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1. Introduction

According to the classical Shirshov—Witt theorem, every subalgebra of a free Lie alge-
bra is free. There are a number of ways to draw distinction between different subalgebras.
In this paper we are interested in the (relative) growth and cogrowth of subalgebras.

Any free basis X of a free Lie algebra L = L(X) defines an increasing filtration
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LW crL® c...cL™c...,

where dim L) < oo, if X is finite. The (relative) growth function of a subspace H C L is
an integer valued function of an integral argument whose nth value equals dim(H ﬁL(”)).
The nth value of the cogrowth function equals dim L™ /(H N L(™).

Let us recall that if #X = m > 2 then the growth of the whole of L = L(X) is
exponential. This easily follows from the classical Witt’s formula [2, Theorem 3.1.3] for
the dimension of the nth homogeneous component L, of L

. 1 1,
dim L, = - %:M(d)md ~ —m. (1)

Here p is the Mobius function and the equivalence means that the ratio of the left
hand side to the right hand side tends to 1 as n — oco. The exponentiality holds for the
growths and the cogrowths of the most of subalgebras studied in this paper but a more
precise comparison shows that the degree of exponentiality can be rather different.

To be precise, we call a function f(n) of natural argument with nonnegative values
exponential, if the lower limit of the function W is greater than 1. If lim, W
exists, we call it the (exponential) base of f(n).

Let us say that a (growth) function fi(n) is exponentially negligible when compared

to another (growth) function f2(n) if the ratio ;fgzg grows exponentially. We say that

the growth or the cogrowth of a subalgebra H of a free Lie algebra L = L(X), with a
fixed free basis X, is exponentially negligible if the respective relative growth (cogrowth)
function for H is exponentially negligible when compared with the growth function for L.
The exponential base of the relative growth function for H in L with respect to a fixed
free basis X is denoted by Sy .

In the study of the growth and cogrowth of subalgebras of free Lie algebras, the best
explored is the case of ideals. The cogrowth of an ideal I of a free Lie algebra L is actually
the growth of the factor-algebra L/I. This notion is one of the main in the theory of
infinite-dimensional Lie algebras. Many classes of algebras are defined in terms of their
growth. For a general monograph on the topic see [9]. In the theory of simple Lie algebras,
confirming a conjecture by V. Kac [7] (see also his monograph [8]), O. Mathieu classified
simple Lie algebras of polynomial growth [10]. The growth of solvable Lie algebras and
algebras satisfying polynomial identities also was studied by a number of authors. For a
survey of this area see [13].

Note that in the case of ideals, the cogrowth of a nonzero ideal I of a free Lie alge-
bra L = L(X) of rank > 2 is exponentially negligible when compared with the growth
of L. This easily follows from the results of [3, Subsection 2.2] (see also [11] for the case
of graded ideals), where the respective claim has been established for free associative
algebras. Indeed, consider the free associative algebra A = A(X) as the universal en-
veloping algebra of L and the two-sided ideal J of A generated by I. Then L/I C A/J
by Poincaré-Birkhoff-Witt Theorem and the growth of A/J by [3, Proposition 8] is neg-
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ligible. Since by Witt’s formula (1) the exponent of the growth of L is the same as that
of A, it follows that the growth of L/I is negligible, as well.

Much less explored is the case of subalgebras which are not ideals. In this paper
we start with general finite-dimensional subalgebras. Note that in the case of graded
subalgebras the proof of the result that follows can be found in [11].

Theorem 1. The (relative) growth function gg(n) of any proper finitely generated subal-
gebra H of a free Lie algebra L of finite rank m is exponentially negligible.

In the case of subalgebras which are subideals the situation is entirely opposite.
Let us recall that a subalgebra M of a Lie algebra L is named an {-subideal, { =
1,2,..., if there is a decreasing sequence

LoLi>...0 Ly 1> M,

where each term is an ideal in the preceding term.

The general theory of infinite-dimensional Lie algebras with a sizeable portion of
material devoted to subideals is exposed in a book [1]; however, our present topic, the
growth and cogrowth of subideals, is not covered there.

Theorem 2. The cogrowth of any nonzero subideal of a free Lie algebra of rank m > 2 is
exponentially negligible.

The result of Theorem 2 contrasts dramatically with the situation in the Group Theory
where the cogrowth of a nontrivial subnormal subgroup of the free group F;., r > 2, can
be equivalent to the growth of F,.. For full details see [12].

When compared to the proof of the same result for the ideals, as given earlier, the
proof of this result required much more sophistication and even the development of a
new piece of technique. This technique is presented in Section 4. One of the immediate
applications of the technique is the following result, which provides essential details to
our claim of exponential negligibility of finitely generated subalgebras in Theorem 1.

Theorem 3. Let L be a free Lie algebra of rank m, with a fized basis X. Then the following
are true.

(i) The relative growth function g (n) of a proper nonabelian subalgebra H of L, with
respect to X, is exponential.

(ii) If H is finitely generated nonabelian subalgebra of L then the exponential base Si
of gu is an algebraic integer. If H is proper then B < m.

(iii) For any real mg € [1,m] there is a subalgebra H of L such that g = mg. One can
choose H as a retract of an ideal of codimension 1 in L.

(iv) For any real mg € [1,m] there is a 2-subideal S of L such that the exponential base
Br/s of the relative cogrowth function gr;s equals mg. One can choose S as an
ideal in an ideal M of codimension 1 in L, with free factor algebra M/S.
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We do not know if for any mg € [1,m] there is an ideal S with 31,5 = my.

To further emphasize the potential of the combinatorial approach to the questions of
the growth/cogrowth, in Section 6, as an example, we calculate the cogrowth function
for the minimal 2-subideal containing one of the free generators of a free Lie algebra of
rank 2.

Theorem 1 gives a quantitative evaluation of the “size” of a finitely generated subal-
gebra H when compared to the “size” of the whole of the free Lie algebra L. An example
showing how the “quantitative” Theorems 1 and 2, can be applied to obtain purely
“qualitative” consequences, is as follows.

Corollary 1. No proper finitely generated subalgebra K of a free Lie algebra L can contain
a nonzero subideal H of L.

Proof. We may assume that L has a finite rank m > 2. By Theorem 1, K is negligible.
If H C K, then also H is negligible. However, this contradicts Theorem 2. O

Apart from the sharp difference in the character of growth/cogrowth, there are other
properties where finitely generated subalgebras and subideals differ drastically. Let us
recall that given a subalgebra H of a Lie algebra G, the idealizer of H in G is the
unique maximal subalgebra K containing H as an ideal. Clearly, any proper subideal is
different from its idealizer in any Lie algebra. At the same time, an easy consequence
of our Theorem 1 is the following, probably known fact: any nonzero finitely generated
subalgebra of a nonabelian free Lie algebra is self-idealizing, that is, equal to its idealizer.
Using this property one could derive Corollary 1 using a more traditional argument, like
Theorem 4 below. This result, for which we were unable to find a source in the literature,
constitutes a natural counterpart to M. Hall’s theorem about finitely generated subgroups
in the free groups [6].

Theorem 4. Let H be a finitely generated subalgebra of a free Lie algebra L of finite rank.
Then a free basis By of H can be complemented to produce a free basis B of a subalgebra
C of finite codimension in L. In other words, if K is the subalgebra generated by B\ By
then C = H x K, the free product of H and K.

One can always choose B\ By, hence K, homogeneous. If H is itself homogeneous,
one can choose B so that C contains some term of the lower central series of L.

From this theorem we easily obtain the following consequence.

Corollary 2. Every proper finitely generated subalgebra H in a free Lie algebra L of finite
rank is a free factor in strictly greater subalgebra of L; in addition, if homogeneous, H is
a free factor of a subideal of L.

A comparison with Group Theory reveals the following differences. First, in Hall’s
Theorem [6], saying that a finitely generated subgroup H of a free group F, of rank
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r is a free factor in a greater subgroup of F)., one must stipulate that H is of infinite
index in F.. Second, in the case of Lie algebras, if H is proper nonzero, the free factor K
appearing in Theorem 4 can never be chosen finitely generated; whereas in the case of
Groups, Hall’s Theorem asserts that the complementary free factor K is always finitely
generated.

When dealing with the cogrowth of subideals, the following situation comes to mind
quite naturally. If a subideal S contained a nonzero ideal I then the cogrowth of .S would
be exponentially negligible, without any further argument. The result that follows shows
that this such situation is highly unlikely. In the statement of the result, we will use the
following notation.

We denote the ideal of an algebra L generated by a set .S, idy.S, is the minimal ideal
of L that contains S. We also say that idpS is an ideal closure of S in L. If £ is a natural
number, then an ¢-subideal of L generated by S is the subalgebra idéS of L which is
defined by induction as follows. We set id} S = id;S and if £ > 1 then define idéS as the
ideal of idlflS generated by S. An easy inductive argument shows that idiS is contained
in every ¢-subideal of L containing S. We also say that id[LS is an £-subideal closure of
Sin L.

Theorem 5. Let L be a free Lie algebra, J a proper ideal of L, S a finite subset of J.
Then for no £ > 1 the £-subideal closure idf}S contains a nonzero £-subideal of L.

Corollary 3. Let L be a free Lie algebra and S a finite subset of L whose ideal closure in
L is different from L. Then for any £ > 1, the (£ + 1)st subideal closure of S in L does
not contain any nonzero {-subideal of L.

The restriction idz, (S) # L in the statement of the above theorem is necessary because,
otherwise, for every ¢ = 1,2,..., the f-subideal closure of S equals L and the claim is
not valid.

Corollary 4. Let J be a proper ideal of a free Lie algebra L and S a finite subset of J.
Then the ideal closure I of S in J does not contain nonzero ideals of L.

We conclude this section with few remarks about the differences of the situation with
the growth and cogrowth in the case of algebras as opposed to the case of groups. We
will also give some hints as for the methods we have used or developed.

Two observations make the situation in the case of algebras so different from the case
of groups (and semigroups!). In the case of algebras, we measure the growth using the
degree of the elements while in the case of groups we deal with the length. So our first
observation is that the degree of the sum of two elements never exceeds the degree of
the summands, while the length of the product does not need to obey this rule. As
for the second, the reader probably already noticed that in the proof of Corollary 1 we
have used a simple general purely “algebraic” property: The sum of the (relative) growth
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and cogrowth functions of a subalgebra always equals to the growth function of the whole
algebra. Again, no analogue of this claim holds valid in the case of groups. As a result,
dealing with the growth and cogrowth functions is by necessity more delicate in the case
of groups.

Still, to prove our results about the growth of subalgebras in the free Lie algebras
here, it was necessary to suggest at least two pieces of technique we think new.

One of them, suggested in Section 5, deals with the following issue. Although we define
the growth functions for subalgebras in the free Lie algebra L = L(X) using a finite fixed
free basis X, in our proofs we need to switch from this fixed basis to other bases, which
could be by necessity infinite. To preserve growth functions, we need to develop an
approach to the growth with respect to infinite graded bases of free Lie algebras. This is
done in Section 5 where certain analytic finiteness conditions are suggested that allow
us to estimate the cogrowth when we use induction to pass to infinitely generated ideals
and subideals and at the same time have the degrees of elements unchanged. The second
piece of technique is produced in Lemma 16 where we examine what can be naturally
called shifting derivations in associative and Lie algebras.

2. Preliminaries

In this section we give necessary definitions concerning the relative growth of subspaces
in algebras. We also recall some results about the connection between associative and
Lie algebras, bases of free Lie algebras and their subalgebras.

2.1. Relative growth of subspaces in finitely filtered spaces

Let V be a vector space over a field F' with the filtration
a: {pcv@cv®c.. . cvime..., v=[Jv® (2)
n=0

We say that «a is a finite ascending filtration if all subspaces V(™) are finite-dimensional.
The growth function of «, ga, is then given by g.(n) = dim V() The graded growth
function of a, dy, is given by dn(n) = dim V™ V(=1 (assuming V(=1 = {0}). The
filtration « also defines a degree function deg, on the set of nonzero elements of L given
by deg,(a) = n provided that a € V(™) \ V(=1

If W is subspace then the subfiltration a0 W is a filtration formed by the subspaces
W™ =W N V™. The factor-space V/W acquires a factor-filtration o/W given by the
subspaces (V/W)™ = (V) 4 W)/W = v®) /(W V™).

In each of these cases the filtrations of the respective spaces are finite. Once o and
g are fixed, we can define the growth function relative to o: gonw (n) = dim W) and
cogrowth function relative to a: g, /w(n) = dim(V/W) (™). If the filtrations are fixed than
we denote the respective growth functions as gy, gw and gy,
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In each of these cases we have also relative graded functions dy, dw and dy,w . Say,
dvyw(n) = gvyw(n) — gvyw(n —1).

It often so happens that the space V is Z-graded: V=V o Vi Vo ®--- BV, ®---,
and for each term of the filtration o one has V" = V@ Vi @ Vo & --- &V, for all
n = 1,2,.... The nonzero elements of V,, are called homogeneous of degree n and V,,
the homogeneous subspace of the grading of degree n. If v € V then v can be uniquely
written as the sum of some elements v,, € V,,. We call v,, a homogeneous components of
v of degree n. If n is the greatest such that v, # 0 then we call v,, the leading part of u
and write v, = Lp(u).

A subspace U C V is called graded if U contains all homogeneous components of its
elements. Equivalently, U = (UNVy) @ (UNWV) @ (UNVe)@---dUNV,)®- - If
W is not graded then the linear span of the leading parts of nonzero elements of W is a
graded subspace of V', which is denoted by gr W. For each natural n, the homogeneous
component (gr W),, of this space is the linear span of the leading parts of all elements
of degree n in W.

An easy but useful technical result is the following.

Lemma 1. For the relative growth functions, one has

(a) gw = Ggrw 5
(b) gv/w = 9v/grw -

Proof. (a) It follows from the definition of (gr), that the mapping w + W1 s
Lp(w) for w € WM\ W=D and w + 0 for w € W™ is a well-defined linear
isomorphism between W /W ("=1) and (gr W),,. Hence

gw(n) = dim W™ = Zdim w®/w=b — Zdim (grW)i = gar w(n).
=0 i=0

(b) Follows from (a) and the equality dim V™ /W™ = dim V™ — gy (n). O
2.2. Linear and free bases of subalgebras in free Lie algebras

As usual, given an alphabet X, we denote by W(X) the monoid of all words in X,
including the empty word 1. In this section we will need to count the words in the
subsets of W(X), where X is not necessarily finite. If we do not impose any conditions,
the number of words of the same length can be infinite. To cope with this, we consider
the alphabets which are finitely graded, that is, X = | |72, X,, with each set X, finite.
Now in addition to the lengths of words, we can speak about the degrees of words. We
define the degree of a word w in W(X) by induction on its length if we set deg(1) = 0,
deg(z) = n for z € X, and if w = z1--- ) then deg(w) = deg(z1) + -+ + deg(zx).
Let W (X),, be the set of all words of degree n. Now each number dx(n) = #W(X), is
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finite. We have W (X) = | |52, W(X),, where W(X),, is the set of all words of degree n
in X.

In its turn, the free associative algebra A(X), which is a vector space with basis W (X),
acquires a Z-grading A(X) = @, , A(X),, where A(X), is the linear span of all words
in W(X),,. Now in addition to the grading, A(X) have a natural degree filtration

AX) O cAx) P .. cax)™c...

where A(X)™ = A(X)o® A(X)1 @ ... D A(X),, for each n =0,1,2,....

As mentioned earlier, every element f € A(X) acquires a degree if we set deg(f) =n
in the case where f € A(X)™ but f ¢ A(X)™~D. In this case f = >, fi, where
fi € A(X):, fn#0; fr, = Lp(f) is the leading part of f.

In what follows we are going to study the growth and cogrowth of certain subalgebras
H of a free Lie algebra L = L(X). We view L as a graded subspace of A = A(X) which
is generated by X with respect to the bracket operation [a,b] = ab— ba. The cardinality
#X of X is often called the rank of any of the system appearing in this text: W (X),
A(X) or L(X). Being a graded subspace of A, L becomes Z-graded: L = @, | L,, where
L, = LN A,. Similarly, we have a degree filtration of L as follows:

LW cL®c...cL™c... (3)

where L") = LN A™ or LW = L, & ... ® L, for each n = 1,2,.... Every element
u € L has degree which is the same whether we use the degree filtration of A or L.
When we apply the notions of Subsection 2.1 to the free Lie algebra, we view (3) as the
“base” filtration « of the formula (2) and then we know what is the degree, the leading
part of an element of L and, given a subalgebra H C L, what is the associated graded
subalgebra gr H. This is indeed a subalgebra because the commutator of two leading
parts is ether zero or the leading part of the commutator of two elements of H.

Using Lemma 1, one can see that the growth and the cogrowth of H and gr H are the
same.

In the next lemmas we consider the elements of the free Lie algebra L(X) called the
commutators in X of certain length. The commutators of length 1 are just the elements
of X. If the commutators of all lengths less than n > 1 have been defined, then the
commutators of length n are all the elements [c, d] where ¢ is a commutator of length k
and d a commutator of length n — k.

Since we always view L(X) as a subalgebra in the free associative algebra A(X),
recalling [c,d] = cd — dc, one can write each commutator as a linear combination of
associative words, each of which has the same degree. Thus each commutator acquires a
uniquely defined degree and deg([c, d]) = deg(c) + deg(d).

If we forget all brackets and commas on a commutator ¢, then resulting is an associa-
tive word w, we write ¢ = [w], called the associative support of c. We can also say that
any commutator can be obtained by replacing brackets (and there inherent commas) on
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an associative word. Replacing brackets in a certain way on certain associative words
may produce a linear basis of the free Lie algebra L(X). Let us describe a process due
to A.IL Shirshov [15].

Suppose we have a linear ordering < on the set X of free generators of the free Lie
algebra L(X). We extends this ordering to the lexicographical ordering of the free monoid
W(X). Under this ordering, given two words u and v, then we say that v > v if u is a
prefix of v. If not, we say that u < v if u = wzu', v = wyv’ and x < y where z,y € X
and w, u,v,u’, v’ € W(X).

If ¢ is a commutator then the leading word ¢ of ¢ is defined as the greatest word
nontrivially entering the expansion of ¢ as a linear combination of the elements of W (X).
Let us say that w is a Lyndon—Shirshov or simply LS-word if whenever w = uv, with u
and v nonempty, then w > vu. (Notice that in this case we must also have w > v, that
is, every LS-word is greater than its proper suffix.)

Let us call a commutator ¢ an LS-commutator if ¢ = [w] where w is an LS-word and
the following two conditions hold.

a) If ¢ = [e1, o] then each ¢; is an LS-commutator wi -support w;, ¢ = 1,2, an

If th h c; i LS tat ith LS t ; = 1,2, and
w1 > Wa;

(b) If ¢ is as in (a) and ¢; = [¢], /] where w} is the associative support of ¢} then

wi < ws.

In the remainder of this section, for the convenience of the reader, we state several
results of A.L. Shirshov, which are now conveniently available in the collection [14]. They
can also be found in the books [2] and [4].

Lemma 2. On each LS-word w one can replace brackets in a unique way so that the
resulting commutator ¢ = [w] is an LS-commutator (such that ¢ = w). The set of all
LS-commutators is a linear basis of L(X).

Lemma 3. Any associative word v # 1, which is not necessarily an LS-word, can be
uniquely written as the product of LS-words v = ujug---us so that 1 # uy < ug <
o< ug.

To list a consequence of this fact, of importance to us, we introduce a conve-
nient notation [e1, ¢, ..., ck], called the left-normed commutator of ¢1,ca,. .., c,. This
is defined by induction, starting with just c¢;, if & = 1. If ¥ > 1 then one sets

[01,62, . ,Ck—l,ck} = [[61,62, .. -7Ck—1]ack]-

Corollary 5. If ¢ is an LS-commutator and w = ¢ = yv for some y € X and w € W(X)
then y is the maximal letter among all letters involved in the expression of w and ¢ =
[y, [u1], [ue], - -, [us]], u1 <wug < ... < ug, where each [u;] is the (unique) LS-commutator
with the associative support u;, i = 1,2,...,s.
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A standard technique in the theory of free Lie algebras is the elimination of one or
more elements of a free basis (sometimes called Lazard elimination [5]).

Lemma 4. Let L(X) be a free Lie algebra with free basis X = Y | |{z}, where Y # 0.
Let J = idpY be the ideal of L generated by Y. Let B be the set of all left normed
commutators [y, z,...,z|, where y € Y. Then J is a free Lie algebra with free basis B.

3. Growth of finitely generated subalgebras of free Lie algebras

As before, L = L(X) stands for a free Lie algebra over a field F' with a free basis X.
This section is devoted to the proof of Theorem 1.

Let us call a subset S of a free Lie algebra L irreducible if no leading part of any of
its elements belongs to the subalgebra generated by the leading parts of the remaining
elements of S. In his proof of the theorem on the freeness of subalgebras of free Lie
algebras [15], Shirshov shows that any subalgebra M can be generated by an irreducible
set S. Then he shows that any irreducible set is independent, that is, may serve as a free
basis for a subalgebra it generates. We can summarize and slightly complement this as
follows.

Lemma 5. Let S be a subset of a free Lie algebra L, S’ the set of leading parts of the
elements in S. If S is irreducible then S’ is independent. If S’ is independent then S is
also independent. Any subalgebra of a free Lie algebra can be generated by an irreducible
set.

Proof. We only need to explain the second claim. However, it is true in any algebra
which is free in a variety of algebras and endowed with a grading with respect to a free
basis, that any nontrivial relation between the elements of a subset S entails a nontrivial
relation between the elements of S'. O

Lemma 6. Let M be a subalgebra of a free Lie algebra L, M’ = gr M the associated graded
subalgebra. Let S be an irreducible free basis of M and S’ = {Lp(s) | s € S} the set of
leading parts of the elements in S. Then the map ¢ : S — S’ given by p(s) = Lp(s)
extends to a degree preserving isomorphism @ : M — M'.

Proof. According to Lemma 5, S’ is an independent set, hence a free basis of a subal-
gebra N. As a result, @ is an isomorphism from M to N. We only need to show that
N = M’. Since S" and M’ are homogeneous, it is sufficient to establish Lp(@(u)) = Lp(u),
for any u € M\ {0}. To do this, let us express u as a Lie polynomial u = f(s1,...,8y), in
S1,.--,8m € 5, and write f = f1 + fo, where f7 is a linear combination of monomials of
the highest degree if we count each variable s; with the same degree as degs; in L. Then

?(u) :Lp(gﬁ(fl(sl,...,sm)) +¢(f2(31,...,sm)))
= Lp(fl(sll,...,s;n) —|—f2(3’1,...,s;n)) = fl(sll,,s;n) = Lp(u),

as needed. O
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Now we proceed to the proof of Theorem 1.

Proof. According to Lemmas 1 and 6, given a finitely generated subalgebra M of L, the
growth and cogrowth of a finitely generated homogeneous subalgebra M’ = gr M is the
same as the growth and cogrowth of M. If M is proper then the same is true for M’.
Therefore, in proving our theorem we may restrict ourselves to the case where M is a
nonzero graded subalgebra. This entails, m > 2.

Let {z1,...,2;} be a free homogeneous basis of M. Since M is proper in L, the
elements of degree 1 among {z1,. .., 2} form a basis Z of M N Ly, which is proper in L;.
Let us complement Z to a linear basis Y of L;. Then we will obtain a new free basis
Y of L, which properly includes Z. As a result, the main degree filtration (3) does not
change and so the relative growth functions of subalgebras do not change. The elements
of degree 1 of this set are a proper part Z of a free basis Y. Hence there is an element
of the new free basis, say y, which is not an element of Z.

As a result, without loss of generality, we may assume from the very beginning that
the elements of degree 1 in the free homogeneous basis {z1,...,2r} of M are a part
of the fixed free basis {x1,...,2,} of L and x; is not in M. Let us consider L as a
subalgebra in the free associative algebra A = A(zq,...,x,,). Clearly, z1,...,z; are
the elements of the subalgebra B of A which is generated by finitely many monomials
U1, ..., us (all the monomials used to write the generators z1, . .., z; ). By our assumption,
we know that none of these monomials equals x;. Moreover, we can actually assume
that none of wuq,...,u; is a power of x;. Indeed, no such monomials can appear while
writing the elements of the free Lie algebra L(z1,...,z,,) in the free associative algebra
A(z1,...,2p). It remains to show that the exponent of the growth of B is less than m.

Let us choose an integer d which is at least the double maximum of the degrees of all
u1,...,us with respect to x1, ..., T,,. Since any of these monomials contains as a factor
a letter different from x;, no product can contain a subword z¢. It is known (see, e.g.,
[3, Lemma 8]) that for every nonempty word w in x1,...,z,, there exist C,e > 0 such
that the number of words of length n which do not have w as a subword is bounded by
Cm—¢e)". O

Remark 1. There are some consequences of Theorem 1 that are well-known (see e.g.
[2, Chapter 3]). For instance, because the growth of a subspace of finite codimension is
equivalent to the growth of the whole space, we conclude that in a free Lie algebra the
proper nonzero subalgebras of finite codimension cannot be finitely generated. Another
consequence, already mentioned in Introduction, is the following: in a free Lie algebra
any nonzero finitely generated subalgebra is self-idealizing.

Remark 2. Theorem 1 fails in the case of associative algebras. A simple example of a
proper finitely generated subalgebra whose growth is not exponentially negligible is the
subalgebra B generated by all monomials of degree 2 and 3 in the free associative algebra
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A of rank m > 1. In this case dim A/B = m + 1, following because any number n > 1
can be written as n = 2k 4 3l, where k and [ are non-negative integers.

However, even if we assume A/B infinite-dimensional, we still can have examples of
not exponentially negligible finitely generated subalgebras. For instance, one can proceed
as follows. Let a be the standard filtration on A of rank m > 1 and B a subalgebra of
A generated by all monomials of degree 2. We obviously have dim A/B = oo, but at the

mn+2_1
m2—1

. Clearly, B is not exponentially negligible.

same time the value of the growth function for the filtration § = aNB is gg(n) =

mntl_1
m—1

if n is even. For a we have g,(n) =
4. Some properties of words in infinite alphabets

Infinite alphabets naturally appear when one applies a standard technique of elimi-
nation (see Lemma 4). Although it is not our goal to formally generalize certain results
to the case of free Lie algebras of infinite rank, the logic of the proofs makes it necessary
to consider such algebras, as an auxiliary tool.

In what follows, we will be considering only the alphabets with at least two letters.
Let k, = #X,, be the number of letters of degree n. In our analysis, we will be imposing
on X some conditions, as follows.

Condition G. Either ko = ks = ... =0 or, for every i, if k; > 0 then k;11 > 0.

To formulate another condition we first introduce a function of one real variable (
(z is a positive parameter):

oo

PO = FX Q) = Y e ()

i=1

Its domain is the set of real values of { for which the series on the right hand side
converges.

Recall (Subsection 2.2) that dx(n) stands for the number of words of degree n in the
free monoid W (X). A simple fact is the following.

Lemma 7. If F(0) <1 then dx(n) < 2", for all natural values of n.

Proof. Induction on n = 0,1,.... We have dx(0) = 1 and for n > 1, the number of
words of degree n with the last letter from X; equals dx(n — ¢)k;. Applying induction
and our hypothesis, we obtain:

dx(n) =Y kidx(n—i) <> k"' <2"Y S =4"FO0) <" O
=1 =1 =1

ki
i

~+ converge to a number a > 1.

Lemma 8. Let for some real z > 1 the series Y .o,
Denote by § the greatest common divisor of all integers in the set I = {i | k; # 0}. Then
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there is a positive constant ¢ such that for every sufficiently large n divisible by &, we
have dx(n) > cz".
Proof. Since the series converges to o > 1, there is N such that Zfil B> 1Tt s
well known that there is an integer M such that every n > M divisible by ¢ is a linear
combination of the numbers from I with non-negative integral coefficients. Without loss
of generality, let us assume that both M and N are divisible by ¢. It follows that there
exists a word of degree n over the graded alphabet X, and so there is a small real number
¢ > 0 such that dx(n) > cz™ for every n = dt belonging to the segment [M, M + NJ,
where t is a positive integer.

The assertion of the lemma will be proved by induction on ¢, where n = §t, with base
t = M /0 guaranteed above by the choice of c. Moreover, for the inductive step, we may
assume that n > M + N and so t > (M + N)/§. Now we have

n N
dx(n) = kidx(n—1i) > kidx(n—1) (5)

The right-hand side of (5) can be rewritten as vaz/ld ksidx (0t — 6i) because obviously
dx(j) = 0 if j is not a multiple of §. Note that ¢ > t —i > t — N/6 > M/§ for
1 < i< N/, and so by the inductive hypothesis, dx (5t — i) > ¢zt 7% = cj% Taking
(5) into account, we obtain dx(n) > cz" Zg{s % Again, the sum on the right-hand
side is equal to Zf\[:l k: | that is, greater than 1 by the choice of N. Hence dx(n) > c2"

as required. O

In the next result, we denote by ga(n) the growth function of A(X) with respect to
the degree filtration defined by the graded set X.

Lemma 9. The function ga(n) is superexponential if the series F(0) diverges for every
positive z. Otherwise, provided that #X > 1, the growth of ga(n) is exponential. The
base of the exponent of the growth can be determined as zg in the following.

o, : — ki
nh_)rréo YVax(n) =2 = 1nf{z >1 ‘ ;z_i < 1}. (6)

Moreover, dx(n) < z" for any n > 0.

Proof. By Lemma 7, dx(n) < z" for any z > 2, whence gx(n) < ¢;2" for a positive
constant ¢;. By Lemma 8, dx(n) > ¢(2')" for any sufficiently large n divisible by § if
z' < zg. Therefore gx(n) > ca(2')™ for a positive ¢ and every large enough n. To finish
the proof of formula (6), we should extract the nth roots from the inequalities obtained
for gx(n) and pass to the limit, using that z and z’ can be chosen arbitrary close to z.
The second statement is proved in Lemma 7. O
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To further proceed we need to impose one more condition on the set X.

Condition W, (z is a real number > 1). F({) is defined in a neighborhood of 0 and
F(0)<1.

Our main Lemma in this section deals with the following sets. Given a nonempty word
u € W(X), let N(u) be the set of all words in W (X) that do not include u as a subword.
We also set N(u)n, = N(u) N W(X),, and define f,(n) = #N(u)n, that is, fu(n) is the
number of all words of degree n without subword .

Lemma 10. Let X satisfy Conditions G and W.. Then for every nonempty word u €
W (X)) there exist positive constants C and e, such that

fuln) < C(z—¢)".

Proof. With u fixed, let us write f(n) = fu,(n). If u is a subword of u’ then, clearly,
Ny, (u) C N,(u'). Since X has at least two letters, it is easy to include u as a subword
in a word v’ such that no proper prefix of v’ is a suffix of u’. Therefore we may assume
from the very beginning that the word u itself enjoys this property.

It follows from Condition W, that F({) is continuous in a neighborhood of 0. Let us
choose a small positive ¢ € (0;1) such that F(e) < 14 2, where £ = deg(u). Clearly one
can choose C so that f(n) < C(z—¢)" for every n =1,...,£—1. To show that the same
inequality also holds for all n > ¢, we first apply the argument of Lemma 7. Namely, we
use

N(u), C |_| N(w)n_i X, (7)

to produce an upper bound

Let us note that the union on the right hand side of (7) contains some words with
subword u. For example, such are the words in N (), —u. Indeed, if u = v’z with z € X,
and v € N,_(u) then vu = (vu')x € N,_s(u)X,. This follows because, considering v
has no subword u, if v’ has such a subword, then v = v'p, u = pg and v’ = ¢r, for some
words v, p, q, 7, ¢ nonempty. Then a nonempty word g would be a suffix and a prefix of
u at the same time, which contradicts our assumption about u. Since the number of the
words in N(u),—gu is f(n — £), the stronger inequality holds:

n

fn) < —fn =0+ kif(n—i) (8)

i=1



Y. Bahturin, A. Olshanskii / Journal of Algebra 422 (2015) 277-305 291

Now according to our Condition G we either have G1: ky = k3 = ... = 0 or G2: for
every i, if k; > 0 then k; 1 > 0. Let us handle these cases separately.

In the case G1, all letters are contained in X; and f(n—1) < f(n—£)2*~! by Lemma 7
since in this case, every word of degree n — 1 is a product of a word of degree n — ¢ and
a word of degree ¢ — 1. Therefore we obtain from (8):

f(n) < —f(n— ”+Zkfn—zsz (n — ) (9)

where k| = k; — 27! > 0 and K’ = kj for j # 1. Note that in this case,

K, by 1 ko1
= - < S 1
z—e z—¢ 22N z—e) " z—e 2 (10)

In the case G2, since the last letter x of u is in X, we have ks > 0. Also ¢ = deg(u) =
deg(u'z) > deg(x) = s. As a result, we have k; > 0 and so we can write

f(n) < —f(n—é>+2kif<n—i> < Zk;ﬂn—z‘), (11)

where kj =k, —1 > 0 and kj = k; for j # {. In this case we have

K, k 1
(2 —Ze)e = (= —Za)e TRt (12)

Now we can make conclusions which are the same both for G1 and G2. Since the
coefficients k. are non-negative, we conclude from the inductive hypothesis and Egs. (9)
and (11) that

fn) < SR =i) £ Y OK - = Cle= 0" Y h (13)

i=1 i=1 i=1

Hence, both in G1 and G2, it follows from Eq. (13), the definition of the coefficients &/
and Egs. (10) and (12) that

n

fn) < Cz o) (—ﬁ 3G Z)z)

i=1

<O(z—e) (-% + F(s))
<C(z—e)",

because F(e) < 1+ zi’f The proof is now complete. 0O
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5. Cogrowth of subideals

This section contains the proof of Theorem 2. We will be using the notions and results
about free associative and Lie algebras given in Subsection 2.2.

Lemma 11. Let L = L(X) be a free Lie algebra with free linearly ordered basis X. Let
w be an LS-word, x € X the maximal letter involved in w and ¢ = [w] the (unique)
LS-commutator with associative support w. If ¢ is a subword of w for some £ > 0, then
c is an element of the £-subideal closure idéx of L generated by x.

Proof. By definition of the lexicographical order, it follows that w = z‘w’. According
to Corollary 5, ¢ = [z, [u1], [ug], ..., [us]], where u; < ug < ... < ug. If £ =1 then ¢
is an element of the ideal generated by x. So we can proceed by induction on ¢ with
basis ¢ = 1. Assume ¢ > 1. Since [u1] and ¢ are LS-commutators, u; cannot be a power
of z, hence u; has a proper prefix z‘~!. By the property of the lexicographical order,
2'~1 is also a prefix in each us, ..., us. Then by induction [uy],...,[u,] are all in the
(¢ — 1)-subideal generated by z, hence, ¢ is an element of the ¢-subideal idZL x generated

by z. O

Lemma 12. Let L = L(X) be a free Lie algebra with the graded free basis X satisfying
Conditions G and W ,. Let ¢ be a nonzero linear combination of several free generators
of the same degree in L. Then for any £ > 1, there are C,e > 0 such that the cogrowth
function of the (-subideal H generated by c in L does not exceed C'(m — €)™,

Proof. We will use the fact that given a linear order on X, a linear basis of L,, is given
by LS-commutators of degree n. Hence the linear basis of L mod H can be chosen as a
subset of the set of LS-commutators.

Let us first consider the case where ¢ = y, an element of X. We can order X so that
y is the greatest element with respect to this order. According to Lemma 11, then any
LS-commutator whose associative support contains a subword %* is an element of H.
According to Lemma 10, there are positive C,e such that the number of associative
words without a subword y* is bounded from above by C(m — ¢)", for any n. Thus
dr/a(n) < C(m — &)™ Since gr/g(n) = dp/u(1) + -+ + dp/g(n), we immediately
observe that there is C” > 0 such that gr /5 (n) < C'(m —¢)", as needed.

Now assume c is not necessarily one letter and ¢ involves a generator y with a nonzero
coeflicient. We have deg(c) = deg(y). According to [2, Lemma 2.4.1], the set X' =
(X\{y}) U{c} is another set of free generators of L. Notice that the degrees of elements
of L with respect to X’ remain to be the same as with respect to X. By the previous
paragraph, dr,/gz(n) < C(m — )", and the proof is complete. O

Lemma 13. Let L = L(X) be a free Lie algebra with the graded free basis X satisfying
Conditions G and W.. Let w € L be any non-zero homogeneous element. Then for any
{ > 1, there are C,e > 0 such that the cogrowth function of the ¢-subideal H generated
by w in L does not exceed C(m —e)™.
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Proof. Let us consider a linear order on X such that z < y if deg(z) < deg(y). We
choose the minimal generator x € X. The minimal ideal L’ of L containing all other
generators has codimension 1 in L. By Lemma 4, the Lie algebra L’ has a free basis X’
consisting of all commutators z of the form [y, z, ..., z], where y € X\{z}. The free basis
X’ of L' is a graded subset of L and therefore the degree of every element of L’ with
respect to X’ is equal to its degree with respect to X.

Note that also X’ satisfies Condition W.. Indeed, assume deg(z) = s. Removing x
from X we decrease the value F(0) by -1
to X\{z} we multiply the contribution of every such y € X\{z} by (1+

Hence the FX'(0) does not exceed

1 1 1
(- 2) (et )
ms* ms m=S

Also the function FX'(¢) for X’ remains defined in a neighborhood of 0. Indeed, we obtain

this new function FX'(¢) by first subtracting ﬁ from the old function FX(¢). Then

we multiply the difference obtained by the function

<”<mi<>s+<m—1<>28+“'> B (“ﬁ)

which is defined in the neighborhood of zero. Thus all components of Condition W,

Then adding all the commutators [y, z, ..., x]
Lo+ Lt

m2s

remain in place.

Because we remove z of the smallest degree in X, also Condition G still holds for X”’.

We will repeat the above construction applying it to L’ and X', and so on. After ¢
steps we obtain the Lie algebra L®) and its free basis X ().

Now let us show that (72, L) = {0}. Indeed, by our construction, the number of
generators of degree 1 in X' is strictly less (if any) than in X (at the same time it is
possible that we get more generators of degree 2). After several steps of application of
our construction, there are no more generators of degree 1. Then, in the same manner,
we get rid of all generators of degree 2, and so on. As a result, if u is an element of degree
k and on the tth step we got rid of all generators of degree less than or equal to k, we
have u ¢ L®).

So let us assume that w € L® \ LU+, We want to show that w is a linear com-
bination of some elements of X(*). Suppose to the contrary, that the expression for w
in X(® nontrivially includes some commutators of length n where n > 1. Because w is
homogeneous, it cannot include commutators of length 1 equal to the generators of the
minimal degree, and so w € L+ by definition of the transition L) — LU+ This
contradiction proves that a finite sequence of transitions described above will brings us
to the case where w is a linear combination of the free generators of some L®). This case
has been dealt with in Lemma 12.

We have that the ¢-subideal H' generated by w in L(Y) has codimension growth in
L® with respect to X® at most C(m — ). The same is true with respect to X,
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since the degrees of the elements in L® with respect to these bases are equal. Since the
codimension of L) in L is ¢, the codimension growth of H’ with respect to X in the
entire L is bounded by ¢t + C'(m — &)™, where ¢t does not depend on n. Since H' C H,
we have the same upper bound for the cogrowth of H, and altering C' we complete the
induction. 0O

We are now in position to complete the proof of one of the main results of this paper,
Theorem 2.

Proof. Every nonzero subideal S contains, for some ¢ > 1, an ¢-subideal generated by
one nonzero element w. If we prove our claim for such subideals S, we will be finished.
Since we already have this proven in Lemma 13 for the case where w is homogeneous
(in that case, with respect to the standard grading associated with the finite free basis
of L), using Part (b) of Lemma 1 it is sufficient to show the following.

Let w be a nonzero element of subalgebra H and w its leading part. Then for £ > 1
the f-subideal K, generated by u in K = gr H is contained in gr Hy, where Hy is an
f-subideal generated by w in H.

Indeed, by definition of K7, any nonzero homogeneous element v € K is a linear com-
bination of nonzero commutators [u,u, ..., us], where all u; are homogeneous elements
in K. In this case each u; is a leading part of an element w; € H. Therefore, v itself is a
leading part of a respective linear combination of commutators [w, wy, ..., ws] € Hy, so
that Ky C gr H;.

If £ > 1 then we have Ky, 1 < gr Hy_1, by induction. Since K, is an ideal in K, ;
generated by the element wu, it is contained in the ideal M generated by u in gr Hy_1.
But Hy is an ideal generated by w in H,_1. Hence, if we apply what we have proved
for the ideals (that is, when £ = 1), we obtain M C gr Hy. As a result, K; C gr Hy, as
needed. O

6. An example

In this section, based on Lemmas 11 and 14, we find the cogrowth function for the
2-subideal id%x generated by x in the free Lie algebra L = L(z,y). We will need the
following converse to Lemma 11 in our particular case.

Lemma 14. Let L = L(x,y). Then the set T of LS-commutators, different from x, whose

2

associative supports do not have x* as a subword, are linearly independent modulo H =

id2L x.

Proof. Any LS-commutator without x2 in the support (excluding 2 and y) is an element
of the subalgebra M of L with free basis {[z,y], [z, y,y],...}. At the same time, M is a
free factor in the ideal N = (M, z) = id} z. Both claims follow by Lemma 4. Therefore,
M trivially intersects the ideal generated by z in N which is exactly H = id2L z. It
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then follows that the set T' of all commutators in question, excluding y, being linearly
independent in L and M, remains linearly independent modulo id% x. Restoring y to the
set does not change the situation because y ¢ (M, z), while all the rest elements of T'
are in (M, x) which also contains id? z. 0O

We will use a linear basis of L composed of LS-commutators. It follows from Lem-
mas 11 and 14, that we need to find the growth of the set of associative LS-words different

2 as a subword.

from x, that do not have x

We first count the number of words of length n each being the product of the subwords
y and yx. Let a, denote the number of such words with suffix  and b,, with suffix y.
Then a,, = a,—2+b,—2 (these are obtained by attaching yx to the words of length n — 2)
and b,, = a,,—1 + b,,—1. Then also b,,_1 = a,,—o9 + b,,_2 = a,,. It follows that b,, is the nth
term of the Fibonacci sequence 1,1,2,3,5,. .., while a, is the (n —1)st term of the same
sequence (we assume the zeroth term being 0).

The total number of these words of length n is now a, + b, = b,_1 + b,, hence the
(n+1)st term of the Fibonacci sequence. Actually, we have counted the number of words

w of degree n, starting with y, such that no cyclic shift of w contains z2

, as a subword.
We will say that w does not contain a cyclic subword x2.

The set of words we have just counted is the set of all words of length n without
subword z2, with the exclusion of those words that have prefix z. It is obvious that
the number of words of length n without cyclic subword z? with prefix x is equal to
the number of words without cyclic subword 22 with suffix z. Each of these latter can
already be written via y and yz and has suffix z. Earlier, we denoted the number of such
words as a,. As a result, we have the total number ¢, of the words of length n without
cyclic subwords 22 equal to (a, +b,) + a, (with the exception of ). Thus, ¢, is the sum
of the (n + 1)st and (n — 1)st terms of the Fibonacci sequence.

Now we want to delete from the above number those subwords that are powers of
shorter words. Notice that every proper power is a proper prime power. Note that if v is
a word without cyclic subwords 22 then each power of v enjoys the same property. Now
the computation of the number of words which are prime powers is routine. If p|n, where
p is prime, then ¢, /, of our words will be pth proper powers. These must be subtracted,
for each prime divisor p of n.

If d = p1ps is the product of two different primes, then the dth powers have appeared
in the above process twice, so while considering such powers we have to correct this
error, etc. All this leads to a formula for the number d,, of words of length n without
cyclic subwords z2, where the Mobius function plays the role of the “corrector”: d,, =
> dln p(d)cy,q. Although we considered only those divisors d which split as the product
of pairwise different prime divisors, we have included in the preceding formula all divisors
d|n simply because u(d) = 0 as soon as d is divisible by a square of a prime number.

The set of all words we just counted splits into n-element subsets consisting of cyclic
shifts of one of its elements. The greatest word in this subset, in the sense of the LEX-
grading such that z > y, is an LS-word (see Subsection 2.2). As a result, the number of
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Table 1

Cogrowth of the 2-subideal generated by z in L(x,y).
n 1 2 3 4 5 6 7 8 9 10
ds(n) 1 1 1 1 2 2 4 5 8 11
gr/s(n) 1 2 3 4 6 8 12 17 25 36
n 11 12 13 14 15 16 17 18 19 20
dr/s(n) 18 25 40 58 90 135 210 316 492 750
gr/s(n) 54 79 119 177 267 402 612 928 1420 2170

all LS-words of length n in the alphabet x,y, without cyclic subwords 22 is now given
by the formula (1/n) 34, #(d)cp a (as earlier, z is not counted here). Since no LS-word
of length > 2 can have suffix z, this formula also gives the total number of LS-words of
length n, without subword 2.

Proposition 1. Let L = L(X) be a free Lie algebra of rank 2, with free basis X, x a letter
in X, S a2-subideal of L generated by x. Let Fib(n) denote the nth Fibonacci number.
Then the graded function dy, s of the relative cogrowth of S in L is given by

dyjs(n) = %%u(d) (Fib(% - 1) 4 Fib(% 4 1)) (14)

We can see from (14) that the growth of the functions d /s and gr,/s is exponential,
with the base of exponent lim {/gr/5(n) being the same number as for the Fibonacci
sequence, that is, 1+2‘/3. Recall (see (1)) that for the whole of L the base of exponent
is 2.

The first values of the functions dy /s and gr,/5 are given in Table 1.

7. Computing the exponential base of the relative growth

The approach suggested in Section 4 allows us to prove our claims about the expo-
nential base of the growth of (not necessarily finitely generated) subalgebras in free Lie
algebras, as stated in Theorem 3. To be able to apply the results of Section 4, we need
an auxiliary lemma.

Lemma 15. Let A and L be a free associative algebra and a free Lie algebra, with
the same graded free basis Y. Suppose lim,, oo ¥/ga(n) exists and > 1. Then B =

lim,, 00 ¥/ gr(n) exists and is equal to lim, o ¥/ga(n).

Proof. If d|n then the product of any d words of degree n/d is a word of degree n, which
implies da(n/d)? < da(n). If additionally, d > 2 then da(n/d) < \/da(n) < \/ga(n).
But d4(n/d) is the number of words of degree n which are d-powers. After summation
over all divisors d > 2, we will find that the number of words of degree n does not exceed

ny/ga(n).
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Now the existence of lim, s, {/ga(n) > 1 means that \/ga(m) < ga(n)?/3, for all

sufficiently great n and all m < n. Therefore, after summation over m < n, we will
have for large enough n that the number of proper powers among the words of degree

at most n is bounded from above by n2g(n)?/3

, which is 0(ga(n)), because ga(n) is
exponential. It follows that the number of words of degree < n, which are not proper
powers is ga(n)(1 — o(1)).

Since among the cyclic shifts of any such word of degree m < n precisely one is
an LS-word, the number of these latter takes the form of ga(n)(1 — o(1))y(n), where
v(n) € [1/n,1]. By Lemma 2, the number of LS-words of length at most n is gr(n).
Taking the nth roots of these numbers, we arrive at the following:

lim {/gr(n) = lim {/ga(n),

n—oo n—oo

as claimed. O
Now we can proceed to the proof of Theorem 3.

Proof. Recall that we are dealing with the relative growth a subalgebra H of a free Lie
algebra L of rank m with a nongraded free basis X. Using Lemmas 1 and 6 allows us
to always assume that H is a homogeneous subalgebra generated by an irreducible free
basis Y, in which the number of elements of degree i equals k;, for i = 1,2.... The
relative growth of H in L is the same as the absolute growth of a free Lie algebra L(Y),
where Y is viewed as an abstract graded set. The degree of each y € Y equals the degree
of y with respect to X in L. Let us embed L(Y) in a free associative algebra A(Y).
Lemma 15 allows us to translate our claims about H to the claims about A(Y").

We start with Claim (i), where H is not necessarily finitely generated but is non-
abelian. Let us use Lemma 9 (notice that in that Lemma the graded set of generators
is denoted by X!) Since dim L; < m?, it follows that k; < m’, for each i = 1,2,.... It
follows that for any z > m the series F'(0), as a function of z, converges, hence zy in
formula (6) exists and provides us with the exponential base for the growth of A(Y),
hence for the growth of L(Y) (Lemma 15), hence for the relative growth of H in L. As
noted in Lemma 9, if #Y > 1, the growth is exponential. Thus we have proved Claim (i).

In the proof of Claim (ii), the function F(¢) = FY (¢) takes the form of

k k k
FO= 2ttt aor

where d is the maximal degree of the elements in Y, and each k; is the number of elements

(15)

of degree i, i = 1,2,...,d. As in the proof of Claim (i), we use Lemma 9. To be able
to apply formula (6), we need to determine zeros of F(0) — 1, as a function of z. One

can write F'(0), as a function of the real argument z > 0 in the form fz(f), where f(z) is
a polynomial of degree less than d, with nonnegative coefficients and positive free term
kq. Using the Descartes Rule of Signs, the equation z¢ — f(z) = 0 has a unique positive
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root zg. Since zy is a root of a monic polynomial with integral coefficients, our claim
about the algebraic integrality of the exponential base of H follows. The exponential
base is less than m, which follows from the exponential negligibility of Theorem 1.

We prove (iii) for the case m = 2, the general case being quite analogous. Choose
mo € (1,2). Let M be the subalgebra of codimension 1, with free basis u; = =,

us = [z,y],..., given in Lemma 4. For this subalgebra, };°| 5 = 1. Suppose we could
discard few summands in the series so that
(oo}
k.,
d =1, (16)
i1 "o

where k; = 0 if u; is discarded and k; = 1 otherwise. Let B be the subalgebra of M
generated by those u; for which k; = 1. Then, according to our previous argument, mg
will be the exponential base for the B.

To find the sequence ki, ko, ... so that (16) holds, let us assume by induction, that

J k; 1 _ J k;
we have chosen ky,...,k; so that 1 — "7 | mi € [0, m—%) Let usset aj =1—%7_ i
Ifa; < #, then we set k; 1 = 0, otherwise, k; 11 = 1. Since mg < 2, in either case,
0

ajy1 is in the desired interval. Since mq > 1, it follows that a; — 0. Hence Y772, &

ki
proving Claim (iii). ’
Claim (iv) is an easy consequence of the construction in the proof of Claim (iii). Indeed,
the subalgebra H in that proof is generated by a subset of the set of the canonical free
basis of M. Let S be the ideal of M generated by the complement of that set. We have
a vector space decomposition L = H @ S & (y), where all subspaces are homogeneous.

In this case, for any n > 1, L™ = (L™ N H) @ (L™ N S) @ (y). Hence,

gr/s(n) = dim L™ /(L™ 0 S) = dim (L™ N H) +1 = gg(n) + 1.

It follows that the exponential base of g7,/g is he same as that for g. Finally, M/S = H,
a free Lie algebra. O

We conclude this section by exhibiting a positive algebraic integer which is not the
exponential base of any finitely generated subalgebra. For instance, if H is generated in

L(z,y) by x,[z,y] then by Claim (ii) in Theorem 3, we have to solve 1 + 2z = 2. As a

result, we obtain zg = 1+2\/5. As a side remark, not every positive algebraic integer < m

is the exponential base for the growth of a finitely generated subalgebra in a free Lie

algebra of rank m. For instance, A = (5 — v/5)/2, which is a positive root of 22 — 5z + 5,
cannot serve as such a base. Indeed, if A is the solution to the equation with integral
coefficients f(z) = 2% then another root g = (5 + v/5)/2 > 0 of 22 — 52 + 5 is also
a solution. At the same time, by the argument in the proof of Claim (ii) the positive

d

solution zg of f(z) = 2% must be unique!
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8. Free complements
The main contents of this section is the proof of Theorem 4.

Proof. We first consider the case where H is a homogeneous subalgebra in L with a
homogeneous set By of free generators. Since By is finite, there is ¢ equal to the maximum
of degrees of all elements in By. For the homogeneous component L; of L we have
L = (HN L)@ My, for some (homogeneous) complementary subspace M;. Let us denote
by B a linear basis of M; and consider the subalgebra H; generated by H and B;. We
want to prove that B(1) = By U By is a free basis for Hj.

For this, it is necessary and sufficient (see [2, Theorem 4.2.11]) to show that B(1)
generates Hp (this is clear) and that the elements of B(1) are linearly independent
modulo the commutator subalgebra [Hy, Hy]. Let us denote by L™ the mth term of the
lower central series for L. We have L™ = L,, @ Ly, 41 @ ---. Since [My, H] C L'T!, we
have that [Hy, Hi] C [H, H] & L'*. So a nontrivial linear dependence of the elements
of B(1) modulo [H1, Hq] would imply a nontrivial linear dependence of the elements of
B(1) modulo [H, H]+ L**!. The subspaces [H, H] and L' are homogeneous. It follows
then that we can consider the linear dependence only for homogeneous elements of B(1)
of the same degree d.

If d < t then neither L!**! nor B; have homogeneous elements of degree d. Thus we
have a nontrivial linear dependence of some elements of By modulo [H, H]. This is not
possible because By is a free basis of H. The case d > t is vacuous because neither By nor
By have elements of such degree. Now if d = ¢ then neither By nor L!**! have elements
of degree t. As a result, we have a nontrivial linear dependence between the elements of
B; modulo [H,H]N L; C HN L. This is not possible by the choice of B; as a basis of
a direct complement to H N L; in L;. Thus we have proved that B(1) is indeed a free
basis for H;.

Since H; is homogeneous and the degrees of elements in B(1) are less than ¢ + 1,
we can repeat the previous construction by replacing ¢ with ¢t 4+ 1. So we write L;y1 =
(HNLi41) ® Myy1, choose a linear basis By in My 1, set B(2) = BoU By Ll By, introduce
the subalgebra Hsy generated by B(2), prove that B(2) is a free basis of Hs, etc. The
union C = |J;, H; is a free Lie subalgebra with basis B = | |2, B;. Clearly, H is a free
factor in C.

By construction, any homogeneous polynomial of degree > t is an element of C. It
follows that the codimension of C' in L is at most the dimension of the tth term L(*) of
the degree filtration of L. Since L is finitely generated, we have dim L(*) < oo, proving
that C' is of finite codimension in L.

Now suppose that H is not necessarily homogeneous. Recalling Section 3, we choose
a finite irreducible set S of free generators for H and consider the set S’ of leading parts
of the elements of this set. Let H' be the subalgebra generated by S’. By Lemma 5, S’ is
independent. Let us set By = S’ and proceed as just above to produce a homogeneous
subalgebra C’ of finite codimension in L with the set B’ of free generators such that
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B’ = By || By, where By = | |32, B;. Now let us consider B = S| | By. Then the set of
the leading parts of elements in B is B’. Since B’ is independent, by Lemma 5, the same
is true for B.

Hence B is the free basis of a subalgebra C'. Invoking Lemma 6, we have that C' = gr C.
If K is a subalgebra generated by By, we have C = H * K. Notice that by construction
the subalgebra K is homogeneous.

It remains to note that dim L/C < oo, which follows by Part (b) of Lemma 1. Now
the proof is complete. O

It is worth noting that in a particular case where the subalgebra H of a free Lie
algebra L is generated by its homogeneous component of degree ¢, it is true that H is a
free factor in the tth term L! of the lower central series of L. Probably, this result was
already known to A.I. Shirshov.

9. Triviality of ideals in subideals

We start this section with a fairly general result about the derivations of free algebras,
which we think could be of interest in its own.

Lemma 16. Let A (respectively, L) be the free associative (respectively, Lie) algebra with
free generators x1,xo, ... over an arbitrary field and D its derivation given on the gener-
ators by the rule Dx; = x;41 (i=1,2,...). Suppose a is a nonzero element of A (of L).
Then for every k > 1, there exists n > 0 such that the element D™(a) does not belong to
the ideal Iy, (to the Lie ideal Jy,) of A (resp., of L) generated by the set {x1,...,x1}.

Proof. Let us begin with the associative case. We may assume that a is a homogeneous
element of degree ¢ > 1 and a is an element of a subalgebra A; generated by x1, ...,
for some | > k. We can write

a= § , Qiy,.gic iy~ i

1<y <4,.00,1<0.<¢

for some scalars o, ;.. We say that a c-tuple (i1,...,1.) is an element of the support
Suppa if o, .., # 0.

Let us define a sequence of numbers Ky, Ko, ..., K. by setting Ky = (1/2)(2k+2)26_d,
for any of d = 1,2,...,c. Then K, = k+ 1 and K4 = 2K§+1, for any 1 < d < ¢. Our
lemma is an easy consequence of the following.

Claim. For any d, 1 < d < ¢, there isn > 1 such that the support of D™(a) has a c-tuple
(il, N ,ic) with min{il, e ,id} Z Kd.

The estimate for the value of n can be recovered from the proof that follows. Once
proven, our Lemma follows because K. > k.
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For the proof, let us use induction by d.
In the case d = 1, our task is easy. Indeed, let (i1,...,4.) € Suppa with the greatest
possible 41. Then the only c-tuple (i + 1,4s,...,1i.) comes to Supp D(a) from

D(y ig,..in @iy @iy +* Ti) = Qg ig,ie (i1 -+ Ty + Ty Tigge1 -+~ Ty, +..),
and i + 1 is the greatest first index in the members of Supp D(a). Then we repeat the
argument and have (i; + K1, i9,...,i.) € Supp D"(a) if n = K.
Now assume that the statement is true for some d (1 < d < ¢). In this case,
there is m such that the support of b = D™(a) includes a c-tuple (iy,...,3.) with
min{éy,...,iq} > Kq. Let us split Suppb as the disjoint union

suppb:< || Sj)l_ls,

J>Kat1

where (i1,...,i.) € S; if min{i1,..., 3¢} = j, j > Kgq1. The c-tuples in S satisfy
min{iy,...,iq} < Kgt1. The maximal j with non-empty S; satisfies the inequality j >
K, because of the way we have obtained b.

To proceed, we introduce a function f(j) (j > Kg41) whose jth value equals to the
maximal value of the (d + 1)st coordinate of the tuples in the subset S;; we set, by
definition, f(j) =1 if the subset S; is empty.

If f(j) > Ka41 for some j > Kqi1, then there is a c-tuple (i1,...,4.) € S; such that
min(éy,...,44+1) > Kgy1, which is sufficient to complete the induction step. Therefore,
we further assume that f(j) < Kg41 for every j > Kgy1, and so f(j) takes less than
Ky, different values.

It follows that the length of any decreasing sequence j(1) > j(2) > ... such that the
values f(j(1)) < f(4(2)) < ... increase, is less than Ky;1. Recall that the maximal value
of j with non-empty S; is at least K4. Let us choose a particular decreasing sequence
as follows. There exists j(1) > K such that f(j5(1)) > f(q) for every ¢ > j(1). If for all
J < j(1) we have f(j5) < f(j(1)), then we are done. Otherwise we keep working and define
j(2) as the maximal index such that j(2) < j(1) while f(j(2)) > f(j(1)). Proceeding
in the same way, we eventually arrive at a finite sequence j(1) > j(2) > ... > j(s)
with f(5(1)) < f(45(2)) <...< f(j(s)), which cannot be extended any further. Here we
additionally have s < K441 and f(j(t)) > f(q), for arbitrary t < s and ¢ > j(t).

Notice that it is not possible that every number in the sequence j(1) — j(2),...,
Jj(s = 1) —j(s),4(s) is strictly less than 2K ;. For, if this were the case, we would be
able to write

Ka<j(1) = (5(1) =4(2) +...+ (i(s = 1) = j(s)) +4(5) < 2Ka+1Ka1-

Therefore, either j(t) — j(t +1) > 2K for some t < s or j(s) > 2K441. In both cases,
we can conclude that there is a number m such that the following are true:
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m > 2Kg11, and f(m)> f(q) forany ¢ >m — Kgy1.

Now we take (i1,...,%4, f(m),...,ic) € Sp, consider the respective monomial u =
Tiy " TigTp(m) - Ti,, entering b with non-zero coefficient, and compute the elements
D%a+1(y) and DEa+1(b). The support of D¥é+1(u) includes the c-tuple

i= (ila"'aidvf(m)+Kd+1aid+2,-~-a7;c)~

This follows exactly as in the case d = 1 above. The first d + 1 indexes of this tuple

are not less than K41, by the definition of S;,. Therefore to complete the induction,

it suffices to prove that for any monomial v occurring in b with nonzero coefficient, the

tuple i does not appear in the support of DXa+1(v). Let Suppv = {(i},. .., ...,i.)}.

Case 1: Suppv € Sy, where ¢ > m — Kg441. By the choice of m, f(m) > f(g). Our
argument, as just above, shows that D®¢+1(v) has at most one monomial with
multi-index of the form

i'=(ih,.... i f(m) + Kag1,...,10,).

Since i’ # i we have i ¢ Supp D¥d+1(v).

Case 2: Suppv € Sy, where ¢ < m—Kg41. According to the definitions of S, and Sy,, we
have min(7},...,%;) = ¢ < m— Kgy1. Each of the K411 derivations can increase
the minimum of the first d indices in the members of the support at most by 1.
Hence i ¢ Supp DXd+1(v).

Case 3: Suppwv € S. Then by the definitions of D and S, one of the first d indices of
any term of D®d+1(v) is less than 2K 4, 1. Hence, by the definition of m and S,,,,
i ¢ Supp DEa+1(v).

Thus the proof is complete in the case of associative algebras. The case of Lie algebras
reduces to the associative case because the free generators of A also freely generate L
with respect to the bracket operation, J; C Ii, and the derivation D of L extends to a
derivation of A (see [5, Chapter II]). O

Theorem 6. Let J be a proper ideal of a free Lie algebra L and S a finite subset of J. Let
I =1d;S be the ideal closure of S in J. Then for every z € L\J and for every nonzero
a € I there is n such that [a, z, ..., z] (n times) is not an element of I.

Proof. One may assume that L = (J, z) where J is an ideal of codimension 1 in L. Then
an element 2’ = z —v, where v € J can be included in a free basis of L. If for any number
n of occurrences of 2/ we had b, = [a,2,...,2'] € I then we would also have that all
an = la, 2, ..., 2] € I. To prove this, we first note that, if we replace z by z’ 4+ v then we
will have the sum of left-normed commutators w = [a, u1,uz, ..., u,], where each wu; is
either 2z’ or v. Using the Jacobi identity [v, s,t] = [v,¢, s]+[v, [s, t]], we can change places
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z' and v in w, if z = t follows v = s in w. The resulting commutators would still be of
the form of w but now u; are either 2’ or some elements of J. If there is still some 2’
to the right of some u;, we repeat the process. When all 2z’ are to the left of all u; we
have the elements of the form [a,z’,...,2,u;,...,ux]. The initial portion [a,2’,..., 2]
is in I, by our assumption. Since I an ideal of J, the whole commutator is in I, as well.

Hence, we may assume that z is an element of the free basis of L. Then the inner
derivation ad z shifts the free generators of J (see Lemma 4), so we are tempted to apply
Lemma 16. However, the direct application is not possible, because there can be many
different “orbits” for the action of ad z on the free basis of J. Hence, we need an easy
modification of Lemma 16, as follows.

Lemma 17. Let A (respectively, L) be the free associative (respectively, Lie) algebra with
the set X of free generators split as a disjoint union of subsets X ) = {a:(lj),x;j), .
over arbitrary field and § its derivation given on the generators by the rule (5x§j) = xgi)l
(i=1,2,...). Suppose a is a nonzero element of A (of L). Then for every finite subset
S of X, there exists n > 0 such that the element 6™(a) does not belong to the ideal Ig

(to the Lie ideal Jg) of A (resp., of L) generated by S.

Proof. This is a direct consequence of Lemma 16. Indeed, considering, say, the associative
case, let us assume that, for any n, we have 6" (a) € Is. Let us consider a homomorphism
of associative algebras ¢ from A(X) to the free associative algebra A(z1,zs,...) of
Lemma 16, defined in the following way. Suppose an expression for a in A(X) includes
only at(rglost m first letters from each of subalphabets X, j = 1,2,.... Then we
1
1

under this homomorphism, ¢(a) # 0 because we simply applied a bijective change of

set p(z; ) = ay, (p(xZ@)) = Titm, <p(z§3)) = Tjtom, etc., where i = 1,2,... Clearly,
the sets of free variable involved in a. Now both algebras A(X) and A(z1,22,...) are
equipped with derivations, ¢ in the former case and D, as in Lemma 16, in the latter,
that is, D(z;) = xiy1, 1 = 1,2,.... Clearly, ¢ is a differential homomorphism, that is
pod=Dop.

Since we assumed that 0" (a) € Ig, for all n, applying ¢ would mean that D"(¢(a)) €
I,(s)- This comes as contradiction to Lemma 16. O

Clearly, Theorem 6 follows from Lemma 17. O
Now we came closer to the proof of Theorem 5 from the Introduction.

Proof. Let J(i) be the i-closure of a fixed nonzero element or a finite set .S of elements
of J = J(0), as in Theorem 5, and L D M; D ... an arbitrary subideal series in L with
nonzero terms. We need to show that My is not contained in J(£).

Let us first prove that setting N; = J(i — 1) N M;, i = 1,2,..., the series L D N1 D
Ny ... is also a subideal series with nonzero terms. First of all, if PN Q = {0} for
{0} # P,Q<L,a€ P,be Q then [a,b] = 0. Now the subalgebra M generated by a,b
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is free; since a,b commute, M must be abelian, hence dim M = 1. So a,b are scalar
multiples of each other, a contradiction with P N @Q = {0}. Therefore, the intersection
N; of two nonzero ideals My and J = J(0) of a free Lie algebra L is again nonzero. Now
since Ny and J(1) are two nonzero ideals of J(0), their intersection N3N J(1) is nonzero.
Similarly, My N N; is nonzero. Hence (Ms N Np) N (N7 N J(1)) is nonzero, being the
intersection of two nonzero ideals of Ny. As a result, No = MyN J(1) # {0}. Continuing
in the same way, we find that all N; = M; N J(i — 1) are nonzero.

As a result, when we resume proving Theorem 5, we may assume that M; C J(i — 1),
for all 4. So we need to prove that M, ¢ J(¢), for any £ =1,2,.... Assume the contrary,
that is, My C J(£), for some £ = 1,2,.... If £ = 1, we can apply Theorem 6, because
J is a proper ideal in L while J(1) is an ideal generated in J = J(0) by a finite subset
of elements. It follows that J(1) does not contain an ideal M; of the whole algebra L.
Now let us assume that ¢ > 1. Then by induction we know that M,_; is not contained in
J(€—1). At the same time, by our assumption, M,_; is contained in J (¢ —2). Therefore,
there is z € My_1 \ J(£ —1) such that z € J(¢ —2). Since J(¢ —1) is an ideal in J(¢ — 2),
it follows that ad z leaves J(¢ — 1) invariant. So we can conclude that J(¢—1) is a proper
ideal in the free subalgebra P = (z, J(¢ — 1)). Further, J(¢) is a finitely generated ideal
in J(¢ —1). Since z € M;_1, we have [My,z] C M, C J(¢ —1). As a result, M is an
ideal of P. Thus, in the same way as in case £ = 1, we arrive at a contradiction with
Theorem 6, now applied to a free Lie algebra P, a proper ideal J(£ — 1) of P, a finitely
generated ideal closure J(¢) in J(¢ — 1) and an ideal M, of P contained in J(¢). Hence,
the proof of Theorem 5 is complete. O

Remark 3. In the case of associative algebras we have a very simple example when there
is an ideal I generated by finitely many elements in a proper ideal J of a free associative
algebra A, and still containing a nonzero ideal of A. For this one can take A with free
basis {z}, J the principal ideal of A generated by z2, S = {2? 23}, I the ideal of J
generated by S. The reader would easily check that the nonzero ideal of A contained in
Iis ... T itself!
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