition of .

From now on, we assume that Q is a (connected) Dynkin quiver, that is, the underlying graph of
Q is a Dynkin graph (of type A, D or E). Suppose o is an automorphism of Q. By a well-known
result in [13,12], the correspondence M +— dim M induces a bijection between the set of isoclasses of
indecomposable AF-modules and the set of positive roots @+ = ®1(Q, o) of the simple Lie algebra
g=9(Cq,o) associated with Cq 5. For each o € @*, let Mq(c) denote the corresponding indecom-
posable Af-module. Thus, dim Mg () = . By the Krull-Remak-Schmidt theorem, every AF -module
M is isomorphic to

M) =My = @ Ma)Mg(a)

aedt

for some function A : @ — N. Hence, the isoclasses of .Af-modules are indexed by the set

P=PQ.,0):={r|®T >N},

which is clearly independent of q. For convenience, we will view each o € @* as the function
&t >N, B> 8qp in P.

It is shown in [20] that for any two .4-modules M and N, there is a unique (up to isomorphism)
extension G of M by N (i.e, 0> N — G — M — 0) with minimal dimension of its endomorphism
algebra End 4(G), which is denoted by G =M = N and called generic extension of M by N. Moreover,
for given A-modules L, M, N,

(1) (L*M)*xN=L=x(M=x*N),
(2) Lx0=L=0xL.

Thus, there is a monoid structure on the set Mg of isoclasses of .A-modules with multiplication
[M] % [N]=[M % N] and identity 1 = [0]. This monoid Mg has been studied in [20]. We have the
following result (see [9, Prop. 11.1]).

Lemma 3.1. Let M and N be F-stable A-modules. Then M x N is also F-stable.
Proof. Since the Frobenius twist functor ()1 : 4-mod — .A-med is an equivalence of categories, we

get (M % N)[ = M1 5 NOU From MM = M and N 2 N it follows that (M % N)[W1 = M % N, that is,
M x N is F-stable. O
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In views of this lemma, the set Mg , of the isoclasses of F-stable .4-modules becomes a sub-
monoid of M. For each vertex i € I, define S{i} = S; ®p, k. It is a semisimple A-module. Then, S{i},
i €I, form a complete set of simple F-stable .A-modules.

The following lemma can be proved by using an argument similar to that in the proof of [20,
Prop. 3.3]; see [9, Prop. 11.2].

Lemma 3.2. The monoid M q  is generated by [S{i}],i € I = I.

Let M 4r be the set of isoclasses of AF-modules, i.e., M r = {[Mg(M)] | 1 € B}. Applying the
correspondence M > MF to Mg » yields

Myr ={[M ]| M] € Mq 0 }.

Thus, there is a map g from §2 to B (or equivalently, to M 4r) defined by

[Mq(p W) ] =[(Stir) -+ S{im}) ], forallw=iyiz---in € 2. (32.1)

This map e : 2 — B, w > p(w) is called the generic extension map associated with (Q, o). By
Lemma 3.2, g is surjective, and it induces a partition 2 = Uxem 1),

Remark 3.3. Associated with the generic extension map g, one defines a generic extension graph as in
[11, Def. 2.3]. It would be interesting to compare the generic extension graph with the corresponding
crystal graph; see [11] for the type A case.

4. The monomial basis property

Keep the notation introduced in the previous sections. Thus, (Q,o) is a Dynkin quiver with
automorphism, and A = kQ (resp., F = Fq o.q) is the associated path algebra (resp., Frobe-
nius morphism). Let Ut be the quantum algebra over Q(v) associated with (Q,o) with Z-
subalgebra U,

M=My2M;2:-2Mmn-12Mn=0

such that Ms_1/M;s = N; for all 1 <s < m. Ringel [25] shows that for A, w1, ..., um €6, there is an
integral polynomial goﬁl wn(T) €ZIT], called a Hall polynomial, such that for any finite field Fy of q
elements,

,,,,,

A Mg
Plateetim D = Fagg ). My )

By definition, the (twisted generic) Ringel-Hall algebra $ = $=(Q,0) of (Q,0o) is the free Z-
module with basis {uy =uymu)) | A € B}, and the multiplication is defined by

usuy, = v Z <pf_ﬂ(v2)uﬂ,
TeP

where (A, u) = (dim M (1), dim M (u)). For each i e I, we write u; = ujs,).
Ringel [24,26] proves that there is a Z-algebra isomorphism

~ ul
uts e, E}m),—>u§m):=[‘ (ie. (4.0.1)
m

!
i
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In what follows, we simply identify U™ with $ under this isomorphism. In particular, {up}rep forms
a Z-basis for Ut.

,,,,,

s - Let further w be written in the tight form w = jTl ~~~j;"‘, where
m

Mq(3)
mq Sjl ,,,,, mISjl

finite field Fq, ¢l (q) = Fg/@(x)
i e
ji # jizq for all 1 <i <1 We then denote w%”.] i (D) by yh(T), ie, Y@ :=F is the

number of reduced filtrations
MqA)=LoDL1D---DL1DL=0

satisfying Li_1/L; =m;S;; for all 1 <i <L A word w is called weakly distinguished if y\f(w)(T) =Td
for some d € N. We remark that distinguished words considered in [6,7] are defined by the condition
y‘f‘,’(w)(T) = 1. The weak version considered here will become apparent in Section 6 as the words
associated with tight monomials are necessarily weakly distinguished.

To each word w = j;’“ --~j;”’ € £2 in the alphabet I, where j; # jirq for all 1 <i <I, we attach a
monomial

m(W) = E(ml)E(mZ) . E(T”I) c U+.
J1 J2 J

If we associate the word

Wig=1i1---i1---i¢---it € 2 (4.0.2)
ay ag
with i = (i1,...,i;) € I' and a = (a1, ..., a;) € Nt, then mWia) = EE“) in the notation of (1.0.1) when-

ever ij#1ijq1 for all 1 < j <t. The following result answers the monomial basis question in the finite
type case.

Theorem 4.1. Let Q be a Dynkin quiver with automorphism o and U* (resp. U™T) the quantum algebra over
Q(v) (resp. Z) associated with (Q , o). For each A € B(Q , &), choose an arbitrary word w;_ € p~' ().

(1) The set {Ew, | » € P} is a Q(v)-basis of UT.
(2) If, moreover, all w;_are weakly distinguished, then the set {m(W») | » € B} is a Z-basis of UT.

This theorem generalizes [5, Th. 1.1]. Note that various integral monomial bases described in
part (2) have already been introduced in the simply-laced case; see, for example, [15,27,21,5]. When
all w,, are distinguished, part (2) is given in [9, Th. 11.13].

The proof of part (1) of the theorem will be given in the next section. We make some preparations
and prove part (2) in the rest of the section.

The degeneration order relation plays a key role in the proof and in the construction of canonical
bases. We maintain the assumption that Q is a Dynkin quiver with automorphism ¢ and A =kQ is
the path algebra of Q over k.

Definition 4.2. Given two .A-modules M, N of the same dimension vector, we say that M degenerates
to N, or that N is a degeneration of M, and write N <g¢ M, if for all X € A-mod,

dimi Homy (X, N) > dimy Homgy (X, M).

Furthermore, the relation <qg defines a partial order on the set Mg of isoclasses of .A-modules,
called the degeneration order (see [23,2]).
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The poset (Mg, <dg) is compatible with the monoid structure on Mg (see [20]). More precisely,
for given A-modules M, N, M’, N’, we have

M<ggM, N<ggN = MxN<ggM %N (4.2.1)

Restricting the order <g, to the submonoid Mg » induces a partial order relation on M 4r (and
hence on P =PP(Q, 0)). In other words, P has a partial order defined by

A< & M) ®@k<gg Mg(w) @k, A, e P.
The next result follows directly from the definition and (4.2.1).

Proposition 4.3. For each w = iqiy - - - i, € §2, we have

Ew=v""" " o (vV)us, (4.31)
)

where £1(W) = 31 < s (dim S;, dim S; ).

Now, for each word w = ji'" --- j" € £ in tight form,

I -1
w) _ pmy)  p(my) _ ! my o m
m=Ey By T = ( H[mf]h) Wyt
r=1

Since ]‘[’rﬂ[mr]'jr =y ]_[Irzl[[mr]]!jr, where &5(w) := YL_, my(m; —1)dj, /2 and [m]}; = [11;[21; - - - [m1;
2a_
with [[a]l; = Vv"L 11, we have, by Proposition 4.3, that

’ 7]
mw) — < nﬂmr]]!jr> Vesz(w)uW — yE1w)tea(w) Z V\A)L/ (VZ)u)“ (4.3.2)
r=1

ASp (W)

For 1 € 3, let

E, = vdimEnd(M(A))—dimM(k)uA. (4_3,3)

If w is a directed distinguished word in p~1(1) (see [5, §5] and [9, §11.2] for definition and existence
and see Section 7 for certain examples), then [5, 6.6] and [9, Lem. 11.31] imply that

£1(w) 4+ &2(w) =dimEnd(M(})) — dimM(2.). (4.3.4)

In particular, combining (4.3.2) and (4.3.3) yields

mW) = Eow) + Z fuow Eps (4.3.5)
H<p(w)

where f, ,w) € Z. Thus, if we choose w; to be directed distinguished for every A € ‘B, then (4.3.5)
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gives
En=m™) 43" g ,me), (4.3.6)
H<i
Now (4.3.5) and (4.3.6) imply
WED) =E»+ Y ruaEy, (4.3.7)
<A

where ¢ is the Z-algebra involution on U defined by
cuUt > ut, E;m) — Ei(m), Vi vl

Corollary 4.4. For a weakly distinguished word w € p~1 () with y‘},(T) = T9, (4.3.5) continues to hold. In
particular, for any weakly distinguished word w € p~1(1),

£1(w) + &2(w) + 2d =dimEnd(M (%)) — dimM ().
Proof. By (4.3.2), m™) = v Eqw) + X, o (w) M. (w) Es, where
s=¢1(w) + &2(w) + 2d — dimEnd(M (1)) + dim M(%).

Applying ¢ and (4.3.7) yields m™) = v=SE,(w) + 2 r<pw) Ny o (w)Ex- Hence, s =0, giving the first
assertion. The last assertion is a direct consequence of the first one. O

This proves part (2) of Theorem 4.1.
Remark 4.5. The above result shows that one may use a monomial basis associated with weakly

distinguished words described in Theorem 4.1(2) to get the relation (4.3.7), and hence, to construct
the canonical basis B = {c; | A € B} for U™ which is defined uniquely by the conditions

e =c,, ¢, eE + Z v 1Z[v1E,.
<A

In particular, a monomial m™ lies in B (i.e, m™) is a tight monomial) if and only if m™) ¢ E;, +
Y v 1ZIv HE,.

5. Proof of Theorem 4.1(1)
By Proposition 4.3, it suffices to prove the following statement:
(+) Forany given A € B(Q, o), we have ¢ (T) £ 0forallw € p~1(1).
If o =id, this result is a weaker version of [5, Prop. 6.2].
Proof. As before, let A=kQ be the path algebra of Q. It is well known that each .A-module identifies
with a representation of Q over k. For a representation V = (V;,V,) of Q over k, define °V =
(Wi, Wp) by setting Wy q) = Vq and Wy () =V, for all a € Qg and all p € Q1. In other words, as an

A-module, °V is the module obtained by twisting the .4-action on V via the algebra automorphism
of A induced by o.
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For each w € B, set

Mg (), = Mq(7r) ®, k,

which is an F-stable A-module. Let dim Mg()x = (cq) € NQo. Up to isomorphism, we can identify
Mg(m)x with a representation (Vq, V) of Q with Vg =k% and V, € k> for all a € Qo and
p:tp—hp e Q. Then My(mw), = @aeqo V4, and there is a standard Frobenius map F; on Mg ()
by taking (x1,...,Xc,) € Vq to (x‘{, .. .,xga) € Vg. Since My () is defined over Fy, we may suppose
that all entries in matrices V,, p € Qq, are chosen in Fq. Then M&(n) ={x € Mg(m)i | Fr(x) = x}
becomes an F;Q-module. On the other hand, the Frobenius twist Mq(n)l[f”] = (Wq, Wy) (rela-
tive to the Frobenius morphism Fq 4.9 on \A) is given by Wy @ = Vg and W4 () =V, for a € Qo
and p € Q. Hence, (Mq(m),)!f~] identifies with @ (Mq(7r);). The F-stability of Mq(mr), implies that
(Mg (m))Fr] = 9 (Mq(mr)k) is isomorphic to Mq()k. We fix an isomorphism vy : ¢ (Mq()k) —
Mg (m)k, which is again defined over Fy since both modules are so. Then Fj; := . F5 is also a Frobe-
nius map on Mg (), such that (Mq(n)k)[F;r] = Mg()i as A-modules. Then the fixed-point module
(Mg (i) 7 = {x € Mg(7)x | Fiy (x) =x} is an .AF-module, which can be identified with Mg (7).
We first show the following:

Claim. Foriel, &, € P with u # 0, if Mq(L) = S{i} * Mq(w)x, then (p%M(T) #0.

From the definition, we have (see, for example, [28, Prop. 1])

Mq(h)
Mq(h) €5, M)

SiMa (1) = TAU 47 (Mg ()] | Aut 47 (S|

where Eé\:"’,\(/fq)(m denotes the set of pairs (f, g) of AF-module homomorphisms such that

0— Mg(1t) > Mg(h) 5 5i— 0

is an exact sequence. The fact Mq(A), = S{i} * (Mq(w)i) implies that
dimy Mg (1) = dimy, Mg (1) + dimy S{i} and dil‘l‘l[p‘q Mg(A) = dimmq Mg () + dim]pq Si.

Since, up to isomorphism, S; is the unique .AF-module of dimension vector i, any injective homomor-
phism f : Mg(u) — Mg(X) induces an exact sequence

0— Mqg(p) —f> Mg(2) = Si — 0.
Thus, we obtain

My 2]
Si:MaGO) ™ | Aut 4 (Mq(i))|”

where % is the set of all injective .AF-module homomorphisms f : Mg () — Mg (1). Consequently,
to show the claim, it suffices to prove that 2 is not empty for sufficient large q.

As indicated above, we have Frobenius maps Fj, F; on Mg(A)x and Frobenius maps F, F;, on
Mg(w)y satisfying F;, = v, F;, and F;/l. =, Fy,. They induce a standard Frobenius map
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Fjo. : Hom 4 (Mg()g. M) — Homa (Mg (). Mg(Wi).  f = FifF)!
and a Frobenius map

F; . - Hom g (Mq(t)k, Mg (1)) — Hom 4 (Mq(t)k, Mg(Wk),  f F;fF;[l.

From the construction, via restriction of maps we can identify

F}
Hom 4 (Mg (10)k, Mg(1)k) *# = Hom s (Mq(12), Mg (%)),
whereas
Fy
Hom 4 (Mq (1), Mq(1)k) *" = Homg, q (Mg (@), Mg(1)).
Further, we have F//\,M =Y Fj ,, where

¥ : Hom 4 (Mq (1), Mq(M)i) — Hom 4 (Mq(u)k, Mg(Wi),  f > ¥

Let 2 be the set of all injective .A-module homomorphisms: Mq(u)x — Mg(1)k. It is an open subset
of the affine space V := Hom 4 (Mg(w)k, Mqg(A)g). Since Mg(M)k = S{i} % Mg(u)k, ¢ is not empty.
Moreover, ¢ is stable under both Fj ,, and F;_’M, and thus,

X =T = lyez | F, )=y}
For the standard Frobenius map F, , on V, we have by the theorem of Lang and Weil [14] that
| Frn| ~ g,
where t = dimgV and ~ means asymptotical behaviour. The standard Frobenius map F; , on V

induces a Frobenius map F on GLi()) by taking g — FA,MgF;,L. By the known Lang theorem, there
is Y1 € GLg (V) such that

Y =y1F (Y ") =viFo s Fr,
Hence, F;yﬂ =vyF, = %ﬂ,mﬁfl- Then %7 .= % N wfl(@) is open in V and ¥4 (#]) =

% Ny1(¥). It is easy to see that %7 and (%) are stable under F) ; and Fi_ﬂ, respectively,
and that

F F/
[ = [ya @),
By |@1F”‘| ~ | Frin| ~qf, we finally get that
F; F;
P~ [ (@)oo g
that is, | Z'| ~ q*. We conclude that wﬁM(T) # 0, proving the claim.

Let w =iqiy...im € £ with m > 1. If m =1, then clearly (p(f"\,(w)(T) =13 0. Now suppose m > 2
and set wq =iz...ip, A =g (w) and u = p(wq). Then Mg(A), = S;, * Mg(i)g, and hence, by the



B. Deng, . Du / Journal of Algebra 324 (2010) 3355-3377 3369

claim above, (pl.’\’M(T) # 0. On the other hand, by induction, we may suppose that <p",f,1 (T) # 0. Thus,
there is some prime power q such that

Mq (%) Mq(lL)
iy Mg(i0) #0 and Fg "~ Sin #0.
This implies that
Mg () Mq(/\) Mg ()
FSil 512 ..... Z 511 ,Mq(]T)FS,'Z ..... Sim # 0.

meP
Therefore, <pW(W)(T) #0. O

6. Tight monomials and weakly distinguished words

We are now ready to establish a relationship between tight monomials and weakly distinguished
words. Assume again that Q is a Dynkin quiver with automorphism o. Thus, Cq » is a classical
Cartan matrix (of finite type). We keep all the notation in the previous sections. In particular, U" is
the quantum algebra associated with (Q, o), which is identified with H ® =z Q(v) via Ej —> uj =u; ®1,
g is the generic extension map, and {c, | A €3} is the canonical basis of U™.

Proposition 6.1. Let i, j € I and a, b € N'. If both EE“) and Eg.b) are tight and o (Wi .q) = o (W} p), then
(@) _ p(b)
Ei" = Ej .

Proof. Let A = p (wjq) = (W] p). Applying (4.3.5) gives that

b
E” = ¢ru(v.v)Ey and EP=3"¢] ,(v.vT")Ey,

n<A n<A

where ¢; (v, v™1), ¢} w (Vs v~1) e Z[v, v™1]. By the statement (x) in Section 4, ¢, ; (v, v~1) #0 and
@}, (v, v™1) #0. Since both EE") and E}b) are tight, we must have El@ =c = Ej.b). O

Calla=(ay,...,a;) € Nt sincere if a; # 0 for all i.

Theorem 6.2. Let i = (i1, ...,i;) e ' and a = (a1, ..., a;) e NL If EE“) is tight, then the word w; q defined
in (4.0.2) is weakly distinguished. More precisely, we have i, # i 41, for all 1 <r < t, and the Hall polynomial

( lﬂ) ;.
(pfmw o, (T) = T4 with

,,,,,

d:,< 3 apar(ip,ir)+dimExt1(M(A),M()»))>«

1<r<p<t

Proof. Without loss of generality, we assume that a is sincere. Write A = o (w; q). By the definition
of the multiplication in $(Q, o),

E® = E) . E® =y .y

11 't

t
ar(ar—1)
= ( [Tvir )“lalsﬁl'“u[ats,-[]

r=1
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t

_ ar(ar—1) i< <t apar{ip,ir) Z 12 2

- ( Hvir )v R Paji..... ari[(v )u#
r=1

HSA

t
_ ar(ar—1) S i< per<tpar(ip,ir) 12 2\, dimM(p)—dimEnd(M(w))
- < Vir )v o Z g0'11"1 ----- agie (V )V E/’L'
T HLA

Since E,@ is tight, we have E;“) = ;. Therefore,

t
ar(ar—1) > <r<t Apar(ip,ir) , dimM(X)—dimEnd(M(1)) A 2\ _
(nvirr r )V sy (palil a[i[(v )_1’
r=1

that is, " (T) = T¢, where

a1i1 ,,,,, a[i[

t
d = %<_§ar(ar — D {iy, i) — Z apar(ip, ir) — dimM(X) +dimEnd(M(A))).

1<p<r<t
Since dimM() =Y ¢_,ardimS;, = Y°'_, ar(ir, ir) and

> aparlip. iv) = (dim M(%), dim M(%))
1<p,r<t

= dimEnd(M (%)) — dimExt! (M(1), M(3)),
it follows that d'=d. O

Remark 6.3. It is very likely that a Hall polynomial of the form y;(T) (obtained by counting the
number of reduced filtrations) cannot be a nonzero power of T. Thus, we conjecture that tight mono-
mials are monomials associated with distinguished words. In fact, examples in Section 8 show that
tight monomials are monomials associated with directed distinguished words (see [9, §11.2] for a
definition).

7. Computing tight monomials: the rank 2 Dynkin case

We now develop an algorithm for computing tight monomials in the Dynkin case of rank 2. As
in Example 2.3, we consider in this section a quantum algebra Ut associated with a rank 2 Cartan
datum (I,-) of Dynkin type. Thus, I = {1,2}. By (4.0.1), we can identify U™ with the Ringel-Hall
algebra H @z Q(v) via Ei—~ uj=u; ® 1.

For i = (i1,...,i;)) € I' and @ = (a1, ...,a;) € N, we are going to determine the tightness of the
monomial

E(a) _ E(al) . E(at) c U+.

1 - f] it

Without loss of generality, we suppose that all a; are positive, i.e., a is sincere.
First, it is direct to see from Remark 4.5 that EE") is tight whenever t < 2. In other words, the
monomials

E ES EMWESD EMWE™ (>0, ap > 0)
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are tight. Now we determine those for t > 3. The algorithm given below repeatedly uses the sets .#j q
and the quadratic forms described in Example 2.3.

7.1. Type Ay

The canonical basis in this case is known and consists of tight monomials; see, e.g., [15, 3.4]. As a
starting point of the algorithm, we give an independent construction. The Euler form in this case is
defined by (X,y) =x1y1 + Xx2y2 — x2y1 for X,y € ZI. Thus, the associated quiver Q has two vertices
1,2 and an arrow from 2 to 1.

If t =3, by Theorem 6.2, it suffices to consider i € {(2, 1, 2), (1,2, 1)}, and by Example 2.3(1),

q(Ax) = —2x* +2(a1 + a3 — ax)x,

for all Ax € #iq with a=(a1,a2,a3) € N3, By Theorem 2.5, if El@ is tight, then q(Ax) < 0 for all
0 < x < min{ay, as}. Setting x =1 implies a; + a3 < a,. Hence, we obtain

Ega”Egaz)Eéaz‘) (resp., Ega”Eé‘IZ)Eg‘m) istight < a;+a3<a;.

If t > 4, then all monomials EE“) are not tight. This can be proved by an argument similar to the
t > 5 case below. However, an application of the generic extension map defined in Section 3 shows
that the founded tight monomials above already form the whole canonical basis.

Consider an arbitrary representation M of Q labelled by (a, b, c) in the sense that M = aS; &
bS12 @ cS,, where Siy is the indecomposable module with dimension vector (1,1). If we choose
a=(b,b+c,a), then a; + az < ay is equivalent to a < c and p (2010129 = (a, b, c). If we choose
a=(c,a+b,b), then a; + az < ay is equivalent to a > ¢ and 50(152“‘”’1") = (a, b, c). Moreover, a =c
if and only if p (1€29+210) =  (2015+¢29), Hence, we have proved the following (cf., [9, Prop. 11.35]).

Proposition 7.1.1. The set

[EWE®E™ |aeN?, a1 +a3 <ax} U{ESVESVE™ |ae N, a1 +a3 <ap)
is a complete set of tight monomials of type A, (and forms the canonical basis).

7.2. Type By

The canonical basis in this case is constructed in [29]. However, not all tight monomials are iden-
tified in this construction; see Proposition 8.2 below.
Consider the following quiver Q of type A3

./.
\

and let o be the automorphism of Q defined by exchanging two arrows. Then

F 2

AF = (kQ)Fera = []Fq Foa }
0 q

Up to isomorphism, there are two simple .Af-modules S; and S, with dimgp, S1 =1 and dimg, S, = 2.
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Then the Euler form (—,—):ZI x ZI — 7Z of (Q, o) is given by

(X,¥) =X1¥1 +2x2y2 —2x2y1 forx,y € ZI.

Also, the associated Cartan datum (I, -) is defined by

X-y=Xy) + ¥, X) =2x1y1 +4x2y2 — 2x2y1 — 2X1Y2,
and the associated Cartan matrix Cq o = [_21 _22] has type B.

If t = 3, by Theorem 6.2, it suffices to consider i € {(2, 1, 2), (1, 2, 1)}, and by Example 2.3(1),

—4x% +4(a1 +a3 —ax, ifi=(2,1,2);

q(Ax) = { ) .
—2x“ 4+ 2(a1 +a3 —2ax)x, ifi=(1,2,1),

for all Ay € #iq with a=(a1,a2,a3) € N3. Since 0 < x < min{ay, a3}, by Theorem 2.5,

{ Egal)Ega”E;a;‘) istight < a;+a3 <ay;

<a
EMWEME™ istight o a1 +a3 <2a,.

If t =4, again by Theorem 6.2, we only need to consider i = (2,1,2,1) or (1,2, 1, 2). By Example
2.3(2), for each Ay y € A a,

—2x—y)? —y? +4(a1 —ay +a3)x+2(az — 2a3 + as)y, ifi=(2,1,2,1);

q(Axy) = { .
T S - (x—2y)2 +2(a1 — 200 + as)x + 4@y — a3 +ag)y, ifi=(1,2,1,2).
Applying Theorem 2.5 gives that

> and a; 4+ a4 < 24a3;

(a1) p(a2) p(a3) p(@s) ;o
ESVETES?'E istight < a1+a
[ 2 £ ETEy g 1763 (7.0.1)

<a
Ega‘)Ega”Ega”Ega“) istight < a;+a3<2a and a;+a4<as.

If t > 5, then all monomials Ega) are not tight. By Theorem 6.2 and Corollary 2.6, it suffices to
show the case for i =(2,1,2,1,2) or (1,2,1,2,1).

First, suppose that ES"E\* ES™ E\™) E\®) is tight. Again, by Corollary 2.6, both ES" E{" E{™) E(*)
and E\VESYE™ E) are tight. By (7.0.1), we obtain

a; +as < az, a + a4 < 2as, az +as < ag.

Then the equalities ay + a4 < 2a3 and as + as < ag imply a; < as. This contradicts the inequality
aj + a3 < az. Hence, Egal)Eg‘IZ)Eg’”Ega“)E;‘IS) is not tight. Second, suppose E%‘“)E;aZ)Ega”Eéa“)EgaS) is
tight. Then both E\"VES) E* E® and ES? E\ ES4E\" are tight. Thus, by (7.0.1),

a1 + a3 < 2ay, a +aq < as, as +as < 2as.
It follows that
2ap + 2a4 > a1 + a3 +az +as > 2a; + 2a4 +ay +as,

a contradiction. Hence, Eﬁ‘“)EéaZ)Ega”Ega“)EgaS) is not tight.
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In a summary, we obtain the following result.

Proposition 7.2.1. The following is a complete list of tight monomials of type B>:

11, E(al) E(a1> E(ﬂl)E(ﬂz) E(al)E(HZ)

(1)
(2) E(a])E(GZ)E(GB) (al +a3 <ay), E(GZ)E(GB)E(CM) (a2 + a4 < 2a3),
(3) E(al)E(”Z)E(“3)E(a“) (a1 + a3 < ay and ay + a4 < 2a3),

(4) Egal)Eg‘IZ)EE“”E;a“) (a1 + a3 < 2ay and ay + a4 < a3), where aq, az, as, ag € N\{0}.

7.3. Type G,

In this case, if i =(2,1,2,1,2,1) or i = (1,2,1,2,1,2) and a=(a;) € N®, then each matrix
A € M q has the form

X11 0 X12 0 X13 0
0 yn 0 yiz2 0 yi3
A= X21 0 x» 0 x»3 O
10 yau 0 yxn 0 Yy
x31 0 x33 0 x33 O
0 y31 0 y3» 0 ys33

where x;j, yij € N satisfy

le]_zxﬂ—a211 and Zyu—Zyﬁ—az, for1<i<

j=1 j=1

Thus, this case can be computed by extending the algorithm above to the cases of t =3,4,5,6 and
t > 7, and is much more complicated.1

8. Identification of tight monomials of type B;

It is proved in [9, §11.7] that tight monomials of type A; all arise from directed distinguished
words. In this last section, we first establish a similar result for the tight monomials of type B, given
in Proposition 7.2.1 and then identify them with the canonical basis elements described by Xi in [29].

Continue the type B case in the previous section and let

@1(Q,0) ={on, 201 + 02, 01 + a2, 02}

be the set of positive roots, where czq and « are simple roots. The Auslander-Reiten quiver of AF =
(kQ)Fa.o:a in this case has the form

[(P2] [S2]

7 T

[51] (1]

T Using the method developed in this paper, Xiaoming Wang has completely determined all tight monomials for quantum
groups of types G, As, and those associated with the Cartan matrices [fl ;p] (p > 4). See her papers: Tight monomials for type

G, and A3, Comm. Algebra (to appear); Tight monomials for quantum enveloping algebras of rank-2 Kac-Moody Lie algebras, ]. Pure
Appl. Algebra (to appear).
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where P, and I; are the projective cover and injective envelope of S, and Si, respectively. Then the
dimension vectors of P, and I are 21 +ay and oy + oy, respectively. Following [9, §11.2], there are
exactly five directed partitions @* of @+ (Q, o) given as follows:

(1) @D ={o, 201 + a2}, PP = {o + o2, 2};

2) 2D ={a1}, @@ =201 + a2, a1 + @2}, PP = {ap};

(3) @D ={aq, 201 + a2}, @@ = {1 + a2}, @O ={a);

4) @D ={ay}, 2@ = 2oy + a2}, @ = {og + a2, a2};

(5) @V = {1}, 2P = 201 + 02}, P = {1 + a2}, W = {2}

Each 1 e P(Q,0)={u | pn: P (Q, o) — N} can be also written as a 4-tuple (a, b, ¢, d) € N* with
a=ira1), b=rQuit+ow), c=iMartoaz), d=i(az).
In other words, the corresponding .Af-module Mg(}) is given by

Mg(X) =aS1®bP, ®cly dSy.

For each A = (a, b, c,d), the above five directed partitions define five directed distinguished words in
the fibre p~1(A):

Wy 1= 2b-la+2b2C+d—lC, Wy = 1(12b+C12b+C2d’ wy3 = 2b1a+2b2C]C2d’
W)\’4 — 102b12b2c+dlc’ W)\,S — «lﬂzblzsz]Czd.

Since the monomials corresponding to w; ; for i =3, 4,5 are not tight for sincere A, we only consider
the sets of monomials in UT corresponding to w; 1, w;  for all A. Let

M = [mgpca:=EPEPEADED | g b c deN],

M ={m, . g=EPELTOEPFOEY | a,b,c.d eN). (8.0.2)
By Theorem 4.1, both 9t and 9t form bases for U™.
Proposition 8.1. The tight monomials given in Proposition 7.2.1 form a subset of 90t U 27
Proof. First, consider the tight monomials given in Proposition 7.2.1(3), (4). Since the inequalities

a; +as <ay and a; + aq < 2a3 imply a4 < az and 2a; < ap, while ay + a3 < 2a and a; + a4 < as
imply a, < a3 < 2ay, it follows that

[ @ mgpcd= E;al)Ega”Ega”Ega“), ifa=ay —2a1, b=a1, c=a4, d=as —ay;

(b) w d=E§”1)E£a2)E§a3)E§a4), ifa=a;, b=a3s —ay, c=2ay —as, d =aa.

a,b,c,
(8.1.1)
For those given in Proposition 7.2.1(2), we have by (8.1.1)(a)
(a1) (az) p(as) (b) p(a+2b) p(d).,
{Ezl ESES =mgpoa=Ey EPEY; $12)
p 1
E‘(IQZ)EE‘B)E?M) — ma.O,c,d — EEG)E;C‘F )Egc)

Finally, one checks easily that there exist a, b, c,d, e, f such that



B. Deng, . Du / Journal of Algebra 324 (2010) 3355-3377 3375

mgp.0.0(= ES EST), ifa > 2ay;
55“1)55”” =1 mg0,c,d(= E§C+d)E§C))7 ifay > az;
+) et -
mg, 0= ESTPETD), ifa; <ap <2a1.

The remaining cases are clear. O

We now identify the tight monomials given in Proposition 7.2.1 with the canonical basis elements
computed by Xi. For nonnegative integers a, b, ¢, d, the monomials

Ega)Egd)»
EPEETDEHDEO (¢ L d<a+banda+2b<c+2d),

EWEPTOE@HOED (g < candd < b),

are all the tight monomials appeared as the canonical basis elements described in [29, Th. 2.2]. Thus,
the tight monomials in Proposition 7.2.1(1), (3), (4) appear in monomial form in Xi’s basis. However,
most of the tight monomials in Proposition 7.2.1(2) do not appear in monomial form. We now use
the representation-theoretic approach to identify them.

We follow the notation introduced in (8.1.2). Thus, by Proposition 7.2.1(2), mg0,cqd =
(resp., mqp.0.4 = Ey EV P ES) is tight if a < ¢ +2d (resp., d <a+b). FormeNand ne Z, let [ ,
be obtained from [T:] by replaced v by v2.

(@) p(c+d) (0)
Ey E; " VE;

Proposition 8.2. Let a, b, ¢, d be nonnegative integers and keep the notation above.
(1) Ifa<candc>1, then

Maocd= Y (—1)’[‘”5‘]}

E(a) E(C*’)E(C) E(d+l)‘
oS 2 1 =2 1 =2

(2) f1<c<a<c+d, then

a—c+m—1|[{d+m+I1-1 —1) (c— d+1
My.0.c.d = Z (_1)m+l|: o ]|: | ] E§a+m)E;c )Egc m)E(2+).
o<m,I<c v2
(3) Ifd<bandb > 1, then
_ fa+m-1 (a+m) (b) -(2b—m) - (d)
Map0d= Y (—1)[ m ]E1 E5E; Ey".
o<m<2b

(4) If1<b<d<b+ay/2, then

a+2l-m—-1||d—b+1-1 b—I) -(2b— d+1
Mapod= Y (_-1)m+l|: ][ i|2E§a+m)E§ ) 20 (dD,
v

m l
0<m<2b
0<I<b
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Proof. We only prove (1). Statements (2)—(4) can be proved similarly.
Let A=(a,0,c,d) €'B(Q,0), i.e, M(A) =aS; & cl1 @ dS,. Since mgy . 4 is tight, we have

Mg 0.cd=E, mod v,

where & is the Z[v~!]-submodule of Ut spanned by E,, mePB(Q,0); see Remark 4.5.
On the other hand, we denote the element in the right-hand side of the equality in (1) by X4 ¢ 4.
By [29, Th. 2.2], X4, is a canonical basis element and

©) —
Xacd= Ega)( /12) Eg ) mod v 1,
where (E},)© = (E},)¢/[c]' with
E}y = E2E1 — v 2EqEa.
By the definition of the multiplication in $=(Q, o), we have

E,12 =EyE1 — V72E1Ez =uyuq — V72U1UZ

= v (upr) + Ugs,@s,0) — V2 ULs @5, = VUL
Thus,
© - | _ 2_ 2_
(Ef) = v *up /Il = v 2 v Cuper = v Fugey).
It then follows that

© @) - ?—arc®—3er2d—
Y ()" ESY = v —oh e 3202y e s,

242 2_
— ya —a+tc 3c+2d 2d+ac+2cdukl

Since
dimEnd(M(2)) =a* +c® +2d* +ac+2cd and dimM()) =a + 3c + 2d.
Thus, by (4.3.3),
Eﬁ“)(EQZ)(C)Ef) — ydimEnd(M())—dimM )y, _ .
and, hence,
d _
ma0.cd=En=EP () YE® =Xy cq modv L.

We finally conclude that mg o.c,g = Xq,c.¢, as required. O
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