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1. Introduction and the main results

Throughout the paper, by an algebra we mean a basic indecomposable artin algebra
over a commutative artin ring K. For an algebra A, we denote by mod A the category of
finitely generated right A-modules, by ind A the full subcategory of mod A formed by the
indecomposable modules, and by D the standard duality on mod A. The radical rad 4 of
mod A is the ideal generated by all nonisomorphisms between modules in ind A. Then the
infinite radical rady’ of mod A is the intersection of all powers radf4, i>1, of rad4. By
a result of Auslander [3], rady = 0 if and only if A is of finite representation type, that
is, there are in mod A only finitely many indecomposable modules up to isomorphism.
On the other hand, if A is of infinite representation type then (rad%’)? # 0, by a result
proved in [9].

An important combinatorial and homological invariant of the module category mod A
of an algebra A is its Auslander—Reiten quiver I" 4. Recall that I'4 is a valued translation
quiver whose vertices are the isomorphism classes { X} of modules X in ind 4, the arrows
correspond to irreducible homomorphisms between modules in ind A, and the transla-
tion is the Auslander—Reiten translation 74 = DTr. We shall not distinguish between
a module X in ind A and the vertex {X} of I'4. Moreover, by a component of I'4 we
mean a connected component of the quiver I' 4. Frequently, algebras can be recovered
from the shapes of the components of their Auslander—Reiten quiver. Further, very often
the behavior of components of the Auslander—Reiten quiver I'y4 of an algebra A in the
module category mod A leads to essential information on A, allowing to determine A and
mod A completely. For a component € of T' 4, we denote by ann4 (%) the annihilator of
% in A, that is, the intersection of the annihilators {a € A | Ma = 0} of all modules M
in €, and by B(%) the quotient algebra A/ann (%), called the faithful algebra of %.
We note that ¢ is a faithful component of I'p(«).

In the representation theory of finite-dimensional algebras over an algebraically closed
field k& a prominent role is played by the standard Auslander—Reiten components (see
[6,7,22,51,54,62,63] for some results characterizing tame algebras via standardness of
their Auslander—Reiten components). Recall that, following [7,51], a component % in the
Auslander—Reiten quiver I'y of a finite-dimensional algebra A over k is called standard
if the full subcategory of mod A formed by all modules from % is equivalent to the
mesh-category k(%) of €. In particular, one knows [7,8] that, for A of finite representation
type, 'y is standard if and only if A admits a simply connected Galois covering. Moreover,
long time ago Ringel asked [52, Problem 3] if any standard regular component of the
Auslander—Reiten quiver of an algebra over an algebraically closed field is either a stable
tube or of the form ZA for a finite acyclic quiver A. This was shown to be true, also in
the wider context of artin algebras [58, Corollaries 2.4 and 2.5].

The second named author proposed in [58] a natural generalization of the concept of
standard component, called generalized standard component, which is simpler and makes
sense for any artin algebra. Namely, a component € of the Auslander—Reiten quiver I'4
of an algebra A is called generalized standard if rad%’(X,Y) = 0 for all modules X
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and Y from €. It follows from general theory [4] that every nonzero nonisomorphism
f: X — Y with X and Y in a generalized standard component & of I'4 is a finite
sum of compositions of irreducible homomorphisms between indecomposable modules
from €. Moreover, the additive category add(%’) of a generalized standard component &
of ' 4 is closed under extensions in mod A, and this allows to describe the degeneration-
like orders for modules in add(%) with the same composition factors (see [69]). We also
mention that € is a generalized standard component of I'4 if and only if € is a gen-
eralized standard component of I'g(«). The Auslander—Reiten quiver of every algebra
of finite representation type is generalized standard. Further, Liu proved in [35] that
every standard component of an Auslander—Reiten quiver of a finite-dimensional algebra
over an algebraically closed field is generalized standard. The converse implication is not
true, because there are nonstandard Auslander—Reiten quivers for some algebras of finite
representation type over algebraically closed fields of characteristic 2 [46]. The following
results show that existence of a generalized standard component in the Auslander-Reiten
quiver I"4 of an algebra A may determine the algebra A. For example, it is known that
an algebra A is a tilted algebra (respectively, double tilted algebra, generalized double
tilted algebra) if and only if I'4 admits a faithful generalized standard component %
with a section [34,57] (respectively, double section [44], multisection [45]). Moreover,
by results established in [65,66], every self-injective algebra A for which "4 admits an
acyclic generalized standard component is a socle deformation of the orbit algebra B /G
of the repetitive category B of a tilted algebra B of infinite representation type and an
infinite cyclic automorphism group G of B. We also mention that distinguished classes
of generalized standard components are formed by the separating families of tubes of
quasitilted algebras of canonical type [30], or more generally, the separating families of
generalized multicoils of generalized multicoil algebras [38].

We are concerned with the structure of an arbitrary generalized standard component
of an Auslander—Reiten quiver. It has been proved in [58] that every generalized standard
component % of the Auslander—Reiten quiver I'4 of an algebra A is almost periodic,
that is, all but finitely many 74-orbits in ¢ are periodic. This implies that ¥ may
contain at most finitely many indecomposable modules of any given length. The acyclic
generalized standard components were described completely in [57]. In particular, the
acyclic generalized standard semiregular components of an Auslander-Reiten quiver I' 4
are the connecting components of quotient tilted algebras of A (see [34,58]). On the
other hand, the description of generalized standard components with oriented cycles is an
exciting but difficult problem. Namely, it was shown in [64] that every finite-dimensional
algebra A over a field K is a quotient algebra of an algebra A with I'4 having a faithful
generalized standard stable tube (see also [31,39]). In general, one needs some extra
information concerning interaction of a given component 4 of I" 4 with other components
of T'4. For example, it was shown in [21] that if a semiregular component & of I'4
is without external short paths (in the sense of [43]) in mod A then ¥ is generalized
standard and a component of a quasitilted quotient algebra of A.



4 P. Malicki, A. Skowroniski / Journal of Algebra 518 (2019) 1-39

The first main result of the paper provides a handy criterion for an infinite compo-
nent of an Auslander-Reiten quiver I'4 to be generalized standard. Let € be an almost
periodic component of the Auslander—Reiten quiver I'4 of an algebra A. Following [37]
an indecomposable projective module P in % is said to be right coherent if there is an
infinite sectional path P = X; — Xo — -+ — X; — X411 — Xji9 —> -+
(that is, X; # 74X,12 for all ¢ > 1) in %. Dually, an indecomposable injective module
Q@ in ¥ is said to be left coherent if there is an infinite sectional path -+ — Yo —
Yijs1. =Y, — - — Yy — Y] = Q (that is, Yo # 74Y; for all j > 1) in €.
We denote by Py (respectively, P%Oh) the direct sum of all indecomposable projective
(respectively, right coherent projective) modules in %, and by Q« (respectively, Q%")
the direct sum of all indecomposable injective (respectively, left coherent injective) mod-
ules in ¥. Applying [33], we may also distinguish in % a left stable acyclic module M%)
of ¥, being the direct sum of indecomposable modules forming left sections of the left
stable acyclic components of %, and a right stable acyclic module Mg ) of %, being the
direct sum of indecomposable modules forming right sections of the right stable acyclic
components of €. We may also assume that there is no path in % from a direct summand
of Mfg) to a direct summand of M%l). Further, applying [37], we may define a tubular
module Mfg) of ¥, being the direct sum of indecomposable modules forming the mouth
of all stable tubes involved in constructing the maximal cyclic coherent full translation
subquivers of . We refer to Section 2 for details.

We are now in position to formulate the first main result of the paper.

Theorem 1.1. Let A be an algebra and € be an infinite component of T 4. The following
statements are equivalent:

(i) € is generalized standard.
(ii) € is almost periodic and the following vanishing conditions hold

Hom a(Py & MY @ M, MY) = 0, Homa (MY, Qi & MY & MP) =0,
Homa (MY 74 MP) = 0,vad 4 (ML, ME) = 0, Homa (v ' MY, MJ)) =0,

Hom 4 (Pyg,s0c(Q2") & M) = 0, Hom 4 (top(PL™) & MY, Q) = 0.

The second main result of the paper describes the structure of an arbitrary infinite
generalized standard component of an Auslander—Reiten quiver.

Theorem 1.2. Let A be an algebra and € an infinite generalized standard component
of T' 4. Then there are quotient algebras A(olt), AE;), AS@Z” of A such that the following
statements hold:

(i) A%t) = A§”> x - x A where
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(a) For each i € {1,...,m}, Aglt) is a tilted algebra of the form EndH_m(Ti(l)),

for a hereditary algebra HZ-(l) and a tilting module Ti(l) in mod Hi(l) without
indecomposable preinjective direct summands.
(b) For each i € {1,...,m}, the image Cfi(l) of the preinjective component Q(Hi(l))
( Hi(z)(Ti(l), —) : mod Hi(l) — mod Az(-lt) is an acyclic
full translation subquiver of € which is closed under predecessors.
Ag;t) _ AYt) e X Agt),
(a) For each j € {1,...,n}, A§-Tt) is a tilted algebra of the form End

of I' ;) wvia the functor Hom

where

H" (T]'(T))’
for a hereditary algebra Hj(-r) and a tilting module Tj(r) in mod HJ(»T) without
indecomposable postprojective direct summands.

(b) Foreachj € {1,...,n}, the image ‘@(T) of the postprojective component P(HJ(-T))
of FHJ('T) via the functor Ext}{;r) (Tj(r), —) : mod Hj(-r) — mod Ayt) is an acyclic
full translation subquiver of € which is closed under successors.

AL = A s ox ALY where

(a) Foreachk e {l,...,p}, Al(:) is a generalized multicoil enlargement of an algebra
B,(CC) with a faithful family TB’(cC) of pairwise orthogonal generalized standard

stable tubes in I‘B(@,
k

(b) For each k € {1,...,p}, I‘AECC) admits a generalized multicoil %k(C), obtained
from a finite number of stable tubes in TB’(vC) by translation quiver admissible
operations corresponding to the algebra admissible operations leading from B,(;)
to A,(Cc), and the cyclic part chk(c) of %k(c) is a full translation subquiver of €.

The translation quivers €V = ‘ﬁl(l) U...UGY and €0 = <51(T) U...u%" are

disjoint and their union €W U ") contains all but finitely many acyclic indecom-

posable modules of €.

The translation quivers (51(6)7 . ,‘5,56) are pairwise disjoint and their union €(©) =

‘51(6) uU.. .U%p(c) contains all but finitely many indecomposable modules of the cyclic

part ;€ of €.

The algebra A%t) is said to be the left tilted algebra of ¢ and the algebra A%t) is said
to be the right tilted algebra of €. Further, the algebra A./E;) is said to be the coherent
algebra of ¥. We mention that A((g) (respectively, A%t)) is nontrivial provided % admits

left stable (respectively, right stable) acyclic part. Similarly, AS;) is nontrivial provided

the cyclic part € of € is infinite.
For an algebra A and a module M in mod A, we denote by |M| the length of M over

the commutative artin ring K.

The following corollary is a direct consequence of Theorem 1.2 and [40, Theorem 1.3].

Corollary 1.3. Let A be an algebra and € be a generalized standard component of T 4.

Then for all but finitely many indecomposable modules M in € we have
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(i) |Ext (M, M)| < |End(M)|.
(ii) Exty (M, M) =0 for any r > 2.

Therefore, for all but finitely many modules M in a generalized standard component
% of an Auslander—Reiten quiver I' 4, the Euler characteristic

o0

Xa(M) =Y (= 1)[Extly (M, M)|
=0

is defined and nonnegative.

Recall that a component & of an Auslander—Reiten quiver I'4 is called regular if
% is without projective modules and injective modules. It is known that every regular
generalized standard component ¥ of I"4 is either a stable tube or of the form ZA for
a finite acyclic valued quiver A (see [58, Corollary 2.4]). In the later case, the faithful
algebra B(%) of € is a tilted algebra Endy(T) for a wild hereditary algebra H and
a regular tilting module T in mod H (see [58, Corollary 3.3]). We refer to [53] (see also
[68, Section VIII.9)) for the existence of acyclic regular generalized standard components.
On the other hand, the structure of the faithful algebra of a generalized standard stable
tube is still an open problem. But the homological properties of indecomposable modules
in generalized standard stable tubes are described in [60, Corollary 3.6].

We obtain then the following consequence of these results and Corollary 1.3.

Corollary 1.4. Let A be an algebra such that every component in I' o is generalized stan-
dard. Then for all but finitely many modules M in ind A the Euler characteristic x a(M)
is defined and

Xa(M) = [Enda(M)| — [Exty (M, M)| > 0.

A prominent role in the representation theory of algebras is played by the algebras
with separating families of Auslander—Reiten components. A concept of a separating
family of tubes has been introduced by Ringel in [50,51] who proved that they occur in
the Auslander-Reiten quivers of hereditary algebras of Euclidean type, tubular algebras,
and canonical algebras. In order to deal with wider classes of algebras, the following more
general concept of a separating family of Auslander—Reiten components was proposed by
Assem, the second named author and Tomé in [2] (see also [38]). A family € = (%;)icr
of components of the Auslander—Reiten quiver I"4 of an algebra A is called separating
in mod A if the components of I" 4 split into three disjoint families P4, €4 = € and Q4
such that:

(S1) €4 is a sincere family of pairwise orthogonal generalized standard components;

(S2) Homa(Q4,P4) =0, Hom4(Q*,64) = 0, Homa (¢4, P4) = 0;

(S3) any homomorphism from P4 to Q4 in mod A factors through the additive category
add(€4) of 4.
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Then we say that €4 separates P4 from Q4 and write
Ty =P uc?uQt

We note that then P4 and Q4 are uniquely determined by €4 (see [2, (2.1)] or [51,
(3.1)]). Moreover, we have anna(¢4) = 0, so €4 is a faithful family of components of
I'4. We note that if A is an algebra of finite representation type that €4 = T' is triv-
ially a unique separating component of I'4, with P4 and Q# being empty. It is known
that an algebra A is a generalized double tilted algebra if and only if I'4 admits a sep-
arating almost acyclic component [45]. In [29] Lenzing and de la Pefia proved that an
Auslander—Reiten quiver I'4 admits a separating family of stable tubes if and only if A
is a concealed canonical algebra. Moreover, by a result proved in [30], I'4 admits a sep-
arating family of semiregular tubes if and only if A is a quasitilted algebra of canonical
type. This was extended in [38] to the following result: the Auslander—Reiten quiver T4
of an algebra A admits a separating family of almost cyclic coherent components if and
only if A is a generalized multicoil algebra, that is, is a generalized multicoil enlargement
of a product of quasitilted algebras of canonical type. We refer to the survey article [41]
for more details on algebras with separating families of Auslander—Reiten components
and their representation theory.

The next aim is to describe the structure of the Auslander—Reiten quiver I'4 of an
algebra A with a separating family of components. We need some notation.

Let H be a hereditary algebra, T a tilting module in mod H, and B = Endg (T') the
associated tilted algebra. Then I'g admits an acyclic component %7 with the section Ap
given by the images of the indecomposable injective modules in mod H via the functor
Hompg (T, —) : mod H — mod B. Moreover, I's has a decomposition

I'p=PBu¥?uUQPb,

where P® is the disjoint union of all components of I'z contained entirely in the torsion-
free part % (T) = {Y € mod B| Tor? (Y, T) = 0}, QF is the disjoint union of all compo-
nents of I'p contained entirely in the torsion part 2 (T) = {X € mod B| X ® 5 T) = 0},
and €8 = €1 separates PP from QF (see [20,68)).

Let A be a quasitilted algebra of canonical type. Then I'y has a decomposition

I'y=PrughuQh,

where € is a family of semiregular tubes separating P* from Q" (see [30]).

The next theorem provides solution of the problem concerning the structure of artin
algebras admitting a separating family of Auslander—Reiten components, initiated by
Ringel [50-52].
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Theorem 1.5. Let A be an algebra with a separating family €4 of components in T 4,
and T4 =PA U €4 U Q4 the associated decomposition of 1" 4. Then there exist quotient
algebras AV and A" of A such that the following statements hold.

() AO = AP x .o AR x AD xox AW

m+p’
(a) For each i € {1, cooym}y AZ( is a tilted algebra of the form EndHu)( ) for

where

a hereditary algebra HZ-(l) and a tilting module Ti(l) in mod HZ-(I without inde-
composable preinjective direct summands.
(b) For eachie€{m+1,...,m+p}, AZ(-Z) is a quasitilted algebra of canonical type

with a separating family of coray tubes in I' ).

(i) A = A x ... x AT x A;Tll X X AnTJ)rq, where
(a) For each j € {1,...,n}, A(r) is a tilted algebra of the form Ende( (r))

for a hereditary algebra H]( ) and a tilting module Tj( " in mod HJ( )

indecomposable postprojective direct summands.
(b) For each j € {n+1,...,n+q}, Ag-r) is a quasitilted algebra of canonical type
with a separating family of ray tubes in T’

without

AgT) .

(iii) PA = U?:'{p PAgl) and every component in PA is either a postprojective component,
a ray tube, or obtained from a component of the form ZA., by a finite number
(possibly zero) of ray insertions.

(iv) 94 = Un+q QA and every component in Q4 is either a preinjective component,
a coray tube, or obtained from a component of the form ZA., by a finite number
(possibly zero) of coray insertions.

The proof of the next theorem applies the representation theory of generalized double
tilted algebras developed by Reiten and Skowroriski in [44,45]. We also note that any alge-
bra of finite representation type is a generalized double tilted algebra in the sense of [45].
Theorem 1.6. Let A be an algebra. The following statements are equivalent:

(i) T4 admits a finite separating family of components.
(ii) T4 admits a separating almost acyclic component.

(iii) A is a generalized double tilted algebra.

We note that the equivalence of (ii) and (iii) follows from [45, Theorem 3.1].
The following corollary is a consequence of Theorem 1.6 and Proposition 5.5

Corollary 1.7. Let A be an algebra. The following statements are equivalent:

(i) T4 admits a separating family of components containing of at least two components.
(ii) Ta admits a separating family of components containing infinitely many stable tubes.
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The next theorem is a consequence of Theorems 1.5 and 1.6, and describes the supports
of indecomposable modules in the module categories of algebras with separating families
of Auslander—Reiten components.

Theorem 1.8. Let A be an algebra with a separating family of components in I' 4. Then
there exist quotient algebras By, ..., B, of A such that the following statements hold.

(i) For eachi € {1,...,n}, B; is either a generalized double tilted algebra or a general-
ized multicoil algebra.
(ii) The indecomposable modules in ind B;, i € {1,...,n}, exhaust all modules in ind A.

In particular, we have the following direct consequence of Theorem 1.8 and results
proved in [38,45].

Corollary 1.9. Let A be an algebra with a separating family of components in T 4. Then for
all but finitely many isomorphism classes of modules M in ind A there exists a quotient
algebra B of A such that gl.dim B < 3 and M is a module in ind B with pdgM < 2 and
idgM < 2.

In [12,13] Crawley-Boevey introduced the concept of a generically tame algebra. An
indecomposable right A-module M over an algebra A is called a generic module if M is
of infinite length over A but of finite length over End 4 (M), called the endolength of M.
Then an algebra A is called generically tame if, for any positive integer d, there are only
finitely many isomorphism classes of generic right A-modules of endolength d. An algebra
A is called generically finite if there are at most finitely many pairwise non-isomorphic
generic right A-modules. Further, A is called generically of polynomial growth if there
is a positive integer m such that for any positive integer d the number of isomorphism
classes of generic right A-modules of endolength d is at most d”*. We note that every
algebra A of finite representation type is generically trivial, that is, there is no generic
right A-module. We also stress that by a theorem of Crawley-Boevey [12, Theorem 4.4],
if A is an algebra over an algebraically closed field K, then A is generically tame if and
only if A is tame in the sense of Drozd [16] (see also [10,56]).

Recall also that following [59] the component quiver ¥4 of an algebra A has the
components of I'y4 as vertices and there is an arrow € — 2 in X4 if rady (X,Y) # 0,
for some modules X in € and Y in 2. In particular, a component € of I' 4 is generalized
standard if and only if there is no loop at € in X 4.

The next result characterizes the generically tame algebras with separating families
of Auslander—Reiten components.

Theorem 1.10. Let A be an algebra with a separating family of components in T' 4. The
following statements are equivalent:

(i) A is generically tame.
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(ii) A is generically of polynomial growth.

(iii) A® and A™) are products of tilted algebras of Euclidean type or tubular algebras.
(iv) T4 is almost periodic.

(v) X4 is acyclic.

Corollary 1.11. Let A be an algebra with a separating family of components in I 4. The
following statements are equivalent:

(i) A is generically finite.
(i) AD and A" are products of tilted algebras of Buclidean type.
(iii) All but finitely many components of T 4 are stable tubes of rank one.

The final result provides homological characterizations of generically tame algebras
with separating families of Auslander—Reiten components.

Theorem 1.12. Let A be an algebra with a separating family of components in T 4. Then
the following statements are equivalent:

(i) A is generically tame.
(ii) For all but finitely many isomorphism classes of modules M in ind A we have
|Extly (M, M)| < |End 4 (M)].
(iii) For all but finitely many isomorphism classes of modules M in ind A we have
|Ext (M, M)| < [Enda(M)| and Ext’y(M, M) =0 for any r > 2.
(iv) For all but finitely many isomorphism classes of modules M in ind A the FEuler
characteristic xa(M) is defined and nonnegative.

This paper is organized as follows. In Section 2 we present and prove several results
applied in the proofs of main result of the paper. Sections 3 and 4 are devoted to the
proofs of Theorems 1.2 and 1.1, and illustrating examples. In Sections 5 and 6 we prove
Theorems 1.5 and 1.6. The final Section 7 is devoted to the proofs of Theorem 1.10,
Corollary 1.11, and Theorem 1.12.

For general results on the relevant representation theory we refer to the books [1,4,
51,55,56,67,68] and the survey articles [13,41,50,52].

2. Preliminary results

The aim of this section is to present several key results for the proofs of Theorems 1.1
and 1.2, and relevant background.

Let A be an algebra and % be an infinite almost periodic component of I'4. An
indecomposable module X in % lying on an oriented cycle of € is said to be cyclic, and
otherwise acyclic. Following [37], we denote by & the full translation subquiver of €
obtained by removing all acyclic modules and the arrows attached to them, and call it
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the cyclic part of €. The connected translation subquivers of % are said to be cyclic
components of €. It was shown in [37, Proposition 5.1] that two modules X and Y in
<% belong to the same cyclic component of % if there is an oriented cycle in € passing
through X and Y. An indecomposable module X in ¥4 is said to be right coherent if
there is in % an infinite sectional path

X=X —>X2—>---—>Xi—>Xi+1 —)XH_Q—)"'

Dually, an indecomposable module Y in % is said to be left coherent if there is in € an
infinite sectional path

=Y — Y — Y, — =Y — Y =Y.

A module Z in € is said to be coherent if Z is left and right coherent. We denote by
<E°M the full translation subquiver of € given by all coherent modules in %, and call
it the coherent cyclic part of ¥. We note that .4 may have finite cyclic components,
which are obviously not coherent. We will see below that .€°°" is the disjoint union of
the coherent parts of all infinite cyclic components of %.

In our paper [37] we introduced the concept of a generalized multicoil in order to
describe the shape and combinatorial properties of almost cyclic components with all
indecomposable projective modules (right) coherent and all indecomposable injective
modules (left) coherent. Namely, a connected translation quiver I is called in [37] a gen-
eralized multicoil if I" can be obtained from a finite family 77,75, ..., T of stable tubes
by an iterated application of admissible operations (ad 1), (ad 2), (ad 3), (ad 4), (ad 5)
and their duals (ad 1*), (ad 2*), (ad 3*), (ad 4*), (ad 5*). We refer to [37, Section 2]
for a detailed description of these admissible operations and generalized multicoils. In
particular, one knows that all arrows of a generalized multicoil have trivial valuation.

We have the following consequence of [37, Theorem A].

Proposition 2.1. Let A be an algebra and € an infinite almost periodic component of T 4,
and T' a component of .€°". The following statements hold.

(i) T is a cyclic generalized multicoil.
(ii) There is a finite subquiver Eg) of T which is a disjoint union of sectional paths such
that every path in € from a module in € \ T to a module in T intersects Eg).
(iii) There is a finite subquiver Z(FT) of I' which is a disjoint union of sectional paths

such that every path in € from a module in T to a module in € \ T intersects E(FT).

(iv) Every module in T is a successor of a module in Eg) and a predecessor of a module

n El(f),

We call Z(Fl) and E(FT) the left border and the right border of I', respectively. Further,
we denote by Tt the family of all indecomposable modules in I" forming the stable tubes
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used to create the cyclic generalized multicoil I by iterated application of admissible op-
erations (ad 1)—(ad 5) and (ad 1*)—(ad 5*), and call it the tubular part of I". Moreover, we
denote by Mlgt) the direct sum of all indecomposable modules lying on the mouth of the
stable tubes in 7r, and call it the tubular module of I'. We note that radA(Mét), Mlg)) =0
if and only if Mlg) is a direct sum of pairwise orthogonal bricks.

The following consequence of [37, Sections 2 and 5] is also essential for our consider-
ations.

Proposition 2.2. Let A be an algebra, € an infinite almost periodic component of T 4,
I' a component of .€°", and Q a generalized multicoil enlargement of the family Tr of
stable tubes such that T' = Q. Then the following statements hold.

(i) Q is obtained from Tr by iterated application of operations of type (ad 1) followed
by operations of types (ad 1* )—(ad 5 ).

(ii) Q is obtained from Tr by iterated application of operations of type (ad 1*) followed
by operations of types (ad 1)—(ad 5).

We note that an iterated application of operations of type (ad 1) (respectively, (ad 1*))
to a stable tube leads to a ray tube (respectively, a coray tube) in the sense of D’Este
and Ringel [14].

In [38] we introduced the concept of a generalized multicoil enlargement of a product C'
of algebras with respect to a finite family 77, 7Ts, . .., Ts of pairwise orthogonal generalized
standard stable tubes of I'c. Then such a generalized multicoil enlargement A of C
is obtained from 77, 72,..., 7T, by iterated application of admissible algebra operations
(ad 1), (ad 2), (ad 3), (ad 4), (ad 5) and their duals (ad 1*), (ad 2*), (ad 3*), (ad 4%),
(ad 5*). Then I' 4 admits a generalized standard generalized multicoil T obtained from
the stable tubes T1,7s,...,7s by iterated application of admissible translation quiver
operations corresponding to the admissible algebra operations leading from C to A.

The following proposition follows from [38, Section 3].

Proposition 2.3. Let A be an algebra, € an infinite almost cyclic component of T' 4, T
a component of .€°", and B(T') and B(Tr) the associated faithful algebras of T' and Tr.
Then the following statements are equivalent:

(i) T is generalized standard.
(ii) Tr is generalized standard.
(iii) Tr is a finite faithful family of pairwise orthogonal generalized standard stable tubes
in T'pery, and B(T') is a generalized multicoil enlargement of B(Tr) with respect
to Tr.

We have also the following consequence of [38, Sections 3 and 4].
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Proposition 2.4. Let B be a generalized multicoil enlargement of an algebra C (not
necessarily indecomposable) with respect to a faithful family T of pairwise orthogonal
generalized standard stable tubes in I'c. Then the following statements hold.

(i) B can be obtained from C by iterated application of algebra operations of type (ad 1)
followed by algebra operations of types (ad 1*)—(ad 5%).

(ii) B can be obtained from C by iterated application of algebra operations of type (ad 1*)
followed by algebra operations of types (ad 1)-(ad 5).

We note that an iterated application of algebra operations of type (ad 1) (respectively,
(ad 1*)) to the family 7 leads to a tubular extension (respectively, tubular coextension)
of C in the sense of Ringel [51,56].

The following consequence of [58, Corollary 5.3] and [55, Theorem X.4.5] is relevant
and provides a criterion for a stable tube to be generalized standard.

Proposition 2.5. Let A be an algebra and 7 be a stable tube of T 4. The following state-
ments are equivalent:

(i) 7 is generalized standard.
(ii) The mouth modules of T are pairwise orthogonal bricks.

We note that if A is an algebra and 7 a faithful generalized standard stable tube of
T4, then pdyX <1 and idaX <1 for any module X in € (see [58, Lemma 5.9]). But
such an algebra A may have an arbitrary (finite or infinite) global dimension (see [64]).
We refer also to [60] for results on the composition factors of modules lying in generalized
standard stable tubes.

Let A be an algebra and ¢ be an almost periodic component of I'4. Recall that an
indecomposable module X in % is called left stable (respectively, right stable) if 74X is
nonzero for all n > 0 (respectively, n < 0), and stable if it is left stable and right stable.
Following [33], we denote by ;4 the left stable part of €, obtained by removing the
T4-orbits containing projective modules, and by ,% the right stable part of €, obtained
by removing the 74-orbits containing injective modules. Moreover, we denote by ;%2¢
(respectively, .€2°) the union of components in ;¢ (respectively, .%€’) consisting entirely
of acyclic modules. We call ;2 the left stable acyclic part of € and €2 the right stable
acyclic part of €. We note that all components in ;42° and ,,4° have only finitely many
Ta-orbits, because % is assumed to be almost periodic. Let I be a component of ;£2°.
Then it follows from [33, Section 3] that there exists a finite connected acyclic full valued
subquiver Ag) of T which intersects every 74-orbit in I' exactly once, and 91@ = NAg)
is a full translation subquiver of I' closed under predecessors. We denote by Ml(f) the
direct sum of all indecomposable modules lying on Ag). Dually, let T' be a component
of €. Then, applying [33, Section 3], we conclude that there exists a finite connected
acyclic full valued subquiver Al(f) of I which intersects every T4-orbit in I' exactly once,
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and @1(“T) = (—N)Ap is a full translation subquiver of I' closed under successors. We
denote by MIQ”) the direct sum of all indecomposable modules lying on Ag). In case T’
is a stable component, that is a component of ;%*° and a component of %2, we choose
Ag) and Ag) such that @lgl) and @1@ have no common modules.

Proposition 2.6. Let A be an algebra, € an almost periodic component of T' 4 with ;€°
nonempty, and I' a component of ;2. Then the following conditions are equivalent:

(i) @1@ is generalized standard.
(i) Homa (M, raMPy = 0.
(iii) A(l) = B(M, (l)) is a tilted algebra of the form EndH(L)( ) for a hereditary algebra
T

of type A( and a tilting module T in mod HF) without indecomposable
premjectwe direct summands, and _9 is the image of the preinjective component
(l) of I'y, o via the functor Hom HO (T(l) —) : mod ngl) — mod A(Fl).

Proof. (i)=(iii). Assume that @ is generalized standard. Observe that the faithful
algebra A(l of M(l) is the faithful algebra B(Z}. l)) of Q(l There exists a module N
in the additive category add(@lg)) such that ann A(.@lg ) = anny(N). Clearly, we have
annA(“@lg)) C annA(Mlgl)). Consider a monomorphism u : N — E4(N) from N to its
injective envelope E4(N) in mod A. Since A(Fl ) is connected and intersects every 74-orbit
in .@fl), we conclude that 919) \A(Fl ) does not contain an injective module. Then u factors
through a module M from audd(Mél))7 and hence there is a monomorphism v : N — M.
But then annA(Mﬁl)) C anny (M) C anny(N) = annA(_@lgl)) Therefore, indeed A(l)

B(.@lgl)). Moreover, because Arl) is a quotient algebra of A, 28 is a full translation
subquiver of the Auslander—Reiten quiver T’ AD of A%l). Let & (lg be the component of

r A® containing Qﬁl). We claim that A{f ) is a section of @"’F(l). It is enough to show that éalﬁl)

does not contain an indecomposable projective A(l)—module Suppose that gr(l) contains
a projective module. We may choose minimal m € N such that 7 (ZLAF contains an

indecomposable direct summand, say R, of the radical of an 1ndecomp05ab1e projective
module P in é}( . Then considering the projective cover of R in mod A{ﬁ) we conclude
that there is an epimorphism from a module in add(Mél)) to R, and hence a nonzero
homomorphism f : X — R with X a module lying on Al(f). Further, since Mlg) is
a faithful Ag )—module, there is a monomorphism from P to a module in add(Mlgl)), and
hence gf # 0 for a homomorphism g : R — Y with Y a module lying on Ag). This
implies that ¢ f is a nonzero homomorphism in rad:o(rw (X,Y), because there is no path in

é}(” from X to Y passing through R. Clearly, rad:om (X,Y) # 0 implies rad ¥ (X,Y) # 0,
T

a contradiction because @ﬁl) is generalized standard. Therefore, Ag ) is a faithful section

Ao (M 740 M) = Homa (M, ram{") = 0.
Applying now the criterion of Liu and Skowroniski (see [1, Theorem VIII.5.6] or [68,
Theorem VIIIL.7.7]) we conclude that ngl) = End ;o) (Mlgl)) = EndA(Mél)) is a hereditary
r

of the component of (o@lg), and Hom
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algebra, Tlg) = D(Mlg)) is a tilting module in mod Hl(f), there is a canonical isomorphism
of algebras Ag) — End 0 (Tlgl)), and é}(” is the connecting component of I' ,o with Ag)
I T

the section determined by Tlg). Moreover, Tlg) is without an indecomposable preinjective
ngl)—module, because .@ﬁl) does not contain a projective module (see [68, Proposition
VIIL.6.9]). Finally, the translation quiver 919) is the image of the preinjective component
Q}l) of I' ;o) via the functor Hom (Tlg), —) : mod Hél) — mod Ag) (see [68, Theorem
VIILG.7)).

(iii)==(ii). Assume that (iii) holds. Then the functor Hom

ua®
o (T, =) s mod HY —
mod Ag) induces an equivalence of categories add(QF ) — add(@( )), with Qg) the
preinjective component of FH(Z) Hence HomA(z) (Mlgl), AmM(l)) = 0 follows.

(il)=(i). Assume that (11) holds. Suppose that there exist indecomposable modules
X and Y in .@F such that rad¥y’(X,Y) # 0. Then it follows from [61, Lemma 2.1(i)]
that there exist an infinite path

XZXof—1>X1 f2 fr—1 X, 1£>X’I‘ fr+1

of irreducible homomorphisms between indecomposable modules in mod A and g, €
rad} (X,,Y), r > 1, such that g.f,... f1 # 0 for any r > 1. Since @fﬁ is an acyclic
quiver of the form NA%D and X belongs to @1@, there is s > 1 such that X, belongs
to Ag). Because rady (X;,Y) # 0, applying [61, Lemma 2.1(ii)], we conclude that there
exist an infinite path

hy h hy— h h
.L>Yt.t>y;_lt_1>....2%yl.gyozy

of irreducible homomorphisms between indecomposable modules in mod A and wu; €
rad¥ (Xs,Y:), t > 1, such that hy...hwu # 0 for any ¢ > 1. Then there exists m > 1
such that Y; belongs to the subquiver NTAA{D of 91(1) = NAg), for any ¢t > m. Let
U=X,,V=Y,,and f: U — V a nonzero homomorphism in rad} (U, V). Consider
now a monomorphism v : V' — E4(V), where E4(V) is an injective envelope of V in
mod A. Observe that the subquiver NTAAg) has no injective module. Hence v factors
through a module N in add(TAAg)), and then there is a monomorphism w : V. — N.
Then wu,, # 0, and hence there is an indecomposable direct summand W of N such that
Hom 4 (U, W) # 0. But then HomA(Mél),TAMél)) # 0, because U is a direct summand
of Mél) and W is a direct summand of TAMISZ). This shows that (ii) implies (i).

We have the dual proposition.

Proposition 2.7. Let A be an algebra, € an almost periodic component of T' 4 with .€*¢
nonempty, and I' a component of .€*°. Then the following conditions are equivalent:

(i) Qér) is generalized standard.
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(i) Homa (7' M), M) = 0.
(iii) A(T) B(M, (T)) is a tilted algebra of the form Ende( ) for a hereditary alge-

bra H of type A ) and a tilting module TF in mod ng ") without indecomposable
postprojective dzrect summands, and .@l(f) is the image of the postprojective compo-

nent Pl(f) of Iy via the functor Extllq(r) (T(T) —) : mod H(T) — mod A(T
r r

3. Proof of Theorem 1.2

The aim of this section is to prove Theorem 1.2, using the results presented in the
previous section.

Let A be an algebra and € be an infinite generalized standard component of TI'4.
Then, by [58, Theorem 2.3|, € is almost periodic. We use the notation introduce above.
We consider the following ideals of A:

. LE;) the annihilator of the disjoint union of the translation quivers .@lgl), for all com-
ponents I' of ;%2¢,

o L(; ) the annihilator of the disjoint union of the translation quivers @ff), for all
components I' of .€7°,
. L(;) the annihilator of the disjoint union of all components I' of .€°°".

Further, we consider the quotient algebras A%t) A/l 0 , A rt) = A/I(T) A(C) A/L(;)
Then it follows from Propositions 2.1, 2.3, 2.6 and 2.7 that the required statements (i),
(i), (iii) are satisfied.

We prove that the statement (iv) holds. Indeed, let X be an acyclic module in %
which does not belong to a subquiver of the form Qp or @y). Then there exists a non-
negative integer mx such that 7{'* X is projective, or belongs to Ag), for a component
T' of ;%7¢, or belongs to the rlght border Zl(f) of a component T' of .€°°". Similarly,
there is a nonnegative integer nx such that 7, "~ X is injective, or belongs to Ag), for
a component I' of .%2¢, or belongs to the left border Eg) of a component I' of (€.
Hence there are at most finitely many such acyclic modules in €, and (iv) follows.

The statement (v) will follow from the facts below.

(1) Tt follows from [45, Proposition 2.4 and Theorem 2.5] that every finite component
of .€ contains an indecomposable projective module and indecomposable injective
module. Hence there are at most finitely many indecomposable modules lying in
finite cyclic components of .%.

(2) An indecomposable module X in % is said to be stable if it is left stable and right
stable. We denote by ;% the stable part of ¥ obtained by removing all nonstable
modules and the arrows attached to them. It is known (see [33], [71] or [68, Theo-
rem 1X.4.9]) that an infinite component I" of ;%4 contains an oriented cycle if and only
if I is a stable tube. Moreover, every stable tube of ;% consists of periodic coherent
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modules, and hence is contained in .°°". On the other hand, every finite compo-
nent I" of ;% containing an oriented cycle consists of periodic modules, contains an
immediate predecessor of a projective module in € (respectively, an immediate suc-
cessor of an injective module in €). Hence the number of indecomposable modules
in €\ .€°" lying in % is finite.

Let X be a module in %\ .€°°" such that 74X belongs to .¢°" for some positive
integer n. Then there exist m € {1,...,n} and a component T' of .£°°" such that
7' X belongs to the right border Eg) of .

Let X be a module in C‘K\C‘K“’h such that 7, " X belongs to E°°M for some positive
integer n. Then there exist m € {1,...,n} and a component I' of ,¢°°" such that
7, X belongs to the left border E(Fl) of I'.

Let X be a nonperiodic, nonprojective module in .\ .4 °°" such that, for any positive
integer r, 7, X does not belong to <€°°". Then there exists a positive integer m such
that 7' X is projective or belongs to Ag) for a component I' of ;%7¢.

Let X be a nonperiodic, noninjective module in %"\ .¢°" such that, for any positive
integer s, 7, °X does not belong to .°°". Then there exists a positive integer n such
that 7, X is injective or belongs to A(FT) for a component I' of ,€?°.

Summing up, we conclude that ¢ \ .€°" is finite, which is the statement (v).

We end this section with an example illustrating the above considerations.

Example 3.1. Let K be an algebraically closed field, Q) the quiver of the form

30
9
AN
32 27
¢2 ¢1
s <N,
33 \ ! 29 26 <18
N YN S AN
5 31 G 95 6 ;1T
e
34 9 16 <— 19
s € n
/4 N \
35 10 7 20
lu\ A, Vh
™ 8 25 21
0<—1=<—2 P si|t g9 22
l q /e
XMpg o5, 23 <—— 24 15
PN NS vd
3 6 12 14
7\ /U “N 11 /a b\ 13 /°

and [ the ideal in the path algebra K@ of Q) over K generated by the paths af—o7y, En—
v, TA=Enpaf, pe, Yp, jl, de, ed, gd, hg, hf, fe,ih, pa, pb, ra, rb, qr, sq, sp, tq, tp, mn,
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nl1, nCs, (1, (1Ca, (384, (2K, (ak, KOy, Koo, KO3, Ky, and A = KQ/I. We mention that
this is an enlarged version of [36, Example 6.4]. The Auslander—Reiten quiver "4 admits
a generalized standard component % obtained by identification of the common simple
modules St2 and Sig occurring in the following three translation quivers: I'y of the form

Iz
P15=I 4H51<};‘2><1>21HF’20[21
522/ \L/ 5\522
o o o S o o T Sha l/o\o/(\)
NZNZNLNS NS NN SINN
|  o>Pjg>o0>0>0>[3>0 o o 1 S1 S1 o
AN NN NN NS NN N
N NN NN N NN NN
VN NANSNSNINN NN N
N NN NN N NN N NN
NN NS NN NN NN N N
‘\/ NN NN NN N NN N N
\ \
T's of the form
Po3 I3 Pas
7N\
S12 \4 S24 4
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The cyclic part .4 of ¥ consists of one infinite component I" and one finite component I
described as follows. The infinite cyclic component I' is obtained by removing from € the
modules S12, S17, S18, P17 together with the arrows attached to them, and the translation
quivers 'y, I's. The finite cyclic component I' is the full translation subquiver of € given
by the vertices Saz, Pog, Pay/Sas, V, I12. The maximal cyclic coherent part eoh of T is the
full translation subquiver of € obtained by removing from % the modules S12, I13, T, S14,
Pis = L4, Si5, Pa1, S22, L, Pag, R, I15, Ioa, Sa1, Pog = Io1, Soo, S17, P17, S18 together
with the arrows attached to them (see [36, Example 6.4]), and the translation quivers
I's, I'3. We observe that Sos is a periodic module of T which does not belong to eoh
Moreover, we have

Py = P1o @ P15 ® Pie ® P17 ® P1s ® Prg © Pao © Po1 @ Pag @ Po3 @ Poy @ Pos
© Pag © Por @ Pag ® Pag @ Py,
PPM = Pyg @ Pig @ Pir & Pio & Py,
Qe =130 11 ® Lo ® 133 114 D [15® I21 B I22 & Io3 S I26 © lor
® Iog @ Iog @ I30 D I31 @ I32 @ I33 © I34 D I35,
Q" =L e, ® Lz Ly,
M%)*I32@I33®134@I35®5317 MY 7 = Pos ® S, M) Se © S7 @ E.

We note that Py is a right coherent projective module and I14 is a left coherent injective
module in T' which do not belong to .I'®°P.

4. Proof of Theorem 1.1

Let A be an algebra and % be an infinite component of I" 4. Since every generalized
standard component is almost periodic, we may assume that % is almost periodic. We
use the notation introduced in Section 2. Hence

. Mcg) is the direct sum of all modules Mél) given by the quivers A(Fl ) associated to all
components I' of the left stable acyclic part ;¢ of ¥,

. Mg ) is the direct sum of all modules Mlgr) given by the quivers Ag) associated to
all components I" of the right stable acyclic part ,.€?° of €,

. Mg) is the direct sum of all modules Mét) given by the mouth of the tubular parts
Tt of all components I" of the cyclic coherent part 6" of €.

Further, let

e Py be the direct sum of all projective modules in €, and P%Oh the direct sum of all
right coherent projective modules in %,
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¢ Q¢ be the direct sum of all injective modules in %, and begh the direct sum of all
left coherent injective modules in %.

Moreover, let B(%) be the faithful algebra A/ann (%) of ¥. Then ¥ is a faithful com-
ponent of I'g4y and Hom4(X,Y) = Homp)(X,Y) for any modules X and Y in %
By general theory, we know that %€ is a generalized standard component in I"4 if and
only if ¢ is a generalized standard component in I'g(). Therefore, we may assume that
A = B(%).

We first prove that (i) implies (ii). Assume that € is generalized standard. The any
nonzero homomorphism f : X — Y between two indecomposable modules X and Y in &
is a finite sum of compositions of irreducible homomorphisms between indecomposable
modules in € (see [4, Proposition V.7.5] or [68, Proposition VII.3.9]). In particular,
rad4(X,Y) #0, for X and Y in ¢, implies that there is a path in € from X to Y.

(1) It follows from the definition of Mcg) that there is no path in € from an indecom-
posable direct summand of Py & Mcg) <) M(g ) to an indecomposable direct summand
of Mcf; , and hence Hom 4 (Py @ M(t) o MO, M(l)) = 0. Similarly, it follows from
the definition of M%) that there is no path in % from an indecomposable direct
summand of Mcip to an indecomposable direct summand of Q¢ & M?(;) &) Mcg), and
hence HomA(Mg), Q¢ & Mg) ® Mg)) =0.

(2) For a component I' of ;¢2° the translation quiver @121) is generalized standard,
and then HomA(Mlg),TAM(l)) 0, by Proposition 2.6. Similarly, for a compo-
nent I' of .€?°, the translation quiver 9 is generalized standard, and then
HOHlA(TA 1M(r) M(r) = 0, by Proposition 2.7. Therefore, we conclude that
Hom 4 (MY ,TAM“{ — 0 and Hom(r; ' M), M8y = 0.

(3) Let I' be a component of .¢°°" and Tr the tubular part of I'. Since € is generalized
standard, we conclude that T" is also generalized standard. Then it follows from
Proposition 2.3 that 7t is a finite faithful family of pairwise orthogonal generalized
standard stable tubes in I'g(;.y and B(I') is a generalized multicoil enlargement of
B(7Tr) with respect to the family 7r. In particular, applying Proposition 2.5, we
obtain that radA(MI(f), Ml(f)) = (0. Moreover, the simple composition factors of Ml(f)

are not direct summands of top(Py) ®soc(Qw ), and hence Hom 4 ( Py, Mlgt)) =0 and

Hom »4 (Mét), Qw%) = 0. We also note that, for two different components I" and € of

<E°°", the tubular parts 7r and T are disjoint and orthogonal, by Propositions 2.1

and 2.3, and hence radA(Ml(f),MS(;)) = 0 and radA(MS(;),MIEt)) = 0. Summing up

we have
Homa(Pg, MY) =0, Homa(MP,Qe) =0, rada(MP, ML) =o0.

(4) We shall prove that Hom (top(Pg™"), Q%) = 0. Let S = top(P) for an indecompos-
able direct summand P of P%Ph. Assume first that S does not belong to %. Since €
is generalized standard and there is a canonical epimorphism P — S, we conclude
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that Hom 4 (S, s0¢(Q%)) = Homa (S, Q%) = 0. Therefore, assume that S belongs to
% . Since P is right coherent, there exists an infinite sectional path

P=Xy— X1 — - —X;, —Xiy1 — Xiyo — -+

with all but finitely many modules from a cyclic generalized multicoil T' of €°°"
(see Proposition 2.1). Moreover, by Propositions 2.1 and 2.3, B(T") is a generalized
multicoil enlargement of B(7r) with respect to the tubular family 7r of T, and
I" is the cyclic part of the generalized multicoil 2, created from T by iterated
application of translation quiver admissible operations corresponding to the algebra
admissible operations leading from B(7r) to B(I'). We have also B(I') = B(fQ).
By Proposition 2.4 we may obtain B(Q) from B(Tr) applying first a sequence of
admissible operations of type (ad 1), creating a tubular extension B of B(7r), and
then applying a sequence of admissible operations of types (ad 1*)—(ad 5*). Then
the projective module P and its top S are acyclic modules in one of the created
ray tubes of I'g. In particular, we conclude that the injective envelope Ep(q)(S) of
S in mod B(f2) does not belong to 2, and consequently radp g (S, Ep(a)(5)) # 0.
Since B(f2) is a quotient algebra of A, we conclude that Ep)(S) is a submodule
of an injective envelope E4(S) of S in mod A, and hence rady’ (S, E4(S)) # 0. This
shows that E4(S) does not belong to %, because € is generalized standard. Hence
Hom 4 (S, Q%) = 0. Therefore, we obtain Hom 4 (top(P&h), Q«) = 0.

(5) Applying dual arguments to those in (4), we conclude that Hom 4 (Pyg, soc(QL")) =
0.

This finishes the proof of the implication (i) = (ii).

Assume now that the conditions of (ii) are satisfied. We shall show that € is general-
ized standard in few steps. We use the notation introduced in Section 2. Moreover, we
denote by gg) the disjoint union of the translation quivers @fﬁ for all components I" of

162, and by 95(; ) the disjoint union of the translation quivers @l(f) for all components
I" of ,€?°.

(a) Let I' be a component of ;42°. Since HOIHA(M%),TAMé;)) = 0, we have
Hom A(Ml(f)7 TAMIEZ)) = 0 and hence the translation quiver 91(1) is generalized stan-
dard, by Proposition 2.6.

(b) Let T' be a component of ,€2°. Since HomA(leMg),Mg)) = 0, we have
Hom (75" M, M{")) = 0 and hence the translation quiver 2\ is generalized
standard, by Proposition 2.7.

(c) Let T' be a component of .¢°". Then the condition radA(M%t), Méf)) = 0 implies
radA(Mlg),Mlg)) = 0. Let 7r be the tubular family of I', C = B(7r) and B =
B(T). Since HomA(ch,Mlgt)) = 0 (respectively, HOHIA(MI(‘t),Q(g) = 0), we have
Hom 4 (P, Z) = 0 (respectively, Hom 4 (Z, Q«) = 0) for any indecomposable module
Z in Tr. Hence Tr is a faithful family of stable tubes in I'¢ with rad¢ (Mlgt), Mlgt)) =0.
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Then it follows from Proposition 2.5 that 7r is a family of generalized standard
stable tubes in I'c. Moreover, the tubes in Tr are pairwise orthogonal. Indeed, if
Home (U, V) # 0 for two modules in different tubes, say 77 containing U and 7z
containing V, then rade (M, My) = Home (M7, Ms) # 0 for some modules M; from
the mouth of 77 and My from the mouth of 73, and this contradicts the assumption
radA(Mf;), M((;)) = 0. Then it follows from Proposition 2.3 that I" is a generalized
standard cyclic multicoil and B is a generalized multicoil enlargement of C' with
respect to the family 7. Therefore, we conclude that .€°°" consists of generalized
standard components, which are cyclic generalized multicoils (Proposition 2.1).

It follows from the arguments applied in the proofs of statements (iv) and (v) of
Theorem 1.2 that the translation quiver @%) U €U @g ) is a cofinite subquiver of
%. Hence, if N is the direct sum of all indecomposable modules of ¥ which do not
belong to this translation subquiver, then rad' (N, N) = 0 for some positive integer
l.

Assume now that rad3’ (X,Y) # 0 for some indecomposable modules X and Y in
% . It follows from [61, Lemma 2.1(i)] that there exist an infinite path

X:Xof_1>X1f_2>...f3_*1>Xs_1f_s>Xsﬂ>...

of irreducible homomorphisms between indecomposable modules in % and homo-
morphisms g, € rad¥ (Xs,Y), s > 1, such that gsfs ... f1 # 0 for any s > 1. Then
it follows from (d) that there exists a positive integer m such that X, belongs to
LU Q(g) for any s > m. Hence, we may assume that X belongs to .¢°°" U @g).
Applying [61, Lemma 2.1(ii)], we conclude that there exist an infinite path

B R, B h h
ey Ay L By B Y =Y

of irreducible homomorphisms between indecomposable modules in ¥ and homo-
morphisms u, € rad¥(X,Y;.), r > 1, such that hy...h.u, # 0 for any r > 1.
Then it follows from (d) that there exists a positive integer n such that Y, be-
longs to 9%) U .€°°" for any r > n. Hence, we may also assume that Y belongs to
@((é) U chcoh.

Assume that X belongs to .%E; ) and Y belongs to %g). Let X belongs to .@1@ and
Y belongs to @g ) for some components I' of .€2° and Q) of ;92°. Then there are
an epimorphism (MF(T))“ — X and a monomorphism Y — (Mg ))b for some positive
integers a,b, and rad}’(X,Y) # 0 implies that HomA(MI(f),Mg)) # (0. But this
contradicts the assumption HomA(Mg), Mg)) =0.

Assume that X belongs to @g ) and Y belongs to .€°°". Let X belongs to @y) for
a component I' of ,42° and Y belongs to a component 2 of .°°". It follows from
(f) that we may also assume that X belongs to Ag). We know from [37, Corollary
B] that all but finitely many modules in the generalized multicoil 2 have exactly
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two direct predecessors and two direct successors. Hence we may assume that there
is an infinite sectional path

Vi— I v;
Y=0Zy 7 ... =z, Bz,

of irreducible homomorphisms between indecomposable modules in 2 such that, for
every i > 1, there is a mesh complete translation subquiver of the form

e U O e s U s U = 7
v, y e Vo — 7,

Then it follows from [32, Corollary 1.6] (see also [68, Corollary IX.3.15]) that the
homomorphisms v;, ¢ > 1, are of infinite right degree, and hence v;...v1f # 0 for
any nonzero homomorphism f : X — Y and ¢ > 1. It follows from the structure
of the generalized multicoil (see [37, Section 2] and [38, Section 3]) that infinitely
many modules Z; belong to the tubular part 7 of Q. Hence Homa (X, Z) # 0 for
a module Z in Tg. But then Hom4 (X, W) # 0 for a module W lying on the mouth
of a stable tube of Tq. Therefore, we have Hom A(Mér), Mg(f)) # 0, which contradicts
the condition Hom (MY, M{) = 0.

Assume that X belongs to .4°°" and Y belongs to @C(é). Then, applying dual argu-
ments to those in (g), we conclude that HomA(MCI(;), Mcipl)) # 0, again a contradiction.
Assume now that the both X and Y belong to ,€°°". Then, taking into account
(c), we conclude that there are different components I' and Q of .4°°" such that X
belongs to I' and Y belongs to 2. Then we may choose X and Y such that there
exist a nonzero homomorphism f : X — Y, an infinite sectional path

Pj+1 Pj pj—1
-~-L>Wj—’>Wj_1’—>-~-p—2>W1p—l>W0:X

of irreducible homomorphisms of infinite left degree between indecomposable mod-
ules in I', and infinite sectional path

Vi+1

Vi— i
Y =2y % 7y 2 B g Uy g

of irreducible homomorphisms of infinite right degree between indecomposable mod-
ules in 2. Then we have v;...vifp1...p; # 0 for any ¢,7 > 1. Since I' and 2
are generalized multicoils, there are 7 > 1 with W; in 7r and ¢ > 1 with Z;
in To. Thus Homu (W, Z) # 0 for some W € Tr and Z € Tg, and consequently
radA(Mét), Ms()t)) # 0, contradicting the condition radA(Mf;), Mé),f)) =0.

Summing up, we proved that & is generalized standard.
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We present now two example showing that the vanishing conditions (ii) of Theorem 1.1
are necessary for the generalized standardness of an Auslander—Reiten component.

Example 4.1. Let K be an algebraically closed field, Q) the quiver of the form
1 i 2
B
N

3
and I the ideal in the path algebra KQ of Q over K generated by the paths av, vyo, oa,
and A = KQ/I. Moreover, let H be the path algebra KA of the subquiver A of @ given
by the vertices 1,2 and the arrows «, 5. Then A is a 10-dimensional K-algebra and H is

a quotient algebra of A. Applying [55, Section X.4] and [56, Section XVI.1] we conclude
that the Auslander—Reiten quiver I'4 has a disjoin union decomposition

FA:%UTLJ(U ’A)
ANeK

where

(1) % is the component of the form

NN N SN
/“ / \/ NN SN

containing all indecomposable postprojective modules and all indecomposable prein-
jective modules over the Kronecker algebra H;
(2) T is the quasi-tube of the form

Pg/Sg radPg Pg/Sg
I I

VNN
NN
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obtained from the stable tube T of T'y of rank 1, with the mouth module

FEo: K

K,

by one ray insertion and one coray insertion, and the modules along the dashed lines
have to be identified;
(3) For each A € K, T, = T,H is the stable tube of rank 1 in I'y; with the mouth module

K.

Ey: K
A

We observe that the stable tubes Ty, A € K, are generalized standard in mod A. On
the other hand, for the quasi-tube 7 we have

M7(’t) =Es, Pr=P;=Py" Qr=P;=Q""

Further, Ps is an indecomposable projective-injective module with top(P3) = S3 =
soc(Ps), and S3 lies in the component ¢’. Hence,

Hom 4 (top(P$M), Q5™) = Hom 4 (top(P5™), soc(Q5")) = Hom 4 (S, S3) # 0.

Clearly, we have rad%’ (Ps, P3) = rada(Ps, P3) # 0, and so T is not generalized
standard. We also note that HomA(PT,M(t)) = 0 and HomA(M;—t),QT) = 0.
Consider now the acyclic component 4. We may take Mcg) = Sy & I, ® I3 and
MY =S, @& Py @ P,. We have

HOH’IA(PQ, 12) = radf(Pg, IQ) 74— 0,
and hence Hom 4 (M(T) M. l)) # 0 and ¥ is not generalized standard.

Example 4.2. Let K be an algebraically closed field, a € K \ {0,1}, and R be the locally
bounded K-category given by the infinite quiver

) VS T, oy P 2n+1 et 2n+1%
/'
nro<

and the relations n,a, = ppon, £nBn = AnVn, nt1Mn = Ynt1bn, Bnt1én = A0n11Pn,
TMOnMin—-1 = 07 Ap11n O = 07 Enﬁn&n—l = 07 Bn+1§nﬁn = Oa PnOnpPn—1 = Oa
Ont1Pn0n = 0, nYnbin—1 = 0, Ynt1tnYn = 0, M ¥mén—1 = 0, Ynt1énon = 0,
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&nOnn—1 =0, 0p11Mn¥n = 0, for all n € Z. Moreover, let G be the infinite cyclic group of
automorphisms of R generated by the shift g given by g(2n—1) = 2n+1, g(2n) = 2n+2,
9g2n—1) = 2n+1, g(2n) = 2n+2, glan) = ant+1, 9(Bn) = But1, 9(Wm) = Ynt1,
9(0n) = on+t1, 9(0n) = Mn+1, 9(&n) = &nt1s 9(pn) = pn+1, for any n € Z. Consider now
the orbit algebras A = R/G and the push-down functor F) : mod R — mod A associated
to the Galois covering F : R — R/G = A. Since the group G is torsion-free, it follows

from [17] that F) preserves indecomposable modules and almost split sequences. The
orbit algebra A is given by the quiver

and the relations na = apo, €6 = wy, an = ayu, BE = op, nan =0, ana = 0, {BE = 0,
pEs =0, pop =0, 0po =0, pyp =0, yuy = 0, 7€ = 0, v§o = 0, Eon = 0, ony = 0.
We denote by B the full subcategory of R given by the convex subquiver

B1 &1

Then B is a tubular algebra of tubular type (2,2,2,2) in the sense of [51]. Then it
follows from [51, 5.2] that I'p admits a generalized standard ray tube ¢ and a generalized
standard coray tube Z of the forms

<>< AN
NN
NS O\
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where X and Y are the indecomposable B-modules
1 1

K K 0 0 K K

K N K 0 0 K : K
In particular, we have Mg) = X and Mg) = Y. Observe that HomB(ch,M;;))
= Homp(P;,X) = 0 and HomB(Mg), Q%) =Hompg(Y,I;) = 0. Since ¢ and Z are com-
ponents in I'p, we have the induced ray tube €* = F)(%), containing the indecomposable
projective module Fy(P3) = F)\(Py), and coray tube 2* = F)\(2), containing the inde-
composable injective module F)(I;) = F)(I3). Hence, we obtain Py« = PSP = Fy\(Py)
and Qg = Q¥ = Fy(Is). Moreover, M{) = F\(X) and MJ) = F\(Y), with
rada(Fx(X), Fx(X)) = rada(X,X) = 0 and rada(Fx(Y), FA(Y)) = rada(Y,Y) = 0.
We also note that there are nonzero homomorphisms Fy(Py) — F\(S1) — Fa(X)
and FA(Y) — Fx(S1) — Fx(1) and the simple module F)(S1) is neither in %™

nor in 2*. Therefore, €*, 2* are not generalized standard components of I'4, and
Hom 4 (Pg-, M{)) # 0, Homa (M), Qg-) # 0.

5. Proof of Theorem 1.5

The aim of this section is to prove Theorem 1.5 and recall the relevant facts.

Following Happel, Reiten and Smalg [19] an algebra B is called quasitilted if B is the
endomorphism algebra End (T of a tilting object T in an abelian hereditary category
. In the case when J is equivalent (as a triangulated category) to the derived category
D?(mod A) of the module category mod A of a canonical algebra A (in the sense of Ringel
[51,54]), B = End ¢ (T) is called a quasitilted algebra of canonical type. It was shown
in [19] that an algebra B is quasitilted if and only if gl.dim B < 2 and every module X
in ind B satisfies pdzX < 1 or idgX < 1. In [18] Happel and Reiten proved that an
algebra A is quasitilted if and only if A is tilted or quasitilted of canonical type.

The prominent class of quasitilted algebras of canonical type is formed by concealed
canonical algebras [27], which are the postprojective tilts of canonical algebras. In [29]
Lenzing and de la Pena proved that the concealed canonical algebras form the class of
all algebras whose Auslander—Reiten quiver admits a separating family of stable tubes.
Then we have the following characterization of arbitrary quasitilted algebras of canonical
type established by Lenzing and Skowronski [30].

Proposition 5.1. Let A be an algebra. The following statements are equivalent:

(i) A is a quasitilted algebra of canonical type.
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(ii) T4 admits a separating family of semiregular tubes (ray tubes and coray tubes).
(iii) A is a semiregular branch enlargement of a concealed canonical algebra.

It follows that the quasitilted algebras of canonical type are very special generalized
multicoil enlargements of concealed canonical algebras, invoking only admissible opera-
tions of types (ad 1) and (ad 1*), and applied to disjoint families of stable tubes. We
refer to [19,30,41,51,54] for basic representation theory of quasitilted algebras of canonical
type. We note that the separating family of semiregular tubes in the Auslander—Reiten
quiver of a quasitilted algebra of canonical type contains infinitely many stable tubes.

In the paper, by a generalized multicoil algebra, we mean a generalized multicoil
enlargement B of a product C' of quasitilted algebras of canonical type with respect to
a family of stable tubes of I'c. We have the following characterization of generalized
multicoil algebras established in [38, Theorem A].

Proposition 5.2. For an algebra B the following statements are equivalent:

(i) B is a generalized multicoil algebra.

(ii) T admits a separating family of generalized multicoils.

The following consequences of [38, Theorem C and Corollary D] describe the structure
of the Auslander—Reiten quiver of a generalized multicoil algebra.

Proposition 5.3. Let B be a generalized multicoil algebra, € a separating family of
generalized multicoils in T'g, and Tg = PB U U QF the associated decomposition of
TI's. Then the following statements hold.

(i) There is a unique quotient algebra BW of B which is a quasitilted algebra of
canonical type having a separating family 7BY of coray tubes in I'gay such that
Tpo = P2 U8 U QB with PPV = PB.

(ii) There is a unique quotient algebra B of B which is a quasitilted algebra of
canonical type having a separating family 7B of ray tubes in T'gwy such that
Tpw =PB7 UTE” UQP"” with @B = QF.

(iii) Every component in PB = ’PB(Z) is either a postprojective component, a ray tube,
or obtained from a component of the form ZA,, by a finite number (possibly zero)
of ray insertions.

(iv) Every component in QF = QB(T) is either a preinjective component, a coray tube,
or obtained from a component of the form ZA., by a finite number (possibly zero)

of coray insertions.

Then BW is called the left quasitilted algebra of B and B(™) the right quasitilted algebra
of B.
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The following results from [38, Theorem E] describes homological properties of gen-
eralized multicoil algebras.

Proposition 5.4. Let B be a generalized multicoil algebra, €7 a separating family of
generalized multicoils in T'g, and Tp = PP UEP U QF the associated decomposition of
I's. Then the following statements hold.

(i) pdgX <1 for any module X in PB.

(i) idpX <1 for any module X in QF.
(iii) pdpX <2 and idpX < 2 for any module X in €B.
(iv) gl.dim B < 3.

The following proposition is a crucial ingredient for the proofs of Theorems 1.5 and
1.6.

Proposition 5.5. Let A be an algebra, € = (€;)ics a separating family of components in
I' 4, and assume that the cyclic part ;€ of € is infinite. Moreover, let I' be a component
of the coherent part .€°°" of €. Then the following statements hold.

(i) The faithful algebra C = B(Tr) of the tubular part Tr of T is a product of concealed
canonical algebras, and Tr is a finite family of stable tubes in T'¢.
(ii) The faithful algebra B = B(T") of " is a generalized multicoil enlargement of C with
respect to Tr, and hence a generalized multicoil algebra.
(iii) Ewvery stable tube of T'c which is not in the tubular part Tq of a component Q of
6N belongs to the family € .

In particular, the separating family € contains infinitely many stable tubes, and hence I
is infinite.

Proof. Let I'y = PU% UQ be the decomposition of I" 4 induced by the separating family
€. Let 6; be a component in ¢ containing I', that is, ' is a component of .€'*°". We note
that %; is a generalized standard, hence almost periodic, component of I" 4. It follows from
Proposition 2.3 that 7r is a faithful family of pairwise orthogonal generalized standard
stable tubes in I'¢, and B is a generalized multicoil enlargement of C' with respect Tr.
We claim that C' is a product of concealed canonical algebras, and consequently B is
a generalized multicoil algebra. By [43, Theorem 3.1] (see also [21, Proposition 3.2]) it
is enough to show that the family 7t has no external short paths in ind C'. Suppose that
Tr admits an external short path in ind C, that is, a sequence X — Y — Z of nonzero
nonisomorphisms in ind C such that X and Z belong to 7r but Y is not in 71. Because
X and Z belong to the separating family %, the module Y must belong to 4. Moreover,
% is generalized standard, and then there is a finite path of irreducible homomorphisms
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X=X Iox, & Iy x, X, =y

in mod A with f,,... f1 # 0, and hence Y belongs to the component %;. We observe
also that Y does not belong to the cyclic generalized multicoil I, because B = B(T") is
a generalized multicoil enlargement of C' and Y is a C-module not lying in 7r. Then
we conclude that there is s € {1,...,m} such that X, belongs to Eg). But it follows
from the structure of a generalized multicoil that all modules in Zl(f) have no simple
composition factors from mod C, and then fs... f; = 0. This proves the claim.

We shall prove now the statement (iii). Without loss of generality, we may assume
that C is indecomposable. Let T = (T,¢)ea be the separating family of stable tubes
in I'c and

I'c=P°UTUQ"

the associated decomposition of T'c. It is known (see [29]) that 7¢ has the strongly
separation property: every homomorphism from P¢ to Q¢ factors through the additive
category add(f\c) for any A € A. Let T, be a stable tube of the tubular family 7r of
a component I' of ,¢°°". For any indecomposable module X in P there exists a nonzero
homomorphism f: X — Y with ¥ in add(7,), and hence rad%’ (X,Y) = rad& (X,Y) #
0. Similarly, for any indecomposable module Z in Q¢ there is a nonzero homomorphism
g :V — Z with V in add(7,), and hence rad%’(V, Z) = radz (V, Z) # 0. This shows
that all indecomposable modules from P¢ are contained in P and all indecomposable
modules from Q€ are contained in Q. Let A’ be the set of all ¢ € A such that 7;0 occurs
in the tubular family 7 of a component Q of .£°°". We also note that if a stable tube
Tf has an indecomposable module lying in %, then all indecomposable modules of 7;0
lie in %, because Homy (%,P) = 0 and Homy(Q,%) = 0, and hence u € A’. Hence
'EC -7 if’TECﬂ‘K7£ (). Suppose now A # A’ and 0 € A\ A’. Then 7¢ N% = (). Since
'y = PU% UQ we may assume that 7. contains a module U from P. Take a nonzero
homomorphism h : U — E, where E is an indecomposable injective C-module. Since
E lies in QF, it lies also in Q. Then h factors through a module W in add(%), and
so there is a nonzero homomorphism p : U — T with T an indecomposable module
in €. Then p(U) is contained in the largest C-submodule of T'. But it follows from the
structure of indecomposable modules in a generalized multicoil of a generalized multicoil
algebra (see [38, Section 3]), and the above discussion, that the largest C-submodules of
indecomposable modules in € are the indecomposable modules from T¢, £ € A’. Then
p = 0, because different tubes in 7¢ are orthogonal, a contradiction. As a result, we
conclude that A = A’ and the statement (iii) holds.

We need also the following facts on tilted algebras.

Proposition 5.6. Let H be an indecomposable hereditary algebra, T a tilting module in
mod H without indecomposable preinjective direct summands, B = Endg (T') the associ-
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ated tilted algebra, and T g the full translation subquiver of T'p formed by all compo-
nents contained entirely in the torsion-free part % (T) = {Y € mod B | Tor?(Y,T) = 0}.
Then the following statements hold.

(i) If H is of Fuclidean type, then #Tp consists of a postprojective component Pp
and an infinite family of ray tubes, and the faithful algebra B(Pg) of Pp is a tame
concealed algebra.

(ii) If H is of wild type, then #T'p consists of a postprojective component Pg and an
infinite family of components obtained from components of the form ZA, by a finite
number (possibly zero) of ray insertions, and the faithful algebra B(Pg) of Pp is
a wild concealed algebra.

Proof. The statement (i) follows from the theory of tilted algebras of Euclidean type
developed in [11,15,47,51]. The statement (ii) follows from the representation theory of
tilted algebras of wild type developed in [22-24,47,48,53,70].

We have also the dual proposition.

Proposition 5.7. Let H be an indecomposable hereditary algebra, T a tilting module in
mod H without indecomposable postprojective direct summands, B = Endgy (T) the as-
sociated tilted algebra, and ZTp the full translation subquiver of I'p formed by all
components contained entirely in the torsion part Z'(T) = {X € mod B| X ®pT) = 0}.
Then the following statements hold.

(i) If H is of Fuclidean type, then Z T g consists of a preinjective component Qp and
an infinite family of coray tubes, and the faithful algebra B(Qp) of Qp is a tame
concealed algebra.

(ii) If H is of wild type, then ZTp consists of a preinjective component Qp and an
infinite family of components obtained from components of the form ZA. by a finite
number (possibly zero) of coray insertions, and the faithful algebra B(Qpg) of Qp is
a wild concealed algebra.

We are now able to complete the proof of Theorem 1.5.

Let A be an algebra with a separating family € of components in I'4, and I' 4 = PAU
¢4 U Q4 the associated decomposition of T'4. Let €4 = (%;);c;. Applying Theorem 1.6
we may assume that [ is infinite. Since every regular generalized standard component is
a stable tube, the family ¥4 has a disjoint decomposition

CA=€UT,

where € is the finite family of all nonregular components in €4 and 7 consists of all
stable tubes in €. Consider the faithful algebra C' = B(T) of 7. Then T is a faithful
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family of pairwise orthogonal generalized standard stable tubes in I'. Moreover, because
T is a part of the separating family €4 of I'y and C is a quotient algebra of A, we
conclude that 7T is without external short paths in ind C, and hence C is a product
Ci X ...x (), of concealed canonical algebras. Let J be the finite subset of I such that
€ = (%;)icy. For each i € J, we take the left tilted quotient algebra A%) and the right
tilted quotient algebra A%t) of A satisfying the statements (i) and (ii) of Theorem 1.2
for the component %;. Then we define A®**) as the product of all algebras A((g), i€ J,
and A" as the product of all algebras Afg), 1 € J. Further, for each ¢ € J, we choose
the quotient algebra AE;B of A satisfying the statement (iii) of Theorem 1.2, and denote
by A the product of these algebras AS@%)’ i € J. Consider also the disjoint union T of
the tubular parts 7p of all components I' of .¢°°". Applying Proposition 5.5 to all these
components I' we conclude that the faithful algebra B(7%) of T coincides with C' and
A is a multicoil enlargement of C' using the family of stable tubes 7o of I'c. We note
that since T is the disjoint union, 7% U T is a separating family of stable tubes in I'¢.
We denote by A9 the left quasitilted algebra (A(?)®) of A©) and by A® the right
quasitilted algebra (A(®)(") of A(). Finally, we set

AD = A0 o AU and A = AT « Alro).

We note that A® and A" are quotient algebras of A. It follows now from Theorem 1.2
and Propositions 5.3, 5.6, 5.7 that A% and A are the algebras satisfying the statements
(i)—(iv) of Theorem 1.5.

6. Proof of Theorem 1.6

The aim of this section is to prove Theorem 1.6 and recall the relevant facts.

Let A be an algebra and ¢ a component of I" 4. Then % is said to be almost acyclic if
the cyclic part %€ of € is finite. It was shown in [45, Theorem 2.5] that € is almost acyclic
if and only if ¥ admits a multisection A, which is a full connected valued subquiver of
% satisfying the following conditions:

(1) A is almost acyclic.

(2) A is convex in .

(3) For each T4-orbit & in €, we have 1 < |ANO| < 0.
(4) |[An @] =1 for all but finitely many 74-orbits & in €.
(5)

5) No proper full convex valued subquiver of A satisfies the conditions (1)—(4).

To a multisection A of ¥ one associates the left border A;, the right border A,, and
the core A, being a finite subquiver of A containing the cyclic part € of € (see [45,
Section 3| for definitions and properties of these quivers). We also note that if € is
additionally almost periodic, then every multisection of € is finite.
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Following [45], an algebra B is said to be a generalized double tilted algebra if the
following conditions are satisfied:

(1) T'p admits a component ¢ with a faithful multisection A.

(2) There exists a tilted quotient algebra B") of B (not necessarily indecomposable)
such that the left border A; of A is a disjoint union of sections of the connecting
components of the indecomposable parts of BY), and the category of all predecessors
of A; in ind B coincides with the category of all predecessors of A; in ind B®.

(3) There exists a tilted quotient algebra B(") of B (not necessarily indecomposable)
such that the right border A, of A is a disjoint union of sections of the connecting
components of the indecomposable parts of B, and the category of all successors
of A, in ind B coincides with the category of all successors of A, in ind B(").

Then B® is called the left tilted algebra and B the right tilted algebra of B.
The following characterization of generalized double tilted algebras from [45, Theo-
rem 3.1] is essential for the proof of Theorem 1.6.

Proposition 6.1. Let B be an algebra. Then the following statements are equivalent:

(i) B is a generalized double tilted algebra.
(ii) Tp admits a faithful generalized standard almost acyclic component.

We note that the class of generalized double tilted algebras contains all tilted algebras
and all algebras of finite representation type. We refer to [45] for basic properties and
representation theory of arbitrary generalized double tilted algebras. We only mention
that, if B is a generalized double tilted algebra, then for all but finitely modules X in
ind B we have pdgX < 1 or idgX < 1 but B may have arbitrary (finite or infinite)
global dimension.

We may now complete the proof of Theorem 1.6. The equivalence of the statements
(ii) and (iii) follows from Proposition 6.1 and definition of a generalized double tilted
algebra. The implication (ii) = (i) is obvious. The following proposition shows that
also (i) implies (iii).

Proposition 6.2. Let A be an algebra such that T 4 admits a finite separating family € of
components. Then A is a generalized double tilted algebra.

Proof. Let €1, ...,%,, be the components of €. It follows from Proposition 5.5 that the
cyclic part % of € is finite. Hence %7, ..., %, are almost acyclic components of I"4.
Therefore, it is enough to prove that m = 1, by Proposition 6.1.

Assume m > 2. We shall prove that this contradicts the imposed indecomposablity
of A. For each i € {1,...,m}, we may choose a finite multisection A® of &}, because %;
is generalized standard, and hence almost periodic. Further, let Al(i) be the left border
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of A(i), Ag) the right border of A(i), and Ag) the core of A®. Then it follows from [45,
Proposition 2.4] that every indecomposable module X in %; is in At(f) or is a predecessor
of Al(i) or is a successor of Aﬁ). We denote by Mi(l) the direct sum of all indecomposable
modules lying on Al(i). Moreover, let M*) = Ml(l) D...d M,gi)7 and BY) = B(M(l))7 the
faithful algebra of M(®). We note that HOII’IA(Mi(l),TAMi(l)) =0 forany i € {1,...,m},
because €; is generalized standard and there is no path in %; from an indecomposable

) to an indecomposable direct summand of TAMi(l). Moreover,

direct summand of Mi(l
for any ¢ # j in {1,...,m}, we have HomA(Mi(l), TAM]U)) = 0, because the components
%, and %; are orthogonal. Therefore, we conclude that Hom(M®, 70M®) = 0. Let
H® =Ends(M®)and T® = D(M®), where D is the standard duality on mod A. Then
applying arguments from the proof of [1, Theorem VIIL5.6], or [68, Theorem VIIL.7.7],

we conclude that:

(1) H® is a hereditary algebra (not necessarily indecomposable),
(2) T is a tilting module in mod H®,
(3) There is a canonical isomorphism of algebras B®Y) — End g (T").

We note that B®) (respectively, H (l)) is a product of indecomposable algebras cor-
responding to the connected components of the left border A; of multisection A. In
particular, we conclude that

B® =B x . x BY,

where BZ-(l) = B(Mi(l)) for i € {1,...,m}. For each i € {1,...,m}, let P; be the direct
sum of all indecomposable projective modules in mod BZ-(Z) and @Q; the direct sum of all
projective modules in %; which are not predecessors of Al(i). Moreover, let D; = End 4(Q;)
and N; = Homu(P;,@;), for any ¢ € {1,...,m}. We note that Bi(l) = End4(P),
and N; is a D; — Bi(l)—bimodule. Further, since Mi(l) is a faithful Bi(l)—module, there
is a monomorphism P; — (Mi(l))”i for some n; > 1. Since %; is generalized standard, we
have Hom 4 (Q;, Mi(l)) = 0, by the choice of @Q;, and hence Hom 4(Q;, P;) = 0. Similarly,
for i # j in {1,...,m}, we have Hom(Q,, P;) = 0, because ¢; and ¢ are orthogonal.
Finally,let P=P1®... ® P, Q =Q1®...®Qm, N = Homa(P,Q), and D = End 4 (Q).
We note that B() = End,(P) = Bgl) X ... X BT(,lL)7 D = Dy x ... x D,,. Moreover, for

each i € {1,...,m}, we have an isomorphisms of algebras
D; N;
sear= [y g

Since Hom4 (Q, P) = 0, we obtain isomorphisms of algebras

D N

A=Eudan = [ )

] >~ B(61) % ... x B(6),
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and this contradicts the indecomposablity of A. This finishes the proof of Theorem 1.6.
7. Generically tame algebras

The aim of this section is to prove Theorem 1.10, Corollary 1.11, Theorem 1.12 using
the known results on generically tame quasitilted algebras.

Recall that, if B is a quasitilted algebra, then gl.dim B < 2 and every module X
in ind B satisfies pdgX < 1 or idgX < 1. In particular, we have a well defined Euler
characteristic

XB : K()(B) — 7

such that xg(M) = |Endg(M)| — |Exth (M, M)| for any module M in mod B. We note
that we may have x5 indefinite but with the well defined Euler characteristic xg(M) of
any module M in mod B satisfying x5(M) = |[Endp(M)| — |[Extl (M, M)| > 0.

Recall that following [12,13] an algebra A is called generically tame if for any pos-
itive integer d, there are only finitely many isomorphism classes of generic modules of
endolength d. It is known that if A is generically tame and M is a generic A-module
then the endomorphism ring End4 (M) is a PI ring [13, Section7]. Further, following
[13], an algebra A is called generically wild if there is a generic A-module M whose
endomorphism ring Ends (M) is not a PI ring. We also note that, if H is an indecom-
posable hereditary algebra, then H is a finite dimensional algebra over a field (the center
of H). It was already shown by Ringel [49, Section 6] that a hereditary algebra H of
FEuclidean type admits a unique generic module, and its endomorphism ring is a PI ring
(by [5, Corollary 6.12]). Further, Crawley-Boevey proved in [13, Corollary 8.4] that an
indecomposable hereditary algebra is generically tame if and only if H is of Dynkin or
Euclidean type.

Then, applying Propositions 5.6 and 5.7, we obtain the following fact.

Proposition 7.1. Let H be an indecomposable hereditary algebra, T a tilting module in
mod H without indecomposable preinjective direct summands (respectively, postprojective
direct summands), and B = Endy (T) the associated tilted algebra. Then the following
statements are equivalent:

(i) B is generically tame.
(ii) B is generically finite.
(iii) B is of Euclidean type.

We also recall the known characterizations of representation-infinite tilted algebras of
Euclidean type.

Proposition 7.2. Let H be an indecomposable hereditary algebra, T a tilting module in
mod H without indecomposable preinjective direct summands (respectively, postprojec-
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tive direct summands), and B = Endg(T) the associated tilted algebra. The following
statements are equivalent:

(i) B is of Fuclidean type.

(ii) xp is positive semidefinite.
(iii) T'p is almost periodic.
(iv) Xp is acyclic.

It follows also from general theory that, if B is a tilted algebra of Euclidean type as
above, then I'p consists of a postprojective component, a preinjective component, and
an infinite family ray tubes (respectively, coray tubes), and all but finitely many of them
are stable tubes of rank one.

Let B be a quasitilted algebra of canonical type with a separating family of ray
tubes (respectively, coray tubes). Then we have three possibilities for B with respect to
behavior of its Euler form x g (see [30]):

(1) xp is positive semidefinite of corank 1, and B is a tilted algebra of Euclidean type,

(2) xp is positive semidefinite of corank 2, and B is a tubular algebra in the sense of
Ringel [51,54] (see also [25]),

(3) xB is indefinite.

The following proposition follows from results established by Meltzer in [42].

Proposition 7.3. Let B be a quasitilted algebra of canonical type with a separating family
of ray tubes (respectively, coray tubes), and assume that xp is indefinite. Then B admits
a wild concealed quotient algebra C.

The following fact was proved by Lenzing [26].

Proposition 7.4. Let B be a tubular algebra. Then B is generically infinite of polynomial
growth.

Summing up, we obtain the following fact.

Proposition 7.5. Let B be a quasitilted algebra of canonical type with a separating family
of ray tubes (respectively, coray tubes). Then the following statements are equivalent:

(i) B is generically tame.
(ii) B is generically of polynomial growth.

)
)
)
)

(iv) B is a tilted algebra of Euclidean type or a tubular algebra.

(iii) xpB is positive semidefinite.



P. Malicki, A. Skowronski / Journal of Algebra 518 (2019) 1-39 37

Furthermore, applying [28,42] and the known results on the module categories of
tubular algebras, we obtain the following proposition.

Proposition 7.6. Let B be a quasitilted algebra of canonical type with a separating family
of ray tubes (respectively, coray tubes). Then the following statements are equivalent:

(i) B is a tilted algebra of Euclidean type or a tubular algebra.
(ii) Tp is almost periodic.
(iii) Xp s acyclic.

It follows also from general theory that, if B is a tubular algebra, then I'p consists
of a postprojective component, a preinjective component and infinitely many ray tubes
and coray tubes, and there are infinitely many stable tubes of rank at least two.

Finally, we recall also the following known fact.

Proposition 7.7. Let B be a wild concealed algebra. Then there are infinitely many iso-
morphism classes of modules M in ind B such that [Endg(M)| < |Exth (M, M)|.

Now Theorem 1.10, Corollary 1.11, and Theorem 1.12 follow from Theorem 1.5 and
the results presented above.

References

[1] I. Assem, D. Simson, A. Skowronski, Elements of the Representation Theory of Associative Algebras
1: Techniques of Representation Theory, London Math. Soc. Stud. Texts, vol. 65, Cambridge Univ.
Press, Cambridge, 2006.

[2] I. Assem, A. Skowronski, B. Tomé, Coil enlargements of algebras, Tsukuba J. Math. 19 (1995)
453-479.

[3] M. Auslander, Representation theory of Artin algebras II, Comm. Algebra 1 (1974) 269-310.

[4] M. Auslander, I. Reiten, S.O. Smalg, Representation Theory of Artin Algebras, Cambridge Stud.
Adv. Math., vol. 36, Cambridge Univ. Press, Cambridge, 1995.

[5] D. Baer, W. Geigle, H. Lenzing, The preprojective algebra of a tame hereditary Artin algebra,
Comm. Algebra 15 (1987) 425-457.

[6] R. Bautista, P. Gabriel, A.V. Roiter, L. Salmerén, Representation-finite algebras and multiplicative
basis, Invent. Math. 81 (1985) 217-285.

[7] K. Bongartz, P. Gabriel, Covering spaces in representation theory, Invent. Math. 65 (1982) 337-378.

[8] O. Bretscher, P. Gabriel, The standard form of representation-finite algebra, Bull. Soc. Math. France
111 (1983) 21-40.

[9] F.U. Coelho, E.M. Marcos, H.A. Merklen, A. Skowroniski, Module categories with infinite radical
square zero are of finite type, Comm. Algebra 22 (1994) 4511-4517.

[10] W. Crawley-Boevey, On tame algebras and bocses, Proc. Lond. Math. Soc. 56 (1988) 451-483.

[11] W. Crawley-Boevey, Regular modules for tame hereditary algebras, Proc. Lond. Math. Soc. 62
(1991) 490-508.

[12] W. Crawley-Boevey, Tame algebras and generic modules, Proc. Lond. Math. Soc. 63 (1991) 241-265.

[13] W. Crawley-Boevey, Modules of finite length over their endomorphism rings, in: Representations
of Algebras and Related Topics, in: London Math. Soc. Lecture Note Ser., vol. 168, Cambridge
University Press, Cambridge, 1992, pp. 127-184.

[14] G. D’Este, C.M. Ringel, Coherent tubes, J. Algebra 87 (1984) 150—-201.

[15] V. Dlab, C.M. Ringel, Indecomposable representations of graphs and algebras, Mem. Amer. Math.
Soc. 6 (173) (1976).


http://refhub.elsevier.com/S0021-8693(18)30592-1/bib415353s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib415353s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib415353s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib415354s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib415354s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4175s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib415253s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib415253s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib42474Cs1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib42474Cs1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib42475253s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib42475253s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib426F47s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib427247s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib427247s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib434D4D53s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib434D4D53s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4342s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4342302D31s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4342302D31s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib434231s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib434232s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib434232s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib434232s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib444552s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib445232s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib445232s1

38 P. Malicki, A. Skowronski / Journal of Algebra 518 (2019) 1-39

[16] Y.A. Drozd, Tame and wild matrix problems, in: Representation Theory II, in: Lecture Notes in
Math., vol. 832, Springer-Verlag, Berlin—Heidelberg, 1980, pp. 242-258.

[17] P. Gabriel, The universal cover of a representation-finite algebra, in: Representations of Algebras,
Puebla, 1980, in: Lecture Notes in Math., vol. 903, Springer, Berlin-New York, 1981, pp. 68-105.

[18] D. Happel, I. Reiten, Hereditary abelian categories with tilting object over arbitrary basic fields,
J. Algebra 256 (2002) 414-432.

[19] D. Happel, I. Reiten, S.O. Smalg, Tilting in abelian categories and quasitilted algebras, Mem. Amer.
Math. Soc. 120 (575) (1996).

[20] D. Happel, C.M. Ringel, Tilted algebras, Trans. Amer. Math. Soc. 274 (1982) 399-443.

[21] A. Jaworska, P. Malicki, A. Skowronski, On Auslander—Reiten components of algebras without
external short paths, J. Lond. Math. Soc. 85 (2012) 245-268.

[22] O. Kerner, Tilting wild algebras, J. Lond. Math. Soc. 39 (1989) 29-47.

[23] O. Kerner, Stable components of wild tilted algebras, J. Algebra 152 (1992) 184-206.

[24] O. Kerner, Wild tilted algebras revisited, Colloq. Math. 73 (1997) 67-81.

[25] H. Lenzing, A K-theoretic study of canonical algebras, in: Representation Theory of Algebras, in:
Conf. Proc., Can. Math. Soc., vol. 18, Amer. Math. Soc., Providence, RI, 1996, pp. 433—454.

[26] H. Lenzing, Generic modules over tubular algebras, in: Advances in Algebra and Model Theory, in:
Algebra Logic Appl., vol. 9, Gordon Breach, Amsterdam, 1997, pp. 375-385.

[27] H. Lenzing, H. Meltzer, Tilting sheaves and concealed-canonical algebras, in: Representation Theory
of Algebras, in: Conf. Proc., Can. Math. Soc., vol. 18, Amer. Math. Soc., Providence, RI, 1996,
pp. 455-473.

[28] H. Lenzing, J.A. de la Pefia, Wild canonical algebras, Math. Z. 224 (1997) 403-425.

[29] H. Lenzing, J.A. de la Pena, Concealed-canonical algebras and separating tubular families, Proc.
Lond. Math. Soc. 78 (1999) 513-540.

[30] H. Lenzing, A. Skowronski, Quasi-tilted algebras of canonical type, Collog. Math. 71 (1996) 161-181.

[31] Z. Leszczynski, A. Skowronski, Tame generalized canonical algebras, J. Algebra 273 (2004) 412-433.

[32] S. Liu, Degrees of irreducible maps and the shapes of the Auslander—Reiten quivers, J. Lond. Math.
Soc. 45 (1992) 32-54.

[33] S. Liu, Semi-stable components of an Auslander—Reiten quiver, J. Lond. Math. Soc. 47 (1993)
405-416.

[34] S. Liu, Tilted algebras and generalized standard Auslander—Reiten components, Arch. Math. (Basel)
61 (1993) 12-19.

[35] S. Liu, Infinite radicals in standard Auslander—Reiten components, J. Algebra 166 (1994) 245-254.

[36] P. Malicki, J.A. de la Pena, A. Skowronski, Cycle-finite module categories, in: Algebras, Quivers and
Representations — Abel Symposium 2011. Abel Symposia 8, Springer-Verlag, 2013, pp. 209-252.

[37] P. Malicki, A. Skowroniski, Almost cyclic coherent components of an Auslander—Reiten quiver, J. Al-
gebra 229 (2000) 695-749.

[38] P. Malicki, A. Skowronski, Algebras with separating almost cyclic coherent Auslander-Reiten com-
ponents, J. Algebra 291 (2005) 208-237.

[39] P. Malicki, A. Skowroniski, Concealed generalized canonical algebras and standard stable tubes,
J. Math. Soc. Japan 59 (2007) 521-539.

[40] P. Malicki, A. Skowronski, On the indecomposable modules in almost cyclic coherent Auslander—
Reiten components, J. Math. Soc. Japan 63 (2011) 1121-1154.

[41] P. Malicki, A. Skowronski, Algebras with separating Auslander—Reiten components, in: Representa-
tions of Algebras and Related Topics, in: European Math. Soc. Series Congress Reports, European
Math., Soc. Publ. House, Ziirich, 2011, pp. 251-353.

[42] H. Meltzer, Auslander-Reiten components of concealed-canonical algebras, Collog. Math. 71 (1996)
183-202.

[43] I. Reiten, A. Skowronski, Sincere stable tubes, J. Algebra 232 (2000) 64-75.

[44] 1. Reiten, A. Skowronski, Characterizations of algebras with small homological dimensions, Adv.
Math. 179 (2003) 122-154.

[45] I. Reiten, A. Skowroniski, Generalized double tilted algebras, J. Math. Soc. Japan 56 (2004) 269-288.

[46] C. Riedtmann, Many algebras with the same Auslander—Reiten quiver, Bull. Lond. Math. Soc. 15
(1983) 43-47.

[47] C.M. Ringel, Representations of K-species and bimodules, J. Algebra 41 (1976) 269-302.

[48] C.M. Ringel, Finite dimensional hereditary algebras of wild representation type, Math. Z. 161 (1978)
236-255.

[49] C.M. Ringel, The spectrum of a finite dimensional algebra, in: Ring Theory, in: Lect. Notes Pure
Appl. Math., vol. 51, Marcel Dekker, New York, 1979, pp. 535-597.


http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4472s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4472s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4761s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4761s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib485265s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib485265s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib485253s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib485253s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4852s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4A4D53s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4A4D53s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4B65s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4B6532s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4B6533s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C6531s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C6531s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C6532s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C6532s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C4Ds1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C4Ds1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C4Ds1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C5030s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C50s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C50s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C53s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C65536Bs1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C31s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C31s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C32s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C32s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C33s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C33s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4C34s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D505331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D505331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D53322D35s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D53322D35s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5333s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5333s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5334s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5334s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D5334s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D65s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib4D65s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib525331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib525332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib525332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib525333s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526965s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526965s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D303031s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D303032s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D303032s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D3031s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D3031s1

P. Malicki, A. Skowronski / Journal of Algebra 518 (2019) 1-39 39

[50] C.M. Ringel, Separating tubular series, in: Séminare d’Algébre Paul Dubreil et Marie-Paul Malliavin,
in: Lecture Notes in Math., vol. 1029, Springer—Verlag, Berlin—Heidelberg, 1983, pp. 134—-158.

[61] C.M. Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Math., vol. 1099,
Springer-Verlag, Berlin—Heidelberg, 1984.

[62] C.M. Ringel, Representation theory of finite dimensional algebras, in: Representations of Algebras,
in: Lond. Math. Soc. Lect. Notes Ser., vol. 116, Cambridge University Press, Cambridge, 1986,
pp. 7-79.

[63] C.M. Ringel, The regular components of the Auslander—Reiten quiver of a tilted algebra, Chin. Ann.
Math. Ser. B 9 (1986) 1-18.

[564] C.M. Ringel, The canonical algebras, with an appendix by W. Crawley-Boevey, in: Topics in Algebra,
in: Banach Center Publ.; vol. 26, Part 1, PWN, Warsaw, 1990, pp. 407-432.

[55] D. Simson, A. Skowronski, Elements of the Representation Theory of Associative Algebras 2: Tubes
and Concealed Algebras of Euclidean Type, London Math. Soc. Stud. Texts, vol. 71, Cambridge
University Press, Cambridge, 2007.

[56] D. Simson, A. Skowronski, Elements of the Representation Theory of Associative Algebras 3:
Representation-Infinite Tilted Algebras, London Math. Soc. Stud. Texts, vol. 72, Cambridge Uni-
versity Press, Cambridge, 2007.

[67] A. Skowronski, Generalized standard Auslander—Reiten components without oriented cycles, Osaka
J. Math. 30 (1993) 515-527.

[58] A. Skowroriski, Generalized standard Auslander-Reiten components, J. Math. Soc. Japan 46 (1994)
517-543.

[59] A. Skowronski, Cycles in module categories, in: Finite Dimensional Algebras and Related Topics,
in: NATO Adv. Stud. Inst. Ser., Ser. C, Math. Phys. Sci., vol. 424, Kluwer Acad. Publ., Dordrecht,
1994, pp. 309-345.

[60] A. Skowroriski, On the composition factors of periodic modules, J. Lond. Math. Soc. 49 (1994)
477-492.

[61] A. Skowroriski, Minimal representation-infinite artin algebras, Math. Proc. Cambridge Philos. Soc.
116 (1994) 229-243.

[62] A. Skowronski, Simply connected algebras of polynomial growth, Compos. Math. 109 (1997) 99-133.

[63] A. Skowronski, Tame quasi-tilted algebras, J. Algebra 203 (1998) 470-490.

[64] A. Skowronski, Generalized canonical algebras and standard stable tubes, Colloq. Math. 90 (2001)
77-93.

[65] A. Skowrorniski, K. Yamagata, Socle deformations of self-injective algebras, Proc. Lond. Math. Soc.
72 (1996) 545-566.

[66] A. Skowronski, K. Yamagata, Galois coverings of selfinjective algebras by repetitive algebras, Trans.
Amer. Math. Soc. 351 (1999) 715-734.

[67] A. Skowroniski, K. Yamagata, Frobenius Algebras I: Basic Representation Theory, European Math-
ematical Society, European Math. Soc. Publ. House, Ziirich, 2011.

[68] A. Skowroniski, K. Yamagata, Frobenius Algebras II: Tilted and Hochschild Extension Algebras,
European Mathematical Society, European Math. Soc. Publ. House, Zirich, 2017.

[69] A. Skowronski, G. Zwara, Degeneration-like orders on the additive categories of generalized standard
Auslander—Reiten components, Arch. Math. (Basel) 74 (2000) 11-21.

[70] H. Strauss, On the perpendicular category of a partial tilting module, J. Algebra 144 (1991) 43-66.

[71] Y. Zhang, The structure of stable components, Canad. J. Math. 43 (1991) 652-672.


http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526930s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526930s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526931s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526931s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D3836s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D3836s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib52692D3836s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5269312D32s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5269312D32s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526932s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib526932s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5331s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5332s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib53332E35s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib53332E35s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib53332E35s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5335s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5335s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5337s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5337s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5333s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5334s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5336s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5336s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535931s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535931s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535932s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535932s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535933s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535933s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535934s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535934s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535As1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib535As1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5374s1
http://refhub.elsevier.com/S0021-8693(18)30592-1/bib5As1

	The structure and homological properties of generalized standard Auslander-Reiten components
	1 Introduction and the main results
	2 Preliminary results
	3 Proof of Theorem 1.2
	4 Proof of Theorem 1.1
	5 Proof of Theorem 1.5
	6 Proof of Theorem 1.6
	7 Generically tame algebras
	References


