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0. Introduction

Let R be alocal domain. In [5, (1.1)], we presented seven axioms for a closure operation
that were necessary and sufficient in order to prove the existence of balanced big Cohen—
Macaulay modules over R. [5, (3.16)] (Recall that a balanced big Cohen—Macaulay mod-
ule B over R is a module for which every partial system of parameters for R is a regular
sequence on B.) The work is independent of characteristic considerations for R. Tight clo-
sure in equal characteristic satisfies these axioms. The existence of a big Cohen—-Macaulay
module or algebra over R implies the existence of such a closure operation in any charac-
teristic in mixed characteristic. Whether or not there exist big Cohen—Macaulay modules
or algebras in mixed characteristic was in general a major open problem for many years,
but the issue has been recently settled via the use of perfectoids. See [1], [2], [8]. For
rings of Krull dimension at most 3, see [7,11] for older results in the literature.

In the present article, we will generalize the seven axioms to include closure within
general R-modules, not just finitely generated modules. The axioms of [5, (1.1)] will
be termed finite axioms while these new axioms will be called the big azioms. We will
show that tight closure in characteristic p satisfies the big axioms (Proposition 1.6)
and that the existence of a balanced big Cohen—Macaulay R-module induces a closure
operation on modules that satisfies the big axioms (Proposition 1.4). These two results
are analogous to [5, (5.4), (4.2)] that were proven for the finite axioms. Given a closure
operation satisfying the finite axioms, we prove (Proposition 1.5) that this operation can
be extended to a closure for all R-modules that satisfies the big axioms. The technique
is based on the idea of finitistic tight closure in [13, Definition 8.19].

In the second section, we will use the big axioms to define when a general R-module
M is a phantom extension of R with respect to the closure operation. Although this
definition appears to depend upon choices of a free presentation and lifts of certain maps,
we prove that it is in fact independent of all choices. In the following section, we will
prove that all phantom extensions can be modified into balanced big Cohen—Macaulay
R-modules (Theorem 3.7), which is analogous to [5, (3.16)] showing that the finite notion
of phantom extensions can be modified into big Cohen—Macaulay modules. In the fourth
section, we use the earlier results to prove that if a : R — M is phantom over a local
domain, then M is a solid module. We also prove that in prime characteristic p over
an F-finite ring R, solid algebras are phantom extensions (Theorem 4.8). The resulting
Corollary 4.9 is that solid algebras can be modified into big Cohen—Macaulay modules,
which complements the example of Hochster and Huneke [15, Example 3.14] of a solid
algebra in characteristic p that cannot be modified into a big Cohen—Macaulay algebra.
On the other hand, we show that there are solid modules that cannot be phantom
extensions with respect to any closure operation satisfying the axioms.

1. Big and finite closure axioms

We will alter the notation of [5, (1.1)] (e.g., Njhw) and adopt some of the notation
and naming conventions used in [6] to emphasize the generic, axiomatic nature of our
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closure operations and to avoid confusion with other closure operations that may use
the g symbol as well.

Definition 1.1. Let (R, m) be a local domain. All modules named below are arbitrary and
not necessarily finitely generated. The following is a list of axioms that may be satisfied
by an operation ¢l on submodules N of M.

(1) (extension) N§ is a submodule of M containing N.

(2) (idempotence) (N§h)s, = N¢t.

(3) (order-preservation) If N C M C W, then N& C Mg:.

(4) (functoriality) Let f: M — W be a homomorphism. Then f(Ng}) C f(N)&,.

(5) (semi-residuality) If N¢b = N, then Of\lﬂN = 0.

(6)

(7) (generalized colon-capturing) Let x1, ..., 21 be a partial system of parameters for

The ideal m is closed; i.e., m% =m.

R, and let J = (x1,...,xx). Suppose that there exists a surjective homomorphism
f:M — R/J and v € M such that f(v) = zk41 + J. Then

(Rv)$, Nker f C (Jv)§,.

We will refer to the list above as the big azioms. If the closure operation only satisfies the
axioms for finitely generated modules, then we say that the operation meets the finite
azrioms.

Remark 1.2. Note that we removed the condition 0% = 0 from the sixth axiom. A close
reading of [5] shows that the only citation of that axiom was in Lemma 3.12, but changing
the equality at the end of the displayed formula to an inclusion D still yields the result
but does so using axiom (1) instead of 0% = 0.

It is worth pointing out that the results of [5, Lemmas 1.2 and 1.3, Proposition 1.4]
concerning quotients, direct sums, intersections, sums, and colon-capturing are still valid
for an operation that satisfies the big axioms. The proofs are identical as they make no
reference to finite generation of modules. We restate a few for ease of reference and add
to that list a result related to isomorphisms. Additionally, Mel Hochster and Rebecca
R.G. pointed out that the condition 0% = 0 follows from the other axioms.

Lemma 1.3. Let ¢l be an operation satisfying the big (or finite) azioms. All R-modules
are arbitrary (or finite).

(a) [5, Lemma 1.2(a)] Let N' C N C M be R-modules. Then u € N if and only if
u+N" € (N/N5yno-

(b) /5. Lemma 1.2(b)] If Ny C M;, then (N1 & N2)§p e, = (N1)§y, @ (N2)§, . In the
case of the big axioms, this result also applies to infinite direct sums.
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(¢) [5, Lemma 1.5] Let xq,...,254+1 be a partial system of parameters for R, and let
J = (x1,...,2k). Suppose that there exists a homomorphism f : M — R/J and
v € M such that f(v) = zp41 + J. Then (Rv)$, Nker f C (Jv)$,.

(d) If f : M — M’ is an isomorphism of R-modules with N C M and N’ = f(N), then
u € N§b if and only if f(u) € (N")S,..

(e) 0% =0.

(f) Let u € N§L. Then there exists v # 0 in R such that ru € N.

Proof. For (a), (b), and (c), use the existing proofs in [5] as finiteness of modules is
irrelevant to the proofs. For (d), apply axiom (4) to f and to f~! to get the two con-
tainments.

'For (e), first note that if R is a local domain of Krull dimension 0, then 0 = m
and so is closed by axiom (6). If R has Krull dimension greater than 0, then suppose
that © € 0\ 0. We can consider z = x; a partial s.o.p., and let J = (0) be the ideal
generated by the “other” parameters in the partial system. Let M = R @& R and define
f:M— R=R/J be f(r,s) =rz+ s so that v = (1,0) = x;. Then f(—1,z) =0, and
(—1,z) € (Rv)§; as (Rv)§; = (R®0)She, p = REBOG = R®0E, which contains (—1,0) and
(0, ). Hence, axioms (6) and (7) imply that (—1,2) € (Jv)§; =05, = 0% 0% Cmd R,
which is impossible.

“For (f), let M’ be any module. Let T be the submodule of torsion elements. Then
M’ /T is torsion-free. By [17, (3.1g)], Oiﬁl,/T = 0, which implies T}, = T by part (a). As
0 C T, 05, C T by the order-preservation axiom. Hence, if u € 0%, then u € T and
so there exists r # 0 such that ru = 0. Now let N C M be any modules and consider
M’ = M/N and part (a). If u € N§,, then there exists an r # 0 such that ru € N. O

The axioms and theorems developed in [5] are results of the finite axioms. In this
paper we will develop analogues and new results for the big axioms. Although the big
axioms may appear more powerful (or more restrictive) at first compared to the finite
axioms, they are equivalent to each other in the following sense.

Proposition 1.4. Let (R, m) be a local domain. The following are equivalent:

(i) There exists a closure operation c that satisfies the big axioms (1)—(7).
(ii) There exists a closure operation d that satisfies the finite axioms (1)-(7).
(iii) There exists a balanced big Cohen—Macaulay module B over R.

Proof. (i) implies (ii) is obvious with d = ¢. (ii) implies (iii) is the main result (Theorem
3.16) of [5]. To see (iii) implies (i), we just note that the proof of Theorem 4.2 in [5]

! The proof of this result comes from Mel Hochster and Rebecca R.G.
2 The proof of this result arose from a conversation with Rebecca R.G.
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suffices as finite generation of modules is irrelevant to the arguments, even though the
theorem is stated to prove the existence of an operation meeting the finite axioms. O

Although the proposition above implies that a closure operation d meeting the finite
axioms implies the existence of an operation ¢ meeting the big axioms, there is nothing
guaranteeing that ¢ and d agree for finitely generated modules. Indeed, the closure d
induces a big Cohen—Macaulay module B, which in turn induces a closure operation ¢
using extension and contraction from B, but those need not be the same. On the other
hand, an operation satisfying the finite axioms can be extended to one meeting the big
axioms using the idea of finitistic tight closure given in [13, Definition 8.19].

Proposition 1.5. Let (R, m) be a local domain. Suppose that cl is an operation on modules
that satisfies the finite axioms. Then cl can be extended to all modules so that the extended
operation satisfies the big axioms.

Proof. Given a notion of N§ for finitely generated modules N C M that satisfies the
finite axioms, we extend ¢l to all modules N C M via u € N]f/l[ if and only if there exists a
finitely generated submodule My C M such that u € (N N Mo)?\l%. This definition leaves
N§! unchanged for finitely generated modules M due to the inclusion ¢ : My — M, the
containments N N My C N C M, and finite axioms (4) and (3). Thus, this definition is
an extension of ¢l to arbitrary modules.

Let N C M be arbitrary modules. We check that the big axioms hold.

(1) If w € N, then u € (N N Ru)%, by finite axiom (1) so that N C N§i. Let r € R
and uy,us € val[. Then there exist finitely generated submodules M7, M5 of M such
that u; € (N N Ml)%l Let My = My + Ms, a finitely generated submodule of M.
Then finite axioms (3) and (4) imply that u; € (N N Mo)$,, - Thus, finite axiom (1)
implies that ru; +ug € (N N Mo)ﬁffo and so Tu; + uz € N§b.

(2) Suppose that u € (N§)S,. We claim that u € N§t. There exists a finitely generated
submodule My C M such that u € (N§ N Mo)f\l%. Let wy, ..., wy be generators of
the finitely generated submodule N§i N My of My. Then for each j there exists a
finitely generated submodule M; of M such that w; € (N N Mj)?\f[j as each w; is in
N§b. Let Q = Mg + My + -+ - + Mj,, a finitely generated submodule of M. By finite
axioms (4) and (3), w; € (NN M;)§, C (NN M;)3 C (NNQ)G for each j, and so
N¢-N My C (NN Q)CQZ Thus, finite axioms (4), (3), and (2) imply that

(N§; N Mo)y, € (Niz N Mo)g € (NNQ)G)G = (NN Q)G

which means that v € (N N Q)& and so u € N} as claimed.

(3) Follows from finite axioms (3) as (N ﬂWg)f,f,o C(M ﬂWo)%D for any finitely generated
submodule Wy of W.

(4) Follows from finite axioms (3) and (4) as My finitely generated in M implies that
f(Mp) is a finitely generated submodule of W and f(N N My) C f(N) N f(Mp).
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(5) Suppose that N§ = N and @ € ORZJ/N where u € M. Then there exists a finitely
generated submodule M, of M such that uw € OC,@MN. Thus big axiom (4) and

N
Lemma 1.3(d) imply that w € 0¢,, . Then Lemma 1.3(a) applied to the finite
MoNN
module 1% implies that u € (N N Mo)5;, and so u € N§j = N.
(6) Obvious.
(7) Let o1, ...xx+1 be a partial system of parameters, J = (z1,...,x), M an arbitrary

R-module, f : M — R/J with v € M such that f(v) = Zg;1. Suppose that u €
(Rv)§, and f(u) = 0. Then there exists a finite module My C M such that u € (RvN
M), - Using finite axioms (3) and (4), we can assume without loss of generality
that v € My and so u € (Rv)f\l%. Restricting f to My and applying Lemma 1.3(c)
shows that u € (Jv)§;, and so u € (Jv)§;. O

As tight closure in characteristic p over a complete local domain defined for finitely-
generated modules satisfies the finite axioms [5, Example 5.4], finitistic tight closure
satisfies the big axioms by the result above. We also note that tight closure in charac-
teristic p defined for arbitrary modules satisfies the big axioms, but the proof requires
the use of a big test element in order to prove idempotence.

Let (R, m) be a local domain of prime characteristic p. Let F denote the Frobenius
functor on R-modules induced by the Frobenius endomorphism for R. Let F¢ represent
the iterated Frobenius functor, and let N][\q/[} =Im(F(N) — F¢(M)). Then v € Nj; if
and only if there exists ¢ # 0 such that c®@ u = cu? € NJ[\Z] for all e > 0. See [13, Section
8] or [12] for further details on tight closure of modules. We say that R possesses a big
test element c if the same ¢ can be used in all tight closure calculations for all pairs of
modules N C M. Big test elements are known to exist in a large number of cases, e.g.,
if R is also complete. See [12, p. 150]. Note that we are not using finitistic tight closure
and that whether these two concepts are the same or not is still an open problem.

Proposition 1.6. Let (R, m) be a local domain of prime characteristic p that possesses
a big test element, e.g., R is also complete. Then tight closure defined as above for all
R-modules obeys the big axioms.

Proof. Let N C M be arbitrary R-modules.

(1) Proposition 8.5(a) of [13].

(2) Let ¢ be a big test element for R. If u € (Nj,;)%,, then cu? € (Nj\‘/[)g\‘ﬁ Thus, cu? =
riuf + - rpud, where r; € R and u; € Nj,. Then cul € N][\q4], and c*u? € NJ[&] for
all ¢, which implies that u € Nj,. (cf. [12, p. 164]).

(3) Proposition 8.5(b) of [13].

(4) Lemma 5.5 of [5] gives a valid proof, even though the statement unnecessarily pre-
sumes the modules are finitely generated.

(5) Remark 8.4 in [13].
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(6) m is a prime ideal, which is always tightly closed.
(7) The proof of Proposition 5.6 of [5] still applies when M is not necessarily finite. O

2. Phantom extensions

In this section we will generalize and refine the notion of phantom extensions in-
troduced in [14, Section 5] with respect to tight closure for prime characteristic rings
and generalized in [5] to any closure operation obeying the finite axioms independent
of characteristic. We expand the notion to arbitrary R-modules and remove references
to matrix representations of maps. In the end, the description below is equivalent to
the other two in the cases of characteristic p or finite modules. Throughout this section
(R, m) is a local domain.

Discussion 2.1. Let M be an arbitrary R-module along with an injection o : R — M
yielding the short exact sequence 0 — R = M LA Q—0.Let G5 F A Q— 0be any
free presentation of Q). We will construct maps connecting the free presentation of @ to
the given short exact sequence. Although the methods are standard and well-known, we
will take care in the construction so that we are fully aware of where choices are made
in the process.

Start by choose a lifting g : F¥ — M of p such that u = § o u. Consider the map
pov:G — M. Then fo(pov) =povr =0, and so zor maps G into the ker § = Im «.
Hence fiov : G — Im o € M. Since « is injective, we have a map v = o~ lofior : G — R.
All told, we have a commutative diagram with exact rows:

0 R M Q 0 (2.2)
TD Tﬁ Tld
[e PRy 0

Note that given the injection o : R — M, we made only two choices in constructing the
diagram above: the choice of a free presentation and the choice of the lifting f; the map
v was uniquely determined by the other choices.

Let (—)V denote the dual operator Homg(—, R). Then vv : F¥ — GV is the map
sending h € F¥ to hov € GV, and v € GV.

Definition 2.3. Let ¢l be an operation that obeys the big axioms. Given an injection
a: R — M and a diagram as in (2.2), we say that M is a phantom extension of R via
aif v e (Im vV, .

Remark 2.4. This definition is equivalent in characteristic p for finite modules to that
given in [14, Definition 5.2] due to Theorem 5.13 of the same article. It is also equivalent to
the definition given in [5, Definition 2.2] with a different choice for notation. Essentially,
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to say that « is a phantom extension means that the cycle in Ext}%(Q, R) that corresponds
to the SES built from « also lives in the closure of the boundaries (calculated within
G"). We have chosen, however, not to refer to membership in the module Extj(Q, R)
but leave everything in terms of diagrams instead.

The definition is independent of both the choice of presentation and the lift .

Lemma 2.5. Let cl be an operation obeying the big axioms, and let o : R — M be an
injection. If v € (Im vV)&y for some choice of free presentation and some choice of i,
then it is true for all free presentations and choices of [i.

Proof. First suppose that a choice of free presentation has been made, but two choices
of lifts iz and 7’ have been made, along with corresponding 7 and 7'.

R0 Q 0
1 T
G Y-r- 1.0 0

Since fofi = pu=Bopu’,wehave i—ji' : F —ker3=Im a C M andso a to(i—):
F — R is a well-defined map. Moreover,
W(a o (fi- ) =al o (fi-{)ov =77
so that 7 — 7' € Im vV C (Im vV)%, by axiom (1). Therefore, 7 € (Im V), if and only
if 7/ € (Im v¥)&,.
Now suppose that 7 € (Im V)&, for a certain diagram (2.2) and that G’ % LN

@ — 0 is another free presentation of Q. Since G’ and F’ are free, we can build a
commutative diagram

R Mo 0
(e QLA 0
£ Tw T

G 0

Let i/ = io and let ¥/ = U o ¢. Consider the dual map ¢¥ : G¥Y — (G')Y, where
V' =¢Y(v) and ¢¥(Im v¥) C Im (V') as

¢V ovV(h)=hovop=hotpov =) (ho))
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for all h : F — R. Therefore, axioms (3) and (4) imply that 7/ € (Im (u’)v)fla,)v. Since
this latter condition is true for this particular pi’ and 7/, then it is true for all choices of
such maps using the free presentation G’ ”ﬁl F’ g @ — 0 according to the first part of
the proof. Therefore, the inclusion 7 € (Im vV)%, (or non-inclusion) is independent of
the choice of free presentation for @ and choice of lifting p. O

Example 2.6. Notice that if a : R — R is the identity map, then ) = 0 and one can
choose G = F = 0 and ¥ = O-map. It is thus trivially true that 7 € (Im v¥)&, and so R

is trivially a phantom extension of itself via the identity map.

Discussion 2.7. Given an injection o : R — M, expand diagram (2.2) to

R—m—" .9 0 (2.8)
-
G -prp_" .0 0
Tid Tﬂ Tﬁ
141 M1

where 7(f,r) = f, pu(f,7) = i(f) — a(r), and v1(g) = (v(g), v(9))-

The diagram commutes because 7o v1(g) = v(g) = v oid(g), and

Bop(f,r)=pou(f)—poalr)=pu(f)—0=por(fr)

The bottom row is also exact. The map pu; is surjective as a given m € M leads to
B(m) = p(f) € Q, and B(m — u(f)) = p(f) — p(f) = 0 leads to m — i(f) = a(r) for
an r € R. Thus, m = p(f) + a(r) = p1(f, —r). We next show that we have exactness
in the middle. First, u1 o v1(g) = f(v(g)) — a(¥(g)) = 0. Second, if pi(f,r) = 0, then
w(f) = a(r) and so u(f) = B(iu(f)) = B(a(r)) = 0. Hence, f = v(g) for some g € G, and
v(g)=a topmov(g) = a " (u(f)) = a M (a(r)) = r. Thus, 11(g) = (v(9),7(9)) = (f,7),
and so the bottom row is exact.

We have proven the following.

Lemma 2.9. Given an injection oo : R — M, one can build o commutative diagram (2.8)
with exzact rows.

This diagram will allow us to understand «(1) within M better.
Lemma 2.10. Let cl be an operation satisfying the big axioms. Let o : R — M be an

injection with associated diagram (2.8). If a(1) € mM, then v is onto. The converse is
true when Im v C mF, e.g., the free presentation is minimal.
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Proof. Suppose that «(1) € mM. Then «(1) € mIm 4+ mIm « C Im g + ma(1), which
implies that a(1) = u(f1) + xa(1), where x € m and so (1 — x)a(l) = u(f1). As 1 —xis
a unit in the local ring R, we have a(1) € Im g. In other words, a(1) = f(f) for some
f € F. Thus, p1(f,1) = n(f) — a(1) = 0. By exactness, (f,1) = v1(g) for some g € G,
and so v(g) = 1, making U surjective.

Now suppose that 7(g) = 1 for some g € G and that Im ¥ C mF. Then 0 = pjov(g) =
p(v(9),1) = p(v(g)) — a(l) and so a(1) € p(lm v) € p(mF) C mM. O

Corollary 2.11. Let ¢l be an operation satisfying the big axioms. If a : R — M is phantom,
then a(1) ¢ mM.

Proof. Given «, build a diagram (2.2) using a minimal free presentation so that
v € (Im vV)%,, which we can do by the independence of free presentation implied by
Lemma 2.5. By minimality, we may use the converse of the lemma above. For a contra-
diction, suppose that 7(g*) = 1 for some g* € G. Let ¢ : G¥ — R be the evaluation map
é(h) = h(g*). Then ¢(v) = 1. If n € FY, then ¢(nov) =n(v(g*)) € m as Im v C mF.
Thus, ¢(Im V) C m. Axioms (3), (4), and (6) imply that 1 = ¢(¥) € m§ = m, a
contradiction. O

3. Phantom extensions and big Cohen—Macaulay modules

In this section, we show that phantom extensions can be modified into balanced big
Cohen—-Macaulay modules. This was also done in [5, Section 3] but only for finitely-
generated phantom extensions. We now extend the result to arbitrary phantom exten-
sions and refine the argument to avoid the use of matrices and basis choices. As in [9],
[14], and [5], we will make use of module modifications in order to construct a balanced
big Cohen—Macaulay module by forcing relations on systems of parameters to be trivi-
alized in a sequence of modules. The key part is to show that one prevents the limit of
the sequence B from having B = mB. The first step for us though is to build a commu-
tative diagram like (2.8) with some extra properties based on a relation on a system of
parameters in the module M.

Discussion 3.1. Let M be an arbitrary R-module with o : R — M an injection. Let
Z1...,Tky1 be part of a system of parameters for R and suppose that

Tiup + -+ Ty =0

is a relation in M. Using the short exact sequence 0 — R % M g @ — 0, we will build
a free presentation of @ as in (2.2), but we want to highlight an element that maps to
Upr1 € Q. Let F' = F1 @ Rf* be a direct sum of free modules that maps onto @ via u so
that pu(f*) = urr1. (We choose Fy so that it already surjects onto @ and think of f* as
a redundant add-on.) Given this free F' and map p, extend it to a free presentation of Q
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with a free module G. We can then choose a lift i : F' — M of u so that f(f*) = ugs1
while i restricted to Fj is lifted arbitrarily. Then construct the rest of the maps in (2.8)
as in Section 2.

Under these conditions, we study Im vV in GV. Since F' = F} ® Rf*, we have IV =
(F1)Y @ (Rf*)V. Let h* € (Rf*)Y be the map h*(f*) =1, and let y = vV (h*) = h*ov €
Im vV. Then Im vV = H + Ry, where H = vV ((F1)Y).

We have thus constructed a commutative diagram as in (2.8) with exact rows with
the following extra conditions, which we list for ease of reference:

(1) F=F®Rf* with u(f*) = U1, p(f*) = ukt1, and py(f*,0) = gy
(2) Im v¥ = H + Ry = vV ((F})Y) + R(h* ov), where h*(f*) = 1.

Lemma 3.2. Let M be an arbitrary R-module with a« : R — M an injection. Let
Z1,...,TE41 be part of a system of parameters for R, I = (x1,...,xk), and suppose that
iUl + -+ Tppruk+1 = 0 is a relation in M. Use the construction of Discussion 3.1
applied to diagram (2.8). Let N = GY/H. Then there exists a map ¢ : N — R/I with
oY) = xpy1 + I and U € ker ¢.

Proof. Since zjuy + -+ + Tp41uk+1 = 0in M and pg : F @ R — M is surjective, there
exists (f1,71), ..., (fx,7x) in F & R such that u(f;,r;) = u; (without loss of generality,
we may assume that f; € Fy C F since F; surjects onto @). Thus,

x1(f1,r1) + -+ e (fer 7e) + Tre1 (5, 0) € ker g = Im vy
Let g* € G be such that
n(g") = z1(fr,r) + -+ 2o ma) + 2642 (7, 0),
and define a map ¢ : G¥ — R/I by ¢(h) = h(g*) + I. We claim that ¢(H) C I, which

would induce a map ¢ : N — R/I. Indeed, if hov € H = vV ((Fy)Y) with h € (F})Y,
then

hov(g)=h(x1fr+ - +apfr + 1 f7) el

because h(f*) = 0.
Now we establish the claim about ¢(y).

P(y) =ylg*)=h"ov(g")=h"(x1fi+ -+ apfe + Tpp1 f*) =xpp +1

as h*(f;) = 0 since f; € Fy, and h*(f*) =1 so that ¢(y) = zs41 + I too.
Finally we show that v € ker ¢.

Y@)=v(g)+I=a"ofiov(g )+ I=a""oi(zrfi+ -+ Tpfe + Togr f*) + 1,
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but n(f;) = p1(fi,ri) + alr;) = u; + a(r;) and g(f*) = ugs1. Therefore,
(@) = o Hryug + - xpup + Tp g ol 4o Faprg)) L =1
as x1uy + -+ Tpp1upr1 = 0. So, v Ekerp. O

Corollary 3.3. Under the same assumptions and constructions of Lemma 3.2, assume
also that cl is a closure operation for R-modules that obeys the big axioms and that
a: R — M is phantom. Then v € (H + Iy)%&. .

Proof. As the extension is phantom, Lemma 2.5 implies that 7 € (Im vV)&, = (H +
Ry)d,. By axiom (4), 7+ H € (Ry)%. Then Lemma 3.2 and Lemma 1.3(c), the latter
of which requires Axiom (7), imply that 7 + H € (Iy)%. Finally, by Lemma 1.3(a), we
can pull back to G to get v € (H + Iy)%,. O

Now we are ready to look at a module modification of M which will trivialize the
relation zju; + -+ 4+ Tppi1upp1 = 0. Starting with an arbitrary module M, one can
produce a balanced big Cohen—Macaulay module through a very large direct limit of
modules that are produced by forcing relations on systems of parameters to become
trivial eventually. The difficult part is to show that one has not trivialized so much that
the end module has B = mB. This problem can be avoided by keeping track of a special
element that avoids being in mM’ for all modules M’ in the limit. In our case, we will
start with an injection o : R — M that is phantom and keep track of the image of a(1)
throughout. We will keep this element out of mM’ by showing that all modifications
remain phantom extensions of R so that Corollary 2.11 gives the necessary exclusion.
See [14, Discussion 5.15] for more background on the concept.

Discussion 3.4. Let M be an arbitrary R-module with an injection o : R — M and a
relation xyug + -+ Tpp1upyr1 = 0 in M on a partial system of parameters z1, ..., Tk11
from R. Define the module modification of M with respect to the relation given above
by

M @ RF

M =
R(Uk+1,x1, e 75(:](?)

along with maps f : M — M’ given by u ~ (u,0) and o/ : R 5 M L M. Our goal is
to prove that o' is a phantom extension when « is phantom. By the proof of [5, Lemma
3.8], o’ is automatically injective.

Now, assume that o : R — M is a phantom extension with a free presentation of
Q = M/a(R) and commutative diagram as in (2.2). The big task will be to build a
commutative diagram similar to (2.2) for o : R — M’. Let

Q@ RF
R(uk-l-la L1, ,l'k)

Q/ZM//O/(R) _
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Then0 — R % M’ 2, Q" — 0, where ' is the quotient map, gives a short exact sequence.
Using the free presentation G = F £ Q — 0 of Q from Discussion 3.1 with its special

element f* € F, we will build a free presentation of Q" as G ® R LS GRS Q 50
via the maps

wW(fsry k) = (u(f),r, .o re)
and
Vi(g,r) = (v(g) +rf*ray, ... ,re) = v(g) +r(f5 21,0, 2q).

We claim that this construction gives a free presentation for @’. Indeed, since p is
surjective, p’ above will also surject onto @)'. To see exactness in the middle, note that

#/O’/(gﬂ“) ,LL/(V(g)+Tf*,7"£L'1,...,TQSk)

= (npov(g) +ru(f*),rxy,...,rag)
= (

TUpt1, TT1, ..., 7Tk) = 0.

Additionally, if u@/(f,71,...,7%)
have

(u(f),r1,...,7%) = 0 in @', then within Q ® R* we

(/u(f)’rla"'ark}) = T(W-‘rhxlf" 7xk)

for some r € R. Hence, r; = rx; for all ¢ within R, and 0 = u(f) — rap11 = p(f —rf*)
within @. These equations imply that there exists g € G such that v(g) = f — rf* and
sovV'(g,r) = (v(g) +rf*ree,...,rxr) = (f,re,- .o, 78)-

We next join the short exact sequence 0 — R L VA Q" — 0 with the free
presentation G & R i; F o RF i; Q' — 0 to form a commutative diagram. Lift u’ to a
map i’ : F ® R* — M’ such that ji’ restricted to F is just the map i, and [’ restricted
to RF is the same as ' restricted to R*. Then lift @/ o2/ : G® R — Im o C M’ to
v :G&® R — R. We now have a commutative diagram with exact rows

R M’ Q' 0 (3.5)

-

GoR -V~ FoR 1 g — 0

In order to prove that o’ : R — M’ is phantom when « : R — M is phantom, we
need to analyze the condition 7' € (Im (V’)V)EZG@R)V.

Lemma 3.6. Use the notation and assumptions of Discussions 3.1, Lemma 3.2, and 3./.
We have the following:
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(a) V=v®0:G®R— R.

(b) Im (V)Y = (H®0) + R(y ®id) + I(0 ®id).

(¢) Suppose that cl is a closure operation for R-modules that obeys the big axioms. If
a: R — M is phantom, then o’ : R — M’ is phantom.

Proof. For (a), the construction above gives 7/ = (/) "t o i’ o' as it does in (2.2). Note
that

p o z/(g,r) = (po I/(g) + Tﬂ(f*)’Txl’ ‘. "Txk)

= (ﬁoy(g),()) +T(uk+1’x1’ E ’xk) = (ﬁo l/(g),O).
Thus,
7(g,7) = (") (fov(g),0) = a"tofiov(g) = ¥(g).

For (b), first recall from Discussion 3.1 that F = F; & Rf*, H = vV((F1)V), and
(V) (Fo RF)Y - (G® R)V. Let x1,...,7541 be part of a system of parameters for
R, and let I = (21,...,7x). Write h € (F @ RF)V = (F; @ Rf* ® R*)Y as

h:hl@hg@hgihl@sh*@hg,
and write v/(g,7) = v(g) + r(f*, z1,..., 7). Then

@)Y (h)(g,r) = hot'(g,7)
= hi(v(g)) + sh*(v(g)) + rsh*(f*) + rhs(@1, ..., zk)
= hl(V(g)) + S(y(g) + 7“) + Th3(.131, . ,.Tk).

These three terms exactly generate (H @ 0)+ R(y ®id) + I(0 @ id) given the form above
and the fact that I = (z1,...,2%).

For (c), we assume that 7 € (Im vV)%,, and we need to show that 7/ €
(Tm (V/)V)EE@R)V' By Corollary 3.3 we know that 7 € (H + Iy)%,. Thus,

V=v30c (H+1Iy)d ®0C (H+ Iy)&, @05,

by axiom (1). Then Lemma 1.3(b) implies that v/ € ((H + Iy) ® O)EIG@R)V' Next note
that

(H+Iy)®0C (H®0)+ Ry®id) + I(0®id) =Im (/)"
because
(h+iy) @0=(h®0) +i(y®1) —i(0®1).

Finally, axiom (3) achieves the result that 7/ € (Im (v/ )V)EZG69 ryv- O
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We now have our main theorem of this section, which generalizes the main theorem
of [5] to arbitrary R-modules M, not just finitely generated modules.

Theorem 3.7. Let R be a local domain possessing an operation cl that obeys the big
azxioms. If a : R — M s a phantom extension, then M can be modified into a balanced
big Cohen—Macaulay module over R.

As an add-on fact, we point out the following lemma regarding modules that factor
through phantom extensions.

Lemma 3.8. Let R be a local domain with a closure operation cl obeying the big axioms,
and let M and M, be arbitrary R-modules. Suppose that R <% M, S Misa sequence of
maps such that the composition o = 0 o oy is phantom via cl. Then ay is also phantom
via cl.

Proof. Consider the diagram of maps shown below. One may want to visualize this
diagram by rolling it vertically and gluing the identical top and bottom rows together to
produce a commutative prism. Below, we will justify that all squares are commutative,
and the rows are exact. We also show that the vertical paths are commutative in the
sense that composing a pair of vertical maps from the top row to the middle row equals
the composition of vertical maps from the bottom row to the middle row within the
same column.

G1 R O 0 (3.9)
Pz 1 id
aq B1
0 R M Q1 0
id % 0
a B
0 R M Q 0
v m id
G- Fr_".0 0
P ¢ 9
Gl vy F1 H1 Ql 0

We begin by explaining the construction of the diagram. Start with the maps a3 and
a. As « is injective (because « is phantom), oy is also injective. Use 6 to build SESs
and commutative squares as in rows 2 and 3 above. Next, choose a free presentation of
@ and lifting maps as in row 4, which shows that the top four rows of maps have been
defined and that the top three layers of squares are commutative.
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Next, we will build a free presentation for ()1, but we need to be careful so that it is
compatible with the presentation of (). Start with an arbitrary choice of free presentation
as in rows 1 and 5 (same modules and maps). We claim that we can lift py to 1y : Fy; —
M so that oy : Fy — u(F) C M. Indeed, let f; be a free basis element for F; over
R. Then py(f1) = B1(my) for some my € My, and 6 o pu1(f1) = pu(f) for some f € F.
Therefore,

BE(f) = 0(m1)) = u(f) — 0o Br(my) =00 pr(f1) —Oopi(fi) =0

and so fi(f) — 6(m1) = a(r) for some r € R. Define fi1(f1) = m1 + a1(r). Then
00 pi(f1) =0(m1) +0oan(r)=[u(f) —alr)]+alr) € p(F) € M

Given this definition of iy, we lift 14 to 71 : G — R without extra conditions.

To complete the bottom layer of commutative squares, we define the maps ¢ and .
To define ¢ : F; — F as a lift of yy we note that Qo g : Fy — p(F) and o : F — M
gives a surjection onto fi(F'). Hence, we can lift 6 o fi; to a map ¢ : F; — F such that
0o = po¢p. We can then lift 14 to ¢ : G; — G without extra conditions.

At this point all of the maps in the diagram have been defined and all of the squares
have been shown to be commutative.

We now show that the vertical paths from top to middle and bottom to middle
commutate with each other in the sense described at the start of the proof. We have
already noted that 6 o iy = j1 0 ¢ by construction. Also,

aovoth=pogorv; =0opov =aol;.

As « is injective, we have v o = 1y.
As a result, we can now prove that o phantom implies that «y is phantom. As « is
phantom, 7 € (Im V)&, . Applying " : GV — GY, we have

7 =9"(7) € (¥ (Im v¥)gy = (Im(vo))gy = (Im(dow)")gGy € (Im 1)y
by using axioms (3) and (4), which shows that «; is phantom. O
4. Solidity and phantom extensions

Hochster [10] defined an R-module M to be solid if Hompg (M, R) # 0. If the module
is an R-algebra S, then S is solid if and only if there exists an R-linear map v: S — R
such that (1) = ¢ # 0. While Hochster showed that all balanced big Cohen—Macaulay
modules and algebras are solid, an open question from [10] was whether or not all solid
algebras can be modified into balanced big Cohen—Macaulay algebras, i.e., are solid
algebras also seeds (R-algebras that can be mapped to a balanced big Cohen-Macaulay
R-algebra [4]). In [15, Example 3.14] Hochster and Huneke gave a counterexample in
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characteristic p, which shows that not all solid algebras in characteristic p are seeds even
though all seeds are solid.

In this section we provide a complementary result to the connection between solid
algebras and seeds in light of the counterexample mentioned above. We will prove that
if R is characteristic p and also F-finite (for R reduced, R — R/? is a module-finite
extension), then all solid algebras are phantom extensions of R and thus can be modified
into big Cohen—Macaulay modules. We end the section with an example of a solid module
that is not a phantom extension of R.

We will need several characteristic p lemmas to help set up everything.

Lemma 4.1. (¢f. [1/, Proposition 5.12]) Let R be reduced and have characteristic p with
a short exact sequence 0 — R = M A Q — 0. Then for any ¢ = p¢, 0 — R4 18

RY1@p M 120 Rpi/a ®r Q — 0 is still a short exact sequence.

Lemma 4.2. Let R be a domain of characteristic p. If S is a solid R-algebra, then there
exists a fived ¢ # 0 in R such that for all ¢ = p°, there is an R-linear map 4 : RY1®pg
S — RY with v, (r'/1 ® 1) = ct/arl/a.

Proof. Since S is solid, there is an R-linear map v : S — R such that v(1) = ¢ # 0.
Using this fixed ¢ (independent of ¢), we will build the other maps. For each ¢, consider
the R-bilinear map RY?x S — R4 given by (r'/9,s) s r1/9~(s7)/2, This map induces
the required v,. O

Lemma 4.3. Let R be a Noetherian ring (of any characteristic) with an R-algebra p :
R — T such that T is module-finite over R. Let G be a free (but not necessarily finite)
R-module. Then T ® g Homp (G, R) =2 Homp(T @r G, T).

Proof. Define

¢ : T ®r Homg(G, R) - Homp (T g G,T) by ¢(t ® h) = h,

where h(t' ®g) = tt'p(h(g)) for all h € Homp(G, R). To see that ¢ is one-to-one, suppose
that ¢(3_,t; ® h;) = O-map. Then for all g € G, we have

0= Z hi(l1®g) = th‘/?(hi(g)ﬁ
which implies that

Zti ® hi(g) = Ztip(hi(g)) ®1=0.

Thus, >, t; ® h; is also the 0-map in T ®r Hompg(G, R). To see that ¢ is onto, let
{€;}icz be a basis for G over R so that {1 ® €;};cz is a basis for T ®pg G over T. Let
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h € Homy (T ® G,T) be such that h(1® ¢;) = t; € T. Let J be the T-ideal generated
by the t;. As T is module-finite over R and R is Noetherian, J is a finite R-module with
generators {b1,...b,} C T. For all i € Z, write t; = 3, p(ri;)b;. For 1 < j < n define
maps hj : G — R by hj(e;) = r;;. Thus, Z?Zl bj ® hj is in T @ g Homp (G, R), and

Zb ®h Ez Zb ®’I’” Zb]p(’l’”)(@l:tl@l
J

Thus, h = ¢(3,;b; ® h;). O

Corollary 4.4. Let R be a reduced, F-finite Noetherian ring of characteristic p, and let
G be a free R-module. Then R4 @ Homp(G, R) = Homp/, (R @5 G, RY9).

Discussion 4.5. Let (R, m) be a local domain, and let S be a solid R-algebra via the map
a: R — S. Then R/I is not solid for any proper ideal I and so o must be an injection.
Thus, we have a short exact sequence 0 — R 5 S E> @ — 0 with an R-linear map
~v:S — R such that v(1) = ¢ # 0.

If R is also characteristic p, then Lemmas 4.1 and 4.2 imply that for each ¢ = p°,
we have a short exact sequence 0 — R/ "= '8 Rl/a ®rS — 120 pi/a ®r Q — 0 with an
R-linear map 7, : RY/9®g S — R4 such that v,(r'/?® 1) = /914 ie., v,0 (1® a)
is multiplication by ¢!/?. So, for each ¢ we can build a diagram

1®
Rl/a RY1 @y S 1eh RY1@rQ —=0 (4.6)

P

v 1®
RY1 95 G % Rl/a or F " Rl/a @rQ ——= 0

which continues to be commutative with exact rows so that the bottom row is a free
presentation of R/ @z Q over RY4. Thus,

HMiler)=yo(l®a)o(lep) =y (lom)o(lewv)
=(1@v)(yo(lemn) (4.7)

and so ¢'/9® v € Im((1 ® v)Y) for all ¢. In other words,
/197 e Im(Hompi/q (RY? @ F, RY?) — Hompi/qe (RY? @r G, R 7))
but Corollary 4.4 means that for all ¢

/19 v € Im(RY? @z Homg(F, R) — R? @ Homg(G, R))
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Hence, v € (Im vV)%,., the tight closure of Im v inside GV, using tight closure defined
for all R-modules, which satisfies the big axioms by Proposition 1.6. Thus the solid
algebra S is a phantom extension of R. We therefore arrive at the following theorem.

Theorem 4.8. Let (R, m) be an F-finite, local domain of characteristic p. If S is a solid
R-algebra, then S is a phantom extension of R via tight closure defined for all R-modules
as in Proposition 1.0.

Corollary 4.9. Let (R, m) be an F-finite, local domain of characteristic p possessing a big
test element (e.g., R is also complete). If S is a solid R-algebra, then S can be modified
into a balanced big Cohen—Macaulay module over R.

Proof. Apply Theorem 3.7 to the fact that tight closure in characteristic p obeys the big
axioms in the presence of big test elements. O

The corollary above stands in contrast to Hochster and Huneke’s example in [15,
Example 3.14] of a solid algebra in characteristic p that cannot be modified into a big
Cohen—Macaulay algebra. In the F-finite case, we can now see that although there are
solid algebras that are not seeds (cannot be mapped to big Cohen—Macaulay algebras), all
solid algebras can be modified into big Cohen—Macaulay modules because solid algebras
are phantom extensions. We next point out that if o : R — M is a phantom extension,
then M is solid. A discussion® is needed first that connects the definition of a phantom

extension to the long exact sequence for Ext.

Discussion 4.10. Let (R, m) be a local domain. Consider the setup in Discussion 2.1 but
with the free presentation of @) continued one step further:

0 R Q 0
IR
H-'sGg-Ysr_".Q 0

which we alter to the diagram below with short exact sequences with G = G /Im ¢ (and
abusing notation slightly by using v and ¥ for the maps in both cases):

0 R Q 0
Tﬁ Tﬁ Tld
0 G- r-r- o0 0

3 These ideas arose during a conversation with Rebecca R.G.
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After applying Hom(—, R) = (—)" to the diagram above, we have long exact sequences
in Ext-modules and commutative squares:

0 Qv MY R — 2~ ExtL(Q,R) — = ExtL(M,R) — 0
l i J/ Y l id l
0 Qv Y@ Exth(Q, R) 0

where § and A are the connecting homomorphisms, we identify Ext}%(Q, R) =
G’ /Im(vY), and the modules on the far rights are zero due to the fact that R and
F are free modules. With our identification of Ext}%(Q, R), the connecting map 4 is just
a projection of G’ onto a quotient and so A is a composition of 7V with that projec-
tion. In other words, the connecting homomorphism A : RV — Ext}%(Q, R) is induced
naturally by 7V, and so by a slight abuse of notation we identify A with V. See [3,
ITL.1, TIT.2, XTIV.1] for further details on the diagram chasing and the identification of
extensions of modules with Ext' based on projective resolutions to justify everything
here.

Proposition 4.11. Let (R, m) be a local domain. If a : R — M is a phantom extension,
then M is a solid R-module.

Proof. We prove the contrapositive. Suppose that M is not solid so that MV =
Hom(M, R) = 0. Then the previous discussion gives the short exact sequence

0= R Exth(Q,R) — Exth(M,R) = 0

where we identify RV with R and the connecting map R — Extp(Q, R) with 7¥. The
map 7Y is injective if and only if 7V(r) # 0 for all r # 0 if and only if 7V (1) # 0 if
and only if 77 # 0 within Ext*(Q, R) = év/Im(l/V) if and only if rv ¢ Im vV for any
r # 0. By Lemma 1.3(f) we have 7 ¢ (Im vV)® calculated within any ambient module.
In particular, 7 ¢ (Im vV)¢&, and so « is not phantom. O

While phantom extensions yield solid modules, not all solid modules are phantom
extensions as the example below shows. We state the example below in general for any
closure operation ¢l that satisfies the big axioms, but one may think about tight closure
as a specific example. The generality of the example comes from [16, Theorem 5.9] which
states that in regular rings all closure operations that satisfy the axioms are trivial.

Example 4.12. Let R be a regular local domain of characteristic p and dimension at least
2. Let I be any ideal minimally generated by at least 2 elements, and let a: R — I be
an injection with 1 mapping to one of the minimal generators of I. The inclusion I C R
shows that I is a solid module over R. Moreover, we claim that I is not a phantom
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extension via cl. Indeed, « is not a split map as I = a(R) & W implies that W must be
a torsion module since I C R is a rank 1 torsion-free submodule. However, this would
imply that W = 0, i.e., I = a(R), which is impossible since I is minimally generated by
at least 2 elements. Since R is regular, [16, Theorem 5.9] implies that the only closure
operation cl that satisfies the finite axioms will be the trivial closure. If o : I — R were a
phantom extension with respect to cl, then the corresponding diagram (2.2) would show
that 7 € (Im VV)CGZ = Im V. We show that this condition implies that o would be split,
contradicting the work above. Indeed, 7 = hov for some h : F' — R implies that we can
define 0 : Q@ — I by 0(q) = p(f) — ao h(f), where @ = R/a(I) and f € F such that
u(f) = q. (The commutativity of (2.2) shows that 0 is well-defined and independent of
the choice of f: Suppose that u(f’) = ¢ too. Then f — f' = v(g) for some g € G, and

(v (9))) — o h(v(g)) = aov(g) —aocv(g) =0
shows that (f) — aoh(f) = a(f') —aoh(f’').) As
Boblq)=pBou(f)—Boaoh(f)=pnlf)-0=gq

for all ¢ € Q, we see that 8 (and so «) would be split maps. Therefore, I is a solid
R-module that is not a phantom extension of R.

For a complete, local domain R, we have the following implications, where the middle
arrow is only known for characteristic p, F-finite rings:

seed algebra — solid algebra --+ phantom extension = solid module

with examples that the reverse directions are false. (For the middle arrow, one can
choose a module modification of R itself as it is a phantom extension of R but has lost
the algebra structure in the process.)

5. Open questions
We close with some open questions that are of great interest for later study.

(1) Suppose that a : R — B is a map to a big Cohen—-Macaulay module B. For which
maps, if any, is « a phantom extension?

(2) Are solid algebra maps «: R — S always phantom extensions? In other words, can
we remove the F-finite (or characteristic p) hypotheses of Theorem 4.8 using other
characteristic p methods or by only employing the characteristic-free axioms?

(3) Can either of the above questions be answered by adding new axioms to the list
presented in this article? Any new axiom should follow from the existence of big
Cohen—Macaulay modules and preferably also be a property held by tight closure.
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(4) Can one define closure operation axioms that lead to big Cohen—Macaulay algebras?
In a recent paper [17], Rebecca R.G. has produced a positive answer to the this
question when one adds an additional axiom involving preservation of a phantom
extension after passing to a second symmetric power of a module.

We close by acknowledging the amazing, recent work related to big Cohen—Macaulay
modules and algebras accomplished via perfectoids, including [1], [2], [8]. These works
have proven that big Cohen—Macaulay algebras exist in general mixed characteristic
cases, and we are eager to see how increased understanding of perfectoids may shed light
on families of closure operations in mixed characteristic as it relates to these axioms and
phantom extensions.
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