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1. Introduction

A finite W-algebra is an associative algebra constructed from a pair (g,e), where g
is a finite dimensional semisimple or reductive Lie algebra and e is a nilpotent element
of g. In the extreme case where e = 0, the corresponding finite W-algebra is isomorphic
to U(g), the universal enveloping algebra. In the other extreme case where e is the
principal (also called regular) nilpotent element e, Kostant proved that the associated
finite W-algebra is isomorphic to the center of the universal enveloping algebra U(g)
(cf. [9]). In recent decades, there were many new developments on W-algebras; we refer
to the survey papers [10] and [16] for details.

On the other hand, the Yangians, defined by Drinfeld in 1983, are certain non-
commutative Hopf algebras that are important examples of quantum groups. They were
used to generate the rational solutions of the Yang—Baxtor equation; see the book [11]
for more details and further applications of the Yangians.

The connection between Yangians and finite W-algebras of type A associated to a
rectangular nilpotent element e was first noticed by Ragoucy and Sorba in [15]. The
term “rectangular” means that the Jordan blocks of e are all of the same size. Brundan
and Kleshchev in [4] generalized the result to an arbitrary nilpotent e by a different
approach. As a consequence, a realization of finite W-algebra of type A as a quotient of
a so-called shifted Yangian is obtained, and this provides a powerful tool for the study
of finite W-algebras.

In this article, we establish such a connection between finite W-superalgebras and
super Yangians explicitly in type A where the Jordan type of e satisfies a certain condition
(7.7). Let Yy, denote the super Yangian of the general linear Lie superalgebra gl,,,,,.
In fact, such a connection was firstly obtained in [5] when e € gly y is rectangular; see
also [14]. Their result shows that the finite W-superalgebra associated to a rectangular
e € glyyn Is isomorphic to the truncated super Yangian Yfftl > Which is a certain quotient
of the super Yangian Y,,|,,. Here the indices m and n are determined by the number of
Jordan blocks of the rectangular e and ¢ is the size of its Jordan block.

In a more recent paper [1], the connection between the finite W-superalgebra associ-
ated to an e € gly; v and Y7}, is developed. It corresponds to the case when the nilpotent
element e € gly;y is principal. Our main result (Theorem 9.1) is to establish an iso-

morphism of superalgebras between the truncated shifted super Yangian for gl,;,, and a

1|n
finite W-superalgebra. |
Let us explain our approach, which is roughly generalizing the argument in [4] to
the general linear Lie superalgebras. Firstly we give a presentation of the shifted super
Yangian, denoted by Yj,(c), which is a subalgebra of Y;,, associated to a matrix o.
The set of generators is a certain subset, determined by o, of the generators of Yy),,. The
defining relations are modified from the defining relations of Y;},, according to o as well.
Then we quotient out a certain ideal to obtain the truncated super Yangian Yfln(a). One

may naively think that those generators with degree higher than £ vanish in Yf‘n(a).
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Next we introduce certain combinatorial objects called pyramids; see [6,8]. This gives

a nice way to record the necessary information (that is, o and ¢) to define Ylé‘n(a) by a

diagram. For example,

1 + |+
0 — T= —|—|=
0

=4, o=

=l

The merit of using a pyramid is that one may obtain a nilpotent element e and a
semisimple element h that determine a finite W-superalgebra. In our example above,

e =ei5 1+ €24+ €46 + €13 + €35 + €57,

h = diag(1,—-1,3,1,1,—1,—1, -3, —3),

where ¢;; means the elementary matrix in gly7; see Section 7 for detail.

Therefore, given a pyramid 7, we simultaneously obtain a truncated super Yangian Y,
which is Yfln
associated to a certain nilpotent e determined by the pyramid 7. Our main result is that

(o) for some appropriate choice of £ and o, and a finite W-superalgebra W,

there exists an isomorphism of superalgebras between Y, and W;.

In Section 8, we introduce the notion of super height so that one may explicitly write
down certain distinguished elements in W, according to the diagram 7. Eventually, we
prove that the map sending the generators of Y, into these distinguished elements is an
isomorphism of filtered superalgebras by induction on ¢, the number of boxes of the base
of m. As a consequence, a presentation of the finite W-superalgebra W, is obtained.

The general case, which means the even nilpotent e € gl could be arbitrary, is
highly challenging and requires new presentations of the super Yangian that are unknown
yet; see Remark 7.9.

This article is organized as follows. In Section 2, we define the shifted Yangian Y7, (o)
and prove a PBW theorem for it. In Section 3, we introduce the notion of parabolic
presentations for Y}, (o) as in [13]. An important consequence is that we may write down
an explicit formula for the so-called baby comultiplications in Section 4. In Section 5, we
introduce the canonical filtration of Y7}, (o). In the end it corresponds to the Kazhdan
filtration of finite W-superalgebras. Then we define the truncated shifted Yangian Yf'n(a)
in Section 6 as a quotient of Y3, (o), and prove that Yf‘n(a) shares many nice properties
of Y1, (o) such as PBW bases and baby comultiplications. Next we switch our attention
to finite W-superalgebras. In Section 7 we give the definition of the finite W-superalgebra
with respect to an even good Z-grading. Then we use pyramids as a tool to encode the
information needed to define a finite W-superalgebra. Moreover, we explain how to read
off a truncated shifted Yangian Yf‘n(a) from a given pyramid m. In Section 8, we give
explicitly the formulae for some elements in U(p) that eventually can be identified as
generators of our finite W-superalgebra. Our main theorem is stated and proved in
Section 9.
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Notation. In this article the underlying field is always C. A superalgebra means an asso-
ciative Zy-graded algebra. The parity of a homogeneous element x is denoted by |z|. For
homogeneous elements x and y in a superalgebra A = Aj® A;, their supercommutator is

[z,9] := zy — (—=1)1*I¥lyz. We say = and y supercommute if [z,y] = 0. For homogeneous
Z1,...,xy € A, an ordered supermonomial in x1,...,2; means a monomial of the form
xit -yt for some iy,...,4 € Z>o and i; < 1 if z; is odd.

2. Shifted super Yangian of gl,,,

In this section, we recall the definition of the super Yangian Y;,,. Moreover, we define a
certain superalgebra called the shifted super Yangian, which turns out to be a subalgebra
of Yl\n-

The super Yangian Y7),,, which was introduced in [12], is the associative Zj-graded
algebra (i.e., superalgebra) over C with generators

(D 1<ij <n+1r >0},
where tz(-?) := §;; and defining relations

[tg;) ’ tELsk ] = (- 1)pa(i) pa(j)+pa(i) pa(h)+pa(j) pa(h)

min(r,s)—1
S N (0 A § (2.1)
t=0

where pa(i) = 0 if ¢ = 1 and pa(i) = 1 otherwise. The bracket in (2.1) is understood
Z(-T-) is defined to be an odd element if
pa(i) + pa(j) = 1 (mod 2) and an even element if pa(i) + pa(j) =0 (mod 2).

The elements {tg;)} are called RTT generators while the defining relations (2.1) are

as a supercommutator. For r > 0, the element ¢

called RTT relations. Next we use an alternate presentation of Yy, to define shifted
Yangians that are not easily obtained from the classical definition.

Let o be an (n+1) x (n+1) matrix (s; j)1<i,j<n+1 Where the entries are non-negative
integers satisfying that

Sij + Sjk = Sik; (2.2)
whenever i —j|+|j — k| = |i —k|. Immediately, we have s11 = s22 =+ = Spt1,n+1 =0,
and o is determined by the upper diagonal entries si2,523,...,5,.n+1 and the lower
diagonal entries s2.1,532,...,5n+1,n- In addition, we will add lines to emphasize the

parities. Such a matrix will be called a shift matrix. For example, the following matrix
is a shift matrix:
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0] 0 1 1 2
0] 0 1 1 2
c=11 1 0 0 1
3 3 2 01
4 | 4 3 10

Definition 2.1. The shifted Yangian of gl,,, associated to o, denoted by Y7, (), is the
superalgebra over C generated by the following elements

(D7 |1<i<n+1,r>0}
{EZ(’") [ 1<i<n,r>sii41),

{Fi(’“) | 1<i<n,r> 5z’+1,i}7

subject to the following defining relations:

D =1, (2.3)
ZDEt)D;(r—t) =60, (2.4)
t=0

min(r,s)—1

DD = 5,(cp 3 (DOD[HI0 D0 p0) (o)

i J
t=0
(r) p(s)
(D" E57]
_ (5’jz t)E r4+s—1— t +6’j+1 r— 1D(t)E(7’+S 1— t) j#17 (2 6)
5”2 t)E(r+s 1— t)+5”+1 r— 1D(t)E(r+s 1— t) j=1,
(r) p(s)
(D7, B3]
- 50 Zr 1F(7+b 1— t)l)(t)i(g’]_i_1 r— 1F(7+5 1— t)D(t) .]751, (2 7)
6172 r+s 1— t)Di _5i,j+1 :&F(r+s 1— t)D(t) j: ) .
B (t) (r+s—1—1t) r—1 1(t) (r+s—1— t)
[E(r)’Ei(s)] _{ E E, +>, EE; i#1, (2.8)
0, i=1,
1 (rs—1—t) (t) s—1 (r+s—1—t) (t) .
0, o] Z | - TS Fo+ 0 E5i#2 L g9
0, i=1,
r+s—1
(B FP] =6, Z piTte= = plt), (2.10)
0, B89 [0, ] — 5B, @.11)

[F Q) - [F, P = FOLEC, (2.12)
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(B EP] = [FD,FP =0, ifli—jl>1, (2.13)
(50, (59, 5] + (5, [, B9 =0, -3l 21, 210
[EO [ EP) 4 [FL [ EP] =0, Ji-il> 1, (2.15)

for all “admissible” i, j, k,r, s. For example, the relation (2.12) should be understood
to hold for all 1 < ¢ < n—1,r > s;41,; and s > s;42,+1. The elements {Eir) |
r>s12}4U {Fl(r) | r > s9.1} are the only odd generators.

Remark 2.2. Note that the lower degree terms in (2.8) and (2.9) cancel each other. Hence
the elements {EZ-(T)7FZ-(S) |1 <i<nr<siit1,8 < i1, will not appear in Yy, (o)
although they show up in the defining relations.

Remark 2.3. In the special case where o is the zero matrix, Y),,(0) = Y1), and the above
presentation is exactly a special case of the presentation of Yy, ,, given in [7], which is a
generalization of Drinfeld’s presentation. We will implicitly use this isomorphism in the
remaining part of this article.

Let I' be the map sending the generators of Y;|,(o) to the elements with the same
name in Yjj,. We now prove that the map I" : Y},(0) — Yj},, is an injective algebra
homomorphism and hence Y;},,(0) is canonically a subalgebra of Y;,. As a corollary, a
PBW basis for Y;, (o) is obtained.

Define the loop filtration on Yy, ()

LoYijn(o) C L1Yijn(0) C LYy, (o) C -

by setting the degree of the generators D\, E™ and F{") to be (r — 1) and LY (0)
to be the span of all supermonomials in the generators of total degree < k and denote
the associated graded algebra by gr” Yy, (o).

Next, for all 1 <i < j <n+1andr > s;;, we define the elements El(rj) € Yijn(o)
recursively by

r—gi i si1.i41
ED, =B, B =[BTy gt (2.16)

Similarly, for 1 <i < j <n+1and r > s;;, we may define the elements Fj(;) € Yin(o)
by

F = FD B0 = o [Fa ) gl e, (2.17)

1412 Jj— vt =1
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Forall1 <i,57 <n+41andr >s;;, define

gl DI if i = j,
€igir = gr£ Ez(:;+1) ifi< j,

grl FUTYif i > g,

where the elements on the right-hand side are in gr’” Yijn(o) of degree r.

Denote the Lie superalgebra g, |,, ® C[¢t] with basis elements {e; jt" }1<i,j<n+1,r>0 by
g[1|n[t], which can be viewed as a graded Lie superalgebra by setting the degree of e; ;t"
to be 7.

By assumption (2.2), the elements {e; ;t" | 1 < 4,j < n+ 1,7 > s;;} generate a
subalgebra of gl,,[t] which we denote by gly|,[t](c). The grading on gly,,[t](0) induces
a grading on U(gly),[t](0)), the universal enveloping algebra.

Theorem 2.4. The map v : U(gly},[t](0)) — grl Yy, (o) such that
et (1P Ve, 5,
foreach 1 <i,j <n+1 andr > s;; is an isomorphism of graded superalgebras.

Proof. Following [7, Theorem 3], one can show that for all 1 < 4,j,h,k < n+ 1 and
T > S;4, S > Sk, the following identity holds in grl Yijn:

€5 €hkis) = (_1)pa(j)5h,j6i7k;r+s — (—1)P2(0) pals)+pa(@) pa(h)+pa(j) pa(h)(gi’kehJ;Hs.

(2.18)

As a result, the map v is a well-defined homomorphism and obviously surjective. It
remains to show that ~ is injective.

We first assume that o is the zero matrix, hence Yij,,(0) = Yi},,. According to the
proof of [7, Theorem 3|, we know that the set of all ordered supermonomials in the
elements {e; j., | 1 <i,j <n+1,r > 0} are linearly independent in grl Y, and 7y is an
isomorphism in this special case.

In general, the map I": Y}, (o) — Yj,, is a homomorphism of filtered superalgebras,
which induces a map grLYHn(U) — grl Y1), sending e; ;.. € grLYHn(U) to e; . €
grl Y1|n- The previous paragraph implies that the set of ordered supermonomials in the
elements {e; ;- | 1 <i,j <n+ 1,7 > s;;} are linearly independent in gr” Yy, (o) and
hence 7 is an isomorphism in general. O

Remark 2.5. In general, I" does not send the general parabolic elements El( jﬂ), Fj(;“)

in Yy),(0) to BTV FUY of Yy, i i > 1

Corollary 2.6. The canonical map I": Yy}, (o) — Y7, is injective.
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Proof. The map I' : Yj,(0c) — Yj, is a filtered map and the induced map
grl Yipn(o) — grl Y1) is injective. The corollary follows from induction on degree. O

We denote the subalgebra of Y7 ,,(0) generated by all the DZ(T) ’s by Y10|n7 the subalgebra

generated by all the Ei(r)’s by YlTn (o) and the subalgebra generated by all the Fi(r)’s
by Yll_n(a), respectively. The following corollary gives PBW bases of Yj|,(c) and its

subalgebras.

Corollary 2.7. (1) The set of monomials in the elements {DET)}1§i§n+17r>0 taken in
some fixed order forms a basis for Ylo‘n

(2) The set of supermonomials in the elements {Ei(,rj)}lsi<j§n+1,r>s7:,j taken in some
fized order forms a basis for YlTn(J).

(8) The set of supermonomials in the elements {Fj(;)}lgiqgnﬂ,osm taken in some
fized order forms a basis for YlTn(U).

(4) The set of supermonomials in the union of the elements listed in (1)—(3) taken in
some fized order forms a basis for Yy, (o).

Proof. (4) follows from Theorem 2.4 and the PBW theorem for U(gl, |, [t](c)). The others
can be proved similarly using (2.18). O

Corollary 2.8. The multiplicative map
YlTn (J) ® Y10|n b YlTn (U) — Yl\n(o—)

s an isomorphism of vector spaces.

By the defining relations of Yy, the map 7 : Yy, — Yy, defined by
1D =D,  (EN)=F", 1(F")=E" (2.19)

is an anti-automorphism of order 2 and its restriction on Yjj, (o) gives an anti-
isomorphism 7 : Yy, (0) = Yq,(0"), where o' is the transpose of the matrix .

Suppose instead that & = (5;;)1<i j<n+1 is another shift matrix satisfying (2.2) and
in addition 5; ;41 + Si+1,s = Sii+1 + Si+1,; forall ¢ =1,...,n. Another check of relations
shows that the map ¢ : Yy),(0) = Y7},,(&) defined by

L(DZ(T)) _ ﬁ(r)7 L(Ei(r)) _ Egr—<9¢,i+1+§i,i+1)’ L(Fi(r)) _ }?vi(7“—si-¢-1,i-‘r§'7‘,+1,i)7
(2.20)

is a superalgebra isomorphism. Here and later on we denote the generators DET), EZ»(T)
and FZ-(T) of Y1), (&) instead by Dgr)7 Ei(r) and Fi(r) to avoid possible confusion.
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3. Parabolic presentations

In this section, we introduce the notion of parabolic presentation to the shifted super
Yangian Y7, (o). We start with a brief review about parabolic presentations of Y;,, from
[13] in Section 3.1, and then we extend the notion to Y3, (o) in Section 3.2.

3.1. Parabolic presentations of Yy,

Recall that Yy),, is generated by the elements tET]) with defining relation (2.1). We
define the formal power series

b(0) = 1y + 0 D D

and the matrix T(u) = (tij(u))lgi7jgn+1.
Let v be a composition of n with length m. For notational reason, we set

m=1 and p;=v;_; forall2<j<m+1,

and g = (p1|p2, 43, - - -5 tm+1) denotes the composition of (1|n).
By definition, the leading minors of the matrix T'(u) are invertible. Depending on the
given composition p, T'(u) possesses a Gauss decomposition

Di(u) 0 0

0 Dy (u) 0
D(u) = : . :

0 0 Doy (1)

I, Eis(u) By my1(u)
() = 0 I;.Lz E m+1(u) )

0 0 L.,

1, 0 0
o= | e Dl

Fotia(uw) Fogie(w) - L,

where
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Da(u) = (Da;iyj(u>)1§i7jgua’ (3'1)
Eap(u) = (Bapiid (W) 1<ic, 155, (3.2)
Fb,a(u) = (Fb,a;i,j (u))léiﬁub,lﬁjiua’ (33)

are flg X fha, fa X fp and up X (1, matrices, respectively, for all 1 <a <m+ 1 in (3.1)
and all 1 <a<b<m+1in (3.2) and (3.3).
For all 1 < a < m + 1, define the i, X o matrix Dy (u) = (D, ; ;(u))1<ij<u, by

The entries of these matrices are expanded into power series

U«ZJ ZDazj Eaﬁb;lﬁj(u) = ZE%MU_T’

r>0 r>1

E /() " . _ § (r) —r
a Z,j Da 31 ] ’ Fbﬂ;h] (u) - Fb,a;i,ju .

r>0 r>1

Moreover, for 1 < a < n, we set

Eqi,j(u) == Eqat1;1,5(u Z Etg,rz),]

r>1

Fij(u) = Fayi,a5,5(u) = ZFé?z),]uir

r>1

Proposition 3.1. /15, Theorem 4] The super Yangian Yy, is generated by the elements

(D) D | 1<a<n+1,1<i,j<pa,r >0},

a;t,)?
(B |1<a<nl<i< ol <j< papr,r 21},

(FO [1<a<n1<i< o 1<5 < par 21,

a;t,]

subject to certain relations depending on .

Since the defining relations are exactly the relations (3.5)(3.18) below when all s, ; = 0,
we omit the relations here.

For example, the presentation of Y7, introduced in Section 2 is the special case when
p = (1"*1), where Dgril = D", E((fl)l = B and Férl)l = F\"). The presentation
depends on the composition p and hence we will use the notation Y,, = Y7),, to emphasize
the composition which we are using.
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3.2. Parabolic presentation of Y1),,(o)

Throughout this subsection, we fix a shift matrix o = (s; j)1<s, j<n41. Also recall that
we set 1 = 1 for notational reason.

Definition 3.2. A composition p = (u1|pe, - .., tm+1) of (1jn) is said to be admissible for
oifs;;=0forall pg+---+ pa—1+1 <4, <pi 4+ g, foreach1 <a <m+1.

For example, the composition = (1"*1) is admissible for any shift matrix o. We will
use a shorthand notation from now on

oo
Sa,b = Spatetpaspitetps (3.4)

Note that one can recover the original matrix o if the admissible shape p and the numbers
{st', |1 <a,b<m+ 1} are given. Assume from now on that a shift matrix o and an
admissible shape p for o are given.

Definition 3.3. The shifted super Yangian of gl,),, associated to o and p, denoted by
Y, (o), is the superalgebra over C generated by the following elements

(DY) |1<a<m+1,1<i,j<par >0},

a;t

{E(T) 1 1<a<m1<i< a1 <)< pay1, 7> 5h 001}

a;t,]

{F(T’)

a;t,j

[1<a<m1<i< a1, 1<5 < payr > by,

subject to the following defining relations:

0
Dyl = by, (3.5)
~ 0 -
t 1(r—t
Z DaipPaps = 0r0dij, (3.6)
t=0

min(r,s)—1

T s ala t r+s—1—t r4+s—1—t t
[D( : Dlg,iz,,k] = 5ab(_1)p (a) Z (D(S,;Zl,jD((l;;:—k ) - Dg;h,j )Dz(zg?i,k:)’ (37)

at,J’

t=0

D), B3]
s S DB g Sy DOLEGE, b1,
o DB 4 b S DO, b=,

(3.8)

D), F
{ S FST D0, b S DY, b
s S F D0 g S 0D b=,

(3.9)
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[E2d5 Bl

asing?
(SEE R R S e a10)
1B, BRI sl B B0, oo, '
[P Fuitl
[, A e -
t:l FLET: . t)Fé;tf)L,j_ f:llesz;: . t)Fa(,;t})L,j’ a=1, .
r+s—1
[Et(zrzﬁ bsh)k —5ab Z Da:i_lsh,; - ;(tz),kv (3~12)
[Be Behin] - [Eifﬁj,Eiiﬁii,k] = —Oni B B (3.13)
[Fai ) Fias) = [FS 5 FE ) = 0unFS i o Faia (3.14)
[EY) ES) ] =0 ifb>a+lorifb=a+1andh+#j, (3.15)
[Fa”, bhk]—o ifb>a+1lorifb=a+1andi#k, (3.16)
(B3 5o (B i Bup )] + (B o [ Bigp )] =00 la—bl 2 1, (317)
[Faid s [Fan o Fug o]+ [Fad s [Fan o Fig ] = 0, la=b > 1, (3.18)

for all admissible a, b, f, g, h, 1, j, k, 1,7, s, t, where the index p (respectively, ¢) is summed
over 1,...,uq (respectively, 1,..., pg+1). Similarly, the only odd generators are

{ E" |].<Z<M1,1<j<[1,2,’)">812}U{F(r)

15,5 117]|1§7;§/~L271§j§ﬂ1,r>3571}~

(") )

at,J’ at,J’

ET and F7) . in Y, (o) to those in Y, with the same notations obtained by Gauss

a;t,j a;i,j
decomposition. We now prove that the map I is injective and its image is independent

Let I" denote the homomorphism Y, (o) — Y, sending the generators D

of the choice of the admissible shape p. In particular, Y, (o) can be identified with the
super Yangian Y;,,(0) introduced in Section 2 which is the special case when p = (1"1)
of our current definition.

Forl<a<b<m-+1, 1<z‘<ua,1§jg,ub,r>sfl‘7bandachoiceof1Skg,ub_l,

(r)

we define the elements E'',.. . € Y|, (o) recursively by

a,b;i,j
r r T (T*SM, 1) (sh_ R +1)
Ez(z,z)z—i-l;i,] = E(E ’L)j’ Ez(z,lz;i,j = [Ea,b—f;;,kl ’Eb—bl;llc,l} ] (319)

Similarly, for 1 <a <b<m+1,1<i <y, 1 <j < pg, v > s}, and a choice of

1 <k < pp_1, we define the elements Fb(a)” € Y1ijn(0o) by

r T T (SH. — +1) (7"*5“, — )
F¢5+)1,a;m = Fé Z)J’ Fb(a)w = [Fb—bifi,li 7Fb—1,ab;kb,jl } (3.20)
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It turns out that the above definitions are independent of the choice of k; see [3, (6.9)]
for detail.
Similar to Section 2, we introduce the loop filtration on Y, (o)

Loifu(()') Q LlYM(U) g LQYH(O') Q e
by setting the degree of the generators D((;:Z?J-7 E((lrl)], and Fyz)J to be (r—1) and LY, (o)
to be the span of all supermonomials in the generators of total degree < k and denote

the associated graded algebra by gr” Y, (o).
Define the elements {e; j.r}1<i j<nt1,r>s,, iD grt Y, (o) by

— orL pUrtD

Cpyt A pa1+iprttpa—1+ir = 8y Da;i,j ) (321)
_ gL p(r+1)

Cprt a1 i ot i = 87 By b (3.22)
_ oL p(r+1)

Cpatotpp—r it a1 +iir = 807 Fy g 5 (3.23)

One can prove that these elements satisfy relation (2.18) as well. As a result, there
exists a surjective superalgebra homomorphism v : U(gly,,[t] (o)) — grl Y, (o) such that
v(eijt") = (—1)P2@e; ;... By the PBW theorem for glyn[t](o), v is also injective and
hence an isomorphism.

Let Y,) denote the subalgebra of Y1), (o) generated by all the D) g, Y,F (o) denote

a;i,j
the subalgebra generated by all the E(Yz) j

by all the (ETZ) ;'s- The following corollaries are parallel to Corollary 2.7 and Corollary 2.8.

's and Y, (o) denote the subalgebra generated

Corollary 3.4. (1) The set of monomials in the elements {Dgr;‘i)hj}a:LH"m+1’1§i7j§“a’r>0
taken in some fixed order forms a basis for Y/?'

(2) The set of supermonomials in the elements {E(S:lz;i,j}1§a<bSm+1,1§iS#a,1§j§,ub,7”>sf:)b
taken in some fized order forms a basis for Y.} (o).

(3) The set of supermonomials in the elements {Flf,z);i,j}1§a<bgm+1,lgigub,lgjgumws‘;a
taken in some fived order forms a basis for Y, (o).

(4) The set of supermonomials in the union of the elements listed in (1)-(3) taken in
some fized order forms a basis for Y, (o).

Corollary 3.5. The multiplicative map Y, (0)QY?QY,F (o) — Y1), (0) is an isomorphism
of vector spaces.

Now we prove that the definition of Y,,(¢) is independent of the choice of the admissible
shape p. If p; = 1 for all ¢, then Y, (o) is defined as in Section 2. Suppose that pp > 1
for some 2 < b < m + 1. We may further assume that p, = o + g for some o, 5 > 1.
Define a finer composition v of (1|n) by

V= (MI‘IJQV"7/’Lb—17aaﬂuu’b+17-- -a/j/m-‘rl)-
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Note that v is also an admissible shape for 0. As a result, the matrix T'(u) has a Gauss
decomposition with respect to v as well; that is,

T(u) ="E(uw)"D(u)"F(u) = "E(u)" D(u)" F(u),

where the matrices are block matrices as introduced in the beginning of this section.

We will denote by #D,, and ¥ D, to be the a-th diagonal matrices in #D(u) and ¥ D(u)
with respect to the compositions y and v, respectively. Similarly, # E, and #F, are defined
to be the matrices in the a-th upper and lower-diagonal of # E(u) and # F'(u), respectively;
YE, and ¥ F, are defined to be the matrices in the a-th upper and lower-diagonal of ¥ F'(u)
and ¥ F(u), respectively.

Lemma 3.6. In the notation above, define an (o X a)-matriz A, an (a x B)-matriz B, a
(8 x a)-matriz C and a (8 x B)-matriz D from the equation

I, 0 A 0 I, B
® =
(e ) () (G 5)

(i) YDy =*Da fora <b, "Dy =A,"Dyi1 =D, and "D, =*Dc—1 forc>b+1;
(ii) YE, =*E, fora <b—1, YEy_y is the submatriz consisting of the first a columns
of *Ey_1, YEy, = B, YEpy1 is the submatriz consisting of the last 5 rows of *Ey,
andVE, =+*FE. 1 forc>b+1;
(iii) YF, = *F, for a < b—1, YF,_y is the submatriz consisting of the first a rows of
PE, 1, VFy, = C, PFyyq is the submatriz consisting of the last 5 columns of * Fy,
and"F, ="F. 1 forc>b+1;

Then,

Proof. Multiply matrices. O

To show the definition of ¥),(¢) is independent the choice of p, it suffices to show that
Y,(c) = Y, (o). By Lemma 3.6, one has that Y, (¢) C Y, (o). Now the equality follows
from the fact that the isomorphism U (gly,[t](c)) = grl Y, (o) is independent of .

Proposition 3.7. The superalgebra Y, (o) is independent of the choice of the admissible
shape L.

Using Lemma 3.6 and induction on the length of the composition, one can describe
the maps 7 and ¢ in terms of parabolic generators. The anti-isomorphism 7 satisfies

T(Dgy) = D T(BH,) = R (R

) — E(r)

a;j,i”

(3.24)

Also, in terms of the notation of (2.20), suppose that u is an admissible shape for o
and & simultaneously, then the isomorphism ¢ : Y, (c) — Y, (&) satisfies
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r r r =S4 at1t56,.4 ) r r—Sg asnla)
L(D((zz)j) - D((zi),j’ (Ec(zz)j) Ec(zzj " = o L(Fé;i),j) FLEZ,j o
(3.25)

4. Baby comultiplications

In this section, we define some comultiplication-like maps on Y, (o) that are crucial
in later sections.

We first consider the special case where o = 0, i.e., the whole super Yangian Y7,.
It is well-known (cf. [7]) that Yy),, is a Hopf superalgebra where the comultiplication

A Yy = Yijp ® i, is defined in terms of the RTT generators {t(r)} by the formula

r n+l

N=Y"Y e (4.1)

s=0 k=1

Moreover, the evaluation homomorphism ev : Y1}, — U(gly},,) defined by

eV(tz(vTj)) = 57«’052‘7]‘ + 5T’1(_1>pa(i)ei’j7 (4.2)

where ¢; ; is the elementary matrices in gl;,,, is surjective.
Define Ap := (id®ev) o A and Aj; := (ev®id) o A, where they are both algebra
homomorphisms. Thus we have

n+1
Ap:Yip = Vi @U(l,), 67 =t o1+ Z P2 @ ey (4.3)

n+1

Ap Yy, = Ulglh,) @Y., )= 1et!)+ Z DPe@e; @ty V. (4.4)

[l

In general, if o is not the zero matrix, then Y}, (o) does not have a comultiplication.
But we may define some nice homomorphisms called baby comultiplications as in [4],
suggested from the maps Ay and Aj above.

Definition 4.1. An admissible composition p of (1|n) for ¢ is called minimal admissible
if the length of p is minimal.

For example, p = (1|2,1, 1) is a minimal admissible shape of (1|4) for the shift matrix

S
|

=D O OoO|lo

=N O oo

=N O oo

N O~

S = NN
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Note that the minimal admissible shape denotes the “sizes” of largest zero square ma-
trices in the diagonal of o, respecting the parity (so we use (1,2) rather than (3) in the
northwestern corner). Throughout this section, we fix a shift matrix ¢ and a minimal
admissible shape p of (1|n) for o.

For convenience, we let S = pi;,,41. Since p is a minimal admissible shape for o, we
have that 1 < 8 < n and either s,1_gnt2-8 #00r Spyo_gny1—g 7# 0.

Theorem 4.2. Let p = (u1|p2, - -, hmt1) be a minimal admissible shape of (1|n) for the
shift matriz o. For 1 <1i,j <3, let

éi,j =e;; + 5i7j(n —1- ﬂ) S U(g[ﬁ)

(1) Suppose that Sp11-gnt2-5 # 0. Define & = (85 )1<i j<n+1 0Y

. sij—1 dfi<n+1-p5<y,
R ’ 4.
e {s” otherwise. (45)
Then the map Ag : Yij,(0) — Y11,(6) @ U(gly) defined by
D((lrzj’_)D() ®1- am+IZDazk ®ek7]7
k=1
B
Eg"%)] +_>E£(er)7®17 avaEérzkl)@)ekm
(r) (r)
Fa .7 Fa B j ’
is a superalgebra homomorphism.
(2) Suppose that spi2-gny1—p # 0. Define 6 = (8;,5)1<i,j<n+1 bY
sij—1 ifj<n+1-0<i,
sij—{ 7 ism P (4.6)
i, otherwise.

Then the map Ap : Yy (o) = Ul(glg) ® Y1), (6) defined by

B
D) = 1@ DY)~ bami Y i @ DY

a;i,j ask,j
k=1
ES) =19 ET)

a;i,j?

F(E?J 1 ®Fa(?J amzez k ®FaTk,j1)7

is a superalgebra homomorphism.
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Proof. Check that Ar and Ay, preserve the defining relations in Definition 3.3. Similar
to [4, Theorem 4.2], to check (3.17) and (3.18), one needs to use (3.13), (3.14), (3.15)
and (3.16) multiple times. O

Remark 4.3. To avoid possible confusion, in the above theorem and hereafter, the ele-
ments D) . E") and F) . in Yijn(6) are denoted by D" BT and £

ase,j’? at,J’ a;t,] a3’ "Tan,)? ase,)’?

¢ is defined by either (4.5) or (4.6), with respect to the same composition p. Note that

where

1 is admissible but may no longer be minimal with respect to .

The next lemma shows how to compute the baby comultiplications on the general

parabolic elements EY) and F")_ under the same minimal admissible shape.

a,b;i,j b,a;i,j

Lemma 4.4.

(1) Under the same assumption of Theorem 4.2(1), for all admissible i,j,r and 1 < a <
b—1<m+41, we have

AR(Fb(:z);i,j) = Fb(fa);m' ® 1,
AR(ES), V=B @1, ifb<m+1,
and
(r) ; (T*S‘;n.m+1) (8 m+1+1) o ~(r—1) ~
AR(Ea,erl;i,j) = _( [Ea,m;i,h 7Em;h;j ] ® 1) - Z Ea,erl;i,k ® Ckjs

k=1

forany 1 < h < piy,.
(2) Under the same assumption of Theorem 4.2(2), for all admissible i,j,7 and 1 < a <
b—1<m+41, we have

AL(EY), Y =10 E")

a,b;i,j a,bi,j
AL(F ) =10F". . ifb<m+1,
and
(r) S(Smtr1m 1) s (r—sh i1 m) ’ ~ (r—1)
AL (Fm-‘rl,a;i,j) = 7(]‘ ® [Fm;i,h 7 ’Fm,a;h,j ’ ]) - Z Ck,j ® Fm—i—l,a;k,j’
k=1

forany 1 < h < piy,.

Proof. We compute A R(E((lrr)n +1.,;) for 1 < a <'m in detail here, while others are similar.
By definition,

E(T) _ [E(T—an,erl) E(an,m+1+1)] ,

a,m+1;i,5 — ~ [“a,m;ih » “m;h,j
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r—st - (r—st
for any 1 < h < p,,. Also, AR(E( .’"”’"’“)) = E( mm 1) ® 1. Hence

a,m;i,h a,m;i,h

a,m+1; ZJ) = 7[E(T Sm m+1) & 1 E( w m+1+1) & 1}

a,m;i,h m;h,j

a,m;i,h

+ E(T Sm m+1) ® 1 ZE,’&?Z 7’:4»1) ® é[@j

B
= [E(T Sm m+1) E(S?n1m+1+1)] X 1- Z E(r 1)1 stk & ék,ja

a,m;i,h m;h,j a,m+
k=1

as claimed. O
Proposition 4.5. The maps Agr and Ay, are injective, whenever they are defined.

Proof. Let 8 be defined as in Theorem 4.2 and let € : U(glg) — C be the homomorphism
such that €(é; ;) = 0 for 1 <i,j < . By definition, Y;},(0) and Y;},,(5) are subalgebras
of Y}, with Y;},,(0) C ¥7,(6). One may check that the compositions m o (id ®e) o Ag
and m o (e ®id) o A coincide with the natural embedding Y7}, (o) < Y1,(¢), where
m(a ® b) := ab (the usual multiplication). O

5. Canonical filtration
Recall the canonical filtration of Y7,
FOY1|n - F1Y1|n C F2}/1\n -

defined by deg tg) =1, i.e., FyY7), is the span of all supermonomials in the generators
tg) of total degree < d. It is clear form (2.1) that the associated graded superalgebra
grYy), is supercommutative.

Now we describe the canonical filtration by parabolic presentation. Let p =
(1] - -+, tm+1) be a composition of (1|n). By [13, Proposition 3.1], the parabolic gener-
ators D) . B and £

ai,jr a,bji,j b,a;i,j
in t( ; of total degree r.

On the other hand, if we set D™ B and F(r)

a;t,77 a,bii,j b,a;i,j
plying out the matrix equation T'(u) = F(u)D(u)E(u), each t(r) is a linear combination

of Y, = Yj},, are linear combinations of supermonomials

all to be of degree r, by multi-

of supermonomials in the parabolic generators of total degree r. Hence we may describe

FyY1, as the span of all supermonomials in the parabolic generators Dz(;z'),ga ESZ iy and
Fb(:l);w- of total degree < d.

For1<a,b<n+1,1<7< g, 1 <j<ppandr >0, define the following elements
in gr¥y), by
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gr, D) if a =0,

a;i,j
egz;m =< er, E((:gﬂ.’j if a < b, (5.1)
gr, Fyb)” if a > 0.

Note that the notation depends on the shape u implicitly. Since gr Yy, is supercommu-
tative, together with Corollary 3.4(4) in the case ¢ = 0, we have the following;:

Proposition 5.1. For any shape pp = (pa] . .., fmy1), g6 Y1, is the free supercommutative

(r)
superalgebra on generators {ea,b;i,j}1§a,bém+1,1§i§ua,1§jéubm>0'

Next we show that the shifted super Yangian adapts the canonical filtration as well.
Let p = (p1] ..., ptm+1) be a given admissible shape for a fixed shift matrix o. Here we
use the notations Y}, for Yy, and Y}, (o) for Y1), (o) to emphasize the shape .

Since Y, (o) is a subalgebra of Y,, we may induce the canonical filtration of Y}, to
Y, (o) by defining FyY,, (o) := FqY,, NY,(0). Therefore, the inclusion map Y}, (o) — Y,
is a filtered map and the induced map grY, (o) — grY), is injective as well. Hence we
may identify grY, (o) with a subalgebra of the supercommutative superalgebra grY),.
The next theorem describes this subalgebra explicitly.

Theorem 5.2. For an admissible shape = (p1| ..., hm+1), XY, (o) is the subalgebra of

(r)
grY, generated by the elements {€, ; i}1<ab<m+1,1<i<pa 1<) <>, -

Proof. By relations (3.13) and (3.14), the element egzl));i,j of grY, (o) is identified with
the element of the same notation in grY),. The theorem follows from Corollary 3.4(4)

and Proposition 5.1. O

Remark 5.3. One consequence of Theorem 5.2 is that we may define the canonical fil-
tration on Y, (o) intrinsically by setting the elements ng_j, E((lrg,ij and Fyb)_ij of Y, (o)

all to be degree r. This definition is independent of the choice of admissible shape p by
Proposition 3.7.

Remark 5.4. By definition, the comultiplication A : Yy, — Yy, ® Y7, is a filtered map
with respect to the canonical filtration. If we extend the canonical filtration of Yy, ()
to Y1), (6) @ U(glg) by declaring the degree of the matrix unit e;; € glg to be 1, then the
baby comultiplications Ar and Ay, in Theorem 4.2 are filtered maps as well, provided
that they are defined. Moreover, following the argument in Proposition 4.5, we have that
the associated graded maps gr Ay, and gr Ag are injective.
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6. Truncation

Fix a shift matrix ¢ = (s; j)1<i j<n+1. Choose an integer ¢ > s1 41 + Sp41,1, which
will be called “level” later. For each 1 < i <n + 1, set

Pi =L = Sint1 — Snq1- (6.1)

This defines a tuple (p1,...,pn+1) of integers such that 0 < p; < -+ < ppyp1 =L
Let oo = (u1] ..., ttm+1) be an admissible shape for o. For each 1 <a <m + 1, set

Pa = Ppate+ita- (6.2)

By definition, for each 1 <a <m+ 1, we have p; = pt for all p3 + -+ plg—1 +1 <0 <
M1+t -

Definition 6.1. The truncated shifted super Yangian of level £, denoted by Y7,

1‘n(ar), is the

quotient of Yy),,(c) by the two-side ideal generated by the elements {D§T)}r>p1-

When ¢ = 0, since tﬁ) = DY) for all  and p; = £, the above definition is exactly the
super analogy of Yangian of level £ due to Cherednik or the truncated Yangian in [3].
It should be clear from the context that we are dealing with Y;,(c) or Y/ () and

1|n
hence we will use the same symbols D((:z) > E(Yg,i j and F yb)_i ; to denote the generators

of Y}, (¢) and their images in the quotient Yll‘n(a), by abusing notations.
It is clear that the anti-isomorphism 7 defined in (2.19) factors through the quotient

and induces an anti-isomorphism
‘ ‘
T:Yq,(0) = Yl‘n(at). (6.3)

Similarly, let ¢ be another shift matrix satisfying that 5; ;41 + §i+1,i = Si.i+1 + Si41,s for
all 1 <i < mn+1. Then the isomorphism ¢ defined by (2.20) also induces an isomorphism

LY (0) = YL (). (6.4)

1|n

Consider the canonical filtration defined in Section 5. We obtain a filtration

FoYy|,(0) C FiY{}, (o) C -

In
induced from the quotient map Y7, (o) — Yf‘n
that for a given admissible shape u for o, the elements D) EW and F7) . of Yfln(a)

aii,j° a,bsi,j a,bsi,j

(o). By Remark 5.3, we may define directly

are all of degree r and F,;Y{, (o) is the span of all supermonomials in these elements of

1n
total degree < d.
For 1 <a,b<m+1,1<1i< g, 1 <75 < upandr > sg’b, define element
(r)

€ bii g by abusing notations again, in the associative graded superalgebra gr Yfln(a)
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according to exactly the same formula (5.1), except that those D’s, E’s and F’s are

now in the quotient. Since gr Y1€|n

and Theorem 5.2, it is also supercommutative and is generated by the elements

(o) is a quotient of grYj|,(c), by Proposition 5.1

{ a, b i J}1<a b<mA1,1<i< 10, 1< <pp,r>sh - In fact, we only need a finite set as a generating

set of gr 1|n( o), as suggested by the following lemma.

Lemma 6.2. For any admissible shape p = (1| ..., thm+1), lﬁn(a) is generated only

by the elements {ea b: ZJ}1<a b<m~+1,1<i<pq,1<5<pp,s" b<r<9 ;,+;D

min(a,b)

Proof. It can be proved by using the same argument as in [4, Lemma 6.1], except that
the induction argument starts from p = (1|n) and our notations are slightly different. 0O

Suppose that the shift matrix o is nonzero and the level £ > 0. Let 8 be the size of the
maximal zero square matrix in the southeastern corner of o. Hence we have 1 < 8 < n
and either s, 11-g nt2-8 7# 0 or spy2-gnt1-8 # 0.

If spt1-gnt2-p # 0, then one may easily check that the baby comultiplication Ag
defined in Theorem 4.2 factors through the quotient to induce a map

A Y, (o) = Y1 (6) ® Ulgly), (6.5)

where ¢ is defined by (4.5). Similarly, if s,12-gn+1-5 # 0, then the baby comultiplica-
tion Ay, defined in Theorem 4.2 induces a map

ALY, (0) = Ulgly) @ Y (6), (6.6)

1|n
where ¢ is defined by (4.6). By Remark 5.4, Ar and Ay, are filtered maps so they induce
the following homomorphisms of graded superalgebras
gr AR :gr Yl|n( o) = gr(Yél Yo)® U(glﬂ)) (6.7)
grAp : grYy|, (o) = gr(U(sly) @ Yy, (6)). (6.8)

Theorem 6.3. For any admissible shape = (p1| ..., tm+1), & Y1|n(0) is the free super-
commutative superalgebra on generators

{ea biisg 1< b <1, 1 <0< e, 15 Spi, st <r<st  ph

min(a, b)

Also, the maps gr Ar and grAp in (6.7) and (6.8) are injective whenever they are
defined, and so are the maps Ag and Ay in (6.5) and (6.6).

Proof. We prove by induction on ¢, where the case £ = 0 is trivial. Assume ¢ > 0 and
the first statement holds for any smaller . It suffices to prove the induction step in
the special case where = (p1|.. ., ftm+1) is the minimal admissible shape for o. Thus,
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at least one of Ar or Ay is defined. We assume without loss of generality that Apg is
defined, where the other case can be derived from this by applying the anti-isomorphism
7 defined in (2.19). Let & be defined by (4.5).

Define the following elements in gr(YfIn (6) @ Ul(gls)):

er, D) ®1 ifa=b,

a;ji,j
Slrl))zj = E((Lrg”@)l if a < b,
gr, BN @1 ifa>b,

and z; j :=gr; 1 ®e;; forall 1 <4,5 < 6.
By Theorem 4.2(1), Lemma 4.4(1) and Lemma 6.2, there exists some polynomials
£) " all in the variables ¢**) . . such that

a;t,j a,b;i,j

&t AR(et(:I));i,j) = égl)a;i,jv (6.9)
foralll <a<m+1,1<b<m, 1<i<pa, 1< < g, 845 <7 <85+ Praina,p) 20d
. (r=1)
gr AR( am+1 z,] = Zéa,m-‘rl;i,k ®xk.7 +fa1]? (610)
k=1

foralll1 <a<m+1,1<4< g 1 <5< tmat, sg)m_H <r< simﬂ + p#, where
&0 —
m+1 m+1;3,5 7 51]
By the induction hypothesis and the PBW theorem for U(gls), the elements

{mijhi<ij<ps

{ea byi j}1<a<m+1 1<b<m 1 <i<pa,1<j<pp,s , <r<st , +p!

a, min(a,b)

5(1)
{ea’mﬂﬂkj}1§a§m+1,1§i§ua,1§j§um+1,sf:,m+1+6a,m+171<r§sg,m+1+p¢:71

are algebraically independent in gr(Yflnl( o) @ U(glg)). Let B denote the set consisting
of the above elements.

By (6.9) and (6.10), we may express the images of the generators of gr Yfln(a) from
Lemma 6.2 under the map gr Ag in terms of the elements of B. As a result, the images
are algebraically independent in gr(Yf‘nl( o) ®@U(glg)) and hence gr A is injective. This

completes the proof of the induction step. O
As a corollary, we obtain a PBW theorem for Y h (o) in terms of parabolic generators.

Corollary 6.4. For any admissible shape = (u1|. .., pm+1), the set of supermonomials
in the elements
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(D) [1<a<m+1,1<i,j <pa0<r<ph},

a;i,j

{E(T)

a,b;m|1§a<b§m+1,1gig,ua,lSjgub7sg,b<r§sgvb+pg},

JaG) [1<a<b<m+1,1<i<py,1<j<pa,sh, <r<sh, +pi},

b,a;i,j

taken in some fized order forms a basis for Yf‘n(o).
7. Finite W-superalgebras and pyramids

Throughout this section, g = gl y and (+, -) denotes the non-degenerate even super-
symmetric invariant bilinear form on g defined by (z,y) := str(zy) for all z,y € g, where
str means the super trace form and zy stands for the usual composition. Every element
of g in our description is considered Zs-homogeneous unless mentioned specifically.

In Section 7.1, we recall the definition of a finite W-superalgebra, which is determined
by a nilpotent element e and a semisimple element h of gl . In Section 7.2, a combina-
torial object called pyramid is introduced so that we may encode e and h simultaneously
by a diagram 7. Finally, in Section 7.2, when m satisfies certain restriction, we explain

how to associate such a 7 to Y, (o), a shifted Yangian of level £.

1|n
7.1. Finite W -superalgebras of glyn

Let e be an even nilpotent element in g. It can be shown (cf. [8,16]) that there exists
(not uniquely) a semisimple element h € g such that ad h : g — g gives a good Z-grading
of g for e, which means the following;:

(1) adh(e) = 2e,

(2) 9=€D,cz9(j), where g(j) := {z € g | ad h(z) = jz},
(3) the center of g is contained in g(0),

(4) ade:g(j) — g(j + 2) is injective for all j < —1,

(5) ade:g(j) — g(j + 2) is surjective for all j > —1.

Example 7.1. Let e be an even nilpotent element. By Jacobson-Morozov Theorem, there
exist h € g and f € g such that {e, h, f} forms an slp-triple. It follows from the rep-
resentation theory of sly that ad h gives a good Z-grading of g for e, called the Dynkin
grading.

Assume that a good Z-grading for e is given. To simplify the definition of
W -superalgebra, throughout this article, we assume in addition that the grading is
even; that is, g(i) = 0 for all ¢ ¢ 2Z. In the case of gl y, an even good Z-grading
always exists; see Theorem 7.4 below. Note that, in general, the Dynkin grading in the
example above may not be even.
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Remark 7.2. Even good Z-gradings do not always exist in other types; see [8].

Define the following subalgebras of g by

p=Eol), m:=Pali). (7.1)

§>0 <0

Let x € g* be defined by x(y) := (y,e), for all y € g. Then the restriction of y on m
gives a one dimensional U(m)-module. Let I, denote the left ideal of U(g) generated by
{a—x(a) | a€m}.

By the PBW theorem for U(g), we have U(g) = U(p) @ I,.. Let pr, : U(g) = U(p)
be the natural projection and we identify U(g)/I,, = U(p). Next we define the x-twisted
action of m on U(p) by a -y := pr,([a,y]) for all a € m and y € U(p).

The finite W -superalgebra (which we will usually omit the term “finite” from now on)
is defined to be the space of m-invariants of U(p) under the y-twisted action; that is,

Wep =Up)™ = {y eUl(p) ’ prx([a,y]) =0,Va € m}
={yeUp) | (a—x(a)y € I,Ya € m}.

Example 7.3. If we take the nilpotent element e = 0, then x =0, g = g(0) = p, m =0,
Wen =Ul(p) = U(g).

At this point, the definition of a finite W-superalgebra depends on the nilpotent
element e and a semisimple element h which gives a good Z-grading for e.

7.2. Pyramids and finite W -superalgebras

Suppose that we are given a tuple of positive integers (qi,...,qe). We associate a
diagram 7 consisting of g; boxes stacked in the first (leftmost) column, ¢ boxes stacked
in the second column, ..., g; boxes stacked in the ¢-th (rightmost) column.

We call a diagram obtained in this way a pyramid if each row of the diagram is a
connected horizontal strip. For example, the left diagram is a pyramid but the right one
is not:

Moreover, we assign the boxes of a given pyramid with + and — such that the boxes
in a same row have the same sign. Such a pyramid will be called a signed pyramid. For
example,
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+[+

= —| ==

Let M (respectively, N) be the number of boxes assigned with + (respectively, —) in a
signed pyramid . We now explain how to obtain an even nilpotent e(7) and a semisimple
h(r) in gl v which gives a good Z-grading for e from a given signed pyramid 7.

First of all, we enumerate the “+4”-boxes by the numbers 1,..., M down columns
from left to right, and enumerate the “—”-boxes by the numbers 1,..., N in the same
way. In fact, any numbering of “4”-boxes by the numbers I,..., M and “—"-boxes by
the numbers 1,..., N would work, so we may choose the most intuitive and convenient
way for our purpose. Moreover, we image that each box of 7 is of size 2 x 2 and our
pyramid is built on the x-axis where the center of 7 is exactly on the origin as shown in
the example below.

12
2146
T = ‘1 5 . (7.2)
-3 71'1 3

Let [={I<...<M <1< ...< N} be an ordered index set and let {e; | i € I} be

a basis of CMIV, We identify gl >~ End(CMIY) with the set of (M 4+ N) x (M + N
M|N

CMlN

matrices over C by this basis of with respect to the following order

e; < ej ifi<jin[.
Define the element

e(m) == Z eij € 8l N (7.3)
ijel

summing over all adjacent pairs of boxes in 7. It is clear that such an element
e(m) is even nilpotent.

Let gcjl(z) denote the z-coordinate of the box numbered with ¢ € I. Then we define
the following diagonal matrix

h(m) := — diag(col(1),..., col(M),col(1),...,col(N)) € gly|y- (7.4)
For example, the elements e(7) and h(7) in gly; associated to the m in (7.2) are

e(m)
h(r) = diag(1,-1,3,1,1,—-1, -1, -3, -3).

€15 + €24 + €46 + €13 + €35 + €57,

One may check directly that ad h(7) gives a good Z-grading of g for e(r).
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Observe that if we horizontally shift the rows of 7 to obtain another pyramid 7, then
e(m) and e(7) have the same Jordan type and hence they belong to precisely the same
nilpotent orbit. On the contrary, h(n) # h(7). The following theorem assures that every
even good Z-gradings for e(m) is obtained by shifting the rows of 7. In fact, it still holds
if we drop the term “even”.

Theorem 7.4. (See [8, Theorem 7.2].) Let ® be a given signed pyramid, e = e(w) and
h = h(m) be the elements in gly;n defined by (7.5) and (7.4), respectively. Then adh
defines an even good Z-grading for e. Moreover, any even good Z-grading for e is defined
by ad h(7) where T is some signed pyramid obtained by shifting rows of m horizontally.

Now we characterize those e which is of the form e(r) for some 7. Let e € gl be
even nilpotent. Consider

e=ey ®ey € EndCMIV, (7.5)

where ey and ey are the restriction of e to CMIO and COV| respectively. Let p =
(1, f2,...) and v = (v1,va,...) be the partitions representing the Jordan type of ep;
and ey, respectively. We define a new partition A by collecting all parts of p and v
together and reorder them by the usual decreasing order, except that if u; = v; for some
i,7, then we let u; appear first.

For example, consider glgy, u = (3,2,1) and v = (3,1). Then the resulting \ is given
by A = (3%,3,2%,17,1), where we use i* to indicate the number i come from .

In particular, the Young diagram A in French style (which means the longest row is
in the bottom) is itself a signed pyramid if we assign the boxes of a row by “+” when
that row corresponds to a part of u and by “—” otherwise (so we do need to distinguish
the numbers from p and v).

As a consequence, the good Z-gradings of gl y for any nilpotent e are classified by
Theorem 7.4. Therefore, for a given signed pyramid 7w, we let Wy := We(x) n(x) denote
the W-superalgebra associated to e(7) and h(m).

Remark 7.5. Under a certain assumption (see (7.7) below), we will prove eventually
(Corollary 9.11) that up to isomorphism, W, depends only on e(r), not on the even
good Z-grading given by h(w), which is not obvious from the definition.

Let g = gly;n- Now we label the columns of 7 from left to right by 1,...,¢, and for
any ¢ € I we let col(i) denote the column where ¢ appear. Define the Kazhdan filtration
of U(g)

- CFyU(g) € FyaU(g) C -+
by declaring

deg(e;, ;) := col(j) — col(d) + 1 (7.6)
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for each i,j € I and FyU(g) denotes the span of all supermonomials e;, j, ---e€;, ;. for
s>0and > ;_, deg(e;, ;) < d. Let grU(g) denote the associated graded superalgebra.
The natural projection g — p induces a grading on W,.

On the other hand, let g° denote the centralizer of e in g and let S(g®) denote the
associated supersymmetric superalgebra. We define the Kazhdan filtration on S(g¢) by
the same setting (7.6). The following proposition was observed in [17], where the mild
assumption there is satisfied when the good Z-grading for e is even.

Proposition 7.6. (See [17, Remark 3.9].) gr W, = S(g°) as Kazhdan graded superalgebras.
7.8. Pyramids and shifted super Yangians

From now on and the remainder of this article, we assume that our signed pyramids
satisfy the following property:

The top row of 7 is the only row assigned with +. (7.7)

In terms of the notations in (7.5), it means that e(m) = e = ep @ en, where ey is
principal nilpotent in gl and the sizes of the Jordan blocks of ey are all greater or
equal to M.

Let m be a fixed signed pyramid satisfying (7.7). We explain how to associate 7w with
a truncated shifted super Yangian. Firstly, let £ be the length of the bottom row of =,
and we label the columns of 7 by 1,...,¢ from left to right. Next we let |g;| denote the
number of boxes in the i-th column of 7 for 1 < ¢ < £ and let n + 1 be the maximal
number in {|g;||]1 < i < £}. Also, we label the rows of m by 1,...,n + 1 from top to
bottom.

Define the shift matrix o := (s;,j)1<i,j<n+1 by setting

s;,5 := the number of bricks the i-th row is indented from the j-th row
at the left (respectively, right) edge of

the diagram if i > j (respectively, if i < j).

It is not hard to check that such a definition gives a shift matrix satisfying (2.2). With
this shift matrix ¢ and the integer ¢, we know precisely the generators and defining
relations for Y7}, (o) and hence Yf‘ n
This process can be reversed as follows. Let 0 = (8;5)1<i,j<n+1 be a shift matrix and

(o) as its quotient.

let the level £ > s1,41 + Sn+1,1 be given. We define the tuple (p1,...,pny1) by setting
pi =40 —S; n+1 — Sp+1,; as in (6.1). Now draw a pyramid = with p; bricks on the ith row
indented s,,41,; columns from the left-hand edge and s; ,+1 columns from the right-hand
edge, for each i = 1,...,n+1. Finally we assign the top row of w by 4+ and the remaining
boxes by —.
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As a summary, given a signed pyramid m, we obtain Yf‘n(a), a shifted Yangian of level
£ and vice versa. For example,

0
0
1
2

N = O
_— O O
S = =N

|

I

I

|

The following proposition is a well-known result about g¢. As remarked in [1], the
result is similar to the Lie algebra case gly,, 5 since e is even.

Proposition 7.7. Let m be a signed pyramid with row lengths {p; | 1 < i < n + 1},
0 = (8i,)1<i,j<nt1 be the associated shift matriz of ™ and let e be the nilpotent element
defined by (7.3). For all1 <i,j <n+1 andr >0, define

CYJ) = Z ehk €0 = g[M|N.
hokel
row(h)=t,row(k)=j
col(k)—col(h)=r—1

Then the set of vectors {cz(rj) |1 <4, <n+1,s8; <r <S8ij+ Pmingij)} forms a basis
for g°.

Corollary 7.8. Consider Ylé‘n(a) with the canonical filtration and S(g®) with the Kazh-
dan filtration. Let Fde‘n(a) and FyS(g°) denote the superspace with total degree < d
in the associated filtered superalgebras, respectively. Then for each d > 0, we have
diIl’lF'deZ ((T) = dim FdS(ge).

1|n

Proof. Follows from Theorem 6.3, Proposition 7.7 and induction on d. O

Remark 7.9. In the most general case, where the even nilpotent element e could be
arbitrary, one may still use a signed pyramid to denote e and h simultaneously; or equiv-
alently a pair (o, £) as what we did above. However, a presentation of the corresponding
shifted super Yangian Y,,,,(c) (and its quotient) is unknown yet. Moreover, the descrip-
tions of the maps Agr and Ay, in Theorem 4.2 and the computations in Section 9 would
be much more complicated if we drop the assumption (7.7).

8. Invariants

Let 7 be a given signed pyramid satisfying (7.7). We will define some elements in
U(p). It turns out later that they are m-invariant, i.e., belong to W;.

Let (gi1,...,de) denote the super column heights of m, where each ¢; is defined to
be the number of boxes signed with “4” subtract the number of boxes signed with
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[43 »

—” in the i-th column of 7. We also define the absolute height by setting |g;| :=
the number of total boxes (regardless the signs) in the i-th column. Let h denote the
super height of m, which is defined to be the number §; such that |¢;| is maximal.

Define p = (p1, ..., pe) by setting that

pri=h=dr —Gri1 = — e (8.1)
foreach r=1,... /.

Recall the ordered index set [ :={I <...< M <1< ... < N}, where M and N
denote the number of boxes of 7 assigned with “+” and “—”, respectively. For all 4, j € I,
define

€ij = (—1)C01(j)7C01(i) (ei,j + 5i,j(_1)ﬁa(i)pcol(i))a (8.2)

where pa(i) := 0 if i € {I,..., M} and pa(i) := 1 otherwise. One should be careful that
the number pa(i) defined here is for gy, while the number pa(i) defined in Section 2
is for Yi,,.

One may check that

[€igvéni) = (& — 0in(=1)P* D o)) On
()OO RN, (E s = 0 (1P D pris)). (8:3)

Let us also spell out the effect of the homomorphism U(m) — C induced by the
character x. For any ,j € I, we have

(i) = { (—1)pPa)+Lif row(z:) =row(j) and col(i) = col(j) + 1; (8.4)
0 otherwise.

Now we give the most important definition of this article. For 1 < 4,5 < n + 1 and
signs o; € {£}, we let 7© =9, ;0; and for r > 1 define

2,7301--+,0n+1

(r)

4,J301 50,0 n41

= Z Z Orow(jy) " Urow(js_l)(_1)158»(1'1)-i--»~—~-1dau(is)éilJ.1 il (8.5)

s=1 41,...,0s
VARTRRV I

where the second sum is taken over all i1,...,4s,J1,...,7s € I such that

(1) deg(ei, j,) + - +deg(es, ;,) = r (recall (7.6));
(2) col(iy) < col(j;) for each t =1,...,s;
(3) if Orow(j,) = + then col(ji) < col(ity1) foreach t =1,...,5 —1;
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(4) if 0row(j,) = — then col(j;) > col(it41) foreach t =1,...,5 - 1;
(5) rovv(il) =1, YOW(jS) =73
(6) row(j;) =row(iz41) foreacht =1,...,s — 1.

Note that the assumptions (1) and (2) imply that TZ( ])01 R
For 0 <z <n+1,let 7")  denote T\")

9,5 J350 150, Ont1

it <z and o; = + for all j > x. Define the following series for all 1 <4,j <n+1:

belongs to F,.U(p).

in the special case that o; = — for all

Togialw) = SO TG0 € UGw) [[u]]. (5.6)

r>0

Lemma 8.1. Let i, j,x,y be non-negative integers.

(i) fe<i<y<j<n+1 then

Ty jiw Z Tzkw T/w,u( )

k=z+1

(i) Ife<j<y<i<n+1 then

Jx Z Tzk,y Tk,Jac( )-

k=x+1

(iii) Ifr<y<i<n+landy<j<n+1, then

T jiw(u) = T gy ( Z T iy () T () Ty ().
k,l=x+1

(iv) Ife<i<y<n+1andxz <j <y, then

Z Tzkx Tkjy( ) _5i7j‘

k=xz+1

Proof. All of the proofs are exactly the same as in [4, Lemma 9.2] and hence they are
omitted. 0O

Define T'(u) := (T} j.o(u)@(—1)P2DPAD+HD B, 1y, ooy an invertible (n+1)x (n+1)
matrix with entries in U(p)[[u~"]] where E; ; denotes the elementary matrices. Also let
= (u1|p2, ..., wm+1) be a fixed shape such that py = 1. Consider the Gauss factoriza-
tion T'(u) = F(u)D(u)E(u) where D(u) is a block diagonal matrix, E(u) is a block upper
unitriangular matrix, and F'(u) is a block lower unitriangular matrix, all block matrices
being of shape p. The diagonal blocks of D(u) define matrices Dy (u), ..., Dpyy1(u), the
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upper diagonal blocks of E(u) define matrices Ey(u),..., Ep(u), and the lower diagonal
matrices of F(u) define matrices Fy(u),..., F,(u). Also let D’ (u) := D,(u)~".

Thus Da(u) = (Dasij(u))i<ij<p, and Dy(u) = (Dg; (w)i<ij<p, are pa X fia
matrices, Eq(u) = (Eayij(0))1<i<p,,1<j<pes: ar€ fq X g1 matrices, and Fy(u) =
(Fasij(U)1<i<pos1,1<j<p. Are fay1 X fiq matrices, respectively. Write

lll,j ZD((ITZ)] a Z,] ZDG ’LJ

r>0 r>0
. — (ry  —r (r)
Eqij(u) = E Ea;i,ju ) Foij( E :Fa i, U
r>0 r>0

and then the elements sz Z) ' E((lrl) jand F, érl j of U(p) are defined, all depending on the

fixed choice of p. All of them are parallel to the definition of the elements of Yy, with
the same names in Section 3.

Theorem 8.2. With u = (p1|u2, ..., tm+1) fized as above and all admissible a,i,j, we
have that

Do (W) = Tpy oot a1 i+ 1oz -+ pia—1 (W)
Dy (W) = =Tyt bpa s +ispa ot tra i e (W),
B j(u) = Thy+otppa s i ot patism 4ot pia (W,
Fasi (W) = Tyt tispa oot ia -1+ o (0)-

Proof. Note that it is enough to show the formulae for D, E and F, since the one for D’
follows from the one for D and Lemma 8.1(iv). We prove this by induction on the length
of u. The initial case is p = (1|n), a composition of length 2. By Gauss decomposition,
we have

T(u) = I, 0 D; 0 I, By _ Dy D Ey
I, 0 Do 0 I, Dy Dy + F\D1E, |-

Comparing the corresponding blocks and using Lemma 8.1, we have proved the initial
step of the induction.

Now let p = (u1|pa, - - -y b, bm+1) With m > 2 be a composition of length m + 1 be
given. Define a new composition v = (v1]...,vy,) of length m by setting v; = p; for all
1<i<m—1and vy = tym + m+1- By the induction hypothesis, we have

VDII(U) = (TV1+"'+Va—1+i7’/1+"'+Va—1+j;’/1+"'+ua—l (u))lgi,jgua’ Vi<a<m,
VEG(U) = (TV1+“'+Va—1+i7V1+"‘+’/a+j;V1+"'+l/a (u))lgigua,lgjgua+1’ Vi<a<m-— L,

VFG(U) = (TV1+“'+Va+i,l/1+"'+Va—1+j;V1+"'+Va (u))lgigya+1’1§jgya7 Vi<a<m-— 1,
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where we add a superscript v to emphasize that these elements are defined with respect
to v. Note that YD,(u) = #Da(u) for all 1 < a < m — 1 and YE,(u) = *E,(u),
VE,(u) = #F,(u) forall 1 < a < m—2. Hence it is enough to show the explicit descriptions
of the matrices *Dm(u), *Dm + 1(u), *E,,(u) and #F,,(u) are as described in our
theorem.

Define matrices A, B,C and D by

B R N N 2T SIEEE o 2 oy ST S o 2| (u)) 1<4,5 < tm

( vi+

( Vit Umo1 it A m o1t v V1 m (u)) 1< o 1 <5 < pmg1?
( vitoFtUm—1tpumti vt trm1tiivit A vm—1tum (u)) 1<i< 41,1 <G < porn?
( vi+

thU:m
I

b1 i3 U e v (1)) 1<i, i<ttt

By Lemma 8.1 with x = p1 + -+ pyp—1 and y = pg3 + - - - + fn, we have

vDo ) = [ o © A0\ (1, B (A 4B
" Cc I,.. 0D 0 I,. ) \CAD+CAB)

Now the explicit descriptions of the matrices # Dy, (u), #Dpy1(u), *Epy(u) and #Fy, (u)
follows from Lemma 3.6, which completes the induction argument. O

'(T),Ez-(r) and Fi(r) for

%

In the extreme case that u = (1"*1), we write simply Dy), D
the elements Dg:’l{l, D;;(i)l, Ei(;nl),l and Fz(q)l of U(p), respectively.

Ei(r) T(T) F(T) T(T) and D’(T) T(T)

Corollary 8.3. Dzm T(T) iitl;ir La i+1,i5 i iyisi

9,459 —17

9. Main theorem

Let 7 be a signed pyramid of base ¢ satisfying (7.7) and let o = (s; j)1<i j<n+1 be the
shift matrix associated to 7 as explained in Section 7. Let Y‘ (o) denote the truncated
shifted Yangian associated to 7 equipped with the canonical filtration and let W,. denote
the finite W-superalgebra associated to m equipped with the Kazhdan filtration.

Suppose also that p = (p1|p2, .-, phm+1) With gy = 1 is an admissible shape for o,
and recall the notation s/, and pl from (3.4) and (6.2). We have the elements D)

a;i,g)
D(L(Z)J7 E((Lrl) jand F, (ETZ) j of U(p) defined by Theorem 8.2 relative to this fixed shape p. We
also have the parabolic generators D((l 2 T D;(;Z?j, El(lrl) 4 and Fa i of Yfln( o) as defined in

Section 3. The main result of the article is as follows.

Theorem 9.1. Let 7 be a signed pyramid satisfying (7.7). There is a unique isomor-
phism Yle‘n(a) 5 W, of filtered superalgebras such that for any admissible shape
= (1|2, -y fhmy1) with py =1, the generators
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(D)}

a;,7 ) 1<a<m~+1,1<4,j<piq,r>0’

{E5)
a8, J1<a<m41,1<i<pa, 1< Spat1,m>sh )7
(r

{ a;iJ}1§a<m+1,1§i§ua+1,1§j§pa,r>sﬁ;’a

of Yf‘n(g) are mapped to the elements of U(p) with the same names. In particular, these
elements of U(p) are m-invariants and they generate W;.

The rest of this article is devoted to prove Theorem 9.1. We shall prove it by induction
on the number ¢ — ¢, where ¢ is the length of the bottom row and ¢ is the length of the
top row of 7.

The initial step ¢ = ¢ was established in [5]; see also [14] for an approach similar to
our setting here. In this case, the pyramid is of rectangular shape so the associated shift
matrix is the zero matrix. Hence the shifted super Yangian is the whole super Yangian

Y1, itself, and its quotient is exactly the truncated super Yangian Yfln.

By [14, Theorem 4.3], the map v sending £ eyt to T'(S');o € W, defined by (8.5) is

i,] 1|n i,
an isomorphism of filtered superalgebras. By Lemma 8.1 and Theorem 8.2, the images

of the parabolic generators

(DU, D5} B RS 1< <nr > 0,521}

: 14
m 5/1\71

initial step of the induction argument.

under vy are exactly the elements in W, with the same name, which proves the

Now we assume that our signed pyramid 7 is not a rectangle so £ —¢ > 0 and ¢ > 2
(¢ = 1 must be a rectangle). The first reduction is that it suffices to prove the case where
1 is a minimal admissible shape for the shift matrix o associated to 7, by induction on
the length of the shape and Lemma 3.6. Therefore, we assume from now on that u is a
minimal admissible shape for ¢ and we denote by [ the absolute column height of the
shortest column of 7. Since 7 is a pyramid, we know that either 8 = |¢1| or 8 = |q|, and
we discuss them case-by-case.

o Case R: |q1]| > |qe| = 8.
o Case L: |q1] = 8 < |qel-

We will explain the proof of case R in detail and sketch the proof of case L, which
can be obtained by a very similar argument. Our approach is similar to [4]. Recall that
we numbered the boxes of 7 using the index set [ :={I<...<M <1<...< N}in
the standard way: down columns from left to right, where 7 (respectively, i) stands for
the boxes assigned with + (respectively, —).

Let 7 be the pyramid obtained by removing the rightmost column of 7, i.e. removing
the boxes numbered with N — f+1,N — 3+ 2,...,N of m. Let & = (3; j)1<i,j<n+1 be
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the shift matrix defined by (4.5) where its associated pyramid is 7r. Define p,t and é in
9 = glpsnv_p according to (7.1) and (7.3) and let X : i — C be the character z +— (=, ¢).

Let Dl(l ) ],D;(:)j, E((ZTZ) ,; and Fé? ; denote the elements of U(p) as defined in Section 8
associated to the same shape p. Note that p is an admissible shape for both o and &.
By the induction hypothesis, Theorem 9.1 holds for 7, so the following elements of U(p)
are invariant under the twisted action of m, i.e. they belong to the finite W-superalgebra

Wi =U(p)™

{D@- and {Da”} forl<a<m+1,1<4,j<p,andr >0;

a;i,j

{E } for1<a<m1<z<ua,1<j<,ua+1andr>saa+1 Oa,m;

a;t,j

{FT)} for 1 <a <m,1<i< pgp1,1 <j<pgandr>sh .

We embed U(g) into U(g) such that the generators &;; of U(g) defined from 7 are
mapped to the generators é;; of U(g) defined from 7, for all 4,5 in the index set [ :=
{1,...,M,1,...,N — B}. It also embeds U(p) into U(p) and th into m. Moreover, the
character x of m is the restriction of the character x of m and hence the twisted action
of m on U(p) is the restriction of the twist action of m on U(p).

The next crucial lemma gives the relations between the elements pm g p™)

alj’ aZ]7 al]
of U(p) and the elements DY gm0 o U(p).

aji,j? “ai,jr T oaji,j

Lemma 9.2. The following equations hold for r > 0, all admissible a,i,j and any fized
1<h<p:

PO _ p»

a;i,j asi,j

8
S(r—1) S(r—1) ~
+ Samt1 <— S DU Ve pinn—pei+ DU, €N—2ﬁ+h,N—B+j]> 7

k=1
(9.1)
(r) _ g(r)
Ea i, Ea 1,9
“ H(r—1)
( S B en-pien-pes + B 75N—2B+h,1v—/3+j])7 (9.2)
k=1
Fy)y = Eil (9.3)

where for (9.2) we are assuming that r > s, ., if a =m.

Proof. It follows from Theorem 8.2 and the explicit form of the elements TZ( ])x from
(8.5). O
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In the next several lemmas we will use the above inductive descriptions and the
induction hypothesis to show that the elements D((lz)’j, E((fz)j and Fa? g of U(p) are
m-invariants for the appropriate r’s.

Lemma 9.3. The following elements of U(p) are m-invariant:

(i) D" and D' for1<a<m,1<i,j< e andr > 0;

a;ji,j a;ji,j
(ii) E((ITZ)j for1<a<m, 1<i<p,, 1< < pay1 andr> sl ,.;
(iii) a”for1<a<m 1<i<pgr1, 1 <5< pg andr>8a+1a

Proof. By Lemma 9.2 and the definitions of D Z - and D:I(Z j» all these elements of U (p)
coincide with the corresponding elements of U (p) By the induction hypothesis, they are
m-invariant. Hence it is enough to show that they are invariant under the twisted action
of all €7 4 in m*, which means the vector space complement of m in m. One should note
that €, e m® ifand only if g < N - g < f < N.

By Theorem 8.2 and the explicit form of (8.5), all these elements under our consider-
ation are linear combinations of supermonomials of the form é&;, ;, - - - &;, ;. in U(p) with
iselandI<j,<N—-2B8foralls=1,...,r

By the fact that x(éfy) =0 forallg < N -2 and N — 3 < f < N, one may prove
that all such supermonomials are invariant under the twisted action of all €¢, € m® and
our assertion follows. 0O

Lemma 9.4. The following elements of U(p) are m-invariant under the twisted action:

(1) D7(n+1ljf0r1<zj<um+1 and r > 0.

(2) 7(:;)”]”07“1<z<um, 1 <5< pmat and7">smmJrl

Proof. (1) Let € m. By (9.1), we have

(r) (r) H(r=1) = Hr=1)
Dm+1;i,] Dm+1 31,7 Z Dm+1;i,keN*ﬁ+k’N*B+j + [Derl;i,h’ eN*QB‘Fth*B‘H] :

k=1

Note that [,€n_gir,N—p+j] = 0 = [&,€N_28+h,N—p+j]- Using this and the induction
hypothesis, one can show that pr, ([, Din)ﬂ i;1) = 0. (2) can be derived in a similar
way. O

Lemma 9.5.
(1) Dg)ﬂ RC me-invariant for 1 <i,5 < thymy1-
(2) Suppose s}, 11 = 1. Then Dg)ﬂﬂ»,j is mC-invariant for 1 < 1,5 < flma1-

(3) Suppose st . =1. Then Ev(j;)i’j is m-invariant for 1 <i < py, and 1 < j < 1.

m,m-+
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Proof. (1) By (9.1), Theorem 8.2 and (8.5), we have

1) (1) >
Dm+1 N Dm+l 38,7 — EN—-B+i,N—B+j

= > (—€pr,ar) — EN—B+i,N—p+j-
row(pr)=p1+- -+ pm+i
row(qr)=p1++pm+Jj
col(py)=col(qr )=k
1<k<f—1

Let €5, € m¢, hence g < N -3 < f < N.

If row(g) # p1 + -+ + pim + @, then [€5 4, — > €y, q.] = 0 since g # pr and f # qi
for any pg, qr appearing in the sum. Also, [éf,gyéN+/3—i,N+B—j] = *5f,N—ﬁ+jéN—/3+i,gy
which belongs to the kernel of x by (8.4). In this case, pr, ([€f4, Dgll;i,j]) =0.

Assume from now on that row(g) = u1 + -+ - + pm + i. Then g equals exactly one py,
appearing in the sum and hence [éf 4, — > €y, ¢.] = —€q, foracertain 1 <k < ¢—1, and
it belongs to the kernel of x unless col(gr) = £ —1 by (8.4). Also, [€f 4, ENyp—iN+p—j] =
—0f N—B+jEN—p+i,g, which belongs to the kernel of x except that col(g) = ¢ — 1. Thus,
[€f.g) Dfil_l;i)j] belongs to the kernel of x unless col(g) = ¢ — 1 and row(g) = u1 + -+ +
tm + 7, and this exception happens only when g = N — 25 + 1.

Therefore, we directly compute that

~ 1) ~ ~
[ef,N—2,6+ia Dr(nJrl;i,j] = —€f,N—28+j + 0f,N—p+jEN—B+i,N—28+i,

which belongs to the kernel of x by (8.4). As a result, D7(n)+1 ,; 1s m*-invariant.

(2) and (3) can be derived similarly, although the computations are more involved. O

Lemma 9.6. Suppose that s, .., = 1. Then the following identities hold in U(p) for
r>1:

(r+1) _ ) (2) (r) (r)
(1) Em;i,j - ( )pa(m [Dmi,g7 mgj E :‘szf m;f,5°
(r+1) @ 5 TZH
r+1 m 2 r r+1 t
(2) Dm—‘,—lz] ( )pa( )[szngmgj Dm+1 z,] )g'

Proof. There are two possibilities here: either m = 1 and pu = (1|8), or m > 1 and
w = (1pa,. .., tm,B). Assume that m > 1. We prove (2) in detail, where (1) can be
proved using exactly the same method.

By the induction hypothesis and defining relation (3.12), we have

r+1
2 r r+1 t
[F7(n )z,g’ Ein;)gd] = <Z Dm+1 16,9 /(tyg g)

r+1
— _pi+D ZD(T+ SOpin (9.4)

m—+1;i,7 m+12] m;g,9
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By Lemma 9.2, we have

8
r r r— S(r—1) ~
B =B ST B Nen gk + B enapinn-pis]. (95)

k=1
Now bracket (9.5) with FT(n2 )l 9= Fff )l - Note that no supermonomial in the expansion

of Fé)l ¢ contains any matrix unit of the forms €2 N_g+h, EN—g+h,? OF EN—28+h,2. As a
2) -
result, [Fr(n )2 N N k] = [Foh 0 N —2n,N—p5] = 0.
Using (9.4) and (9.1) twice, we obtain

m;t,g’ T m;g,]

Mm

2 r 2) r—
:[Fr(n)z_tﬁEr(ng] F?ﬁzszr(ngk)]eN B+k,N—B+j

k=1

+ [[ES) g Bt ] EN—284h N —p5]
r41

_ (r+1) (r+1—1t) (¢
- Dﬂzﬂm ZDﬂ;HUD/(,)gg
t=1
B r
(r—t) t
+ZDm+1lkeN B+k,N— ,3+]+ZZDWP:,‘+11]¢ '/rgl)ggeN B+k,N—pB+j
k=1t=1
T
(r) (r—t) t
— (Do 1iins EN—28+h N—B15) — Z (Do n DR oy EN 2810, N —pt]
t=1

,
_ A (r+1—) Fy(t (r—t) 7
__ZDm+1;i] /(,)gg"_ZZDmsz 7/713(1961\/ B4k, N—pB+j
t=1 t=1 k=1

”
(r—t) t = (r+1) (0) : 1
- Z D’r}:—‘,—l B hD;(”L;?q,m 6N72B+h’N75+J‘] Dn:—l-l 10, Dm+1 i,jD;g;;—,g)

r41

_ (r+1) (r+1—t) 7yr(t)
- DmHm ZDmHUD m;g,g-
t=1
Thus DT, = —[F2 L ES) 1= St DU D, for m > 1.

The case for m = 1 is exactly the same, except that the F;’s and Fi’s are odd
elements. O

Lemma 9.7. Suppose s,, .., = 1. Then

(1) Dgll;i’j are m-invariant for allr >0 and 1 < 4,5 < pm41-

(2) Ev(:;)lj are m-invariant for allr > 1 and 1 <7 < piyn, 1 < J < thmt1.
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Proof. These elements are known to be m-invariant by Lemma 9.4. Hence it suffices to
show that they are m‘-invariant. By Lemma 9.5, Lemma 9.6 and induction on r, the
statement follows. O

Lemma 9.8. Suppose that s‘fan > 1. Then the following elements are invariant under
the twisted action of En_gyf N—28+g for all1 < f,g < B.

(1) D£n+1ljf0rallr>2andl<zy<um+1

(2) Eg)” for all r > sm’mJr1 and 1 <0< pim, 1 <J < thmat.
Proof. (1) Let 7 be the pyramid obtained by deleting the rightmost two columuns of 7.

Define p,  and € € gly;y_op as before, and embed U(g) into U(g) as we embed U(g)

into U(g). By the induction hypothesis, the elements Dfnll y

Assuming r > 2 and applying Lemma 9.1 to 7, we have

in W; are m-invariant.

(r) _ pHm H(r=1)
Dm+1,z,j Dm+l,z,y Z Dm—i—l;i,keN*BJFkaN*[H‘j
k=1

~(r—1 ~
+ [D£n+1;)i,h’ EN—26+h,N—p-+j] (9.6)

Applying Lemma 9.1 to 7, we obtain

(r) _ )
Derl 38,7 Dm+1 ¥ Z Dm+1 32, keN 2B+k,N—28+j

+ [DSL)Z hr EN—34h.N—25+;] (9.7)

Substituting (9.7) into (9.6) and simplifying by (8.3), one deduces that for all r > 2,
D" =A-B+C—-D+FE—F—G+ H, where

m+1;i,7

(r)
A= Dm+1 31,970 B = ZDm+1zkeN 2B+k,N—2p+j>

A ~
C= [Dgﬂ;)i,h’eN—3ﬂ+h,N—2B+j]v

N A s
D= Dy N pikN—pt
k= 1

b= Z Dyt N 2o N2+ KEN 5k Nt
k,s=1

F= ZDm+lzk6N 264k, N—F+js
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2
[qulﬂ)zha@N 36+h,N—26+k | EN—5-+k,N—f+3>

Mm

G:
k

Il
_

H = [Dfnll)lgvezv 36+9.N—B+i]-

Let © = €én_pg+fN—28+¢ for some 1 < f,g < . Note that x commutes with all
elements in U(p). Applying ad z to the above elements and using (8.1), (8.3) and (8.4),
we obtain their images under pr, as follows:

pry(le,4]) =0, pry(la, B]) = 655000
([1’ C]) = pI‘ ([SC,D]) = _6fJD7(7:+})z,g’
rx([x’E]) = _55fj 77:—5-?)1_(] +D£:L’-T—i)i,géN*5+f’N*5+j

_6fJZDm+1'Lk:€N 2B+k,N—=28+g>

r—2 r
pI‘X([iL’,FD = _55fj m+1)zg +D$n+1)z geN B+f,N—pB+j

n(r—2) ~
- 6f.7 Z Dm+1;i,keN_25+k,N—2ﬂ+g7

k=1
rX([a:, G]) = 75f] [Dfr:—l-f)z ho 6N—35+E,N—2,6’+g]a
pr, ([z, H]) = =87, [D m+1)1 hr EN—33+h N—28+g)-

As a result, pr, ([z, D 1 =0.

m-+1;i,5
(2) can be proved by a similar method. O

Proposition 9.9. The elements

(D)}
0 S 1<a<m+1,1<4,5<juq,m>0°

(r)
{ 3,3 S 1<a<m+1,1<i<pa 1< S pragr,r>sh 0

{F.)

a;1,j S 1<a<m~+1,1<i<pq41, 1<]<,u,,,r>sb a
of U(p) are m-invariant.
Proof. By the induction hypothesis and Lemma 9.3-Lemma 9.8. O

Proposition 9.9 implies that the elements in the description of Theorem 9.1 are indeed
elements of W,. By the induction hypothesis, we may identify Y ~1(¢) with W; C

1|n

U(p) and hence the generators D) E") and ). in YZI 1(6) coincide with the

a:t,j a;ji,j a;i,j
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elements of W; with the same name. Recall the injective superalgebra homomorphism
ApR: 1‘n( o) = U(p) ® U(glg) in Theorem 6.3.
By Corollary 7.8, for each d > 0, we have

dim AR(FdYun( 0)) = dim F;Y{|, (o) = dim F;S(g°), (9.8)

|n

where Fg3S(g°) is the sum of all graded elements in S(g°) of degree < d in the Kazhdan
grading.

Define the general parabolic generators El(lgl g and F(Eb)l 4 in F.U(p) by formulae

(3.19) and (3.20) recursively, choosing an arbitrary integer k there. Let X; denote the
subspace of U(p) spanned by all supermonomials in the elements

{D5)

15,0 J1<a<m+1,1<4,j<pq,0<r<sk,
{ a7b71]}1<a<b<m+l 1<i<pq,1<5<pp, s h<r<s b—Ho
(P}

abiinf S 1<b<a<m+1,1<i<pua 1<) <y, st , <r<slh ,+pl”

taken in some fixed order and of total degree < d. By Proposition 9.9, X is a subspace
of FdWﬂ.
Define a superalgebra homomorphism 1 : U(p) — U(p) ® U(glg) by

& ®1 if col(z) < col(j) <€ —1,
Yr(Eij) =140 if col(i) < € —1,col(j) = ¢,
1®&—n+p,j—N+p if col(i) = col(j) = £.

By Lemma 9.2, we have

8
Yr(Dy);) = D @1 = bamin y_ DI @y,
k=1

5
Yr(ES ) = B @1 = 00m D ESY @k,
k=1

w (F(T)) F(T) Q1.

a;t,] a;i,J

Comparing this with Theorem 4.2(1) and recalling the PBW basis for Y. ‘ (o) obtained
from Corollary 6.4, we deduce that ¢ r(Xy4) = Ar(Fy 1‘n( 0)). Combining this with (9.8)
and Corollary 7.8, we obtain

dim FdS(ge> = dim wR(Xd) < dide < dil’anWﬂ < dim FdS(ge).

Thus equality holds everywhere so we have Xy = F;W, for each d > 0, and in partic-
ular, the map ¢g : Wy — U(p) ® gl is an injective homomorphism. Moreover, recall the
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map Apg : 1|n( ) — U(p) ® glg defined in Theorem 4.2(1). Comparing the formulae, we
have that r(D a ; J) A R(D((;? j)» where the elements D((fl) j on the left-hand side are

the elements of W, , and the elements D(

Y} (o). Similarly, ¢ r( a”) Agr(E, E") )and Yr(F, r ) = AR(F(T) ) for all admissible

1ln a;i,j a;i,j a;i,j
a,l],

- on the right-hand side are the generators of

Therefore the composition map 1/}R oAp: 1‘n( o) = Wy is exactly the filtered su-
peralgebra isomorphism described in Theorem 9.1 and the elements listed in Theorem 9.1
indeed generate W,. This proves Theorem 9.1 in the case R.

Next we sketch how to complete the induction step in the case L. In this case, we
enumerate the bricks of 7 down columns from right to left. Note that different ways of
enumerating are just choosing different bases to describe gy iy = End(CM IN ) so we
may choose the way most suitable for our current purpose.

Let 7 denote the pyramid obtained from 7 by deleting the left-most column of m;
that is, deleting the bricks numbered with NN —1,...,N — 8+ 1. Let ¢ be the shift
matrix obtained from (4.6), where the corresponding pyramid is exactly 7, and define
p,m,é € g := glyn_p via (7.1) and (7.3) with respect to 7. Note that in this case we
embed U(g) into U(g) by the natural embedding, since it already sends the elements €é;;
of U(g) to the elements &;; of U(g) for all 1 <4,j < N — f.

Under this embedding, the superalgebra W, = U(p)™ is a subalgebra of U(p) C U(p)
and the twisted action of m on U(p) is exactly the restriction of the twisted action of
m on U(p). Let D((ITZ)],DZI(;L, ((ZTZ) . and Fé Z)j denote the elements of U(p) as defined
in Section 8 associated to the shape p which is also admissible for . By the induction
hypothesis, these elements are m-invariant.

The idea is exactly the same. By the following crucial lemma, which is the analogue of
Lemma 9.2, we may express the elements Dfl 2J, D;(:)j, El(fl)] and Fé Z)] in U(p) in terms
of Dg? o D;(:)], E‘(ITZ) , and F,] (r ) . Then by case-by-case discussions and computations,
we can prove that all of the Dl(l 2 47 D;(;?J, Et(lrl) j and F, é .i,; are indeed m-invariant. Since
the arguments are almost identical, we will only provide the most crucial lemma below,
where the proof is exactly the same.

Lemma 9.10. The following equations hold for r > 0, all admissible a,i,j and any fized
1<h<B:

=

D‘(l 3 D‘(’TZJ +0am+1 ( Z B+i,N— /3+kD( A [EN—ptiN—28+h, D((lTh_;):I>a

ET = E" (9.10)

asi,j asi,j>



Y.-N. Peng / Journal of Algebra 422 (2015) 520-562 561

B
Fé% = Féz)] + da,m (- Z éN—B—&-i,N—B—i—kFé;;jl) + [EN—p+i,N—28+h Fi@”]) ;

(9.11)
where for (9.11) we are assuming that v > s}, . if a = m.

With the help of Lemma 9.10, one can deduce that the statement of Proposition 9.9
still holds in the case L. Finally, define a superalgebra homomorphism v : U(p) —

Ul(gls) @ U(p) by

€i—N+8,j—N+p @1 if col(i) = col(j) = 1,
(€ ;) =140 if col(i) =1, col(j) > 2
]. ® éi,j lf 2 S COI( ) < COI( )

By Lemma 9.10, we have that

B
V(D) = 1@ Dy = daman D Ea ® Dy

k=1

Yo (B =10 EL)

a;i, a;i,j?

B
1/) (Ftiz)l ]) =1 Férz)] - 5‘177" Z éivk ® thrk ]1)'

Exactly the same argument as in the case R shows that the map v, is injective and the
composition map ;! L oA : 1|n( o) — W, gives the required isomorphism of filtered
superalgebras. This completes the proof of Theorem 9.1.

Corollary 9.11. Let © be a signed pyramid satisfying (7.7) and T be another signed
pyramid obtained by horizontally shifting rows of w. Let W, and Wxz denote the associ-
ated finite W -superalgebras, respectively. Then there exists a superalgebra isomorphism
t: Wr — Wz defined on parabolic generators with respect to an admissible shape p by
(2.20).

Proof. Follows from Theorem 9.1 and (6.4). O

Remark 9.12. In the classical (non-super) case, the definition of a finite W-algebra is
independent of the choices of the good Z-gradings [2]. Under certain mild assumption,
which is satisfied in our current case, such a phenomenon is generalized to the Lie
superalgebra case [17, Theorem 3.7, Remark 3.11], and our Corollary 9.11 is included as
a special case.
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