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Abstract

We show that the fake projective planes that are constructed from dyadic discrete subgroups discovered
by Cartwright, Mantero, Steger, and Zappa are realized as connected components of certain unitary Shimura
surfaces. As a corollary we show that these fake projective planes have models defined over the number field
QW=3.V5).
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1. Introduction

In [2], Cartwright, Mantero, Steger, and Zappa discovered a unitary group in three variables
with respect to the quadratic extension Q(+/—15)/Q whose integral model over the integer ring
with the prime 2 inverted gives rise to a dyadic discrete subgroup of PGL3(Q) that acts tran-
sitively on vertices of Bruhat-Tits building over ;. It has, moreover, three subgroups of finite
index that act on the set of vertices of Bruhat-Tits building simply transitively, and exactly two
of them act freely also on simplicies of the other dimensions. The last-mentioned two subgroups
are at our interest in this paper.

A discrete subgroup of PGL3(Q2) having the same properties as the above-mentioned two
subgroups, but coming from a different unitary group, was obtained by Mumford [8], and this
group was used to construct, by dyadic non-archimedean uniformization, an example of algebraic
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surfaces with py =¢q =0, c% =3¢y =9, and with the ample canonical class, so-called, fake
projective planes, which are among the most interesting classes of algebraic surfaces. It can
be shown that the above-mentioned two discrete subgroups also yield fake projective planes,
which we call CMSZ fake projective planes. As shown in [4], these fake projective planes, the
Mumford’s one and the two CMSZ ones, are not isomorphic to each other.

On the other hand, Klingler [7] showed that all possible fake projective planes are arithmetic
quotients of the complex unit-ball. In fact, in Mumford’s case, it is quite clear from the con-
struction that Mumford’s fake projective plane should be realized as a connected component of
a unitary Shimura surface, for Mumford’s discrete subgroup is not only arithmetic but a congru-
ence subgroup in the integral model of the unitary group. In [5] the first-named author described
the Shimura surface, and showed that Mumford’s fake projective plane has a model defined over
the 7th cyclotomic field Q(¢7). However, it is not clear whether the groups in [2] are charac-
terized by congruence conditions or not, because the definition of the groups therein only gives
generators in matrices, although they are certainly arithmetic. This point should be pursued in
order to settle whether CMSZ fake projective planes also allow such a nice arithmetic description
in terms of Shimura surfaces. This is exactly what we do in this paper.

In the next section we will construct congruence subgroups in the unitary group characterized
by conditions in modulo 3-reduction, and will prove that they coincide with the above-mentioned
discrete subgroups. In other words, we give another way of construction of these groups, and
hence the main stream of our argument is independent from that of [2], although we have been
much motivated by it. From this we proceed to construct the Shimura varieties in the following
section, which mimics the argument in [5]. Our main theorem (Theorem 3.3.3) states that, for
each of the two groups, there exists a Shimura variety with the reflex field Q(+/—15) consisting
of two connected components isomorphic to the corresponding fake projective plane; moreover,
we will also see that these connected components have Q(/-3, NG ) as a field of definition.

Appendix A is an appendix to the next section, in which we will concentrate on proving a
technical result.

Notation. (1) We use the notation GL;, SL,, PGL, etc., as usual. For a ring R, we denote by
Mat, ., (R) the set of all (n x m)-matrices with entries in R. We especially write Mat;(R) =
Mat;xq(R).

(2) For an étale quadratic extension L/F of a field F (i.e., either L is a separable quadratic
field extension of F,or L = F x F together with the diagonal mapping ' < L), a central simple
algebra A over L, and a unitary F-involution x on A (i.e., an anti-automorphism a — a* of A of
period 2 whose restriction on L coincides with the non-trivial element of Gal(L/F) if L is a field,
or with the exchange map (a, b) — (b, a) otherwise), we denote by GU(A, ) the F-algebraic
group of unitary similitudes associated to the pair (A, %); that is, for any commutative F-algebra
R, we set GU(A,*)(R) ={y € (A®F R)* | yy* € R*}. The unitary group associated to (A, )
is denoted by U(A, x); that is, U(A, *x)(R) = {y € (A ®F R)* | yy* = 1} for any commutative
F-algebra R.

(3) Let L/F be an étale quadratic extension. For any matrix X = (x;;) € Mat, (L), we
denote by X* the matrix (X ;), where ~ denotes the non-trivial element of Gal(L/F).

(4) For a field extension F'/E, we denote by Resg, g the Weil restriction.

(5) We denote by A = Ag the adele ring, and by A its finite part. For a subset S of finite
places of QQ, we denote by Asf the prime-to-S part of A ¢. Similarly, we denote by 7S5 the prime-

to-S part of the profinite group Z.
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2. The CMSZ group
2.1. Discrete group from unitary group

Let K C C be an imaginary quadratic extension of Q, and p a rational prime having the prime
decomposition of the form (p) = pp in K. We consider the unitary group U = U(H) associated
to a positive definite Hermitian matrix H with entries in K. The group U is the Q-algebraic
group such that

UQ = {g€GLa(K) | g*Hg = H}.

Let % = eox11/p) be the subgroup of U(Q) consisting of H-unitary matrices lying in
GL4(Ok[1/p)), that is,

v =v@n6Ly ok ]).

Since p decomposes in Ok, the group U(Q,)/(Q, ®g K)* is, once we choose K — Q, con-
tinuous with respect to the p-adic topology on K, identified with PGL;(Q),), and thus we have a
homomorphism U(Q) — PGL;(Q,). Let I" be the image of % in PGL4(Q,). Then, it is well
known that the group I” is a discrete and co-compact subgroup.

2.2. The CMSZ situation
The so-called CMSZ group is the group I" as above in d = 3, p = 2, and the following setting.

First we set K = Q(+/—15). The integer ring Ok is Z[X] with A = (1 — 4/—15)/2. The prime 2
is decomposed as (2) = pp, where p = 27 + AZ. The Hermitian matrix H is the one given by

10 —2(A+2) A+2
H=|-20+2) 10 —2(L+2)
r+2 —2(A+2) 10

Note that det H = 2% - 3 - 52, The embedding K < Q is chosen to be the p-adic completion;
hence, 1 /2 gives a uniformizer, and A = 1 — A is a dyadic unit. The significance of the group I"
thus obtained is the following fact.

Theorem 2.2.1. [2, Section 5] The group I' acts transitively on the vertices of the Bruhat-Tits
building A attached to PGL3(Q>).

Here, we insert the proof for the reader’s convenience.

Proof. We introduce two elements that belong to % :

A A

0o 0 % 0o -1 %
p=10 -1 1+5|. t=|1 -1 1+4%

1 -1 1 0 0 1
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Note that p° = % and 73 = 1. Let Ag be the vertex of A that is the similarity class of the standard
lattice (Z»)3. It suffices to show that, for each vertex A adjacent to Ay, there exists an element
g € % such that A = gAg. Let us define elements g; € % for i € Z/77Z as follows: we set
g3 =p,and

it =g (D

for any i. These elements satisfy the following relations:

A
838383 — 868686 — 858585 = E,
818180 = 828280 = 848480 = 1,
818386 = 828685 = 848583 = 1. ()

Then one can easily show that the set {gl.ile | i € Z/TZ} coincides with the set of vertices
adjacentto Ag. O

Remark 2.2.2. [1,2] Let .% be the subset of (Z /7Z)3 given by

F ={(i. j. k) € (Z/1Z)* | either gig;gk. 88k8:. OF gkgig; appears in (2)}.
Then # consists of 21 =3 + 6 - 3 elements. Note that g;g;gr is either 1 or % for each
(i, j, k) € Z. This set has the following meaning: for each (i, j, k) € .%, the set {g; Ao, Ao,
& le} forms a chamber in A, which we denote by C(i, j, k); this gives rise to a bijection be-
tween .% and the set of all (non-oriented) chambers containing Ag. The following facts are easy
to see.

(a) We have g; 'c @i, j, k) =C(j,k,i). In particular, g3 (respectively gg, g5) stabilizes the
chamber C (3, 3, 3) (respectively C (6,6, 6), C(5,5,5)).
(b) We have tC(i, j, k) = C(2i, 2], 2k) (this follows from (1) and the fact that 7 fixes Ag).

Proposition 2.2.3. Let 7% act on A through % — PGL3(Q2). Then the stabilizer Stab(Ag) in %
of the vertex Ag is the subgroup generated by T and scalars of norm 1. In particular, the group
U is generated by p, t, and scalars of norm 1.

Proof. As the proof of Theorem 2.2.1 indicates, the subgroup of % generated by p and t acts
transitively on the vertices of A. Hence the second assertion follows from the first. Let g € % be
an element that fixes Ao = [(Z7)]. Multiplying by a scalar of the form (1/2)F if necessary, we
may assume g(Z)3 = (Z»)>. Therefore, the proposition follows from the following lemma. [

Lemma 2.2.4. A matrix g € % with g(Z»)3 = (Z>)> must be of the form £t (i =0, 1, 2).

The proof of the lemma is elementary, but is technical. We postpone it to Appendix A.

Recall that a labelling of A is amap I from the set of vertices to Z/37Z that maps A = [g(Z»)?]
with g € PGL3(Q7) to v(detg) mod 3, where v is the normalized valuation \1:@2X — 7. The
map [/ restricted to each chamber is bijective, and hence / gives rise to an orientation in A. Since
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[(gA) =1(A) + (v(det g) mod 3) for any g € PGL3(Q») and any A, the action of PGL3(Q7) on
A preserves the orientation.

Proposition 2.2.5. Let us consider, for (i, j, k) € F, the stabilizer Stab(C (i, j, k)) in % of the
chamber C(i, j, k). Ifi = j =k =3, 6, or 5, then Stab(C (i, j, k)) is the subgroup generated by
gi and scalars of norm 1; otherwise, it consists only of scalars of norm 1.

Proof. In view of (a) and (b) in Remark 2.2.2, it suffices to show the proposition in the cases
@i, j,k)=(,3,3), (1,1,0), and (1,3, 6). Let g € % stabilizes C(i, j, k), and assume that g is
not a scalar. By (b) in Remark 2.2.2 and Proposition 2.2.3, g does not fix the vertex Ag, but g3
does, since g preserves the orientation by the labelling. Then, taking inverse if necessary, one
may assume g Ag = g; Ag. By Proposition 2.2.3, we deduce g = g; 7/ ¢ for some j € {0, 1,2} and
c € (Ok[1/2])* with c¢ = 1. Since g3 € Stab(Ay), it follows from Proposition 2.2.3 that (g;7/)°
is a scalar. In case i = 1, this can be shown to be impossible by direct calculation. If i = 3, this
is only the case when j = 0 (hence g> is a scalar), as one can check directly. O

Theorem 2.2.6. Any non-trivial finite subgroup of I' is conjugate to either the image of (p) or

of (t).

Proof. Let G be a finite subgroup in I". Then it is well known that G stabilizes a simplex in A.
Since I preserves the orientation, G stabilizes either a vertex or a chamber. Since I” acts on the
vertices transitively, the result follows from Propositions 2.2.3 and 2.2.5. O

2.3. Reduction of the unitary group

For an ideal ¢ of &k [1/2] that is stable under the complex conjugation, and for a non-negative
integer n, the Artinian ring R, = Ok[1/2]/ ¢+ has the induced involution, which we again
denote by o — &. There is the obvious modulo " _reduction morphism 7, : % — GL3(R,),
whose image lies in the subgroup of the unitary group

Uy = {g € GL3(Ry) | g*Hng = Hn}y

where H, is the modulo ¢"*!-reduction of H (note that H has coefficients in Ok[1/2]). Our
particular interest is in the case ¢ =3Z + (A + 1)Z and n = 0 or 1. Note that Z = (3) gives
the prime decomposition of the ideal (3) in Ok. Our goal in the rest of this section is to
construct subgroups in %/ that acts freely on A and transitively on the vertices in terms of con-
gruence conditions in these reductions. To this end, we will first determine the subgroups 7, (%)
(n =0, 1) and then, ask for nice subgroups of them of which the inverse images by m, keep the
transitivity on vertices and rule out torsion elements.

Before doing this, we change our presentation of matrices into more convenient form: let us
define a matrix

1 2a—1 =2
U=| -2 2 g

’

NG

>

|
D= D

-2
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and the new Hermitian matrix H' = U* HU, which appears to be

90 2% —1 —15
H=|2n-1 90 1521 — 1)
—-15 152x—=1) 70

Weset %' =U"'%U. (Note that, since detU = 22.7 this twist is not admissible over Ok(1/2];
however, it is harmless because we work only over the prime above 3.) Set

U, =U""%U = {g € GL3(R,) | g*H,g = H, },

and let ), : % — %, be the composite of the reduction map 7, followed by the isomorphism
Uy = U

The unitary groups %, and %/ .  First we note that Ry = 3 and that the induced involution acts

on it trivially. Since
0 00
H6:|:0 0 0},
0 0 1

the group % modulo center is isomorphic to the Euclidean motion group on the affine plane
over F3; in fact, we have

A B
q/(;:{[o il]‘AeGLz(m), BeMatle(IFs)}- 3)

The order of % is therefore 864 =27 - 33.

The Artinian ring Ry, in turn, is isomorphic to F3[t]/ (tz), where ¢ is the image of 1 — 2A
(= +/—15), which is acted on by the involution ¢ > —r. The group %/ is the unitary group with
respect to the Hermitian form

whence

U = ”;é g] ‘ A € GLy(Ry), B € Maty,i(Ry) and d € R} with (A mod 1) € SL»(F3)

and C = 'BJAd™! modt}, €]

where J = (_01 (1)

we have a@ = 1. The order of this group is calculated to be 944 784 =24 . 310,

) denotes the standard symplectic matrix. Note that for any element & in R %,
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Special elements. Here we introduce some matrices in %, which will play important roles in
analyzing the structure of %/

T = (b1, b2), N =(z,c1,c2), M= (d\, dr,d3,ds), S=(u,w).
Notation 2.3.1. In the sequel, we make use of the following notation:
[, Bl=a'BlaB, o =8"lus.

Relations among the special elements. Here we list up the relations among those elements
defined above:

(R1) all elements except w are of order 3, while the order of w is 4;

(R2) z lies in the center of 52/{, and [cy, c2] = z; therefore, the subgroup N is the Heisenberg
group with the center (z) and N/(z) = F3;

(R3) T and M are vector groups; T = F? and M = F§; we, moreover, have [T, N] = [T, M] = 1;

(R4) in S we have the relations [u, w?] Ywu=, wu™!
phic to SL, (F3);

(R5) T is normalized by S; actually, we have b} = by, b} = bl_lbz, by = b_l, by =by;

(R6) the action of S on (conjugates of) N is given by c] = bl_lcl, = bl_lcl_lcz, c =c¢;
c’z” = c1; hence, in particular, the (7, N) is normalized by S;

(R7) the action of N on M is by

=1, wuw=u" w=uw 'u; S is isomor-

1

[l

dfl Zbldla d;l :dz, d;l =d3, df‘l =b2d4,
dlcz =d, d;z =bydy, d3C2 =bds, dzz =dy;

(R8) M is normalized by S, since

d =dds, dy :dzdfl, dy =ds, dy =df1d2d;1d4,
d¥ = d, d¥ =d, dy =d;',  dr=d;".
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Proposition 2.3.2. The group | is generated by the subgroups T, N, M, S, and —1. Moreover,
there exist isomorphisms

U — (((T x M) x N) x S) x FY <— ((F$ x N) x SLo(F3)) x F.

Proof. Let 52/1”' be the subgroup generated by 7', N, M, and S. By the definition of the matrices
and the relations as above, we easily see %1’ T (T x M) x N) x S. But the order of the left-
hand side already attains the half of that of %, that is, 23 - 310, Hence ”2/1/+ is precisely the
kernel of the surjective homomorphism

det mod 1: % — F5. 5)

Clearly, this morphism has a cross-section with the image in the center of %/, thereby the asser-
tion. O

Proposition 2.3.3. The image 7w{(%) by the modulo 3-reduction of % is the subgroup of U,
generated by T, N, S, didy, and scalars. (Notice again that any scalar in RlX has norm 1.)
Hence the order of | (%) is 2* - 37 = 34992.

Proof. By Proposition 2.2.3, we know that 7{(%) is generated by (Y mod 3), (zY mod 3)
(which we denote, in this proof, by p and t, respectively, for simplicity), and scalars. As one
checks easily,

0 14t —t
p= [1 -t —1—1 1+t:| =b; 'cowu N (didr) 7,

0 —t 141t
1+t 11—t 1+¢
z_[ 0 1+t 0 :|=z_1c1u(d1d2)_1, (6)
0 —t 14t

and hence it follows that ni (%)< (T,N,S,dd). For the converse, one calculates

_ 1 —1 —1\2
z=p2, w=p(rp v,
by =[rptp*tpr ! prpr pTpT],  Br=whiw !,

—1
cr=p2( oot Y o) by, e =wew !,
u:tp_lr_lp_lr_lbl_lbzcz_lwz,

whence 7{ (%) 2(T, N, S,did2). O

Now, to find subgroups of % as in the beginning of this subsection, one has to first look for
subgroups that does not contain % -conjugates of 7 and p; moreover, the indices of such sub-
groups in % are required to be 3, since they have to act on the vertices of A simply transitively.
This leads us to the following kind of statement.
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Lemma 2.3.4. Every subgroup of w{(%) of index 3 is conjugate to either one of the following
subgroups:

Vi=(T,N, P, u,scalars),
Vo=(T,N, P, ddy, scalars),

V3 =(T, N, P,udd,, scalars),
V4=(T.N, P, u(dydy)™ !, scalars),

where P is the unique 2-Sylow subgroup of S, generated by w and w".

Proof. Let V be a subgroup of 7{(%) of index 3. Since (P, scalars) = P x IF‘3X is a 2-Sylow
subgroup of 7{(%), replacing it by a suitable conjugate, we may assume that V contains
(P, scalars). Let us consider the modulo z-reduction map v : 7 (%) — né(% ), of which the
kernelis K = (T, z, d1d>). Since V N K is anormal subgroup in V, it is in particular a (P x ]F;)-
module by conjugation. Since the (P x F3)-module K is decomposed into irreducible factors as
T x (z) x {didp) = F% x [F3 x [F3, we deduce that V N K contains T:

TCVNKCV. @)
Next we claim that

V(N) C (V). ®)

Consider the projection 77)(% ) — GL2(IF3) x 5 that takes the top-left 2 x 2 component and the
scalars. Since its kernel is ¥ (V) consisting of 9 elements, and since ¥ (V) is of index at most 3 in
rr(’) (%), we deduce ¥ (V) Ny (N) # {1}. This intersection is, moreover, stable under conjugation
by elements of P. But, as one sees easily, the group ¥ (V) is an irreducible P-module, thereby
the claim.

By (8), we know that, for each i = 1, 2, there exists k; € K such that k;c; € V. Since K is
an abelian group, we deduce that z = [k, k2][c1, c2] = [kic1, kacz] € V. Combining with (7),
we get (z, T) C VN K C V. By this and the equality K = (T, z, d1d2), we may take k; from
(d1dp). Since [did>, w? =1, we get ¢1 = [cq, w?] = [kic1, w?] € V. Then we, moreover, have
¢y =wcyw~! € V. This implies that V contains also N, and hence

(T,N, P,scalars) CVNK CV. )

The left-hand side of (9) is already a subgroup in ni (%) of index 9. Then it is now obvious that
any subgroup of 71{ (%) of index 3 that contains itis one of V; (i =1, 2, 3,4), as stated. O

2.4. The CMSZ fake projective planes
Construction 2.4.1. Now, let us define the subgroups ﬁ (i=1,2,3,4) of Z by

L= @)~ (v,
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and let I; be its image in PGL3(Q3). By (6) we know that the subgroup I3 contains p and that
I'; contains 7. Hence these are not torsion-free. The groups I and I, on the other hand, have
no element of finite order except 1, since, as one sees from the relations (R1)—(R8), they do not
have any conjugates of T and p. Hence the discrete groups I"] and I act freely on A and simply
transitively on the vertices.

Let £2 be the Drinfel’d symmetric space over Q; of dimension 2. By [8, Section 1], we deduce
that both £2 /Iy and £2/I are, respectively, algebraized to fake projective planes ! Xcymsz and
X «msz over Qo not isomorphic to each other due to [4], since our definition shows that I} and
I, are not conjugate in PGL3(Q5).

We call the algebraic surfaces I'X omsz and 2 X opsz the CMSZ fake projective planes.

Remark 2.4.2. One can check by direct calculation that our groups I; for i =1, 2, 3 are exactly
the U-conjugate of the groups I'p; discovered by Cartwright et al. in [2, p. 182]. Indeed, the
elements p and 7 in 2.2.1 are exactly g3s and s therein, respectively. The set % defined in
Remark 2.2.2, which was used to analyze the action of %/ on the chambers of A, is nothing but
the triangle presentation .%p 3. Notice that the group I's does not appear in the list, for it does
not act on the vertices of the Bruhat-Tits building simply transitively.

3. The Shimura variety
3.1. Situation

Let & = (1 — /—15)/2. In this section we regard the field K = Q(A) as a subfield of the 45th-
cyclotomic field Q(¢45) by the mapping A — ¢ 4251 + §353 +¢ 259 +¢ 2152. Consider the intermediate
field Q(&9) with &g = ;fs, and let L be the composite field of K and the maximal real subfield F
of Q(go). The field L is a Galois extension of K of degree 3 generated by o + ¢y ! The Galois
group Gal(L/K) is generated by o : {9 + ¢y LEEN §92 + 59_2.

The following construction is parallel to [5, Section 5.3]. Set B=L,and V = L3, which we
regard as right B-module. Define A =Endp (V) = Mats(L). We consider the Hermitian form J
on V given by

—4 A3 4x
J=| 1 -4 P
4r 2 -4

The characteristic polynomial is 13 + 12¢2 — 144¢ 4 300. In particular, we have det J = —2 .
3.5% and signJ = (2, 1). Note also that the Hermitian form J is defined over K. Define the
Q-algebraic group G by G = Resr/gp GU(A, x), where « is the adjoint involution of J on A, that
is, an involution on A such that J (y*u, v) = J(u, yv) forany u,v € V and y € A. By definition,
for a commutative (Q-algebra R, the group of R-points G (R) is given as follows:

G(R) = {)/ €(A®qR)* | J(yu,yv)=c,J(u,v) foru,veV
and ¢, € R* depending only on y }
={ye(A®uR) " |yy*eR"}.
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Next, consider the cocycle

a:Gal(F/Q) » Ga(Q), o+ 0,

7
o=|1 ,
1
and 1 = A/A. Here, G,q denotes the adjoint group of G, that is, G, = G/Z(G).
One can show that Q*J Q = J, and that Q3 = 1. We set

where

AY={yeA=Mat3(L) |y =o'y a, for o € Gal(F/Q)},
* = Endg« (V).

The following statements are easy to see.
Proposition 3.1.1.
(1) The algebra A® is isomorphic to a central division algebra D over K given by
D=L®LI® LI, m=u, Mz=z°IT forzel.

(2) The algebra B* is isomorphic to D (but acting on V from the right) with the involution *
characterized by IT* = IT~' = pIT>.

Let p =27 + AZ, as in Section 2.2. We put § to be the trivial cocycle, that is, (o) = 1.
Lemma 3.1.2. The following conditions are satisfied:

(1) A* ®k Ky has Brauer invariant 1/3;
2) AP @k Ky is isomorphic to Mat3(Ky);
(3) forany finite place v of Q different from 2, the cohomology class of a localized at v is trivial.

Proof. The conditions (1) and (2) are clearly satisfied. To see that (3) is satisfied, we first look
at primes of K lying over ¢, where ¢ % 2,3,5. Then at these primes the extension L/K is
unramified. Since u is integral at these primes, we can apply [9, Theorem 6.8] to conclude that
the cohomology class [«] is locally trivial at these primes. It remains to show that [«] is trivial
at the primes over 3 and 5. Let q be a prime over one of these rational primes. It suffices to show

that the equation =p (— T ﬁ) is soluble in the local field K. This is done by Hensel’s
lemma. O

Let 7 be the adjoint involution on A of the Hermitian form H as in Section 2.2, that is, for
y e A=Mat3(L),y"=H -1 y*H. Since H is defined over K, it defines a unitary involution ¥
on A? = Mat;(K).
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Proposition 3.1.3. There exists an isomorphism
2 ~ 2
(A" ®g AT, %) — (47 ®g AT, 1)

of A%p algebras with involution, where the involution x in the left-hand side is the involution
induced from x on A.

To show the proposition, we need the following lemma.
Lemma 3.1.4. Let d > 1 be an integer.

(1) Let € be a prime, and k/ky a quadratic extension of £-adic field. Let h € Mat, (k) be
a non-degenerate Hermitian matrix. Then there exists u € GLy(k) such that u*hu =
diag(l, ..., 1,a) with a € ko satisfying a = deth mod Nmy /x, (k™).

(2) Let L/F be a totally imaginary quadratic extension of a totally real number field F, and
h € Mat; (L) a non-degenerate Hermitian matrix such that each component of hr is either
positive definite or of signature (d — 1, 1). Then there exists u € GLy(L) such that u*hu =
diag(l,...,1,a) with a € F satisfying a = deth mod Nmy /(L>).

Proof. (1) Consider the quadratic equation k(ey, e;) = 1. Solving this amounts to finding zero
of a homogeneous quadratic form over Q of 2d + 1 variables. Since d > 1, this is soluble. De-
compose k% into the direct sum of (e1) and its orthogonal complement (e yL. Next we consider
h(ey,er) =1 for ey € (e 1)J-, and repeat the above argument. Inductively, we get an orthogonal
basis e, ..., eg of k¢ such that h(ej,e;) =1fori <d.

(2) Consider the quadratic equation (eq, e;) = 1 for e; € LY. By Hasse-Minkowski princi-
ple, we can find such e;. By a similar inductive argument, we get the result. O

Proof of Proposition 3.1.3. First we show that, under the condition (3) of Lemma 3.1.2, we
have an isomorphism

(A% ®g A}, +) — (AP @g AT, %),

where the « in the right-hand side is the one induced from x on A. Let v # 2 be a finite place.
Then, there exists §, € G,q(Q,) such that oy, = (83)_1&,8,,. Consider the isomorphism

AY®gQ, — AP ®pQ,, ¥ Sys

Since 8,85 € Q), we have 81,)/*8;1 = (8;)_1)/*8;. Hence the isomorphism commutes with *.
Thus we get the isomorphism

(A% ®g Qu. %) — (47 ®g Qu. %)

On the other hand, the cohomology classes [«] and [B] are integral at almost all finite places. If
they are integral at v and if F/Q is unramified over v, then by [9, Theorem 6.8], we deduce that
8, as above can be taken from G,q(Q,) N Mat3(0 ®z Z,). Hence the above isomorphisms at
any v # 2 induce the isomorphism at adelic level, as desired.
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Next we show
(Aﬁ ®Q A2 , *) N (A/3 R0 A?, T)

First we notice that, for any prime number £ # 2, 3, 5, we have (A# ®0 Qe, ») = (AB ®0 Qe, 1).
This follows immediately from Lemma 3.1.4(1) and the fact that det H = —detJ = 22.3.52,
Hence it suffices to show that, for almost all odd prime number £ # 2, 3,5, there exists P €
GL3(0k ®7 Z¢) such that P*HP = —J. By Lemma 3.1.4(2), there exist Pj, P, € GL3(K)
such that P"H P; = diag(1, 1, a) and P} J P, = diag(l, 1, —a). Hence, since d is odd, we only
need to show the following statement.

Claim 3.1. For any odd prime £, there exists W € GLo(Ok Qg Zy¢) such that W*W = —1.

To show the claim, first we deal with the case where ¢ splits in K. In this case, O ®z
Zo =7y x Zg. Set W = (—1,1) € GLy(Z¢) x GLp(Z¢)°PP. Then W* = (1, —1), and hence we
have W*W = —1. Suppose £ does not split. Then K ®g Q¢ is a quadratic extension of Q. If
£ =1 mod 4, then the desired W can be found easily for v/—1 € Z;. Suppose £ = 3 mod 4. Find
a natural number s with 1 <s < £ — 1 such that s is a quadratic residue but s 4 1 is not. Then

—1 — s is a quadratic residue, and W = ( J% :;S) satisfies the desired condition. O
3.2. p-Adic uniformization
We set
G’ = GU(A%, »),
G* =GU(A? 7).

Note that the subgroup U(A?, ) of the last group coincides with U introduced in 2.2. By Propo-
sition 3.1.3, we have an isomorphism

LD (A2 T (A2
®:G° (A7) — G*(A%).
Since the prime 2 splits in K, we have the following isomorphisms:

G'(Ap) = (Dy x Q) x G*(4F),
G*(Ap) = (GL3(Kp) x QF) x G*(A%).

where Dy, is the central simple algebra of degree 3 over K, of Brauer invariant 1/3. Here, in the
first isomorphism, we have already identified Gb(A}) with Gﬁ(A?) by the isomorphism @.

SetT,=1+="0 D, forn > 0and Ty = ﬁgp , where 7 denotes the uniformizer of K. Let

ScQy x Gﬁ(Azf) be an open compact subgroup. Then one can consider the Shimura variety
MTxS(GP, B) (Where 4 is the 2-dimensional complex unit-ball) over the reflex field E, identi-
fied with K by the embedding K < C (cf. [5, Section 2]). Since K, = Q,, its base change
MT<S(G" B) @k K;‘r has the associated rigid analytic space (M7"*S(G", %) ®x K;‘r)an,
where K" denotes the maximal unramified extension of K.
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Theorem 3.2.1. (Varshavsky [10].) There exists a Ky-rational isomorphism
(M™5(G", 2) @k Kp)™ — [ (=] Kur x (GH(@Q) \ G*(Af)/S)]/GL3(Kp)
of Ky'-analytic spaces.

Here, X3! is the Drinfel’d’s cover of the Drinfel’d symmetric space 3 K“' = .Q;’(ur of dimen-
P

Kul
sion 2. The right-hand side is the disjoint union of rigid analytic spaces of the form Z‘Is(’fr /T,
P

where I' is a uniform lattice of PGL3(K}). Indeed, one can find ﬁnitely many yi,...,¥Ym €
Q2 X Gﬁ(A ) (cf. [10, Lemma 1.1.9(a)]) such that, if we set I'; for j =1, ..., m to be the image
of

GH(@) Ny; Sy = G*(Ay) =5 GLa(Ky) > PGL3(Ky),

then it is the disjoint union of =3 o/ for j=1,.

Kur
3.3. CMSZ level structures

We are going to construct open compact subgroups /S, /S ¢ Q5 x Gt(A?). These subgroups
are of the following form:

ISZSQ‘IS?,'SZS, IISZSZ‘HS:%'SZ:;.
Here, we set S> and $%3 to be the maximal ones; that is,
_ 2,3 _ ~H(A23 2.3
Sa=7y,  §%=G*(A}")NGL3(Z*° ®z Ok).

The components /S3 and 7S5 are subgroups of S3 = G*(Q3) N GL3(Z3 ®z Ok) that we are
going to define.

Let us use the notation as in Section 2.3. Consider the modulo ¢"*!-reduction mapping
Ty . §3 — GL3(R;). The image lies in the following subgroup:

Un=1{g € GLa(Ry) | " Hyg = c(9)Hy, c(g) € F,'},
which contains %,, where F,, ={c € R,, | ¢ = c}. Set 022[ =U-! %U, and define
7 Sy — @71/
similarly as in Section 2.3. We set

Ss=@D"'v, IS =G) 7 ().
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Proposition 3.3.1. Let I (i =1,2) be the subgroup of % defined in 2.4.1. Then we have
n=6*@Q@nls, nH=c*Qns.

Proof. We prove the proposition for the group I. The proof for the other one is similar. The
inclusion I} € G*(Q) N 'S is clear. To show the other inclusion, we only need to show that the
right-hand side is contained in U(H)(Q), for the group I is defined by the same congruence
relation as a subgroup of % . Take an element y € G*(Q) N Is. By [6, III.(14.1)], we have
G*(Q) = GU(H)(Q) = K*U(H)(Q). Hence we can write y = a8, where a € K* and § €
U(H)(Q). Since (aa)® = (yy")3 = detydety belongs to (Ox[1/2])* and Z5, we have aa €
O NQ* = {£1}; hence we have aa = 1. But this means that yy' =1andhence y € UH)(Q),
whence the result. O

Corollary 3.3.2. The analytic space [.Q;(;Jlr x (G*Q) \ G* (Af)/IS)]/GL3(Kp) (respectively
[Q;(gr x (GHQ) \ Gﬁ(Af)/”S)]/GL3(Kp)) has a connected component that is Ky-rationally

isomorphic to (' Xcmsz ® k, K gr)an (respectively (' Xcmsz @ k, K Er)an).
Proof. This follows from Proposition 3.3.1 and the fact mentioned after Theorem 3.2.1. O

Theorem 3.3.3. Set K’ = Q(v/—3,+/5), and let us fix an embedding K' — C extending
K < Q and an embedding K' — K. There exists a K'-morphism MDX'S(G*, B) @k K' —
Spec K' @k K’ (respectively MT0* HS(G", B)Qk K' — Spec K’ @ K') such that the following
conditions are satisfied:

(1) it is smooth and projective;

(2) all fibers of the induced morphism MTUXIS(Gb, AB) @k C — Spec K' @ C (respectively
MTox ”S(Gb, B) @k C — Spec K’ @k C) are connected and isomorphic to each other,

(3) one of the fibers of the induced morphism MTOxlS(Gb, #) ®k K" — Spec K ®g Ky
(respectively MT0* ”S(Gb, B) Qk K;jr — Spec K’ ®k Kgr) is isomorphic to ' Xcmsz ®k,
K gr (respectively ' X cmsz ® Kk, K ;r).

Proof. In this proof, we set /C = Ty x /S and /C = Ty x I'S. In the following, we discuss only

1 . . .
on MTox"S(GP, A), and the other case is proven similarly.
First we set

T ={(k, f) € Resg ;g Gm.k X Gm,q | kk = >} =Resk/q Gm.k.

where the last isomorphism is given by (k, f) — kf~!. This is a Q-algebraic torus, which admits
a morphism ¥ : G" — T defined by y — (Nm"Dopp‘K(y), c(y)). The kernel of ¥ is the derived
group of G°. We shall claim that the image 9 (/C) is a maximal open compact subgroup of
Resk ;0 Gm,kx (Ay). To this end, we only have to look at the component at 3. What to prove is
that the homomorphism ¢ localized at 3

9:1C33k0 > (kk) ™'k det € OF
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where ¢ =37+ (A + 1)Z is the prime lying over 3, is surjective (here 6 has been taken such that
0*J0 = J; cf. [6, 111.(14.1)]). First, note that Ok, is a ramified quadratic extension of Z3. Since
Z; is contained in {C3, we have Z; c 9 C3). Also, since 0 ;C is contained in {C3, we know
the elements of the form (kk)~'k3 fork € € 1?: belongs to ¥ (/C3); but since kk € Z; is in it, we
deduce {k® | k € ﬁ;c} ==+14+30k, C (! C3). Hence it suffices to prove that (9 (/C3) mod 3)
is the whole (F3[r]/(t2))* = (Ok./(3))*. But this can be checked easily; for instance, factoring
through %/, we get the value 1 — ¢ by the element u (cf. Section 2.3), and hence get 1 +¢ and 1.
Multiplying with —1, we get all.

By [3, Section 2] we know that the morphism ¢ induces the canonical morphism of Shimura
varieties

M'C(G", B)(C) =G @\ (% x G*(Af)/'C) — T@\ T (A /(' C)

that induces the bijection between the sets of all connected components. The right-hand Shimura
variety has the canonical model M 2(0) (T, -), whose reflex field is given by K’ (the Hilbert class
field of K). By what we have seen above and class field theory, the set 7(Q) \ T (Ay)/ 19(’ C)=
MP© (T, )(C) consists of two points, and the scheme mPCO (T, -) is isomorphic to Spec K’ ® ¢
K'.Hence, by [3, 5.4], we have the desired K -morphism M 70> IS(Gb, B)Rk K' — Spec K' Qg
K'.

Let us show (2). By the well-known fact on connected components of Shimura varieties (cf.
[3, Section 2]), the induced morphism M'c (G", B)®k C — Spec K’ ® C has connected fibers.
To show that the fibers are all isomorphic, we refer to the fact that M ‘c (G”, B)(C) as a complex
manifold is the disjoint union of complex manifolds of the form 7 \ £ (i =0, 1), where I; =
yi!Cy7 ' NG*(Q) and o, y1 € G°(Ay) are such that G*(A) = [[;_o ; G*(Q)7:G(R)'C. Since
the prime ideal ¢ is not a principal ideal, we may choose these /s as follows: for any finite
place v of Q different from 3, we set y;, = 1, and yp3 = 1 and y; 3 is a uniformizer of Ok,
regarded as a scalar matrix. Indeed, since ¥ maps each non-zero scalar a to a>/aa = a*/a and
hence a uniformizer to a uniformizer at the ramified prime 3, one sees that ¥ (yp) and ¥ (y1)
belong to different cosets in the idele group T(Q) \ T(Ar)/ 9 C). Since y;’s are taken to be
component-wise scalar, we see that yol C )/0_1 =y Ic yl_l , and hence Iy = I'1. This implies that
the connected components of MIC(Gb, P) @k C are isomorphic, as desired.

The assertion (3) follows from Theorem 3.2.1 and Corollary 3.3.2. Then, since we know that
the fake projective plane I'X omsz is smooth and projective, (1) follows from (2). O

Corollary 3.3.4. The CMSZ fake projective planes have models defined over the number field

K'=Q/=3,5).

Proof. By Theorem 3.3.3(3), there exists a connected component of M Tox's (G*, ) ®k K’
(respectively MT0* s (G”, #) ®k K') that gives such a model of / Xcmsz ® k, K Er (respectively
"Xcmsz ®k, KpH). O
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Appendix A. Proof of Lemma 2.2.4
Step 1
Let G| ={g € % | g(Z2)* = (Z2)*} and Go = {7 | i =0, 1, 2}. What to prove is the equal-

ity G1 = G3. The inclusion G, C G is clear. We will prove G| C G;. Let g be an element
in G1. Then g has entries in

1 1 -
ﬁ,{i} NZ =Z[A, E] NZy=Z[x 27"

Since g is H-unitary (i.e., g* = I-{g:l H~1), and since 30H ! takes its entries in Z[X, A~!], the
entries of g actually belong to Z[x, A~']N ;—OZ[A, r =z %Z, which we denote by L. Set

A
V= {veL3 | v¥Hv =10, tv andr_lvlieinLS, and v ¢ 523}.

Then each column vector of g belongs to V; indeed, v*Hv = 10 is from g € %, and tv,
v e L3 are from tg, v~ 'g € Gy, and, if g were in (1/2)Z>, then detg would be a multi-
ple of A /2, which is not invertible in Z;.

Note that L> Nt~ ' (L) = L3Nt~ (L3 Nt (@L?) = L? @ Ok, where Ox =7 & 7.

Claim A.1. The set V consists of the following 24 vectors:

0 0 -1
s G2|:0:|, G2|:1], and G2|:—11|.
1 1 0

The proof of the claim is done in the following sections.

G>

S = >

Step 2 (Change of coordinates)

We denote a vector v in L2 @ Ok as v = (a] + (A/2)b1,ar + (A/2)b>, a3 + Ab3) with
(a1,az,a3, by, by, b3) € Z°.
We define the map ¢ : 785 (a1, as, a3, b1, by, b3) — z = (21, 22, 23, 24, 25, 26) € Z° by

7] = ai

22 = —ap —2b3
73 = —ay +ax —a3

74 = as —by +b3
75 = —by +by —2b;3
6 = by

then v gives a bijection between Z° and {z € Z° | 21'6:1 zi € 37Z)}. The action of T on L> @ O =
7° induces the action (z1, 22, 23, 24, 25, 26) > (22, 23, 21, 25, 26, 24 ), and the action of —1 does
the action z — —z. The norm v*Hv is equal to the quadratic polynomial 5 f(z), which can be
calculated as f(z) = f1(z) + f2(z), where
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6 3
film) = Zz,z - ZZiZi+3,
i=1 i=1
6 2
a2 = (Zzl) /3.
i—1

Note that fi and f> are positive semi-definite.
Suppose v € V. This implies f(z) = 2. Then, 26 z; = 0, since otherwise f(z) = f>(z) = 3.

i=1
This shows ¥ (V) = {z € Z° | Y0_, z: =0, f1(z) =2, (z1, 22, 23) # (0,0,0)} since v € 477 if
and only if a; = a» = a3 = 0 if and only if z; = zp = z3 = 0 under the condition Z?:l zi =
—3b3 = 0. Then Claim A.1 follows from the following.

Claim A.2.

(i) Wehave (z€ 2|35 2 =0,0 < f1(z) <2} =0.
(ii) The set {z € Z° | Z?:l zi =0, f1(z) =2} consists of the following 30 vectors:

0 0 0 -1 0
-1 0 —1 1 0
1 —1 0 0 0
G; o | G, e G, e G, N and G» 1
—1 0 0 0 —1
1 0 0 0 0

(iii) The set {z € 7° | Z?:l zi =0, f1(2) =2, (z1,22,23) = (0,0, 0)} consists of the following
6 vectors:

G»

- o O O

|
—_

We will prove this claim in the following section.
Step 3 (Proof of Claim A.2)

Let z4 = (21,22, 23) and z_ = (24, z5, 26) such that z = (z4,z-) € {z € Z° | 3%, z; =0,
f1(z2) <2}. Let (-,-) be the standard inner product on Z3and | - || = (-,-)'/? be the corresponding
norm. Then fi(z4,2-) = |z I+ 12— % — {24, 2—). We see that |(z+, z—)| < |zl llz—]. Then,

2
2> filze, z2) = Izl + lz= 12 = Dzl lz=1 = (2l = llz=11/2)" + G/Dllz= 11>
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This shows [|z_||> < 8/3, that is, [|z4[|* and ||z_||? take values 0, 1 or 2. In particular z? is 0
or 1. This shows

3 6
2 _ _ _ 2
lz+11” = E Zi=— E zi =|lz_||© mod?2.
i=1 i—4

Then the possibility of the pairs (||z1[|%, lz— %) is
0,0), 0,2), (2,0, (2,2), (1, 1).
Let us discuss each case individually:
(B1) if (lz4 1%, lz—|I*) = (0, 2), then z; = 0 and z_ belongs to the set
S= {(1, -1,0), (0,1, -1),(-1,0,1),(—1,1,0), (0, -1, 1), (1, 0, —1)}.

The case (||z4 1% [z [|1*) = (2,0) is similar;

(B2) if (|2 [1% lz—[1%) = (2. 2), then the condition f; < 2 implies [lz+ || = lz—|| = (z4.2-) =2
we have z = z_ and then Z?:l z; =0, which imply that z, = z_ € S;

(B3) if (||z4 1%, llz—|I?) = (1, 1), then the condition f; < 2 implies (z4,z_) > 0; if (z4,z_)
were 1, then z4 = z_, which contradicts to Z?:] z; = 0; hence we have (z4,z-) =0, and
thus there are 6 choices of z4 with ||z|| = 1, and for each z;+ we have two choices of z_.

This proves Claims A.2 and A.1.
Step 4

Now, let us turn back to the proof of G| C G,. We ask for, for any v, € V, two vectors
vy, v3 € V such that vi Hvy = vy Hvz = —2(A + 2) to get the matrix g = (vy, v2, v3) which is
presumed to be H -unitary. Due to Claim A.1 it suffices to check the following four cases:

(C1) if vy = "(1/2, 1, 0), there does not exist such vy;

(C2) if v, = 1(0,0, 1), then v3 = (0, —1, —1) and vy is either 7 (0, 1, 0) or (0, —A/2, —1); but
in this case, (vy, vz, v3) is not an invertible matrix;

(C3) if v, = (0, —1, —1), then v; = 7(0,0,1) and v3 = 7(0,1,0) or *(A/2,1+ A/2, 1); but,
also in this case, det(vy, v, v3) is not invertible in Zj;;

(C4) if vy = (0, 1, 0), then vy is either (1,0,0), 7(0, —1, —1), or (=i, —1,0), and v3 is
either 7(0,0,1) or ’(—1, —1,0); among them, v’l*Hv3 = A + 2 is satisfied only when
g=(v1,v2,v3) =13.

All of these cases are verified without so much pain. Since any member in G, is H-unitary,
we immediately see that the possible (v, vz, v3) are only among elements in G;. Therefore, we
conclude G| = Gy, as desired.
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