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1. Introduction

In [36], Ringel introduced the Hall algebra H(A,) of the cyclic quiver A, with n
vertices and showed that its subalgebra generated by simple representations, called the
composition algebra, is isomorphic to the positive part U (;[n) of the quantized envelop-
ing algebra U, (;[n) Schiffmann [37] further showed that #(A,,) is the tensor product
of Ut (;[n) with a central subalgebra which is the polynomial ring in infinitely many
indeterminates. Following the approach in [42], the double Ringel-Hall algebra D(A,,)
was defined in [6]. Based on [12,19] and an explicit description of central elements of
H(A,,) in [18], it was shown in [6, Th. 2.3.3] that D(A,,) is isomorphic to the quantum
affine algebra Uv(é\[n) defined by Drinfeld’s new presentation [10].

The g-deformed Fock space representation \™ of the quantized enveloping algebra
U, (5/1\[") has been constructed by Hayashi [16], and its crystal basis was described by
Misra and Miwa [32]. Further, by work of Kashiwara, Miwa, and Stern [24], the action
of U, (s?[n) on A\ is centralized by a Heisenberg algebra which arises from affine Hecke
algebras. This yields a bimodule isomorphism from A to the tensor product of the basic
representation of U, (S:\[n) and the Fock space representation of the Heisenberg algebra.

By defining a natural semilinear involution on A\, Leclerc and Thibon [26] obtained
in an elementary way a canonical basis of A°. It was conjectured in [25,26] that for
q = 1, the coeflicients of the transition matrix of the canonical basis on the natural basis
of A\ are equal to the decomposition numbers for Hecke algebras and quantum Schur
algebras at roots of unity. These conjectures have been proved, respectively, by Ariki
[1] and Varagnolo and Vasserot [43]. For the categorification of the Fock space, see, for
example, [39,17,41].

In [43], Varagnolo and Vasserot extended the U, (;[n)—action on the Fock space \™
to that of the extended Ringel-Hall algebra D(A,,)S? of the cyclic quiver A,. They
also showed that the canonical basis of the Ringel-Hall algebra H(A,) in the sense of
Lusztig induces a basis of A\ which conjecturally coincides with the canonical basis
constructed by Leclerc and Thibon [26]. This conjecture was proved by Schiffmann [37]
by identifying the central subalgebra of H(A,,) with the ring of symmetric functions.

The main purpose of the present paper is to extend Varagnolo—Vasserot’s construction
to obtain a D(A,)-module structure on the Fock space A\ which is shown to be iso-
morphic to the basic representation L(Ag) of D(A,,). Moreover, the central elements in
the positive and negative parts of D(A,,) constructed by Hubery [18] give rise naturally
to the operators introduced in [24] which generate the Heisenberg algebra. Furthermore,
the structure of D(A,,) yields a decomposition of L(Ag) which induces the Kashiwara—
Miwa-Stern decomposition of A°. This also provides a way to construct the canonical
basis of A™ in [26] in terms of certain monomial basis elements of D(A,,).

The paper is organized as follows. In Section 2 we review the classification of (nilpo-
tent) representations of both infinite linear quiver A, and the cyclic quiver A,, with n
vertices and discuss their generic extensions. Section 3 recalls the definition of Ringel-
Hall algebras H(Ay) and H(A,,) of Ay and A, as well as the maps from the homo-
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geneous spaces of H(A,) to those of H(A) introduced in [43]. The images of basis
elements of H(A,) under these maps are described. In Section 4 we first follow the
approach in [42] to present the construction of double Ringel-Hall algebras of both A,
and A,, and then study the irreducible highest weight D(A,,)-modules based on the
results in [21]. Section 5 recalls from [16,32,43] the Fock space representation A™ over
U, (sls) (2 D(As)) as well as over U (sl,). In Section 6 we define the D(A,,)-module
structure on A\ ™ based on [24,43]. It is shown in Section 7 that A is isomorphic to the
basic representation of D(A,,). In the final section, we present a way to construct the
canonical basis of A™ and interpret the “ladder method” construction of certain basis
elements in A\ in terms of generic extensions of nilpotent representations of A,,.

2. Nilpotent representations and generic extensions

In this section we consider nilpotent representations of both a cyclic quiver A = A,
with n vertices (n > 2) and the infinite quiver A = A, of type AL and study their
generic extensions. We show that the degeneration order of nilpotent representations of
A,, induces the dominant order of partitions.

Let Ao denote the infinite quiver of type A

with vertex set I = I, = Z, and for n > 2, let A,, denote the cyclic quiver

with vertex set I = I, = Z/nZ = {0,1,...,n — 1}. For each i € I, = Z, let i denote
its residue class in I,, = Z/nZ. We also simply write 7 + 1 to denote the residue class of
i+ 1in Z/nZ.

Given a field k, we denote by Rep’ A the category of finite dimensional nilpotent
representations of A (= A, or A,,) over k. (Note that each finite dimensional represen-
tation of A is automatically nilpotent.) Given a representation V' = (V;, V) € Rep A,
the vector dimV = (dimy, V;);¢; is called the dimension vector of V. The Grothendieck
group of Rep” A is identified with the free abelian group ZI with basis I. Let {e; | i € I}
denote the standard basis of ZI. Thus, elements in ZI will be written as d = (d;);es or
d=),c;dic;. In case [ = Z/nZ, we sometimes write Z" for ZI.

The Euler form (—, —) : ZI x ZI — Z is defined by

(dim M, dim N) = dimy, Homya (M, N) — dimy, Extj A (M, N).
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Its symmetrization
(dim M,dim N) = (dim M, dim N) + (dim N, dim M)

is called the symmetric Euler form.
It is well known that the isoclasses (isomorphism classes) of representations in Rep’ A
are parametrized by the set 9t consisting of all multisegments

m= Y mlil),

iel, 1>1

where all m;; € N but finitely many are zero. More precisely, the representation M (m) =
M} (m) associated with m is defined by

M(m): @ mi,lSi[l],

iel,i>1

where S;[l] denotes the indecomposable representation of A with the simple top S; and
length [. For each d € NI, put

M = {m € M| dimM (m) = d}.

Furthermore, we will write 90t = M (resp., M =M,,) if I = Z (resp., I = Z/n7Z).
It is also known that there exist Auslander—Reiten sequences in Rep” A, that is, for
each M € Rep® A, there is an Auslander Reiten sequence

00— 7™M — F— M —0,

where 7M denotes the Auslander—Reiten translation of M. It is clear that 7 induces
an isomorphism 7 : ZI — ZI such that 7(dim M) = dim 7M. In particular, 7(¢;) =
€iv1, Vi€ I. If A=A, then 75" = id for all s € Z. For m € 9, let 7m be defined by
M(tm) = 7M(m).

Given d € NI, let V = @;¢;V; be an I-graded vector space with dimension vector d.
Consider

Ey ={(z;) € @Homk(Vi, Vit1) | Tn_1--- o is nilpotent if A = A,,.}.
i€l

Then each element © € Ey defines a representation (V,x) of dimension vector d in
Rep® A. Moreover, the group

Gy =[] 6Lv)

iel
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acts on Ey by conjugation, and there is a bijection between the Gy-orbits and the
isoclasses of representations in Rep” A of dimension vector d. For each = € Ey, by O,
we denote the Gy -orbit of x. In case k is algebraically closed, we have the equalities

dim O, = dim Gy — dim Endga (V, z) = Z d? — dim Endga (V, ). (2.0.1)
iel

By abuse of notation, for each M € Rep” A, we denote by Oy the orbit of M.

Following [3,33,5], given two representations M, N in Rep? A, there exists a unique
(up to isomorphism) extension G of M by N such that dim Endga(G) is minimal. The
extension G is called the generic extension of M by N, denoted by M % N. Moreover,
generic extensions satisfy the associativity, i.e., for L, M, N € Rep’ A,

Lx(MxN)Z(LxM)xN.

Let M(A) denote the set of isoclasses of representations in Rep® A. Define a multiplica-
tion on M(A) by setting

[M]  [N] = [M * N].

Then M(A) is a monoid with identity [0], the isoclass of zero representation of A.

By [33,5], the generic extension M *N can be also characterized as the unique maximal
element among all the extensions of M by N with respect to the degeneration order <qeg
which is defined by setting M <qgeg IV if dim M = dim N and

dimy, Homy (M, X) > dimy, Homga (N, X), for all X € Rep’ A. (2.0.2)

If k is algebraically closed, then M <geg NNV if and only if Oy C Oy, where Oy is
the closure of Oy. This defines a partial order relation on the set M(A) of isoclasses of
representations in Rep” A; see [44, Th. 2] or [5, Lem. 3.2]. By [33, 2.4], for M, N, M', N’ €
Rep® A,

MI gdeg M;N/ édegN:>Ml*Nl gdegM*N.

Form,m’ € M, (resp., Mo ), we write m <geg m’ (resp., m <Geq m’) if M(m) <geg M (m’)
in Rep® A, (resp., Rep As).
By [4,13], there is a covering functor

Z :Rep Ay — Rep0 A,

sending S;[l] to S;[l] for i € Z and [ > 1. Moreover, .% is dense and exact, and the Galois
group of % is the infinite cyclic group G generated by 7", i.e., 7"(S;[l]) = Sitn[l]. For
m € Mo, let .7 (m) € M, be such that M(.F(m)) = .Z(M(m)) € Rep® A,. From (2.0.2)
we easily deduce that for M, N € Rep A,
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M <deg N - y(M) <deg y(N) (203)

The following two classes of representations will play an important role later on. For
each d = (d;) € NI, we set

Sa =P diSi € Rep” A

icl

In other words, Sq is the unique semisimple representation of dimension vector d.
Let II be the set of all partitions A = (A1,...,A¢) (i.e., Ay = -+ = A\ > 1). For each
A € 11, define

Then
M(my) = So[M] @ S_1[Xo] @ - ® S1_¢[\¢] € Rep’ A.

If A = Ay, then we sometimes write my = m$® € M, to make a distinction. It follows
from the definition that #(m$®) = m, for all A € IL.

Proposition 2.1. Let A\, p € I1.
(1) If A = Ay, then
dim M (m;7) = dim M (m5’) <= p = .

In particular, for each m € M, there exists at most one v € I such that m = m°.
(2) If A=A, then

M(mp,) <deg M(m)\) = pu d A
where < is the dominance order on 11, i.e., p I\ <= 22:1 i < 22:1 Aj, Vi1

Proof. (1) By definition, both the socles of M (m5°) and M (m°) are multiplicity-free.
Thus, comparing the socles of Sy[A;] and Sp[u1] gives Ay = p1. The lemma then follows
from an inductive argument.

(2) Suppose M(m,) <deg M(my). By viewing my and m, as multipartitions in 9t,,
we obtain by [7, Prop. 2.7] that for each | > 1,

l

D= PP

s=1 s=1



174 B. Deng, J. Xiao / Journal of Algebra 480 (2017) 168-208

where \ = (Xl,XQ, ...)and g = (fi1, fi2, . . .) are the dual partition of A and p, respectively,
that is, g > A. By [31, 1.1, p < A. O

3. Ringel-Hall algebra of the quiver A

In this section we introduce the Ringel-Hall algebra H(A) of A (= A, or Ay) and
the maps from homogeneous subspaces of H(A,,) to those of H (A ) defined in [43, 6.1].
We also describe the images of basis elements of H(A,,) under these maps.

The cyclic quiver A,, gives the n x n Cartan matrix C,, = (a;;); jer of type A\n—17
while A defines the infinite Cartan matrix Cos = (aij5)i,jez. Thus, we have the asso-
ciated quantum enveloping algebras U, (ﬁA[n) and U, (sl ) which are Q(v)-algebras with
generators K', F;, F;, D' (i € I = Z/nZ) and Kiil,Ei,Fi (i € Z), respectively, and
the quantum Serre relations. In particular, the relations involving the generator D*! in
U, (sl,) are

DD ' =1=D7'D, K;D = DK;, DE; = v E;D, DF; = v FED, Viel,

see [2, Def. 3.16]. The subalgebra of U, (;[n) generated by KX By Fy (i € [ = Z/nZ) is
denoted by UL(sA[n), see [24, 1.1].

By [34,36,15], for p,my, ..., m; € M, there is a polynomial ph,  m,(q) € Z[q] (called
Hall polynomial) such that for each finite field k,

_ pMe(p)
soiil,,..,mf(lkl) = FM:(ml),‘..,Mk(mt)’

which is by definition the number of the filtrations
My(p) =Mo2 My 22 My 1 2 My =0

such that M,_1 /My = My (m;) for all 1 < s <t. By [35, Sect. 2], for each m € 91, there
is a polynomial ay(q) € Z[q] such that for each finite field &,

am([k[) = [ Autya (M (m))].

Let Z = Z[v,v!] be the Laurent polynomial ring over Z in indeterminate v. By
definition, the (twisted generic) Ringel-Hall algebra H(A) of A is the free Z-module
with basis {um | m € M} and multiplication given by

U Uy = 0 T M (m),dimM (m')) Z Spfn,m/ (Uz)up' (3.0.1)
pem

In practice, we also write uym = u[pz(m)) in order to make certain calculations in terms of
modules. Furthermore, for each d € NI, we simply write uq = us,]-
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For each i € I, set u; = ug ] We then denote by C(A) the subalgebra of H(A)
generated by the divided power u =wul/[t]', i € I and t > 1, called the composition
algebra of A, where

[t]' = [t][t —1]---[1] with [m] = (™ —v™™)/(v—v7b). (3.0.2)

Moreover, both H(A) and C(A) are NI-graded:

= P H(A)a and C(A) = @ C(A)a, (3.0.3)
deNI deNrI
where H(A)q is spanned by all uy, with m € M4 and C(A)g = C(A) NH(A)q. Since the
Auslander—Reiten translate 7 : Rep® A — Rep” A is an auto-equivalence, it induces an
automorphism 7 : H(A) = H(A), um — urm. We also consider the Q(v)-algebras

H(A) =H(A) @z Q(v) and C(An) = C(An) ©z Q(v).

Remark 3.1. We remark that the Hall algebra of A defined in [43] is the opposite algebra
of H(A) given here with v being replaced by v~!. Thus, v and v~! should be swaped
when comparing with the formulas in [43].

Following [34], C(Aw) = H(Aw), and there is an isomorphism U} (sle) = H(As)
taking E; — u;, Vi € I = Z. But, for n > 2, C(A,,) is a proper subalgebra of H(A,,).
By [36],

U (sly) 2 C(A,), By v— u;, Vi€ I,

v

By [37, Th. 2.2], H(A,,) is decomposed into the tensor product of C(A,,) and a polyno-
mial ring in infinitely many indeterminates which are central elements in H(A,,). Such
central elements have been explicitly constructed in [18]. More precisely, for each ¢ > 1
let

¢ = (—1)tv=2 Z 1)dim EndM(m) g (0,2)y € H(An), (3.1.1)

where the sum is taken over all m € 9t,, such that dim M (m) = t§ with 6 = (1,...,1) €
NI,,, and soc M (m) is square-free, i.e., dimsoc M (m) < §. The following result is proved
n [18].

Theorem 3.2. The elements ¢, are central in H(Ay). Moreover, there is a decomposition
%(An) = C(An) ®Q(v) Q(’U)[Cl, Co, .. .],

where Q(v)[e1, ¢a, . . .| is the polynomial algebra in ¢; for t > 1. In particular, H(A,) is
generated by u; and ¢; fori € I, andt > 1
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For each m € M, set d(m) = dim M (m), d(m) = dim M (m) and define

U = vdim Endpa(M(m))—d(m),, (3.2.1)

Then {Uy | m € M} is also a Z-basis of H(A) which plays a role in the construction of
the canonical basis. In particular,

w; = u; foreach: eI and ug = vzi(d?_di)ud for each d € NI.

Consider the map 7 : ZIo, — ZI,,,d + d, where n(d) = d = (d;) is defined by
d; =Y dj, Vi€, =7/nL.

j€i

In particular, for each representation M € Rep Ao, dim % (M) = 7(dim M).
In the following we briefly recall from [43, 6.1] the Z-linear map

Yd : H(An)a — H(Aoo)d (3.2.2)

for each d € NI,. These maps play a crucial role in defining an action of H(A,) on the
Fock space later on.

Let k& = F, be a finite filed with ¢ elements and let V = @;c;V; be an I-graded
F,-vector space with dimension vector d. Then we define Cg, (Ey) to be the set of
Gy-invariant functions Ey — C, which is a vector space over C. Then H(A)g ®z C (at
v = ,/q) can be identified with Cg,, (Eyv ) via taking (v, to the characteristic function
of the Gy -orbit of z in Ey .

Now take d € NI and let V' = ®;czV; be an I-graded F,-vector space of dimension
vector d. This gives an I,,-graded space V = @;c; V; of dimension vector d with V; =
&, Vi Vi € I,,. Moreover, V admits a filtration by the subspaces

V;i :@‘/j, VieZ.

Jjzi

Then the associated graded space @iGZV%/V)i_l is naturally identified with the
Z-graded space V. Set

EV,V ={ze Ey | I(VZZ) c V>i+1} C Ey.
This gives a map p : Ey,, — Ey, which takes a representation of A, in Ey to the

induced representation of Ay in Ey, and the embedding ¢ : Ey; ,, — Ey. By specializing
v to ,/q, the map ~q is then given by

(74 ©2 C) o= ya: Cay(By) — Cay (Bv), fr— v@"Vpe(f),
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where h(d) = >, ;55 di(dj+1 —d;). Here we identify H(An)a ®z C with Cq (Ey7) and
H(Aoo)d ®z C with Cg,, (EV)

The first two statements in the following lemma are taken from [43, Sect. 6.1], and
the third one follows from the isomorphism 7 : H(Ax) = H(A).

Lemma 3.3. (1) For each d € NI, va(ug) = v~ " Dig.
(2) Fiz o, B € NI, with d = a+ 8. Then for x € H(An)a and y € H(A,)s,

Y P (@) (y) = valey), (3.3.1)
a,b
where the sum is taken over all pairs a,b € Nl satisfyinga+b =d, a = «, and
b = 5, and Iﬁ:(a,b) = Zi>j,f:j ai(2bj — bj,1 — bj+1).

(3) For each d € NI, and m € 99, Yrr(@)(Um) = 7™ (¥a (Um))-
We now describe the images of the basis elements Uy, of H(A,)5 under 4.

Proposition 3.4. Let d € NI, and m € M,, be such that a ;= dim M (m) = d. Then
~Ya(tm) € Z Zuy.
5€m007 y(3)<degm

Proof. Counsider the radical filtration of M = M (m)
M =rad’ M D radlM(: radM)D--- D rad ' M Drad* M =0

with rad®~! M/rad* M = S,_, where ¢ is the Loewy length of M and «s € NI, for
1< s< ¥ Then M = S,, *---*S,,. Moreover, by [8, Sect. 9],

Ugy ** Ugy = Um + E fm,plUp, where fr p € Z.

p<degm

On the one hand, by induction with respect to the order <gey, we may assume that
for each p € M3 with p <qeg M, ¥a(TUyp) is a Z-linear combination of u, with y € Mo
satisfying . (9) <geg p. Therefore,

Ya(tUm) = Yd (U, -+ Ua,) + 2, (3.4.1)

where x = =37 . fmpya(Up) is a Z-linear combination of u; with 7 (3) <deg m.
On the other hand, by applying (3.3.1) inductively, we obtain

’Yd(aal e aaz) = Z vzs<t w(as,ac) =2, h(aS)ﬁm T ﬁam (342)

al,...,ayp

where the sum is taken over all sequences ay,...,a; € NI, satisfying
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aj+---+a,=d and a; =a,, V1 <s <L

By the definition, each term %, - - - Ua, is a Z-linear combination of @, such that M (y)

£
admits a filtration

M@y)=XoDX1D--DX1DX,=0

satisfying X, 1/X, = Sa, for all 1 < s < ¢. Applying the exact functor .Z# gives a
filtration of .7 (M (y))

F(M(y)) = F(Xo) D F(X1) D+ > F(Xe_1) D F(X) =0

such that

Therefore,

that is, .Z (1) <deg M.
In conclusion, we obtain that

Ya(lim) € > Zu,. O
3€Moc, F(3)<degm

Fix A € II and write
d(A) = dim M (m$°) € NI, and «()\) = dimM (my) € NI,.
By the definition of M (m$°) and M (my), the radical filtration of M = M(mg®)

M:radoﬁgradﬂg~oI_)rad€_1M2radZJT/[/:O

gives rise to the radical filtration of M(my) = .% (M)

M(my) = .Z(rad’ M) D F(rad M) D --- D .F(rad’ "' M) D Z(rad’ M) = 0,
that is, .7 (rad® M) = rad®(M(my)) for 1 < s < £. Let d(A); € NIy and (), € NI,,,
1 < s < /4, be such that
rad® ™ M/ rad® M = Sa(n). and rad® ™! M(my)/rad® M (my) = Sa(r).-

Then d(A)s = (M) for 1 < s < £. Applying (3.4.1) and (3.4.2) to my gives the following
result.
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Corollary 3.5. (1) Let A € II and keep the notation above. Then

’Yd(/\)(ﬂmx) S ve(/\)’l\l:mio + Z Zﬂa,
3€Meo, F(3)<degMa

where O(A) = 3, w(d(N)s, d(N):) = 3 ( (N)s)-
(2) Let d € NI, withd = «a(N). If d = 77™(d(X)) for some r € Z, then

Va(Timy) € V"N Ui (msey + > 2.
€M, F(3)<degMar

Otherwise,

'Yd(ﬂnu) S Z Zfié

3‘5937207 9(3)<degm>\

In the following we briefly recall the canonical basis of H(A) for A = A,, or As. By
[27] and [43, Prop. 7.5], there is a semilinear ring involution ¢ : H(A) — H(A) taking
v v~ and Ug — Ug for all d € ZI. Tt is often called the bar-involution, usually written
as = «(z). The canonical basis (or the global crystal basis in the sense of Kashiwara)
B := {byn | m € M} for H(A) (at v = 00) can be characterized as follows:

b = b, b €U+ > v Zo " ily; (3.5.1)

p<degm

see [27]. The canonical basis elements by, also admit a geometric characterization given in
[28,43]. Let Hép (ICo,,) be the stalk at a point of O, of the i-th intersection cohomology
sheaf of the closure Oy of Op. Then

b = Z i—dim O +dim Op 3510 H(’) (ICo,, )typ.
ieN
P<degm

For the cyclic quiver case, by [29], the subset of B
B := {by | m € M?P}

is the canonical basis of C(A,,), where 92P denotes the set of aperiodic multisegments,
that is, those multisegments m = 37, o, m;[i,l) satisfying that for each [ > 1,
there is some ¢ € I,, such that m;; = 0. In other words, B* is the canonical basis of
Ut (S,A[n) Note that for each A = (A1,..., \,) € II, the corresponding multisegment my
is aperiodic if and only if A is n-regular which, by definition, satisfies Ay > Asy,,—1 for
1<s<s+n—-1<m
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4. Double Ringel-Hall algebras and highest weight modules

In this section we follow [42,6] to define the double Ringel-Hall algebra D(A) of the
quiver A = A,, or A and study the irreducible highest weight modules of D(A,,) asso-
ciated with integral dominant weights in terms of a quantized generalized Kac—Moody
algebra.

The Ringel-Hall algebra H.(A) of A can be extended to a Hopf algebra D(A)>°
which is a Q(v)-vector space with a basis {uf K, | a € ZI,m € M}; see [34,14,42] or [6,
Prop. 1.5.3]. Its algebra structure is given by

KoKp = Koyp, Kouf, =0 @™yt f,

, 4.0.2
uhut, = 3 wtdmAmD) gp 2y (4.0.2)
peEM

where m,m’ € M and «, 8 € ZI, and its coalgebra structure is given by

’ AN\ ¢ oy ’()2 [o o] U2
A(u;’;) = Z p{d(m”),d(m ))%wml’mll (UQ)u;,, ® U;/Kd(m”y
" (4.0.3)

m/,m’’em

AK,) =Ko ®Kg, euf)=0(m#0), e(Kq) =1,

where m € 9 and « € ZI. We refer to [42] or [6] for the definition of the antipode.
Dually, there is a Hopf algebra D(A)S? with basis {Koup, | @ € ZI,m € M}. In
particular, the multiplication is given by

KoKp = Koyp, Koup=v"dM@)y— g

ma

T Z “<d(m,)’d(m)>sﬂﬁ1gm(v2)u_ (4.0.4)

mUy = po
peMm

where m,m’ € M and «, 8 € ZI. The comultiplication and the counit are given by

’ 11\\ Oy’ Clypy 77 _ _
Aug)= > wldm)dm >>%wm,’m,,(qﬂ)um,,fgd(m,) @u,
m’/,m’’eM m (405)

A(Ky) =Ko ® Ky, e(ug)=0(m#£0), e(Ky) =1,

where o € ZI and m € M.
It is routine to check that the bilinear form ¢ : D(A)Z° x D(A)S® — Q(v) defined
by

B i, K gu=,) = v(@8)=(dlm).d(m) +2d(m) Omam_ (4.0.6)
m am (v?)

is a skew-Hopf pairing in the sense of [22]; see, for example, [6, Prop. 2.1.3].
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Following [42] or [6, §2.1], with the triple (D(A)Z%, D(A)S, +)) we obtain the associ-
ated reduced double Ringel-Hall algebra D(A) which inherits a Hopf algebra structure
from those of D(A)?? and D(A)SC. In particular, for all elements z € D(A)Z° and
y € D(A)SY, we have in D(A) the following relations

Zl/J T1,Y1)Y2T2 = Zw T2, Y2)T1Y1, (4.0.7)

where A(z) = Y 21 ® z2 and A(y) = > y1 ® y2 (here we use the Sweedler notation).
Moreover, D(A) admits a triangular decomposition

D(A) =D(A)T DA @D(A), (4.0.8)

where D(A)* are subalgebras generated by uf (m € M), and D(A)? is generated by K
(o € ZI). Thus, D(A)° is identified with the Laurent polynomial ring Q(v)[K:! : i € 1],

H(A) =H(A) ©z Qv) — D(A)T, um — uf,
H(A)P = H(A)P @2 Q1) 2 D(A)~, um — u.

Fori eI, a € NI and m € 9, we write

+ _ =+ + _ =+ dlmEndA(M(m)) dimM (m), +
U =gy, Uy = Ug 1, and u U

The canonical basis of (A) in (3.5.1) gives the canonical bases B* := {bX | m € M} of
D(A)* satisfying

T+ > vz . (4.0.9)

p<degMm

It is known that D(A.) is generated by ul, KX (i € Z) and is isomorphic to
U, (slw). By [36], the Q(v)-subalgebra of D(A,,) generated by v, KX (i € I,, = Z/nZ)
is isomorphic to U’ (sl,,), while D(A,,) gives a realization of U, (g[ ); see [38,19,6]. From
now on, we write for notational simplicity,

D(x) =D(Ay) and D(n) = D(A,).

Remarks 4.1. (1) The construction of ’D( ) is slightly different from that in [6, §2.1].
In particular, the K; here play a role as K KK, 1 there. In particular, they do not
satisfy the equality KoK --- K,—1 = 1.

(2) We can extend D(n) to the Q(v)-algebra D(n) by adding new generators DE!
with relations

DD™'=1=D"'D, K;D = DK;, DE; = v E;D, DF,
= v %iF,D, Duf = vFutD
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for all i € I, and m € M, where d(m) = (a;)ics,. Then U,(sl,) clearly becomes a
subalgebra of D(n).

As in (3.1.1), define for each t > 1

cti t p2tn Z dlm End(M(m))am<,02)u§1 c ’D(n)i

m

By Theorem 3.2, the elements ¢; and ¢; are central in D(n)™ and D(n)~, respectively.
Following [19, Sect. 4], define recursively for ¢ > 1,

Clearly, ;7 and ; are again central elements in D(n)* and D(n)~, respectively. By
applying [18, Cor. 10 & 12], the xti are primitive, i.e.,

Alxf )=z @ Kis+1@x] and Az} )=z, @1+ K_;sx;,
and they satisfy
Y(xf, zy) = 0" @y, s} = 6 t0? 0T (1 — 0B = 6yt (1 — v ),

Finally, as in [6, § 2.2], we scale the elements mti by setting
+ v + +
Zh = % € D(n)* fort > 1.

Then
Az =2z 9K +102f, A(z])=2, @1+ K_4® z;, (4.1.1)

and

(v —1)

(=i, 27) = S =

Lemma 4.2. (1) For each i € I,
—1
+ 7] = Kl — Kl .
v—ov!
(2) For a € NI, and t,s > 1, Koz = 2F K, and

t(U2tn _ 1)

(2, 2] = 616 (K5 — K_5). (4.2.1)
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Moreover, for eachi € I, andt > 1,

+

7

+

[uis 2y ] = 0= [u;, 2]

Proof. We only prove the formula (4.2.1). The remaining ones are easy calculations.
Since A(z]) = 2§ @ Kis +1® 2 and A(27) = 27 ® 1 + K_ s ® 25, we have by (4.0.7)
that

Kis(zf 27) + 2/ 0(1,27) + 25 Kesth (2, K_gs) + 25 2 (1, K_g5)
=zl 2 (K5, 1) + 2, 0(21,1) + 2f K50 (K5, 27) + K_os¥(2], 27).
This implies that

t(v¥n —1)

since ¥(1,z;) = w(zz“,Ks(;) = w(zf,l) = Y(Kis,z;) = 0 and ¢(1,Ky) =
’L/)(K_tg,l):l. O

[erv Zs_] = w(zjv Zs_)(Kté - K*Sé) = 5t,s (Kt6 - Kfté)

Using arguments similar to those in the proof of [6, Th. 2.3.1], we obtain a presentation
of D(n). More precisely, D(n) is the Q(v)-algebra generated by Kz-il, uf = B, u; = Fj,
and zfﬁ for i € I,, and t > 1 with defining relations:

(DH1) K;K; = K;K;, K;K;' =1=K; 'K;;
(DH2) K;E; = v*i E;K;, K;Fj = v % F;K;, K;2F = 2F K;
(DH3) [E;, Fy] = 6,21 (B 2] =0,

25, B =0, [2f,27) = 000 S48 (Kis — K 19);

(DH4) > (-1)° [1 —acm} ESE;E! =0 for i # 7,
a+b:1—ci1j
zfzt =z2tzf Bz =2/ E;;

(DH5) > (-1)° [1 _aci’j} FAFF? =0 for i # j,
a+b=1—c;,;
z, 2, =2,2,, Fizy =2z, F;

S

where 4,5 € I, and t,s > 1.

In the following we simply identify I, = Z/nZ with the subset {0,1,...,n — 1} of Z.
Let PV = (®4e1,Zh;) ® Zd be the free abelian group with basis {h; | i € I,} U {d}. Set
h = PV ®z Q and define

P ={A € b* =Homg(h,Q) | A(PY) C Z}.

Then P = (®er,ZA;) ® Zw, where {A; | i € I,} U {w} is the dual basis of {h; |
i € I,} U{d}. This gives rise to the Cartan datum (PV, P,IT1V,II) associated with the
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Cartan matrix C,, = (a;;), where IIY = {h; | i € I,} is the set of simple coroots and
IT ={w; | i € I,} is the set of simple roots defined by

Oéi(hj) = aji, Ozi(d) = 6071‘ for all 1,7 € I,.
Finally, let

PT={AeP|Ah)>0,Viecl,}=(ENA) O Zw
i€l

denote the set of dominant weights.
For each A € P, consider the left ideal Ja of D(n) defined by

Ja= Y Dmub+ Y. Dn)(Ka — o)

meM, \{0} a€Zl,
= Y Dmub+ ) Dn)(KE; - M),
meM, \{0} i€l

where A(a) =3 i aiM(hi) if =3, aie; € ZI,. The quotient module
M(A) :=D(n)/Ja

is called the Verma module which is a highest weight module with highest vector ny :=
1+ Ja. Applying the triangular decomposition (4.0.8) shows that

Dn)” — M(A), 2~ —x~ + Jp

is an isomorphism of Q(v)-vector spaces. Via this isomorphism, D(n)~ becomes a
D(n)-module. Tt is clear that M (A) contains a unique maximal submodule M’ which
gives rise to an irreducible D(n)-module L(A) = M (A)/M’.

Remark 4.3. By the construction, if A,A’ € P* satisfy A — A’ € Zw, then L(A) =
L(A’). Therefore, it might be more appropriate to work with the algebra D(n) defined
in Remark 4.1(2).

Theorem 4.4. Let A = Zieln a;\; + bw € PT be a dominant weight with Zign a; > 0.
Then

L(A) =D(n)~ /(Y Pn)” (u; ) ).
el

Proof. As in [9, Sect. 3], we extend the Cartan matrix C' = (a;j); jer, to a Borcherds—
Cartan matrix C = (@;;); jen by setting a;; = a;; for 0 <4, j < n and a;; = 0 otherwise.
Consider the free abelian group PV = (®;enZh;) © (®ienZd;) and define
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P={0e(P"®Q)"|0(P")CZ}.
We then obtain a Cartan datum of type C
(P, P, 1Y = {h; | i e N},IT1 = {&; | i € N})
where the @; are defined by
a;(hj) =a;; and o;(d;) =0;,, Vi,j €N,

Following [23, Def. 2.1] or [21, Def. 1.3], with the above Cartan datum we have the
associated quantum generalized Kac-Moody algebra U,,(C~’) which is by definition a
Q(v)-algebra generated by K', D' E; F; for i € N with relations; see [21, (1.4)] for
the details. Clearly, the subalgebra of UU(C~’) generated by K1 D! B, Fifor 0 <i<n
is isomorphic to U, (5A[”).

In order to make a comparison with D(n), we consider the subalgebra U of U,(C)
generated by Kiil, FE;, F; for i € N. Then U admits a triangular decomposition

U=U 9U’gU",

where INJ*, I~J+, and U are subalgebras generated by F;, E;, and KijEl for i € N,
respectively. In particular, U? = Q(v)[K! : i € N]. It follows from the definition that
there is a surjective algebra homomorphism ¥ : U — D(n) given by

u;r, if0<i<m; u; , if0<i<m;
U(E;) = U(F;) = , and
yi,nﬂzj_nH, if 1 > n, Zi gy fiZ2n
+1 . :
\II(K.ﬂ): K, if0<i<m
' K*! fi>
(i-n+1)s0 HLT=Z2T,

where y; = t(v¥"—1)(v—v=1)/(v!—v71)? for t > 1; see (4.2.1). Hence, each D(n)-module
can be viewed as a U-module via the homomorphism ¥. By the definition, ¥ induces
isomorphisms U% 2 D(n)%. Thus, in what follows, we will identify U¥ with D(n)*
via .

As defined in [21, Sect. 2.1], for each 0 € P, there is an associated irreducible U-module

L(6). By [21, Prop. 3.3], L(0) is integrable if and only if # is dominant, that is,
0 PT={pe(P'®Q)"|pP")CN}
Moreover, by [23, Cor. 4.7], for 6 € PT,

LO)=U0 /(Y U F"* " N UR).

iel, i>n,0(h;)=0
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Viewing the irreducible D(n)-module L(A) as a U-module, it is then isomorphic to
L(A), where A € P is defined by

~ Alhy) = a;, if 0 -
{ ( ) “ ! and A(di):(;l,ob

A(h) )
UG-t ) Sy, ifizn

From the assumption Y . ;a; > 0 it follows that 1~\(h2) > 0 for all i > n. Consequently,

icl

L(A) = L(A) = U~ /( > U~ F ) =D(n)/( S D) (u) ). O

i€l i€l

~

For each A € P, let Lo(A) denote the irreducible U/, (sl,,)-module of highest weight A.
Applying Theorem 3.2 gives the following result.

Corollary 4.5. Let A = 37, ; a;A; +bw € PT with 7,.; a; > 0. Then Lo(A) is the
U, (;[n)—submodule of L(A) generated by the highest weight vector na and there is a vector
space decomposition

L(A) = LO(A> ® Q(U)[zfvz57 e }

In particular, if L(A) ) denotes the U/ (sl,)-module via restriction, then

|U;(£[n

LMy, a1, = @ Lo(A — mg*)®rtm), (4.5.1)

m=0

where 6" =3, «a; and p(m) is the number of partitions of m.

Proof. By Theorem 3.2,

This implies that

LA) = D(n)~ /(Y. Dn)~ (u; )= +)

i€y

12

(U, (s1,)/ (Y Uy (L)) @ Q)21 25, ]

i€l,

By [30, Cor. 6.2.3], Lo(A) = U (sly)/(X,e;, Uy (s) F™). Hence, Lo(A) is the
U/, (sl,,)-submodule of L(A) generated by 1 and the desired decomposition is obtained.

For each family of nonnegative integers {m; | t > 1} satisfying all but finitely many
my are zero, Lo(A) @[], (2, )™ is a U/, (sl,,)-submodule of L(A) since [uX,z;] =0 for
all i € I, and ¢t > 1. It is easy to see that
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Lo(A) ® [J(z0)™ = Lo(A = (D mi)d).

t>1 t>1

We conclude that

L<A)|U§,(§[n) ~ @ Lo(A — mé*)@p(m). O

m2=0

By [30, Th. 14.4.11], for each A € PT, the canonical basis {b, | m € M?P} of U, (;[n)
gives rise to the canonical basis

{orna # 0| m e MP}

of Ly(A). On the other hand, the crystal basis theory for the quantum generalized Kac—
Moody algebra U(C') has been developed in [21]. Since all the F; for ¢ > n correspond

to imaginary simple roots and are central in U~ = D(n)~, applying the construction in
[21, Sect. 6] shows that the set

B = {(H F.m")b;1 | m € M2 and all m; € N but finitely many are Zero}

K3
izn

forms the global crystal basis of U~ = D(n)~. We remark that B’ does not coincide
with the canonical basis B~ of D(n)~ in (4.0.9).

5. The g-deformed Fock space I: D(oco)-module

In this section we introduce the ¢-deformed Fock space A* from [16] and review its
module structure over D(oo) = U, (sls) defined in [32,43], as well as its U, (g[n)—module
structure. We also provide a proof of [43, Prop. 5.1] by using the properties of repre-
sentations of A,. Throughout this section, we identify D(c0) with U, (E/J\[OO) via taking
ujHEi,u;HEforalliEIoo:Z.

For each partition A € II, let T'(\) denote the tableau of shape A whose box in the
intersection of the i-th row and the j-th column is labelled with j — ¢ (the box is then

said to be with color j —4). For example, if A = (4,2,2, 1), then T'(\) has the form

-3
-2 -1
—1 0

0 1 2| d|

For given ¢ € Z, a removable i-box of T'(\) is by definition a box with color ¢ which can
be removed in such a way that the new tableau has the form 7'(p) for some p € II. On
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the contrary, an indent i-box of T'(\) is a box with color ¢ which can be added to T'(\).
For i € Z and X\ € II, define

n;(A\) = [{indent i-boxes of T'(\)}| — |[{removable i-boxes of T'(\)}|.

Let A™ be the Q(v)-vector space with basis {|\) | A € II}. Following [43, 4.2], there
is a left U, (slo)-module structure on A™ defined by

Ki-|]A) =0, B[\ =), Fy-|\) = |p), Vie Z,\ell, (5.0.2)

where p,v € II are such that T'(1) — T'(A\) and T'(A) — T'(v) are a box with color i. As
remarked in [32, Sect. 2] and [43, 4.2], A is isomorphic to the basic representation of
U, (sls) with the canonical basis {|\) | A € II}.

Lemma 5.1. (1) Fori € Z and A\, p € 11, if u; -|p) = |A), then there is an exact sequence
0— S; — M(my) — M(m,) — 0.
(2) Let m = [i,1) for some i € Z and | > 1. Then uy - |0) € Z|A\) if ¢ < 0 and
i+1—1 >0 and 0 otherwise, where A\ = (i + l71(_i)). In particular, if i = 0, then
U - |0) = |A).

Proof. (1) This follows directly from the definition.
(2) We proceed induction on [. The statement is tr_ivial if [ = 1. Suppose now [ > 1.
By the definition, M (m) = S;[I] with dim M (m) = 327! €;. Then

J=i

- - = 1=l = -1, —
Uj g g7 UipqUy =V Ug + g v
3<§2gm

For each 3 with 3 <3, m, M (3) is decomposable. Thus, we may write
M(3) = M(y) & M),

where y € Mo, and 31 = [j,i + 1 — j) for some ¢ < j < i+ 1 — 1. This implies that

By the induction hypothesis,
uy, - 10) € Zlp) if j<Oandi+1-1>0,

and 0 otherwise, where p = (i +1,1(-7)). Let now j < 0O and i +1 — 1 > 0 and let
k1,...,k;j—; be a permutation of 7,74+ 1,...,5 — 1. Then
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(g, gy =g, ) - ) =0

unless ky =4, kp =i+ 1...,kj_; = j — 1, and moreover

(u wipy =i ) - ) = |A).

Since uy is a Z-linear combination of the monomials wy uy, -+ -u ., we have g -[0) €
Z|N).

Now let i = 0. Then uj, - [#) = 0 for each 31 = [j,i +1—j) with 0 < j <i+1—1
Hence,

U - 0) = 0" g - 0) = (u_y - uyug) - [0)+ D uy o) =[N O
3<3°egm

Lemma 5.2. Let m = 2121 my [, 1) € Moo and A € I1.

(1) If there is j € Z such that D1 Mya = 2, then ug - |A) = 0. In particular, for each
i€ Z and t =2, (u;)® - |\) =0, where (u; ) = (u;)t/[t]!; see (3.0.2).
(2) The element u, - |)\> is a Z-linear combination of |p) with u € II.

Proof. (1) For each i € Z, we put

m; = Zm” and M; = @musi[l]

1>1 I>1
Then M = M(m) = ®;czM;, where all but finitely many M; are zero and

u; — 0 Zi>j (dim M; ,dimM;) (

u[;\4—1]u[;\40]u[;\41] ).

Suppose there is j € Z with m = m; > 2. Then M; admits a decomposition
M; = Sjla1] @ -+ & Sjlam] withay > -+ > ap > 1.

This implies that

YSilanll M laal] T VT M)
where b; = >, <, (dimS;[m,], dim S;[mg]). Hence, it suffices to show that for each
p e I,

by — _
U] ) = J(U[Sj[am]} "'u[sj[al]]) “|u) =0.

By the definition, u(g ) is a Q(v)-linear combination of those v which are obtained

NG
from p by adding a ( ) box for each 0 < r < ay. Thus, each such v does not admit
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an indent j-box. Then upg (, 1\ |v) = 0 and, hence, (u[fgj[am]] -~-u[7sj[a1”) |p) = 0. We
conclude that ug - [A) = 0.

(2) It is known that @, is a Z-linear combination of monomials of divided powers
(u;)® for i € Z and t > 1. Since by (1), (u; )® - |u) =0 foralli € Z, u € I and t > 2,
it follows that iy, -|\) is a Z-linear combination of (u; ---u; )-|\), where m = dim M (m)
and i1,...,4, € Z. By the definition, (u;

i oot ug ) - |A) is either zero or equal to |u) for

some pu € II. Therefore, 4, - |A) is a Z-linear combination of |u) with p € II. O
Proposition 5.3. (1) For each m € My,
Up - [0) € Z|N) for some X € I1 with my <go, m.
(2) For each X €11,

Ug, - |0) = |N) and u, -|0) =0 for all p € M with p <go, mx.

In particular, by, - |0) = [X).

Proof. (1) If @, - |@) = 0, there is nothing to prove. Now suppose uy, - |}) # 0. By
Lemma 5.2(2), we write

U [0) = >~ )N,

A€l

where all fy(v) € Z but finitely many are zero. If fy(v) # 0, then dim M(m,) =

dim M (m). By Lemma 2.1(1), such a A € I is unique. Hence, we may suppose u, - |0} =

f(v)|A) for some 0 # f(v) € Z and A € IL. It remains to show that my <3, m.
Applying Lemma 5.2(1) implies that

M= M(m)=5;[a1] D @& S;,lad,

where iy < --- <i; and aq,...,a; > 1. Then

a
s ) YSi far)) T U Ymo

where a = 33, . (dimS; [ag], dim S; [a,]).
We proceed induction on ¢ to show that M (my) <o, M = M(m). If t = 1, this follows
from Lemma 5.1(2). Let now ¢ > 1 and let u € II be such that

(u[_si2 azl) " UiSs, fad]) |0) = g(v)|u) for some 0 # g(v) € Z.

Then wu,

(Si [aa]] |1y = v2f(v)g(v)~tA). By the induction hypothesis,
i1 @1

M(my,) <gog Sizlas] ® -+ & Sj,[ar].
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By writing ufs (ay]) 35 @ Z-linear combination of monomials of u;’s and applying
1

Lemma 5.1(1), there exists X € Rep A satisfying dim X = dim S;, [a1] with an exact

sequence

0— X — M(my) — M(m,) — 0.
Since S;, [a1] is indecomposable, it follows that X <Gee Si, [a1]. Therefore,
M(my) <Gog M(my) x X <§ (Silaz] & -+ @ Sy, [ae]) * Sy, [ad]
= (Si[az] ® -+ @ S, [ar]) © Sy [a1] = M (m),

that is, m) gggg m.
(2) Write A = (A1, ..., A¢) with Ay > -+ > A\ > 1. Since

M(my) = So[M] @ S_1[A2] & -+ - & S1_¢[Me],

we have that

Ulsiound) T USoa Pl UiSona) = Y tma

where

c= Y (dimS [\, dimS_J\))= > dimHoma_ (S1-r[A\], S1os[As]).

1<r<s<t 1<r<s<t

By using an argument similar to that in the proof of Lemma 5.1(2), we obtain that

VU 10) = (g, g Y el Ysoinag) 10
-1y, — -
=T (s, Lo s pap) 1)
MAAa—2(, — -
=M (U[sl_t[)\t]] e '“[5_2[)\3]]) : |()\17 )\2)>
= MRl () = oM AT ),

Since

dimEnda, (M(my)) = Y dimHoma_ (Si—p[Ar], S1-s[A]) = c+1t

1<r<s<t
and dim M (my) = A1 + - - - + A, it follows that

i, - [0) = 0O ) = ).

Now let p <3, my and suppose wy, -|0) # 0. By (1), there exists y € I with m,, <, p
such that u, - |0) = f(v)|u) for some f(v) € Z. Thus, m, <3, my. By Lemma 2.1(1),
p = X since dimM (m,,) = dim M (m,). This is a contradiction. Hence, u, - |0) = 0.
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By (4.0.9),

b, € Up, + Z v Zo iy

p<dcgmk
We conclude that by, - [0) = Uy, -[0) = |A). O

As a consequence of the proposition above, we obtain [43, Prop. 5.1] as follows.

Corollary 5.4. The subspace T of Uy (sls) spanned by b, with m € M — {my | A € IT} is
a left ideal of Uy, (sls). Moreover, the map

U; (s10)/T — N, b, +Z—|\), VA€
is an isomorphism of Uy (sls)-modules.
Proof. On the one hand, by [30, Th. 14.4.11], the set
{bm - 10) # 0 | m € Moo}
is a basis of A™. On the other hand, there is a U, (sl )-module homomorphism
¢:U, (sl) — AT, z+— x-|0).

It follows from Proposition 5.3(2) that Z = Ker ¢ is a left ideal of U, (sly) and that ¢
induces the desired isomorphism. O

Finally, for ¢« € Z and A € II, put

ny (N = ) af )= Y n(), and m(A) =) ny(A

j<i, jEL j>i, jEL =
By [16,32], there is a U, (;In)—module structure on A defined by

K5 - [A) = 0|, ZU”J NE; - Zv_" NE N, (5.4.1)

jei j€i
where i € I,, = Z/nZ.
6. The g-deformed Fock space II: D(n)-module

In this section we first recall the left D(n)S’-module structure on the Fock space A\™
defined by Varagnolo and Vasserot in [43] and then extend their construction to obtain
a D(n)-module structure on A\
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For each = )" Tnum € H(A) with A = A, or A, we write
= meuﬂﬁ € D(A)*:.
m

Then for each d € NI, the map vq : H(An)3 — H(Aw)a defined in Section 3 induces
Q(v)-linear maps

73 1 D(n); — D(oo)g

such that 73 (2%) = (ya(z))* for each 2 € H(Ay).
Following [43, 6.2], for each i € I,, = Z/nZ, X\ € Il and = € D(n);, define

K0 = o) and 3 = (g () K a) - ), (6.0.2)
d

where the sum is taken over all d € NI, such that d = @ and d’ = ZD] i—jdjei- By
[43, Cor. 6.2], this defines a left D(n)S’-module structure on A which extends the
Hayashi action of US(sl,,) on A* defined in (5.4.1).

Dually, for each A € Il and = € D(n)/, define

zN) = (v (@) Kar) - M), (6.0.3)

d

where the sum is taken over all d € NI, such that d = @ and d” = ZK] 7= djei- Then
we have the following result whose proof is analogous to that of [43, Cor. 6.2].

Proposition 6.1. The formula (6.0.3) defines a left D(n)? -module structure on N\~
which extends the Hayashi action of Uio(ﬁ[n) on N\~

Proof. Let z € D(n)} and y € D(n )ﬁ, where «, 5 € NI,,. By the definition, we have, on
the one hand, that

(zy) -1\ = (74 (zy)Kar) - |N)
d
and, on the other hand, that

2oy 1) =Y (7 (@) Kar i () Ko ) - [N,

a,b

where the sum is taken over all a,b € NI, such that a = « and b = 3.
Since Karyy (y) = v@ Pyt (y) Kan, we obtain that

-1 =>" > v@" P (yf (@) () Kar) - ).

d a+b=d
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By the definition,

(a”,b) = ( Z aj€i7zbi€i) = Z 7b¢(2aj —Qaj—1 — (1j+1) = n(a,b).

i<j,i=j i<j,i=j

Applying Lemma 3.3(2) gives that

(zy) - [A) =2 (y - |A)-

Hence, A™ becomes a left D(n)>°-module.
For each i € I,, = Z/nZ and X € II, we have

wh = S K ).

j€i
Since & =3, _; j_j & for each j € 1, it follows that

K-\ = [ Ke- 3 =vZii= Oy = om D)),
1<j,l=3

This implies that

ul Ay = o Mk,

jei
which coincides with the formula for E; - |A\) in (5.4.1), as required. O

After the work of Varagnolo and Vasserot [43], one naturally expects to extend their
construction to obtain a D(n)-module structure on A”. The formula for the actions
ul - |A\) of the semisimple generators u in D(n)" was given by Stroppel and Webster
[41, Lem. 7.5]. The formula (6.0.3) is modified from (6.0.2) in terms of the Varagnolo—
Vasserot’s map in (3.2.2).

The rest of this section is devoted to verifying that formulas (6.0.2) and (6.0.3) indeed
define a D(n)-module structure on A\™. The strategy is to pass to the semi-infinite
v-wedge spaces studied in [40,24] and then to compare the actions of the central elements
2t in D(n) with those of the Heisenberg operators defined in [24].

Let © denote the Q(v)-vector space with basis {w; | i € Z}. By [6, Prop. 3.5, Q admits
a D(n)-module structure defined by

+ _
U We = iq1,5We1, U;

i T Ws = 5i,§ws+1

(6.1.1)
Kiil TWs = Uiéi’gq:aiJrl’gw& Zni1 *Ws = WsEmn
for all ¢ € I, and s,m € Z with m > 1. In particular, thl -ws = wyg for each s € Z. This

is an extension of the U/, (;[n)—action on 2 defined in [24, 1.1] as well as an extension of
the D(n)SY-action on € defined in [43, 8.1]; see [6, 3.5].
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For a fixed positive integer r, consider the r-fold tensor product Q®" which has a

basis

i=(iy,...,i,) €Z"}.

{wi=w,; ® - ®w;,

The Hopf algebra structure of D(n) induces a D(n)-module structure on the r-fold tensor
product Q®7. By (4.1.1), we have for each t > 1

A=z Zl@ - 910zf 9 K59 --- @ K5 and
—_——
r—s—1
(6.1.2)
AT (z ZK%[;@ @K 1502, ®1®--®1.
r—s—1
This implies particularly that for each t > 1 and w; = w;, @ - - Q@ w; € N®",
ztjE Cwy = Zwil ® QWi ; ®Wi,Ftn QWi @ - Qwj,. (6.1.3)
s=1
By (4.0.3) and (4.0.5), for each a € NI,,, we have
A=Y@ty = 3 pZes (@ al)
a=a( ol
ﬂl_(l) ® al_(z)Ka(l) - ® ﬂ:(r)K(a(1)+o¢(2)+-<~+a(7‘*1))7 (6 1 4)
O R D DIl -
(/y:a(l)_i,-u._!,-a("‘)
a;(l)Kf(a(z)Jr...Jra(T)) R U;(T,I)K,a(r) ® ﬂ;(r) .
This gives the following lemma; see [43, Lem. 8.3] and [6, Cor. 3.5.8].
Lemma 6.2. Let « € NI, and i = (i1,...,i.) €Z". Then
ulwy = ZUch(i,i—n)me (6.2.1)
n
where the sum is taken over the sequences n = (ny,...,n,.) € {0,1}" satisfying a =

> nsEr =t and

C+(i7i - 1’1) = Z ns(nt - 1)<5€taefs>;

1<s<t<r

Uy -wi= Yy v By (6.2.2)
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where the sum is taken over the sequences n = (ni,...,n,) € {0,1}" satisfying a =

T
2o M, and

c(itn) = D mn.— (e, ).

1<s<t<r

On the other hand, let ﬁ(r) be the Hecke algebra of affine symmetric group of type
A which is by definition a Q(v)-algebra with generators T; and X;‘Ll fori=1,...,7r—1,
j=1,...,r and relations:
(Ti + 1)(Ti —v*) = 0,
TTin T =Ty LTy, T, =1T,T; (i — j] > 1),
XX ' =1=X""X:, X;X;=X,X,,
TlXZT; = 1)2Xi+1, XJTZ = TZXJ (] 75 277, + 1)

This is the so-called Bernstein presentation of H(r).
By [43, Sect. 8.2], there is a right H(r)-module structure on Q®" defined by

Wi Xy = Wiy Wiy Wiy —nWiyy * Wi,

V2w, if i = ipy1; (6.2.3)

wi Ty = < vwis,, if —n <k <igy1 <O
wis,, + (02 — Dws,  if —n < ipyq <ip <0,
where i = (i1,...,%,) €Z", wi = w;; ® -+ Qw;, and
Wisy = Wiy ® QWi ,, QWi -+ @ w;,.
Following [6, Prop. 3.5.5], the tensor space Q%" is indeed a ’D(n)—ﬁ(r)—bimodule. Set

r—1
Er =) Im(1+7T;)CQ¥,
=1

which is clearly a D(n)-submodule of Q®7. Thus, the quotient space Q%" /=" becomes a
D(n)-module. For each i = (i1,...,4,) € Z", write

Awig =wi, A Aw; = w; + =7 € Q¥ /=",
By [24, Prop. 1.3], the set
{/\wi|i1 > e >’ir}

forms a basis of Q%" /=",
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For each m € Z, let %, denote the set of sequences i = (i1, 1s,...) € Z*> satisfying
that is =m — s+ 1 for s > 0, and set Boo = UmezPBm. As in [43, Sect. 10.1], let Q>
denote the space spanned by semi-infinite monomials

Wi = Wi, ®wi2 [N where i = (il,ig,...) € %oo
Then the affine Hecke algebra fI(oo) acts on Q°° via the formulas in (6.2.3). Set
o0
=% =) Im(1+T) C Q™.
i=1
For each i = (i1,1i2,...) € B as above, write
Awi = wi; Awiy A+ =w; + 2% € Q% /=%,

For each m € Z, let F(;,,) be the subspace of Q°°/Z° spanned by Aw; with i € Z,,.
Then

0 /2% = B Fm).-

mEZ

By [24, 1.4], the U (sl,)-module structure on Q®" /=" induces a U, (sl, )-module struc-

~

ture on F(,,) for each m € Z and, hence, a U, (sl,,)-module structure on 2°° /= as well.
Moreover, by [24, Prop. 1.4], the injective map

K /\ — Q% /2%, |A) — Awi,

is a homomorphism of U, (sl,)-modules which induces an isomorphism A = Fo),
where iy = (i1,42,...) with is =A;+1—5, Vs > 1.

As in [24, (49)], for each m € Z, write

|m) = wm A wm—1 AwWm—_a A+ .
Clearly, for each i = (i1, 12,...) € Bm, there exists a sufficiently large N such that
Awi = (Wi, A+ Awiy) Alm — N).
By [24, Lem. 2.2] and (6.1.4), for given o € NI and i € %,,, there is ¢t >> 0 such that
uy - (Awi) = (ug - (wiy A Awg,)) Alm —t).

Hence, the D(n)S’-module structure on Q®" /=" induces a D(n)S’-module structure on
Q> /E%°; see [43, Sect. 10.1]. Moreover, by [43, Lem. 10.1], the map  : A™ — Q> /=>
is a D(n)<%-module homomorphism.
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Dually, for each given i € %,,, there is t > 0 such that
ul - (Awi) = (ul - (wiy Ao Aw;,)) A (Ko - [m—1t)).

Thus, 2°° /=% becomes a left D(n)?’-module, too. We have the following result whose
proof is similar to that of [43, Lem. 10.1].

Proposition 6.3. The map « is a D(n)>°-module homomorphism.

Proof. We need to show that for each A € Il and « € NI,,,

k(i - IA) =g (5(|1A))).

For simplicity, write i:= iy = (i1,42,...). By (6.0.3),

) = S @K ) = S0 ) W)

d

where the sum is taken over all d € NI, such that d = o and h(d) = Dicjizj di(djp1—
d;). )
For each fixed d = (d;) € NI, with d = «, we have

~p_ L~ .
Ug = ud161ud060 —16-1 - Hud €i’
i€EZ

By the definition, 1 - |\) # 0 implies that

d= E Ns€i,—1,

s>1

where n, € {0,1} for all s > 1. Moreover, if this is the case, then

Uy - [A) = i),
where n = (nq1,n9,...) and un = p € II is determined by i, = i — n. Therefore, for

d € NIOO with d = 2821 Ns€i,—1,

Kgqr = H Kzrzs_l and

s =11, ts >t

h(d) = Z _”snt(éis,i,, - zé,thrl Z nsnt ”,E

1s > 15 >0t

A calculation together with (6.2.1) implies that
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KUy - X)) =g (Awr) = Tg (s(1A). O

As a consequence of the results above, to prove that the formulas (6.0.2) and (6.0.3)
define a D(n)-module structure on A\, it suffices to show that the D(n)<°-module and
D(n)?°-module structures on Q% /Z> define a D(n)-module structure. In other words,
we need to show that the actions of K*', u;", u;” (i € I,) and zF, 25 (s > 1) on Q> /=
satisfy the relations (DH1)—(DH5) in Section 4.

Since, as discussed above, Q%°/E> is a U} (suA[n)—module, all the relations in
(DH1)-(DH5) in which the z¥ are not involved are satisfied. In the following we are
going to check the relations

t(,UQtn _ 1)

By [24, §2], for each t > 1, there are Heisenberg operators

+

[Zt ,ZS_] = 615,3 (Kw — K_tg), VS,t 2 1.

(o)
BF Q)2 = Q% /2, Awi— Y Awigine,
s=1

where i € B and e; = (6;,5)i>1 € Z*°. Note that for each i € oo, AWitine, = 0 for
s> 0.

Proposition 6.4. For eacht > 1 and i € B,
B (Aws) = vz - (Awi) and B; (Awi) = 27 - (Aw).
Proof. For each m € Z, recall the element
|m) = wm Awm—1 Awm—2 A+ € QF/E=,
Then z;7 - |m) = 0 and K; - |m) = q|m). Write
Awi =wiy A Awiy AN —m).
Applying (6.1.2) gives that

Zz'_ . (/\wi)

= N Jwin A Awi, AzE - win g AKrs Wiy Ao A Ky - wig AKgs - [N —m))
—_———

s N—s—1
N ¢
- ZSZO VWi A Awgg /\wis+1+tn A Wigto ARERNANA/ /\|N — m>
— —_—
s N—s5—1

= v'B (Awi) (since B ([N —m)) = 0),

that is, B (Awi) = v’z - (Awj). The second equality can be proved similarly. 0
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Corollary 6.5. Let t,s > 1. Then for each i € B,

t(,UQtTL _ 1)

m(Kﬁﬁ — K7t5) . (/\wl)

Proof. By [24, Prop. 2.2 & 2.6] (with ¢ = v),

[Z;ra ] (/\Wl) Ot,s

This together with Proposition 6.4 implies that for each i € %,

tot (1 — %)

(2], 25] (Aws) = ' [B}, B |64.s - (Awi) = 6t o (Awy).
On the other hand,
t(v?n — 1) t(v?n —1) _
5t,s m(Kt& — K_tg) . (/\wl) = 6t73 m(vt — v t)(/\wl)
t’Ut(l _ ,U2tn)
= 6t,3 1 — U2n (/\wl)

This gives the desired equality. O

By [24, Prop. 2.1] (or direct calculations), the actions of 2 on Q°° /2% commutes

with that of U’ (sl,). In conclusion, the actions of K ub us (i € 1) and 21, 27
(s =2 1) on Q°° /= satisfy the relations (DH1)—(DHS5). Therefore, the formulas (6.0.2)
and (6.0.3) define a D(n)-module structure on A\~

7. An isomorphism from L(Ag) to A\

In this section we show that the Fock space A\ as a D(n)-module is isomorphic to the
basic representation L(Ag) defined in Section 4. As an application, the decomposition of
L(Ap) in Corollary 4.5 induces the Kashiwara—Miwa—Stern decomposition of A™ in [24].

Proposition 7.1. For each m € M, Uy, - |0) is a Z-linear combination of those |
satisfying my, <deg M

Proof. By (6.0.2),

Z ) EK_ar) - |0), where d’:Z( Z dj)e

d i j<ij=i

Since K; - [0) = v%0|0) for i € Z, it follows that K_q - |§) = v~ 2i<0.i=0% (). By
Proposition 3.4,
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€2,
3
where the sum is taken over 3 € Mo with 7 (3) <5, m. Further, by Proposition 5.3(1),

i - 10) € 2l

for some p € II with m7” <3¢, 3. This implies that

This finishes the proof. O

For each d = (d;) € NI, set

O'(d) = — di~
i<0, 1=0

For A € II, we write o(A) = o(dimM (m5°)). The following result was proved in [43,
9.2 & 10.1]. We provide here a direct proof for completeness.

Corollary 7.2. For each \ € 11,

Uy - [0) € [X)+ > Zln).

u
J7ASPN
In particular, the D(n)-module N\ is generated by |0) and the set
{bm, - 10) | A € 11}
is a basis of N>

Proof. Applying Corollary 3.5 gives that

Uy 10) = (g (Wi ) K—ar) - [0) = > 07 @yg (@i, ) - |0)

d d
= TG ey 0+ > Pty - 10),
reZ 3EMoo, F(5)<degMa

where fy; € Z. By Proposition 5.3 and its proof,

Upeo + |0) = |A) and u,

mx

-|0) = 0 for r > 0.

TTm (moo)

Furthermore, for each r < 0, U . ) -|0) € Z|u) such that m3> <35, 77™(m3°). Then

my, = F(m5°) <deg F (77 (mS°)) = my, which implies that < A. Since M (77 (m3%))
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does not have a composition factor isomorphic to Sx,_1, ¢ does not contain a box with
color Ay — 1. Thus, u # X and p < A

Finally, by Proposition 7.1, for each 3 € Mo, with F(3) <deg ma, U; - |0) is a Z-linear
combination of |u) satisfying m,, <deg % (3). Thus, m, <deg #(3) <deg Mx, which by
Lemma 2.1 implies that ;<1 A. Hence, each u; - |()) is a Z-linear combination of |x) with
1 <a A. Consequently,

gy~ [0) € W"IFENN) 1+ 3 7 Z ).

J72SPY
Therefore, it remains to show that
O(A) +o(A) =0.

Write A = (A1,..., Ap) with Ay > -+ > A\, = 1 and set |\ = >°1° A\;. We proceed
induction on |A| to show that §(\) + o(A) = 0. By the definition,

14
0N =D k(ds,de) = Y h(d,),

s<t s=1

where £ = \; is the Loewy length of M = M(m$°) and Sq, = rad®™' M/rad® M for
1<s</l Let 1 <t<m besuch that \y =--- = X\ > A1 and define

)\, = ()\1, e a>\t717 >\t - 17 )\tJrl, >\m)
Then |N| = || — 1. By the induction hypothesis, we have (\') + o(\') = 0.
For each 1 < s </, let dj € NI, be defined by setting Sq; = rad®*~! M’/ rad® M’,
where M’ = M (mS?). Then

d,=dy—¢e/ and d, =d; for 1 <s <.

This implies that

£ £
> h(ds) = > h(d}) = h(de) — h(d}) = =057 and
s=1 s=1
D w(de,dy) =Y k(d]dy) = Y k(ds,ery).
s<t s<t 1<s<t

Hence,
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On the other hand, o(\) = ¢(\N) —1if £ —t < 0 and £ = ¢, and o(\) = o()\') otherwise.
A direct calculation shows that if £ — ¢ > 0, then

> k(ds,e) = =051,

1<s<¥

and if £ — ¢ < 0, then

5[[71, lf{:i,
KJdS,E, = ’ —
2 wldser) {5 if 74 1.

1<s<t
We conclude that in all cases,
O\) + (X)) =0(\) +o(\) =0. O
By the definition, for each i € I,, = Z/nZ,
K;|0) = v0|p).
This together with the corollary above implies that A™ is a highest weight D(n)-module

of highest weight Ag. Consequently, there is a unique surjective D(n)-module homomor-
phism

¢ :D(n)” = M(Ny) — /\, Na, — |0).

Theorem 7.3. The homomorphism ¢ induces an isomorphism of D(n)-modules

Proof. By definition, we have
F;-|0) =0 foric I,\{0} and F}-|0) =0.

This together with Theorem 4.4 implies that ¢ induces a surjective homomorphism

(AO ZD Ao(h )+1 _)/\

i€l

Since L(Ap) is simple, we conclude that ¢ is an isomorphism. O

Combining the theorem with Corollary 4.5 gives the decomposition of A obtained
by Kashiwara, Miwa and Stern in [24, Prop. 2.3].
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~

Corollary 7.4. As a U/ (sl,)-module, N\ has a decomposition

(oo}
N luy e = €D Lo(Ao —md™) &,

m=0
8. The canonical basis for \°°

In this section we show that the canonical basis of A™ defined in [26] can be con-
structed by using the monomial basis of the Ringel-Hall algebra of A, given in [8].
We also interpret the “ladder method” in [25] in terms of generic extensions defined in
Section 2.

Recall that there is a bar-involution a + ¢(a) = @ on D(n)~ which takes v +— v~!
and fixes all u, for a € NI,,. Then it induces a semilinear involution on the basic
representation L(Ag) by setting

ana, = any, forall a € D(n)~.
On the other hand, by [26], there is a semilinear involution x — T on A* which, by [43],
satisfies

() [0) = 10),

=|
(ii) at =ax for all a € D(n)~ and z € \™.

Therefore, the isomorphism L(Ag) — A given in Theorem 7.3 is compatible with the
bar-involutions.
It is proved in [26, Th. 3.3] that for each A € 1I,

A=A + Z aualp), where a, ) € Z. (8.0.1)

JTASPN

Then applying the standard linear algebra method to the basis {|\) | A € II} in [27] (or
see [11] for more details) gives rise to an “IC basis” {by | A € II} which is characterized
by

by =bx and by € [A)+ > v Zv|p).

H<IA

The basis {by | A € I} is called the canonical basis of A\°°. In other words, the basis
elements by are uniquely determined by the polynomials a,, ».

Remark 8.1. Varagnolo and Vasserot [43] have conjectured that
b, - |0) = by for each \ € I

This conjecture was proved by Schiffmann [37].
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In the following we provide a way to deduce (8.0.1) by using the monomial basis of
the Ringel-Hall algebra of A,, given in [8]. As in [8, Sect. 3], set

I° = I,, U {all sincere vectors in NI,,}

and consider the set ¥ of all words on the alphabet I¢. Recall that a vector a = (a;) € NI,
is called sincere if a; # 0 for all i € I,,. Since D(n)~ is isomorphic to the opposite
Ringel-Hall algebra of A,,, we define

M+ N=NxM.
This gives the map
PP Y — M, w=ajay---a; —> Sa, ¥ Sa, ¥ -+ %" Sa,.

By [8, Sect. 9], for each m € 9, there is a distinguished word wy, € (p°P)~!(m) which
defines a monomial m(*~) on u; with a € I such that

m=) = 4 4 Z Op,mu, for some Oy, , € Z;
p<degm

see [8, (9.1.1)]. If m = my for some A € II, we simply write wy, = wy. Thus,
mN =T+ > O,y - (8.1.1)
p<degMx

This together with Proposition 7.1 and Corollary 7.2 implies that

mtN0) = [N + Y mualu), (8.1.2)

JTESPY

where 7, » € Z. Since the monomials m(®2) are bar-invariant, we deduce that for each
A ell,

IA) = |A) + Z ay, Alu) for some a, , € Z.

J7ASPN
Comparing with (8.0.1) gives that
apx = ay, 5 forall p <X

In case A is m-regular, then m) is aperiodic and the word w) can be chosen in (),
the subset of all words on the alphabet I, = Z/nZ; see [8, Sect. 4]. In other words,
m(®) is a monomial of the divided powers (ui_)(t) = Fl-(t) for i € I,, and t > 1. We now
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interpret the “ladder method” in [25, Sect. 6] in terms of the generic extension map. Let
A= (A1,...,At) € IT be n-regular. Recall the corresponding nilpotent representation

M(my) = @D Si—alAdl,

where 1 — a is viewed as an element in I,,. Take 1 < s <t with A\ =+ = Ag > Ag1
(At+1 = 0 by convention) and let k£ > 0 be maximal such that

Asti(n—1)41 = = st (141 (n-1) 3 Aspy(n-1) = Asyi(n-1)+1 + 1Ior 0 < I <k — 1.

Let i1 € I be such that soc(S1—s[As]) = S;,. Then for each a = s+ I(n — 1) with
0< 1<k,

soc(S1—a[Aa]) = Sy -
Define p = (p1, ..., ut) € Il by setting

{)\a—l, ifa=s+1(n—1) for some 0 < < k;
Ha =

Aas otherwise.

It is easy to see from the construction that u is again n-regular. Moreover, by applying
an argument similar to that in the proof of [5, Prop. 3.7,

(k+1)S;, « M(m,) = M(m,) % (k+1)S;;, = M(m,).

Repeating the above process, we finally obtain a sequence i1, ...,7q in I,, and positive
integers k1 = k+1,..., kg such that

(k1Siy) #" -+ (kaSi,) = M(my).

In other word, the word wy := i** - .. igd lies in (p°P)~1(my). It can be also checked that
the word wy is distinguished. Thus, the corresponding monomial

mwx) — (ui_l)(kl) - (ug,

(ka) _ (k1) golka)
)(ka) — F!
11 1d

gives rise to the equality (8.1.2) for the element m(“*)|@). We remark that m(®>)|@)
coincides with the element A()\) constructed in [25, (8)] by using the “ladder method”
of James and Kerber [20].
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