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Abstract

Let (W, S) be a finite Coxeter system and A := Z[I"] be the group algebra of a finitely generated free
abelian group I". Let # be an Iwahori—-Hecke algebra of (W, S) over A with parameters vs. Further let
K be an extension field of the field of fractions of A and K#¢ be the extension of scalars. In this situation
Kazhdan and Lusztig have defined their famous basis and the so-called left cell modules.

In this paper, using the Kazhdan—Lusztig basis and its dual basis, formulae for a K -basis are derived that
gives a direct sum decomposition of the right regular K#¢-module into right ideals each being isomorphic
to the dual module of a left cell module. For those left cells, for which the corresponding left cell module
is a simple K#-module, this gives explicit formulae for basis elements belonging to a Wedderburn basis
of KF#¢. For the other left cells, similar relations are derived.

These results in turn are used to find preimages of the standard basis elements 7; of Lusztig’s asymptotic
algebra § under the Lusztig homomorphism from # into the asymptotic algebra §. Again for those left
cells, for which the corresponding left cell module is simple, explicit formulae for the preimages are given.

These results shed a new light onto Lusztig’s homomorphism interpreting it as an inclusion of # into an
A-subalgebra £ of K. In the case that all left cell modules are simple (like for example in type A), &£ is
isomorphic to a direct sum of full matrix rings over A.
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1. Introduction

For the situation described in the abstract Kazhdan and Lusztig have constructed their famous
basis {Cy | x € W}, where W is the Weyl group. Using that #f is a symmetric algebra they also
defined the dual basis {D,-1 | y € W}. Later in [1] Lusztig defined the asymptotic algebra g
together with the Lusztig homomorphism ¢ : # — &. All these objects have been used success-
fully to study the representation theory of J¢.

In the present paper, we build on these results and obtain two theorems and a few corollaries,
that help to explain the connections to the representation theory of F.

After some preparations in Sections 2 to 4 we show in Section 5 that for a left cell A, for which
the left cell module is simple, the elements {c71Cy Dyfl | x,y € A} where ¢ is some constant
depending only on A fulfill the relations of the standard basis of a full matrix ring over A and
span the isotypic component of KFf corresponding to the simple left cell module.

For the case that all left cell modules are simple, this explicitly yields a Wedderburn basis
of K#, giving an explicit isomorphism of K -algebras between K# and a direct sum of full
matrix rings over K. For the case of non-simple left cell modules the situation is not so good.
However, the rest of Section 5 exhibits, how much of the above results can still be shown. For
example, the right regular K#-module is still the direct sum of (explicitly given) right ideals
each of which is isomorphic to the dual of a left cell module.

Moreover, these results are used in Section 6 to construct preimages of the standard basis
(t;)zew of the asymptotic algebra ¢ under the Lusztig homomorphism. This allows to interpret
the Lusztig homomorphism ¢ : # — ¢ as the inclusion of # into an A-subalgebra of KF.

2. Notation

The basic reference for the setting is [2]. For the base ring we use a slightly more general
notation inspired by [3].

Let W be a finite Coxeter group with generating set S, and I" a totally-ordered abelian
group, written additively. Let A := Z[I"] be the group algebra, written exponentially, that is,
as a Z-module, it is free with basis {v¥ | y € I'} and basis elements are multiplied by the rule
v ¥ =’ We denote by . the set of elements of I that are greater than 0 and set
Ao := (v |y € I'cp)z. We define I'g, I'>0, I'<0, A~0, A>0, and Ao analogously. For ele-
ments a = ZyeF a, - v’ € A we define the degree by dega :=max{y € I' | a), # 0}.

Further, let L: W — I" be a weight function in the sense of Lusztig (see [2, 3.1]), that is,
we have L(ww") = L(w) + L(w’) whenever £(ww’) = £(w) + £(w’) for w, w’ € W, where ¢
denotes the usual length function on W. We shall assume L(s) > 0 for s € S.

Let vy, := v for w € W. We can now define the Iwahori-Hecke algebra # over A with
parameters vy to be the associative A-algebra with generators {7, | w € W} subject to the rela-
tions

T2 =Ty + (vs —v; )T, forallses,
Ty=Ts - Ty, for every reduced expression w =s7 - -+ - - s in W with s; € S,
where id € W denotes the identity element. Note that we use here a slightly more general base

ring than in [2], however, all proofs go through without change. In addition, our setup here has
already been used in [4], [5], and [3].
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The algebra # is free as an A-module with basis {T,, | w € W} (see [2, 3.3]) and has a
symmetrizing trace map t:H — A, Tig+— 1, Ty, — O for id # w € W, which makes # into a
symmetric algebra in the sense of [5, 7.1.1]. Note that this means in particular that T(h - ') =
T(h'-h) forall h, h’ € F¢. The dual basis of {T,, | w € W} with respect to 7 is {T)/ | w € W} with
T, =T, (for all of this, see [2, 10.3,10.4]).

Let K C C be a splitting field for W. Then K := K (v, | s € S) contains A as a subring and is
a splitting field for the extension of scalars K# := K ®4 #¢. This follows from [5, 9.3.5] and the
fact that our parameters v, are square roots of the parameters u; there. In addition, all irreducible
characters of K# can be realized over K .

Note that here and in the sequel we mean by a character of # an A-linear form on # with
values in K that comes from evaluating the trace of representing matrices of elements of #. We
denote the set of irreducible characters of K# by Irr(KF).

3. Kazhdan-Lusztig basis and cells

In this section we briefly repeat the definition of the famous Kazhdan—Lusztig basis and cells
and collect a few results for further reference.

We denote by ": A — A, a > a the ring automorphism mapping v? to v~ for y € I". This
involution can be extended to an involution of # by setting

Y aw Tyi=) ay-T).

weW weW

The involution ~: # — JH is in fact a ring homomorphism (see [2, Chapter 4]), but of course not
a homomorphism of A-algebras, as it is only A-semilinear with respect to ~ and not A-linear.

The algebra ¢ has an A-basis {C,, | w € W}, defined by Kazhdan and Lusztig in [6, §1] by
the two properties that

Cuo=Cy and Cy=)» pyuw-Ty
y<w

for all w € W, where py ,, € Ao for y < w and py = 1. Here and in the following, “<” for
elements of W denotes the Bruhat—Chevalley order. For a proof of existence and uniqueness see
[2, 5.2]. Note that our elements C,, are denoted by c,, in [2] and by C}, in [4-6].

For any y,w € W and s € S with sy <y < w < sw we define M;,w as in [2, 6.3] by the
requirements that

=5 s s
Hyw=Hyw and Z Py,z Mz — Vs Pyw € Ao

zeW
y<z<w; s7<z

for all such y, w, s. Then we have (see [2, 6.6 and 6.7]):

(Us+vs_1)~Cw for sw < w,
Cs-Cy=1Cspp+ X‘;V Wy Cy  forsw>w, (1
ye

sy<y<w
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and
(Us+vs_1)-Cw for ws < w,
Cw-Co=1Cus+ 2 iy, Cy forws>uw. )
yeWw !
ys<y<w

We denote the structure constants of # with respect to the basis {Cy, | w € W} by hy y -, that is,
we have

Ce-Cy=t) hey:-C. forallx,yeW.

zeW
Thus, Eq. (1) means, that we have
,w;,w ifsy<y<w<sw,
i _J1 ify=sw>w,
S0 vs+vs_l ify=w>sw,
0 otherwise.

The following definitions are from [2, 8.1]. We define y <; w to mean: either y = w or there is
an s € § such that the coefficient of Cy in the expansion of C; - Cy, in the C-basis in Eq. (1) is
non-zero. Let <y be the transitive closure of the relation <; and denote by ~ the associated
equivalence relation on W. The equivalence classes are called “left cells” and < induces a
partial order on the set of left cells.

We define y <z w analogously and denote the equivalence relation induced by <g with ~r
and call the equivalence classes “right cells.” For y, w € W we write y <y g w if there is a se-
quence y = Yo, V1, ..., yn = w of elements of W, such that, for i =0,1,...,n — 1 we have
Vi <L Yi+1 Or yi <R Yi+1- We denote the equivalence relation on W corresponding to the transi-
tive relation <z g on W by ~ g and call the equivalence classes “two-sided cells.”

Note that y < w is equivalent to y_1 <gwt (see [2, 8.1]).

If £2 € W is a disjoint union of left cells, we call £2 “complete,” if for every left cell A C £2
and for every left cell A’ <; A we have A’ C £2.

The set {C; | s € S} generates J as an A-algebra. Thus the definition of <y shows that if £2
is a complete, disjoint union of left cells, the A-linear span (Cy, | w € §2)4 is a left ideal in F#
and thus a left #-module. We call such an ideal a “left cell module” and denote it by LC?).

If ¥ C £2 are both complete, then LC@®) isan A-pure F-submodule of LCY? and we denote
the quotient module by LC*?\*) := L.C“?) /LC®) | In particular, this definition covers the cell
modules LCY involving a single left cell A, which already appeared in [6, 1.4].

We denote by {D,,-1 | w € W} the dual basis of {C,, | w € W} with respect to the symmetriz-
ing trace 7, i.e. we have

0 forw ,
T(CyDy1) = { . wii

(cf. [7, (5.1.10)]).
Using both bases and 7, we can now write every element of J¢ as a linear combination in
either basis:
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h=> t(Dy-1-h)Cy=Y_ t(Cy -h)D,1 forallheH. 3)
weW weW

To proof this equation just set 1 =", .y 0Cuw = Y, cw BuwDy-1 for ayy, By € A, multiply
both sides by D1 or by C; and apply 7.
We can now give a formula for the character afforded by a cell module of a single left cell A:

Xa(hy=Y t(D1-h-C;) forallhe H. 4)
ZEA

This holds, because the set {C, + LC*) | z € A} is a basis of the left cell module LCY =
LCH) /LC?) where £2 is the union of all left cells which are <z than A and X = £ \ A. The
entries of the representing matrix of 7z on LC" with respect to this basis are (Dy-1-h-C;) for
x,z€A.
All these definitions can be done analogously for right cells A and right cell modules RCY.
For the convenience of the reader we give the formula for the character value of an algebra
element with respect to the right cell module of a single right cell A:

xa(h) =Zr(cz h-D,) forallhe #.
ZEA

This uses the basis {C, + RC®) | z € A} of the right cell module RC™ | where X is the union
of the right cells that are <p A.

3.1. Definition (a-values, D, see [2, Chapter 13]). For z € W let
a(z) :=max{deghy y.|x,y€ W} and A(z):=—degp,

such that A(z) > 0.
Forx,y,ze Wlety, , -1 € Z be the coefficient of 2@ in hy,y,; and set

D:={deWla@d) =A@}
Further, let n, € Z \ {0} denote the coefficient of v~ 9271« in p; .

4. Some results for later reference

In this section we recall some results and statements for later reference and convenience of
the reader. The first few are for arbitrary type of the Coxeter group W. Then some stronger
results for type A are presented and finally, we repeat a subset of Conjectures P1 to P15 from [2,
Chapter 14], under the assumption of which we will later prove some results.

4.1. Lemma (Characterization of <y and <, see [7, (5.1.14)]). We have y <; w iwaDy_l #0
and we have y < w if Dy-1Cy #0.

Comment. In both statements also “only if” is proved in [7, (5.1.14)] for the equal parameter
case using that all ,w;)w are non-negative.

If W is of type A,_1, we have the following strong result:
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4.2. Theorem (One-cell modules are simple, see [6, Theorem 1.4]). Let W be of type A,—1 and
K = Q(I') be the field of fractions of A. Then for each left cell A, the extension of scalars
KLC™ of the corresponding left cell module LC'V is a simple KJ#-module. Further, the cell
modules coming from two left cells are isomorphic if and only if they lie in the same two-sided
cell, and all isomorphism classes of simple KFH-modules arise as left cell modules.

Comment on the proof. All this is shown in [6, Theorem 1.4]. For a more detailed exposition
see [8, Kapitel VI]. There also the connections to the Robinson—Schensted correspondence are
described in detail. O

Note. This result implies especially that all simple modules of K# are realizable as modules
of #€ over A. Therefore all characters x € Irr(K#) take values in A when restricted to #, such
that we can safely consider characters in Irr(K#) as A-linear forms on # whenever convenient.

Hidden in the proof of the previous theorem are proofs for the following statements, which
explain parts of the above theorem in more detail:

4.3. Theorem (Left and right cells, equal cell modules, see [6, Proof of 1.4]). Let W be of type
An_1. If Ais a left cell, then A~' = {x~' | x € A} is a right cell. For x,y € A with x # y, we
have x~! > y_l, such that we have:

Ifx~pyandx ~ry, then x = y.

If 2 is a two-sided cell, then the number of left cells in §2 is equal to the number of elements
in each left cell in §2 and to the number of elements in each right cell in §2 and to the number
of right cells in 2. The intersection between any left cell in 2 and any right cell in §2 contains
exactly one element. Moreover, if A1 and Ay are two left cells in the same two-sided cell, then
there is a bijective mapping ¢ : A1 — Ao, such that

T(Dx—l-h-CZ)ZT(D 'h'Cgﬁ(Z)) forallx,zeAl,

p(x)~!

i.e. the two matrix representations with respect to the two bases
{C.+LC*V |ze Ay} and {C.+LC*? |ze Ay}

are in fact equal (here X; is the union of all left cells < than A; fori =1,2).
The mapping ¢ can be described explicitly: For x € Ay, the element ¢(x) € Ay is the unique
element of Ay lying in the same right cell than x.

Comment on the proofs. The combinatorics regarding left and right cells follow from the
results about the “generalized t-invariant” cited there, which is the Robinson—Schensted corre-
spondence in this type A case. The statements about the number of elements and the number of
cells follow from the statements in Theorem 4.2 and the statement about equal matrix represen-
tations are proved in the proof of [6, Theorem 1.4] disguised as two W -graphs being isomorphic.
See [8, Kapitel VI] for a more detailed exposition. O

In the rest of this section, we present a subset of the Conjectures P1 to P15 from [2, Chap-
ter 14], under the assumption of which we will prove some results later on.
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4.4. Conjectures (Lusztig).

P4. If 7/ <pg z then a(z’) > a(z). Hence, if 7 ~Lg z, then a(z') = a(z).
PS5. IfdeD,yeW,and yy-1 , 4 #0, then yy-1 \ g =ng ==£1.
P6. Ifd € D, then d*> = 1.
P7. Forany x,y,z € W, we have yx y ; = Yy z.x-
PY. If 7 <y zand a(?’) =a(z) then 7/ ~ z.
P10. If7' <gr zand a(z') = a(z) then 7/ ~g z.
P11. If 7 < rzanda(z) =a(z) then 7/ ~Lp z.
P13. Any left cell A of W contains a unique element d € D. We have y,-1 . 4 # 0 for all x € A.

P14. Forany z € W we have 7 ~ gz~ .

These conjectures are all proved for important cases: If L = ¢ and W is a finite or affine Weyl
group (the “split case,” see [2, Chapter 15]), if W is dihedral (see [2, Chapter 17]), and if W is
quasi-split (see [2, Chapter 16]).

The following two corollaries are immediate consequences of P4, P9, and P10:

4.5. Corollary (Left cells and two-sided cells, see [7, (5.1.13)]). Assume that P4 and P9 hold.
Then we have:

o Ify<pwandy~Lgr w hold, then also 'y ~1 w.

4.6. Corollary (Right cells and two-sided cells). Assume that P4 and P10 hold. Then we have:
o Ify<gpwandy~pg w hold, then also y ~p w.

5. Wedderburn decomposition

In this section, we show connections between the Kazhdan—Lusztig basis and the Wedder-
burn decomposition of K#. The best results are for the case that all cell modules are simple as
K# modules, where we show, how to construct a Wedderburn basis explicitly in terms of the
Kazhdan-Lusztig basis and its dual basis.

We need one more piece of notation, namely the Schur elements.

5.1. Definition (Schur elements). Let Z be the element Y,y T, T\, € . For every irreducible
character x of KJf we call the element

o XD
T x(Ta)?

the Schur element of the character .
Note. Using that #¢ is a symmetric algebra with symmetrizing trace t one can define an averaging
procedure to make a K -linear map from a K#¢-module into itself into a K#-endomorphism. The

Schur elements play an important role in this as can be seen from [5, 7.2.1].

We need the following statement:
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5.2. Theorem (Semisimplicity and Schur elements, see [5, 7.2.6]). For the split semisimple alge-
bra K# all Schur elements c, for all x € Irr(KJ#) are non-zero and we have:

=y L

x elrr(K7¢) x
as A-linear maps.
We have now everything in place to proof our first main theorem:

5.3. Theorem (Simple cell module, cf. [8, VI.(4.1)]). Let A be a left cell, such that the extension
of scalars KLC™Y of the left cell module LC'V is simple as a KH module. If x denotes the
corresponding irreducible character, then the elements
(-1
B = (CX Cx Dy_l)x,yeA
are K-linearly independent and span the isotypic component of KH belonging to the charac-
ter x. Further, we have the relations
¢ 'CeDy1 - ' CoDyt =8y ¢ C Dy

Sforallx,y,x',y' € A. That is, B is a matrix unit for the isotypic component of KH correspond-
ing to the simple module KLC™Y.

Proof. By [5, 7.2.7] we obtain a matrix unit for the isotypic component of KF corresponding
to the simple module KLCY) by the elements

1 1
— Y T(Dy1-C.-Cx) Dy =— Y 1(C;+CoDy1) - Do
x zeW x zeW

for x, y € A. But this is equal to c;l - CxD -1, because {D_-1} is the dual basis of {C.} with
respect to T (use Eq. (3)). O

This result immediately yields explicit formulae for a Wedderburn decomposition of K for
the case that all cell modules are simple, which is for example true for type A by Theorem 4.2:

5.4. Corollary (Wedderburn decomposition and basis). Assume that for all left cells X the ex-
tension of scalars KLC®) of the cell module is a simple K module and that two such modules
KLC® and KLC®) are isomorphic if and only X and X’ lie in the same two-sided cell.

Let Ay, Aa, ..., A, be left cells, such that from every two-sided cell exactly one left cell
occurs, and let A :=\J._, A;. We denote by x1, x2, ..., Xr the irreducible characters of ¥ af-
forded by the left cell modules KLCAV ...  KLCYY) and with Cyys--->Cy, the corresponding
Schur elements. Let

B = (c);_1 -Cny_| EKJ€|1'e{l,2,...,r}andx,y€A,~).
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Then 8B is a K -basis of K#H, such that
(C;il : Cny*I) ) (C;jl ’ Cx’Dy”‘) =08ij 8y (C;il : Cny’*‘)'
Proof. This result follows immediately from Theorem 5.3. O
Remark. This shows that the elements c;il - Cy Dy—] form a Wedderburn basis of K#, i.e.
KH =KH D KH,D---® KH, as K-algebras,

where KH; := (c x -CxDy-1 | x,y € Aj)k is the isotypic component of K# corresponding to
the irreducible character xi and the K -linear mapping from K#; to the full matrix ring M| 4,(K),
mapping each ¢ l, - CxDy-1 to a matrix with exactly one 1 in position (x, y) and zeroes every-
where else, is an isomorphism of K -algebras.

These basis elements will also play a prominent role in the following sections about the
Lusztig homomorphism.

For the case that the left cell modules to different left cells in the same two-sided cell yield
the very same matrix representation (as is for example guaranteed for type A by Theorem 4.3)
we even have the following corollary.

5.5. Corollary (Different left cells in the same two-sided cell). Assume that A and A’ are two
left cells in the same two-sided cell, that KLC'Y is a simple K#H-module and that there is a
bijection ¢ : A — A’ with

t(qu -h-Cy)=1t(D “h-Cyx)) forallx,ye Aandh e F.

(!

Then CyDy-1 = Cy(x)Dy(y)-1 forall x, y € A.

@y

Proof. This follows directly from the formulae in the proof of Theorem 5.3. O

In the rest of this section we investigate, which of the nice results above can still be obtained
in the case that the cell modules are not all simple. For the next few results, we still do not have
to use Conjectures P1 to P15.

5.6. Lemma. If A is a left cell, then the element s := ) ___ , C.D,-1 is central in .

Proof. If y, is the character corresponding to the left cell module LCY, then we have for all
elements &, i’ € F# (note Eq. (4) in Section 3):

t(sh-h') = Z T(D,-1hh'C,) = xa(hh') = xa(h'h) = Z ©(D,1h'hC;)
ZEA ZEA

=t(hs-h").

Thus sh = hs for all h € #, because t is non-degenerate. 0O
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5.7. Proposition. Let A and A’ be two left /cells that do not lie in the same two-sided cell. Then the
two left cell modules KLC'Y and KLCY) have no common simple K#-module as constituent.

Proof. The elements s :== ) __, C.D_1 and s’ :=} ., CoD_-1 are both central in # by
Lemma 5.6 and we have

xa(h)y=1t(s-h) and xa(h)=71(s"-h)

for all 4 € # as in the proof of Lemma 5.6. Thus s is a linear combination of the central primitive
idempotents in K corresponding to the simple constituents occurring in KLC", namely

s = Z O xa)eyey,

x €lrr(KH)
where (x, xa) stands for the number of simple constituents of K LC™ with character x and

ey is the central primitive idempotent in K# corresponding to the character x. To proof this,
calculate

t( Z (XvXA)Cxex'h)z Z (X XA)Cx'T(e)(‘h)

x €lrr(K#) x elrr(K#)
= ) (X,XA)CX-< > cxflx’(ex~h))
x elir(K#) x €lrr(KF)
= Y O6xaxm) =xah)
x elrr(K7¢)

using Theorem 5.2 and the fact, that x'(e, - h) =8, - x(h) forall h € # and x, x" € Irr(KH).
The analogous statement holds for s’.
We now consider the element ss’ = s's:

Y3 CDCuD = <ZCZDZI) : < > CZ/DZm) =5’ (5)

zeA e zeA e

s's=> Y CuD1C.D 1. (6)

Z€EAZeN

Assume that this sum is non-zero.
There must be at least one pair (z1, z}) € A x A’ with D CZ/1 # 0 (see Eq. (5)) and at least
g

one pair (22, z5) € A x A" with szzflsz # 0 (see Eq. (6)). But this means z1 <g 2] ~L 75 <r

72 ~r z1 by Lemma 4.1 and thus contradicts the hypothesis that A and A" are not in the same
two-sided cell. Therefore we have shown that ss’ =0 = s's.
Thus, we have

0= > (txa) 06 xa)-crey
x elrr(K#)

which proves the proposition, because all Schur elements are non-zero. O
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Comment. This and the fact that every simple K#-module occurs in at least one left cell module
shows that the two-sided cells induce a partition of the set of isomorphism classes of simple K#-
modules. Therefore, we speak of “the two-sided cell a character x € Irr(K#) belongs to” in the
sequel.

5.8. Proposition. Assume that x ~p y ~pgr 7z ~1 w holds for x, y,z,w € W. Then
CiDy-1-C:Dyy1 =0.

Proof. Denote the left cell in which x and y lie by A and the two-sided cell in which A lies
by X.

We consider the action of C, Dy—l on the left cell module LC“" for some left cell A’ outside
of X. The representing matrix for C¢D,-1 is

(t(Dy-1 - CxDy1-C) e e
By Lemma 4.1 D1 - Cx =0 unless w’ <g x and Dy—l - C, =0 unless y <g z’. But in that
case we would have w’ <z x ~p y <g 7/ ~L w’ and this would mean that A’ is in X, contrary
to our assumption.

Thus we have shown that C, qu acts as zero on all left cell modules of left cells A’ outside
of X'. This means that Cy D1 lies in the direct sum of those isotypic components of irreducible
characters that belong to X.

The same arguments hold for C;D,,-1 and for the two-sided cell in which z and w lie. There-
fore the product must be zero. O

5.9. Definition/Proposition (Ideals Ly and R, ). Let A be aleftcelland x, y € A.

Then the A-module £, := <CZDy—1 | z~L y)a is aleftideal in J¢, and £y, is isomorphic as
left #-module to LC™Y via the A-linear map

C. +LC) > €Dy,
where A’ is the union of left cells that are <;, A.

Further, the A-module Ry := (CyD,-1 |z~ x)4 is aright ideal in # and as a right module
isomorphic to the dual module hom4 (LC(A), A) of the left cell module LCY via the A-linear
map

(C,+LC)Y s €D, 1,

where ((C; + LC(A/))V)ZEA stands for the dual basis of the basis (C; + LC(A/))ZGA.

Proof. For arbitrary # € # we have (use Eq. (3))

heCo=Y t(h-C:Dy1)-Co= Y t(h-C.Dy1)-Cy.

xew X<z
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Initially, x runs through all of W, but we may restrict the sum to x <z z because otherwise
C;D,-1 =0by Lemma 4.1, thereby proving the second equality. We multiply this equation from
the right by D1 and get

h-C:Dy-i =Y t(h-CDy1)-CiDyr= Y t(h-C:Dm1) - CyDyi.

X<z x~Ly

The term CyxD,-1 is equal to 0 unless we have y < x again by Lemma 4.1. But in that case,
we have y < x < z~ y and thus x ~ y. This shows the right equality and thus that £, is
indeed a left ideal in #¢.

As a left #-module the left ideal &£, is isomorphic to LC™ via the A-linear map that maps
C,+ LC) 10 C :Dy-1 for all z € A, because the entries of the representing matrices of 1 with
respect to these bases are in both cases t(D,-1 - h - C;) for x,z € A.

The proofs for the right handed version are completely analogous. O

Remark. An analogous result can be obtained for the right cell modules by using elements of
the form Dy71 C, with x ~g y.

2. Remark. This result specializes for an irreducible left cell module to the fact that in a full
matrix ring the set of matrices having zeroes everywhere except in a single column form a left
ideal isomorphic to the natural left module and that the set of matrices having zeroes everywhere
except in a single row form a right ideal isomorphic to the natural right module. Compare to
Theorem 5.3.

5.10. Theorem (Generation of K#). The algebra KJ€ is generated as a K -vectorspace by the
set {Cny—l | x ~p vy}

Proof. The element Z := Zwew CyD,-1 is central in # as sum of central elements (see
Lemma 5.6), and has the property that

p(M)=7(Z-hy= Y (D1 -h-Cy)
weW

for all h € K# holds, where p is the regular character. Thus Z is equal to

Z= Y x(Ti)-cy-ey,

x elrr(K3)

where ¢, is the Schur element and e, is the central primitive idempotent belonging to the char-
acter x (remember Theorem 5.2 and the proof of Proposition 5.7). In particular Z is invertible
in KF€.

Therefore, we can write every element i € # as

h=h-2""Z=(h-27")- > CyD,1.
weW

Because the element Cy, D1 lies in the left ideal .£,,, which is spanned as an A-module by the
elements Cy D,,—1 with x ~; w, the theorem is proved. O
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Remark. Compare to Theorem 6.4, which shows (under the assumption of Conjectures P1
to P15) that the right regular K#-module KH s is isomorphic to the direct sum @ ;. o KRy,
because the set {CyD,-1 | z € W and d € D with d ~ z} is a K-basis of KH.

From now on, we will assume Conjectures P1 to P15 if necessary. Then also the relations for
a matrix unit can be generalized to the case of reducible cell modules:

5.11. Proposition (Generalized matrix unit relations). Assume that P4, P9, and P10 hold. Let ¥
be a two-sided cell, x,y,z, w € X and x ~ y and z ~ w. Then we have

CxDl'CDlz{ fOi"yoORz,
' o Zueﬁ(w,x) I(CnyflczDu—l)Cqufl fory~pz,
B { Zueﬁ(x,w) T(C”Dy’l CZDw*I)CxDufl fory ~pz,

where 8(x, y) stands for the set {u € W | u ~ x and u ~g y}. (Note that this means that 8(x, y)
is the intersection of the left cell of x with the right cell of y.)

Proof. If y L z, the product Dy-1 - C; is zero by Lemma 4.1. If, on the other hand, we have
vy <R z, then by Corollary 4.6 we have y ~r z, because all elements lie in the two-sided cell X'.
In this case, we get

Cny—ICZZ Zaucuz Z ayCy,

uew U<z
UK RX

where a, = t(CyD,-1C;D,-1) € A. Thus, we have a, =0 for u % z or u £g x, so we only
have to sum over those u# with u <y z and u <pg x as indicated in the sum. We now multiply this
equation by D, -1 from the right:

CxDy1C:Dyo1 = Y a,CyDyoi,

u<srz
UK RX

where all summands vanish for which u 27 w. Thus, because of z ~; w, we only have to sum
over the left cell of w. However, since all elements u in this left cell are in X, and we conclude
u ~p x from u <g x by Corollary 4.6, we finally reach the summation over §(w, x) as stated in
the statement of the proposition.

The other equality follows completely analogously by writing D1 C;D,,-1 as linear combi-
nation of the D,—i, multiplying the result by C, from the left, and analogous reasoning using
Corollary 4.5. O

6. The asymptotic algebra ¢ and the Lusztig homomorphism ¢
In this section we briefly recall the definitions for the asymptotic algebra ¢ and the Lusztig

homomorphism from # to ¢, which were first introduced in [1]. Then we derive preimages of
the elements 7, in the standard basis of &, which leads to a new interpretation of the Lusztig
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homomorphism. Finally, the results are made even more explicit for the case that the left cell
modules are simple KF#-modules like for example in type A.

We assume from now on that P1 to P15 hold. Note that we assume that W is finite throughout,
therefore we automatically have that W is tame in the sense of [2, 1.1.11], which allows us to
use the results of [2, Chapter 18].

6.1. Definition/Proposition (Lusztig’s asymptotic algebra, see [2, Chapter 18]). Let J be the
free abelian group with basis {t,, | w € W}. It becomes an associative Z-algebra by using the
Yx,y,-1 @s structure constants, i.e. if we set

Ly - 1y == Z Ye,y,-1t: forallx,y e W.
zeW

Its unit element is ), nats. We denote the associative A-algebra A ®z J by ¢, it is called
Lusztig’s asymptotic algebra.

Proof. See [2,18.3]. O

The asymptotic algebra turns out to be closely related to #, as is shown by the following
statement:

6.2. Definition/Proposition (Lusztig homomorphism, see [2, 18.9]). As in [2, 3.5] we denote by
hi> k' the unique algebra involution of # such that TST = —TS’1 forall s € S.
The A-linear mapping ¢ : # — & with

¢(CH = Y heazhzt;= Y hyac-hzct; forallxeW,
deD, zeW deD,zeW
a(d)=a(z) z~rd

where 71, := ng for the unique (use P13) @’ € D with d’ ~; z~!, is a homomorphism of
A-algebras. It is called the Lusztig homomorphism. We denote the extension idg ®4 ¢ : KH —
K¢ to the extension of scalars with K also by ¢. It is an isomorphism of K -algebras.

Comment on proofs. See [2, 18.8 to 18.12]. The fact that idx ® 4 ¢ is an isomorphism follows
from [2, 18.12.(b)]. The second equals sign in the formula above follows from the fact that
hydz;=71(CyCyD,-1) =0 unless z < d (use Lemma 4.1) and that z ~ d is equivalent to
z<dand a(d)=a(z) byP9and P4. O

6.3. Corollary (Lusztig homomorphism for a general element). Let h € J be arbitrary. Then we
have for the image ¢ (h") of h' under the Lusztig homomorphism:

o(h') = Z t(h-CqD,1) - fiy -t
deD, zeW
z~pd

Proof. Write h = Zuewaucu and use hy 4, = t(CyCyqD,-1) and the fact that T and ¢ are
A-linear. O
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We can now find the preimages of the elements ¢, under the Lusztig homomorphism:
6.4. Theorem (Preimages of the t, under the Lusztig homomorphism). The set
BY :={CyqD,-1 |z€ W andd € D withd ~ z}

is K -linearly independent in K. Let {h, € K#H | y € W} be the dual basis of B" in KH with
respect to T in the sense that T(hy - CqD 1) =8y ; for z€ W and d € D with d ~ z. Then

¢(h§) =1t forallze W.

Proof. We derive these results in the opposite order than in the theorem:

The map ¢ : K¥H — K is an isomorphism of K -algebras. Therefore, every element 71,t, € ¢
has a unique preimage, which we denote by hzT Because the set {71;1; | z € W} is a K-basis of §
and i — h' is a K-linear involution, the set {/, | z € W} is a K -basis of K#. By Corollary 6.3
we have

¢(hl)= D tlhy-CaD 1) b t;=fy ty.
deD, zeW
z~rpd

Thus, each Ay fulfills the relation t(hy - CyD,-1) =&y, forall z€ W and d € D with d ~

z. Therefore, the set 8" is the dual basis of {4, | y € W} with respect to T and in particular
K -linearly independent. 0O

6.5. Corollary (Direct sum decomposition of K¥Hkye). The right regular module KHg g is iso-
morphic as a right KF#H-module to the direct sum

P Ri=EP(CaD, -1 | 2~Ld)x

deD deD
of right ideals. Each R4 is isomorphic to the dual module homg (KLCYY | K) of the left cell

module KLCYY (where A is the left cell with d € A and A’ is the union of left cells that are <[
than A) via the K -linear map

(C,+LC)Y s €D,
where ((C, + LC(A/))V)ZeA stands for the dual basis of the basis (C; + LC(A,))dGA.

Proof. The direct sum decomposition follows directly from Theorem 6.4 and the fact that R is
a right ideal from Proposition 5.9. The isomorphism to the dual of the left cell module follows
by extension of scalars from Proposition 5.9. 0O

6.6. Corollary (A new interpretation of the Lusztig homomorphism). Let 8 be the K -basis

B :={CyqD,~1 |z€ W and d € D withd ~1 z}
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of KH and
B:={h;|ze W}

be the dual basis of B with respect to T in the sense of t(hy - C4D,-1) =8, ; forall y,z € W
andd € D withd ~p z.
Then the asymptotic algebra g is, as an A-algebra, isomorphic to the A-algebra

(B = (h, | ze W),

via the restriction of the Lusztig homomorphism ¢ to (!B)L.
Thus, the Lusztig homomorphism ¢:H — § can be interpreted as the inclusion of H
into (B)',.

Proof. We have (8Y)4 C J# and by Theorem 6.4 the set 8" is a K -basis of K#. Thus, because
J is a symmetric algebra with symmetrizing trace form t, the A-span (B)4 of B contains F.
Therefore # = # is a subset of (BT)4 = (D‘B);. The result follows now directly from Theo-

rem 6.4, because ¢ maps (:B); bijectively onto §. O

Finally we can give even more explicit results for the special case, that the left cell modules
are simple K#-modules (like for example if W is of type A, —1 by Theorem 4.2):

6.7. Corollary (Explicit interpretation for the case of simple cell modules). Let A be a left cell,
such that KLCYV is a simple KH-module.
Forye Alethy = c;] -CyDy € KH, where d' € D is the unique element withd' ~ y and

¢y is the Schur element to the character x corresponding to the left cell module LCY. Then
P (hY) =ity

Proof. By Theorem 6.4 we only have to show that t(ky - C4D,-1) = §y ; for all z € W and
de D withd ~p z.Letze Wand d € D withd ~, z. Then

r(c;l +CyDy - CyD,-1) = T(c;1 Dy - CqD_1 - Cy)

is equal to zero unless d’ <g d and z <z y by Lemma 4.1 (note d’ = d'~! by P6). Now assume
that case. Then we have y ~; d' <z d ~1 z <g y and thus that all four elements d’, y, d, and z
are in the same two-sided cell. By P4 and P10 it follows, that d’ ~g d and z ~g y. Using P6 and
P13 we conclude that d = d’ and that all four elements are in A. Now we can apply Theorem 5.3
and get

t(c;'-CyDy - CyD, 1) =1(CyD, 1) =6y,

proving all our claims. O
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