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1. Introduction

The purpose of this paper is to investigate a function that interpolates continuously

between Hilbert—Samuel multiplicity and Hilbert—Kunz multiplicity. First we define a

limit that behaves like a multiplicity, then we normalize it to get a proper interpolation
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between the Hilbert—Samuel and Hilbert—Kunz multiplicities. This interpolating func-
tion, which we call s-multiplicity, is a single object which captures the behavior of both
multiplicities as well as a family of multiplicity-like functions between them. Many of
the similarities between the two multiplicities, such as the existence of an Associativity
Formula and the connection to a closure, can be interpreted as special cases of a more
general statement about s-multiplicity.

Throughout the paper we will assume that all rings are noetherian and equichar-
acteristic. By Ag(M) we mean the length of M as an R-module. When the ring R is
understood we may write A(M) for A\g(M).

Definition 1.1. Let (R, m) be a local ring of dimension d, I C R an m-primary ideal of R,
and M a finitely generated R-module. The Hilbert—Samuel multiplicity of M with respect
to I is defined to be

e(I; M) = lim di- A(M/T"M)

n—00 nd

We often write e(I) for e(I; R).

Many properties of the Hilbert—Samuel multiplicity are well known. For instance, if
I C J are ideals that have the same integral closure, then e(I) = e(J), and if R is formally
equidimensional, then the converse holds [9]. The Hilbert—Samuel multiplicity is always
a nonnegative integer, e(m) = 1 if (R, m) is regular, and if R is formally equidimensional
the converse holds [7, Theorem 40.6].

When R is of prime characteristic p > 0, the Frobenius map F : R — R taking
r — rP is a ring homomorphism, and so we may treat R as a module over itself via
the action r - x = rPz. In this case, we often denote the module R with this new action
by F.R, and elements of this module by F,r for » € R. An R-module homomorphism
¢ : F,R — R is called a p~!-linear map, and has the property that for any r,z € R,
ro(Fex) = o(Fe(rPx)). If F.R is finitely generated as an R-module, we say the ring R is
F-finite. For an ideal I C R and e € N, the eth Frobenius power of I, denoted I is the
ideal generated by the p®-th powers of the elements of I, equivalently by the p®-th powers
of a set of generators for I. For any p~!-linear map ¢ and ideal I C R, ¢(F,(I)) C I.

When R is a ring of positive characteristic, we can define a limit similar to the Hilbert—
Samuel multiplicity using the Frobenius powers of the ideal instead of the powers.

Definition 1.2. Let (R, m) be a local ring of dimension d, I C R an m-primary ideal of R,
and M a finitely generated R-module. The Hilbert—Kunz multiplicity of M with respect
to I is defined to be

N(M /TP TN
ek (l; M) = lim L

e—00 pEd

We often write ey (I) for ey (I; R).
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The Hilbert—Kunz multiplicity has some properties similar to the Hilbert—Samuel
multiplicity. In particular, if I C J are ideals that have the same tight closure, then
enrx(I) = egx(J), and if R is complete and equidimensional then the converse holds [2,
Theorem 8.17]. The Hilbert-Kunz multiplicity is a nonnegative real number, though
unlike the Hilbert—Samuel multiplicity it need not be an integer. However, like the
Hilbert—Samuel multiplicity, exx(m) = 1 if (R, m) is regular, and if R is unmixed then
the converse holds [11, Theorem 1.5].

Our main object of study is the s-multiplicity es(I, J; M), a limit which interpolates
between e(l; M) and egg (J; M).

Definition 1.3 (Definitions 2.5 and 3.5). Let (R, m) be a local ring of characteristic p > 0
and dimension d, let I and J be m-primary ideals of R, and let M be a finitely generated
R-module. For all s > 0, the s-multiplicity of M with respect to I and J is

AT )
68(17 JaM) T 611120 pest(d) ’

Ls] i
where H,(d) = 3 (_dl!) (f) (s — ).

=0

We establish many essential properties of the function ez (I, J; M), the most important
of which are summarized below, and which show that the s-multiplicity is a good choice
of interpolation between Hilbert—Samuel and Hilbert—Kunz multiplicity.

Theorem 1.4. Let (R,m) be a local ring of characteristic p > 0 and dimension d, let I
and J be m-primary ideals of R, and let M be a finitely generated R-module.

1. (Theorem 2.1) The s-multiplicity es(I,J; M) exists for all s > 0.

2. (Corollary 3.8) For s < 1, es(I,J; M) = e(I; M), and for s > 0, e;(I,J; M) =
enx(J; M).

3. (Corollary 3.8) If R is regular, then es(m,m;R) =1 for all s

4. (Corollary 3.9) es(I,J; M) is Lipschitz continuous in s.

5. (Corollary 3.10) For each s, es(I,J; M) has an Associativity Formula generalizing
the ones for Hilbert—Samuel and Hilbert—Kunz multiplicity

6. (Theorem J.6) For each s > 1 there is a closure operation I + I on the ideals
of R such that I* C I C I and if I = J%, then e,(I,I;R) = es(J,J;R).
Furthermore, if I C J and R is an F-finite complete domain, the converse holds.

7. (Theorem 5./) If R is the completion of a semigroup ring at the mazimal homoge-
neous ideal and I and J are monomial ideals of R, then es(I,J; R) can be effectively
computed by calculating a volume in Euclidean space based on the monomial gener-
ators of I and J.
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A brief outline of the paper is as follows: In Section 2, we prove the existence of
the limit used to define the s-multiplicity and establish many of its fundamental prop-
erties that we will use throughout the paper. Of particular note are the results that
the s-multiplicity is continuous in the parameter s and the Associativity Formula for
s-multiplicity. In Section 3, we examine the relationship between the s-multiplicity and
the Hilbert—Samuel and Hilbert—Kunz multiplicity and compute the limit from Section 2
for regular rings, which allows us to finish the definition of the s-multiplicity. In Section 4,
we define a collection of closures and prove that they have exactly the same relation-
ship with s-multiplicity as integral closure (resp. tight closure) has with Hilbert—Samuel
(resp. Hilbert—Kunz) multiplicity. In Section 5, we describe a method for computing the
s-multiplicity of pairs of ideals in toric rings and use it to compute the s-multiplicity of
the A,, singularities and rational normal curves.

Acknowledgments. The author would like to thank his Ph.D. advisor, Mark Johnson,
for very many fruitful discussions and much excellent advice. Additionally the author
is indebted to Lance Edward Miller, Neil Epstein, and Paolo Mantero for profitable
discussions, and to the referee for a detailed review which significantly improved the

paper.
2. The multiplicity-like function hs(I, J; M)

We begin by considering a limit which combines aspects of the limits defining the
Hilbert—Samuel and Hilbert—Kunz multiplicities. The idea is to take the colengths of a
sum of ideals, one of which corresponds to the increasing Frobenius powers of an ideal J,
and one of which corresponds to a subsequence of the powers of another ideal I. This
subsequence will be determined by a real number s. We require that both of these ideals
be primary to the maximal ideal of the ring they belong to so that at the extreme values
of the parameter s one of the two ideals will dominate the other. This guarantees that in
the extremal cases we will get a limit related to either the Hilbert—Samuel multiplicity
of I or the Hilbert—Kunz multiplicity of J.

Theorem 2.1. Let (R, m) be a local ring of dimension d and characteristic p > 0, let I
and J be m-primary ideals of R, let M be a finitely generated R-module, and let s > 0.
The limit

_ A(My(ITertT 4 g M)
lim 7
e—00 pe

exists.

To prove this we require a few results that will describe the generators of certain
modules as k-vector spaces and establish some combinatorial facts which will allow us
to effectively estimate the module lengths involved in the proof.
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Lemma 2.2. Let (R,m,k) be a local ring containing its residue field, and let M be an
R-module of finite length. Let {x1,...,x:} be a set of generators form and {my,...,my}
a set of generators for M. Then
(i) M is generated as a k-vector space by elements of the form xll’l ~-~xftmj, where
bi,...,0: e Nand1<j<n;and
(ii) If I = (f1,-.., fm) @s an m-primary ideal of R then M is generated as a k-vector
space by elements of the form fi* --- femgm;, where aq,...,an, € N, 1 < j <mn,
and g is a generator of R/I as a k-vector space.

Proof. (i) By definition, M is generated as a k-vector space by elements of the form
rm; with r € R and 1 < j < n. For each such r, we have that r = v + Zle r;x; for
some v € k and r; € R, since R = k@ m as a k-vector space. For each i, we may write
r; =v; + z;;l rijx; with v; € k and ry; € R, and so

t
r=uv-4+ E VT + E T, T%5
i=1

1<ij<t

We may repeat this process until every term either has a coefficient of the z;’s which is

an element of k or has a degree in the z;’s large enough that the term annihilates M
and so may be removed.

(ii) By part (i), M is generated as a k-vector space by terms of the form

o famgbe b with ag,b; € N. Fix a set of k-vector space generators {g;}

of R/I. Suppose that we have an element o = fi ... fémght ... alm; € M with
ab - .ab ¢ {g;}. There exist ¢; € k such that z% ..z — > ;cigi € I, and so there
exist r1,- -+, 7, € R such that x?l -~xlt’t — > ci9i = > yoy refe. Therefore,

m
_ E ay QAm E ay ap+1 A
o = Cifl fm gym]+ fl e Ty I Temj'
{=1

K3

We know by part (i) that rym; is a k-linear combination of terms of the form
xll)ll ~-~J;f£mj/, and so we have that « is a k-linear combination of terms of the form

Tt flmgimy and ff/l . ~fgé"ml{1 . ~x§;mj/ with ), a; = 14+, ap. Continuing in this
way, we may write « as a k-linear combination of terms either of the form fi'* - -- f%m g;m;
for some ¢ or of the form f{*--- fﬁ;"xlil .- ~:Ei’tmj with )", a; arbitrarily large. Since I™
annihilates M for some n, we may throw out all the terms of the second kind, which

finishes the proof. 0O

Bounding the lengths of the ideals we are concerned with will involve some combina-
torial calculations. For convenience we introduce some notation. For positive integers d
and m and real number r, we set S7*(r) to be the number of monomials in d variables
with degree less than r and with degree in each variable less than m.
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Certain properties of the numbers S7*(r) are easy to see. First, if r > 0, then S7"(r) =
min{m, [r]}. Second, for d > 1, we have that SJ*(r) = ZZ_OI S, (r —1). Indeed, if
we denote one of the variables by x, then for ¢ = 0,1,...,m — 1, there are SJ* | (r —7)
monomials with degree exactly i in =, degree less than r, and with degree in each variable
less than m.

We will occasionally use a combinatorial description of the numbers S¢ (r), which is
established in the following lemma. This result appeared in a more general form as [10,

Lemma 2.5], though the method of proof was different.

Lemma 2.3. For positive integers d and m and real number r,

d .
S = Yo <d> (W s +d> .

Proof. The number of monomials in d variables, of degree less than r, where each of a

given set of ¢ variables has degree at least m is the number of monomials in d variables of

[r] —im—14+4d
d

in d variables of degree less than r with degree in each variable less than m is

[_7".|—1—|—d d ifld [T—I*imf]_*d
()R ()

by the inclusion—exclusion principle. O

degree less than r—im, that is, . Thus the total number of monomials

Our next lemma is a technical result on the behavior of the numbers S7*(r) as m and
T grow.

Lemma 24. If f,g : N = R are functions such that f(n) — g(n) < en+ o(n) for some
c€R, f(n) > g(n) forn>0, and u is a positive integer, then

o sup 54 (0)) = S (g(n))

3 <yl le
n—00 n

Proof. We proceed by induction on d. Suppose d = 1, and let n € N large enough that
f(n) > g(n). If un < g(n) we have that

S (f(n)) = 51" (9(n)) =0
and if un > g(n) then
S (f(n)) = 51" (g(n)) < [f(n)] = Tg(n)] < f(n) —g(n) + 1.

Therefore
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St (f(n) = 51" (g(n) fn)—g(n) +1

lim sup <limsup ————— < ¢
n—o00 n n—00 n
Now suppose that d > 1. Then
un—1
Sim(f(n)) = 8§ (g(n)) = > (SiT1(f(n) = i) = S§™ 1 (9(n) — i)
i=0

< un (S§(f(n) —in) = S§™1 (g(n) — in))

where 4, is the value of ¢ with 1 < ¢ < un—1 that maximizes the expression Sy", (f(n)—
i) — S¥™,(g(n) — 7). By induction,

Si"(f(n)) = 54" (g(n)) un (8§, (£(n) — in) — 5§, (9(n) — in))

lim sup 7 < lim sup 7
n—00 n n—00 n
. S};i%(f(n) - Zn) - ngl(g(n) - Zn)
= u - limsup )
n— oo n

<wu-ulZe=ul"le. O

Proof of Theorem 2.1. If d = 0, then for large enough e, IT*?“1 + JIP*l = (0 and so the
limit is simply A(R). Suppose that d > 1. If k£ is not infinite, we may replace R by
S = R[X]mpg[x]- For any R-module N, we have Ag(N) = Ag(N ®r §), and so we may
assume without loss of generality that the ring R has infinite residue field. Let K be
a reduction of I generated by d elements fi,..., fqg € R, and let w be the reduction
number of I with respect to K. Let x1,...,2; € R be a set of generators for the maximal
ideal m. Let my,...,m, € M be a set of generators of M. Let q,q" be varying powers
of p.
If ¢ > wT“l, then for sufficiently large ¢ we have that

(570 J[q’])[‘” c (1 + Jm)[‘” C ITsdal 4 gldal ¢ felsdal—w | 7ld'd
C (K[Sq/-\—d—l + J[lf])M.

Therefore,

A M <A M <A M
(K’—sq/]_d_l + J[q’])[q] M) (Iqu’ﬂ + J[Q'Q]) M| — (K(Sq/" + J[q/])[Q] M ’

If we divide the first and last terms of this inequality by ¢?, then the limit as ¢ — oo

exists by [5, Theorem 1.8]. Hence

. 1 M o1 M
limsup —A - - — liminf — A\ - -
q—oo (ITsa'al 4 Jla'dl) M g—oo q@ "\ (ITsd'al  Jla'd) M
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o1 M M
< lim — A Bl - o
q—00 ¢ (KTsal + Jla'l) qpr (KTsa'1=d=1 4 Jla']) 4 g

(KFSQ’1—d—1 + J[Q’]>[q] M

q—c0 (K[qu] + J[q,])[q} M
Let
|—sq"|—d—1 [q/] [Q] [sq"‘_d_l
Q= (K +J ) M N (K[q]) M
(KTsal 4 J[q’])[q] M ((K[Q])“qq + J[q’q]) MA (K[q])fsq’lfdflM'
As an R-module, @ is generated by elements of the form f{*?--- f/*Ym,, where }_, y; =

[sq'] —d—1and 1 < a < n. Therefore, by Lemma 2.2, Q can be generated as a k-vector
fi/1q+21 . fé’dﬁz‘lgma where bi7yi7 2 € N, Zz Y = "Sql‘l _
d —1, and g is a k-vector space generator of R/K. Letting ¢; = y; + |2;/¢q| and a; =

space by elements of the form

zi — qlzi/q|, we have that ¢;q + a; = y;q¢ + z; and a; < ¢, and so @ can be generated

cigtar | deq-i-ad
d

as a k-vector space by elements of the form f; gmg, where a;,b;,¢; € N,

a; < q, ;¢ > [sq| —d—1, g is a k-vector space generator of R/K, and 1 < o < n.
Let v € N such that KV C J. If >, ¢; > sq’ or ¢; > vq' for some 4, then the product
above vanishes in Q. Therefore

NQ) < q (S5 (sq) = 7 (s¢' —d = 1)) - A(R/K) - .

From this we have that

. L M o1 M
limsup A\ ————— | —liminf A\ ———~—
g—oo q1 7\ (ITsa1 4 Jlal) M a—oo q@ 7\ (ITsal 4 Jld) M

= lim su 1 A M — lim inf L A M
a q%oop ()¢ \ (1lsa'al + Jlaal) M g0 (¢'q)?"\ (ITsa'al + Jla'al) M

(S5 s0) — S5 (g’ —d = 1)) - A(R/K) -
= @a)?

(557 (sa') = 857 (s’ = d = 1)) - A(R/E) -
(¢)? '

Since this holds for all ¢' > 0, and by Lemma 2.4,
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. 1 M o1 M
limsup =A\[ ———— | — liminf A\ —————
g—oo q1\ (ITsa1 4 Jlal) M g=oo q1 7\ (ITsa] 4 Jld) M

(57 (sa') = 857 (s’ = d = 1)) - A(R/E) -
<lim sup

q'—o0 (q/)d

<0.

Thus the limit exists and the theorem is proved. O

Definition 2.5. Let (R, m) be a local ring of dimension d and characteristic p > 0, let T
and J be m-primary ideals of R, and let M be a finitely generated R-module. For s > 0,

we set

MM/ (ITsP°1 1 gl
hs(I,J; M) = lim ( /( + ) )

e—00 pEd

We will often write hy(I, J) for hs(I,J; R), hs(I; M) for he(I,I; M), hs(I) for hs(I; R),
and hy(M) for hy(m; M). If we wish to emphasize the ring R, we will write hZ(I,J; M)
or a similarly decorated variant.

We next establish some properties of hs(I, J; M). We will use the next result repeat-
edly throughout the paper, often without explicit reference.

Proposition 2.6. Let (R, m) be a local ring of dimension d and characteristic p > 0, let
I and J be m-primary ideals of R, and let M be a finitely generated R-module. The
following statements hold:

(i) hs(I,J; M) < min{5e(I; M), e (J; M)},

(ii) If dim M < d then hy(I,.J; M) = 0.

(iii) If s’ > s then he (I, J; M) > hs(I,J; M).

(iv) If I' and J' are ideals of R such that I C I' and J C J', then hs(I',J; M) <
he(1,J; M).

(v) If I is an ideal of R with the same integral closure as I, then hs(I',J; M) =
hs(I,J; M).

(vi) If J' is an ideal of R with the same tight closure as J, then hs(I,J; M) =
he(I,J; M).

Proof. (i) For all e € N we have that ITsP"1 4 JIP*] D [TsP"1 hence

MM /(ITse1 & gl g XM /ITse1 pf eld d
lim ( /( i ) ) lim ( / )|—sp-| zs—e(I;M).

e—00 ped ~ e—oo [speld ped d!

Furthermore, for all e € N we have that IT5?°1 4+ JP*l 5 JIP*] hence

(M /(117" 4 g1 M) - A(M /TP
m —

od :(:’HK(J;M).

lim " <
e—00 pe e—00 D
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(ii) By [5, Lemma 1.2], ey (J; M) = 0 for any M with dim M < d, and so part (i)
gives us the result.
(i) For all e € N we have that 11?1 4 jlT > 11s'P°1 4 jP°] hence
)\<M/(]fspe1 + J[Pe])M> < )\(M/(](S'Pﬂ + J[Pe])M) )
(iv) For all e € N we have that I''**"1 4 j/P") 5 JTsp1 4 jlr) hence

A/ ) < (gt g ).

(v) It suffices to prove the case where I’ = I, the integral closure of I. If s > 0, then
we have that, by part (iv) and [4, Proposition 11.2.1],

+[sp©] e T\ [sp°
_ ) 1 T 4 Jlrf] ) 1 (T)lr"1
OghS(I’J’M)_hS(I’J’M)elir&ﬁA<Mﬂ—m> SJH&,WA(W

(vi) It suffices to prove the case where J = J*, the tight closure of J. We have that,
by part (iv) and [2, Theorem 8.17],

Oghs(—[w]?M)_hs(IM]*?M)

1 I|'spe] ) [P°] 1 *\[p°]
= lim E)\<A < lim )\((J ) ) :€HK<J) —eHK(J*) =0. O

e—00 P Ilspel + Jlp°l e—o0 ped Jlpel

Theorem 2.7. Let (R, m) be a local ring of characteristic p > 0, let I and J be m-primary
ideals of R, and let M be a finitely generated R-module. The function hs(I,J; M) is
Lipschitz continuous.

Proof. Let § > 0. The function hy(I,J; M) is increasing by Proposition 2.6(iii), so we
need only bound hgs(I, J; M) — hs(I,J; M) above in terms of 6.

Let d = dim R. If d = 0 then hgys(I, J; M) = hs(I,J; M) = AM(M), so 0 is a Lipschitz
constant for hy(I, JJ; M). Suppose d > 1. We may assume that R/m is infinite, and so we
may assume that I is generated by d elements by replacing it with a minimal reduction
by Proposition 2.6(v). Let T = (f1,..., fa), let m = (z1,...,2¢), let v € N such that
IY C J, and let mq,...,m, be a set of generators for M. Then

h5+5(IaJ7M)_h6(IaJ1M)

— lm (A(aa/ (a0 ) g ) = A (v (11T 4 g Dar ) )

e—oo P°
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) 1 (Ifse"1 4 Jle"hpr
= lim —A\
e— 00 ped ([[(s+6)p6] + J[pe])M

) Ilsp°1 pr
=t FA((I[(SM)M + JPM N stp“1M> '

The quotient module in the last line is generated as a k-vector space by elements of the
form f{*--- fy*gmeq, where >~ a; > sp® g is a k-vector space generator of R/I, and
1 < o < n. However, if Y. a; > (s+ 9)p® or a; > vp® for some i, then the corresponding
product vanishes. Therefore,

)\ I’—SPE]M < Svpe 5 e Svpe e A R I
T g Tear) S (S8 (0 = S s)) AR/

and so, by Lemma 2.4,

vp© e\ __ vp© e\ . .
b (T M) — (1,5 M) < Timsup 26 0%) = S (sp) - AR/T)

e—00 PEd

<60 NR/T) - n.

Hence v?~1 - \(R/I) - n is a Lipschitz constant for hs(I,J; M). O

Our most important application of Theorem 2.7 is the next result, which proves that
hs(I, J; M) is additive on short exact sequences. A direct consequence of this will be the
Associativity Formula for s-multiplicity.

Theorem 2.8. Let (R,m) be a local ring of characteristic p > 0 and let I and J be
m-primary ideals of R. If 0 — M’ — M — M" — 0 is a short exact sequence of finitely
generated R-modules, then hs(I,J; M) = hs(I,JJ; M") + hs(L, J; M").

Proof. Let d = dim R, let m be the minimal number of generators of I, and fix e € N.
For any €’ € N, we have that

] ete!]

JT(sm /91 L g™t (ﬂsm + J[zf]) c [l 4 g ],

By [5, Theorem 1.6], we have that

M/ M//
)\ 7 7 >\ 7 /
(([TSP”E 14+ Jlpete })M'> N (([FSPG“ 14 Jlpete ])M”)
M/ M//

<A - +A -
ITsp1 4 Jlpe] [p ]M' ITspT 4 Jlpe] [p ]M,,
( ) ( )
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M

=A +0(p° D)
(Ifsp“1 + J[p"’})[p I
M ’
< € (d*l) .
<A ( (IT(s+m/p9)pete'] 4 J[p‘f“/])M) oW )

Dividing by p(e+e/)d and taking the limit as ¢’ — oo, we obtain that
hs(I,J; M) + ho(I, J; M") < hgyype (I, J; M)

This holds for all e, and so hs(I,J; M') + hs(I,J; M") < hs(I,J; M) since by Theo-
rem 2.7, hg(I,J; M) is continuous in s.
For the other inequality, note that for any e € N, the sequence

M’ M M

([fsp‘ﬂ +J[pc])M' - (stﬂ +J[p‘f])M - (Nsp‘ﬂ +J[pe])M” =0

is exact, whence

M’ M M
)\<([fspﬁ1 +J[pE])M’) +/\(([fspe1 + J[M)M”) Z A(([Mﬂ _|-J[p€])M> ’
Therefore h(I, J; M') + hs(I,JJ; M") > ho(I,J; M). O

The additivity of hs(I,J; M) on short exact sequences is exactly what we need to
prove the Associativity Formula for s-multiplicity. This proof follows the proof in [7,
Theorem 23.5] for the Associativity Formula for Hilbert—Samuel multiplicity.

Theorem 2.9 (The associativity formula). Let (R,m) be a local ring of characteristic
p >0, let I and J be m-primary ideals of R, and let M be a finitely generated R-module.
We have that

WL, ;M) =Y hI/P(I(R/p), J(R/p)) Ar, (M,)
peAssh R

where Assh R = {p € Spec R | dim R/p = dim R}.
Proof. We proceed by induction on o(M) = > i g AR, (My). If o(M) = 0, then
dim M < dim R and so h*(I,J; M) = 0.

Now suppose that (M) > 1 and fix g € Assh R such that Ar, (My) > 1. Then
q=(0:g x) for some x € M and so we have an exact sequence

0—R/q— M — M/Rzx — 0.

We have that o(M/Rx) = o(M) — 1 and so by induction,
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Wi, J;M/Rx) = > hEP(I(R/p), J(R/p)) Ar, (M/Rzx),)
peAssh R

= Y hIP(I(R/p), J(R/)p)) Ar, (M) — I/ (I(R/q), J(R/q)).
pcAssh R

Therefore, it suffices to show that hE(I,J; R/q) = hi/(I(R/q), J(R/q)) since then by
Theorem 2.8 we will have the desired formula. This, however, is an easy computation:

1 R/q
R . — R
hs (Iv J1 R/q) - eli>nolo pedAR<(I[5PC] + J[Pp])R/q)

e—ro0 ped /a (I(R/q))rs]ﬂ + (J(R/q))[pe]
= h/9(I(R/q),J(R/q)). O

3. s-Multiplicity

The behavior of hy(I,J; M) is related to two thresholds concerning the interactions
between powers and Frobenius powers of ideals.

Definition 3.1. ([6], [1]) Let R be a ring of characteristic p > 0, and let I, J be ideals of
R. For e € N let

V}](PG)ZSUP{nGN|In¢_J[pC]} and ,uf(pe):inf{nEN|J[pE],Q_I"}.

The F-threshold of I with respect to J is ¢’ (I) = lim ©. Similarly, we set

b’ (I) = lim M.

e—oco €

Lemma 3.2. Let R be a ring of characteristic p > 0, and let I,J be ideals of R. The
limits defining ¢’ (I) and b’ (I) ewist. Furthermore, if I ¢ \/J then ¢/ (I) = oo, if
J = R then ¢/ (I) = —oo, and if I C \/J # R then 0 < ¢’ (I) < oco. Similarly, if
J ¢ VI, then b’ (I) =0, if I = R then b’ (I) = oo, and if J C /T # R then b’ (I) > 0.
If VI =+J#+0 and I is contained in the Jacobson radical of R, then b’ (I) < ¢’ (I).

Proof. If I ¢ +/J, then v{(p°) = oo for all e and so ¢/ (I) = co. If J = R then
v{(p°) = —oo for all e and so ¢’ (I) = —oo. Suppose I C +/J # R, so that for all e,
0 < v{(p°) and so ¢’ (I) > 0. That ¢’ (I) exists in the case I C v/J is [I, Theorem 3.4],
the proof of which also shows that ¢’ (I) < oo in this case.

If J ¢ VI, then puf(p®) = 1 for all e and so b’ (I) = 0. If I = R, then uf(p°) = oo
for all e, and so b’ (I) = oo. Suppose that J C /T # R. The proof of the existence of
b’ (I) in this case is nearly identical to that of the existence of ¢/ (I). Let e, e’ € N. We
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have that JiP**] = (J[pe'})[p] < (Iu{(pe/rl)[p] C 17112 and so i (pt') >
puf (p¢') — p¢. Therefore,

J (e J(ete’ J(me'\ J(me'\
timint “2%) _ i A1) pret) =1 pp () —1

— = lim ;
e—co P e—oco  pete e—00 pe pe
J (e J(mne) _ 1 J (e
Hence lim inf M > lim sup % = lim sup Lf,) and so the limit defining

€—0 pe e/ =00 p e’ — 00
b’ (I) exists. Since J C V1, there exists e € N such that JP1 C I, and so u{(pe) > 2.
Hence, b () > “HZD=L 5 g,

For the last statement, suppose /I = v/J # /0 and I is in the Jacobson radical of R.
For e € N, we have that v ()41 c Jr'l C e (P9)-1, By Nakayama’s Lemma, we have

that v{ (p®) + 1 > pi (p®) — 1. Therefore,

J (e J (e _
o (1) = tim ) S gy POV Z2 gy

e—00 pe e—00 pe

Lemma 3.3. Let (R, m) be a local ring of dimension d and characteristic p > 0, let I and
J be m-primary ideals of R, and let M be a finitely generated R-module.

1. If s < b7 (I) then hy(I, J; M) = Sre(I; M).
2. If s> ¢’ (I) then hy(I,J; M) = e (J; M).

Proof. If s < b’ (I), then for infinitely many e € N, uf (p®) > [sp©], and so JPI C 17P°1,
Therefore

NM/(ITspT 1 gD
hs(I,J; M) = lim ( /( + ) )

e—00 ped

oy AT AMYIETIM) ([sp )T el M)s!
= lim ————% = |lim . = .
e—00 ped e—00 ( |—sp€~| )d ped d!

If s > ¢’ (I), then for infinitely many e € N, v{(p¢) < [sp®], and so IT*P°1 C JlP°l,
Therefore

MM/ (1Tse" 1 4 g M N(M /TN

he(I, J; M) = lim (/¢ M) _ ypy AMLTTIM)

e—00 ped e—00 ped

= eHK(J; M)

The continuity of hs(I,.J; M) gives the cases s =b7 (I) and s = ¢/ (I). O

When s is large, then hs(I,.J; M) precisely equals ey (J), while when s is small it
equals a well-understood multiple of e(I) depending only on s and the dimension of
the ring. Hence, in order to properly interpolate between the two functions we need a
normalizing factor that will take this difference in behavior into account. To determine
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a good candidate for this factor, we look at one of the most notable properties of e(—)
and ek (—), namely, if (R,m) is a regular local ring of positive characteristic, then
e(m) = egg(m) = 1. To that end, we calculate hy(R) for power series rings over a field.

Proposition 3.4. If k is a field of characteristic p > 0 and R = k[[z1,...,z4]], then

Ls] LY
ra() =Y ) <d> (s — i)

Proof. Let m = (x1,...,24). If d = 0, then m = 0, and so hsy(R) = 1 =

Z}ijo(—l)i (?) (s — )% If d > 1, then by Lemma 2.3 we have that

ha(R) = lim @ — Zd:(_l)i <d> lim 1 ("spﬂ _ Z'Ze 1 +d>

Proposition 3.4 gives us our normalizing factor, and so we are ready to define the
s-multiplicity.

Definition 3.5. Let (R, m) be a local ring of characteristic p > 0, let I and J be m-primary
ideals of R, let M be a finitely generated R-module, and let s > 0. Then the s-multiplicity
of M with respect to the pair (I,J) is defined to be

hs(1,J; M)
s(I, J; M) = )
“Lc1y (a
where H,(d) = Z p ; (s —i)%. We may write e,(I,J) for e,(I,.J; R), es(I; M)
=0

for es(I,I; M), e;(I) for es(I; R), and es(M) for es(m; M). If we wish to emphasize the
ring R, we will write eZ(I, J; M) or a similarly decorated variant.

In order to describe the interpolating properties of the s-multiplicity, we need some
additional facts about the functions Hs(d). We describe these functions explicitly for d
up to 3:

Example 3.6.

s f0<s<1
1 ifs>1
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%82 ifo<s<l1
Hi(2) =42 —(s—1)? ifl1<s<2
1 if s>2
%53 if0<s<1
Ha(3) = 13— 1(s—1)3 if1<s<?2
° 13 (s -1+ 1(s—2)% if2<s<3
1 if s >3

Certain properties of H;(d) are suggested by the above examples, and are confirmed
in the next lemma. It will be convenient for us to refer to values of Hs(d) when s < 0.
In keeping with the binomial description above, we set Hs(d) := 0 when s < 0.

Lemma 3.7. The functions Hs(d) have the following properties.

(i
(ii

) If d > 1, then Hy(d) = [0 | Hi(d—1)dt.
) H

(i) Hs(d) is a Lipschitz continuous function of s on (0,00).
) If
)

s(d) is nondecreasing.

(iv) If s > d, then Hs(d) =
(v) If 0 < s <1, then Hs(d )zsd/d!.

Proof. (i) This is clear for d = 1, so suppose that d > 2. Let ¢ and ¢’ be varying powers
of p. We have that

53 (saq') 9081 (sqq’ — i)

Hs(d) = lim = lim
@)= (g)*  a=eo (q¢')
41694 (saq’ — gi
< lim 42 i d—/l(d a9’ — qi)
g—00 (qq)
q -1 Sq Z/
B iy ( 7)qq)
*_quim qq>d1 *_ZHS ifq(d—=1)
Since the above holds for all ¢/, we have that
i r
< i — ; ’ - == - .
H,(d) < Jim 7 ;HS_W (d—1) /’Ht(d 1)dt
= s—1
A similar argument, only using the inequality
qq’'—1
S 597 (sqq’ — i >qZSd \(saq’ — i)
i=0

in the second line, shows that H(d) > [ | H,(d—1)dt.
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(ii) This is by inspection for d = 0. For d > 1, let § > 0, so by induction

Hors(d) — Ho(d) = /Ht+5(d— 1) = Hy(d—1)dt > 0.

s—1

(iii) This is trivial for d = 0. For d > 1, we will actually show that the functions H(d)
are Lipschitz continuous with Lipschitz constants at most 1 on the entire real line. This
can be seen for d = 1 by Example 3.6, so suppose d > 2, s € R, and 0 < § < 1. By
induction,

Hor5(d) — Hy(d) = /Ht+5(d—1)—7-lt(d—1)dt§ /6dt:5.

s—1 s—1

(iv) This statement is true for d = 0 by inspection. Assume that d > 1 and Hs(d — 1) =
1 for s > d — 1. Then for s > d, we have that

S

H.(d) = /Ht(d—l)dt:/ldtzl
s—1 s—1

and the result follows by induction.
(v) This is clear from the definition. O

Many properties of the hg(I,J; M) immediately imply similar properties for the
s-multiplicity. Some of these properties are listed in the next three corollaries. The first
corollary makes explicit the interpolating properties of the s-multiplicity, while the sec-
ond contains some auxiliary results listed for completeness. The third is the Associativity
Formula for s-multiplicity.

Corollary 3.8. Let (R, m) be a local ring of dimension d and characteristic p > 0, let I
and J be m-primary ideals of R, and let M be a finitely generated R-module.

(i) If 0 < s <min{1,b7 (I)}, then es(I,J; M) = e(I; M).
(ii) If s > max{d,c’ (I)}, then es(I,J; M) = emr(J; M).
(iii) If R is a regular ring, then es(R) = 1.

Proof. Statements (i) and (ii) simply combine Lemma 3.3 and Lemma 3.7. For state-
ment (iii), we may assume without loss of generality that R is complete with residue
field k, in which case R = k[[z1, ..., zq4]]. The result then follows from Definition 3.5 and

Proposition 3.4. O
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Corollary 3.9. Let (R,m) be a local ring of dimension d and characteristic p > 0, let
I and J be m-primary ideals of R, and let M be a finitely generated R-module. The
following statements hold.

(i) es(I,J; M) is a Lipschitz continuous function of s.

(i) ea(I.J; M) < eqrre(J: M) [Ha(d).

(iii) If dim M < d then es(I,J; M) = 0.

) If I' and J' are m-primary ideals of R such that I C I' and J C J', then

ex(I', T M) < eo(I, J: M).

(v) If I' is an m-primary ideal of R with the same integral closure as I, then
es(I', J; M) =es(I,J; M).

(vi) If J' is an m-primary ideal of R with the same tight closure as J, then es(I,J'; M) =
es(I,J; M).

(vii) If 0 - M’ — M — M" — 0 is a short exact sequence of finitely generated

R-modules, then es(I,JJ; M) =es(I,J; M') +es(I,J; M").

(iv

Proof. (i) We have that es(I,J; M) is constant, hence Lipschitz continuous, on
(0, min{1,b” (I)}]. By Lemma 3.7, Hs(d) is Lipschitz continuous and bounded away
from zero on [min{1,b” (I)},00) and by Theorem 2.7, h,(I,J; M) is Lipschitz continu-
ous, and so es(I, J; M) is Lipschitz continuous on [min{1,b7 (1)}, o0). Thus es(I, J; M)
is Lipschitz continuous.

Parts (ii)—(vi) follow from Proposition 2.6. Part (vii) follows from Theorem 2.8. O

The following corollary now follows directly from Theorem 2.9.

Corollary 3.10 (Associativity formula for s-multiplicity). Let (R,m) be a local ring of
characteristic p > 0, let I and J be m-primary ideals of R, and let M be a finitely
generated R-module. We have that

ef(I, ;M) =Y el/P(I(R/p), J(R/p)) Ar, (M,)
peAssh R

where Assh R = {p € Spec R | dim R/p = dim R}.

An immediate application of Corollary 3.10 is the following result, which shows that
the s-multiplicity of a module is in many cases determined by the s-multiplicity of the
ring itself.

Proposition 3.11. Let (R,m) be a local ring of characteristic p > 0, let I and J be
m-primary ideals of R, and let M be a finitely generated R-module. If M, is free of
constant rank r for every p € Assh R, in particular if R is a domain, then es(I, J; M) =
es(I,J)-r.
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Proof. By the Associativity Formula, we have that

eI, ;M) =" efP(I(R/p), J(R/p)) Ar, (M)
pceAssh R

= > ePI(R/p), J(Rfp)) -1 =el(I,J)-r D
pEAssh R

The problem of finding general bounds for the value of the s-multiplicity seems to be
difficult, but we have a few results along those lines.

Proposition 3.12. Let ¢ : (R,m) — (S,n) be a local homomorphism of local rings of di-
mension d and characteristic p > 0 such that mS is n-primary, let I and J be m-primary
ideals of R, and let M be a finitely generated R-module. Then

e2(I1S,JS; M @r S) < eB(I,J; M) - As(S/mS)
and we have equality if @ is a flat ring homomorphism.
Proof. For any R-module N of finite length, we have that
As(N ®@g S) < Ar(N) - As(S/mS).
Thus, for any s > 0 and e € N we have that

S ((]S)[Spﬂ+(JS)[pe])(M®RS) = AS (I[Spe]-l-J[Pe})M R

M
= ( (ITsp°1 4 Jlr°T) M) -As(S/mS).

Dividing both sides by p°® and taking the limit as e goes to infinity gives us that
W18, JS;M @ ) < h(I,J; M) - As(S/mS),

and dividing both sides by Hs(d) gives us the result for s-multiplicity.
If ¢ is a flat ring homomorphism, then for any R-module N we have that
As(N®gr S) = Ar(N) - As(S/mS) and so we have equality everywhere. O

Corollary 3.13. If (R,m,k) is a local ring of characteristic p > 0 and I is an ideal
generated by a system of parameters in R, then es(I) < A(R/I). Furthermore, equality
holds if R is Cohen—Macaulay.

Proof. We may assume that R is complete. Let d = dim R, let x1,...,z4 be a system of
parameters generating I, and let S = k[[z1,...,24]] € R. Now by Proposition 3.12 and
Corollary 3.8(iii),
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(D) <ef((x1,...,2a) \r(R/T) = Ar(R/T).

Furthermore, if R is Cohen—-Macaulay, then R is a free S-module, hence is flat over S,
so equality holds. O

4. s-Closure

The s-multiplicity is related to closures, just as the Hilbert—Samuel and Hilbert—-Kunz
multiplicities are. We see this already in the guise of Proposition 2.6 and Corollary 3.9
with respect to integral and tight closure. The natural question to ask at this point is
whether there are closures that are similarly related to the various s-multiplicities. In this
section we define these closures and show that in sufficiently nice rings, we get a strong
connection between the closure operators and the s-multiplicity. We use the notation R°
to stand for the complement of the union of the minimal primes of R.

Definition 4.1. Let R be a ring of characteristic p > 0, let I be an ideal of R, and let
s > 1 be a real number. An element x € R is said to be in the weak s-closure of I if
there exists ¢ € R° such that for all e > 0, ca?” e I5°1 4 [[P*]. We denote the set of all
x in the weak s-closure of I by I™-ls,

Remark 4.2. If I is of positive height, then z € I'"-“!s if and only if there exists ¢ € R°
such that ca?” € ITP"1 4+ 11P"] for all e € N. To see this, suppose that there exists ¢/ € R°
and ¢ € N such that c/’xpe € 1:[5”&1 + IP"] for e > €. Since I is of positive height,
there exists ¢’ € (ITP" 1 4 IlP"1) 0 R°. Setting ¢ = ¢/¢”, we have that ¢ € R° and
ca?” e I1sP°1 4 1P"] for all e € N.

For a given ideal I, I"-°s is clearly an ideal containing I. However, it is not clear that
the weak s-closure is idempotent; that is, it is not clear that (IW'CIS)W'CIS = Vs If the
ring is noetherian, we can construct an idempotent operation out of the weak s-closure
by iterating the operation until the chain of ideals stabilizes.

Definition 4.3. Let R be a ring of characteristic p > 0, let I be an ideal of R, and let
s > 1 be a real number. The s-closure of I is defined to be the union of the following
chain of ideals:

w.clg

IcC IW~C15 c (IW‘CIS) W.CIS)W.CIS c...

g ((IW'CIS)
We denote this ideal by I,

Notice that, for s = 1, the s-closure is integral closure, and for s > ¢! (I), the s-closure
is tight closure. Furthermore, if s < s’, then I¢'s D I°' for all ideals I. Thus the s-closure
interpolates monotonically between integral closure and tight closure as s increases. One
should note that new closures do in fact arise:
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Example 4.4. Let R = k[[x, y]], where k is a field of characteristic p > 0. Let I = (23, y%).
Then

(z,y)? ifs=1
Ik = (3, 22%y%,9y%) ifl<s< %
(23, 9%) if s> 3.

In particular, if 1 < s < %, then I = I* C I C T = (z,y)%.

Example 4.4 demonstrates that in some cases, an ideal I will only have finitely many
distinct s-closures for various values of s; in fact, this will occur whenever R is local and
I is primary to the maximal ideal. However, even in regular rings there can be infinitely
many distinct s-closures.

Example 4.5. Let R = k[[z,y]], where k is a field of characteristic p > 0. Let 1 < s <
s’ < 2. Choose n € N such that n > 2/(s' — s), and let I = (22", 4?"). Then z[*"1yl*1 ¢
Iv-cls since for any e € N,

5 2n + [sn|p®
2n

Jz2[1+§pﬁ > 5",

and so x2y?(xlonlylsn)P® ¢ (227 420 [P"] However, xls"lylsnl ¢ vl since for

any a € N, letting e € N such that p® > a, we have that

€ 1 € 2 € 2 €
5 {Wr [sn]p J coatlntpt (snt+2)p” o, 2 < sp° 4 (5 — 8)pF = 8'p*
2n n n n
and so maya(x(sn]y(sn] )pe ¢ (w2n7y2n)|’s’pe] Thus [7-ls £ Iw.clsx’ and hence I 7& Tl
by Theorem 4.6. Thus we find that there are infinitely many distinct s-closures on R,
one for every real number in the interval [1, 2].

If I and I’ have the same integral closure, then e(I) = e(I’), while if I and I’ have
the same tight closure, then egx(I) = egx(I’). Our main theorem in this section is a
similar result for s-multiplicity and s-closure.

Theorem 4.6. Let (R,m) be a local ring of characteristic p > 0 and let I and J be
m-primary ideals of R with I C J. If J C I, then es(J) = es(I). If R is an F-finite
complete domain, then the converse holds and I = V-l

Proof. Let d = dim R. Suppose that = € IV so that there exists ¢ € R° such that for
all e > 0, we have that cxP’ e [Tsp°1 4 [p°] C IP°. Hence z is in the integral closure of
I and so hs((I,x),(I,z)) = hs(I,(I,z)) by Proposition 2.6(v). Now for large e € N, ¢

Tsp®1 ) (] 2)[P¢]
L2 4o qep G = R/cR, so that for e > 0,

annihilates —r= jre—
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ITsP"1 4 (1, )P ITsP" 1 4 (1, )P (18)lsr°1 4 ((I,x)S)[”e]
AR € € = AS € e ® S = AS e e
Ilspel 4 Jlp©] Ilspel 4+ Jlp°] (I1S)Isp1 4 (1.9)lP°]

And so, since dim S =d — 1,

(T 4 (1 )]
hS(I,I)hs(I7(Iam))61Ln;oMAR< Ilsp1 + [lp°] )

1 ()T 4 ((1,2)9)"
lim S c
ed (1S)Isp°1 4 (1.9)lp*]

e—0o0 p

= < lim 1) (h3(IS,18) —hS(IS,(I,z)S)) = 0.

e— 00 p
Therefore hs((I,z)) = hs(I) for any x € IV“"+ hence hy(I™-"<) = hy(I). By induction,
hs(I°) = hs(I), hence hy(J) = hs(I) and so e4(J) = es(I).

Now suppose that R is an F-finite complete domain and « € R such that es((I,z)) =
es(I). In this case hs((I,2)) = hs(I), and so hy(I, (I,x)) = hs(I,I), and therefore

1101 4 (I, 2)P") . . .
— lim — — i 7lsp°] Py . P
0 Jﬂ&peﬂ< T 4 1 ) i M (B (7T 1) 7))

Let ¢ € Hompg (F.R, R) be a nonzero p~'-linear map and let o(—) = 9 (F.( Pl
ey —), where f1,..., f, is a generating set for I. Then

o (B (UM 1) g ™) ) C o (R (17 4 1))

o (B (e ) g

Let ai,--- ,a, € Nwith a1 + - + a,, > sp°t!. Then
n n
S| e e
i=1 i=1 p

and so f:;f_1 - fb= Lplspe™] C (I(SP T)[p] Therefore 1/}( (fp L fg—ljfspe“])) C

ITsP°T and so

e+1]

© (F* ((I"Sp€+1-‘ n I[p ) - Ipe+1)> ) Ipe c I(Spe] i I[pe],

that is,

0 (F ((Irspe“] Iy xpe“)) c ((Irsm 4y g xpe) .
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Since this holds for all e € N, by [8, Theorem 5.5], we must have that [, ((I7*?"1 +
1Py g xpe) # 0, that is, there is some 0 # ¢ € R such that for all e = N, ca?” C
ITsP°1 4 TPl Therefore 2 € T,

Thus we have that if R is an F-finite complete domain and hs((I,x)) = hs(I), then
x € IV, Therefore if hy(J) = hs(I) then J C I'-¢ls C . Furthermore, in this case,
if x € I then hy((I, 7)) = hs(I) and hence x € Vs, Therefore [ = ["-<ls. O

5. s-Multiplicity of toric rings

In this section we construct an equivalence between s-multiplicity for toric rings and
certain volumes in Euclidean space. We will then use that equivalence to compute the
s-multiplicity for a few toric rings. See [3] for a more general treatment of the correspon-
dence between limits in positive characteristic and volumes in real space.

Definition 5.1. Let k be a field. By a normal toric ring of dimension d over k, or simply

toric ring, we will mean the ring k[[S]], where S = ¢ N Z%, 6" is a cone in R? not

containing any line through the origin, and S inherits the semigroup structure of Z¢.

Furthermore, we will require that the cone ¢V be rational, that is, ¢/ = cone(vy, ..., v,)
for some v1, ..., v, € Z%, and of full dimension, that is, the R-span of ¢" is all of R%. We
will denote the monomial elements of k[[S]] by z¥ for v € S, and if 0¥ = cone(vy, ..., v,),
we may write k[[z",...,z"]] for k[[S]].

Definition 5.2. For a monomial ideal I C E[[S]], where k[[S]] is a toric ring, we denote
by Exp I the set {v € S| z¥ € I} and by Hull I the convex hull of Exp I in R%.

Lemma 5.3. Let (R, m) = (k[[S]], (S)) be a normal toric ring of dimension d over a field
k of characteristic p > 0, where S = 0/ NZ%, let I = (z*1,...,x%") be a monomial ideal
of R. For any m,e € N with m > 1,

(m+n)HulINZ? C ExpI™ CmHuWlINZ? and ExpIP) = (p°Expl+oY)nzs

Proof. Let v € (m + n)Hull N Z%. Then there exist a1,...,a, € R>¢ such that a; +
ot a, =1land v € (m+n)(ajuy + -+ apu, +0) N Z% For each 1 < i < n, let
b; = [(m + n)a;]. Since each u; € ¢”, we have that

ve(m+n)(a1u1+---+anun+ov)ﬂZd§(b1u1+-~-+bnun—|—av)ﬂZd.

Since by + -+ b, > (m+n)(a; + -+ a,) —n = m, we have that v € Exp I"™. This
shows the first inclusion in the first statement.

A monomial z¥ is in I"™ if and only if v € (aju1 + -+ + apu, + o) N Z* for some
ai,...,a, € Nwith ay + --- + a, = m. If this is the case then
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a a
ve (m(Suw++ P, ) +07) N2 CmHAT N2
m m

This shows the second inclusion in the first statement.
A monomial z? is in IP°] if and only if v € pu + 0¥ for some u € ExpI. That is,
zv € I if and only if

v e U (pPu+ o )Nzd = | p° U (u+0") | NZ = (p°ExpI+0")NZ,
u€Exp I u€bExp I

which proves the second statement. 0O

Theorem 5.4. Let (R, m) = (k[[S]], (S)) be a normal toric ring of dimension d over a field
k of characteristic p > 0, where S = 0¥ NZ%, and let I and J be m-primary monomial
ideals of R. Then

hs(I,J) = vol (¢ \ (sHullI U (Exp J + o))
where vol(—) is the standard Euclidean volume in R?.

Proof. Let e € N. The length of R/(IT*P"1 4 JIP’l) is precisely the size of the set

V, = {v eS|z ¢ 1 & J[pc]} - {v € S |v¢Expll* 1 UExp J[P‘"‘l}.
From Lemma 5.3, we have that
(0 \ (sp°HullT U p° Exp J +0¥))NZIC V,
C (0 \ (([sp°] +n)Hull T U p° Exp J + ")) N Z%.

4

Scaling every set by e in each dimension, we get that

d
(0 \ (sHullIUExp J +¢)) N (;Z)

d
gz%Ve C (0" \ (([sp® +n]/p") Hull I U Exp J + ")) 1) GZ) .

Since the volume of ¢V \ (s HullI UExp J + ¢”) is equal to the volume of its interior, we
obtain that

vol (¢ \ (sHullI UExp J + "))

1\
(0’ \ (sHullI UExp J +¢")) N <p_Z>
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IN

lim |Ve|

e—00 ppd

d
e \ (([sp® +n]/p*) Hull T U Exp J + ")) N (piz)

IN

lim 7
e—»o0 P°

= vol (0¥ \ (sHulll UExp J + ¢"))
And so we have equality throughout. Since h,(I,J) = hm d|V| the theorem is
proved. O

Theorem 5.4 allows us to calculate the s-multiplicity of toric rings. We compute two
examples.

Example 5.5 (A, singularities). Let n € N, n > 1, and take
A = K21, 22, 23]] /(2122 — 257) = K[z, y, 2~ 1y ).

The geometry of this toric ring is illustrated below. The shaded region corresponds to
the cone ¢¥, and the lattice points (1,0), (0,1), and (—1,n + 1) correspond to z, y, and
"yt respectively.

We wish to calculate ez(A,,), so we need to calculate Hullm and Expm + ¢ where
m = (z,y, 2z~ 'y"*1). These are illustrated below.

( n+1,71+1
[ ] [ ]

Hullm Expm + 0"

and s > 2 — L.

There are three situations to consider: s < 1,1 < s < 2 — %ﬂ, P

When s <1, sHullm U Expm + 0" is illustrated below:
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From this we can compute hy(A,) = s% for s < 1.
Now suppose that 1 < s <2 — n++1 The picture now becomes

(s=2=tn+ 1)
[ J [ J [ ]

(I—s,8(n+1)—mn)

(] [ ] [ ]

(s—1,1)

n75+,l (,sfl)(nﬁ»l))
n n

(1,0)

Calculating the area of the unshaded region in ¢ gives

hs(An):7"21(3—1)%2(571)“

1
When1§s§2—m.

Now consider the case when s > 2 — n+_1 In this case the picture becomes

And so we compute hs(A,) =2 — A5 when s > 2 — .

With this, we can write down the s-multiplicity for the A,, singularities:

2 ifo0<s<1
— il (5—1)242(s—1)+1 o 1
n 1<s<2——=
T2 (s-1)2 s i
eS(An) = _% ( ) . )
m if 2 — ntl S s <2

2- =5 if s > 2.

237
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Example 5.6. Let k be a field, and consider the ring V,, = k[[z, zy, ..., zy"]]. The ge-

ometry of this ring is illustrated below; the shaded region corresponds to ¢ and for

0 < a < n, the lattice points (1, a) corresponds to the monomial xy®.

Lettingm = (z,zy, . .., zy") we have the following pictures for Hullm and Expm+oV.

Hullm Expm +¢”

Thus we have the following pictures for various values of s:

[ ]
1+1/n,1)

le

s>1+1/n

ns? if0<s<1
he(Va) =% =2 (s —1)24n(s—1)+2 ifl1<s<1+1/n

ntl ifs>1+1/n
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n if0<s<1
o 2(e_1)\2 _ .

V) = | T Tyt f1<s <14 1/n
ntl if s> 2.

Example 5.7. The normalizing factors Hs(d) can be easily visualized as areas in space
in the same manner. Indeed, since k[[x1,...,24]] is a toric ring, we simply apply the
construction above to calculate hg((x1,...,24)). For instance, when d = 2, we have the
following picture:

[ ] [ ] (] [ [ (]
(s—1,1)
{ q { ]
(0, s) (I,s—1)
(:20) ‘ ‘
0<s<1 1<s<2 s>2
Hs(2) = %82 Hs(2) = %52 —(s— 1)2 Ho(2) =1

References

[1] Alessandro DeStefani, Luis Nufiez-Betancourt, Felipe Pérez, On the existence of F-thresholds and
related limits, arXiv:1605.03264, 2016.
[2] Melvin Hochster, Craig Huneke, Tight closure, invariant theory, and the Briangon—Skoda theorem,
J. Amer. Math. Soc. 3 (1) (1990) 31-116.
[3] Daniel Hernéndez, Jack Jeffries, Local Okounkov bodies and limits in prime characteristic, arXiv:
1701.02575, 2017.
[4] Craig Huneke, Irena Swanson, Integral Closure of Ideals, Rings, and Modules, London Mathematical
Society Lecture Note Series, vol. 336, Cambridge University Press, Cambridge, 2006.
[5] Paul Monsky, The Hilbert-Kunz function, Math. Ann. 263 (1) (1983) 43-49.
[6] Mircea Mustata, Shunsuke Takagi, Kei-ichi Watanabe, F-thresholds and Bernstein—Sato polynomi-
als, in: European Congress of Mathematics, Eur. Math. Soc., Ziirich, 2005, pp. 341-364.
[7] Masayoshi Nagata, Local Rings, Interscience Tracts in Pure and Applied Mathematics, vol. 13,
Interscience Publishers a Division of John Wiley & Sons, New York—London, 1962.
[8] Thomas Polstra, Kevin Tucker, F-signature and Hilbert—Kunz multiplicity: a combined approach
and comparison, arXiv:1608.02678, 2016.
[9] David Rees, a-transforms of local rings and a theorem on multiplicities of ideals, Proc. Camb. Philos.
Soc. 57 (1961) 8-17.
[10] Marcus Robinson, Irena Swanson, Explicit Hilbert—Kunz functions of 2 x 2 determinantal rings,
arXiv:1304.7274, 2013.
[11] Kei-ichi Watanabe, Ken-ichi Yoshida, Hilbert—-Kunz multiplicity and an inequality between multi-
plicity and colength, J. Algebra 230 (1) (2000) 295-317.


http://refhub.elsevier.com/S0021-8693(18)30324-7/bib64534E42502D4578697374656E63656F66467468726573686F6C6473s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib64534E42502D4578697374656E63656F66467468726573686F6C6473s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455865s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455865s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455864s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455864s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455863s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455863s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib4D6F6E736B792D48696C626572744B756E7A46756E6374696F6Es1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455862s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455862s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib4E61676174612D4C6F63616C52696E6773s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib4E61676174612D4C6F63616C52696E6773s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455861s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib6269625654455861s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib526565732D615472616E73666F726D734C6F63616C52696E6773s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib526565732D615472616E73666F726D734C6F63616C52696E6773s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib62696256544558s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib62696256544558s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib576174616E616265596F73686964612D484B4D756C7469706C6963697479496E657175616C697479s1
http://refhub.elsevier.com/S0021-8693(18)30324-7/bib576174616E616265596F73686964612D484B4D756C7469706C6963697479496E657175616C697479s1

	Interpolating between Hilbert-Samuel and Hilbert-Kunz multiplicity
	1 Introduction
	2 The multiplicity-like function hs( I,J;M) 
	3 s-Multiplicity
	4 s-Closure
	5 s-Multiplicity of toric rings
	References


