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1. Introduction

Characters for certain classes of finite-dimensional irreducible modules over the queer
Lie superalgebra q(n) were obtained in the classical works [28,32]. The character problem
of an arbitrary finite-dimensional irreducible q(n)-module was then first solved by Penkov
and Serganova [29,30]. They provided an algorithm for computing the coefficient ay, of
the character of the irreducible q(n)-module L(u) in the expansion of the character of
the associated Euler characteristic F(\) for given dominant weights A, u.

In [2] Brundan developed a rather different approach to computing the coefficient
ay, for integer dominant weights A, p. Let F” be the nth exterior power of the natural
representation of the type B quantum group of infinite rank (cf. [21]). It was proved
that the transition matrix (ay,), for A and p dominant integer weights, is given by
the transpose of the transition matrix between canonical and the natural monomial
bases of F™ at ¢ = 1. This gives all irreducible characters of finite-dimensional integer
weight modules in terms of a combinatorial algorithm for computing the canonical basis
of F™. A new interpretation of the irreducible characters of finite-dimensional half-integer
weight modules in the same spirit of Lusztig canonical basis of quantum groups was given
in [8] and [10] as well.

While finite-dimensional representations of the queer Lie superalgebra q(n) are now
fairly well understood, their infinite-dimensional analogues have not been studied much in
the literature. Except for n = 2 and some special cases, e.g. [16,6], irreducible characters
of infinite-dimensional modules in the BGG category remain largely unknown (see, e.g.,
the survey article [18]).

The Brundan—Kazhdan—Lusztig conjecture [1, Conjecture 4.32] for the BGG category
of integer weight gl(m|n)-modules was proved by Lam, Wang and the second author
in [12] (see also [4]). In fact, in [12,4] irreducible character problem for arbitrary Borel
subalgebras was settled; see also [11] for algorithms. Furthermore, in [13], by means of
twisting functors and parabolic induction functors, Mazorchuk, Wang and the second
author reduced the irreducible character problem for gl(m|n) of an arbitrary highest
weight to that of an integer highest weight, for which the Brundan—-Kazhdan—Lusztig
conjecture is then applicable. This gives a complete solution of the irreducible character
problem for the full BGG category.

A similar reduction is established for q(n) by the first author in [6]. As a consequence,
the problem of computing the characters of the irreducible modules of arbitrary weights
in the BGG category O,, for q(n) is reduced to the irreducible character problem in the
following three categories: (i) the BGG category O,, z of q(n)-modules of integer weights,
see, e.g., [2; (ii) the BGG category O,, 1,7 of q(n)-modules of half-integer weights, see,
e.g., [8,10]; (iii) (¢ ¢ Z/2 and k € {0, 1,...,n}) the BGG category O,, ¢ of q(n)-modules
of “+(-weights”, see, [10] or Section 3.4. In the main body of the present paper, we shall
use the notation Oy ¢ to denote the category Oy, ¢, as n will be fived throughout.

Kwon, Wang and the second author formulated a Kazhdan—Lusztig type conjecture for
the BGG category in (iii) [10, Conjecture 5.10] above, analogous to Brundan’s conjecture
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for the category (i) in [2, Section 4.8]. In the same paper, the authors also establish some
connections between the canonical bases of types A, B, C. Their investigation seems to
indicate connections between certain modules over q(n) and modules over the general
linear Lie superalgebra gl(k|n — k) for various k < n.

In particular, for each k < n, one has a bijection between the highest weights of the
irreducible objects in the category O,, -+ and those of the BGG category of integer-weight
modules for gl(k|n — k), that is compatible with the linkage in both categories (see, e.g.,
[6]). In fact, in [6] it was proved that blocks of atypicality degree one of a certain maximal
parabolic subcategory Fy ¢ of O,, ¢+ are equivalent to blocks of atypicality degree one of
the category of finite-dimensional modules over gl(kln — k).

In the present paper, we study the Kazhdan—Lusztig conjecture for the BGG category
Oy, ¢cx, formulated in [10, Conjecture 5.10], which states that the irreducible characters
for modules in O,, ¢x are determined by the very same Brundan—Kazhdan-Lusztig poly-
nomials as those for the BGG category of the general linear Lie superalgebra gl(k|n — k)
of [1]. The main result of the present paper is to (formulate and) prove a parabolic ver-
sion of that conjecture for the maximal parabolic subcategory Fy ¢ (see Section 5). We
wish to point out that the irreducible gq(n)-modules in Fj ¢ are almost always infinite-
dimensional and the character formulas we have obtained in this paper are new.

The paper is organized as follows. In Section 2, we recall the quantum group of type A
and the construction of the Fock space €”1". We review the canonical and the dual
canonical bases in (a topological completion of) &mn along with Brundan’s algorithm
for computing canonical basis. Section 3 is devoted to the study of representations of the
queer Lie superalgebra q(n). Certain parabolic subcategories of Oy ¢ of q(n)-modules are
introduced and characterized. In Section 4 we study in detail the tilting modules in these
parabolic subcategories Oy ¢. The parabolic version of the Kazhdan-Lusztig conjecture
for the maximal parabolic subcategory F ¢ is then formulated precisely in Section 5.
We establish a “queer” version of Serganova’s fundamental lemma [31, Theorem 5.5] in
Section 6. This lemma is then used to prove the Kazhdan-Lusztig conjecture for Fj, ¢ in
Section 7. Our proof here follows the idea of and is inspired by the proof of the main
theorem in [1]. Finally, we establish a closed Kac-Wakimoto type character formula
for a class of q(n)-modules in Fj ¢ resembling “Kostant modules” for the general linear
Lie superalgebra. For those q(n)-modules resembling polynomial representations of the
general linear Lie superalgebra we obtain a Sergeev—Pragacz type character formula as
well. This is accomplished in Section 8.

1.1. Notation

We use N, Z and Zx>( to denote the sets of natural numbers, integers, and non-negative
integers, respectively. Here and below we let m,n € Z>( and set

I(mln) :={-m,—m+1,...,—-1}U{L,2,...,n}.

Let Z™™ be the set of all functions f : I(m|n) — Z.
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For p € N, the symmetric group on p letters is denoted by &,,. Let &), := &y X G
Note that &,,|, acts on the right of 7™ by composition of functions.

Throughout the paper, we fix a complex number ¢ ¢ %Z which will be used from
Section 3.2 on.

2. Quantum groups and combinatorial preliminaries

In this section we recall the quantum group of type A of infinite rank. We refer to |[1,
Section 2-c| or [12, Section 2] for more details.

2.1. Quantum group of type A

Let U := Uy(gl,) be the quantum group of type A of infinite rank. This is the
Q(q)-algebra generated by {E,, Fy, Ko, K, ' }acz, subject to the relations

K,K;'=K; 'K, =1, K,K, = K,K,,

a

KoEyK, = g0 By K R K, = gt By,

Kaa _Ka a
E Fy — FyBy = 6, —2 — —atl

q—qt
E,E, = EyE,, if la —b] > 1,
E2Ey, + EyE? = (¢ +q Y)EEWE,, ifla—0bl =1,
F,F, = FyF,, if la —b] > 1,

F2F, + F,F2 = (q+q YF.WF,, ifla—bl=1.

Here and below K, := KaKljl for a #£ b € Z.
U is a Hopf algebra with comultiplication A : U — U ® U defined by

A(Ea) =1 & Ea + Ea &® Ka+1,a7
A(Fa) :Fa®1+Ka,a+1®Faa
A(K,) = K, ® K,

for a € Z.
2.2. Fock space E™I"
Let V be the natural U-module with basis {v,}sez and let W be its restricted dual

with basis {wq }eez normalized by (wq, vy) = (—¢) " *dap, for a,b € Z. The actions of U
on V and W are respectively given by
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Sa _ _
Kovy = ¢°Pvy, Eavp = dat1,0Va; FaVy = 0a,pVat1,

—ba _ _
Kawb =q 'bwbu anb - 6a,bwa+17 Fawb - 5a+1,bwa~

For m,n € Zs, the tensor space T™" := V& @ W®" can be viewed as a module
over U via the comultiplication A. For f € Z™", we let

My = 0f(m) @ Vp(cmei1) © -+ QUp(_1) @ Wr(1) @ Wr(2) @ Wy(ny € T™™,

The set {My} rezmin is referred to as the standard monomial basis for T,

Let &,, be the symmetric group on the letters in I(m|0) with the set of generators
{si =@ i+1)]—m < i< =2} C &, Recall that the Twahori-Hecke algebra H,,
associated to &,, is the associative Q(g)-algebra generated by H;, —m < i < —2, subject
to the relations

(H; —q ")(H; +q) =0,
H;H; . «H; = H; 1H;H; 4,
HiH]’ = HjHi, for |’L —]| > 1.

Denote the longest element in &,,, by wém)

. For each ¢ € G,,,, we have the corresponding
element H, := H; H;, --- H;, for any reduced expression o = s;,$;, - - - S;,.. Recall that
there is a unique antilinear (¢ — ¢~!) automorphism ~ : H,, — H,, such that H, =
H ! forall o € &, (see, e.g., [1. Section 2-¢]).

We denote by <, the classical Bruhat ordering on the weight lattice Z™ of gl(m).
For i € I(m|n), let d; € Z™™ be the function j — —sgn(i)d;;. Recall the super Bruhat
ordering < on Z™™ for Lie superalgebra gl(m|n) defined in [1, Section 2-b] as follows.

Let P be the free abelian group with basis {€, }qcz. Let < denote the partial ordering
of weights on P, i.e., f < gifand only if f —g € >, Z>o(e; — €i41). Let wt : Z™" — P
be the e-weight function defined by

wte(f) := Z —sgn(i)esy, for f € Zmn r e I(min). (2.1)

r<i

The super Bruhat ordering < on Z™" is defined by f < g, if wt&f < wttg, for all
r € I(m|n), and wt¢, f = wt®, g [1, Section 2-b].

For f € Z™™, the degree of atypicality of f is denoted by tf (see, e.g., [1, (2.3)]). We
say f is typical if §f = 0; otherwise f is atypical. For f,g € Z™" we have that f > g¢
implies ff = 4g.

Recall that T™° = V®™ admits a U-H,,-bimodule structure [20]. Namely, on T™°
the Hecke algebra I, acts as follows:

Mfsm lff <Clm f5i7
Myps, — (a—a " )My, if f =a, fsi,
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forall -m <i< —2and f € 7o, Similarly, we can define a U-H,,-bimodule structure
on TOI" = W®n,
For p € N, let

_ c,J(p)
Hy(p) = Z (—q) @)U
oeG,

Then Hy(p) is a bar-invariant element in H, (see, e.g., [1, Lemma 3.2]).

It is proved in [22, Propositions 1.1 and 1.2] that T™° = KerHy(m)
T Ho(m)|pmjo and KerHo(m)|pmio = Z;zfm Ker(H; —q 1)
KerHy(n)|qoi» have analogous decompositions.

Tm|0 EB
pmjo. Similarly, T and

As a conclusion, T™" admits a U-(H,, ® H,) bimodule structure (see, e.g., [1, Sec-
tion 2-e]) with T™" = KerHy @ T™"H, and KerH, = >, Ker(H; — ¢~ '), where the
summation is over ¢ € I(m|n) \ {—1,n} and Hy := Ho(m)Ho(n) € H,, @ H,,. We define
the Fock space ™™ .= T™I" .

We can identify €™ with the g-wedge space A™V @ A"W (see, e.g., [12, Section 2.4]).
Let

" = {f ez f(—m) > f(—m+1) > > f(=1), f(1) < f(2) << f(n)}.

From (2.2), it follows that {MfHO}fezf'" forms a Q(g)-basis for £€™!™ and the following
bijection from £™" to AV @ AW

M¢Hgy — Vf(—m) N oo - AVF(—1) @Wra)y AWr) Ao AWe(ny, for f € Zm‘n,

gives an isomorphism of U-modules. For each f € ZTIH, we define K¢ := MyH, € gmin,
We call {K},min the standard monomial basis for gmin,
+

2.8. Canonical and dual canonical bases of E™I™

We let T™"™ and €™ denote certain topological completions of T™"™ and €™,
respectively, see [1, Section 2-d] for precise definition. According to [1, Theorem 2.14]
TmI7 admits a continuous, anti-linear bar-involution ™ : Tmln — Tmin such that XuH =
XuH,forall X e U,u € @mm, H e H,,®H,, and furthermore E = My, for f € zmIn
with f(—m) < -+ < f(=1), f(1) = - > f(n), £(3) # (), for all -m <i<0<j<n.

Theorem 2.1. ([1, Theorem 3.6]) There exist unique bar-invariant topological bases
{Uf}erT‘"’ {Lf}er’j"” for €™ such that

Up=Kp+Y ug @)Ky Ly=K;+> o 5(a)K,,
g=<f g=<f

where summation is over g € ZT'”, ug. £(q) € qZlq), and £, (q) € ¢~ Z[g7"].
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The topological bases {Uy} fegmin and {Ls} segmin are respectively referred to as
+ +

canonical basis and dual canonical basis of £mIn (see, e.g., [1, Section 3-b]). The polyno-
mials ug £(q), £g,7(¢) can be computed combinatorially [1, Corollary 3.39].

2.4. Procedure for canonical basis

We conclude this section with a review of [1, Procedure 3.20] for constructing canonical
basis elements Uy, which indeed lie in £€™!". This will be used for construction of certain
tilting modules of q(n) in Section 4.

Procedure 2.2. ([1, Procedure 3.20]) Assume that f € Zmln with ff > 0. Define h € ZT'”,
a €Zand X,,Y, € {E,, F,}, by the following instructions below starting with step (I).

Step (I) Let —m < i < —1 be the largest number such that f(i) = f(j) for some
1 < j <n. Go to step (II).
Step (II) If ¢ # —1 and f(¢) — 1 = f(i + 1), replace i by i + 1 and repeat step (II).
Otherwise, go to step (III).
Step (III) If f(i) — 1 = f(j) for some 1 < j < n, go to step (II*). Otherwise, set
Xo = Fyay-1, Yo = Eyy_1 and h:= f — d;.
Step (IT*) If j # 1 and f(j) — 1 = f(j — 1), replace j by j — 1 and repeat step (IT*).
Otherwise, go to step (IIT*).
Step (III*) It f(j) — 1 = f(i) for some —m < i < —1, go to step (II). Otherwise, set
Xo = Esj)-1, Yo i= F(jy_1 and h = f + d;.

After finitely many steps, the procedure reduces f to a typical g € ZTI", namely,
U = Xy, Xp, -+ Xp, Uy for some by, b2, ...,b € Z depending on g. Since Uy = K, we
have the following lemma (cf. [1, Lemma 3.19, 3.21]).

Lemma 2.3. Let f, h, a € Z, X, and Y, be given as above. Ifﬁf—ﬁh then X, Uh—Uf,
YX U, =U, and X, on = Ky If §f = th + 1 then we ha'ueX Uy = Uy, YX U, =
(g+q HUy and X K, =Ky +qKy_g,14;, for some —m < i <0< j<n, f(i)= f(j)
such that f —d; +d; € 7™,

3. Representations of the Lie superalgebra q(n)
3.1. Queer Lie superalgebra

Let C™™ be the complex superspace of dimension (m|n). The general linear Lie
superalgebra gl(m|n) may be realized as (m +n) x (m + n) complex matrices:

A B
(4 2) o
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where A, B, C and D are respectively m x m, m x n, n x m, n X n matrices. Let E,; be
the elementary matrix in gl(m|n) with (a,b)-entry 1 and other entries 0, for a,b € I(m|n)
and let b’ = b/ n, De the standard Cartan subalgebra of gl(m|n) spanned by the basis
elements {E,,} and dual basis elements {8/}, for a € I(m|n). Denote by ®'* the set of
positive roots in the standard Borel subalgebra.

For m = n, the subspace

g:q(n){(é i)

forms a subalgebra of gl(n|n) called the queer Lie superalgebra.

AB: nxn matrices} (3.2)

The set {e;;, €;;|1 <14, j < n} is alinear basis for g, where ;; = E_,,_11; —pn_14+;+F; ;
and €; = F_p_145; + E; _n_14;. Note that the even subalgebra gg is spanned by
{e;j|1 <'i,j < n}, which is isomorphic to the general linear Lie algebra gl(n).

Let h = b5 @ b7 be the standard Cartan subalgebra of g, with linear bases {h; :=
eii|l <i < n}and {h; :=é5|1 <i<n}of hy and by, respectively. Let {d;|1 < i < n} be
the basis of h3 dual to {h;|1 <i < n}. We define a symmetric bilinear form (,) on b3 by
(0,0;) = 6;5, for 1 < 4,5 < n.

We denote by ®, &j, @1 the sets of all roots, even roots and odd roots of g, respectively.
Let &+ = <I>5r L @% be the set of positive roots in its standard Borel subalgebra b =
b; @ by, which consists of matrices of the form (3.2) with A and B upper triangular.
Ignoring parity we have &5 = ®; = {§;, — §;|1 < i,j < n} and &+ = {5, — §;]1 < i <
j < n}. We denote by < the usual partial order on the weights by defined by using ot
The Weyl group W of g is defined to be the Weyl group of the reductive Lie algebra gg
and hence acts naturally on b7 by permutation. For a given root a = d; — d; € @, let
a = 0; + 6 .

In the this paper, g-modules are always supposed to have compatible Z,-gradations
with g-actions, and g-homomorphisms are not necessarily even. For a g-module M and
p € b, let My, := {m € M|h-m = pu(h)m, for h € hg} denote its pu-weight space. If
M has a weight space decomposition M = @uehsMua its character is given as usual by
chM = Zuehg
space decomposition g = h @ (Bacaga) With respect to the adjoint representation of g.

Let A= >0, Nd; € b7, and consider the symmetric bilinear form on hi defined by
(-,)x := A([-,])- Let £(X) be the number of i’s with A; # 0. Let 1 < i3 < ip < -+ <
ig(x) < nosuch that Aj, Aiyy oy Aiyg,
Let b} be a maximal isotropic subspace of hy associated to (-,-)x. Put b’ = bg @ b’. Let
Cuy be the one-dimensional h’-module with h - vy = A(h)vy and k' - vy = 0 for h € by,
e h/i' Then Iy := Indz,(CfU;\ is an irreducible h-module of dimension 2[¢(M/21 (see, e.g.,
[15, Section 1.5.4]). We let A(X) := Ind{ Iy be the Verma module, where I is extended
to a b-module in a trivial way, and define L(\) to be the unique irreducible quotient
of A(X). Note that A(A\) and L(X) are unique up to g-isomorphisms.

dimM e, where e is an indeterminate. In particular, we have the root

are non-zero. Denote by [-] the ceiling function.
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For a weight A € b7, we let §A to be the atypicality degree of A (see, e.g., [15, Defini-
tion 2.49]). We say A is typical if )\ = 0; otherwise X is called atypical.

3.2. ANy c-weights, Z-gradations, and categories HCy ¢ (F-1)

Let k,n € Zso with k < n and ¢ € C\Z. We let

Ape={A=> Ndiebi\e(+Zand \j € —(+Z1<i<k<j<n}

r=1

Let s,t € Nbesuchthat k =ri +rm+...+rsandn—k =10 +1+ ...+ 1
where 7;,1; € N. Let r = (r1,...,75) and 1 = (I1,...,l;), and put ¢ = >°7 | r;, and
19=k+>% I, forc=0,...,sand d =0,...,t. We define (¢ # s and d # t)

Azlg ={Ae AN —Nip1 €N, forr¢ <i<rTlor1? < i <191
In the case r = (1,1,...,1) and 1 = (1,1,...,1) we have A(l-D:(Lesl) = Ay - In

k n—k
the case r = (k) and 1 = (n — k) we shall use the notation A;C for A,(fz’("_k), ie.,

Afc={AeMchi—Xi €N, for 0 <i<kork<i<n}

Associated to Azlg we have a Levi subalgebra

t

r = ) o Palt) < aln),

j=1

with corresponding parabolic subalgebra p¥!, nilradical u™!, and opposite nilradical
u™b~. Denote the roots in u™* by ®*(us!). If II denotes the set of simple roots of even
positive roots @5, we let II*** C II denote the subset such that the even and odd root
spaces g, C [F! if and only if o € II¥!. Associated to Azlc we thus have a Z-gradation
of g = P, 9; uniquely determined by

degh =0, deggsq =0, deggip==+1, foraecIl™, FeIl\II"'.  (3.3)
Note that this grading is also given by the formula
[D,X]=jX, forXeg,jeczZ, (3.4)
: : s—1 rett t—1 1441
where D is grading operator > _o(n—c) >\ €pptd g_o(n—s—d) > _ 4y €qq € bp.
Of course we have gg = [F'1.

Let W= denote the Weyl group of IF) so that we have W5 2 &, x -+ x &, x
Gy, X -+ x &, Let wh* be the longest element in W** so that, for X € AZ’:E, we have
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—wg’ )\EAzlg In the case r = (1,1,...,1) and 1 = (1,1,...,1) we shall write wq for

wh, while in the case r = (k) and 1 :k(n — k) we shall zvr]iCtG wg for wit.

For given Levi subalgebra s of g containing b, denote by HCj ¢(s) the category of
s-modules that are direct sums of finite-dimensional simple sg-modules with highest
weights in Azlc

Let b™! be the standard Borel subalgebra of [F!, namely, b™! is generated by
b ® (Pacrraga). For given A € A} ¢» denote by A°()) := Indl.. ] the Fl-Verma
module of highest weight A. Let LO(/\) be its unique irreducible quotient with highest
weight A. Note that L°()\) is a typical [F'-module and is furthermore finite dimen-
sional.

Lemma 3.1. HCy (1) is a semisimple category with irreducible objects {L°(A)|A €
ALY
¢

Proof. It is enough to show that the full subcategory of HCj (') consisting of
objects with composition factors lying in {L°(A\)|X € A7 C} is a semisimple cate-
gory.

Observe that L°(\) and L°(x) have different central characters for A, u € A% ¢ with
A # p (see, e.g., [15, Theorem 2.48]), and so there are no nontrivial extensions between
these two irreducibles. Therefore, it suffices to show that L°(A) has no self-extension
in HCy ¢(-1), for every A € Ak " Suppose we have a short exact sequence of the
form

0 L) = E L 100 — o, (3.5)
in HCy ¢ (*1). Since HEC ¢ (b) is a semisimple category (see, e.g., [17, Lemma 1]), (3.5) im-
plies that as h-modules we have Ey = I\ & I. To distinguish these two copies let us
write E\ = I(l) &) ])(\2), where we let I( ) be highest weight space of the submodule L°(\)
in (3.5). Now consider the submodule W = U (I**)I, 1® C . Since U(r 1) L)) is
irreducible and Wy = I\?) | we have U (F1) 12 U (1= 1)1‘(” 0 and hence E = W@LO( ).
It follows that W =2 L9(\), and so (3.5) is split. O

3.3. Characters of irreducible I**-modules of AZ’; -highest weights
Forl1<c<sand 1<d<t,let
OXN=Ape-141s-- 3 Ae) and  AD = (Aaciyq, .., M),
regarded as weights in the even parts of the Cartan subalgebras of the corresponding

queer Lie superalgebras q(r.) and q(l4), respectively. Then we have by Penkov’s finite-
dimensional typical character formula [28, Theorem 2]
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c T 1+676i+6]‘ w ()
Lfa(r), N =22 ] BRI S )

(1 —e%t95)
re—141<i<j<re wWES -,

—0s+0¢
chL(q(lg), (@) = 2lta/2] H (A +em™) Z (—1){@ ().

(]_ _ e*5s+5t)
1d-141<s<t<1d SIS

Therefore we obtain the following character formulas.

Proposition 3.2. (cf. [15, Section 3.1.3])

0 [n/2] : (1+e7%1%) ow), (N
chL”(\) =2 H H (= 0) Z (=)™ w(e )

c=1lre—141<i<j<re weS .,

t
(L+e%+) o) L AD
H H (1— e d:tor) Z (=17 (e™ ).
d=114-141<s<t<14 oeq,,
Recall the Levi subalgebra [F! with corresponding parabolic subalgebra p™?!, nilradi-
cals ™!, and opposite nilradical u='~. Observe that as an [F*-module, we have

1 1
rl,— ~ - | Tk rj|r; - ri|ri* 115
it f 2[@ ®C }@@?2@ ®C }@

1<i<j<s

P % [@lilli* ®Czj|zj] .

1<i<j<t

Above the factor % is explained as follows: For given p,q € N, both CPIP* and C94 are
so-called type Q supermodules, and it is known that their tensor product is isomorphic
to a direct sum of two copies of the same irreducible q(p) @ q(g)-module. The factor 3
means that we take one copy of it, see, e.g., [15, Section 3.1.3].

3.4. Parabolic BGG categories

Let O,, denote the BGG category of finitely generated q(n)-modules which are locally
finite over b and semisimple over hz. In O,,, we allow arbitrary (not necessarily even)
g-morphisms. It is well-known that {L(A)|A € b7} is a complete set of irreducible objects
in O, up to isomorphism. Let Ozt denote the full subcategory of O,, consisting of objects
whose composition factors lie in {L(A)|\ € Azlc} We shall use the following notations
for the two extreme cases:

Ouc 1= 0 DD, im0

Recall that LY()\) denotes the finite-dimensional irreducible [F'-module of highest
weight A in Section 3.3. Note L°()) can be extended to a p™*-module by letting u** act
trivially. Denote the corresponding parabolic Verma module by
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AFL()) = Ind?

0
5. LO(N).

The following proposition is a characterization of the category Ozlg

Proposition 3.3. OZIC is the full subcategory of O, of p=1-locally finite, completely re-
ducible F*-modules of Ai’t-highest weights.

Proof. Let A € Azlc Note that ATY(A\) = 8§ (umb~) ® L%(\) as an [F'-module, where
8 (u™17) denotes the supersymmetric tensor of u™%~. Since all the weights in 8§ (u™ ™)
are integer weight, we see that all the [F!-weights of A®!()) are [®!-typical, and
so A™()) is a completely reducible [F'-module by Lemma 3.1. Therefore A™*(\) is
p©t-locally finite and completely reducible over IF:*. Since L()) is a quotient of A¥*(\),
it follows that L(\) is also p**-locally finite and completely reducible as a [*-module.
This completes the proof. 0O

In the case r = (1,1,...,1) and 1 = (1,1,...,1) we shall write A()\) for A%L()),

k n—k
which is consistent with earlier notation, while in the case r = (k) and 1 = (n — k) we
shall write K (\) for A™()\).
Remark 3.4. The q(n)-module L()), for A € AZ’}C, is almost always infinite dimensional.
Indeed, it follows from [28, Theorem 4] (see also [15, Theorem 2.18]) that L(A) is finite
dimensional if and only if A € A;C and k € {0,n}.

Remark 3.5. Basic features of parabolic subcategory for semisimple Lie algebras are
well-known, see e.g., [19, Chapter 9]. In the case of Lie superalgebras, we refer to [20]
in which the parabolic subcategory o corresponding to p¥! is defined to be the full
subcategory of O,, 5 consisting of pT1-locally finite, and [g’l—semisimple q(n)-modules,
where O,, 5 is the underlying even category of O,,. Note that the underlying even category
of (‘)21C is precisely the full subcategory of o consisting of q(n)-modules of Ay, c-weights
since each weight in Ay ¢ is [F1-typical.

4. Tilting modules in parabolic categories

Let k,n € Z>o with k < n and ¢ € C\3Z as before. Let us recall that AZ_,C consists of

A satisfying the following conditions

(i) Mel+Zand \j e —(+Z,for 1 <i<k<j<n.
(ii)) iy — A1 eNjfor0<i<kork<i<n.

We also recall that Jj ¢ is the full subcategory of the BGG category O,, consisting of
objects whose composition factors are isomorphic to L(\) with A € AZC.
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In this section, we study tilting modules and formulate the BGG reciprocity in terms
of tilting modules by means of the Arkhipov—Soergel duality (see, e.g., [3, Corollary 5.8]).

Let us recall the definition and existence of tilting modules in the parabolic subcate-
gory OP"" provided by [3, Theorem 6.3] (also see [26, Section 4.3]). In particular, for a
given \ € AZ”IC, we denote the tilting module in Ozlg corresponding to A by T%*(\). In
the case r = (1,1,...,1) and 1 = (1,1,...,1) (respectively, r = (k) and 1 = (n — k)),

k n—k

ie., A € Ay ¢ (respectively, A € Az’c)7 we denote the tilting module by T'(\) (respectively,
U(N)-

For given m € N, recall that wom

) denotes the longest element in &,,,. The following

lemma is well-known.

Lemma 4.1. Let m € N. If L()\) is a finite-dimensional q(m)-module then L(\)* =
L(—w(()m)/\).

Proof. Since L(]\) is finite-dimensional, L()) is a direct sum of irreducible gl(m)-modules
with dominant highest weights p such that X — pu € > .4+ Z>oc. Thus, the lowest
gl(m)-weight in L(\) is w(()m))\, and hence L(A)* has highest weight —w(()m)/\. O

Recall the supertrace stry (f) of an endomorphism f = f5 + f; (f5 and f7 are re-
spectively even and odd) on a superspace V' is defined by stry (f) := try; f5 — try; fo.
We consider g = @jez g; with the Z-gradation induced from (3.3). Recall that a
Lie superalgebra homomorphism v : gg — C is called a semi-infinite character, if
Y([X,Y]) = strg,(ad(X) o ad(Y)), for X € g1, Y € g1 (cf. [33, Definition 1.1]
and [3, Section 5]). The proof of the following lemma is inspired by the proof of [33,
Lemma 7.4].

Lemma 4.2. The trivial character 0 : go — C is a semi-infinite character for the
Z-gradation (3.3) for g.

Proof. Let X = X5+ X7 and Y = Y5 + Y7 with X; € (g1);,Y; € (g-1); for i =
0,1. We first note that stry,(adX o adY) = strg,(adXg o adYy) + stry,(ad X7 o adY7)
= strg,(adXj o adYj), since g and g7 are isomorphic as gg-modules. Thus, we may
assume that X € (g1)1, Y € (9-1)7-

Next, observe that, for each A € (go)g, we have

strg,(ad[A, X] o adY) = stry,(adA cadX oadY —adX oadAoadY)
= strg,(adX oadY oadA —adX oadA oadY)
strg, (adX o ad[Y, A]).

Furthermore, since g; is a semisimple ad(gg)g-module generated by root vectors of simple
roots, it suffices to show that



14 C.-W. Chen, S.-J. Cheng / Journal of Algebra 473 (2017) 1-28

strg, (ad X, 0 adYs) = 0, (4.1)

for all X, € go N (1)1, Y3 € g5 N (g—1)7 with o € IT\ II*}, 5 € D.

Note that if o 4+ 8 # 0 then (adX, 0 adY3)(gy) C Ga+p+y # 9y and so (4.1) holds.
Therefore we may assume that § = —a.

Consider the triangular decomposition go = nd @hdny of go, with nj := Bpeat (90)y
and n; = Oyee\a+(90)y- Let ®(nf) and ®(ng) be the sets of roots of nf and ng,
respectively. Note that nar, h and n; are stable under adX, o adY_,. Furthermore,

adXa(ng) C Joram) =0, adY_,(nd) C 9 aromi) =0
Therefore we have

strg, (ad X, 0 adY_,) = stry(adX, oadY_,) + str, (adX, oadY_,)
= trp, (ad Xy 0 adY_ ) — try; (adX, 0o adY_,) + str, - (ad[X o, Y_0u])-

Note that [X,,Y_,] € b5 and so str, - (ad[X 4, Y_4]) = 0 since there is a natural isomor-
phism between (n; )5 and (n; )1 as hz-modules.

Let 7 : h5 — by be the linear isomorphism defined by 7w (e;;) = €, for 1 < i < n. Note
that

adX, oadY_,(hg) = a(hg)[Xa,Y_o], adX, ocadY_,(hy) =a(m(h1))[Xa, Y_ol,

for i € {0,1} and h; € b;. It follows that try, (ad X, cadY_,) = try, (adX, 0adY_,) = 0.
This completes the proof. 0O

Lemma 4.2, together with [3, Theorem 6.4] (cf. [33, Theorem 5.12]) and Lemma 4.1,
implies the following tilting module version of the BGG reciprocity.

Corollary 4.3. For \,u € AZ’)E, we have
(U : K(w) = [K(~wy’p) : L(—wg ).
5. Formulation of the Kazhdan-Lusztig conjecture in Fy, ¢

Let k,n € Z>o with ¥k < n and ¢ € (C\%Z as before. In [10, Conjecture 5.10] a
Kazhdan-Lusztig type conjecture for O ¢ was formulated in terms of canonical basis of
T™ ™. In this section we formulate a parabolic version of the conjecture for Fy ¢ in terms
of canonical basis of £FIn—*,

We identify Ay ¢ with ZFIn=Fk as follows: For \ € A, we define fy € ZFIn=k by

() = {)\i+k+1<a if —k<i<-—I, (5.1)

7(>\i+k+<)7 if1<i<n-—k.



C.-W. Chen, S.-J. Cheng / Journal of Algebra 473 (2017) 1-28 15

This gives a bijection between Ay ¢ and ZFIn=k " and furthermore under this bijection
various definitions correspond to, e.g., ffx = fA. Also, for a given 1 € Ay ¢, welet A < u
if fx = fu. Note that A < p implies A < p, for all A, € Ay ¢. Under this bijection the
set A;C is sent to Zi‘nik so that we can identify these two sets.

Recall the canonical and dual canonical bases in Section 2.3. For A\, u € AZC, we

define 6,,(q) = €5, 4, (2) and s ,(q) = s, 4, (a). where £ ;(q) and g s(g) are as in
Theorem 2.1. We have the following parabolic version of [10, Conjecture 5.10] for JFy ¢,
whose proof will be given in Section 7.

Theorem 5.1. For A € A;C, we have

U= Y wnaIE@),

pEApEA] .

L= D> MKW

=X peAL .
6. Serganova’s fundamental lemma for Fy, ¢

Let k,n € Z>o with k < n and ¢ € (C\%Z as before. In this section we shall prove
the queer Lie superalgebra version of Serganova’s fundamental lemma [31, Theorem 5.5].
Such a “queer” version for the category J ¢ is needed for the purpose of adapting
Brundan’s proof of his finite-dimensional irreducible character formula for the general
linear Lie superalgebra [1, Theorem 4.37] to our setting of queer Lie superalgebra.

Recall that @ := §; 4 d;, for a given a = §; — d; € ®* (Section 3.1). We first recall the
following lemma of Penkov and Serganova:

Lemma 6.1. /30, Proposition 2.1] Let « € ®t and suppose that (A\,@) = 0. Then
Homg(A(XA — ), A(N)) # 0.
The following theorem and its proof are inspired by [31, Theorem 5.5].

Theorem 6.2. Let \ € AZC. Suppose that o € ®1 such that (\,@) =0 and A\ —«a € A;C.
Then

Homg (K(A — a),K(X)) # 0.
In particular, [K(X) : L(A — a)] # 0.

Proof. In this proof we shall respectively denote p©!, [©! and u*! by p, [ and u.
First we have an exact sequence of [-modules

0— I°0\) — A°(\) — L°(\) — 0,
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where A%(\) denotes the I-Verma module of highest weight A (Section 3.2). This exact
sequence trivially extends to an exact sequence of p-module by letting u act trivially,
and thus we have an exact sequence of g-modules by parabolic induction

0 — Ind$I°(\) — A(X) — K(X\) — 0.
By Lemma 6.1 we have
Homg(A(XA — ), A(X)) #0,

and thus there exists a non-zero b-singular vector vy_o € A(N). It suffices to show that
Vr—a ¢ Indglo()\).

Suppose on the contrary that vy_, € Indglo(/\). Now vy_q is of course bg-singular.
We observe that if € b* is the highest weight of a composition factor in I°()), then

= w(A),

for some w € & x &,,_k. This is a direct consequence of [16, Theorem 1], according
to which we have an equivalence of categories between strongly typical blocks of q(k) &
q(n — k)-modules and the corresponding blocks of gl(k) @ gl(n — k)-modules.

Thus, any weight p of a bg-singular vector in Indgl 9(\) is of the form

where 7 is a linear Z>(-combination of roots in ®* (u). Thus, we have
p=A=n="7,

where 7 is a Z>o-linear combination of positive roots of I. Thus, by assumption we have
A—a=XA—n—yand so

a=mn+". (6.1)

Now, « is a root in u, and so (6.1) implies that v € ®* (u), and there are three possibilities
for n:

0 —0s+ 0 —0;, 1<i<s<kk+1<t<j<n,
n=496—-190, 1<i<s<k,
5, —6;, ktl<t<j<n.

Let us first consider the case n = §; — ds, with 1 < ¢ < s < k. Thus, we have
w(A) = A — §; + ds. Now we have w € &) x &,,_k, and also all the \;s are distinct, for
1 < i < k. Thus, we must have
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Ai — 1=\

Therefore, we have (A, ) = A;—As = 1 and («, ) = 1, so that we have (A—«, §;—d5) = 0.
But then A —«a ¢ Azg, which is a contradiction.

By a similar argument, the case n = §; — 6; with Kk +1 < i < s < n leads to a
contradiction as well.

Finally, we assume that n = 6; — ds + 6; — 65, for some 1 <i < s < kand k+1 <
t < j < n. In this case, we have v = J5 — &;. Similarly, since each component of X is
distinct, it follows from w € &) x &,_j that \; — 1 = Ay and A\, — 1 = A;. Therefore,
M) =X—-A+M - =2and (a,n) =2. Now (A — o, §; — ) + (A —a, 6, — ;) =
(A — a,n) = 0, which also leads to A — « ¢ A;C' O

7. Proof of the main theorem

Let k,n € Z>o with k < n. Recall that ¢ € (C\%Z is fixed in Section 1.1, and the free
abelian group P = ®qezZe, is defined in Section 2.2. We let F := JFj, ¢ in this section.
Let wt : A;C — P be the weight function defined by (cf. [2, Section 2-c])

n

k
Wt(/\) = ZGN—C - Z 6—(>\1+C)'
i=1

i=k+1

It is well-known that x» = x,, if and only if wt(\) = wt(u) (see, e.g., [15, Theorem 2.48]).
We have decomposition F = Dxepz Iy, = ©yepT, according to central characters xx
with wt(A) = .

Let C™"™ and ((C"‘”)* be the standard representation and its dual, respectively. Denote
the projection functor from F to ¥, by pr,. We define the translation functors Eq, Fq :
F — F as follows

Ea(M) = pr"/-‘v—(ea—EaH)(M ® (Cn‘n)*)v FG(M) = pr’y—(ea—mﬂ)(M ® (Cnln)a (7'1)

for all M € F,, vy € P, a € Z. For each a € Z, it is not hard to see that both E, and
F, are exact and bi-adjoint to each other. We write A —, p if \,u € A;C and there
exists 1 < ¢ < k such that \; = p; — 1 = a + ¢ or there exists &k + 1 < ¢’ < n such that
Aiv = pyr —1 = —a — 1 — ¢, and in addition, A\; = p; for all j # ¢ in the former case,
for all j # ¢’ in the later case. Let K(JF) be the Grothedieck group of F and denote the
element corresponding to M € F by [M].

We have the following lemma [6, Lemma 4.2].

Lemma 7.1. Let X € A;C. Then both E,K () and FoK(\) have flags of parabolic Verma
modules and we have the following formula:

BN =2 ) K], [F KN =2 ) K]
A

H—>a A= a b
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We have defined the Z-form 82‘”7]6 of &FI"=F namely, 8;'”716 =7 ®z[q,q-1] 82‘[2_;51]
kln—k

by letting ¢ = 1, where EZ[q,q_l] is the Z[q, ¢~ ']-lattice spanned by {Kf}fezljr\n—k, and
for given f € A;,C we let Kf(1):=1® K¢, Uf(1) =10 Uy € Sg‘nfk.

Let AkA|n7k
linear Lie superalgebra gl(k|n — k) consisting of objects that have a flag of Kac modules,

be the full subcategory of finite-dimensional modules over the general

see [1, Sections 4-a, b]. Recall that A,ﬁn_ . is also equipped with translation functors (see
e.g., [1, Section 4-b] and [14, Sections 3.4 and 5.1]). Let I be the full subcategory of F
of all modules which have a flag of K(\) with \ € A;C. Let K(F2) be the Grothendieck
group of F2. Now Lemma 7.1, together with [1, Corollary 4.26 and Theorem 4.28],
implies the following proposition that says that the translation functors for 52 are the
same as the translation functors on ‘AkA|n7 . on the level of Grothendieck groups up to a
2-factor.

Proposition 7.2. Let j : K(F2) — Sg‘n_k be the Z-isomorphism defined by

J(EWN) = Kp, (1), for X € Aj . (7.2)

Then the representation theoretically defined functors ¥, and E, on F decategorify to
the Chevalley generators 2F, and 2E, of Ug(gly,)|q=1 on Sgln_k,

Proposition 7.3. Let \ € A;C. If X is typical, then K(X) = L(A) = U(N).

Proof. We have a surjection K(\) — L()\) that sends the highest weight space to the
highest weight space. Now, if K () has a singular vector, then its weight u lies in A;C
and furthermore we have identical central character x = x,. Since X is typical, we must
have A = p. Thus, K(X) = L()) is irreducible.

Note that A € A;C is typical if and only if fw{)" A€ A:’_ ¢ is typical. Thus, we have
K(—wg\) = L(—wg \), and hence by Corollary 4.3, we have U(X\) = K(\). O

Let X € A;C and a € Z. It is known that both E,U(\) and F,U(\) are direct sums of
tilting modules (see, e.g., [1, Corollary 4.27]). Furthermore, we have the following lemma
[6, Lemma 4.3].

Lemma 7.4. Let A € A;:C. Then the multiplicity of each non-zero tilting module summand
of EqU(N) and F,U(N) is even.

The following lemma follows from Procedure 2.2.
Lemma 7.5. For every f € Zi‘nik, we have Up(1) € Kp(1) + 32, Z>0K,4(1).

We have now all the ingredients to adapt Method two of the proof of [1, Theorem 4.37]
to prove that Procedure 2.2 specialized at ¢ = 1 gives the construction of the tilting
modules in F.
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Theorem 7.6. Let X € A,J;C. Then [U(X)] is mapped to Uy, (1) under the isomorphism j
n (7.2).

Proof. We shall proceed by induction on the degree of atypicality A of A. If fA = 0, then
K(\) = L(\) = U(A) by Lemma 7.3. Assume that A > 0 and furthermore j([U(v)]) =
Un(1), where v € A} ¢ 1s given by Procedure 2.2 satisfying h = f,. Let X, € {Eq4, Fotacz
be the operators given in Procedure 2.2. Also, the related translation functor is denoted
by )A(a. For each tilting module U € F we define X,U to be a direct summand of the
direct sum of two isomorphic copies of X,U (see Lemma 7.4).

First note that j([X,U(v)]) = X,Un(1) = Uy, (1). Therefore, we may conclude that
U()) is a direct summand of X,U (v) by Lemma 7.5. We shall prove that U(\) = X,U(v)
by proving that X,U(v) is indecomposable.

Suppose X,U(v) is decomposable. Let X, U(v) = Ty @ T with Ty = U(X). It follows
from Lemma 2.3 that

Un(1), if §A = tv,

J([YaXaU(v)]) = Yo XoUn(1) = { 2U,(1), if gA — 1 = fv.

Since }A(a, Aa are bi-adjoint to each other, as in the proof of [1, Theorem 4.37], we have
(YoT; : U(v)) # 0 for i = 1,2. This means that j([Y,X,U(v)]) = 2Ux(1). Therefore,
Y. X U(v)=Uw) ®U(v),

and so Y, 1 = Y, T = U(v). We obtain [Y,U(A) : L(v)] = 1. We will show that
[Y,U(XN) : L(v)] > 2 and so get a contradiction.

By Lemma 2.3 again, thereis p = A —a € A;C with a € @1 (u), (A\,@) = 0 such that
X Kp(1) = K¢ (1) 4+ Ky, (1). By Corollary 4.3 we have

(U : K (1) = [K(=wg p) : Li=wi \)] = [K(—wf A+ wi ) : L(—wgf A)].
Note that
(—wg A+ wi o, wia) = —(wf A, wi@) = —(\,@) =0

Consequently, by Theorem 6.2 we have [K(—wg A+ wia) : L(—wiA)] > 1 and hence
(U : K(w) > 1.
Since (U(A) : K(A)) =1 and [K(\) : L(u)] > 1 by Theorem 6.2, we conclude that
[UN) : L(p)] > 2. (7.3)

Furthermore, since X, K (v) has a filtration with K (u) on the top, by the adjunction
between Xa7 Y again we have

Hom, (K(y),\?aL(M)) — Hom, (XaK(y),L(u)) £ 0,
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which implies that [Y,L(u) : L(v)] > 1. Finally, combining this with (7.3) gives [Y,U(\) :
Lw)]>2. O

We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. By Theorem 7.6 and Corollary 4.3 we have the multiplicity for-

mula u, (1) = (U(N) : K(p)) and u (1) = (K(\) : L(p)). Namely, we have
the character formulas

—wg A\, —wg p

chU(A) = ) upa(1)chK (),

pn=A

chK (A Zu_w())\ —win (1)chL(p).
pn=A

Let 1gjn—k = X 1<ich 0i — Doky1<i<n 0i- From [1, Corollary 3.14 and (4.17)], we have
that the following transition matrix

(u*WO d A —wi “(1)>,\

7H€A;g

has inverse matrix

(£M+(n+1)1k\nfm)\-‘r(n-i'l)lmnfk(1)))\#61\;( = (EM’)‘(l))AaNEAgg ’

This completes the proof. 0O
8. Kac—Wakimoto and Sergeev—Pragacz type character formulas

In this section we apply Theorem 5.1 to obtain closed character formulas for analogues
of Kostant and polynomial modules of q(n). We first recall the notation of hmln,
(a € I(m|n)), and " from Section 3.1. Furthermore, given a partition p = (1, u2, - - .)7
we let p® denote its conjugate partition. Finally, recall that a partition u is called a
(k|n — k)-hook partition if pgy1 < n —k.

Let 0 < k <nandlet A € Ay ¢. Define p =S (k—i+1— BELNG; + 3 e (k=
j+ 241)6;. Define N = Y"1 | AL§; by

N Zgé—Zga

j=k+1

1
:fog k+z—1+75+ Z +<+;‘—lcfl‘2F )6,

Identifying d; with ¢’ ,_,,; and §; with 5;—1« for1 <i<kandk+1<j<n, we may
regard A" and p as elements in by, and thus as weights for gl(k|n — k). This gives
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a bijection between the set A ¢ and the set of integral weights for gl(k|n — k). In this
section we shall freely use this identification and thus identify b7 with h;:]n— it

Recall that the Borel subalgebras of a general linear Lie superalgebra gl(k|n — k)
are in general not conjugate under its Weyl group &yjp—r = & x &,_x. However, it
is well-known [24] that any two non-conjugate Borel subalgebras with identical even
subalgebra can be transformed to each other by a sequence of odd reflections. For a
Borel subalgebra b’ of gl(k|ln — k) let us denote the set of positive and simple roots of b’
by &7 T and IT},, respectively. Recall that the set of positive roots of the standard Borel
subalgebra is denoted by ®'*.

Let us denote the highest weight irreducible gl(k|n — k)-module of highest weight v
with respect to the Borel subalgebra b’ by L, (v). Let py denote the signed half sum of
the positive roots in b’. Above, the notation p stands for the Weyl vector with respect
to the standard Borel.

Recall the notion of a gl(k|n — k)-Kostant module from [5]. In the language of [34] a
finite-dimensional irreducible gl(k|n — k)-module of highest weight (with respect to the
standard Borel subalgebra) A is a Kostant module, if A is totally connected. By [7] it
follows that a finite-dimensional irreducible module L’ is a Kostant module if and only
if there exists a weight v and a Borel subalgebra b’ with a distinguished subset S C ITj,
consisting of mutually orthogonal roots such that (i) L' = Li,(v), (ii) fv = |S|, and
(iii) S is orthogonal to v + pps. Furthermore, the character for such a module is given
by the so-called Kac-Wakimoto character formula which was conjectured in [23] and
established (in the type A case) in [7]:

o oB/2 L o=B/2
1H/6€q>+ie +6

Vtpgr
hip (v) = — > Sty [ ) (81
DG W) = o e 2 (Ve { gs] B)
b/,0

WESk|n—k

Lemma 8.1. Let A € AZC be such that L' (') is a gl(k|n—k)-Kostant module. Suppose that
L'(N) = L, () is such that S C II}, is a distinguished subset consisting of mutually
orthogonal roots with N = |S| and orthogonal to X, + pur. Then we have the following
identity in b :

¢ ’ 1 ¢ 6)\;’+pr
PN O S O e e R I DI e T e e
B week\nfk ﬁ ) U)EGk\nfk H’YGS + €

Proof. Let K'()\') denote the Kac module of gl(k|n — k) of highest weight A" with respect
to the standard Borel subalgebra. By [1, Theorem 4.37] we have

chL/(N) = Lua(1)chK' ().
n=A

Combining this with (8.1) we have the identity:
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eB/2 1 ¢—B/2

Hﬁeb“r /
Zéﬂ)‘ L+ e/2 — g—a/2 Z (_I)Z(w)w(eﬂ +P) =

=X WES gk

1 Hﬂeé’ﬂ’ eB/2 + e_ﬁ/2

)\/b/-‘rpb/
), [ )
)\/! Ha€<1>/+ /2 _ g—a/2 Z ( ) w <H 14 e
b/,0
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Since the even subalgebra of b’ and that of the standard Borel subalgebra coincide, we
have

Hﬁecb’;f eB/2 4 o=B/2 Hﬁeéﬁi eBl2 4 o—B/2

a2 _ “aj2 T a/2 _ p,—a/2°
Ha€q>6+e/ e~/ Haeé’[jﬁe/ e~/

From this the lemma follows. 0O

Note that corresponding to the Borel subalgebra b’ for gl(k|n—k) we have a Borel sub-
algebra of g = q(n), which is obtained in a similar way as for gl(k|n—k) with the sequence
of odd reflections replaced by the corresponding sequence of twisting functors [6].

For A\ € Az)g we call an irreducible q(n)-module L(\) a Kostant module, if L'(X) is
a Kostant module of gl(k|n — k). We can now prove the following Kac—Wakimoto type
character formula for Kostant modules of q(n).

Theorem 8.2. Let A € A;:,C such that L(X\) is a Kostant module. Let b' be the corre-
sponding Borel subalgebra of gl(k|n — k) with a distinguished set S C II}, consisting
of mutually orthogonal roots and X = tX = |S| and orthogonal to X, + pe. Let
Aot = Ny + por + Clijn—k- Then we have

2[n/2] 14e @ . Ao
_1)¢w) -
! H 1—e @ Z (=)™ [Iegl+e )’

acd+ WES K|k vES

chL(\) =

Proof. By Theorem 5.1 we have chL(A) = 3 -y £ua(1)chK (p). Thus, we compute

- L+e? w 1+e P
chL(\) = 2f /QWZ@M(U H 1_o 5B Z (=1 (e) H 1—eB
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1+ 67B ’
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where in the last identity we have used Lemma 8.1. The theorem now follows. O

Example 8.3. Consider q(4) and A = (¢ + 2)d1 + (¢ + 1)d2 + (—=C — 1)d3 + (=¢ — 2)d4 so
that k£ = 2 and g\ = 2. Furthermore, ®* = {§; — §;|1 < i < j < 4} and the integral Weyl
group here is G5 X G, consisting of permutations on the letters {1,2} and {3,4}. Then
Ao = (C+2)01 + (C+2)02+ (—C —2)d3+ (—C —2)d4 and S = {§1 — 03, 02 — d4 }. We have

1+ e—0i+4; () e(C+2)12|2
ChL()\) =2 H m Z (71) w (1 + e—51+53)(1 + 6—52+54) ’
1<i<j<4 weEGy xSy

Remark 8.4. Theorem 8.2 suggests that the Kostant modules for q(n) have BGG type
resolutions in terms of the parabolic Verma modules K (i) in analogy to the resolution
of gl(kln — k)-Kostant modules by Kac modules [9,5].

We recall that every irreducible polynomial module of gl(k|n—k), i.e., every irreducible
submodule of a tensor power of the standard module C¥I"—* is a Kostant module. For
such modules, recall that one has another closed classical character formula, called the
Sergeev—Pragacz formula (see, e.g., 25, page 60] or [27, §12.2]). Below, we shall derive
an analogue of this formula for q(n)-Kostant modules that correspond to polynomial
modules for the general linear Lie superalgebra.

It is well-known that the isomorphism classes of irreducible polynomial modules of the
Lie superalgebra gl(k|n — k) are in bijection with the so-called (k|n — k)-hook partitions.
To be more precise, let v =" | 1,0} € ;;‘]"17 - A necessary and sufficient condition for
v to the highest weight (with respect to the standard Borel subalgebra) of an irreducible
polynomial representation is that v~ = (v1,...,v) and v = (Vga1,...,V,) are both
partitions, and in addition (v~, (v*)?) is a (k|n — k)-hook partition.

Let L'(v) be a polynomial module of gl(k|n — k). Then we can visualize the corre-
sponding hook partition diagrammatically as follows:

n—=k
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We can associate to the corresponding hook partition v three partitions M, r,, and
b, = vt as follows:

Let z; = €%, i =1,...,k and Y = ed+i j =1,...,n — k. We have the following
Sergeev—Pragacz character formula for L'(v):

x e IEk n—k n—k—j
chl/(v)= Y <gy( Ll E( )lAZy) A=y, > (8.2)

wEGHn,k

where g, (z,y) = 1 jyear, (zi +¥5), Al@) =TI, ; (@i —x5), and Ay) =T, (¥p — vq)-
Here z™ := Hf 1 x(r”% and y¥ := H;L lkyj(b ¥)i . (Also here we have used the identifica-
tion between d;s and J’; as explained above.)

Let C, be the complement of M, in the k x (n — k) box, i.e., the Young diagram
(n—kn—=Fk...,n—k).

k

Lemma 8.5. Let A € A+ be such that X' is the highest weight of an irreducible polynomial
module for gl(kln — ) Then we have the following identity in b :

Aot k k—iyn—k n—k—j
Z (—1)" )y (x v ie 711 s Yi >_

Migee, 1+ v

“’661‘:\7sz'

ZEH/\(l) Z (_1)l(w)w .CC# H k—i Hyn k—j

n=A WES k|n—k

S . . ko k- k k—
Proof. To simplify notation let us write 27+ := [[;_; 2i " and y*v := = vy~ 7. For
an integer [ we write 2! := Hk 1 x and similarly for .

We have by (8.2)

I jyen,, (@i 4y )z yt> aleypy
chL'(X) = w | —EDE
W= 2 ( A@)AG)

WESk|n—_k
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Also by [1, Theorem 4.37] we have
—n+k

chL’'(X) = Z £ (1) H(:I;’L + yj)m Z (_1)4(111) (xl/* ypﬁxpzypy) )

B 1, WESk|n_k
Comparing these two expressions the lemma follows. O

Theorem 8.6. Let A\ € A;C be such that X is the highest weight of an irreducible polyno-
mial module for gl(k|n — k). Then we have

22T (@i + 25) T (Up + Ya) 2t hy
ITij(xi = y5)

x> w gx (et T o TS )
Az)A(y) '

—¢— "3tk

chL(\) =
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Proof. We define

k n
DD (G R Y (oL
=1

j=k+1

so that we have A = X + p, + p, + k. By Theorem 5.1 and Lemma 8.5 we have the
following expression for chL(\):
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Recalling the definitions of k and gy (z,y) gives the theorem. O

Remark 8.7. Consider the full subcategory of O,, 147 consisting of objects with compo-
sition factors isomorphic to L(A) with A = 71" | X;d; € bZ of the form \; € 17 and
Abt1 > Agga > oo > Ay > 0> Ap > Ay > -+ > M. According to [10, Proposition 4.1
and Corollary 4.2] the canonical basis on the corresponding subspace of the Fock space
of type C can be identified naturally with canonical basis of type A. Now, a verbatim
repetition of the arguments given above can be used to obtain an irreducible character
formula for L(A) in analogy to Theorem 5.1. Here, we use 3 for ¢ in the expression
(5.1) to define the corresponding Kazhdan-Lusztig polynomials £y, (¢). This establishes
a parabolic version of a special case of the conjecture on the irreducible characters for
the half-integer weights in [10]. Also, the formula for Kostant modules and analogues of
polynomial modules in this section have analogues in this setting as well. We leave the
details to the reader.

We expect that the characters of L()\) in the case when A satisfies the more general
condition of A\; > 0 > A\, fori = 1,...,kand j = K+ 1,...,n, and either \; € %Z
or \; € Z, for all [, are determined by canonical basis of type A quantum groups. This
is predicted by [10] and one should be able to establish this following the approach
in [4].
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