YJABR:15486

Journal of Algebra e e e (e eoe) e o o—0oe

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

On the modular composition factors of the
Steinberg representation

Meinolf Geck

IAZ — Lehrstuhl fir Algebra, Universitat Stuttgart, Paffenwaldring 57,

70569 Stuttgart, Germany

ARTICLE INFO

ABSTRACT

Article history:

Received 1 June 2015

Available online xxxx
Communicated by B. Srinivasan,
M. Collins and G. Lehrer

To the memory of Sandy Green

Let G be a finite group of Lie type and St be the Steinberg
representation of GG, defined over a field k. We are interested
in the case where k has prime characteristic £ and Sty is
reducible. Tinberg has shown that the socle of Sty is always
simple. We give a new proof of this result in terms of the
Hecke algebra of G with respect to a Borel subgroup and show
how to identify the simple socle of St; among the principal

MSC:
primary 20C33
secondary 20C20

Keywords:

Finite groups of Lie type
Steinberg representation
Hecke algebra

Modular representations

series representations of G. Furthermore, we determine the
composition length of Sty when G = GLy(g) or G is a finite
classical group and £ is a so-called linear prime.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let G be a finite group of Lie type and St be the Steinberg representation of G,
defined over a field k. Steinberg [31] showed that St is irreducible if and only if
[G : B]1lj # 0 where B is a Borel subgroup of G. We shall be concerned here with the case
where Sty is reducible. There is only very little general knowledge about the structure
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of Sty in this case. We mention the works of Tinberg [34] (on the socle of Sty), Hiss [19]
and Khammash [27] (on trivial composition factors of Sty) and Gow [15] (on the Jantzen
filtration of Sty).

One of the most important open questions in this respect seems to be to find a
suitable bound on the length of a composition series of Sty. Typically, this problem
is related to quite subtle information about decomposition numbers; see, for example,
Landrock—Michler [28] and Okuyama—Waki [30] where this is solved for groups with a
BN-pair of rank 1. For groups of larger BN-rank, this problem is completely open.

In this paper, we discuss two aspects of this problem.

Firstly, Tinberg [34] has shown that the socle of Stj is always simple, using results
of Green [16] applied to the endomorphism algebra of the permutation module k[G/U]
where U is a maximal unipotent subgroup. After some preparations in Sections 2, we
show in Section 3 that a similar argument works with U replaced by B. Since the cor-
responding endomorphism algebra (or “Hecke algebra”) is much easier to describe and
its representation theory is quite well understood, this provides new additional informa-
tion. For example, if G = GL,(¢), then we can identify the partition of n which labels
the socle of Sty in James’ [24] parametrisation of the unipotent simple modules of G;
see Example 3.6. Quite remarkably, this involves a particular case of the “Mullineux
involution” — and an analogue of this involution for other types of groups.

In another direction, we consider the partition of the simple kG-modules into Harish—
Chandra series, as defined by Hiss [20]. Dipper and Gruber [6] have developed a quite
general framework for this purpose, in terms of so-called “projective restriction systems”.
In Section 4, we shall present a simplified, self-contained version of parts of this frame-
work which is tailored towards applications to Sti. This yields, first of all, new proofs
of some of the results of Szechtman [33] on St; for G = GL,(g); moreover, in Exam-
ple 4.9, we obtain an explicit formula for the composition length of Sty in this case.
Analogous results are derived for groups of classical type in the so-called “linear prime”
case, based on [10,17,18]. For example, Sty is seen to be multiplicity-free with a unique
simple quotient in these cases — properties which do not hold in general for non-linear
primes.

2. The Steinberg module and the Hecke algebra

Let G be a finite group and B, N C G be subgroups which satisfy the axioms for
an “algebraic group with a split BN-pair” in [2, §2.5]. We just recall explicitly those
properties of G which will be important for us in the sequel. Firstly, there is a prime
number p such that we have a semidirect product decomposition B = U x H where
H = BN N is an abelian group of order prime to p and U is a normal p-subgroup of B.
The group H is normal in N and W = N/H is a finite Coxeter group with a canonically
defined generating set S; let [: W — Ny be the corresponding length function. For each
w € W, let n,, € N be such that Hn,, = w. Then we have the Bruhat decomposition
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G =[] BrnwB =[] BruU.

weW weW

where the second equality holds since B =U x H and H is normal in N.

Next, there is a refinement of the above decomposition. Let wg € W be the unique
element of maximal length; we have w3 = 1. Let ng € N be a representative of wg and
V :=ng'Ung; then UNV = {1}. For w € W, let Uy, := U Nn,,'Vn,,. (Note that V, U,
do not depend on the choice of ng, n,, since U is normalised by H.) Then we have the
following sharp form of the Bruhat decomposition:

G = H Bn,U,, with uniqueness of expressions,
weWw

that is, every g € Bn,, B can be uniquely written as g = bn,,u where b € Band u € U,,. It
will occasionally be useful to have a version of this where the order of factors is reversed:
By inverting elements, we obtain

G= H Up-11uB, with uniqueness of expressions.
weW

Now let A be a commutative ring (with identity 14) and AG be the group algebra of G
over A. All our AG-modules will be left modules and, usually, finitely generated. For any
subgroup X C G, we denote by Ax the trivial AX-module. Let b := 37, 5 b € AG. Then
AGHb is an AG-module which is canonically isomorphic to the induced module Ind$(Ap).
In fact, this realisation of Indg (Ap) will be particularly suited for our purposes, as we
shall see below when we consider its endomorphism algebra.

Theorem 2.1. (See Steinberg [31].) Consider the AG-submodule

Sty := AGe C AGH where ¢ = Z (—1)l(“’)nwg.
wew

(i) The set {ue | u € U} is an A-basis of Sta. Thus, Sta is free over A of rank |U|.
(ii) Assume that A is a field. Then Sta is an (absolutely) irreducible AG-module if and
only if [G : B]1a # 0.

(Note about the proof: Steinberg uses a list of 14 axioms concerning finite Chevalley
groups and their twisted versions; all these axioms are known to hold in the abstract
setting of “algebraic groups with a split BN-pair”; see [2, §2.5 and Prop. 2.6.1].)

When A = k is a field, Tinberg [34, Theorem 4.10] determined the socle of Sty and
showed that this is simple. An essential ingredient in Tinberg’s proof are Green’s results
[16] on the Hom functor, applied to the endomorphism algebra of the kG-module kGu,
where u := ) u. There is a description of this algebra in terms of generators and
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relations, and this is used in order to study the indecomposable direct summands of kGu.
Our aim is to show that an analogous argument works directly with the module kGb,
whose endomorphism algebra has a much simpler description.

So let again A be any commutative ring (with 1,4), and consider the Hecke algebra

0y = I (G, B) := End g (AGD)°PP.

Following Green [16], a connection between (left) AG-modules and (left) .#4-modules is
established through the Hom functor

Fa: AG-modules — 74-modules, M Fa(M) := Homag(AGb, M),

where Fa (M) is a left F#-module via F#y X Fa(M) — Fa(M), (h,a) — aoh. (See also
[8, §2.C] where this Hom functor is studied in a somewhat more general context.) Note
that, by [16, (1.3)], we have an isomorphism of A-modules

Fixp(M) :={m € M | bm =m for all b € B} — Fa(M),

which takes m € Fixg(M) to the map 6,,: AGb — M, gb — gm (g € G).
Now, %, is free over A with a standard basis {Ty, | w € W}, where the endomorphism
Ty: AGb — AGb is given by

Tw(gb) = > gb  (g€@).

g’BEG/B with g—1g’€Bn,,B

The multiplication is given as follows. Let w € W, s € S and write ¢4 := |Us|14. Then

T Tsw if I(sw) > l(w),
Y @ Tew + (gs — DT if 1(sw) < I(w).

(See [14, §8.4] for a proof and further details.) The crucial step in our discussion consists
of determining the ##4-module F4 (St 4). This will rely on the following basic identity, an
analogous version of which was shown by Tinberg [34, 4.9] for the action of the standard
basis elements of the endomorphism algebra of kGu (where k is a field).

Lemma 2.2. We have Tyy(e) = (—=1)"®e for allw € W.

Proof. It is sufficient to show that Ts(e) = —e for s € S. Now, by definition, we have

Ts(e) = Z (—l)l(w)Ts(nwb) = Z (_l)l(w) Zgb
gB

wew weWw

where the second sum runs over all cosets gB € G/B such that n,'g € Bn,B. By the
sharp form of the Bruhat decomposition, a set of representatives for these cosets is given
by {nws} U {n,ons | 1 #v € Us}. This yields
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Ti(e) = Z (=) nyeb + Z Z (—1) ) nonb.
weW WEW 1#£veU,

Since l(ws) = l(w) £ 1 for w € W, the first sum equals —e. So it suffices to show that

Z (,1)l(w),{w =0 where Ko 1= Z Ny UNgh.

weWw 1#£veUs

Let 1 # v € Us. Since Py = BUBnB is a parabolic subgroup of G, we have n; lvng € Ps.
By the sharp form of the Bruhat decomposition, n;lvns ¢ B and so n;lvng = v'ngb,
where v/ € Uy and b, € B are uniquely determined by v. Hence, we have n,vnsb =
NNV Ngbyb = Nysv'nsb and so

/
Rw = E NywUNgb = § NywsV Nsh = § NywsVNsD = Kys,

1#£v€EU, 1#£v€EU, 1#0eU,

where the third equality holds since, by [34, 2.1], the map v — v’ is a permutation of
Us \ {1}. Consequently, we have

Z (—l)l(w),@w = Z (—1)l(w)f‘€ws — Z (_1)l(ws),€w - _ Z (_1)l(w)l‘€w.

weWw weWw weWw weWw

So the identity Zwew(—l)l(w)ﬁw = 0 holds if A = Z. For A arbitrary, we apply the
canonical map ZG — AG and conclude that this identity remains valid in AG. (Such an
argument was already used by Steinberg in the proof of [31, Lemma 2].) O

Corollary 2.3. We have F4(Sta) = (Bue)a (A-span of Oy.) and the action of 4 on this
A-module of rank 1 is given by the algebra homomorphism €: Ay — A, Ty, — (—1){®),

Proof. Since {ue | u € U} is an A-basis of St4 and H C Ng(U), we have Fixp(Sta) =
(ue) 4 and so Fa(Sta) = (fue)a. It remains to show that Ty.0y, = —0,, for all s € S.
Since Fa(St4) has rank 1, we have Ts.0,, = A0y, for some A € A. This implies that

Aue = Ay (b) = (Ts.0uc)(b) = (Oye 0 T5)(b) = Z gue.

gB€eG /B with geBn,B

Thus, the assertion that A = —1 is equivalent to the following identity:

Z gue = —ue. (%)

gB€eG /B with geBn,B

One can either work this out directly by an explicit computation (using the various
“structural equations” in [31,34]), or one can argue as follows. Lemma 2.2 shows that

Mye(e) = (Ts-Oue)(e) = (Oue 0 Ts)(¢) = —0Oue(e).
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Furthermore, by Steinberg [31, Lemma 2], we have

Oye(e) = Z (=)@ ue = Z Z D" ue = [G : Ble.

weWw weW uelU

Thus, if A = Z, then 0y.(¢) # 0; consequently, in this case, we do have A = —1 and so
(%) holds for A = Z. As in the above proof, it follows that () holds for any A. O

Remark 2.4. Assume that A is an integral domain and that we have a decomposition
AGb = M; & --- @& M, where each M, is an indecomposable AG-module. Since {7}, |
w € W} is an A-basis of 54, Lemma 2.2 implies that every idempotent in %, either
acts as the identity on St4 or as 0. It easily follows that there is a unique 4 such that
St4 C M;. In analogy to Tinberg [34, 4.10], we call this M; the Steinberg component of
AGb.

As observed by Khammash [26, (3.10)], the above argument actually shows that

Sta C {m e AGb | Ty(m) = (—1)"™)m for all w € W} C M.
Then Khammash [27, Cor. §3] proved that the first inequality always is an equality.

Remark 2.5. At some places in the discussion below, it will be convenient or even neces-
sary to assume that G is a true finite group of Lie type, as in [2, §1.18]. Thus, using the
notation in [2], we have G = G!" where G is a connected reductive algebraic group G
over Fp and F': G — G is an endomorphism such that some power of F is a Frobenius
map. Then the ingredients of the BN-pair in G will also be derived from G: we have
B = BY where B is an F-stable Borel subgroup of G and H = T where T is an
F-stable maximal torus contained in B; furthermore, N = Ng(T) and U = U where
U is the unipotent radical of B. This set-up leads to the following two definitions.

(1) We define a real number ¢ > 0 by the condition that |U| = ¢/®!//? where ® is the
root system of G with respect to T. Then there are positive integers ¢, > 0 such that
|Us| = ¢° for all s € S; see (2, §2.9]. Consequently, the relations in 74 read:

Ty if I(sw) > l(w),
TsTw = .
q“Tsw + (¢° — )Ty if I(sw) < l(w).

(2) The commutator subgroup [U, U] is an F-stable closed connected normal subgroup
of U. We define the subgroup U* := [U, U]¥ C U. Then [U,U] C U*. (In most cases, we
have U* = [U, U] but there are exceptions when ¢ is very small; see the remarks in [32,
p. 258].) The definition of U* will be needed in Section 4, where we shall consider group
homomorphisms o: U — A* such that U* C ker(o).
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3. The socle of the Steinberg module

We keep the general setting of the previous section and assume now that A =k is a
field and ¢ := char(k) # p; thus, the parameters of the endomorphism algebra . satisfy
gs # 0 for all s € S. With this assumption, we have the following two results:

(A) Every simple submodule of kGb is isomorphic to a factor module of kGb, and vice
versa; see Hiss [20, Theorem 5.8] where this is proved much more generally.

(B) 4, is a quasi-Frobenius algebra. Indeed, since g5 # 0 for all s € S, J4, even is a
symmetric algebra with respect to the trace form 7: J4, — k defined by 7(T1) =1
and 7(T,) = 0 for w # 1; see, e.g., [14, 8.1.1].

It was first observed in [10, §2] that, in this situation, the results of Green [16] apply
(the original applications of which have been to representations of G over fields of char-
acteristic equal to p). Let us denote by Irri(G) the set of all simple kG-modules (up to
isomorphism) and by Irr; (G | B) the set of all Y € Irry(G) such that Y is isomorphic to
a submodule of kGb. In the general framework of [20], this is the Harish-Chandra series
consisting of the unipotent principal series representations of G. Furthermore, let Irr(5)
be the set of all simple .7;-modules (up to isomorphism). Then, by [16, Theorem 2|, the
Hom functor § induces a bijection

Ity (G | B) = Irr(24,), M — Fx(M) = Homgg (kGb, M); (®)

furthermore, by [16, Theorem 1], each indecomposable direct summand of kGb has a
simple socle and a unique simple quotient. Combined with Remark 2.4, this already
shows that St has a simple socle. More precisely, we have:

Theorem 3.1. (Cf. Tinberg [34. 4.10].) Let Y C Sty be a simple submodule. Then ue € Y
and, hence, Y is uniquely determined. Furthermore, dimF,(Y) = 1 and the action of
A, on F(Y) is given by the algebra homomorphism : G, — k, Ty — (—1)H),

Proof. By composing any map in §x(Y) with the inclusion ¥ C Stg, we obtain an
embedding Fr(Y) — Fx(Str) and we identify §Fx(Y) with a subset of Fi(Stg) in this
way. Now Y C Sty C kGb and so §x(Y) # {0} by Property (A) above. Consequently, by
Corollary 2.3, we have §Fi(Y) = Fr(Stx) = (Oue)r and J4, acts via e. Furthermore, by
the identification §(Y) C Fx(Stx), we must have 6y (kGb) CY andsoue €Y. O

Proposition 3.2. Let Y C Sty be as in Theorem 3.1. Then'Y is absolutely irreducible and
occurs only once as a composition factor of Stx. Moreover, Y is the only composition
factor of Sty which belongs to Irr, (G | B).

Proof. Recall that §;(Y) # {0} and Y corresponds to e: 74, — k via (#). Hence, by
[8, 2.13(d)], we have Endgg(Y) = Endyg (¢) = k and so Y is absolutely irreducible.
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Now let {0} = Z0 & Z1 & ... & Z, = St be a composition series and Y; := Z;/Z;
for i = 1,...,r be the corresponding simple factors. Since £ # p, the restriction of Sty
to the subgroup U C B is semisimple and, hence, isomorphic to the direct sum of the
restrictions of the Y;. Taking fixed points under U, we obtain

dim Fixy (Y1) + . .. + dim Fixy (Y;) = dim Fixy (St) = dim(ue), = 1.

Now, if ¥; € Irri (G | B), then Fixy(Y;) 2 Fixp(Y;) = §x(Y:) # {0} by Property (A)
and so we obtain a non-zero contribution to the sum on the left hand side. Hence, there
can be at most one Y; which belongs to Irry(G | B). Since Y1 =Y C kGb does belong
to Irry (G | B), this proves the remaining assertions. O

Example 3.3. It is easily seen that §x(kg) is also 1-dimensional (spanned by the function
kGb — k which takes constant value 1 on all gb for g € G) and 74, acts on §i(kg) via
the algebra homomorphism ind: 5%, — k such that ind(7s) = ¢, for all s € S; see, e.g.,
[13, 4.3.3]. Let Y be the simple socle of Sty, as in Theorem 3.1. Then, by (#), we obtain:

Yk & F(¥)=Filkeg) & e=ind & g,=-1forallsesS.

Thus, we recover a result of Hiss [19] and Khammash [27] in this way. Furthermore,
Proposition 3.2 implies that, if ¢; # 1 for some s € .S, then k¢ is not even a composition
factor of Stg. (This result is also contained in [19].)

Lemma 3.4. Let M’ be the Steinberg component in a given direct sum decomposition of
kGb, as in Remark 2.4. Then St = M’ if and only if Sty is irreducible.

Proof. Assume first that M’ = St and let Z g Str be a maximal submodule. Now
Sty = M’ is a factor module of kGb and so Sty/Z belongs to Irry (G | B), by Prop-
erty (A). Hence, by Proposition 3.2, we must have Z = {0}. Conversely, assume that
Sty is irreducible. Then ¢ { [G : B] by Theorem 2.1. Since also £ # p, it follows that
kGb is semisimple; see [13, Lemma 4.3.2]. Hence Sty is a direct summand of kGb and so
St, =M'. O

Example 3.5. Assume that G has a BN-pair of rank 1, that is, W = (s) where s € W
has order 2. Then, by the sharp form of the Bruhat decomposition, we have [G : B] =
1+|U|
If gs
If g5
In the second case, the structure of St; can be quite complicated. For example, let G =
2G5 (q?) be a Ree group, where ¢ is an odd power of v/3. If £ = 2, then Landrock-Michler
[28, Prop. 3.8(b)] determined socle series for kGb and Stg:

1 + dim Sty. Thus, there are only two cases.
—1, then kGb = kg @ Stx and Sty is irreducible by Theorem 2.1.
—1, then the socle of Sty is the trivial module kg by Example 3.3.

[ N
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ka
P2 i
EGb: 4 @3 @5 Sty : P4 23 5

2

P2 k

ko @

where 1, ..., @5 are simple kG-modules and 4 is the contragredient dual of 5.

It is not true in general that Sty has a unique simple quotient. For example, let
G = GUjs(q) where ¢ is any prime power. Assume that ¢ is a prime such that £ | g+1. Then
socle series for Sty are known by the work of various authors; see Hiss [21, Theorem 4.1]
and the references there:

¥
p®Y )
Sty : ka )
ke
(l=2and4|q—1) (otherwise)

where ¢ and ¢ are simple kG-modules. See also the examples in Gow [15, §5].

Example 3.6. Let G = GL,,(¢) and %,(G) be the set of all Y € Irry,(G) such that YV is a
composition factor of kGb. James [24, 16.4] called these the unipotent modules of G and
showed that there is a canonical parametrisation

U,(G)={D, | uF n}.

(See also [25, 7.35].) Here, D(,) = kg, as follows immediately from [24, Def. 1.11].

The above parametrisation is characterised as follows. For each partition A F n, let
M) be the permutation representation of G on the cosets of the corresponding parabolic
subgroup Py C G (block triangular matrices with diagonal blocks of sizes given by the
parts of A). Then D,, has composition multiplicity 1 in M, and composition multiplicity
0 in My unless A < p; see [24, 11.12(iv), 11.13]. This shows, in particular, that the above
parametrisation is consistent with other known parametrisations of % (G), e.g., the one
in [10, §3] based on properties of the ¢-modular decomposition matrix of G.

If £ =0, let us set e := oo; if £ is a prime (# p), then let

e:=min{i >2|[14+q¢+¢*+---+¢=0mod ¢}.

Then, by James [25, Theorem 8.1(ix), (xi)], the subset Irry(G | B) C % (G) consists
precisely of those Dy where A F n is e-regular. Now let Y be the socle of Sty, as in
Theorem 3.1. Then Y € Irry(G | B) and so Y = D, for a well-defined e-regular
partition pg F n. This partition po can be identified as follows. Write n = (e — 1)m + r
where 0 <r <e—1. (If e = 00, then m = 0 and r = n.) We claim that
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po = p(n,e):=(m+1,m+1,....m+1,mm,...,m)Fn.

r times e—r—1 times

Indeed, by Theorem 3.1 and (#), the kG-module Y corresponds to the 1-dimensional
representation £: J4, — k. Now Irr(.#;) also has a natural parametrisation by the
e-regular partitions of n, a result originally due to Dipper and James; see, e.g., [25, 8.1(i)],
[13, §3.5] and the references there. By [25, Theorem 8.1(xii)] (or the general discussion in
3.7 below), this parametrisation is compatible with the above parametrisation of % (G),
in the sense that the partition p9 = n such that Y = D, must also parametrise €. Now
note that € oy = ind, where ind: 4, — k is defined in Example 3.3 and v: 54, — 74 is
the algebra automorphism such that v(T%s) = —qsT, ! (see [14, Exc. 8.2]). The definitions
immediately show that ind is parametrised by the partition (n). Thus, our problem is
a special case of describing the “Mullineux involution” on e-regular partitions which,
for the particular partition (n), has the solution stated above by Mathas [29, 6.43(iii)].
(I thank Nicolas Jacon for pointing out this reference to me.)

We remark that Ackermann [1, Prop. 3.1] already showed that St has precisely one
composition factor D,,, where p is the image of (n) under the Mullineux involution;
however, he does not locate D,,, in a composition series of Sty.

3.7. For general G, the definition of unipotent modules is more complicated than for
GL,,(q) (see, e.g., [11, §1]), but one can still proceed as follows. Let us assume that G is
a true finite group of Lie type, as in Remark 2.5. We shall write Irrc(W) = {E* | A € A}
where A is some finite indexing set. It is a classical fact that, if & = C, then there is a
bijection Irre(W) « Irr(H#¢), E* <+ E}, and a decomposition

cGo=@p@...0p"  where Fc(p)) = E) forall A€ A
Hence, we have a natural parametrisation Irrc(G | B) = {p* | A € A} in this case; see,
e.g., Carter [2, §10.11], Curtis—Reiner [4, §68B] (and also [8, Exp. 2.2], where the Hom
functor is linked to the settings in [2,4]). In general, under some mild conditions on k, it
is shown in [9, Theorem 1.1] that there is still a natural parametrisation of Irry (G | B),
but now by a certain subset A7 C A. We briefly describe how this is done, where we refer
to the exposition in [13, §4.4] for further details and references.

First, to each E* one can attach a numerical value ay € Z>o (Lusztig’s “a-invariant”);
note that A — a, depends on the exponents ¢, such that |Us| = ¢° for s € S. Then, under
some mild conditions on k, the algebra 7 is “cellular” in the sense of Graham—Lehrer,
where the corresponding cell modules are parametrised by A, and A is endowed with the
partial order < such that @ < A if and only if 4 = X or ay < a,. Finally, by the general
theory of cellular algebras, there is a canonically defined subset A, C A such that

Ir(J) = {1 | € AR,
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where Lg is the unique simple quotient of the cell module corresponding to A € Aj.
Hence, via the Hom functor and (#), we obtain the desired parametrisation

Irri (G | B) ={Y*" | p € AR} where Fr(YH) = L} for p e AR.

Let M € Irr(74,) and denote by dy ar the multiplicity of M as a composition factor of
the cell module indexed by A € A. Then, by [13, 3.2.7], the unique p € Aj, such that
M = L} is characterised by the condition that x is the unique element at which the
function {\ € A | dx s # 0} = Z>0, A — ay, takes its minimum value.

Now recall that the simple socle Y C Sty belongs to Irr.(G | B) and it corresponds,
via the Hom functor and (#), to the 1-dimensional representation e: 5%, — k. The
unique po € Aj, such that Y = Y#0 is found as follows. We order the elements of A
according to increasing a-invariant; then pg is the first element in this list for which we
have d,,, - # 0. Note also that ¢ is afforded by a cell module; the unique g € A labelling
this cell module is characterised by the condition that ay, = max{ay | A € A} (see, e.g.,
13, 1.3.3)).

For example, if G = GL,(q), then W = &,, and A is the set of partitions of n. In this
case, we have \g = (1™) and gy is described in Example 3.6.

If tables with the decomposition numbers dy ps for 7 are known, then po can be
simply read off these tables. Thus, o € A} can be determined for all groups of exceptional
type, using the information in [14, App. F], [13, Chap. 7]; the results are given in Table 1.
(If there is no entry in this table corresponding to a certain value of e, then this means
that £ 1[G : B] and so Sty is simple.)

Just to illustrate the procedure (and to fix some notation), let us consider the case
where G = 2F4(¢?); here, ¢ is an odd power of /2. Setting go := ¢2, we have

1Bl = q5°(qo—1)>  and  [G:B] = (g0 +1)(g5 +1)(g +1)(g0 + 1).

Now, W = (s1, s2) is dihedral of order 16 and we have {qs,,qs,} = {qo,¢3}. We fix the
notation such that gs, = ¢2 and ¢, = qo. As in [13, Exp. 1.3.7], we have

Irrc(W) = {1w,€,e1,€2,01,02,03}

where €1, €9 are 1-dimensional and determined by e1(s1) = e2(s2) = 1 and e1(s2) =
g9(s1) = —1; furthermore, each o; is 2-dimensional and the labelling is such that the
trace of o1 on s1s9 equals v/2, that of oo equals 0, and that of o3 equals —v/2.

The “mild condition” on k is that ¢ be a “good” prime for the underlying algebraic
group; so, £ > 3. Assuming that ¢ | [G : B], we have the following cases to consider:

Clgo+1,  Clgg+1, llagg—aq+1,  €]g—q+1,

which correspond to e = 2,4, 6,12, respectively. For example, for e = 2,4, the decompo-
sition numbers dy as are given as follows; see [13, Table 7.6]:
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Table 1
The labels po € Ay for G of exceptional type and ¢ | [G : B].
e 2 3 4 5 6 7 8 9 10 12 14 15 18 20 24 30
G2(q) 1w o2 o1
3D4(q) 1W g2 €1 g1
2F4(q2) o2 €1 g2 o1
Fa(q) 1 4 61 12 94 45
2E6(q) 81 41 13 44 84 82 94 45
’ ’ ’ ’ ’
Es(q) 1, 154 104 24, 60, 30, 20, 6,
E+(q) 1, 15/, 707, 84/, 210y 27, 105), 35, 21, 56, 27", Ta
Es(q) 1. 50 175, 168, 420, 300/, 2835 50", 448’ 14007, 700", 84/ 210", 1127 35/ 8’

In type Es, £ > 5; otherwise, £ > 3; here, e := min{i > 2| 1+qo+4q5 +---+ g™ = 0 mod £}, with go := q in all cases except for 2F4(q?), where g is an odd
power of v/2 and qq := ¢2.
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(e =2) ay dx m (e=4) ay dx,m

o 1y 0 r . .. o 1y 0 1 .

€1 1 T . . . ®cy 1 1 .

® 0 2 . o1 L st 2 1

® 0o 2 11 . . [ e 2 o1

e 03 2 1 o3 2 1 1

£9 5 1 . . I 5 1

€ 12 R € 12 o1

Those representations which belong to A}, are marked by “e”. The above procedure for

finding pp now yields pog = o2 for e = 2 and pg = & for e = 4.

Remark 3.8. For groups of classical type, A is a set of certain bipartitions of n and the
subsets A C A are explicitly known in all cases (see [13]). Motivated by this paper, an
explicit description of pg € Aj in these cases is given by Jacon [23].

4. The Steinberg module and Harish—Chandra series

We shall assume from now on that G = G¥ is a true finite group of Lie type, as in
Remark 2.5. Then G satisfies the “commutator relations” and so the parabolic subgroups
of G admit Levi decompositions; see Carter [2, §2.6], Curtis—Reiner [4, §70A]. For each
subset J C S, let Py C G be the corresponding standard parabolic subgroup, with Levi
decomposition Py = Ujy x L; where U; is the unipotent radical of P; and Ly is the
standard Levi complement. The Weyl group of Ly is W; = (J) and Ly itself is a true
finite group of Lie type. Let A be a commutative ring (with 14) such that p is invertible
in A. Then we obtain functors, called Harish—Chandra induction and restriction,

RS : AL j-modules — AG-modules,

*R5: AG-modules — AL j-modules,

which satisfy properties analogous to the usual induction and restriction, like transitivity,
adjointness and a Mackey formula; we refer to [5,20] and the survey in [8, §3] for further
details. An AG-module Y is called cuspidal if *R5(Y) = {0} for all J S S. In this
general setting, we have the following important result due to Dipper-Du [5, 5.2] and
Howlett—Lehrer [22, 1.1]. Let I, J C S be subsets such that wlw~! = J for some w € W;

let n € N be a representative of w. Then nLyn~! = L; and
RY(X) = R5("X)  for any AL;-module X.

(Here, we denote by "X the usual conjugate module for ALj; see, e.g., [3, §10B].) In

analogy to [4, (70.11)], we will refer to this as the “Strong Conjugacy Theorem”.
Furthermore, we now place ourselves in the usual setting for modular representation

theory; see, e.g., [3, §16A]. Thus, we assume that our field k has characteristic £ > 0
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(where ¢ # p as before), and that k is the residue field of a discrete valuation ring
0 with field of fractions K of characteristic 0. Both K and k will be assumed to be
“large enough”, that is, K and k are splitting fields for G and all its subgroups. An
OG-module M which is finitely generated and free over & will be called an &G-lattice.
If M is an OG-lattice, then we may naturally regard M as a subset of the K G-module
KM := K ®s M; furthermore, by “/-modular reduction”, we obtain a kG-module M :=
M/pM = k ®¢ M where p is the unique maximal ideal of &. Finally note that, by [3,
Exc. 6.16], idempotents can be lifted from kG to OG, hence, OG is “semiperfect”. We
shall freely use standard notions and properties of projective covers, pure submodules
etc.; see [3, §4D, §6].

Harish—Chandra induction and restriction are compatible with this set-up. Indeed, let
J C S.If X is an 0L -lattice and Y is an @G-lattice, then R5(X) is an OG-lattice,
*R5(Y) is an @L -lattice, and we have

S(KX) and  K*R5(Y) = *R5(KY),
R5(X) = R5(X) and R5(Y) = *R5(Y).

4.1. By Theorem 2.1, we have the “canonical” Steinberg lattice Sty = OGe. Here,
we can naturally identify KSts with Stx and Stg with Stj. Since char(K) = 0, the
KG-module Stg is irreducible. We obtain further &G-lattices affording Sty as follows.
Let 0: U — K* be a group homomorphism. Since ¢ { |U|, the values of o lie in &*.
Then u, =3, ., o(u)u € OG and so I', := OGu, is an OG-lattice. Since uZ = |Ulu,,
and |U] is a unit in &, the module T, is projective. Furthermore, Homgg (T, Stg) =
u,Ste = (u,e)s where the last equality holds since {ue | uw € U} is an &-basis of Stg
and since u,u = o(u) " u, for all u € U. Thus,

Homgg(Ty, Ste) = (po)e where vo: L'y = Ste, v+ yu,e.
The same computation also works over K, hence we obtain dim Homg g (KT, Stx) = 1.

Proposition 4.2. (Cf. Hiss [20, §6].) For any o: U — K* as above, there is a unique
pure OG-sublattice T, C T, such that, if we set ., = T's/TL, then K.%, = Stk.
Furthermore, ¢, induces an injective OG-module homomorphism py: %> — Ste. The
kG-module D, := %, /rad(.7) is simple and it occurs exactly once as a composition
factor of Sty.

Proof. First we show that a sublattice I/, C T', with the desired properties exists.
Now, since KG is semisimple and dim Homgg (KT, Stx) = 1, we can write KT, =
71 @ Zy where Zy, Z5 are K G-submodules such that Z; = Stx and Homgg(Zs, Sti) =
{0}. Then I, := I'; N Zy is a pure submodule of I',. Consequently, ., := I';/T"
is an OG-lattice such that K., = Stx. Now consider the map ¢,: I'; — Stg. Since
Homg(Z2,Stk) = {0}, we have I C ker(p,) and so we obtain an induced &G-module
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homomorphism p,: %, — Stg. Since K., is irreducible and ¢, # 0, the map p, is
injective.

Let us further write I'; = P, &...® P, where each P; is a projective, indecomposable
OG-lattice. Then KT, = KP; @ ... ® KP.. Since dimHomg (KT, Stx) = 1, there
is a unique ¢ such that Homgg (K P;, Stx) # {0}. Then Z; C KP; and KP; C Z, for
all j # i. Thus, we have %, = P;/(P, N Z3) and so P; is a projective cover of .7,.
This certainly implies that D, = .7, /rad(.-7,) = P;/rad(P;) is simple and that P; is a
projective cover of D,. Since u_e¢ € p,(-#,), the induced map 7, : .#, — St is non-zero
and so D, is a composition factor of Stx. On the other hand, by standard properties of
projective modules, the composition multiplicity of D, in Sty is bounded above by

diHlI‘IOHlkg(Pi7 Stk) S dim Homkg(fo, Stk) = HOHlKg(KFU, StK) = 1.

Once the existence of I" is shown, the uniqueness automatically follows since the inter-
section of pure submodules is pure and Sty has multiplicity 1 in KT,. O

4.3. We assume from now on that the center of G is connected. Furthermore, we shall fix
a group homomorphism o: U — K* which is a reqular character, that is, we have U* C
ker(o) and the restriction of o to Uy is non-trivial for all s € S. (Such characters always
exist; see [2, §8.1] or [32, p. 258].) Then the corresponding module I', = OGu,, is called
a Gelfand—Graev module for G. Since the center of G is assumed to be connected, all
regular characters of U are conjugate under the action of H and, hence, the corresponding
Gelfand—Graev modules will all be isomorphic; see [2, 8.1.2].

For any J C S, we have L; = L where L is an F-stable Levi subgroup in G; here,
the center of L will also be connected; see [2, 8.1.4]. Our regular character o deter-
mines a regular character of Lj; see, e.g., [2, 8.1.6]. Hence, we also have a well-defined
Gelfand-Graev module for ¢'L;, which we denote by I'J. Applying the construction in
Proposition 4.2, we obtain an &L j-lattice .y = I'J/(I')" and a simple kL j-module
D] = ?i/rad(?ﬁ). We have K.77 2 St},, the Steinberg module for KL ;.

Lemma 4.4. Let J C S. Then the following hold.

i e have o) = an ) = as J-modules).

i) We have *R5(Ty) = T and *R5(.%,) = .7/ (as OL ;-modul

il CSandn e are such that nLn™" = Lj, then = as J-modules

i) If1CSandne N h that nLin~" = Ly, then ™! = .7 (as OL;-modul
and "D,’ = DJ (as kL;-modules).

Proof. (i) By a result of Rodier [2, 8.1.5], we have *R5(KT,) = KT'/; furthermore, by
4, (71.6)], we have *R3(Stx) = St%. So (i) follows by a standard argument; see, e.g., [8,
5.14, 5.15).

(i) Since *R5(KT,) = KT/

o

it is straightforward to show that "KTZ = KT/, using
the “Strong Conjugacy Theorem”. So we also have "', = T'/ as &L ;-modules (since these

modules are projective). This then implies the assertions in (ii) by the construction of
<7 and DJ. O
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4.5. Let 2% be the set of all subsets J C S such that D is a cuspidal kL -module.
For J € &%, we denote by Irri(G | J,0) the set of all Y € Irry(G) such that Y is
isomorphic to a submodule of R?(Dg) By the “Strong Conjugacy Theorem”, this is a
Harish-Chandra series as defined by Hiss [20]. Hence, by [20, Theorem 5.8] (see also [8,
§3]), every simple submodule of R5(DJ) is isomorphic to a factor module of RS (D7),
and vice versa. Furthermore, using also Lemma 4.4(ii), we have for any I, J € 2.

Irri(G | I,0) = Trrg (G | J,0) if J =wlw™! for some w € W,
Irri (G | I,0) NIty (G | J,0) = @ otherwise.

Thus, having fixed a regular character o: U — K* as in 4.3, the above constructions
produce composition factors of kGb arising from subsets J C S. The following two results
are adaptations of Dipper—Gruber [6, Cor. 2.24 and 2.40] to the present setting.

Proposition 4.6. Let J € 2. Then Sty has a unique composition factor which belongs
to the series Ity (G | J, o).

Proof. First note that Stx = K., and so, by a classical result of Brauer—Nesbitt (see
3, (16.16)]), Sty and .#, have the same composition factors (counting multiplicities).
Using Lemma 4.4(i) and adjointness, we obtain

Homye (F, RS(D?)) = Homyy, (RS (F,), DY) = Homyy, (72, DY) # {0}.

Hence, some simple submodule of R5 (D7) will be isomorphic to a composition factor
of .7, and so the latter module has at least one composition factor which belongs to
Irr (G | J,0). On the other hand, since D is a quotient of fi, there exists a surjective
kG-module homomorphism Rj,g(fi) — R5(DJ). Now RS (fi) is projective (see, e.g.,
8, 3.4]) and every simple module in Irrx(G | J,0) also is a quotient of R5(DY) (see
4.5). Hence, by standard results on projective modules, the total number of composition
factors (counting multiplicities) of .%, which belong to Irry(G | J,) is bounded above

by
dim Homye (R$(T), 7,) = dim Hom e (RS (KTY), K.%,).

Using Lemma 4.4(i) and adjointness, the dimension on the right hand side evaluates to
dim Homp, (KT, K.%/), which is one by 4.1. O

Proposition 4.7. Assume that every composition factor of kGb belongs to Irri,(G | J, o)
for some J € Z2%. Then the following hold.

(i) Stg is multiplicity-free and the length of a composition series of Sty is equal to the
number of J € Z% (up to W -conjugacy).
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(ii) The induced map p,: .75 — Sty is an isomorphism and so Sty /rad(Sty) = D,.
(iii) All composition factors of rad(St) are non-cuspidal.

Proof. (i) Since Sty C kGb, the hypothesis applies, in particular, to the composition
factors of Sty. It remains to use Proposition 4.6.

(ii) By the proof of Proposition 4.2, we have p, # 0. Hence, it is enough to show that
P, is injective. By [8, Theorem 5.16], this is equivalent to the following statement.

(t) If I C S is such that ?CI, has a cuspidal simple submodule, then I = @.

Now (f) is proved as follows. Let X C ?(I, be a cuspidal simple submodule. Using
Lemma 4.4(i) and adjointness, we obtain that

Homyg (R (X), 75) = Homgr, (X, 75) # {0},

Thus, .7, has a composition factor which is a quotient of R7(X). Since .7, and
St € kGb have the same composition factors, it follows that kGb has a composition
factor which is a quotient of R}S (X). By our assumption and the characterisation of
Harish—-Chandra series in [20, Theorem 5.8|, the pair (I, X) is N-conjugate to a pair
(J,DJ) where J € 22%. So there exists some n € N such that nLyn~' = L; and
"X = DJ. Using Lemma 4.4(ii), we conclude that X = DI. Thus, D! is both isomorphic
to a submodule and to a quotient of ?ﬁ Now, having a unique simple quotient, the
module ?(I, is indecomposable. Hence, the multiplicity 1 statement in Proposition 4.2
implies that DI = ?{, and, consequently, we also have D! 2= St! C kL;b;. Thus,
kL;b; = RL(ky) has a cuspidal simple submodule. Again, by [20, Theorem 5.8|, this
can only happen if [ = @.

(iii) By our assumption, the only composition factor of Sty which can possibly be
cuspidal is D,. But, by (ii) and Proposition 4.2, D, is not a composition factor of
rad(Stg). O

Remark 4.8. In analogy to Example 3.6, we define %4 (G) to be the set of all Y € Irri(G)
which are composition factors of kGb. We have Irri(G | B) C %,(G) but note that,
in general, we neither have equality nor is % (G) the complete set of all unipotent
kG-modules as defined, for example, in [11, §1]. (Over K, we do have at least Irrx (G |
B) = %k (G).) For J C S, we define %, (L) analogously; the standard Borel subgroup
of Ly is given by By:=BNL;. Let X € %,(L;) and Y € %,(G). Then we have:

(a) All composition factors of RS (X) belong to % (G).

(b) All composition factors of *R5(Y") belong to % (Ly).

Proof. (a) By the definitions, we have kGb = RS (k) and, similarly, kL b ; = R (kg),
where b; = ZbeBmLJ b € kL;. Hence, using transitivity, we obtain kGb = RS (kL ;b ).
Since Harish-Chandra induction is exact (see [8, 3.4]), R5(X) is a subquotient of kGb.
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(b) Since kGb = R (ksr), the Mackey formula immediately shows that *R5(kGb) is
a direct sum of a certain number of copies of kL ;b ;. It remains to use the fact that
Harish—Chandra restriction is also exact. O

Example 4.9. Let G = GL,(q), where n > 1 and ¢ is any prime power. Let e > 2 be
defined as in Example 3.6; also recall that %, (G) = {D,, | p F n}. Hence, we have
|%.(G)| = m(n), where 7(n) denotes the number of partitions of n. By [11, 6.9, 7.6],
Dyny is the simple module D, of Proposition 4.2; furthermore, this module is cuspidal
if and only if n = 1 or n = e# for some j > 0. (Note that, if £ | ¢ — 1, then our
e equals ¢, while it equals 1 in [11]; otherwise, the two definitions coincide.) Now, the
W-conjugacy classes of subsets J C S are parametrised by the partitions A - n (see [14,
2.3.8]); the Levi subgroup L; corresponding to A is a direct product of general linear
groups corresponding to the parts of A\. Hence, the subsets J € & are parametrised by
the partitions A - n such that each part of X is equal to 1 or to e’ for some j > 0.
So Remark 4.8(a) and the counting argument in [12, (2.5)] yield 7(n) simple modules
in %,(G) which belong to Irri (G | J,o) for some J € 2. Thus, the hypothesis of
Proposition 4.7 is satisfied in this case. Consequently, Sty /rad(Sty) is simple and Sty is
multiplicity-free. (This was also shown by Szechtman [33], using different techniques.)
Furthermore, the composition length of Sty is the coefficient of " in the power series

1 1
1—tH1—te€j'

720

Indeed, let ¢,, denote the composition length of Sti. By Proposition 4.7(i), ¢, equals the
number of J € £2% (up to W-conjugacy). By the above discussion (see also [12, (2.5)]),
this is equal to the number of sequences (m_1, mg, my,...) of non-negative integers such
that m_1 + emqo + efmq + -+ = n (where GLo(¢) = {1} by convention). We multiply
both sides by t” and sum over all n > 0. This yields

§ Cntn — § tm_1+em0+e£m1+...

n>0 (m—1,mo,m1,...)
(3 (S ) (5 )
m_120 mo=>0 m12>0

Using the identity 1/(1 —t") = 3,5, t" for all » > 1, we obtain the desired formula.

Remark 4.10. Let G = GL,(q) and recall that %, (G) = {D, | p = n}. An explicit
combinatorial rule for describing the partitions p = n such that D, is a composition
factor of Sty does not seem to be known. We would like to state a conjecture concerning
this problem. First, some notation. For any partition v (of some non-negative integer),
we denote by v* the conjugate partition. Then, given p - n, there are unique partitions
H(=1)s H(0)> - - - » i(r) (for some r € Z>_1) such that p_yy is e-regular, oy, (1), - - - » f(r)
are (-regular, pi(,y is non-empty and
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*

p' = pi_qy ey +ebuiyy + o el gy

here, “E‘) Fm; fori=—1,0,1,...,r where n = m_; +emg+efmi +...+el"m,. This is
the e—¢-adic expansion of 1 which appeared in the work of Dipper and James [7, 2.12].
Then we claim that D, is a composition factor of Sty if and only if p(_qy = p(m_1,e)
and gy = p(mg, £) for 0 < i <r (notation as in Example 3.6).

A general proof of such a statement would require a more detailed combinatorial
analysis, which we will not go into here.

Remark 4.11. Let G = GL,,(¢). In the setting of Szechtman [33], the expression for ¢,
in Example 4.9 means that the formula (4) in [33, p. 605] holds for all n. (Previously,
this was only known for n < 10; see the remarks in [33].) This formula gives an explicit
expression of the layers in the Jantzen filtration of Sty (as defined by Gow [15]), as direct
sums of simple modules. It also shows that the layers in this filtration are not always
irreducible and, hence, Gow’s conjecture [15, 6.3] does not hold in general. See also the
explicit examples in [33, §9].

Example 4.12. Let G = G, (q), n > 1, be one of the following finite classical groups:

(1) The general unitary group GU,(q) for any n, any q.

(2) The special orthogonal group SO,,(¢q) where n = 2m + 1 is odd and ¢ is odd.
(3a) The symplectic group Sp,,(¢) where n = 2m is even and ¢ is a power of 2.
(3b) The conformal symplectic group CSp,,(q) where n = 2m is even and ¢ is odd.

)

(4) The conformal orthogonal group CSO,iL(q) where n = 2m is even and ¢ is odd.

Each of these groups can be realised as G = Gf where G has a connected center and
G is simple modulo its center. By convention, Go(q) is the trivial group, except for the
conformal groups, where it is cyclic of order ¢ — 1. We define the parameter ¢ to be 2 in
case (1) and to be 1 in all the remaining cases.

Theorem 4.13. (See [10], Gruber [17], and Gruber-Hiss [18].) Let G = G,(q) be as in
Example 4.12 and assume that £ is “linear”, that is, ¢>*~' % —1 mod ¢ for all i > 1.

(i) We have |Irre(W)| = |%:(G)].

ii € U , then 0} for some subset J C S such that Ly is a direct

(i) If Y € 2%/(Q), then *R5(Y) # {0} f bset J C S such that L d
product of groups of untwisted type A.

Proof. This follows from [10, §4] in the cases (1), (2), (3a), (3b), and from [17] in case
(4). We shall refer to the more general setting in [18] (where all of Irry(G) is considered).

(i) Note that, by the “classical fact” in characteristic 0 mentioned in 3.7, we certainly
know that |Irrc(W)| = | %k (G)|. Hence, the assertion immediately follows from the block
diagonal shape of the decomposition matrix in [18, Theorem 8.2].
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(ii) Let Q be a projective indecomposable &G-lattice such that @ is a projective cover
of Y. By [18, Cor. 8.6], Q is a direct summand of R5(Q’), where J C S and Q' is a
projective indecomposable L j-lattice such that the following conditions hold. First,
we have Ly & Go(q) x Ly where n = a + 2b (a,b > 0) and G,(q) is a group of the
same type as G; furthermore, A\ is a composition of b and L) is a direct product of
general linear groups GLy, (¢°) where \; runs over the non-zero parts of . Finally, under
the isomorphism L; = G,(q) x Ly, we have Q' = Q, ® Q) where Q/, is a projective
indecomposable 0G,(g)-lattice such that K@)/, has only cuspidal constituents and @ is
an indecomposable direct summand of the Gelfand—Graev lattice for & Ljy.

Now, since @ is a direct summand of R?(Q/), we have HokaJ(@l, *RI(Y)) # {0}
by adjointness. This shows, first of all, that *R5(Y) # {0}. Using Remark 4.8(b), we
conclude that Homy,, (@l,kL 7b;) # 0. Consequently, since @' is projective, we also
have Homg ,(KQ', KL;b ;) # 0. So, by the above direct product decomposition of L,
at least one of the cuspidal composition factors of KQ', belongs to %k (G.(q)). But this
can only happen if G,(q) has BN-rank equal to 0. Thus, L; has the required form. 0O

4.14. Let G = G,(q) be as in Example 4.12 and assume that ¢ is linear. By Theo-
rem 4.13(ii) and the characterisation of Harish-Chandra series in [20, Theorem 5.8],
every Y € %,(G) is a submodule of R5(X) where J C S is such that L, is isomorphic
to a direct product of groups of untwisted type A, and X € Irry (L) is cuspidal. Then,
by adjointness, X is a composition factor of *R5(Y) and, hence, X € %/ (Ls) by Re-
mark 4.8(b). But then the known results on general linear groups imply that X = D/;
see, e.g., Dipper—Gruber [6, 4.18, 4.19] or the survey [8, Cor. 6.16], and the references
there. Thus, the hypothesis of Proposition 4.7 is satisfied. (This is also mentioned in [6,
4.22], with only a sketch proof.)

Thus, in all the cases listed in Example 4.12, Sty is multiplicity-free, Sty /rad(Sty) is
simple and the composition length of Sty is determined as in Proposition 4.7(i). Conse-
quently, one can derive a generating function for the composition length of Stg, similar
to that for GL,,(¢) in Example 4.9. We will only give the details for G = GU,,(g). Write
n =2m (if n is even) or n = 2m + 1 (if n is odd); furthermore, since § = 2, we set

e=min{i >2[1+¢ +¢* + - +¢*"Y =0mod ¢}

in this case. We can now use the counting argument in the proof of [12, Theorem 4.11]; see
also [10, §4]. This shows that the subsets J € &Z* are parametrised (up to W-conjugacy)
by the partitions A - m such that each part of ) is equal to 1 or to &/ for some j > 0.
So the number of J € &% (up to W-conjugacy) is equal to the number of sequences
(m_1,mg,m1,...) of non-negative integers such that m_; + émg + ém; + --- = m.
Thus, we find that the composition length of Sty for G = GU,(q) is the coefficient of ¢
(and not of t™ as in Example 4.9) in the power series

1 1
T—¢ H 1 (assuming that ¢ is linear for G).
Jj=0
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Remark 4.15. Within the much more general setting of Dipper—Gruber [6], we have
considered here the “projective restriction system” L% (X¢, Yr,) where

X¢: =Y, L=H and Yy = 0H (regular ¢ H-module).

In this particular case, the arguments in [6] drastically simplify, and this is what we have
tried to present in this section. We note, however, that these methods only yield quite
limited information about Sty when £ is not a “linear prime”. Only two of the composition
factors in the socle series displayed in Example 3.5 are accounted for by these methods
(namely, kg, @3 for 2Go(q?) and kg, 9 for GU3(q)); all the remaining composition factors
are cuspidal. Also note that, in these examples, Sty is not multiplicity-free.
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