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1. Introduction

In this article, we study a particular case of the theory of representations of categories:
those of generalized correspondences. Our goal is to generalize the work of Serge Bouc and
Jacques Thévenaz about correspondence functors in [6-8]. Their methodological point
of view, which is also ours, makes crucial the study of simple functors. Its efficiency has
been proved by previous works, especially about Mackey functors and biset functors: see
for example [21,20,3-5,1].

The literature in this field is flourishing and the points of view are diverse. In particu-
lar, we are interested in categories having all finite sets as objects. Similar categories have
been studied by various and fruitful methods. This is how Steven V. Sam and Andrew
Snowden triumphed of the Lannes—Schwartz artinian conjecture with Grébner methods
n [18]. We can also cite [16,9] among other papers with the same flavor, as well as the
more recent works by John D. Wiltshire-Gordon [22,23] and Andrew Gitlin [11].

We first recall in Section 2 fundamental results about representations of categories.
In Section 3, we define our category of interest, that is, the category of generalized
correspondences, and study its first properties. Sections 4, 5 and 6 are devoted to the
study of modules over a finite distributive lattice and presheaves of posets. They play a
crucial role in the sequel. In Section 7, we give a parametrization of simple generalized
correspondence functors in terms of such presheaves. In accordance with the previously
described point of view, it is the core of this paper. In Sections 8 and 9, we illustrate the
power of this parametrization by studying some of its consequences, especially finiteness
conditions.

Throughout this paper, k denotes a commutative ring, 7' denotes a finite distributive
lattice and B = Irr(T') denotes the set of join-irreducible elements of T. Additional
assumptions about k will always be emphasized.

Acknowledgments. This work is a part of my PhD thesis at Université de Picardie
Jules Verne funded by the French Ministry of Higher Education and Research. I wish to
thank my advisers Serge Bouc and Radu Stancu, as well as the reviewer of this paper,
for useful advice and numerous relevant comments.

2. Representations of categories

In this section, we recall the basics of the representation theory of categories. All of
the following results can be found in [6]. We only give proofs when they are scattered in
the literature.

Let € be a category. For all objects X and Y of ¢, we write € (Y, X) = Hom¢ (X, Y)
for the set of arrows from X to Y in 4. We assume that ¢ has a small skeleton, in order
to deal with sets of natural transformations between two functors with source %.

Definition 2.1. The k-linearization of € is the category k% defined as follows.
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o Its objects are those of % .

o If X and Y are two objects of €, the set k€ (Y, X) of arrows from X to Y in k% is
the free k-module with basis € (Y, X).

e Its composition is the k-bilinear extension of the composition in €.

o Its identity morphisms are those of %.

Definition 2.2. A k-linear representation of € is a k-linear functor from k% to the cate-
gory k-Mod of all k-modules.

Let F' be a k-linear representation of ¢ and let X, Y be two objects of €. For all
a € k€(Y,X) and v € F(X), we write a - v = F(a)(v). Thus F(X) becomes a left
k% (X, X)-module.

We write (%) for the category of k-linear representations of ¢, the arrows of which
are the natural transformations. [2, Proposition 1.4.4] ensures that .%; (%) is an abelian
category. In particular, a sequence of functors 0 — F; — F, — F3 — 0 is exact if and
only if its evaluation 0 — Fy(X) — F5(X) — F5(X) — 0 is exact for any object X of %
A Ek-linear representation of ¢ is called simple if it is nonzero and has no proper nonzero
subrepresentation.

For any object X of %, Yoneda’s lemma implies that the representable functor
k%€ (—,X) is a projective functor. Its evaluation k€ (Y,X) at Y has a structure of
(k€(Y,Y), k%€ (X, X))-bimodule given by composition on both sides. If V is a left
k% (X, X)-module, we then write Lx v = k€(—,X) ®rg(x,x) V. It is a k-linear rep-
resentation of €.

Proposition 2.3. Let X be an object of €. The functor

s left adjoint to the evaluation functor

Fu(€) — k% (X,X)-Mod
F F(X).

Proof. Apply the tensor-hom adjunction, then Yoneda’s lemma. 0O

Let X be an object of € and let V be a left k€' (X, X)-module. For any object Y of €,
we define

JX,V(Y):{Z%@%'GLX,V( )VBGI@%XY,Z Ba;) - »:0},
i=1

i=1
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Proposition 2.4.

1. Jx v 1is the largest subrepresentation of Lx v that vanishes at X.
2. IfV is a simple k6 (X, X)-module, then Jx v is the largest proper subrepresentation
Of LX,V-

Proof. First notice that Jx v (X) = 0, because if a @ v € Jxy(X). Then a-v =
(Idx @) - v =0, whence a ® v = Idx ®(a - v) = 0.
Moreover, the definition of Jx v (Y) can immediately be rewritten as

Jxv(Y)= ) KerLxyv(B).
BekE(X,Y)

This implies that Jx v is a subrepresentation of Lx y .

Assume that F' is a subrepresentation of Lx  that vanishes at X. This implies that
for all B € ¥(X,Y), one has F(Y) = Ker () C Ker Lx v (5). So F(Y) C Jx v (Y).
This proves the first assertion of the proposition.

Now assume that V is a simple k%' (X, X )-module and let F be a subrepresentation
of Lxy. Then F(X) is a k% (X, X)-submodule of Lx v (X) =2 V. So F(X) is either 0
or Lxy(X). If F(X)=Lxy(X), then F = Lx y. Indeed, for all a ®v € Lx v (Y), one
has

a®v=Lxyv(a)(ldx ®v) € Lx,v(a)(Lx,v(X)) = Lx,v(a)(F(X)) C F(Y),

since F' is a subrepresentation of Lx v .
So any proper subrepresentation of Ly y vanishes at X. Thus the second assertion of
the proposition is a consequence of the first one. O

We write Sx,v = Lx,v/Jx,v, so that Sx v is a simple k-linear representation when
V is a simple k€ (X, X )-module.

Proposition 2.5. Let S be a simple k-linear representation of € and let X be an object
of € such that S(X) # 0.

1. S is generated by S(X), that is, S(Y) = k€(Y,X) - S(X) for any object Y of €.
More precisely, S(Y) = k€ (Y, X) v for allv € S(X) ~ {0}.

2. S(X) is a simple k€ (X, X)-module.

3. S is isomorphic to Sx s(x)-

Proof. See [6, Proposition 2.7]. O

Lemma 2.6. Let S be a simple k-linear representation of €, let X be an object of € such
that S(X) # 0 and let F be any k-linear representation of €. Finally, let Vi C F(X) be
a k-submodule of F(X). The following properties are equivalent.
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(i) There exists a k-submodule Vo C Vi such that S(X) is isomorphic to V1 /Va.
(i) There exist subrepresentations Fo C Fy C F such that F1(X) = V1 and S is isomor-
phic to Fy/F5.

Proof. See [6, Proposition 2.8] or, for more details, [15, Lemma 3.1]. O
3. Generalized correspondences

We now move to a particular case of the general setting studied in Section 2. We first
define what will be the arrows in our category of interest.

Definition 3.1. Let X and Y be two finite sets. A T-generalized correspondence between
Y and X is amap Y x X — T. We write ¢7(Y, X) = TY*X for the set of T-generalized
correspondences between Y and X.

When T = {0, 1} is the two-element lattice, maps Y x X — {0,1} can be identified
with subsets of Y x X. So a {0, 1}-generalized correspondence is just what is called a
correspondence in [6].

Let X, Y and Z be three finite sets. For all T-generalized correspondences R €
¢r(Y,X) and S € 67(Z,Y), we define their product SR € ér(Z,X) by

SR(z,x) = \/ S(z,9) A R(y, )

yey
for all z € Z and z € X. We also define a diagonal correspondence Ax € %7 (X, X) by

1p ifz=y
A =
x(@y) { 07 otherwise

for all z,y € X.

Lemma 3.2.

1. The product of T-generalized correspondences is associative. That is, for all finite sets
W, X,Y, Z and for all T-generalized correspondences Q € €r(X,W), R € €r(Y, X)
and S € €r(Z,Y), one has (SR)Q = S(RQ).

2. The diagonal correspondences are identities. That is, for all finite sets X, Y and for
any T-generalized correspondence R € €r(Y,X), one has AyR =R = RAx.

Proof. It is a straightforward computation. O

Thus we can consider the category € of T-generalized correspondences. Its objects
are all finite sets and the set of arrows from X to Y is, in accordance with our notation,
the set (Y, X) of T-generalized correspondences between Y and X.
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A k-linear representation of the category %7 is called a T-generalized correspondence
functor over k. If we need not emphasize k or T, we may simply talk about generalized
correspondence functors.

We now give a series of easy consequences of the following lemma. All of them are
direct generalizations of the results of [6, Section 3].

Lemma 3.3. Let X and Y be finite sets such that | X| < |Y|. There exist i, € ¢r(Y, X)
and i* € r(X,Y) such that i*i, = Ax.

Proof. Since | X| < |Y], there exists an injection i: X — Y. Consider the T-generalized
correspondences i, € €r(Y, X) and i* € ¢7(X,Y) defined by

() = { 1p  ify=i(z)

07 otherwise

and

07 otherwise

i*(2,y) = { 1p  ify=i(x)

for all x € X and y € Y. It is then easy to check that i*i, = Ax. O

Corollary 3.4. Let X and Y be finite sets such that | X| < |Y|. The functor kér(—, X)
is isomorphic to a direct summand of kér(—,Y).

Proof. Right multiplication by i* defines a natural transformation kér(—,X) —
k€r(—,Y). Similarly, right multiplication by 4. defines a natural transformation
kér(—,Y) — k%r(—,X). Their composition is the identity of k%7 (—,X), thanks to
Lemma 3.3. O

Corollary 3.5. Let X andY be finite sets such that | X| < |Y|. The left k€r(Y,Y)-module
k€r(Y,X) is projective.

Proof. Corollary 3.4 implies that k%r(Y,X) is isomorphic to a direct summand of
k%r(Y,Y), which is a free k67 (Y,Y)-module. O

Corollary 3.6. Let X and Y be finite sets such that |X| < |Y|. If F is a generalized
correspondence functor such that F(Y) =0, then F(X) = 0.

Proof. For all v € F(X), one has v = i*i, -v. But i, -v € F(Y)=0,s0v=0. O

We now make a first study of finitely generated generalized correspondence functors.
It will be completed in Sections 8 and 9. The following definition and results are a direct
generalization of [6, Section 6]
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Definition 3.7. Let (X;);cr be a family of finite sets. For all ¢ € I, let v; € X;. A gener-
alized correspondence functor F is generated by (v;);er if for any finite set Y and for all
v € F(Y), there exist a finite subset J C I and elements «; € k% (Y, X;) such that

v = Z Qj - Vj.
jeJ
If the set I is finite, F is said finitely generated.

For example, the representable functor k%7 (—, X) is generated by the single element
Ax.

Lemma 3.8. Let F' be a finitely generated generalized correspondence functor. For any
finite set X, the k-module F(X) is finitely generated.

Proof. Let (v;)1<i<n be a finite family generating F', with v; € F(X;). Let A =
{R-v;,R € ér(X,X;), 1 <i<n}. Then any element of F'(X) is a k-linear combination
of elements in A. The latter being a finite set, F/(X) is indeed finitely generated. O

Proposition 3.9. Let F' be a generalized correspondence functor. The following properties
are equivalent.

(i) F is finitely generated.
(ii) There exists a finite family (X;)1<i<n of finite sets such that F' is isomorphic to a
quotient of

P ker (-, X))
i=1

(iii) There exist a finite set X and an integer n € N such that F is isomorphic to a
quotient of k€r(—, X)®".

(iv) There exist a finite set X and a finite subset A C F(X) such that F is generated
by A.

Proof. (i) implies (ii): assume that F' is generated by the finite family (v;)1<ign, With
v; € X;. By Yoneda’s lemma, there exist morphisms k%r(—, X;) — F mapping Ax, to
v;. Their sum is a morphism

P rer(-.X;) — F.
i=1

This morphism is surjective because F' is generated by the family (v;)1<ign-
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(ii) implies (iii): assume that F' is isomorphic to a quotient of
n
P ker (-, X))
i=1

Fix a finite set X such that | X;| < |X| for all i € [1, n]. By Corollary 3.4, each k1 (—, X;)
is isomorphic to a direct summand of kér(—, X). So F is isomorphic to a quotient of
ker(—, X)on.

(iii) implies (iv): assume that F is isomorphic to a quotient of k%7 (—, X)®". For all
i € [1,n], let b; € k€r (X, X)®" the element the i-th coordinate of which is Ay, the
others being 0. Since k€7 (—, X) is generated by Ax, then F is generated by the images
of the elements b;.

It is obvious that (iv) implies (i). O

Corollary 3.10. For any finite set X and for any finitely generated k€ (X, X )-module V,
the functors Lx v and Sx,v are finitely generated.

Proof. Let (v;)1<i<n be a finite family generating V. By Yoneda’s lemma, there exist
morphisms k6 (—, X;) = Lx,v mapping Ax to v;. Their sum is a surjective morphism
k€r(—, X)®" — Lx y. Proposition 3.9 then ensures that Lx y is finitely generated.
Thus Sx,v is finitely generated too because it is a quotient of Lx y. O

4. Modules over a distributive lattice

This section and the two following ones are devoted to the study of modules over a
distributive lattice. These objects will play a crucial role in describing simple generalized
correspondence functors.

Recall that T is a finite distributive lattice. It is a semiring in the sense of [12], with
its join and meet as semiring operations. Hence we can consider semimodules over them.
Here we add an order relation to this semimodule structure.

Definition 4.1. A T-module is a join-semilattice U equipped with an action of T

T'xU — U
(t,u) +— t-u

fulfilling the following axioms.

v).

e Forallt €T and u,v € U, one has ¢t - (uVv) = (t-u) V(
( w).

o Forall s,t €T and u € U, one has (sVit) - u=(s-u)V(
o Forall s,t €T and u € U, one has (sAt)-u=s-(t-u).
e For all u € U, one has 17 - u = u.

e There exists Oy € U such that for all t € T and u € U, one has t- 0y = 0y = Op - u.

V(t-
vV (t-
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Lemma 4.2. Let U be a T-module. For all s,t € T and u € U, the following properties
hold.

1. OUgu
2. s-u < u.
3. If s<t, thens-u<t-u.
4. Ifu< v, thent -u<t-v.

Proof. We prove Assertion 3: since s < ¢, one hast = sVt. Sot-u = (sVt)-u = (s-u)V(t-u),
that is, s - u < t - u. A similar argument proves Assertion 4. Assertions 1 and 2 are a
obtained from Assertion 3 by taking (s,t) = (Or, 17) and ¢ = 17 respectively. O

Lemma 4.3. Any finite T-module is a lattice.
Proof. It is an immediate consequence of the following classical lemma. O
Lemma 4.4. Any finite join-semilattice having a smallest element is a lattice.

Now that we have a notion of linearity, we can define linear maps: they are maps
between T-modules that preserve the join and the action of 7. We can similarly define
linear isomorphisms. Here we give without proof a list of easy properties of T-linear
maps.

Lemma 4.5.

1. Any T-linear map maps 0 to 0.

2. Any T-linear map is order-preserving.

3. The inverse of a bijective T-linear map is also T-linear, so it is a T-linear isomor-
phism.

4. Any T-linear isomorphism between finite T-modules is a lattice isomorphism.

5. Any T-linear isomorphism between finite T -modules maps join-irreducible elements
to join-irreducible elements.

Let E be a finite set and let e be a set of cardinality 1. We identify e x E with E,
hence €7 (e, E) with T¥. We write 7 (E) for the latter. The product of the T-generalized
correspondences ¢ € €r(F) and e € €7 (FE, E) is the element e € 1 (F) given by

pe(a) = \/ ¢(B) Ae(B,a)

BEE

for all a € E.



414 C. Guillaume / Journal of Algebra 521 (2019) 405—451

We write 6r(E)e = {pe, ¢ € €r(F)}. From now on, we assume that e is idempotent,
that is, e? = e. In this case, 67 (E)e = {p € ¢r(E), pe = ¢}. Notice that €7 (E)Ap =
%r(E), so all of the statements below are in particular true for the set 7 (E).

The elements of ¢ (F)e are maps with values in a poset, so ¢r(F)e it is actually a
poset itself. For all ¢, € €7 (F)e, the function ¢ Vi) € €r(F) is defined by (p V) (a) =
p(a) Vi(a) for all @ € E. Then, one can check that (¢ Vi)e = peVipe = ¢ Vb, so that
the function ¢ V 1 is an element of €71 (FE)e. Hence, it is the join of ¢ and ¢ in €7 (E)e,
so Gr(E)e is a join-semilattice.

It is also equipped with an action of T' defined by (¢ - ¢)(a) =t A p(a) for all o € E.
Indeed, for all a € E, one has

(t-ple(a) = \/ (t-9)(B) Ne(B,a) = \/ tA@(B) Ae(B, )

BEE BEE

—tn \/ @(B) Ae(B.a) = t Ave(a) = t Ap(a) = (t-9)(a),

BEE

so that ¢ - ¢ € €r(E)e. The third equality above is a consequence of the distributivity
of T.

Lemma 4.6. For any finite set E and for any idempotent e € 61 (E, E), the set €r(E)e
is a T'-module.

Proof. The first two axioms defining a T-module are a consequence of the distributivity
of T. The other ones are immediate to check, the smallest element of €r(E)e being the
constant function equal to 07, which is indeed an element of €r(E)e. O

Since € (F)e is a finite T-module, it is a lattice. An important question is to determine
its join-irreducible elements. Given o € E and t € T', we consider maps of type

St B — T
B +— tAAg(a,p).

In the sequel, we will simply write d,, instead of 7. Recall that B is the set of join-
irreducible elements of T.

Lemma 4.7. The join-irreducible elements of € (E)e are exactly the maps 6%e with o € E
and b € B such that b < e(a, @).

Proof. Let ¢ € Irr(ér(E)e). One has

o=\ ot

aEl

For all a € E, the element ¢(«) € T is the join of all elements b € B with b < ¢(a). So
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5o = \/ db.

beB
b<p(a)

Hence

=\ \V o

a€E beB
b<p(a)

Since ¢ € %r(F)e, one has moreover

p=pe= \/ 53 e= \/ 6b

beB
b<p(a) b<oa)

Every function of type §%e in an element of 7 (E)e. Since ¢ is join-irreducible in €7 (E)e,
there exist « € E and b € B with b < ¢(«a) such that ¢ = §%e. So

b<ypla) = v&b Ne(B,a) =bAe(a,a) <e(a,a).
BEE

So any join-irreducible element of €7 (E)e is of type 6%e for some o € E and b € B such
that b < e(a, a).

Conversely, let @« € E and b € B be such that b < e(a, &) and assume that there exist
0,7 € €r(E)e such that 6%e = o V1. Then b = b A e(a,a) = %e(a) = () V ¥(a).
Since b is join-irreducible, one has b € {p(«a), ¥ ()}, say b = ¢(a). Then for all § € E,
one has

p(B) = we(B) = p(a) Ne(a, B) = bAe(a, B) = dge(B) = p(B) V4 (5)-
So ¢ V1 = ¢, that is, 62e = . Hence 6%e is join-irreducible. O
Lemma 4.8. For all ¢ € €1 (F)e, one has

\ ¢() 6.6 = .

YEE

Proof. For all a € F, one has

Now
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\/6 /\651 )_6(7704)»

BEE
SO

\ () Adye(a) = \/ o) Aely, @) = pe(a) = p(a)

V€EE YEE

since ¢ € 6r(E)e. Hence

V ¢()-bre=p. O

yEE

The end of this section is devoted to the study of T-modules of type ér(E)e. We will
see that their properties generalize those of finite distributive lattices in a sense that will
be made explicit later.

Definition 4.9. A T-module is regular if it is isomorphic to some %7 (FE)e for an idempo-
tent e € €7 (E, E).

Definition 4.10. Two idempotents e € 67 (F, E) and f € ¢r(F, F) are equivalent if there
exist © € e€p(F, F)f and y € f€r(F, E)e such that e = zy and f = yz.

Lemma 4.11. Let e € 67 (E,E) and f € ér(F,F) be two idempotents. The following
properties are equivalent.

(i) e and f are equivalent.
(ii) There exist x,b € e€r(E, F)f and y,a € f€r(F, E)e such that e = xy and f = ab.

Proof. The arguments are given in the proofs of [13, Theorem 3] and [17, Proposi-
tion A.1.15], with an easy generalization due to the fact that e and f need not lie in the
same monoid. O

Proposition 4.12. The T-modules €r(E)e and €r(F)f are isomorphic if and only if the
idempotents e and f are equivalent.

Proof. Let ©: €p(E)e — €r(F)f be any T-linear map. Then we define a T-generalized
correspondence Rg € 67 (E, F') by Re(a, 8) = O(dqe)(B) for all & € E and g € F. Then

Ref(a,8) =\/ Re(e,7) A f(7,8) = \/ ©(ae)(7) A f(7,8)

yeEF YEF

= 0(6.0)/(8) = ©(32¢)(B) = Rel(a, ),

the fourth equality coming from the fact that ©(d,e) € €r(F)f.



C. Guillaume / Journal of Algebra 521 (2019) 405—451 417

On the other hand,

eRo(a, 8) = \/ e(a,N)ARe(7,8) = \/ e(a,)r0(5,€)(8) = O | \/ e(e,7) - dye | (B)

YEE yeE yeE

since © is T-linear. Since e is idempotent, the function e(a, —) is an element of €7 (F)e.
Then Lemma 4.8 ensures that

\/ e(o,7) - 6ye = e(a, —) = dqe.

yeEE

Hence eRg(a, ) = O(dae)(B) = Ro(a, ). So one has Rg € e6r(E,F)f.
Now if © is an isomorphism, one has similarly Rg-1 € f&r(F, E)e. Moreover, for all
a, f € F, one has

Re-1Re(o,8) = \/ Re-1(a,7) ARe(7,8) = \/ 07X v) A O(3,e)(B)

YEE veE

=0\ 07 6af)) - dve | (8) = OO (5.0))(B)

yEF

=0af(B) = f(, ).

Here the third equality comes from the T-linearity of ©, while the fourth one is again a
consequence of Lemma 4.8. Hence Rg-1Re = f.

One has similarly RgReg-1 = e. So e and f are equivalent whenever €7 (FE)e and
¢r(F)f are isomorphic.

Conversely, assume that there exist © € e4r(E,F)f and y € fér(F, E)e such that
e =xy and f = yx. Then

%T(E)e — %T(F)f
¥ — pr
and
Cr(F)f — Cr(B)e
¥ — Yy

are well-defined T-linear maps, inverse to each other. So % (E)e and % (F)f are iso-
morphic whenever e and f are equivalent. O
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For any T-module U, we define a map

m: U
U

=

—
—

<+
ﬁﬁ%
<

Lemma 4.13. Let U be a T-module.

1. ForallteT and w € U, one has t-u = u if and only if m(u) < t.

2. The map m maps the set Irr(U) of join-irreducible elements of U to B.

3. Assume that m is order-preserving. For allt € T and u,v € U, one has u < t-v if
and only ifu=1t-u and u < v.

4. Assume that U = €p(E)e. Then for all p € U, one has

m(e) =\/ ¢(a),

ack

and for all @« € E and b € B with b < e(a,a), one has m(6te) = b. In particular,
the map m is order-preserving.

Proof. 1. If t-u = u, it follows from the definition of m that m(u) < ¢t. Conversely, if
m(u) < t, then u =m(u) v <t u < u by Lemma 4.2. So t-u = u.
2. Let w € Irr(U). One has

w=mw) w= \/ bl -w= \/ b-w.
be

beB B
b<m(w) b<m(w)
Since w is join-irreducible, there exists b < m(w) such that b-w = w. Then m(w) < b,
whence m(w) =b € B.

3. Assume that v < t-v. Since t- (¢ -v) = ¢ - v, one has m(t - v) < t. Since m is
order-preserving, one has m(u) < m(t-v) < t, so t - u = u. Moreover u < v by
Lemma 4.2. Conversely, if u=t¢t-uw and u < v, thenu =1t -u <t v.

4. Since m(p) - ¢ = ¢, one has m(¢) A p(a) = p(a), so p(a) < m(p) for all a € E.
Hence

\ o) <m(p).

acl

Conversely, for all 8 € E, one has

< \V 30(@)) A e(B) = ¢(B).

aclE
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This means that

<\/ w(a)> o=,

aEl
SO

m(e) < \/ ¢(a).

acl

Now if & € F and b € B are such that b < e(«, @), then

m(he) = \/ o%e(B) = \/ bre(a,B),

BEE BEE

so that one has both m(6%e) < b and m(d%e) > bAe(a,a) =b. O

[e3%

Now let U be a fixed finite T-module. We write Q = Irr(U). For all u € U and w € 2,
we define

d(u,w) = \/ b.
beB
b<m(w)
b-w<u

Then d € €7 (U, Q).

Lemma 4.14.

1. For allu e U and w € Q, one has d(u,w) < m(w).
2. For allw € Q, one has d(w,w) = m(w).
3. For all w,& € Q, one has £ < w if and only if d(w, &) = m(§).

Proof. 1. It is an immediate consequence of the definition of d.
2. fweQ, then b-w < w for all b € B, in view of Lemma 4.2. Then

d(w,w) = \/ b= \/ b=m(w).
b<m(w) b<m(w)
bw<w

3. &< w,thenb- € <€ < wforall be B. Then

dw, &)= \/ b=\ b=m(Q).

bsm(§) b<m(§)
b-E<w

Conversely, if d(w,§) = m(€), then d(w,§) - £ = €. But
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d(w7§)€: \/ b'§<W7
b<m(§)
b-é<w

so¢ <w. O

Lemma 4.15. For all uw € U, one has

U= \/ d(u,w) - w.

weN

Proof. Let u € U. For all w € 2, one has d(u,w) - w < u by definition of d, so

\/ d(u,w) - w < u.

weN

Conversely, if w € Q is such that w < u, then m(w) € B, thus

m(w) < \/ b=d(u,w).

b<m(w)
b-w<u
So
u= w= mw) - w < \/d(u,w) w < \/d(u,w) w
wLu wgu w<u weN

These two inequalities prove the lemma. O
We write f = d|oxa € 7(Q,Q).
Lemma 4.16. One has df = f. In particular, f € €r(Q,Q) is idempotent.

Proof. Let u € U. By Lemma 4.14, one has

df(u,w) = \/ d(u,&) A f(&w) < \/ du, &) Amw) < mw).

£eQ £eQ

By Lemma 4.15, one has

uw=\/dw¢- &=\ du,¢)- <\/ d(&w)w)

£eq £eQ weN

=V [ VdwonfEw | o=\ dfww)- w

weR \ £en wen
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In particular, df (u,w) - w < u for all w € Q. So

dfuw)y =\ b< \/ b=duw),

b<df (uw)  b<m(w)
bw<u

that is, df < d.

Conversely, define d,,, € €r(Q,Q) by 0 (w,§) = m(w) A Ag(w,§) for all w, & € Q. By
Lemma 4.14, one has 6, < f, so dd,, < df. Lemma 4.14 again implies that dd,, = f, so
f<df. o

Proposition 4.17. The map

0: Gr()f — U
@ — p(w) - w
weN

is T-linear and surjective.

Proof. It is straightforward to check that © is T-linear. By Lemmas 4.16 and 4.15, one
has d(u,—) € €r(Q)f and O(d(u, —)) = u, so © is surjective. O

Definition 4.18. A T-module U is preregular if it fulfills the following axioms.

e The map m is order-preserving.
o Forall b€ B and w € Irr(U) such that b < m(w), one has b-w € Irr(U).
e For all b € B and w € Irr(U) such that b < m(w), one has m(b-w) = b.

Proposition 4.19. Any reqular T-module is both prereqular and distributive.

Proof. The notions of preregularity and distributivity are invariant by isomorphism
thanks to Lemma 4.5. Then it is enough to prove the proposition for a module of type
ér(FE)e. It is a straightforward computation to check that such modules are distributive.
Lemma 4.13 implies that the map m is order-preserving. Moreover, Lemma 4.7 ensures
that any join-irreducible element in %7 (E)e is of type 6e for some o € E and b € B
with b < e(a, @). Then m(6%e) = b thanks to Lemma 4.13. Now for all ¢ < b and for all
B € E, one has (c-0%)e(B) = cAbAe(a, B) = cAe(a, ) = §5e(B). So c-d%e = 6Se. Since
¢ € Band ¢ < b < e(q, ), and thanks to Lemma 4.7, §Se is a join-irreducible element of
%r(E)e. Then m(dSe) = c thanks to Lemma 4.13 again. Hence the three axioms defining
a preregular module are verified by ér(E)e. O

We now focus on proving the converse, so we assume that U is finite, preregular and
distributive.
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We first recall the following well-known property, which holds in any distributive

lattice A: if a is a join-irreducible element of A, I a nonempty set and (a;);es a family

of elements of A such that

a<\/ai»

i€l

then there exists ¢ € I such that a < a;. In the sequel, we shall use it without reference.

Lemma 4.20. For allt € T, u,v € U and w € Q, the following properties hold.

1.
2.
3.

d(u,w) < m(u).
d(t - u,w) =t Ad(u,w).
d(uVv,w) =d(u,w) Vdv,w).

Proof. 1. Let b € B be such that b < m(w) and b-w < u. Preregularity implies that

m(b-w) =band m(b-w) < m(u), so b < m(u). Hence d(u,w) is a join of elements
smaller than m(u), whence d(u,w) < m(u).

Let b € B be such that b < d(t - u,w). Then b < m(w) and b-w < t-u < u, so
b < d(u,w). Moreover, b < m(t - u) by the previous assertion, and m(t - u) < t since
t-(t-u) =t -u. Sob<t,and then b < ¢t Ad(u,w). Conversely, let b € B be such that
b <tAd(u,w). Then b < t, b < m(w) and b-w < u,s0b-w = (tAD)-w =t-(b-w) < t-u.
Hence b < d(t-u,w). Then {b € B,b < d(t-u,w)} = {b € B,b <tAd(u,w)}. In other
words, d(t - u,w) =t Ad(u,w).

Let b € B be such that b < m(w) and b+ w < w V v. Preregularity implies
that b-w € Irr(U), so b-w < uw or b-w < v since U is distributive. Then
{beB,b<mw),b-w<uVo} C{beB,b<mw),b-w<utU{be B,b < mw),
b-w < v}. The converse inclusion being obvious, one has

\/ b \/bv\/b

beB
b<m(w) b<m(w) b<m(w)
b-wLuVy b-w<u bw<w

that is, d(u V v,w) = d(u,w) Vd(v,w). O

Proposition 4.21. If U is finite, preregular and distributive, then © is bijective and its

inverse is

H: U — ér(Q)f
u —  d(u,—).

Proof. We already saw in the proof of Proposition 4.17 that ® o H = Idy, without any
assumption about U.
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Now if U is finite, preregular and distributive, then Lemma 4.20 ensures that H is
T-linear. Then for all ¢ € €7(Q2)f, one has

HO@(<P)H<\/ <P(w)'w) =V ¢ Hw) =\ ¢w) Adw, -)

weN

since ¢ € 67 (Q)f.
Hence H o © = Id¢, (), and H is indeed the inverse of ©. O

Corollary 4.22. A finite T-module is reqular if and only if it is prereqular and distributive.

Remark 4.23. When T = {0, 1} is the two-clements lattice, finite {0, 1}-modules are just
finite lattices. Propositions 4.17 and 4.21 thus generalize the classical theory of lattices.
Indeed, any {0, 1}-module is preregular. So our results ensure that a finite lattice, that is,
a {0, 1}-module, is regular if and only if it is distributive. This generalizes the well-known
characterization of finite distributive lattices as those that are fully determined by their
join-irreducible elements, which is stated for example in [19, Theorem 3.4.1].

Remark 4.24. Let F be a finite set and e € ér(FE, E) be an idempotent. The set of
join-irreducible elements of the T-module €7 (F)e has no reason to be in bijection with
E. However, Proposition 4.21 ensures that Irr(é7(Q2) f) and Q are isomorphic as posets.
More precisely, the join-irreducible elements of €7 (£2) f are exactly the elements of type

d(w’ _) = f(wv _) =duf

with w € Q. According to Lemma 4.7, elements of type 0% f with a € Q, b € B and
b < f(a,a) are join-irreducible. Then, such elements must be of type J, for w € Q.
Indeed one has

Jof =bA fla,=)=f(b-a,~) = dpalf,

and b - a € Q thanks to preregularity.
5. Presheaves

We consider presheaves of finite posets on B, that is, functors B°® — ord, where B°P
is the opposite of the category associated to the poset B and ord is the category of finite
posets and order-preserving maps.

In this section, we build a correspondence between regular T-modules and presheaves.
It will lead to a correspondence between idempotents and presheaves.
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Let E be a finite set, let e € %r(E,E) be an idempotent and let U = % (E)e.
Write Q = Irr(U) for the set of join-irreducible elements of U. For all b € B, write
“1Q(b) = QNm~1(b). For all b,c € B such that ¢ < b, Proposition 4.19 implies that the
map

b Q) — fQ(e)
w — C-w

is well-defined. Then one can check that fQ2: B°? — ord is a presheaf.
Conversely, let & be a presheaf of finite posets on B and let

o= | o).

beB

For all w € "0, we write n(w) for the unique element b € B such that w € &(b). One can
check that *@ is a poset ordered by

A

féwif{

Let U = I,(°0) be the lattice of lower subsets of *&. By classical lattice theory, one
has Irr(U) = ® ¢ as posets. More precisely, the element w € *& corresponds to the interval
]—=,w]sy in U. We may identify these elements when convenient, and we will write |—, w]
instead of |—, wl,,.

For allt € T and u € U, we write

One can then check that U is a T-module for this action of T'.
Lemma 5.1. Let b € B and let w € "0. If b < n(w), then b-w = ﬁ;(w)(w).

Proof. One has

U]t (g w)]|nee =U]- o w]|n o).

c<h c<h

Now if ] -, ﬁ:(w)(w)] N O(c) # @, then ¢ < b. For this reason

U]-a“w]nee=U]- 6w neow=]-6w] = 69w. o

c<b ceB
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Corollary 5.2. Let b € B and let w € "0. If b < n(w), then b-w €°0 and n(b-w) = b.

Lemma 5.3. For allt € T and uw € U, one has t-u = u if and only if

uC |Jow).

beB
b<t

Proof. This is straightforward. O
Corollary 5.4. For all w € "0, one has n(w) = m(w), that is, m|sy = n.

Proof. If t-w = w, then there exists b < ¢ such that w € €(b) by Lemma 5.3, so n(w) < t.
Conversely, if n(w) < t, then

hence ¢t - w = w.

So

m(w) = /\ t= /\ t=nw). O

tw=w t2n(w)
Corollary 5.5. The map m is order-preserving.

Proof. Let u,v € U be such that u C v. Since m(v) - v = v, Lemma 5.3 implies that

uCuovC U o(b).

b<m(v)
The same lemma then implies that m(v) - u = u. So m(u) < m(v) by Lemma 4.13. O

Proposition 5.6. The T-module U = I,(*0) is regular.

Proof. By definition, U is a distributive lattice. Corollaries 5.2, 5.4 and 5.5 imply that
it is preregular, so it is regular by Proposition 4.21. O

Lemma 5.7. Let U be a regular T-module and let Q = Trr(U). One has "*Q = Q as posets.

Proof. It is obvious that "#Q = Q as sets, and it is straightforward to check, using the
regularity of U, that the order relations are the same. 0O

Lemma 5.8. Let O be a presheaf a finite posets on B. One has € = € as presheaves.
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Proof. It is straightforward to check that for all b € B, one has *&(b) = &/(b) as posets.
Lemma 5.1 then implies that for all b,c € B such that ¢ < b, one has #&% = ¢%. So
¢ = O as presheaves. O

Lemma 5.9. Let U and V' be two reqular T-modules. If U and V are isomorphic, then
the presheaves * Irr(U) and * Irr(V) are isomorphic.

Proof. Let ©: U — V be a T-linear isomorphism. Lemma 4.5 implies that for all b € B,
the map

Op: *Irr(U)(b) — *Trr(V)(b)
w — O(w)

is well-defined and is an isomorphism of posets. The fact that © is T-linear implies that
0: *Irr(U) — *Irr(V) is a natural transformation. Hence the presheaves *Irr(U) and
“Irr(V) are indeed isomorphic. O

Lemma 5.10. Let & and &2 be two presheaves of finite posets on B. If 0 and & are
isomorphic, then the T-modules I,(>0) and I,(*2) are isomorphic.

Proof. Let 0: & — £ be an isomorphism of presheaves. We also denote by 6, with a
slight abuse, the induced map *¢ — 2. It is clearly a bijection. It is straightforward
to check that @ maps lower subsets of *& to lower subsets of ”.22, and similarly that 6~
maps lower subsets of >.2 to lower subsets of *¢&. Hence we have a bijective map

(CH LL(bﬁ) — I\L(bgz)
u —  O(u).

It is then straightforward to check that © is a T-linear map, whence a T-linear isomor-
phism by Lemma 4.5. Hence the T-modules I (°¢) and I}(* %) are isomorphic. 0O

Lemma 5.11. Any regular T-module U is isomorphic to I (Irr(U)).

Proof. By classical lattice theory and because U is distributive,

I(Irr(U)) — U
U — \/w

is a lattice isomorphism. It remains to prove that it is a T-linear map: let ¢ € T and
a € I} (Irr(U)). For all € € t-a, there exists b € B with b < t such that ¢ € an*Irr(U)(b).
In particular, m(§) = b, so

E=b-{<t-é<t \w

wea
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Hence

\/ w<t~\/w.

weEt-a wea

Conversely, let £ € € be such that

<t \w=\/tw

weEa wea

Since U is distributive, there exists w € a such that £ < t-w. So £ < w, hence £ € a
because «a is a lower subset of Irr(U) and w € a. Moreover m(£) < m(t - w) < t. Hence
Eet-a,so

Hence

wea wet-a
Lemma 5.12. Any presheaf of finite posets € on B is isomorphic to *Trr(I)(°0)).

Proof. By classical lattice theory, the map

0: "0 —s Irr([i(bﬁ))
w |-, w]

is an isomorphism of posets. For all b € B, this isomorphism maps €(b) to
ﬂIrr(Ii(bﬁ’))(b). Write 6, = 0|5(). Lemma 5.1 implies that 0.0° = ﬁI1"1“(I¢(bﬁ’))£6'c.
In other words, 8: & — Ii(bﬁ) is a morphism. Each 6, is obviously bijective, hence & is
isomorphic to ! Irr(1,(*0)). O

Let E be a finite set and let e € 47 (F, E) be an idempotent. We write &(e) =
"Trr(€r(E)e). Conversely, let & be a presheaf of finite posets on B and let U = I} ("),
so that Irr(U) = 0. We write e(0) € €r(°0,°0) for the idempotent obtained in
Lemma 4.16 for the T-module U.

Proposition 5.13. The set of equivalence classes of idempotent T-generalized correspon-
dences is in bijection with the set of isomorphism classes of presheaves of finite posets
on B. More precisely, if we denote both equivalence and isomorphism classes by square
brackets, then the maps [e] — [O(e)] and [O] — [e(€)] are well-defined and inverse to
each other.
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Proof. By Proposition 4.12, Lemma 5.9 and Lemma 5.10, the maps [e¢] — [(e)] and
[0] — [e(0)] are well-defined.

Let E be a finite set and let e € €7 (E, F) an idempotent. Since &(e) = * Irr(¢7(E)e)
by definition, one has

Cr(E)e = I,(Irr(¢1(E)e)) = 1,(°0(e)) = Gr(ir(L,(°0(e))))e(6(e)),

using successively Lemma 5.11, Lemma 5.7 and Proposition 4.21. Then Proposition 4.12
ensures that [e(€(e))] = [e].
Conversely, let & be a presheaf of finite posets on B. One has

0 = Irn(I,(°0)) = (67 ( 0)e(0)) = 6(e(0)),

using successively Lemma 5.12; Proposition 4.21 and Lemma 5.9. Hence [0(e(0))] =
[0]. O

6. Automorphism groups

Let E be a finite set and let e € $7p(E,E) be an idempotent. We write G, =
(e€r(E,E)e)* for the group of invertible elements of the monoid eér(F, E)e.

Let U be a T-module. We write Gy = Autr(U) for the group of T-linear automor-
phisms of U.

Let € be a presheaf of finite posets on B. We write Gg = Aut(0) for the group of
natural automorphisms of the functor &.

Proposition 6.1. Let E be a finite set and let e € ér(E, E) be an idempotent. We write
U=%r(E)e and 0 =*Trr(U). Then G. = Gy = Gp.

Proof. We first prove that G, = Gy. Consider the maps

g: Ge — GU (6&)

and

defined by

h(©)(ex, ) = ©7" (8ae)(B) (6.b)

1

For all g € G, and ¢ € U, one has pg~! € U since g~te = g~!. For all p,v € U,

t €T and o € F, one has
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9(9) (e V) (@) = (pV)g (o) = \/ (e V)(B) Ag™' (B, )

BEE

—(\/w(ﬁ)Ag ) (\/w B)YAg (B ,a))
BeEE BeE

=g (o) Vg (a) = (g Vibg ) (a) = (3(9)(¢) V 8(9)(¥))(a)

and

9(9)(t-@)(a) = (t-9)g (o) =\ (t-@)(B) Ag ' (Ba) =\ tA(B) Ag™(B,)

BeE BEE

=tA\/ o B,a) =t A(pg")(a) =t Aa(9)(®)(a)

BEE

= (- 9(9)(9))(@).

Hence g(g) € Endr(U). Clearly g(e) = Idy and g(gh) = g(g) o g(h) for all g, h € Ge. So
a(g) is invertible and g(g)~! = g(¢g~!) € End7(U). In particular, g(g) € Gy .
Now for all © € Gy and «, 8 € E, one has

eh(®)e(a, f) = \/ e(a,7) ANp(O)(v,e) Ne(e, B) = \/ e(a,7) AO 1 (5,e)(e) Ae(e, B)

~v,e€E v,e€E
= \/ a,7) <\/ Ol g) Ne(e, ﬁ)) \/ e(a, ) A@il((sve)(ﬂ)
yEE eel yeEE
~o7! ( \/ ela,y)- @e)) (8).
yEE

For all ( € E, one has

v.meEE

(\/ e(a,y)- (%e)) ="\ ela,7)Ady(m) Ae(n,C)
YyEE

=\ ele,7) ne(r,0)

YEE

= 62(a7 C) = 6(047 C) = 6(16(C)
So
eh(©)e(a, B) = ©71(dae)(B) = H(O)(a, B).

Hence §(0) € e6r(E, E)e. Moreover, for all ©, H € Gy and «, 8 € E, one has
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h(O)h = \/ b(®)(e,7) Ab(H =\ e ANH™1(5,¢)(B)
—H ( \/ 071 (Gae)() - @e) (8).
For all ( € E, one has
(\/ 07! (6ae)(7) - ) =\ e TINe(r,6) =07 (8ae)e(¢) =07 (dae)(C).
So

h(©)h(H)(av, B) = H™H (071 (84¢))(B) = h(© 0 H)(, ).
Hence h(© o H) = h(©)h(H). Clearly h(Idy) = e, so h(O) is invertible and h(©)~! =
h(©~1) € e6r(E, E)e. In particular, h(0) € G..

We proved that g and h are well-defined. It remains to prove that they are inverse to
each other. For all g € G, and «, 8 € E, one has

h(g(9))(e, B) = a(9) ™" (6ae)(B) = 8(g™ ") (dae)(B) = daeg(B) = dag(B) = g(c, B).

Hence ho g =Idg,.
Conversely, for all © € Gy, ¢ € U and « € F, one has

9(6(9))(9) (@) = eh(©)H(a) = \/ @(B) ABO71)(B,a) = \/ ¢(B) AO(ge)(a)

BEE BEE

=0 ( V #(8) -556> (@) = B(pe)(a) = O(p)(a).

BEE

Hence go b = Idg,, and finally G, = Gyp.
We now prove that Gy 2 Gp. Write Q = Irr(U) = °¢@. Consider the maps

p: Gu — Geo (6.c)
© +— (Olow))ven

and
q: Gﬁ — GU

defined by
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=\ 0(w) (6.d)

weN
wsp

For all © € Gy and w € Q, one has O(w) € Q by Lemma 4.5. Then, by Lemma 4.7,
there exist « € F and b € B such that b < e(a,a) and w = §%e. Write g = h(0) =
g7 1(0), so that O(p) = pg~! for all ¢ € U. By Lemma 4.13, one has m(w) = b. The
same lemma ensures that

m(OW)) =mwg™) =\ wg ' B) = \/ w)Ag(1.8)

peE B.yEE

V bonela)ng (B8 =bA \ eg e, 8) =bA \/ g7 (a, B)
BEE BEE BEE

Now

=V 97 (. B8) Ag(B, ),

BEE

so since b € B and T is distributive, there exists ( € E such that

b<g M@, Q) Ag(Ga) <g M) <\ g e B)

BEE

So m(©(w)) = b = m(w), hence O(&(b)) C O(b). Since © is a T-linear automorphism,
one has 0° 00|gm) = Olo(e) © 0" for all b, c € B such that ¢ < b. Hence p(0) € End(0).
Clearly p(Idy) = Idg and p(©@cH) = p(0©)op(H) for all ©, H € Gy. So p(©) is invertible
and p(0)~! = p(©~!) € End(0). In particular, p(0) € Gp.

Now for all 8 € G4, p,% € U and t € T, one has

1O ve) =\ 0w =\ 0@V 0w =a0))VaO) )

Moreover, one has

t-qd)(p) =\ t-ow =\ ¢=V ¢= V o

weN w,E€Q w,E€Q w,XEN

w<p w<p w<y w<p
£<t-0(w) &= t§ 0(x)= tG(X)

£<O(w) 0(x)<0(w)
=V 0=V 000=V 000 =00 ).

w,XEN XEQN XEN

WP X< X<tp

x=t-x x=t-x

X<Sw
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The third and seventh equalities are consequences of Lemma 4.13. Moreover, the fourth
equality holds because 6 is bijective and the fifth one because 6 and 6§~ ! are natural.
Hence q(¢) € Endr(U). For all 8, € Gg and ¢ € U, one has similarly

q@)oam)(w)=a®) | \/ nw) | =\ a@®@w)=Y\ \ ¢

WEN wEeN weN EEQ
w<p w<p WS E<n(w)
= \/ 0=\ 0onlx)=a0on)(y).
w,XEN XEN
wsp X<
n(x)<n(w)

Hence, q(0 on) = q(#) o q(n). Clearly q(Ids) = Idy, so q(f) is invertible and q(§)~! =
q(60~') € Endr(U). In particular q(6) € Gy .

We proved that p and q are well-defined. It remains to prove that they are inverse to
each other. For all © € Gy and w € Q, one has p(0)(w) = O(w). So for all ¢ € U, one
has

€ weN
wsp wsp wp

Hence qop =Idg,, .
Conversely, for all # € G and b € B, one has q(f)|¢w) = 0low)- So p(q(f)) =
(a(@)]ow))ven = (0low))vep = 0. Hence poq = Idg,, and finally Gy = Go. O

Let E be a finite set and G(E) be the group of permutations of E. For all o € &(E),

we consider the T-generalized correspondence A, = Ago(Idg xo) € €r(E, E). In other
words,

Or otherwise.

Ao B) = { 1y fa=a(B)

Remark 6.2. One can easily check that

is a morphism of monoids, so that A, is invertible and Al = A, -1 for all 0 € G(E).

If moreover e € ¢r(E, F) is idempotent, we write Aut(E,e) = {0 € &(E),eA, =
A,e}. In other words, 0 € Aut(E, e) if and only if e(o (), 0(8)) = e(a, B) forall o, 8 € E.
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Lemma 6.3. Let U be a reqular T-module. We write Q = TIrr(U) and f = e(*Q) €
Cr(Q,Q). Then Gy = {fAs,0 € Aut(Q, f)}.

Proof. Let o € Aut(£, f). One has f(fA,)f = f3A, = fA,, since A, commutes with
f and f is idempotent. So fA, € f€r(Q,Q)f. Clearly o=! € Aut(Q, f), and similarly
[Ag-1 € fEr(Q,Q)f. Moreover, (fA;)(fAs-1) = f2A,A,-1 = f. Hence fA, € Gy
for all o € Aut(9, f).

Conversely, let g € Gy. Let ©: 67(Q) f — U be the isomorphism of Propositions 4.17
and 4.21. Then the conjugation Conjg is an isomorphism between Ge,.(q)y and Gy.
Write ¥ = Conjg og(g), where g: Gy — G, (q)y is the isomorphism defined by (6.a)
in the proof of Proposition 6.1. So ¥ € Gy. By Lemma 4.5, 3(Q2) C Q, and in fact
¥(Q) = Q because |%(Q2)| = |Q| since ¥ is injective. So o = B2 belongs to &().

Moreover, the fact that 3 is T-linear implies that for all w, & € €2, one has

flow,o@) ="\ b=\ b=Ffw9).
b<m(a())  b<m(€)
b-o(§)<o(w) b-E<w
Hence o € Aut(€2, f).
Then g = g~! o Conjg-1(X) = h o Conjg-1(X), where b is defined by (6.b) in the
proof of Proposition 6.1. So for all w,¢ € €, one has g(w,¢) = (071X0)7 (0, f)(¢) =
(0715710)(du.f)(€). Now

H=V 6f0)-x=\ flwx)-x=

XEN XEN

thanks to Lemma 4.15. So g(w,&) = 7 HEHw))(€) = flo  (w),€). Hence g =
fA,. O

7. Parametrization of simple functors

Here we complete the study of Section 2, from which we know that any simple gen-
eralized correspondence functor is of the form Sgy where F is a finite set and V is a
simple k67 (F, E)-module.

We need a more precise description of simple kér(E, E)-modules. Let E be a finite
set, let e € €p(E,FE) be an idempotent and V be a simple kG.-module. We write
M. = e%r(E, E)e and we see V as a simple kM,.-module on which M, \ G. acts by zero.
We then consider the k47 (FE, E)-module

= (k6r(E,E)e @k, V) /W,

where

{Za,@v,,VﬂEe%TEE,iﬂa, v = }
i=1 i=1
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We also write . for the class of pairs of type (e, V), where e € ¢ (E, E) is idempotent
and V is a simple kG.-module.

Then a description of simple k€7 (E, E)-modules is given by the following theorem,
which summarizes [10], where it is proved independently of the context of representations
of categories. However, it can also be proved using the results of Section 2, as it is done
in [14].

Theorem 7.1. There exists an equivalence relation ~ on g fulfilling the following prop-
erties.

o If (e,V) ~ (f,W), then e and f are equivalent is the sense of Definition 4.10.
Moreover, for allx € e6r(E,E)f andy € fér(E, E)e such that e = xy and f = yzx,
there exists a k-linear isomorphism ®: V — W such that ®(g-v) = (ygx) - ®(v) for
allge G, andv e V.

o The map [(e, V)] = [V}] is a bijection between the quotient set g/~ and the set of
isomorphism classes of simple k€ (E, E)-modules.

Now let S be a simple generalized correspondence functor and let E be a finite set
such that S(F) # 0. Proposition 2.5 ensures that S(E) is a simple k%7 (FE, E)-module.
Then Theorem 7.1 ensures that there exist an idempotent e € €7 (E, E) and a simple
kG.-module V such that S(E) = V.. We write Q = Irr(¢r(E)e) and f = e(*Q). By
Proposition 4.21, one has 7 (F)e = € () f. Then Proposition 4.12 ensures that e and f
are equivalent. Hence there exist « € e (E,Q)f and y € f€r (2, E)e such that e = zy
and f = yx. Then

Gf — Ge
g = g9y

is an isomorphism. In particular, this isomorphism makes G¢ act on V, which thus can
be seen as a simple kG s-module. Then we have a simple k€7 (£, 2)-module VfJf .

L 7.2. One has S = S, .
emma ne has v/
Proof. By Proposition 2.5, it is enough to prove that S(€) = VJJL . But we already know
that S = S, |+, so that S(Q) = Sy 1 (). We are going to prove that Sy +(Q2) = VfT.
Square brackets denote equivalence classes modulo the relevant submodule.
Fix a € k6r(Q, E). Consider

. VI — v
[y®v — [eyz®v],

with v € k€r(F, E)e and v € V. One can check that it is a well-defined k-linear map.
Similarly,
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®: Spi(Q) — V]
[CY & Z] — q)a(z)a

with a € k67 (2, E) and z € V| is a well-defined k%7 (€2, Q)-linear map.
Consider

U W — Spyr(©)
Bev] — [Py,

with 8 € k€7 (Q,Q)f and v € V. It is also well-defined and k%7 (€, 2)-linear.
Then a straightforward computation ensures that both ®oW¥ and Yo are the identity.
This proves the lemma. 0O

Let & be a presheaf of finite posets on B and let V be a simple kG g-module. We
write @ = 6 and f = e(0). Proposition 6.1 ensures that Gy = Gy, so that V can be
seen as a simple kG g-module. We then write Sg v = S, v

Corollary 7.3. Any simple functor is of type S¢ v, where O is a presheaf of finite posets
on B and V a simple kG g-module.

Let & and & be two presheaves of finite posets on B, let V' be a simple kG g-module
and let W be a simple kG »-module. The pairs (€, V) and (£, W) are called equivalent,
which we write (0, V) ~ (£, W), if there exist an isomorphism §: & — & and a k-linear
isomorphism ®: V' — W such that ®(g-v) = (0gf~1) - ®(v) for all g € Gg and v € V.

Proposition 7.4. Let 0 and & be two presheaves of finite posets on B, let V' be a simple
kG g-module and let W be a simple kG z-module. If So v = S w, then (O,V) ~
(72, W).

Proof. Write 2 = "6 and f = e(0) as well as = = > and e = e(Z). Then, one has
Se.v = SQ}V; and Sp w = SE,WJ' Let ¢: SQ,V; — SE,WJ be an isomorphism.

We first prove that the idempotents e and f are equivalent.

Fix v € V\{0}. Since V is a simple kG j-module, v generates V both as a kG j-module
and as a kf%€r(Q, Q) f-module. Then v’ = [f ® v] generates VfJf as a kér(Q, )-module.
Since moreover f - v =vf, the map

©x: k%T(X,Q)f — SQ,V;(X)

v — [y®uf]

is a surjection for any finite set X. The definition of S, Vi immediately implies that
©: kCr(—,Q) — S vi is a natural transformation. Similarly, fixing w € W ~ {0} gives

rise to a surjective morphism 1: k67 (—,E)e = Sz -
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The functor k%p(—,Q)f is projective as a direct summand of a representable func-
tor. Hence there exists a morphism a: k€7 (—,Q)f — kér(—,Z)e such that Yo = (.
Similarly, there exists a morphism 3: k€r(—,=)e — k67 (—, Q) f such that o8 = (1.

Write a = aq(f) € k€7 (Q2,E)e and b = p=(e) € k67 (Z,Q)f. Then

[f @] = valf) = (g Cavalf) = (g Waaalf) = (g Yala) = (5" ([a® w'])
:QEISE,WJ(“)([e@wT]) QVT( a)¢z! ([e®w )= SQ v' (a)¢z "= (e)

:SQ,V*( a)p=Pz(e) = Qv*( )‘P:(b):SQ,VfT( )([b®UT]) = [ab®vT].

This equality occurs in S, VT(Q), which is isomorphic to VfT . Transported in V; , this
equality becomes vf = f-vT = (ab)-v'. This implies that v = (fab)-v. Since M\ G} acts
by 0 on V, one has fab ¢ k(M Gy). Decomposing a and b as k-linear combinations of
T-generalized correspondences leads to the existence of ¢ € €1 (2,E)e and d € €1 (E,Q) f
such that fcd € Gy. Let m be the inverse of fcd in Gy, so that fedm = f. Then one has
f = feeedm because ¢ € 61 (9, E)e. Obviously fce € f€r(Q2,=E)e and ecm € €61 (E,9Q)f.
We can decompose e in the same way by a similar argument. Hence Lemma 4.11 implies
that f and e are equivalent.

So there exist € f€r(Q,ZE)e and y € e (E,Q) f such that f = zy and e = yz. We
are now going to build an isomorphism 6: & — & thanks to = and y. Proposition 4.12
ensures that €7 (Q)f = ér(E)e. Its proof gives explicit inverse T-linear isomorphisms

er(Q)f +— Er(Ee
o — ox
TY — T.

Remark 4.24 gives inverse isomorphisms of posets

Ir(¢r(Q)f) +— Q
0w f — w.

There exist similar inverse isomorphisms of posets between Irr(%7(Z)e) .

They give rise to isomorphisms of presheaves o: Irr(%r(Q)f) — fQ = € and
7: Flrr(6r(E)e) — F= = 2. Now, the T-linear isomorphism %7 ()
gives rise to an isomorphism of presheaves p: # Irr(67(Q) f) — * Irr(%7(Z)e). We then
write 0 = mpo~!: O — 2.

As we did in the proof of Lemma 5.10, we write again 6: Q — Z for the induced

kh-
1
§
w
)
I
3
o

isomorphism of posets. In other words, one has f(w) = m(o~!(w)x) = 7(d,x) for all
w € Q. Now fix w € Q. We know that §,z = po~t(w) € Irr(€7(Z)e). Hence, there exists
¢ € = such that 6,z = d¢ce. Then §(w) = w(dpz) = 7(dee) = &, that is, d,x = dee =
dg(wye- Similarly, for all £ € E, one has d¢y = dg-1(¢) f-

We finally prove that there exist an isomorphism V' — W compatible with the actions
of Gy and G ».
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Write e® = eo(0x0) € 6r(Q,Q), 2° = zo(Idg x0) € €r(Q,Q) and y° = yo(fx1Idq) €
Gr(,9). It is easy to check that (e°)? = e°, 2° = fa®e®, y° = e®y°f, 2°y° = f and
y°x® = e. Then

Geo — Ge
g +— go(07lx6eh

is a group isomorphism. In particular, W can be seen as a kG.o-module.
Moreover, the functor Sg |+ is isomorphic to S, ;1 , via
=, We Weo

EX SE,WJ (X) — SQ,WCTQ (X)
@@ feuw] — [a®®[°@w]],

where a € k€r(X,Z) and 8 € k€r(Z,Z)e. Here a® and 5° denote the images of o and
B by the k-linearizations of the maps

%T(X7 E) — kér ()(7 Q)
and
o — o (Idx x0) v — o (8x0)

respectively. Then
ealat Sg v (€) = Sq i, ()

is an isomorphism. So VfT =~ W, Theorem 7.1 then ensures that (f,V) ~ (e, W). It
also ensures that there exists a k-linear isomorphism ®: V' — W such that ®(g-v) =
(y°gz®) - ®(v) for all g€ Gy and v € V.

Now the structure of kG y-module of V is induced by the inverse of the isomorphism
of groups

i Gﬁ — Gf
g +— bgConj,-1(g),

where h: G, () — Gy and q: Ginygrp)p) — Gep()s are the isomorphisms defined
respectively by (6.b) and (6.d) in the proof of Proposition 6.1. Similarly, the structure
of kG¢o-module of W is induced by the isomorphism of groups

j: Geo — Gg?i
g + Conj pa(go (6! x07")),

where p: Ggpz)e = Ginrer(s)e) and g: Ge — Ge,(z)e are the isomorphisms defined
respectively by (6.c) and (6.a) in the proof of Proposition 6.1.

So for all ¢ € Gg and v € V, one has ®(g-v) = ®(i(g) - v) = (¥°i(g)x°) - P(v) =
i(y°i(g)z?) - ®(v).
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Fix g € G, and let us compute j(y°i(g)z®). Write h = y°i(g)z°, so that j(y°i(g)z®) =
j(h). The latter is an element of G . For all £ € = =", one has

=T

N

ee (ho (07 x 071) ™),

using (6.c¢) and (6.a).
Now (ho (07t x071) "t =h"to (07t x071) = (y®i(g~1)2®) o (0= x #~1). This is an
element of 67 (=, Z), mapping the element (3, x) € = x

[ <

= to

\ w071 (B),7) Ailg™ (1 A) Az (X071 (X))
Y,AEQ

=\ (8,7 A qConjy-1(9) (8, /) (N) A z(A, x)

¥, AEQ

= \/ qConj,-1(g) (\/ y(B,7) ‘%f) (\) Az(A,x)

AEQ ~eEQN
= \/ aConj,1(9)(dpy)(A) A (), X).
AEQ

The first equality above uses the definitions of y® and z°, and (6.a). The second equality
uses the T-linearity of q Conj,-1(g) € G, (q)f, and the third equality uses Lemma 4.8.

Consequently, d¢ce (h o (0t x 9*1))71 is the element of % (Z) mapping x € = to

V dea) Ae(a, B) A (ho (871 x6871) 71 (8,x)

a,feER

= \/ e(&.8) A qConj,-1(9)(55y)(N) A z(A, x)

BEE
A€Q

AEQ BEE

=\ qConj,-1(g) (\/ e(€.B) - 5/331) (M) Az x)

= \/ aConj,:(g) (6ey) (\) A z(A, X)
AEQ

= qConj,-1(g) (0¢y) z.

The third equality above uses an argument similar, but not strictly identical, to the one
of Lemma 4.8.
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Now

qConj, 1 (g) (3¢y) = q(o~"go) (5ey) = a(0 " go) (dp-1()f)
=0""g0 (6p-1(6)f) =07 g (67'(£)) =0 g0 (&).

Here the third equality uses (6.d).

Finally, we are left with j(y°i(g)z°)(&) = 7 (o 'gf~ (&)z) = mpo~lgh~1(¢) =
0g0~—1(¢). In other words, j(y°i(g)x°®) = fg6~'. Hence ®(g-v) = (gf~1) - ®(v) for
all g € Gg and v € V. Finally, (0,V) ~ (£, W), as was to be proved. 0O

Corollary 7.3 and Proposition 7.4 imply the following theorem.

Theorem 7.5. The set of equivalence classes of pairs (O,V), consisting of a presheaf O of
finite posets on B and a simple module V' for its group of automorphisms, is in bijection

with the set of isomorphism classes of simple generalized correspondence functors, via
the map [(O,V)] = [So,v].

Remark 7.6. In [6, Theorem 4.7], the simple correspondence functors are parametrized
by triples (E,R,V), where E is a finite set, R is an order on E and V a simple
k Aut(E, R)-module. The finite poset (E, R) can be viewed as a presheaf of finite posets
over {1} = Irr({0,1}). Hence, our Theorem 7.5 generalizes this result.

However, an additional property is proved in [6]: in the triple (E, R, V) which corre-
sponds to a simple correspondence functor S, the set F is minimal among sets fulfilling
S(E) #0.

This property does not necessarily hold here. We always have S@V(bﬁ) # 0, but
for any subset E of "¢ generating the T-module I;(*&), one also has Sy (E) # 0. In
general, there exist several proper subsets of *¢ generating the T-module I J,(bﬁ ). See
[14] for details.

8. Finiteness conditions: the case of a field

In all this section, we assume that k is a field. The first part of this section is devoted
to give upper and lower bounds for the dimension of the evaluations of simple functors.
The results of this section generalize those of [6, Sections 8 and 9]. Several proofs are
straightforward extensions of those of [6].

Let O be a presheaf of finite posets on B. We write Q =& and f = ¢(0). For any
finite set X and for any map ¢: X — €0, we define two T-generalized correspondences
A, and ', in the following way. For all w € Q and z € X, we set A, (w,z) = f(w, p(x))
and I'y(z,w) = f(p(x),w), so that A, € €r(Q2, X) and I', € €7 (X, Q).

For any finite set X, we fix a map 0x: X — B such that for all b € B, one has

6520)] > L%J ,
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where the corner brackets denote the floor function. In particular,

li %L (b)| =
\X|1—>H-1i-oo| x (b)] = +o0

for all b € B. We write ®x for the set of surjective maps ¢: X — Q such that moyp = 0x.

We recall from Section 6 that Aut(€2, f) denotes the group of permutations o € S(2)
such that fA, = A, f, that is, f(oc(w),0(§)) = f(w,§) for all w,& € Q. This group
acts on ®x by composition on the left. Indeed, let o € Aut(£2, f). For any w € Q, one
has m(o(w)) = f(o(w),o(w)) = f(w,w) = m(w), the first and third equalities being a
consequence of Lemma 4.14 and the second one coming from the fact that o € Aut(€, f).
Hence, for all ¢ € x, one has moocop=moyw =0x,sothat cop € dx.

We fix a set Ay C ®x of representatives of the set of left orbits Aut(Q, f)\®x.

Lemma 8.1. Let o, € Ax. If AyT'y, = f, then ¢ < v, that is, p(x) < () for all
rzeX.

Proof. Let z € X and w € . Lemmas 4.14 and 4.20 ensure that f(§,w) < m(&) and
f(w,w) = m(w) for all w,& € Q. Then
flp(x),w) =m(p()) A fp(z),w) = Ox (x) A fp(x),w) = m(p(@)) A f(e(z),w)
= (@), (@) A flp(@),w) <\ F@(@).0() A fle)w)

yeX

= A¢F¢(w($)7w) = f(1/1(x),w)

So Lemma 4.15 implies that

=\ fle(@),w) w< \ @) w) w=1).

weN weN

Hence ¢ <. 0O
For all p, ¢ € Ax, we write ¢ < 1 if there exists o € Aut(f, f) such that o o ¢ < 7.
Lemma 8.2. The relation < is a partial order on Ax.

Proof. It is obvious that < is reflexive, since Idg € Aut({2, f), so we prove that it is
transitive and antisymmetric.

Let ¢, 9, x € Ax be such that ¢ < ¢ and 9 < x. There exist 0,7 € Aut(€2, f) such
that 0 o p < ¢ and 709y < x. Now 7 is order preserving. Indeed, for any w, ¢ € €, the
following equivalences hold:

{Sw e f(w, ) =m(§) < f(7(w),7(£)) = m(7(E)) = 7(§) < 7(w).
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The first and third equivalences come from Lemma 4.14 while the second one is a con-
sequence of the fact that 7 € Aut(, f), the equality m o7 = m having been proved just
before Lemma 8.1. So 7 o0 0 ¢ < x, whence ¢ < x.

Finally, let ¢,1 € Ax be such that ¢ < ¢ and ¢ < . There exist 0,7 € Aut(€, f)
such that o0 o ¢ < ¢ and 7 0¥ < . The elements of Aut(€2, f) being order-preserving
maps, one has 70 o ¢ < . Let n be the order of 7o in the group Aut(f2, f). Then
p=(ro)"op<To0p < Y. Sop=T00p < ToY < ¢, whence ¢ = 7 o01). This implies
that ¢ = 1 since Ax is a set of representatives of Aut(Q2, f)\Px. O

Let V be a simple kG g-module. We are interested in the dimensions of the evaluations
of the simple functor Se v .

Theorem 8.3. There exist an integer r > 0 and a constant ¢ > 0 such that for any finite
set X with | X| > r, one has

o\ e\ aly|x
c<<@> ) < dimy Sg v (X) < (T1hX1

Proof. The functor Sg v = S, v is a quotient of L which is itself a quotient of

Qv
k€r(—,Q), since V]:r is a simple k€ (2, Q)-module. Then for any finite set X, one has
dimy, Sg v (X) < dimy, k€7 (X, Q) = |T|XN2 = (719X,

Now fix v € V' . {0}. Then v generates the simple kG j-module V, and vf = [f ® v] €
VfT generates VfT .

Let X be a finite set. We are going to prove that the image of the family (F¢®UT)¢€AX
in Sg,v(X) is linearly independent. Assume that the family of scalars (A,)pecay € kA%
is such that

Z Ao [Ty @0f] =0

pEAX

in S¢v(X). It means that

> ATy @l €, 0 (X).
pEAXx

So for all 8 € (22, X), one has

Z Ao (BT) ol =0.

pEAX

Now the action of an element a € (2, Q), on v' is given by a - v = [af ® v]. So the
previous condition implies that for all g € €r(Q, X), one has
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D XA(BTef)®v| =0

pEAX

in VfT. One has I', f =1T', for all ¢ € Ax: indeed, for all z € X and w € {2, one has

Ty f(z,w) =\ (@), A f(&w) = [P(p(2),w) = f(p(@),w) = Ty(z,w).

£eQ

Then, by definition of VJI one has, for all g € f€r(Q2, X),

> A(BTy) v =0.

pEAX

Non-invertible elements of f€r(Q,Q)f act by zero on V, so for all 8 € f6r(Q, X), one
has

> A (BTy) v =0.

pEAXx
BL,eGy

Now choose 8 = Ay with 1) € Ax. Then for all ¢ € Ax, one has

E )\QO(A’IZJFLP) -v=0.
pEAX
AyT,€Gy

Lemma 6.3 implies that we can rewrite this equation as

> Ap(AyTy) v =0.
pEAX
ceAut(Q,f)
AyTo=fA,
One has I',A,—1 = T'sop for all ¢ € Ax and o € Aut(Q, f): indeed, for all z € X and
w € €, one has

r.A, =\ F(e@), &) A A, (€w) = Flp(a), 0~ (@)

£eQ

= f(g © cp(x),w) = Fooso(fraw)

since 0 € Aut(, f). Then, thanks to Remark 6.2, the fact that Ay I', = fA, is equivalent
to Ayl'so, = f, which in turn implies that ¢ < v, thanks to Lemma 8.1. Let < be a
linear extension of <, that is, a total order compatible with <, and let 1 be the smallest
element of Ay for <. The only ¢ € Ax appearing in the sum
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S A0

pEAx
oc€Aut(Q, f)
AU)F(rmp:f

is © itself. So our equation reduces to

Z )\w(Awl—‘w) v =0.

cEAUL(Q, f)
AyTy=fA,
But for all w, & € €2, one has
AyTyw, &) =\ flw,0@) A f(@),€) =\ Fw,0 A F(x:€) = f2(w,€) = f(w,€),
zeX XEN

the second equality being a consequence of the surjectivity of . Then the only o €
Aut(Q, f) appearing in this sum is 0 = Idg. Indeed, the fact that f = fA, means that
flw, &) = flo™Hw),§) for all w, & € Q. This in turn implies that 0~ (w) = w thanks to
Lemma 4.15. So our equation again reduces to Ay f -v = 0. Now f-v # 0 since f is the
identity element of Gy and v # 0. So Ay, = 0, and by induction on the total order <,
we get that Ay = 0 for all ¢ € Ax. Consequently, the image in Sg v (X) of the family
(Ty ® v1)peay is linearly independent. In particular, dimy, So,v (X) > [Ax|.

For any sets E and F', write Surj(FE, F') for the set of surjective functions from E to F.
Then ®x is in bijection with the set

[T surjtox'(v),m= (b)),

belm m
via the maps
Py — I suwi(6x'(b),m (1))
belm m

. — ((p|9)_(l(b))b61mm

X — Q - (o)
b m )

T Yoy () () betmm

which are easily checked to be well-defined inverse bijections.
For all b € B, write 0x, = |05 (b)| and mj = [m~'(b)|. Then one has

x| = J] [Suj(x" (), m™ - 11 Z s 1< )iex,b7
b€lm m bEIm m i=0

the cardinality of the sets of type Surj(6x'(b),m~'(b)) being computed in [19, Sec-
tion 1.9]. A precise formula for this cardinality is given by [19, Equation 1.94a].



444 C. Guillaume / Journal of Algebra 521 (2019) 405—451

The action of Aut(£2, f) on ®x is free, so

_ 1 S mb i 0x b
|AX|_IAut(Q,f)\|¢) A= oy 1 D1 ( )

belm m =0

mp—1 me i 0x b
X,b 1 mbz _ .
gy 1L o (1+ S o () (1))

For all b € Imm and ¢ < my — 1, one has m— < 1. The way we chose 0x also implies
that

lim Oxp=+o0
| X | =400

for all b € B. So each sum appearing in the previous expression approaches 0 when |X|
approaches +oco. In particular, there exists an integer r > 0 such that for any finite set
X with |X| > r and for all b € Imm, one has

mp—1 . 0x b
m i ™Mb 7 ’ 1
e () () e

So

1 1,
> - - X,b
AxX| > @ ) II gm zummuAthf I m™

belmm bEImm

Then for all b € Imm, one has

1 1
Ax| > oxp > LIX1/1BI]
x> Sl Awe(o, 7)™ ol ml| Aut(2, £)] "
1
> |X1/1BI-1,
ol ml| Aut(Q, )]
In other words,
[BI/(IX]-|BI)
(2| Aug(©, 1)l Ax]) > my,

This inequality remains true for b ¢ Im(m). So we can sum these inequalities for b € B
to get

> my =9,

beB

|Bl/(IX]-1BI)
1B (21 Aut(2, /)| Ax|)

It implies that
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B X1
= olmml| Aut(€, f)| \|B] 2/mml| Aut (€, £)]1Q] \ \|B| :

We get the claimed lower bound by writing

B

7 ol Aut(Q, F)[|0]°

O

The previous theorem has several interesting consequences in the study of finitely
generated functors.

Theorem 8.4. A generalized correspondence functor F is finitely generated if and only if
there exist an integer r = 0 and constants a,p > 0 such that dimy F'(X) < ap'X! for any
finite set X with | X| > r.

Proof. It is essentially the same as the proof of [6, Theorem 8.4].

Assume that F' is finitely generated. Proposition 3.9 ensures that there exist finite
sets E and I such that F is a quotient of k¢ (—, E)®!. So for any finite set X, one has
dimy, F(X) < |I|(JT|1PHIXT.

Conversely, assume that there exist an integer r > 0 and constants a,p > 0 such that
dimy, F(X) < ap!X! for any finite set X with |X| > 7. Let P and Q be subfunctors of
F such that Q C P and the quotient P/Q is simple, say P/Q = Sg.yv. Write Q = 0.
Theorem 8.3 ensures that there exists a constant ¢ > 0 such that

o\ VIEN
c (E) <dimk5ﬁ7V(X)

whenever |X| is large enough. Thanks to our hypothesis about F, one has

/BN X1
()" e

whenever |X| is large enough. This means that

cealn(B))

|B‘ 1/1B|
Tl 2 1a
g (|ﬂ|)

otherwise the right-hand side of the second-to-last inequality would approach zero when
| X| approaches +oo. Hence |Q| < |B|p!Zl.

Since ¢ > 0, one must have



446 C. Guillaume / Journal of Algebra 521 (2019) 405—451

For any finite set Y such that |Y| < |B|p/Zl, choose a basis (v;)1<i<dy of F(Y). By
Yoneda’s lemma, there exist morphisms ¢} : k67(—,Y) — F such that ¢} maps Ay to
v;. Then

dy
Y =Y ¢ kG (<, Y)Y — F
=1

is a surjective morphism. We are going to prove that the sum 1 of the ¥ ’s is surjective
too.

Write G = Im(7)). Assume that G # F and fix a finite set X of minimal cardinality
such that F(X)/G(X) # 0. Let W be a simple k% (X, X)-submodule of F(X)/G(X).
By Lemma 2.6, Sx w is isomorphic to a subquotient of F'/G. By Corollary 7.3, Sx w is
of type Sg.v, so PPo| < |B|p!P! by the first part of the proof.

Write f = e(€). Then VfJr >~ S;v("0) = Sx w(°0) is isomorphic to a subquotient of
F(0)/G(0). So |X| < |”0| by minimality of |X|. Hence | X| < |B|p!/Pl. But this implies
that ¥ is surjective, and G(X) = F(X): this is a contradiction. Hence 1 is surjective.

So F is isomorphic to a quotient of

B k(- %

|2[<|Blp! Bl

Then by Proposition 3.9, F' is finitely generated. 0O
Theorem 8.5.

1. Any nonzero finitely generated generalized correspondence functor has a mazimal
subfunctor.

2. Any subfunctor of a finitely generated generalized correspondence functor is also
finitely generated.

Proof. Tt is essentially the same as the proof of [6, Lemma 9.1].
Let F be a finitely generated generalized correspondence functor.

1. Proposition 3.9 implies that there exists a finite set X such that F is generated by
F(X). Let M be a maximal k% (X, X)-submodule of F(X). Then F(X)/M is a
simple k€7 (X, X)-module. So Proposition 2.6 implies that there exist subfunctors
H C G C F such that G/H is simple and G(X) = F(X). The last equality implies
that G = F since F is generated by F(X). Hence H is a maximal subfunctor of F.

2. Let G be a subfunctor of F. Theorem 8.4 ensures that there exist constants a,p > 0
such that dimg F(X) < ap/X! whenever |X| is large enough. The same inequality
holds for F', so the same theorem ensures that G is also finitely generated. O
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The following theorem is a generalization of both [6, Theorem 9.2], which treats the
case T = {0,1}, and [11, Theorem 3.2], which treats, with different methods, the case
of an infinite field. It states that the category %7 is of dimension zero, according to the
terminology of [23].

Theorem 8.6. Any finitely generated generalized correspondence functor has finite length.

Proof. Tt is essentially the same as the proof of [6, Theorem 9.2].

Let F be a finitely generated generalized correspondence functor. By Theorem 8.5, it
has a maximal subfunctor F}, which is also finitely generated. Iterating this construction,
we get a sequence F' = Fy O Fy D Fy D ... such that for all i € N, either F;/F;; is
simple or F; = 0. Fix ¢ € N such that F;/F;;, is simple, say F;/F;11 = Sev. By
Theorem 8.4, there exist constants a,p > 0 such that dimy F(X) < apX!, whence
dimy S v (X) < ap!Xl, whenever |X| is large enough. By Theorem 8.3, there exists a
constant ¢ > 0 such that

‘bﬁl /1B X
C ((ﬂ) > < dlmk SﬁA/(X)

whenever |X| is large enough. It implies, just like in the proof of Theorem 8.4, that
Pol < B,

For all n < |B|p!P!, there is only a finite number of presheaves & such that |*0| = n
up to isomorphism. For each such presheaf, there is only a finite number of simple
kG g-modules up to isomorphism. Hence, there is only a finite number of isomorphism
classes of simple functors isomorphic to a subquotient of F'. If all the quotients F;/F;11
were simple, one of them would appear infinitely many times. Then for some presheaf &,
the module VJ( o) would appear infinitely many times as a composition factor of F(bﬁ).
This is impossible because evaluations of F' are finitely generated by Lemma 3.8. So
there exists ¢ € N such that F; = 0, hence F has finite length. O

9. The case of a noetherian ring

In this section, we study finiteness conditions and stability properties when k is a
noetherian ring. All the results of this section are direct generalizations of those of [6,
Sections 11 and 12]. For this reason, we do not give full proofs but we only sketch them
and highlight differences with [6]. However, full proofs for the generalized case can be
found in [14].

For any generalized correspondence functor F', we write

FO0 = FIX) | 3 k(X Y)F(Y),

YCX

the sum being running over proper subsets of X.
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Let F be a generalized correspondence functor and let p be a prime ideal of k. The
localization Fy, of F at p is defined by F,(X) = F(X), for any finite set X.
Lemma 9.1.
1. Fy is a generalized correspondence functor over ky.

2. If ' is finitely generated over k, then F, is finitely generated over k.
3. For any finite set X, the ky%r(X, X)-modules F(X), and F,(X) are isomorphic.

Proof. See [6, Lemma 11.2]. O

Proposition 9.2. Let F' be a generalized correspondence functor and let X be a finite set
such that F(X) # 0.

1. There exists a prime ideal p of k such that F,(X) # 0.
We fiz such a prime ideal p and we write k(p) = k,/pk,.

2. If F(X) is a finitely generated k-module, then there exist subfunctors M and N of
F, and a simple k(p)6r(X, X)-module W with the following properties.
e pF, CNCM.
e M/N=S X, W -
e X has minimal cardinality among sets at which Sx w does not vanish.
3. There exist an integer r > 1 and a constant ¢ > 0 such that for any finite set Y with

Y| = r, one has
‘X| 1/1B| Yl
Cc (E) < dimk(p) SX,W(Y>.

Proof. 1. This is a consequence of the injectivity of the map

FxX)— [ F&)
pESpec(k)

and of the isomorphism F(X), & F,(X) of Lemma 9.1.
2. Write G = F,/pF}, so that G is a generalized correspondence functor over k(p). If
G(X) =0, then Nakayama’s lemma implies that

Fo(X) = k@r(X,Y)F(Y),

that is, F,(X) = 0. This contradicts our choice of p, so G(X) # 0. Now
G(X) is a k(p)€r(X,X)-module, and it is finitely generated as k(p)-vector
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space. Hence G(X) has a quotient W which is simple as k(p)%r(X, X)-module.
Moreover, k(p)ér(X,Y)ér(Y,X) acts by 0 on G(X) whenever Y| < |X]| so
kE(p)er(X,Y)er(Y,X) also acts by 0 on W whenever Y| < |X|. Then W is a
quotient of G(X), so Proposition 2.6 implies that there exist subfunctors M and N
of Fy, such that pF, C N C M and

M/N = (M/pFy)/(N/pFp) = Sx.w.
By definition of Jx w, since k(p)ér(X,Y)ér(Y,X) acts by 0 on W whenever |Y| <
|X| and since Sx w(X) # 0, we deduce that X has minimal cardinality among sets
at which Sx w does not vanish.
. By Corollary 7.3, Sx w is of type Sg . One has Vj( o) = Sev(P0) = Sxw(°0),

so |X| < |?0| by minimality of |X|. Theorem 8.3 ensures that there exist an integer
r > 0 and a constant ¢ > 0 such that

|bﬁ’| 1/|B| Yl
C<<B|) ) < dimy(p) So,v(Y)

whenever Y| > r. Then

xy YN
c (|?> <dimk(p)SX,W(Y)

whenever |[Y|>r. O

From now on, we assume that k is noetherian.

Proposition 9.3. Let F' be a generalized correspondence functor and let G be a subfunctor

of F. If X and Z are finite sets such that F is generated by F(X) and G(Z) # 0, then
12| < |B||T|1PIXI.

Proof. By an argument of finite generation and localization, and using Proposition 9.2,
we can assume that k is local, that F' = k% (—, X)®* for some integer ¢t > 1 and that G
has a subfunctor H such that G/H is simple and Z has minimal cardinality among sets at
which G/H does not vanish. We then conclude the proof just like [6, Theorem 11.4]. O

Theorem 9.4. Let F' be a generalized correspondence functor and let G be a subfunctor
of F.

1. If X and Y are finite sets such that F is generated by F(X) and [Y| > |B||T|IPIX],
then G is generated by G(Y).
2. If F is finitely generated, then G is finitely generated.
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Proof. See [6, Corollary 11.5]. O
In the same fashion, we can prove the following stabilization results.

Theorem 9.5. Let F' be a generalized correspondence functor. Assume that there exists a
finite set X such that F' is generated by F(X).

1. For any finite set Y with |Y'| > |B||T|1P!IIXI, one has F = Ly p(yy. Moreover, this
isomorphism is given by the counit Ly, p(yy — F' of the adjunction of Proposition 2.5.

2. For any finite set Y with |Y| > |B||T||B|2|T|‘BHX‘, one has F' = Sy py).

3. For any generalized correspondence functor G, for any finite set' Y and for any integer
1 € N, there exists an integer n; € N such that the evaluation at'Y

Ext’s, ) (F,G) — Extie vy (F(Y),G(Y))
is an isomorphism whenever |Y| > n;.

4. For any finite set Y with |Y| > |B||T||B"IT
k7 (X, X)-module V', one has

|IBHXI

, for any finite set Z and for any

Tor; ") (k%1(2,Y), Lxv(Y)) = 0.
Proof. See [6, Section 12]. O
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