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1. Introduction

Braces were introduced by W. Rump [1], as a generalisation of radical rings, in order
to study the non-degenerate involutive set-theoretic solutions of the quantum Yang-
Baxter equation. He also obtained a correspondence between these solutions and braces.
Later, through the efforts of D. Bachiller, F. Cedd, E. Jespers, and J. Okniniski [2,3] the
classification of involutive set-theoretic solutions of the quantum Yang—Baxter equation
was reduced to that of braces, and they provided many new classes of such solutions.
Recently, skew braces were introduced by L. Guarnieri and L. Vendramin [4] in order to
study the non-degenerate (not necessarily involutive) set-theoretic solutions.

On the other hand, S. Chase and M. Sweedler [5] introduced the concept of Hopf-
Galois extensions in order to generalise the classical Galois theory. Later, Hopf—Galois
theory for separable extensions of fields was studied by C. Greither and B. Pareigis [6].
They showed how to recast the problem of classifying all Hopf-Galois structures on a
finite separable extension of fields as a problem in group theory. Many advances relating
to the classification of Hopf-Galois structures were made by N. Byott [7-9], S. Carnahan,
L. Childs [10], and T. Kohl [11]. Recent work by A. Alabadi and N. Byott [12] studied
the cyclic extensions of fields of squarefree degree, also T. Crespo and M. Salguero ob-
tained results on the properties of Hopf—Galois structures on a separable field extension
of degree p™ [13].

A fruitful discovery, which was initially noticed by D. Bachiller [14], revealed a con-
nection between Hopf—Galois theory and skew braces, which linked the classification of
Hopf—Galois structures to that of skew braces; thus making skew braces objects of inter-
est in number theory as well as group theory, ring theory, and mathematical physics. The
connection of skew braces to ring theory and Hopf-Galois structures was further stud-
ied by N. Byott, A. Smoktunowicz, and L. Vendramin [15]. L. Childs [16] investigated
certain correspondence between Hopf—Galois structures and skew braces.

Despite many efforts both the classification of skew braces and Hopf-Galois structures
remain widely open. For example, in [17] cyclic braces were classified, and in [18] braces
of order p® were classified. Recently, in [19] a method for describing skew braces with
non-trivial annihilator was given, and braces of order p?q have been studied in [20]. The
classification and understanding the structure of skew braces has become more important
as they find connections to other areas, for example to concepts in ring theory, see [21,22],
and quantum information [23], as well as number theory. Recently, a list of open problems
on skew braces has been posed by L. Vendramin [24], a few of which were looked at by
T. Nasybullov [25].

To this end, in the author’s PhD thesis [26], an explicit and complete classification of
skew braces and Hopf-Galois structures of order p> for a prime number p was provided.
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In particular, the work includes an independent proof of the results by D. Bachiller [18]
on braces of order p3. In this paper, as our main results, we provide a classification for
skew braces and Hopf—Galois structures of Heisenberg type for a prime p, which we have
chosen to be greater than 3 for simplicity. However, our methods can be adapted for
p=2,3 as well (p = 2,3 has been treated in the author’s PhD thesis). We classify these
skew braces and Hopf-Galois structures using methods of N. Byott [8] and by conducting
a deep study into the holomorph of the Heisenberg group.

Furthermore, we determine the automorphism group of each skew brace that we clas-
sify, and as a result we are able to determine all the Hopf—Galois structures of Heisenberg
type on a Galois field extensions of degree p®. In our subsequent two papers we aim to
provide our findings relating to the classification of skew braces and Hopf-Galois struc-
tures of Extraspecial type (of the type Cp2 x Cp) in one paper, and skew braces and
Hopf-Galois structures of type C’g in the second paper. These results are currently avail-
able in the author’s PhD thesis [26] Sections 4.2, 4.3, and 4.5.

We shall begin by providing relevant background information and stating a summary
of our main results in the next subsection. The subsequent sections are devoted to the
calculations relating to proofs. In particular, Lemmas 4.2, 4.4, and 4.6 are devoted to
the classification of skew braces. In Subsection 4.1 there is a list of all skew braces
classified in this paper. The automorphism groups of these skew braces and the number
of corresponding Hopf-Galois structures are determined in Lemmas 4.3, 4.5, and 4.6. For
readers interested to have the list of regular subgroups of the holomorphs of groups of
order p®, we refer them to the author’s PhD thesis [26]. Finally, we determine the socle
and annihilator of these skew braces. We show that there are non-trivial skew braces
of Heisenberg type with trivial socle and annihilator, so these cannot be described by
methods of [19].

1.1. Background
A skew (left) brace [cf. 15] is a triple (B,@®,®) which consists of a set B together
with two operations @ and ® such that (B, ®) and (B, ®) are groups (they need not be
abelian), and the two operations are related by the skew brace property:
a®bdc)=(a0b)oad (a®c) for every a,b,c € B,
where ©a is the inverse of a with respect to the operation @. The group (B, ®) is known

as the additive group of the skew brace (B, ®,®) and (B, ®) as the multiplicative group.
A morphism, or a map, between two skew braces

¢ :(B1,®1,01) — (B2, ®2,2)

is a map of sets ¢ : By — By such that the maps
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@ (B1,®1) — (B2, ®2) and ¢ : (B1,®1) — (B2,®2)

are group homomorphisms; the map ¢ is an isomorphism if it is a bijection.

We call a skew brace (B,®,®) such that (B,®) 2 N and (B,®) & G a G-skew
brace of type N; we refer to the isomorphism type of (B, ®) as the structure of the skew
brace (B, ®,®). If @ is abelian, nonabelian respectively, we call (B, ®, ®) a skew brace of
abelian, nonabelian type respectively. We note that a skew brace of abelian type coincides
with the one that was initially defined by W. Rump called a brace (aka a classical
brace). Skew braces provide non-degenerate (not necessarily involutive) set-theoretic
solutions of the quantum Yang-Baxter equation. The paper of A. Smoktunowicz, and
L. Vendramin (also N. Byott) [15] provides an excellent introduction to skew braces and
their connection to noncommutative algebra, mathematical physics, and other areas.

We recall some definitions and facts relating to Hopf—Galois structures and their con-
nection to skew braces. For L/K a finite Galois extension of fields with Galois group G,
a Hopf-Galois structure on L/K consists of a finite dimensional cocommutative K-Hopf
algebra H, with an action on L, which makes L into an H-Galois extension, i.e., H acts
on L in such way that the K-module homomorphism

Jj: L®g H— Endg (L) given by j(z ® y)(z) = zy(z) for z,z € L,y € H

is an isomorphism. For example, the group algebra K[G] endows L/K with the classical
Hopf-Galois structure. However, in general there can be more than one Hopf-Galois
structure on L/K. Hopf-Galois structures have many applications in Galois module
theory, for example, when studying the freeness of rings of integers of extensions of
global or local fields as modules (e.g., see [27]). Through the work of C. Greither and B.
Pareigis [6] the classification of Hopf-Galois structures was reduced to a group theoretic
problem via the following theorem.

Theorem 1.1 (C. Greither and B. Pareigis). Hopf-Galois structures on L/K correspond
bijectively to regular subgroups N C Perm(G) which are normalised by the image of G,
as left translations, inside Perm(G).

In particular, every K-Hopf algebra H which endows L/K with a Hopf-Galois struc-
ture is of the form L[N]¢ for some N C Perm(G) a regular subgroup normalised by the
image of G, as left translations, inside Perm(G). Here G acts on the group algebra L[N]
through its action on L as field automorphism and on N by conjugation inside Perm(G).
Subsequently, the isomorphism type of N became known as the type of the Hopf—Galois
structure, and we shall refer to the cardinality of N, which is the same as the degree of
the extension L/K, as the order of the Hopf-Galois structure.

The connection between Hopf—Galois structures and braces was initially noticed by
D. Bachiller [14], later this connection was made more explicit by N. Byott and L.
Vendramin in [15]. For example, one can prove (see Section 2) that given a G-skew brace
(B,®,®), the map
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d: (B,®)— Perm (B, ®)

ar— (dg :b— a®b) for all a,b € B

is a regular embedding, i.e., d is an injective map whose image Imd is a regular sub-
group. In particular, Imd is normalised by the image of (B,®) in Perm (B,®). This
together with Theorem 1.1 enables us to obtain a Hopf-Galois structure on L/K. Con-
versely, one always obtains a skew brace from a Hopf—Galois structure. However, there
are more Hopf—Galois structures than skew braces, in particular skew braces parametrise
Hopf-Galois structures.

Finally, we remark that since working with Perm(G) can often be difficult, as it
becomes rapidly large as size of G increases, in order to overcome this, N. Byott [7]
proves the following statement — here L. Childs reformulation [cf. 28, p. 57, (7.3) Theorem
(Byott)] is given.

Theorem 1.2 (N. Byott). Let N be a group. Then there is a bijection between the sets

N {a: N < Perm(G) | «(N) is regular on G} and

g def {B: G — Perm(N) | B(G) is regular on N}.

Under this bijection, if a,o’ € N correspond to 8,8 € G, then a(N) = o/ (N) if and
only if B(G) and B'(G) are conjugate by an element of Aut(N). Furthermore, a(N) is
normalised by the left translation if and only if B(G) is contained in Hol(N).

Using Theorem 1.2, N. Byott shows that if ¢/(G, N) is the number of regular subgroups
of Hol(NV) isomorphic to G, then the number of Hopf-Galois structures on L/K of type
N is given by

_ [Au(@)]
e(G,N) = me (G,N). (1)

In the author’s thesis [26] we used formula (1) to find the number of Hopf-Galois struc-
tures, but in the current paper we parametrise Hopf-Galois structures along skew braces

and count them using the orbit stabiliser theorem. We obtain the same results, but in
the process we additionally find the automorphism groups of our skew braces too.

1.2. Summary of the main results

We give a summary of our main results in this subsection. First, for the rest of this
paper we shall assume p > 3 is a prime number. We shall denote by Cp- the cyclic group
of order p” for any natural number r. Unless otherwise stated we shall always assume G
and N are finite groups.
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Recall there are two nonabelian groups of order p3: the exponent p nonabelian group
of order p3, or otherwise known as the Heisenberg group,

My € (p,o,7 | pP = 0P =77 =1, 0p = po, Tp = pr, T0 = poT) = C2 % Cp,

and the exponent p? nonabelian group of order p3, or otherwise known as the Extraspecial
group of order p?,
M, & <U,T \ o =P =1, 70 = ap+17'> = Cpz2 1 Cp.

In this paper we are concerned with M;. We fix as our type the group M; and find all
skew braces and Hopf—Galois structures of type M;. The main results of this paper can
be summarised as follows.

Theorem 1.3. The skew braces of My type are precisely
2 —p+3
M -braces and
2p+1
C;’ -braces.

Proof. Follows from adding the numbers found in Lemmas 4.2, 4.4, 4.6 of Section 4, see
Proposition 4.1. 0O

Theorem 1.4. Let L/K be an M, extension of fields. Then there are
(2p° = 3p+1)p°
Hopf-Galois structures of My type. Let L/ K be a C’S extension of fields. Then there are
®* - +p-1)p?
Hopf-Galois structures of My type.

Proof. Follows from adding the numbers found in Lemmas 4.3, 4.5, 4.6 of Section 4 see
Proposition 4.1. 0O

2. Preliminaries

In this section we provide the necessary preliminaries and describe our strategy for
classifying skew braces and Hopf-Galois structures.
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2.1. Skew braces and Hopf-Galois structures

The following proposition provides an explicit connection between Hopf-Galois struc-
tures and skew braces (where ideas of the proof are similar to [15, Proposition A.3]).

Proposition 2.1 (Skew braces and Hopf-Galois structures correspondence). There exists
a bijective correspondence between isomorphism classes of G-skew braces and classes of
Hopf-Galois structures on an extension L/K with Galois group G, where we identify two
Hopf algebras L[N1]¢ and L[N»]¢ giving Hopf-Galois structures (as in Theorem 1.1) on
L/K if Ny = aNia™?t for some a € Aut(G).

Proof. Let (B,®,®) be a G-skew brace i.e., (B,®) & G, we can assume (B,®) = G.
Then the map

d: (B,®) — Perm (B, ®)
ar— (dg :b— a®b) forall a,b e B

is a regular embedding. Now, for any a € (B, ®) and b, ¢ € (B, ®), using the skew brace
property, we have

bo (do (b @c))=bo (ad (b7 0c)) = ((b®a)©b) ®c=dpeaes(c),

where b~ is the inverse of b with respect to ®. This shows that the image of (B, ®) is
normalised by the image of (B, ®) inside Perm (B, ®) as left translations. We also find
an action of (B,®) on (B,®) by b-a=(b®a)©bforbe (B,®) and a € (B,®). Now
for

a:(B,®1,0) — (B,©2,0)

an isomorphism of skew braces, we have a commutative diagram

(B,®1) —2— Perm (B, ®)

(B, ®2) —2 Perm (B,®),

where C,, is conjugation by o € Aut (B, ®) inside Perm (B, ®). Furthermore, if we fix
a Galois extension of fields /K with Galois group (B, ®), then L[(B,®)]®:®) endows
L/K with a Hopf-Galois structure corresponding to the skew brace (B, ®,®) and when
two skew braces with the same multiplication group are isomorphic then the correspond-
ing Hopf-Galois structures can be identified.
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Conversely, suppose we have a Hopf-Galois structure on L/K which can always be
given by L[N]¢ for some regular subgroup N C Perm(G) which is normalised by the
image of G as left translations inside Perm(G). The fact that N is a regular subgroup
implies that the map

€:Perm(G) — G

n—n-lg,

induces a bijection ¢ = €¢|xy : N — G, € restricted to N, as subgroups of Perm(G).

Now we can define a skew brace B by setting (B, ®) def G, considered as a subgroup of

Perm(G) via the left translations, and defining

def _ _
g1®92= ¢ (6 (1) '(g2)) for g1,92 € G.
The fact that N C Perm(G) is normalised by G implies that for all g € G and n € N we

have gn = fg g for some f, , € N. Therefore, for g1 = ¢(n1), g2 = ¢(n2), g3 = ¢(n3) €
G, we aim to show

910 (g2® 93) = (91 © 92) © g1 © (91 © g3)-
Note by definition we have
910 (92 @ g3) = (1) © (¢(n2) ® ¢(n3)) = d(n1)p(nans).
Now consider the element ¢(n1)nens € Perm(G). Using the relation gn = f; ,g we have
d(n1)n2nz = fomy)mans @(11)
for some fy(n,),nons € N. Now applying € to both side we get the relation
¢(n1)¢(n2”3) = f¢(n1),n2n3(¢(n1))
in G. Note, in general for elements n and p of Perm(G) we have
e(np) = (p) - 1a = nlp-1a) = n(e(p)),

SO fo(n1)mans (@(11)) = & (fo(n1)mansn1) in G. Note also that fy,, is a homomorphism
on n:

fg,nlnzg =gning = f97nlgn2 = f!],nl fgﬂlzg

Therefore, we find
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(fqb nl),ngngnl) = ¢ (fgb(nl ),n2 ffﬁ(”l nsnl)
(¢ ¢ (fqb(m nznl) ny ¢ ¢ (f¢(n1 nsnl))
(¢~ ¢(n2))ny ' o~ (¢(n1)o(nz)))

-1

91 © (g2 © g3)

=¢
¢
o (¢
¢

(@5_1 (9192) (¢_1(91))

= (910 92)©91® (91 © g3),

¢! (9193))

thus we have a skew brace (B, @, ®) which is a G-skew brace of type N. In particular, if
N; C Perm(G) is a regular subgroup whose image is normalised by G and « € Aut(G),
then No def aNia~! is a regular subgroup whose image is normalised by G, and the two
skew braces corresponding to N7 and Ny are isomorphic by . O

Remark 2.2. Note in fact Proposition 2.1 above is implied by Theorem 1.2 and [15, Propo-
sition A.3]. We shall state [15, Proposition A.3] later (see Proposition 2.5). However, we
decided to include the calculations for a direct proof of Proposition 2.1 for completeness,
which leads to an explicit relationship between the Hopf-Galois structures and skew
braces. The question relating to the explicit relationship between the Hopf—Galois struc-
tures and skew braces was first asked from the author by Prof Agata Smoktunowicz.
The answer can be reached by unravelling Theorem 1.2 and [15, Proposition A.3] which
is what has been done in Proposition 2.1.

The above proposition also helps us to understand the automorphism groups of skew
braces.

Corollary 2.3 (Automorphism groups of skew braces). Let (B, ®,®) be a skew brace. Then
there exists a natural identification

Autg, (B,®,0) = {a € Aut (B,0) | a(Imd) o' CImd}.
Proof. Note that if (B,®,®) is a skew brace and
a:(B,®,0) — (B,®,0)
an automorphism, we obtain a commutative diagram

(B,®) —%— Perm (B, ®)

(B,®) <4 5 Perm (B,©),
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implying that o (Imd) @~! C Imd. On the other hand, if a (Imd)a~! C Imd for some
a € Aut (B, ®), then « gives rise to an automorphism of (B, @, ®). From this observation
one can see that

Autp, (B,®,0) = {a € Aut (B,®) | a(Imd)a™" CImd}.

Next corollary shows how to obtain the number of Hopf-Galois structures using skew
braces. Let e(G, N) be the number of Hopf—Galois structures of type N on the field
extension L/ K whose Galois group is G. Denote by Gy the isomorphism class of a G-skew
brace of type N. For later use we also set é(G, N) to be the number of isomorphism classes
of G-skew braces of type V.

Corollary 2.4 (Number of Hopf-Galois structures parametrised by skew braces). We have

AutBr
Proof. Fix G and let
S(G,N)={M C Perm(G) | M = N and M is regular normalised by G} .

Firstly, note that Aut(G) acts on S(G, N), induced by conjugation in Perm(G), and a
set of orbit representatives, say {NVi,..., N}, give a list of non-isomorphic skew braces
according to Proposition 2.1. Secondly, by Theorem 1.1 we find e(G, N) = |S(G, N)|,
and so we have

R~ B |Aut(G |Aut(G
N ; (Orb(N:)| = Z [Stab (V. Z |Autp, (G

Therefore, to find skew braces and Hopf-Galois structures of order n, it suffices to
find the regular subgroups N C Perm(G) for every group G of size n. However, in many
cases Perm(G) can be too large to handle. Fortunately, by somehow reversing the role of
G and N, instead of studying the regular subgroups of Perm(G), one can study regular
subgroups of a smaller group, the holomorph of N:

) def

Hol(N N x Aut(N) ={na|n € N, a € Aut(N)},

also we can organise these objects in an easily manageable manner as we shall explain
shortly. These ideas in Hopf-Galois theory were initially developed by N. Byott [7,8].

Let us start with skew braces. Suppose (B, ®,®) is a skew brace. Then the group
(B,®) acts on (B,®) by (a,b) — a ® b, and we obtain a map

m: (B,®) — Hol (B, ®)

ar— (Mg :b—a®b)
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which is a regular embedding. To see this one needs to check that the map

Ao (B,®) — (B,9)
b—0a®(a®b)

is an automorphism, and that the map

A:(B,®) — Aut (B, ®)
a+— Mg

is a group homomorphism. Then one has m, = a\, € Hol (B, ®) for all a € B. Addi-
tionally, for a: (B,®,®1) — (B, ®, ®2) an isomorphism of skew braces, we have

(B,®1) — Hol (B, ®)

(B,®2) ~2 Hol (B, ®),

where C,, is conjugation by a € Aut(B,®) considered naturally as an element of
Hol (B, ®). This with similar procedure as used to prove Proposition 2.1 gives the fol-
lowing proposition of [15].

Proposition 2.5. There exists a bijective correspondence between isomorphism classes of
skew braces of type N and classes of regqular subgroups of Hol(IN) under conjugation by
elements of Aut(N).

Proof. [15, Proposition A.3]. O

In particular, we find another way of computing the automorphism groups of skew
braces:

Autg, (B,®,0) = {a € Aut (B, @) |a(Imm)a™" C Imm}. (3)

Therefore, in this way to find the set of non-isomorphic G-skew braces of type N, it
suffices to find the set containing regular subgroups of Hol(/V) which are isomorphic to
G, and then extract a maximal subset whose elements are not conjugate by any element
of Aut(N). In particular, [cf. 8] one can organise these regular subgroups, and hence
the corresponding skew braces and Hopf—Galois structures, according to the size of their
image under the natural projection

O : Hol(N) — Aut(N)

no— a. (4)
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In other words, if S (G, N,r) is the set of regular subgroups of Hol(N) isomorphic to G
whose image under the natural projection © has size r, then the set of regular subgroups
of Hol(N) isomorphic to G is a finite disjoint union

S(G,N) =[] S(G,N.n).

Furthermore, Aut(N) acts on each S(G, N,r) via conjugation inside Hol(N), and a set
of orbit representatives provides a set of isomorphism classes of G-skew brace of type
N, whose size upon embedding in Hol(N) and projecting to Aut(N) is r, which we
shall denote by Gn(r). In order to find the number of Hopf-Galois structures of type
N it suffices to find the automorphism group of each G-skew braces of type N using (3)
and use the formula given in (2). We shall set ¢/(G, N, r) = |S(G, N,r)| and denote by
¢(G, N,r) the number of isomorphism classes of skew braces Gy (r).

2.2. Regular subgroups of holomorphs

In this subsection we outline our strategy for finding regular subgroups contained in
Hol(N). Let us denote by

O : Hol(N) — Aut(N),

the natural projection with kernel N. Then the first step is to organise the regular
subgroups of Hol(N) according to the size of their image under the map 6.

Now suppose we want to parametrise subgroups H C Hol(N) with |©(H)| = m, where
m divides |N|. In order to do this, we first take a subgroup of order m of Aut(N), which
may be generated by some elements aq, ..., as € Aut(N), say

Hy ¥ (ay, ..., ) C Aut(N).

Next, we take a subgroup of order |mﬁ of N, which may be generated by 71, ...,m- € N,
say
def
H1 i <7]1, ...,nr> Q N.

We also take ‘general elements’ vy, ...,v5 € N, and we consider a subgroup of Hol(N) of
the form

H= <7717 cees Ty V101 ...,Usa5> .

Now we need to classify the constraints on vy, ..., vs such that H is regular, i.e., H has
the same size as N and acts freely on N. It is easy to see that there are many restrictions
on vy, ...,Us and in many cases no choice of vy, ...,vs will result in a regular subgroup.
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Notice that |H| > |N| since we have the following commutative diagram

H, H © H,

[ [

N — Hol(N) —2% Aut(N),

where the hook arrows are natural inclusion, and the second row is exact, but the first
row is not necessarily exact. One of our goals is to select vy, ..., vs such that the first row
is exact, which would imply that |[H| = |N|. In particular, we need H N N = H;. That
is for example, if there is a relation say a® = 1 in Hs, then we need to ensure that
(v1a1)™ = vyoft -0t 1 € H;. Furthermore, we need to ensure that H acts freely on
N, and so for example, if v; € Hy for some i, then H will not be acting freely.

More generally we require the following. For H to have the same size as IV, we require
for every relation R (aq,...,as) =1 on Hy to have

R (uy (viar) wy, ..oy us (vsag) ws) € Hy,

for every wuy,wn, ..., us, ws € Hi. For H to act freely on IV, it is necessary that for every
word W (a, ..., a5) # 1 on Hy we require

W (ur (viar)wi, ..., us(vsas)ws) Waq, ...,ozs)f1 ¢ Hy,
for every uy,wn, ..., us, ws € Hy; so in fact we must have

(M y ey My V14 ey Ug) = N

However, in general there may be other conditions on v; that need to be taken into
account — for example, some elements of H need to satisfy relations between generators
of a group of order |N|. Therefore, as already mentioned, it can happen that desirable v;
cannot be found. To find all regular subgroups we repeat this process for every m, every
subgroup of order m of Aut(N), and every subgroup of order |mﬂ of N.

Finally, in order to find non-isomorphic skew braces, we need to check which of these
regular subgroups are conjugate to one another by elements of Aut(N). Note, if H and
H are regular subgroups of Hol(N) with |©(H)| = |©(H)| = m, then H and H are
conjugate by an element of 8 € Aut(N) if

B(H,) C Hy and SH2B~" C Hy,

ie,, when H = (1, ..., 0, 01001, ..., V55 ), We need

<771B? "'7n£avlﬁﬁalﬁ_la "'7U§Basﬁ_1> g H.
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Our starting point is studying the Heisenberg group of order p? and its automorphism
group.

3. The Heisenberg group M,

For p > 2 the exponent p nonabelian group of order p3, or otherwise known as the
Heisenberg group, which we denote by Mj, has a presentation

M1d§f<p,a,7\ppzap27p:1, op = po, Tp= pr, TUZ/)UT)ECI%NCP.

Note, the above relations imply that for positive integers aq, as, a3, as, we have

o702 503,04 pa2a30a1+a37_a2+a4
from which we also obtain the relation
a1 _as\n lajaan(n—1) naj _nas
(o™ 7%2)" = p2 ot rnez, (5)

We note that the group M; contains p? — 1 elements of order p, thus p? +p + 1
subgroups of order p, which are of the form

(), (p"a),{p’c°T) for a,b,c=0,....p — 1.

Also M, contains p + 1 subgroups of order p?, which are all isomorphic to C’g , of the

form
P, 1), <,0, O’Td> ford=0,...,p—1.

The next proposition determines the automorphism group of M;. For the analogous
result over Z see [29)].

Proposition 3.1. We have |Aut(M;)| = (p> — 1)(p — 1)p* and
Aut(M;) = C2 x GLo(F,),

where C’g in the semi-direct product above is generated by the automorphisms (B,~v €

Aut(M,) defined by

o =0, 7% =pr and

o' =po, TV =T.
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The (left) action of GL2(Fp) on Cg = (B,7), in the semi-direct product, is given by
ai as __ pai.—a ai as . __ n—az_a
(as a4> B =p"yT" and <a3 a4) v =870,
a1 a
where (a; ai) € GLo(F,).

Proof. Let o € Aut(M;). Then we have

O_Oé — pbl 0_(117_&3

7_0( — pbz O_a27_(l4
for some ay,as,as, aq,by,bs € Z/pZ. Note, p* is determined by this:

o _ o« a,_ay—1 __ a1a4—0a2a3
p =71 (c%7%) " =p ;

8o « is bijective if and only if ajay — asaz Z 0 mod p. We shall write

0 al ag 0 A

ajayq — agas bl b2
[ ] o [det(A) by by
0 asz aq

to represent a. This is only a representation, and not a matrix, so composition of auto-
morphisms does not in general correspond to matrix multiplication. In fact composition
of automorphisms yields the following.

det(A) by by det(A’) b, b
0 A © 0 A

:KdetO(A) blA b2> (det(()A’) b’lA, b’2>+<8 010 02”

for
1y 1 1 () / !
Ci = 501%01(@1 -1)+ §a2a4a3(a3 — 1) + azajazag
. 1 1 (o / /
Cy = §a1a3a2(a2 -1)+ §a2a4a4(a4 — 1) + azazazay.

The group M; has centre Z = (p) of order p and
M\/Z = (7,7) = Cy,
where 7,7 € My /Z are the images of o, 7 € M;. Thus we obtain a natural homomorphism

v Aut(Ml) — Aut(Ml/Z) = GLQ(FP)
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Since M, /7 = Cg is abelian, we see that the set of inner automorphisms of M; is
contained in the kernel of ¥ i.e., Inn(M;) C Ker¥. Note Inn(M;) & M;/Z. Now if
a € Ker ¥, then we must have 79771 € Z and 0%~ € Z i.e.,

for some integers ry, 7o = 0, ..., p— 1, which implies that p® = p. There can be at most p?
choices for such «, which implies that Inn(M;) = Ker ¥. We further find Ker¥ = (3, %)

where
w01 w10
B=EJ10 1 0],v<=1]0 1 0f.
0 0 1 0 0 1

To show that the map ¥ is surjective, for any element

A (‘c‘ Z) € GLy(F,)

define a map

bd

ad — be 5

ac

. def 2
oy My — My given by ay = 0 a
c

b
0 d

It is easy to check that A — a4 is a group homomorphism. Therefore, we find a split
exact sequence

1 — C2 — Aut(M;) — GLo(F,) — 1.

One can check that the left action of GLy(F,) on C7 is given by

al a’2 . _ al ~,—as a/l a2 . _ —a ., a4
<a3 a4) B ="y and <a3 a4> v = AT

Note the above corresponds to

aq

aaf =Ny ®ay and agy = T 2y%May. O

4. Skew braces of M, type

In this section we classify the skew braces and Hopf—Galois structures of M type. The
main result of this section is the following (which is a proof of Theorems 1.3 and 1.4).
Recall, (G, N) is the number of G-skew braces of type N and e(G, N) is the number of
Hopf-Galois structures on a Galois extension with Galois group G of type N.
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Proposition 4.1. We have
e(My, My) = 2p* —p+3,

e(C3, My) =2p+1,

and (G, My) =0 for G 2 M, or CS.
Furthermore, we have

e(My, My) = (2p* — 3p+ 1)p°,
e(Cy, My) = (p° = 1)(p* +p — 1)p?,
and e(G, M) =0 for G 2 My or CS,

Proof. This follows from the calculation in the rest of this section, particularly the first
part follows by adding the relevant numbers from Lemmas 4.2, 4.4, and 4.6
e(Mi,My)=1+2(p—1)+ (2p—3)p+4=2p° —p+3,
e(Co, M) =2+2p—1=2p+1,

and the second part follows by adding relevant numbers from Lemmas 4.3, 4.5, and 4.6
e(My, My) =1+ (p° = p* = )(p+ 1) + (p* —p* = 20> + 2p + p + (p* — 1)p’

= (2p° — 3p+ 1)p?,
e(Cp, M) = (p° = 1)(p+ Dp* + (* = D(* = 2)p> = > - DHP* +p—-1p°. O

We note that at the end of Lemmas 4.2, 4.4, and 4.6 there are lists of non-isomorphic
skew braces together with a description of their automorphism groups.

Before we begin to prove Lemmas 4.2, 4.3, 4.4, 4.5, and 4.6, we need to set up some
notations. Let us denote by

Wt 10 w1 00 ]l 01
ar =10 1 0|, =10 1 0|,a3=1]0 1 0f.
00 1 01 1 0 0 1

Note in Proposition 3.1, we had «; = v and a3 = (. Furthermore, we showed that
Aut(Mj) can be written as

Aut(Ml) = Cz X GLQ(FP)»

where the factor C7 is generated by automorphisms a1, a3 € Aut(Mi). The (left) action
of GLy(FF,) on C? is given by
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ap az —a ap a2 —asz . a
a car = aftag ca3 = a; Pagt. (6)
3 Q4 az aq

Therefore, the holomorph of M; can be identified with
Hol(My) = My x (C7 x GLy(Fy)).

Now the image in GL2(F,) of a subgroup G C Hol(M;) of order p® under the composition
of projections

© : Hol(M1) — Aut(M;) and ¥ : Aut(M;) — GLy(F))

must lie in one of the p 4+ 1 Sylow p-subgroup of GLa(F}), which are conjugate to the

def (

subgroup generated by 81 <= (] {); thus we have

O(G) C Ag(My) = C2 % (BB157") = M, for some § € GLa(F,),
and so any subgroup of Hol(M;) of order p? lies in a subgroup of the form
My x Ag(My) for some 8 € GLo(F,).
Note, the elements ay, ag, @z € Aut(M;) have order p, and they satisfy
Qo0 = 10, Q301 = A1Q3, Q30 = Q1Q20;3. (7)

Thus, we have that (a1, ag, a3z) = M is one of the p+ 1 Sylow p-subgroups of Aut(M),
which is the one we can, and shall, without loss of generality, work with. First, note that
for |©(G)| = 1, we have

e(My, My,1) =e(My,M;,1) =1 and
e(G,Ml,l) = g(G,Ml, 1) =0if G # M1~

We shall deal with the cases |©(G)| = p, p?,p® in the following lemmas.
It will be useful for our calculations to derive the explicit formula for (vaf*as?as®)”
for natural numbers 7, a; for ¢+ = 1,2,3 and an element v = p"1g¥27"% € M;. For this we

first note that we have

1 CL1
al a2 asz
Qp ot ag -
0 a9
_ a1U2+ azvz(va— 1)+a3v3UTa2v2 (8)

Now by using (7) and (8) we find
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r—1
(vaftagrag®)” = | [T vor™ | (afag?af?)”
§=0
= M7 (aftagad)’ )
(note order of the product matters and is in increasing j) with
def o1 vy 1 . .
k; < <0,11)2j + 5020302 (G—1)+ 0202 (vo—1)j+ agvgj) ,

forj=0,...,r—1,

r—1 r—2

o T—
def av ..
L =UL(r) = Zk;j—i— 22 . j(G+1), and
j=1 j=1
4 fr—l
l=1(r) = > .
j=1

The second summation in I, arises by moving the 792927 terms to gather them in one
place using the relation 70 = por. Note, here I; and [y are divisible by r for r > 3 a
prime number, so we find

(vai'as?ag®)’ =1 (10)
for every v € M since p > 3. Note further that in (9), when as = 0, we have
(vajtag®)” € v a{ as™ (p), (11)

where (p) is a normal subgroup of Hol(M;) since it is a characteristic subgroup of Mj.

It will further be useful, when finding the non-isomorphic skew braces, to derive
the explicit formula for a term of the form « (vaj'a3?a§®)a~! for an automorphism
a € Aut(M;). Now if

a=~p € Aut(M;) = Cg x GL2(F,) where
def

T def [ b b
v = a11a33 S CZQ), B = (b; bz) S GLQ(]FP),

then, using (6), we have

a (vatag?as®) a !

(a1—azag)bs—azbs —(a1—azasz)ba+asby as p—1_—r1 —r
1 a3 fag*B™ ag :

~ (a-v)aj'afa o5,

where using the section of the exact sequence in Proposition 3.1, we have
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B v = plet(B)vit3(bibava+bobava) (GblTb3>U2 (o_szb4)v37
which gives
v = pPrghivetbevs pbavatbavs - here (12)
U1 def det(B)v1 + % (bgbl’lig + b4b21)§) + bobsvavs + 11 (byvg + bavs) + r3 (bgvg + byvs)
The above implies that, when ay = 0, we have
-1

a1bs—azbs azbi—aibs (13)

o (vaftaft)a ! = (a-v) it asbiggebi s

with - v as given in (12), and when ay # 0, we can set by = 0, since we want to remain
within (o, a2, as), and in this case since we have

1 —1
5 b4 b —1 —1
azp—1 _ 292 (1 ) azby by
Bay’B™ " =aq 0y ,

so (when by = 0) we get

by—asbs+ by tbatLagbs (b7 -1 —1
a(va‘flozg?a?)a*l _ (Oz~’l)) Oéi“ 47 a303TT3020; D4T 342 4( 1 )a¢212b1 b4OLng1, (14)

where a - v can be calculated using (12). Now we can start our main calculations.

Lemma 4.2. For |©(G)| = p there are exactly 2(p — 1) M;-skew braces of My type and
two C’g—sk‘ew braces of My type.

Proof. If G C Hol(M;) with |©(G)| = p is a regular subgroup, then we can assume,
without loss of generality, that ©(G) C (aq, as, a3) is a subgroup of order p. We also
have that G'N M is a subgroup of order p?. Therefore, ©(G) is one of
(aftas?as®) for ai,a2,a3 =0,...,p — 1 with (a1, as,as3) # (0,0,0),
(each occurring p — 1 times) and G N M; is one of
(p,7), <p, O'Td> ford=0,...,p—1.
Suppose we consider subgroups of the form
G = (p,or,h) where h o Tatag?ag®.
Note, using (8), we must have

h(or) h™' =1 (afag2ag® - (o79)) 771 = predtatlgratd ¢ (p ord)
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and since for a natural number r we have
(O'Td)T _ p%dr(rfl)O_TTTd’
the pairing is possible only when as = 0. Therefore, we consider subgroups of the form
G = d def a1 as
= (p,o7% h) where h = Taj'aj’.

But now since the automorphism of M; corresponding to (ﬁd _11) € GL3(F,) maps the
subgroup <p, O'Td> to (p, T), we can assume every one of these skew braces is isomorphic
to one containing the subgroup (p, 7).

Hence, up to conjugation, we must have
G — h dif ai a2 a3z
= (p,7,g) where g = oaj'a3?as®.
Note, using (8), we have

grg~!

o(a]tas?as® - 7) ol = p(“3_1)7' € (p,7) and
gpg~' = (' az?as? -p)o~t = p e (pT),

so the pairing is possible. Further, it follows from (10) that g? = 1. Now, for r # 0, using
(8), we have

a2 ag

97" = (oaf*ag?ag®) " = p" o aft

07" e agtag = @ Vrrg, (15)

so G is abelian if and only if ag = 1. Furthermore, all these subgroups are regular since
they have order p3 and (p,7) U {o} C Orb(1), i.e., since |Orb(1)| > p?, their action on
M is transitive.

Therefore, for ag = 1 we find regular subgroups isomorphic to C;’ of the form

</0’ T, 0'0((110(3> ) <p7 T, Ualllaga3> = Cg

fora=0,...,p—1,b=1,...p—1, (16)

and for ag # 1, setting r = (1 — a3)71 in (15), we find regular subgroups isomorphic to
M of the form

fora=0,...,p—1, bc=1,...,p—1 with ¢ # 1. (17)

To find the non-isomorphic skew braces corresponding to the above regular subgroups,
we let

a=7p € Aut(M;) = C’g x GL3(F,) where
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def o, p def (b b
7= atay e C’g, B = (b; bi) € GLo(F,),

and we work with automorphisms which fix the subgroup {(p,7), i.e., when by = 0. In
such case, using (14), we have

_ a1b47a3b3+7‘3a2b1_1b4+%a2b4 bl_lfl) b—lb
o (oo affog) o~ = (a- o)a (722) ot o g

where using (12)

1

a-o= p2b1b3—T1b1+T3b30-b17-b3.

Now since
a(ocafas) a = (a-0) a‘fb“_Cbgagbl € abla‘fb“_CbBagbl (p,T),

we have

aby tby—cbT b3 .

byt 1
)t aT € oay a5 (p,T) .

a(cafaf

Thus if we conjugate the subgroup (p, 7,0a$§) with the automorphism corresponding to
(_alcfl (1)) we get (p, T, 0afas), and now the subgroups (p, 7,0a$) for different values of
¢ cannot be conjugate to each other.

Next, working similar to above, we have

. aby 'ba—cby bg+rgbby ba+ Lbby by (bl—1,1)(c+1) b 2h,4
Qo

b
a(catabas)” a ! €oaq as (p, ).

Thus, if we conjugate the subgroup (p, 7, caza$§) with the automorphism corresponding
to (_ai—l 2), we get <p, T, 0a§a§a§>, and now again the subgroups (p, T,caz0§) for
different values of ¢ cannot be conjugate. Finally, we note that

pt ab;1b4+r3bb;2b4+%bb;1b4(b;l—1) bbb, (
a
2

a(oafay)” a leoa P, T),

SO

_1 abl 1y (

-1
a(cad)’ « €oa; 0T,

which implies that conjugating the subgroup (p, 7, ca;) with the automorphism corre-

sponding to (), we get (p,7,0ab), and conjugating the subgroup (p,,0az) with the

—1
ab (12

automorphism corresponding to a4 0 ), we get <p, T, Ua’fab>.
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Therefore, we have non-isomorphic skew braces
<p7 T, Ua3> 7<p7 T, O'CVQOZ3> = Og’ (18)
(p,T,001), {p,T,0009) ,{p, T,005) ,{p, T,00005) = My for c=2,....,p — 1,

and counting them we find that there are 2(p — 1) M;j-skew braces of M; type and two
C]‘Z’—skew braces of M7 type. O

Lemma 4.3. There are

®—p"—1p+1)

Hopf-Galois structures of My type on Galois extensions of fields with Galois group G =
My and |©(G)| = p, and exactly

(»* —1)(p+ 1)p?

Hopf-Galois structures of My type on Galois extensions of fields with Galois group G =
C3 and |6(G)| = p.

Proof. To find the number of Hopf—Galois structures corresponding to the skew braces
n (18) of Lemma 4.2,

<P, T, 0'053> ) <p7 T, Ja2a3> = Cg’
(p,Ty001), (p, T, 002) , {p,T,0085), {p,T,00e05) = My for c=2,...,p—1,

we need to find the automorphism groups of these skew braces.
We let

a =vf € Aut(M;) where v def atas?, def <Z; 2i> )

and since we need a ({p, 7)) = (p, T), we must set bo = 0. Now, if o € Autp,((p, T,00%)),
since we have
—1

C)bl

—cby b
a(oaf v ag

a”! € ooy a5 (p,7),
we must have bz = 0, thus we find

Autp,((p,7,005)) = {O‘ € Aut(My) | a = af*af* () bi)} '

If a € Autp, ({p, T, 0205)), since we have
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— b7 by +rabT 2ba+ 37 ba (b7~ )(c+1) b12b4 .

—1
a(oazal)’™ ate ooy a5 (p,7),

we must have by = b? and

— by Yy 4 r3b]%by + %bl‘lb4 (b7 =1) (c+1)

= b b s+ gbr (b~ 1) (1) =0,
so we find

Autp,((p, 7,00205)) = {a € Aut(My) | = a11a§b1 st 1)(C+1)(2; b%)}
If o € Autp, ({p, 7,001)), since we have
! (qu)bl_1 ale Ualiflb“ (p,T),
we must have b; = by, and we find
Autp,((p,7,001)) = {a € Aut(My) |a = a?a?(ié bol )} .

Finally, if o € Autg,((p, 7, 00:2)), since we have

bt raby 2bat $b7 ba (b7 1) o2y,

a(oag)" o™t € oy Oy (P, 7)

we must have by = b3 and r3 = 1(b; — 1), we find
L(p—
Aute (p, 7,002)) = {o € Aue(d) | a = afad V(2 2}

Therefore, we have

[Aut(My)|
e M 7M, e =
P D (TN
1)y (P
\Aut(M1)| + |Aut M1 Z |Aut M1)|
|Autp,((p,7,001))|  |Autg,({p, T,002)) |[Autg, ({p, T,005))]
|[Aut(My)|

|[Autg, ({p, T, caaas))|

e 1 1 = 1 1
= D= ((p— 07 - D +; b1 - 1)1’2)

=@ - -1p+1),
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and similarly

Aut(C3)|
e(C3, My, p) = | I
" (CHm, (p) |AUtBT((CS)Ml)|
|Aut(C3)] Au(CD)]

|AutBT(<pa T, O'Oé3>)| IAUtBT(<paT> 0'042063>)|

1 1
=@’ =)@ -n)@° - 1p?) <(p 12 T 1)

) — - D+ ) o

Lemma 4.4. For |©O(G)| = p? there are exactly (2p — 3)p My -skew braces of My type and
2p—1 Cg—skew braces of My type.

Proof. If G C Hol(M;) with |©(G)| = p? is a regular subgroup, then we can assume,
without loss of generality, that we have ©(G) C (ay, s, a3) a subgroup of order p?. We
also have G N M; a subgroup of order p. Therefore, ©(G) is one of

(a1, a3), (a1,a2a8) fora=0,...,p—1,
and G'N M; is of the form
<pbac7'd> for b,e,d =0,...,p — 1 with (b,¢,d) # (0,0,0),

each occurring p — 1 times. We shall consider all subgroups of order p in M; and always
of pairing them with a subgroup of order p? of (a1, as, as).
Let us consider a subgroup of the form

G = (u,var, was?az®) for (ag,as) # (0,0), u,v,w # 1.

Suppose u = p“1o"“27 v = p¥g27" and w = pW'o™27"3. Then, we need the follow-
ing.

(var) u(vay) ™ = (- u) vty = puetuavsTusv: @ (y) (19)

(was?a§?) u(was?as®) ™ = w(ag*af® - w)w u~t =

1 2
Sasuz(us—1)+azustusws—uzws—aguswWs —asuUs ,_aA2U
pzezua(ta=l) 272 € (u), (20)

(van) (wag?ag®) (wag*ag®) (var)) " =

1

wa az as a0z (v2—1)+azvi —azvi+vowy —viws
(P vwon 0y o )(P2 2 T

-1
a2v2vwa1a;2 ags)

— pwg—%az112(U2—1)—a3v1+azv§—vgw1+vlw2T—azvg c <u> . (21)
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First assume ug = 1. Then, multiplying va; and wag?as® by suitable powers of u if
necessary, we can further assume vs = w3 = 0. Now (19) implies that ug = v2 and (20)
implies that we need

p%azuz(uz—1)+a3—w2—aguzwg—azugTaqu c <pu1 O_'LLQT> ,
s0 ug = v = 0 and az = ws. In such case (21) implies that we need

p? € {p*oiT),

so wg = 0, which implies that G cannot be regular. Thus, we cannot have any pairing with
subgroups of the form <pbac7'>. Similarly, if uo = 1, then we can assume vy = wo = 0.
Now (19) gives v3 = —1, also (20) gives ag = 0, and (21) gives ag = 0 which is not
possible. Thus, the only possibility for v is u = p and then (21) implies that we also need
a2V = 0.

Therefore, we may only consider subgroups of the form

G = (p,vaq, was?as®) with agve = vy = wyp = 0.

There are two main cases to consider.
Case I: Let us consider

G = {p,uay,vas) .
Then (uaq) p = p (uay) and (vas) p = p (vas), also we have

(uay) (vasz) = p*?uvarag and

(vaz) (uay) = p“Svuaiaz = pU3 T2 U 20 g, (22)

so G has order p?® and is abelian if and only if vy = u3 + usv3 — uzve mod p; furthermore,
for G to be regular we need usvs — ugve Z 0 mod p.

Therefore, for usvs — ugve # 0 mod p we have regular subgroups isomorphic to C]‘Z’ of
the form

<p7 ’LLO[l,UOé3> = CS (23)

for A= (5; gi) € GLy(F,) with v = ug + det(A).

For vy — uz — ugvz + ugve Z 0 mod p, we find regular subgroups isomorphic to M; of the
form

(p, uary, vag) = M (24)

for A= <Z§ Zj) € GLy(F,) with vy — ug — det(A) # 0 mod p.
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To find the non-isomorphic skew braces corresponding to the above regular subgroups,

we let By (w o) and note that considering (12) and (14), it suffices to work with
an automorphism corresponding to 3 < (g; Zi) € GLy(F,) with b wf det(3)~!, and we
find

ﬂ (ual)blb (’UO[3)b2b ﬂfl — pkal (bﬁﬂOBT) ooy,
B (uon)™” (vag)™® B~ = p* (b8BT - Tas

for some k1, ko, where superscript T' denotes the transpose of a matrix.
Now if ug # 0, then

(1 0N [uz v/ 1 0\ (1 w-us)
ke —us U2 us U3 —us U2 —\0 det(ﬁo) ’

if v3 # 0, then

—1 0 1 Ug V2 0 1 Tﬁ 1 Vo — U3 .
U3 —V3 Vg us VU3 —V3 VU2 —\0 det(ﬂo) ’

if up = v =0 and ug # —wvs, then

T
e (2 )8 ) (2 )= )
and finally if us = v3 = 0 and uz = —vs, then
bIBI" = fo.
Thus every one of our regular subgroups above is conjugate to one of the form

to t —t t
<p, ooy, 02T 3a3> , <p,7’ ‘o, 0 4a3> for some to, t3, t4,

and these for different values of to,t3, and ¢4 are not conjugate to each other.
Therefore, we find non-isomorphic skew braces

(p,oar, 0"t a3) , (p, 7 a1, 0% a) = Cg, (25)
(p,oa1, 0" 7" ag) , <p,7’7“5oq, 0“5a3> ~ M

forug =0,...,p— 1, ug,uz,us = 1,...,p — 1 with us # 2, us — ugy Z 0 mod p.
Case II: Next, we consider subgroups of the form

G = (p,zay, yagas) with zo = 0.
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Note, we have

(xaq) (yazag) = pP2rya;asaf and

(yaz0y) (xaq) = p*™ "2 pyag azasg, (26)

so G is abelian if and only if yo = axs — z3y2 mod p; furthermore, we need x3,y2 # 0
for G to be regular.

Therefore, for ys = axs3 — x3y2 mod p we find regular subgroups isomorphic to C’g’ of
the form

—1
(proar, o apaf T ) = 0 (27)
forys=0,....,p—1, yo,23=1,...,p— 1,

and for axs # ys + x3y2 mod p, we find regular subgroups isomorphic to M; of the form

<pa Tm3a1aya2ag> = Ml (28)

for a,y3 =0,...,p— 1, x3,92 = 1,...,p — 1 with axs — y2 — z3y2 Z 0 mod p.

Note, in the abelian case we have yo = axs — x3y2 mod p, and since x3 # 0, we can
rearrange to get a = (1 + x3)yar3 '

To find the non-isomorphic skew braces corresponding to the above regular subgroups,
it suffices to work with automorphisms corresponding to elements of the form g def

(Z; b(l) € GLy(F,). Then, using (12) and (14), we have

-1
(a5®B) (ngal)b4 (ag3ﬁ)_1 = p" 73y and

(052 8) (7720 )™ to03 " 7ottt =300 b —gebabi (W0 1) () it (g1 )1

2, —1 . 72_ . —l_l —1 _ _1 —1 —1_ . . 1 71_ 2, —1
= 2 guebiti T(ab1b3b4 rabr =167 (1—b1)— Labyb] (1>1b4 1))zs+b1y3+2b1(b1b4 1)y2a2agblb4 ’

for some k1, ke, and r3. Now conjugating the subgroup (p, 7*2aq, yaea§) with the auto-

: . 3(yz =D -zt yyt
morphism corresponding to o ( o

these subgroups for different values of a and x3 and ¥y are not conjugate to each other.

0 ayy *

- ) we get <p, Ty, 0a2a3y2 >, and
2

Therefore, we find non-isomorphic skew braces

T3 (1433)35 " 203 T3 ay o~ pf
P, T a, oago = C,, (p, 7" a1, 00205) = M (29)

fora=0,..,p—1, Z3,2z3=1,...,p—1 witha — (1 + xg)acgl % 0 mod p.
Thus, the corresponding non-isomorphic skew braces, combining (25) and (29), are

(p,oar, a7t as), (p, 7 a1, 0" az), (p, 7" a1, caaf) = My,
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— —2 2 z (A+23)75 '\ ~ 3
(p,oaq, 0" "2 ag) , <,0,T a1,0 a3> , <p,T 3oy, 0000y = (), for
a, us :07"'7p_1a U2,U47U57£‘37$3,: 1,7p_1

with us # 2, ug — uq Z 0 mod p, axs — (1 + x3) Z 0 mod p.
Therefore, there are

p-—Dp—(-D+@-2)+@-p—-(—-1)=@2p-3)p
M;-skew braces of M; type and

p-1)+1+(p-1)=2p-1
C3-skew braces of M type. O
Lemma 4.5. There are
(' —p° =20 +2p+ 1)p

Hopf-Galois structures of My type on Galois extensions of fields with Galois group G =
M and |©(G)| = p?, and exactly

(»* —1)(p* —2)p°

Hopf-Galois structures of My type on Galois extensions of fields with Galois group G =
C3 and |O(G)| = p*.

Proof. To find the number of Hopf-Galois structures corresponding to the skew braces
of Lemma 4.4, we need to find the automorphism groups of the skew braces

(p,oar, a3t as), (p, 7 " a1, 0" az), (p, 7" a1, canaf) = My,

us,_u —2 2 B (1+23)&5 3
(p,oa1,0"%T 2a3>,<p,7 ay,0 a3>,<p,7' Saq, 0anay = C, for

a, Uz = 07 D= 1, U3, Ug, Us, T3, T3 = ]-7 D= 1

with us # 2, uz —ug Z 0 mod p, axs — (1 + z3) Z 0 mod p.

We let

a =8 € Aut(a) where y ® aftap, 5 (P12

and set b % det(B)~1.
For skew braces of Case I of Lemma 4.4: If o € Autg,({p,ca1,0"27"3a3)), since we
have



216 K. Nejabati Zenouz / Journal of Algebra 524 (2019) 187-225

a(oan)"? (0" az)"* o™ = p* (8 ( 12)B7) - oan,
S e L A L R
we must have

b3 1 uo BT —p b% + bg(bﬂm + bgu;;) by (b3 + b4’LL2) + babsus _ 1 us
0 us b1b3 + b2(b3U2 + b4U3) b% + b4(b3U2 + b4U3) 0 us )’

Thus we need

b + ba(bruz + baug) = biby — babs
blbg + b2(b3u2 + b4U3) =0
b3 + ba(bsuz + byuz) = (bibs — babs)us

The second and third equations give

b1bgbg 4 baby(bzug + byug) =0
b2b§ + b2b4(b3U,2 + b4U3) = b2(b1b4 — b2b3)U3,

so we must have
—byb3by + bob3 = ba(byby — babz)us,

which implies that we must set b3 = —bsuz and by = by + bous which satisfies all three
equations. Thus we must have

At (p, 001, 07" ag)) = {a € Aut(M) @ = afad* (2, 4, )

where we need b? + biboug + bius # 0, i.e.,
(bl"LLQ —+ 2b2U3)2 7é b% (U% — 4U3) .

We now need to consider three cases for u3 — 4uz = 0 and when u3 — 4ug is a square
modulo p or not. We find

ug ~u3

|[Autp, ({p,car, 0273 a3))
)

‘Autgr <<p7 <7041,aw"7“g/4 >)‘ -1 p for ug # 0,
2 if ug # 0 and u2 — 4ug # 0 is a square,
|=(p—-1)% 3
| =

|Autg, ({p,0a1,0"2 T3 ag) (p? — 1)p* if uz # 0 and u3 — 4us # 0 is not a square.

We also have
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Autgr(<p,7'_”2a1,0”2a3>) = {a € Aut(My) | a = a’{lagf’(gé Zi)} .

For skew braces of Case II of Lemma 4.4: If o € Autg,({p, 73 a1, 0020%)), we need
to set by = 0, now since we have

byt
a(t®ay)t ol = pf1r®a; and

abibsby 2 —rgby = L1b7 (1—b1)—Sabibyt (bibg =1 bibrt  _
T R i S G AT L

— —2 -1 13—1 1 -1 —1 1 —1 2;—1
:pn2ab?b417(ab1b3b4 —rgby = 1b7 (1=b1)—Labyb; (b1b4 71))m3+§b1(b1b4 71>a2agblb4 ,

we must have by = b? and

1 1
r3 = aby ‘bz + 3 (by —1)(14a) + §b§x;1 (b1 +1);
thus we must have

Autg,((p, 7" a1, 00205))

abT bz +1 (b1 —1)(14a)+ L0225 (b1+1) /by O
:{O‘EAUt(Ml)\O‘:aT%I ’ e (b3b'{‘)}

Therefore, we have

|Aut(My)]
e(My, My, p*) = =
(M A0 (1))

Aut(M Aut(M
2 i u " 2 |Auts (<,|0 ;la(l 01317'“3013>)|
Autgr(<p, O’O[l,a'“&’r 4 O[3>)‘ u2—u3,u3,u§—4u3750 T ’ ’
u§74u;g is a square
Aut(M Aut(M
Z |Aut(M))| + Z |Aut(M))|

|Autp, ((p, 001, 02 T2 (3) )| |[Autp, ((p, 7721, 0v2a3))|

|wm

'u.2;£0,4

+

ug—ug,ug,u§—4u3¢0 v2#0,2
u§74U3 is not a square

el |[Autg, ({p, T*3 1, cazad))]
(1+as)z; ' #a
= (p* = D)@* - p)p°x

1 —-1 -1 -1
p—2 pT+(pT—1)(P—2)+pT+(pT)(p—2) p—2
(p—1)p? (p—1)%p? (p? —1)p? (p*> = 1)(p* — p)p?

(»—1)
e 1)p2>

= (' —p* —2p* +2p+ 1)p,
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and similarly

|Aut(C3)|
e(CSuMDPQ) = Z g =
(C3)a, (P?) |AutBT((CP)M1)|
|Aut(C))| 3 | Aut(C3)]
|Autp,({p, car, o*r4as))] Firmn |Autg, ((p, cal, cv2Tuzaz))|
isga square
3 |Aut(C3)] |Aut(C3)|
u3—4uz#0 |Autp, ((p,oar,04272a3))| - [Auts, ((p, 77 %a1, 0%as)]
is n2ot a quuare
’Aut(C’S)’

I
z37#0 ‘AutBT(<p’ T30, 0a2a§1+x3)x3 >))

=(@* -1 —p)® —p°)x

S it S ! -
(p—=1p* (-1 @*-1)p> @>-1)@>*-pp*> (p—1)p?
= -1)E*-2p> O

Lemma 4.6. For |O(G)| = p3 there are exactly four My-skew braces of My type and no
other. Furthermore, there are only

(»* - 1p’

Hopf-Galois structures of My type on Galois extensions of fields with Galois group G =
M and |©(G)| = p3.

Proof. If G C Hol(M;) with |©(G)| = p?, then we can assume, without loss of generality,
that O(G) = (a1, ag, ag), and so

G = (uay,vag, wag)

[ad

where u = p¥g¥27% v = plg¥27Y w = pWio™27™3 and G is isomorphic to O(G)
M. Now

uay) (van) = pP?uvagag and
p

1 _ _ —u2—
(’UOLQ) (ual) :p2u2(u2 1)+vzuz —uzva—u; 'LLQ'UQT'LLqualaZ’

so we need us = 0 and vg = —ugzve mod p. We have
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(uay) (wag) = p“?uway g and

(waz) (uay) = p*sTwst2=Us®20,0, g,

so, since us = 0, we need wy = uz — uzws mod p. Finally, we have

(uar) (vas) (wasz) = (pPuvaras) (was)

“1*”2(wrl)*%w2(w2*1)7“3+w2vwa1a2043 and

(waz) (vag) = pP3t®sv2=VsW2 0300,

so we need us + wo = 0 mod p and
up —vg(we — 1) — 5’[02(’(02 — 1) = v3 + w3vy — v3wy mod p.

Combining the above information, for G to be a group of order p3, we need, modulo p,

ug =0, v2 = —uzva, Wz = Uz — UzW2, Uz = —Ws,
up —ve(wg — 1) — %wg(wg — 1) = v3 + wzve — V3Wa. (30)
Now the equations wo = ug — usws and ug = —wso imply that
ug = —wo =0, —2.
Given this, the equation vy = —ugve implies that vo = 0. Now the final equation in (30)
reduces to
u; — §w2(w2 — 1) = v3 — vaws.

Thus, we can consider two cases for wy = 0 and wo = 2. If we = 0, then u,v and w
are of the form

and in this case G cannot be regular. Therefore, we must set we = 2, hence u, v, and w
are of the form

Now for G to be regular we need

(U(Xl)%(l_ul) (’U]Oé?,) — p'Ul"!'%ul(1—1/.1)Oé1%(17'“'1)0q3 ¢ Aut(Ml),
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so we need vy + %ul(l —u1) # 0 mod p. Therefore, G is conjugate to

1—'u.1 2 wsa

(P 72y, p T T M, p 0P TP as) = M)y

1
for uy, vy, w1, wsg =0,....,p — 1 with vy + §u1(1 —wu1) Z 0 mod p,
and there are (taking into account the p 4+ 1 conjugates)

(p+1)(p—1)p°

of these.

To find the non-isomorphic skew braces corresponding to the above regular subgroups,

it suffices to conjugate by automorphisms of the form « def B~y € Aut(M;), where

B &f (z; b04) € GLy(F,) and v def oftay’ € C2. Now using (12) and (14) we have

—1 —
a(uog)? a7t = (a . ub41) aq,

bibyt  — -1\ r34+3(1-b
a(vag)™ ot = (a-vb1b4 )af 2 l)ag,
byt Lwsby M (b7 —1)  pt —b7 b
a(waz)™ o™t = (a~ <p2 1! (0 )wbl a; b Pas,

so we have

o (uozl)b‘zl ot = (a . ubzl) o,

a (um)fmb;li%bzl(l*bl) (vozz)blerl ot = (Ol' (u_”b‘fl_%bll(l_bl)vblbll)) Qz,
a(ual)bflbgbil (wag)bfl ol — ((a ) ubflbgbgl) aa?;1b3b21 . (p;wsbll(blll)wbll)) os.
Note that we have

0 b1 0
0 bs by

bibs $b1bs+r1bi+rsbs r3by
o=
def 1
We let b5 = §b1b3 + 7"11)1 + 7"31)3. Now
a- ub4’1 _ pu1b1—2’r‘37_—2,

- (u—r:;b;l_%bgl(l_bl)vblbgl) _ pr3(2r3+1)+v1b§+%ulbl(bl—l)—zrsulblTl+2r3—u1b1’

(a,ubflbg,b;l) (aa?flbabzl ) <p%w3b11(b11—1)wb11>> _ pb3u1—2r3b;1b3T—2b;1b3

pFuabs (b1t 1) Fbawr 267 b 2b b tbs (2611 1) 2267 by bwaby b
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271+ 3wzby (bfl —1) +b4w1+u1b30_2Tw3bf1b4

We let

3 _ 1 1
ry = _Zw3b4 (bl 1 1) — 5()4’11}1 - §u1b37

1
r3 = §U1b17

which gives us

byt -2

a-ut =717,

—rgby P —L1b 7 (1=b1), b1yt vi4Lug(1—uq))b?
a.(u abi =305 (1=b)babi ) = p(ortpun(1-un))bl
_ _ -1 -1 1 —1(p—-1 — -
(a cubr 1b3b41> (aalil baba (PEwal (bl _1)wb1 1)) — g2rwsby ba

Next, for a fixed ¢ € F;' which is not a square, we can write

1
<U1 + Ju (1- u1)> =535

where 51 € F} and s = 1,4. Letting b; = :I:sf1 we get

—1
a-ub =1 2,

o - (u77"3b4_17%b4_1(1*bl)vblb4_l) = ,057'7
— — —1 -1 1 —1 —1 —
(a . ub11b3b41> (0(0{1;1 baby <p2wsb1 (b1 1)wb11>) — p2pEsiwsbs
Therefore, every such regular subgroup is conjugate to
-2 S 2 ts ~ f — _ 5
<T a1, p°Tan, 0T a3>fM1 ort3=0,1, s=1,9, (31)

and these subgroups are not further conjugate to each other, so they give us four non-
isomorphic skew braces.

To find the number of corresponding Hopf-Galois structures we determine the auto-
morphism groups of above skew braces. We let

0 = € Aut(0y) where 1 2 aT o, 5 (P 12)

and set by = 0. If o € Autlg,«(<7_2a1,ps7'a2,o’2

have

T'a3)), since by our notation above we
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-1
by 27"3,7_ 27

a-ut =p

o (u—mb;l_%bgl(l_bl)vblbzl) _ pr3(2r3+1)+sbf7_1+27’3’
b bsby ! brlbebyt [ htabyt(brt=1) bt 2+ dtaba (b1 =1) 2 b
o-ut 394 aal . p w't o p o°T 3V1 47

we must have r3 =0, b3 =1, r; = %t3b4 (1 — bfl), further b; = by if t3 = 1. Therefore,

we have
Autgr(<7_2a1,psTa2,02a3>) = {a € Aut(My) | a = (tl b04)}’
3(11_
Autlgr(<7'_2a1, psTa2,7'02a3>) = {a € Aut(My) | a = af(il 1)(f31 iol)} .

Now again we find

Aut())
e(Ml,M1,p3) = Z _
A M. 3
(M1)nry (p3) | UtBT(( I)Ml(p )

2 |Aut(My)] 2 |Aut(My)]

|Auts, ((T7 21, prag, 0%a3))|  |Auts,((T7 21, pTag, To2as))|
20 - Hp—1p* 20 -Hlp-1p* _ 3
2(p—1)p 2p ( )

4.1. Socle and annihilator of skew braces of My type

Finally, we note that from our classification of skew braces we are also able to de-
termine their socle and annihilator. Let B = (B, ®,®) be a skew brace. As before we
let

m: (B,®) — Hol (B, ®)

ar— (Mg :b—a®b)
and set

O : Hol (B,®) — Aut (B, ®)
na —s a.
We shall denote by A = ©m. Then Ker A = Imm N (B, @) inside Hol (B, ®).
First we note that [cf. 15, p. 23] an ideal of a skew brace B = (B, ®,®) is defined to

be a subset I C B, such that [ is a normal subgroup with respect to both operations &
and @, and A\,(I) C I for all @ € B. The socle of B is defined to be

Soc(B)déf{aeBML@b:a@b, bd(boa)=(bea)®bforall be B},
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which is an ideal of B, and one has Soc(B) = Ker AN Z (B, ®). Finally, [cf. 19, Defini-
tion 7], the annihilator of B is defined to be

Ann(B) ¥ Soc(B)NZ(B,®) =Ker ANZ (B, ®)NZ(B,0),

which is also an ideal of B.

Now we aim to explain what each of these terms, ideal, socle, and annihilator, corre-
spond to if we are given a regular subgroup H C Hol (N) and we consider it as a skew
brace. Recall first from Subsection 2.2, given a regular subgroup H C Hol (IV), it can be
represented as

H =N,y My V1000, ooy Vs Qs ) s

for H; def (m,..ynr)y € N and Hy def (a1, ...,a5) C Aut (N) and some vy, ...,vs € N.

Note also that we have a bijection
Yv:H— N
def
g— g1 = g(In).

To get a skew brace we can set (H,®) = H and define @ on H by
g®&h=9""(g1h1),

P
which makes (H, ®, ®) into a skew brace with (H,®) = N. Note the map ¥ now induces
an isomorphism

Hol (H,$) — Hol (NV)
98 — g1pByY,

which maps Ker A to Hy, and Im A to Hs.

Now for a subset I C H to be an ideal of H considered as a skew brace, we need
I C (H,®) to be a normal subgroup, @ (I) C N to be a normal subgroup (so I C
=1 (N) = (H,®) is a normal subgroup) and Hs (¢ (I)) C ¢ (I). Furthermore, one has

Soc(H) = Ker A\NZ (H,®) = H Ny~ (Z (N)),
and
Ann(H) = Hy Ny~ (Z(N))NZ(H).

Recall the skew braces of M; type, apart from the trivial skew brace (p, o, 7, as found
in Lemmas 4.2, 4.4, 4.6 are as follows.
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« For |[Ker \| = p? from Lemma 4.2, (18) we have non-isomorphic skew braces

<pa T, O'O[3> 5 <pv T, 0'042043> = CS? <pv T, 0'011> 5 <p7 T, 0'042> 5
P

(p,T,005), (p, T,00005) = M; for c =2,...,p— 1,
so in all these cases we have
Soc(H) = Ann(H) = {(p) .
e For |[Ker A\| = p from Lemma 4.4, (25) and (29), we have non-isomorphic skew braces

(p,oar, a1t as), (p, 7 " ay, 0" az), (p, 7" a1, caaf) = My,

uz —2 2 i (1+&s)a5 " 3
(p,oa1,0"21"%3) , <p,T a1,0 a3> , <p,T daq, oanasg ¢ )=, for
a,u;g:(),...,p—l, U27U47U57I37Ii3:1,...,p*1

with us # 2, ug —uq Z 0 mod p, axs — (1 + x3) Z 0 mod p,
so in all these cases we also have
Soc(H) = Ann(H) = (p) .
o For |[Ker A\| =1 from Lemma 4.6, (31) we have non-isomorphic skew braces
<T_2()l1, p57a2,027t3a3> > M fort3 =0,1, s=1,9,
so in all these cases have
Soc(H) = Ann(H) = 1.
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