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1. Introduction

Cuntz—Pimsner rings were introduced by Carlsen and Ortega in [4] as an algebraic
analogue of Cuntz-Pimsner C*-algebras (first introduced by Pimsner [15] and later re-
fined by Katsura [11]). To construct a Cuntz—Pimsner algebra one requires a C*-algebra
A (often called the coefficient algebra) along with a C*-correspondence X over A (loosely
speaking, this can be thought of as a Hilbert space where the inner product takes values
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in A rather than just the complex numbers). One then constructs the Toeplitz algebra
Tx associated to the correspondence, and defines the Cuntz—Pimsner algebra Ox as a
suitable quotient. The Cuntz—Pimsner algebra Ox contains a faithful copy of A and
naturally carries a gauge action of the circle group (which can in turn be used to define a
Z-grading). Of key importance to the study of Toeplitz and Cuntz—Pimsner algebras are
numerous results that relate structural properties of Ty and Ox to structural properties
of the coeflicient algebra A (for example, [11, Theorem 7.1] deals with exactness, [11, The-
orem 7.2 and Corollary 7.4] with nuclearity, [12, Theorem 8.6 and Proposition 8.8] with
the gauge-invariant ideal structure, and [11, Proposition 8.2 and Theorem 8.6] with oper-
ator K-theory). This of course serves as motivation for attempting to realise C*-algebras
as Cuntz—Pimsner algebras: given a C*-algebra B, can we find a subalgebra A C B (which
we hopefully already know some information about) and a C*-correspondence X over
A such that B is isomorphic to Ox? Various C*-algebraic constructions are well-known
to be realisable (nontrivially) in terms of Cuntz—Pimsner algebras: for example crossed
products by automorphisms [15, Example 3], graph C*-algebras [17, Example 8.13], and
more generally topological graph algebras [13].

Similarly, to construct a Toeplitz (or Cuntz—Pimsner) ring one requires a coefficient
ring R, two R-bimodules P and @, and an R-bimodule homomorphism ¢ : PRQrQ — R.
Such data is called an R-system. One can think of the bimodules P and @ as playing
the role of the C*-correspondence, whilst the map 1 plays the role of an R-valued ‘inner
product’. The associated Toeplitz ring T p,q ) is then defined in much the same way as
in the C*-algebraic setting. The Toeplitz ring then naturally carries a Z-grading. Un-
fortunately, when moving to the purely algebraic setting, the missing analytic structure
forces the authors of [4] to impose additional technical hypotheses in order to pass from
T(p,q,) to the Cuntz—Pimsner ring O(p, g ) (see [4, Proposition 3.11 and Remark 4.10]).
We summarise all the necessary background material that we will require in Section 2.
Despite these difficulties, a number of positive results have still been derived for Cuntz—
Pimsner rings. For example, [4, Corollary 5.4] gives necessary and sufficient conditions for
a graded representation of O(p g 4) to be injective, [4, Corollary 7.29] gives a complete
description of the lattice of two sided graded ideals of O(p, g ), whilst [5, Theorem 7.3]
gives necessary and sufficient condition for simplicity. Of course, this construction, along
with the positive results, would be redundant without a collection of interesting examples
of rings that can be realised (nontrivially) as Cuntz—Pimsner rings. Carlsen and Ortega
present three examples to motivate their construction:

(i) The crossed product of a ring R by an automorphism can be realised as the Cuntz—
Pimsner ring of an R-system [4, Example 5.5];
(ii) Given a unital ring R, an idempotent p € R, and a ring isomorphism ¢ : R — pRp,
the fractional skew monoid ring R[t,t_, ] (as constructed in [2]) can be realised
as the Cuntz—Pimsner ring of an R-system [4, Example 5.7];
(iii) Given a directed graph E and a unital commutative ring K, if we let @,cpoK
denote the ring of finitely supported K-valued functions on the vertex set E°, then
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the Leavitt path algebra L (E) can be realised as the Cuntz—Pimsner ring of an
P, e po K-system [4, Examples 1.10 and 5.8].

In [4] these three examples are treated individually using various ad hoc techniques, and
thus one of the main goals of this paper is to provide a systematic approach for dealing
with examples of this sort.

When we began this project, our original goal was to ‘algebraify’ the results of [16]
by investigating how the Steinberg algebra Ak (G) associated to a groupoid G equipped
with a continuous Z-valued cocycle c fits into the Cuntz—Pimsner framework. In partic-
ular, we wanted to show that Ax(G) can be realised as the Cuntz—Pimsner ring of an
A (c71(0))-system. Eventually we realised that our arguments could be applied in more
general settings, and that is what we report in this paper. Our main result gives a con-
struction for recognizing and building Cuntz—Pimsner rings: given a ring R and a subring
A C R, Theorem 3.1 tells us what additional conditions are required in order for there
to exist a graded isomorphism from R to the Cuntz—Pimsner ring of some A-system.
Our construction is very general and does not impose a lot of technical hypotheses. At
the same time, we show how the three key examples listed above can be recovered (rela-
tively easily) using our procedure. Finally, in Section 4 we apply our results to Steinberg
algebras associated to Z-graded groupoids and complete our original goal of proving an
algebraic analogue of [16, Proposition 10].

2. Preliminaries: Cuntz—Pimsner rings

In this section, we present some preliminary results about graded rings and recall
from [4] the basic construction of Cuntz—Pimsner rings. A ring A (possibly without unit)
is called a Z-graded ring if A= @, ., A
ApAnm C Apym for all n,m € Z. Elements of U,z A, are called homogeneous elements

» With each A, an additive subgroup of A and

of A, and a nonzero element a € A, is said to have degree n, which we denote by |a| = n.
If A is an algebra over a ring K, then A is called a graded algebra if A is a graded ring
and A,, is a K-submodule for each n € Z. For the basics on graded ring theory see [9,14].

Let R be a ring. Given two R-bimodules P and @ we denote by P®rQ the R-balanced
tensor product. An R-system is a triple (P, @, ) where P and @ are R-bimodules, and
¥ : P®pr Q — Ris an R-bimodule homomorphism; see [4, Definition 1.1].

Given an R-system (P, Q, ), we say that a quadruple (S, T, o, B) is a covariant rep-
resentation of (P,Q,) on B if:

(i) B is a ring;
(ii) S: P — B and T : @ — B are additive maps;
(iii) o : R — B is a ring homomorphism;
) S(pr) = S(p)a(r), S(rp) = o(r)S(p),T(qr) = T(g)o(r) and T(rq) = o(r)T(q) for
re R,pe PandqeQ;
(v) o(¥(p®rq)) = S(p)T(q) for p € P and q € Q.

(iv
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We denote by R(S, T, o) the subring of B generated by o(R)UT(Q)US(P).If R(S,T,0) =
B, then we say that the covariant representation (S, T, o, B) is surjective, and if the ring
homomorphism o is injective, then we say that the covariant representation (S, T, o, B)
is injective.

Given an R-bimodule P, we define P®? := R, P®! := P, and for n > 2, we define
P®" recursively by P®" = P @ P®("~1)_ Each P®" then naturally has the structure
of an R-bimodule. If P and @ are R-bimodules and 9 : P @z @ — R is an R-bimodule
homomorphism, we define ¥*° : P®% @r Q®° — R by ¥*°(r ®, s) := rs for r,s € R,
@ := 1), and for n > 2, we define Y®" : P®" @ Q®" — R recursively by

V" (p@rp) @r (@R q)) =v(p v V(' ®r q) ®r ¢)
forpe P, p' € PP=1 4 Q® D ¢ Q.

It is routine to check that each ¥®" is an R-bimodule homomorphism. Similarly, if P is
an R-bimodule, B is a ring, and S : P — B is an additive map, we define S®! := 9,
and for n > 2, we define an additive map S®" : P®" — B recursively by S®"(p®yp’) :=
S(p)S®=1(p) for p € P, p’ € P?(»=1) Tt is not difficult to show that if (S, T, o, B) is a
covariant representation of an R-system (P, @, ), then for each n > 0, (S®", T®" o, B)
(with S®0 := T®0 := 5) is a covariant representation of the R-system (P®", Q®" ®")
(see [4, Lemma 1.5]). It follows that

R(S,T,0) = span{T®"(q)S®"(p) : m,n > 0,q € Q®™,p € P®"}.
Furthermore, it follows that R(S,T, o) is Z-graded with
R(S,T,c); = span{T®™(q)S®"(p) : m,n > 0,m —n =t,q € Q%™ ,p € P®"}
for each t € Z (see [4, Proposition 3.1]).

By [4, Theorem 1.7], for an R-system (P, Q), ), there exists an injective and surjective
covariant representation

(trstq,tr, T(P.Qw))

with the following property: if (S, T, o, B) is a covariant representation of (P, @, ), then
there exists a unique ring homomorphism

s 1,0.8) - T(Pguw) = B

such that ns1s8)°tr = 0, Ns 10,8 Lo = T, and 1148 °tp = S. We call
(tPst@;str, T(p,@,p)) the Toeplitz representation of (P,Q,v), and T(pq.y) the Toeplitz
ring of (P, Q. ).
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Let (P,Q,v) be an R-system. Then a right R-module homomorphism ¢ : Qr — Qg
is called adjointable with respect to v if there exists a left R-module homomorphism
s: rP — grP such that

Y(p@rt(q) =v(s(p) ®rq), forpeP,qeq.

We call s an adjoint of t with respect to ¢. We write Lp(Q) for the set of all adjointable
homomorphisms (with respect to ¢). We denote by Lo (P) the set of all the adjoints.

Given an R-system (P, Q, ), for each p € P and ¢ € @, we define homomorphisms
qup : QR — QR and vaq : RP — RP by

Ogp(x) :=q(p@rx) and 6,,(y) :=v(yQrq)p foreachxz e @ andye P.

Then 6,, € Lp(Q) with 6, , as an adjoint. We call the homomorphisms {8, , : ¢ €
Q,p € P} rank-one adjointable homomorphisms, and we denote the linear span of all
such homomorphisms by Fp(Q). Similarly, we denote by Fg(P) the set of all rank-one
adjoints.

We say that an R-system (P,Q,v) satisfies condition (FS) if for all finite sets
{g1,--- ,qn} € Q and {p1,--- ,pm} C P there exist © € Fp(Q) and ® € F(P) such
that ©(¢;) = ¢; and ®(p;) = p, for every ¢ = 1,--- ,n and j = 1,--- ,m, respectively.
By [4, Lemma 3.8, if (P, Q, ) satisfies condition (FS) then so does (P®™, Q®", ™) for
each n > 1.

Let R be a ring and (P, Q, ) an R-system. We define ring homomorphisms A : R —
Endr(Qr) and I' : R — Endg(rP)° by

A(r)(q):==rq and T(r)(p):=pr forreR,peP,qecqQ. (2.1)

Note that for every r € R we have that I'(r) is the adjoint of A(r), and thus A(r) €
ﬁp(Q) and F(T) S ﬁQ(P)

Lemma 2.1. ([10, Lemma 2.2] and [4, Proposition 3.11]) Let R be a ring and (P, Q, )
an R-system satisfying condition (FS) and let (S,T, 0, B) be a covariant representation
of (P,Q,%). Then there exists a unique ring homomorphism nr.s : Fp(Q) — B such
that

mr,5(0qp) =T(q)S(p) forpe P, q€Q.

We say that a two-sided ideal J of R is v-compatible if J C A~ (Fp(Q)), and we
say that a t-compatible two-sided ideal J of R is faithful if J Nker A = {0}. For a
y-compatible two-sided ideal J of R, we define 7(J) to be the two-sided ideal of T(p ¢ )
generated by {tr(z) — T, (A(2)) 1 2 € J}.

The Cuntz—Pimsner ring relative to the i)-compatible ideal J is the quotient ring

Owr.0.un(J) = Tirguw/T(J).
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Note that O(p,q,y)(J) is a Z-graded algebra whose grading is inherited from 7(p ¢ ).
We denote by p; the quotient map py : T(pqv) —+ Or,q.u)(J). A covariant repre-
sentation (S, T, 0, B) of (P,Q, ) is said to be Cuntz—Pimsner invariant relative to J if
nr,5(A(x)) = o(z) for every x € J. If we let 1, = pJOLR,Lé = pyoig and v} = pjoip,
then (15, Lé, L, O(p,g.4)(J)) is a surjective covariant representation of (P, @, 1)) which is
Cuntz-Pimsner invariant relative to .J (see [4, Theorem 3.18]). It follows that O(p,q,)(J)
also has a universal property: if (S, T, o, B) is a covariant representation of (P, @, ) that
is Cuntz—Pimsner invariant relative to J, then there exists a unique ring homomorphism

n(JS,T,U,B) :Opou)(J) = B

such that niIS,T,mB) o} =o, niIS,T,a,B) o1y =T, and niIS,T,a,B) ot ==5.

Given a faithful ¢-compatible two-sided ideal J of R, we say that J is maximal if
J = J" whenever J' is a faithful ¥-compatible two-sided ideal of R with J C J'. We say
that J is uniquely mazimal if J° C J for every faithful 1)-compatible two-sided ideal J’
of R.

Definition 2.2. Let R be a ring and (P, Q, ) an R-system satisfying condition (FS). If
there exists a uniquely maximal faithful ¢-compatible two-sided ideal J of R, then we
define the Cuntz—Pimsner ring of (P, Q, ) to be the ring

Owp.qu) = Owp,qu)(J)

and we let (L%P7 L8P7 L%P7 O(p,0,)) denote the covariant representation

(Léa nga l’{%v O(P,Q,l/))(‘]))
and call it the Cuntz—Pimsner representation of (P, Q, ).

Let J be a two-sided ideal of a ring R. We let J+ denote the two-sided ideal {r € R :
ry=yr =0 for all y € J}.

Lemma 2.3. [/, Lemma 5.2] Let R be a ring and let (P,Q,1)) be an R-system which sat-
isfies condition (FS). If A= (Fp(Q) N (ker A)L Nker A = {0}, then J := AL (Fp(Q))N
(ker A)* is a uniquely mazximal faithful 1-compatible two-sided ideal of R. Thus the
Cuntz—Pimsner ring of (P,Q,) is defined in this case.

We finish this section with one of the properties of Cuntz—Pimsner rings which will
be used in later sections.

Theorem 2.4. ([}, Corollary 5.4] and [11, Theorem 6.4], The Graded Uniqueness The-
orem) Let R be a ring and let (P,Q,) be an R-system which satisfies condition (FS),
and assume that there exists a uniquely mazimal faithful 1-compatible two-sided ideal
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of R. If Ais a Z-graded ring and n : O(p,q,y) — A is a graded ring homomorphism with
NS (r)) # 0 for every r € R\{0}, then n is injective.

3. Z-graded rings as Cuntz—Pimsner rings

Given a ring A and a subring R C A, it is natural to ask whether A can be realised
as the Cuntz—Pimsner ring of some R-system. If R = A, then the answer is trivially
yes: writing 1 for the zero map, it follows almost immediately that ({0}, {0},%) is an
A-system satisfying condition (FS), {0} C A is a uniquely maximal faithful ¢)-compatible
two-sided ideal of A, and A = T(j01,101,4) = Oo}.{0},4)- Here, the key to making
use of the Cuntz—Pimsner ring construction is to relate structural properties of the
coefficient ring R to structural properties of A, so we would like R to be ‘smaller’ and
more tractable than A itself. In this section, we consider a Z-graded ring A and derive
sufficient conditions for when A is the Cuntz—Pimsner ring of an R-system where R is a
subring of Ay (Theorem 3.1).

Before we state and prove our main theorem, we fix some more notation. Let R be a
ring, M a left R-module and I a subset of M. The left annihilator

anng(I) ={reR:rzx=0forallxz € I}

of I by R is a left ideal of R. In the case that I is a submodule of M, anng([) is a
two-sided ideal of R.

Theorem 3.1. Let A = D, 7 Ai be a Z-graded ring, R a subring of Ao, and I C Ay and
J C A_1 additive subgroups such that

(1) RI,IRCI, RJ,JRC J and JI C R;

(2) For any finite subset {i1,...,in} C I there is an element a in I.J such that ai; = 4
for each 1 <1 <n, and for any finite subset {j1,...,jm} C J there is an element b
in 1J such that j;b = j; for each 1 <1 < m;

(3) Forr € anng(I)* anda € IJ, ifr —a € anny, (I), then a € R';

(4) anng(I) Nanng(I)* = {0}.

Then there exists an R-bimodule homomorphism ¢ : J ®r I — R such that ¥(j Qg
1) = ji for each j € Jyi € I, and (J,I,v) is an R-system. Furthermore, there is a
graded isomorphism from the Cuntz—Pimsner ring Oy of the R-system (J,1,v) to
the subring of A generated by R, I, J.

Proof. First note that from Condition (1) we see that I and J are R-bimodules and
there exists an R-bimodule homomorphism ¢ : J ® g I — R such that ¥(j ®g i) = ji

! Notice that if IJ C R, then Condition (3) is trivially satisfied.
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for each j € J,i € I. Thus, (J,1,v¢) is an R-system. Let S denote the subring of A
generated by RU I U J, and ig,i,i; denote the inclusion maps from R,I,J to S.
Clearly (i, ir,ig,S) is a surjective covariant representation of the system (J,I,v). In
this setting condition (FS) translates to Condition (2). Hence, by Lemma 2.1 there
exists a ring homomorphism 7;, ;, : F;(I) — S such that m;, ;,(0;;) = ir(i)is(j) = ij
for each i € I,j € J. By (2.1) the map A : R — Endg(I) is given by A(r)(x) = rz
for r € R and x € I, and thus ker A = anng(J). By Condition (4) and Lemma 2.3,
A=Y F;(I)) Nnanng(I)* is a uniquely maximal faithful )-compatible two-sided ideal of
R, and thus the Cuntz—Pimsner ring O ) is well-defined. We let L%P R — Oyt
L?P : I — Oy1,4), and L?P :J = O(j1,4) denote the maps whose images generate
O(J,1,4)- We will show that this ring is graded isomorphic to S.
We claim that

AYFs(I)Nnanng(I)t = IJNR. (3.1)
Clearly, IJ N R C A=Y (F;(I)). We now show that
IJNR Canng(1)*t. (3.2)

Let =3 iy € IJNR and y € anng([). Then yz = >, (yi;)ji = 0. On the other
hand, zy = >, 4(jiy). By Condition (1) each jiy € J, and by Condition (2) there is
some b € I.J such that jyyb = jyy for each I € {1,...,n}. But yp =0 as y € anng([) and
b€ IJ. Hence 2y = 0, and so @ € anng(I)*. Thus IJN R C A~Y(F;(I)) Nanng(1)*.
For the reverse containment, suppose z € A~ (F;(I)) Nanng(I)*+. Tt follows that there
is an element ;" i;j; € IJ with i; € I and j; € J such that z — ;" | i;j; € anng, (1).
Condition (3) guarantees that > ;" 4,5y € [JN R, and so x — Y, 45 € anng(I). Since
x € anng(I)t, by (3.2) it follows that  — >, i;5; € anng(I)*. Now Condition (4)
implies that = >, | 4;5; € IJ, proving the claim.
Using (3.1) it is routine to check that m;, ;, (A(x)) = tr(z) for each

x € AN F;(I) nanng(I)*t = IJNR,

and so the surjective covariant representation (i, is,ig,S) of (J,I,1) is Cuntz—Pimsner
invariant. By [4, Theorem 3.18], there exists a surjective ring homomorphism 7 :
O1,4) — S such that no L%P = iR, nOL?P = 47, and no L?P =145. As R C Ay,
I C Ay, and J C A_y, it follows that 7 is graded. Finally, since n(¢$(r)) = r for all
r € R, the graded uniqueness theorem for Cuntz—Pimsner rings (Theorem 2.4) ensures

that n is also injective. O

Specialising Theorem 3.1 to the situation where I = Ay, J = A_;, and R = Ay, we
have the following corollary.

Corollary 3.2. Let A = @, 4 Ai be a Z-graded ring such that
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(1) A, =AY and A_,, = A™{ forn > 0;

(2) For{ai,...,a,} C Ay there is anr € A1 A_1 such that ra; = a; for each 1 <1 <mn,
and for {b1,...,bym} C A_q there is an s € A1 A_1 such that bys = by for each
1<l <my

(3) annga, (A1) Nanna,(A4;)*+ = {0}.

Then there is a graded isomorphism from the Cuntz—Pimsner ring of the Ag-system
(A1, A1,9) to A, where ) : A_1 ®4, A1 — Ao 1s the Ag-bilinear map that sends a® 4, b
to ab for eacha € A_1,b € A;.

Recall that a Z-graded ring A = P,.,
At for each m,n € Z (see [9]). We say that a Z-graded ring A has graded local units if

A; is said to be strongly graded if A,, A, =

for any finite set of homogeneous elements {x1,- - ,x,} C A, there exists a homogeneous
idempotent e € A such that {zy,--- ,z,} C eAe. Equivalently, A has graded local units,
if Ap has local units and Ag4,, = A,Ay = A, for every n € Z.

It is not difficult to see that for a strongly graded ring A, if a graded homomorphism
¢ : A — B restricted to Ag is injective, then ¢ is injective (see [14, Corollary 1.3.9]).
However our results allows us to place this in the general framework of the Graded
Uniqueness Theorem for Cuntz—Pimsner rings (Theorem 2.4).

Corollary 3.3 (Uniqueness theorem for strongly graded rings). Let A = @, 4 Ai be a
strongly Z.-graded ring with graded local units and B a Z-graded ring. If ¢ : A — B is a
graded homomorphism such that ¢|a, is injective then ¢ is injective.

Proof. We will check conditions (1)—(3) in Corollary 3.2. Condition (1) follows from
the definition of strongly graded rings. Since A;A_; = Ag which contains local units
for A, Condition (2) of Corollary 3.2 is immediate. Observe that anng,(A;) = {0} and
thus Condition (3) of Corollary 3.2 follows. Thus there is a graded isomorphism from
O(a,,4_,,w) to A, and the result now follows from Theorem 2.4. O

Next we show how [4, Example 5.7], [4, Example 5.5], and [4, Examples 1.10 and 5.8]
fit into the framework of Theorem 3.1 and Corollary 3.2. First we consider corner skew
Laurent polynomial rings, studied in [3], where their Kj-groups were calculated. The
construction is a special case of the so-called fractional skew monoid rings constructed in
[2] (see also [9, §1.6.2]). Corner skew Laurent polynomial rings are characterised by the
following property: A = @,z A, is a Z-graded ring and A; has a left invertible element
([2, Lemma 2.4], [9, Theorem 1.6.9]). This characterisation is used in [9, Example 1.6.14]
to show that Leavitt path algebras associated to finite graphs with no sinks are examples
of such rings. Using our Corollary 3.2, in Example 3.4 we realise corner skew Laurent
polynomial rings as a special case of Cuntz—Pimsner rings. In Example 3.5, we show
how Corollary 3.2 can be applied to crossed products by automorphisms. Finally, in
Example 3.6 we show how Theorem 3.1 can be applied to Leavitt path algebras of
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arbitrary graphs. In this last example the coefficient ring of our system is (in general)
smaller than the zero graded part of the Leavitt path algebra, and so requires the full
power of Theorem 3.1 rather than just Corollary 3.2.

Example 3.4 (Corner skew Laurent polynomial rings). Let R be a unital ring, p € R an
idempotent, and « : R — pRp a ring isomorphism. Recall from [2] that the corner skew
Laurent polynomial ring is the universal unital ring R[ty,¢_, a] generated by elements
ty, t—, and {¢(r) : v € R}, where ¢ : R — R[ty,t_,a] is a unital ring homomorphism,
satisfying the following relations

Observe that if r € R and m,n > 1, then

() =17 plalr))t ™ = ¢ g(alr)p)t ™t = 17 ()it

and, because t_t4 = 1, ¢ o]

tm ()t =" ot )t p(r)ts (bt )t
=" (et )p(r) (bt )t t
=t""_p(prp)tt
=" g(a (prp))ttt} !
=" (o (prp))tr

It follows that every element of R[t,t_, ] can be written in the form

G(ra)ty + -+ o(r)ty + d(ro) +t-@(r—1) + - + 17 ¢(r_m)

for some m,n € Ny and r; € R. Furthermore, if we define

t"p(R) ifn>0
Ap =< ¢(R) ifn=0
S(R)E" ifn <0,

then @, An is a Z-grading of R[t,,t_,a].
We now show that this example fits into our framework. Observe that

to =g, + ot = (t_ti)to =t_(tpt_) =t_od(p) € A
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and

ty =t4lRp, b 0] = t4(t-t4) = (t4t-)ty = o(p)t+ € Ay
It follows immediately that Condition (1) of Corollary 3.2 holds. Furthermore, since
IRty t o) = -t € A1A 4,

we see that Condition (2) of Corollary 3.2 holds. Lastly, observe that if ¢(r) € anna, (A1),
then

d(r) = ¢(r) LRy, t_,a) € 9(r)A1A_1 = {0},

and so we see that Condition (3) of Corollary 3.2 holds. Consequently, if ¢ : A_; ®4,
A1 — Ap is defined by ¥(z ®4, y) = zy, then there is a graded isomorphism from
R[t4,t_,a] to the Cuntz—Pimsner ring of the Ag-system (A_1, A1,7).

Example 3.5 (Crossed products by automorphisms). By applying Corollary 3.2, we see
that [4, Example 5.5], mentioned in the introduction, fits into our framework as well.
Let R be a ring with local units and ¢ be an automorphism of R. Then the crossed
product A := R X, Z is the universal ring generated by {[r,k] : r € Rand k € Z}
satisfying [r1, k] + [ro, k] = [r1 + ro, k] and [r1, k1][ra, ko] = [r1¢* (ro), k1 + ko]. Then A
is a strongly Z-graded ring with A4,, := {[r,n] : » € R} for each n € Z. Consequently,
it is straightforward to show that the hypotheses of Corollary 3.2 are satisfied. Hence,
A is isomorphic to the Cuntz—Pimsner ring of the Ag-system (A_1, A1,%) where ¢ :
A_1 ®a, A1 — Ag is defined by ¥ ([r1, —1] ®4, [r2,1]) = [r1¢ " (r2),0].

Example 3.6 (Leavitt path algebras). Let E = (E°, E',r,s) be a directed graph. Recall
from [1] that the Leavitt path algebra A := Lx(F) over a unital commutative ring K
is generated by {v:v € E°}U{e:e € E'}U{e* : e € E'} subject to the following
relations

v =y u for u,v € EY;
r(e)e =e = es(e) for e € BV
(e)e* = e* = e*r(e) for e € BV

I

Relations (4) and (5) are called the Cuntz—Krieger relations. Note that we are using the
‘Southern Hemisphere’ convention where a path is a finite sequence of edges e;...e, such
that s(e;) = r(e;4+1). A is naturally Z-graded with |v| = 0, |e] = 1 and |e*| = —1 for
veEY and e € EL.
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We set R := span{v : v € E°}, I := span{e : e € E'}, and J := span{e* : e €
E'}. We apply Theorem 3.1 to show that there is a graded ring isomorphism from
the Cuntz—Pimsner ring of the R-system (J,I,%) to A. By relations (1)—(4) of A, R
is a subring of Lx(F), RI, IR C I, RJ,JR C J, and JI C R. Thus Condition (1)
of Theorem 3.1 holds. Note that it is possible that I.J is not contained in R. It is
straightforward to show that anng(I) = span{v : vE' = ()} and anng(/)* = span{v :
vEY # (0}, and so anng(I) Nanng ()t = {0}. Thus, Condition (4) of Theorem 3.1 is
satisfied.

Next we show that Condition (2) is satisfied. Let {i1,...,4,} C I be a finite set. For
each [ € {1,...,n} there exist finite sets F; C E' and {)\. : e € F;} C K such that
i1 = ccr, Ace. Since ee* f =6, ¢ f for any e, f € E', if we set a := Zeeu{;lFl ee* € 1J,
then ai; = 4; for each I € {1,...,n}. Similarly, if {j1,...,5m} C J is a finite set, we
may write j; = ZGEFZ Aee* where X; € E' and {\. : e € X;} C K are finite sets. With
b= Zeeu;glxl ee* € I.J, we then have that jjb = j; for each [ € {1,...,m}.

It remains to check Condition (3) of Theorem 3.1. Let r := > _p Ayv € anng(I)*,
a = Z(e,f)ecﬂ(e,f)ef* € IJ, where F C E°, G C E' x E*, {)\, : v € F} and {cy) :
(e, f) € G} C K are finite sets. Suppose that » — a € annga,(I). Observe that for any
u,w € E°,

O wAulh — Z He,pyef™ =u(r —a)w € anny, (1), (3.3)

(e.f)eCG
r(e)=u,r(f)=w

since RI C I (where A\, := 0 if u ¢ F'). Thus,

Z e pef™, Z e, pyef™ € anng, (I).
(e,f)eG (e,f)eG
r(e)#r(f) r(e)=r(f)¢F

We claim that
> hepef =0 (3.4)
(e,f)eG
r(e)#r(f)
and
Z pee,pyef” = 0. (3.5)

(e.f)€G
r(e)=r(f)¢F

For k € E! C I, we have

0:( > M(e,f)ef*>k= > bewe
(

e, [)EG (e,k)eG
r(e)#r(f) r(e)#r(k)
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Since the collection of edges {e : e € E'} is a linearly independent set in A, this forces
H(e,ry = 0 whenever (e,k) € G and r(e) # r(k). This gives (3.4). Similar calculations
show that (3.5) holds as well. Now suppose that v € F' and A, # 0. By (3.3),

Ay — Z e, pyef™ € anng, (I).
(e.f)€G
r(e)=r(f)=v

We claim that

i) if (e, f) € G and r(e) = r(f) = v, then p sy = Ay, when e = f and . sy is zero
(e.f) (e.f)
otherwise; and
(ii) if e € vE! then (e,e) € G (and so in particular, vE" is a finite set).

For k € vE', we have

(e,f)eqG (e;k)eG
r(e)=r(f)=v r(e)=v

Again since the edges {e : e € E'} are linearly independent, we conclude (since \, # 0)
that (k,k) € G, Ay = p(k.x), and pi(e k) = 0 whenever e € vE' \ {k} and (e, k) € G. Thus
(i) and (ii) hold. Since € anng(I)*, we also know that vE! # ), and so by relation (5)
of A, we have

ST mepef =Y Meet= Y Aee = A (3.6)

(e,f)eG (e,e)eG ecvE!
r(e)=r(f)=v r(e)=v
Therefore,
a= Y wepel = D nepef D mepeft Y menel
(e,f)EG (e,f)EG (e,f)eG (e,f)EG
r(e)#r(f) r(e)=r(f)¢F r(e)=r(f)eF

YD Mepel

veF (e,f)EG
r(e)=r(f)=v

:ZAUUER,

vEF

where the penultimate equality comes from (3.4) and (3.5), and the final equality from
(3.6). Hence, we conclude that Condition (3) holds.
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4. Application to Steinberg algebras

Steinberg algebras were introduced in [18] in the context of discrete inverse semigroup
algebras and independently in [6] as a model for Leavitt path algebras. Throughout this
section, K denotes an arbitrary field. Let G be an ample Hausdorff groupoid, that is,
a topological groupoid whose topology is Hausdorff and has a base of compact open
bisections. The Steinberg K-algebra of G is the K-linear span of characteristic functions
1p : G — K with B a compact open bisection of G; see [6, Lemma 3.3]. Addition and
scalar multiplication are pointwise and multiplication is given by convolution (which
reduces to 1glp = lpp for compact open bisections B and D). For the basics on
Steinberg algebras see [6,18].

We are interested in Z-graded Steinberg algebras where the grading comes from a
continuous cocycle ¢, that is, a continuous homomorphism ¢ : G — Z (where Z has the
discrete topology). The homogeneous components are given by

Ag(G)n ={f € Ak(G) : f(7) #0 = c(v) = n}.

For any clopen set H C G, with some abuse of notation, we write

A (H) = {f € Ax(G) : () = 0 for v ¢ H}.

Thus Ag (H) consists of functions that can be written as a linear combination of char-
acteristic functions associated to compact open bisections contained in H. With this
convention, for each n € Z, let G,, :== ¢~!(n) which is a clopen subset of G as c is contin-
uous and Z is discrete. Then we have Ag(G,) = Ax(G)n (see [6-8] for more details).

With some moderate hypotheses, it is not hard to show how Corollary 3.2 can be ap-
plied to Steinberg algebras. This boils down to applying Theorem 3.1 with I := Ax(G)1,
J:=Ak(G)-1,and R := Ak (G)o, giving us an algebraic analogue of [16, Proposition 10]
(see Corollary 4.6). This is the natural choice and we expect suffices in most situations.
However, we can do things more generally and use smaller I, J, R, as the next Theorem
shows.

Theorem 4.1. Let G be a locally compact Hausdorff ample groupoid and ¢ : G — Z be a
continuous cocycle. Suppose we have clopen sets Hy C Gy, H1 C Gy, and H_1 C G_1.
Define R := Ax(Hy) C Ax(Glo, I :== Ax(H1) C Ak(9)1, and J = Ag(H_1) C
Ar(G)_1.

(i) If Hy is closed under multiplication, HoHy U HyHy C Hy, and HyH_1 U H_1H, C

H_1,> H_ 1Hy C Hy, and r(H,)Us(H_1) € HiH_1, then R is a subring of Ax(G)o
and Conditions (1), (2), and (3) of Theorem 3.1 are satisfied.

2 This condition follows from the previous one if H_; = Hfl and Hy is closed under taking inverses.
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(ii) If Hy and H;y have the property that

B C Hy is a compact open bisection and s(B) Nr(Hy) =0
= s(B) C Hy, (4.1)

then Condition (4) of Theorem 3.1 is satisfied.”
(iii) If every element of G can be written as the product of elements from Hy, Hy, and
H_4, then R,I,J generate Ak (G) as a ring.

If Hyo, Hi, and H_y satisfy Conditions (i)—(iil), then there is a graded algebra
isomorphism from the Steinberg algebra Ak (G) to the Cuntz—Pimsner ring of the
AK(HO)—System (AK(Hl)aAK(H—1)7¢)~

Before we give the proof of this theorem, we need the following lemma.

Lemma 4.2. Let G be a locally compact Hausdorff ample groupoid. If C C G is a compact
open bisection and there exist clopen sets D1, ..., D, C G such that every element of C
can be written as the product of elements from U}, D;, then 1¢ belongs to the subring
of Ak (G) generated by Ax(D1), ..., Ax(Dy).

Proof. Let C' C G be a compact open bisection. For v € C' write v = p1 ... ji,, where
each p; € D' € {Dy,...,D,}. Suppose that n, > 1. For each i € {1,...,n, — 1}
choose a compact open bisection B} C D' with p; € B}. Then p,,, = M;j—l ity €
((32771)71 ...(B])7*C) N D™, which is an open set because multiplication and in-

version in G are open maps. Hence, we can choose a compact open bisection B;{W -

((Bzwfl)_l ...(B{)™'C) N D™ containing pi,,,. Thus, v = p1 ... pun, € BY ... By and
Bl...By C BY...B) (B, _y)""...(B])7'C € C. (If n, =1, then v = py €

C N D', and we can choose a compact open bisection B C C N D! with v € B].)
Consequently, {B} ... B} :~v € C} is an open cover for C' with B ...B) C C for
each v € C. Since C is compact, it follows that there exist v1,...,v € C such that
C = U;?:l Bl . ..B;{ij. If for each j € {1,...,k} we define

_ B ((ij ...Bgij_l)1<Uf_j+1B¥"...Bg;i)> it n, > 1

B;f\(uf:jHBr...Bg;i) iy, =1

b

then C = U?:l By ... BZ{,.AEZ% and this union is disjoint. Thus,
J

3 This condition is automatic if either g<°> C Hy, or if Hy is closed under taking inverses and under
multiplication (or in other words Hy is a subgroupoid of Go).
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k
lo=Y 1.1 Lgu .
=7 By =1 By

Since B} is contained in one of Dy, ..., Dy, for each j € {1,...,k} andi € {1,...,n,,},
we see that 1¢ is contained in the ring generated by Ax(D1),..., Ax(Dy,). O

Remark 4.3. Observe that in the proof of Lemma 4.2 we showed that if C C Dy --- Dy,
then 1¢ € AK(Dl) s AK(Dn)

Proof of Theorem 4.1. It is routine to check that if Hy is closed under multiplication,
then R is a closed under multiplication. Clearly, R, I, and J are closed under addition,
and so R is a subring of Ax(G)o and I and J are (additive) subgroups of Ax(G); and
Ak (G)_1 respectively. It is routine to check that if HyH; U H1Hy C Hy, HyH_; U
H_\Hy C H_y, and H_H, C Hy, then RI,IR C I, RJ,JR C J, and JI C R. Thus,
Condition (1) of Theorem 3.1 is satisfied.

Now suppose that r(H,) U s(H_1) € HyH_;. We will show that Condition (2) of
Theorem 3.1 is satisfied. Let {f1,..., fn} € A(H;) be a finite set. For each i € {1,...,n}
choose compact open bisections Bi, ..., B,’n C H; and scalars o, .. ., aini € K such that
fi=>0 aleli. Now choose compact open bisections {Cll CHy:ied{l,...,n}h{; €
{1,...,m;}} such that the sets r(C”) where ¢ € {1,. n} and I; € {1,...,m;} are
mutually disjoint and J;_, U2, 7(B) = Uim, U r( /,)- Note: one way to do this
is to set

CZ = Bl’ \r_1< U U r(B;{)U U r(BZ,))
s=i+1t=1 p=l;+1

for each i € {1,...,n} and [; € {1,...,m;}. We then define
= Z > )
i=11,=1

Since r(Cy},) € r(H1) € HiH_ for each i € {1,...,n} and l; € {1,...,m;}, Lemma 4.2
(and Remark 4.3), tells us that » € I.J. Hence for any k € {1,...,n},

n o m; mg

n o m; mg
7 fx :ZZIT(c;i)<Za§IB;) zzzz%lr(@ )BE = Za ]_Bk = f&,
j=1

i=11;=1 i=11;=1j=1
where the third equality follows from the fact that
n my n mg

BhclJUrsh) = Ur@)

i=11;=1 i=11;=1
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for each j € {1,...,my}, and this last union is, by construction, disjoint. The proof
that the second part of Condition (2) is satisfied is almost exactly the same, but we use
sources instead of ranges.

Now we check that Condition (3) of Theorem 3.1 is satisfied. Let » € R and a € I.J
be such that r —a € anng,(I). Write r = 331", a;1p, and a = Y77, Bj1lc, where
A1y eeny QB0 B € K\ {0} and By, ..., B, C Hy are compact open bisections and
Ci,...,C, C HH_; are disjoint compact open bisections. Looking for a contradiction,
suppose that there exists I € {1,...,m} such that C; € U™ B;. Choose x € C; \ U™, B;
and write x = yz where y € H; and z € H_;. Since s(x) = s(z) € s(H_1), if we assume
that r(Hy) U s(H-1) € HyH_1, then we can choose £ € Hy and o € H_; such that
s(z) = &o. Thus, s(z) = r(€). Let D C H; be a compact open bisection containing &.
Then 1p € I and so

0= (r—a)lD = Zailgip —Zﬂjlcjp.

i=1 j=1

By construction ¢ € C/D. If € € Cy. D for some k € {1,...,n}\{l}, say € = pv where
€ Cy and v € D, then s(v) = s(€) forces v = £ because D is a bisection, and so p = x
which is impossible because C; N Cy, = . Similarly, if z€ € B;D for some i € {1,...,m},
say x€ = nT where n € B; and 7 € D, then s(7) = s(§) forces 7 = £, and so = n which
is impossible because € C; \ U}, B;. Thus,

0= (ZailBiD - Zﬂjlc]p)(xf) =M #0,
i=1 =1

which is obviously not possible. Hence, C; C Uy B; C Hy for each j € {1,...,m}, and
soa=37 Bjlc, € Ax(Ho) = R as required. We have now shown that part (i) of the
theorem holds.

Before we check that part (ii) of the theorem holds, we get a handle on anng(I). We
claim that

anng(I) = spang{lp : B C Hy is a compact open bisection and s(B) Nr(Hy) = 0}.

(4.2)
Firstly, suppose that B C Hy is a compact open bisection and s(B)Nr(H;) = ). Clearly,
lp € R. Let f € I, say f = Z?:l o;1p, where aq,...,a, € K are some scalars and

Dy, ..., D, C H; are compact open bisections. Since r(D;) Ns(B) C r(Hy)Ns(B) =0
for each i € {1,...,n}, we have

le = Za’ilBqu =0.

i=1

Thus, 15 € anng(I), and we conclude that
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spang{1p : B C Hy is a compact open bisection and s(B) Nr(Hy) =0} C anng(I).

For the reverse containment, let f := >  a;1p, € R (where aq,...,a, € K \ {0}
are scalars and Dy, ..., D, C Hy are mutually disjoint compact open bisections), and
suppose that there exists j € {1,...,n} such that s(D;)Nr(H;) # 0. Choose x € H; and
y € D; such that r(z) = s(y) and let E C H; be a compact open bisection containing
x (we can certainly do this — if we pick a compact open bisection in G containing x
then its intersection with H; is still compact and open because H; is clopen). Looking
for a contradiction, suppose there exists k € {1,...,n}\ {j} such that yx € Dy E. Thus,
yr = wz for some w € Dy, and z € E. Since s(x) = s(z) and x, z € E which is a bisection,
we must have x = z. Thus, y = w, which is impossible because D; and D, are disjoint.
Hence,

(f1g)(yz) = ZailDiE(yx) =a; #0.

=1

Thus, fl1g # 0, and so f ¢ anng(I). This completes the proof that (4.2) holds.

We now show that Condition (4) holds provided we have (4.1). Suppose f € anng(I)N
anng(I)*. By (4.2), f = i, a;1p, for some choice of scalars a,...,a, € K and
compact open bisections By, ..., B, C Hy with s(B;)Nr(Hy) = 0 for each i € {1,...,n}.
Let D :=J;_, s(B;). Then D is compact and open (because s is a local homeomorphism,
it is a continuous open map) and a bisection (because it is a subset of the unit space).
Moreover, s(D) = D = |J!'_, s(B;) is disjoint from r(H;), and so is contained in Hy by
(4.1). Hence, by (4.2), 1p € anng([), and we must have

0= flp= ZailBiD = ZailBi =f
=1 i=1

Thus, anng (1) Nanng(I)* = {0} as required. Thus, part (ii) of the theorem holds.

Finally, another application of Lemma 4.2 shows that if every element of G can be
written as the product of elements from Hy, Hy, and H_;, then R = Ag(Hy), I =
Ak (Hp), and J = Ax(H_1) generate Ax(G) as a ring. This shows that part (iii) of the
theorem holds. O

Remark 4.4. It is not immediately obvious whether there exists a groupoid G satisfying
the hypotheses of Theorem 4.1 with clopen sets Hy C Gy, H1 C G1, H_1 C G_1 satisfying
conditions (i)—(iii) of the same Theorem in which H_; # (H;)~!. We can show that if
Hy is also closed under taking inverses (i.e. it is a subgroupoid), then H_; = (H;)~!. Let
v € H_q.Since s(H_1) € HyH_1, we have that s(v) = pv for some p € Hy and v € H_;.
Thus, uv = s(7y) = s(v) = v~!v, which forces u = v=! (andso p=' = v € (H;)"'NH_,).
Hence, v = vs(y) = ypp~' € H_1Hi(H1)™" C Ho(H1)™" = (Hi(Ho)™")™" C (H1)™".
Thus, H_; C (H;)~!. Similar working using the fact that »(H;) C H;H_; shows that
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Hy C (H_;)~'. Hence, H_; = (H;)~'. However, as the next example shows, if Hy is not
closed under taking inverses, then H_; need not equal (H;)~*.

Example 4.5. Let E be the directed graph with vertex set E° = {u, v, w}, edge set E* =
{e, f, ¢}, and range and source maps determined by r(e) = u, s(e) = r(f) = r(g) = w,
and s(f) = s(g) = v. Then the boundary path groupoid G is a second-countable locally
compact Hausdorff ample groupoid. See for example [8, Example 2.1] for the details.
For this graph, the usual topology on Gg is discrete. The map ¢ : Gg — Z given by
c(x,m,y) =m for all (x,m,y) € Gg is a continuous cocycle. Hence,

Ho :={(9,0,9), (eg,0,¢eg), (v,0,v),(£,0, f), (f,0,9)},
Hl = {(efaLf)a(efa139)7(egv1)9)7(egv1af)7(fa1,v)v(gal7v)}a
H_;:= {(fv_]-aef)’ (fv_]-veg)a (v’_laf)v ('U7_]-ag)}

are clopen subsets of (Gg)o, (Gr)1, and (Gg)—1 respectively. It is then straightforward to
check that Hy is closed under multiplication, HyHy U H1Hy C Hy, H)H_1 UH_1Hy C
H_,, H 1Hy C Hy, and r(H;) U s(H_1) C HyH_;. Furthermore, Hy and H; satisfy
Condition 4.1 (in fact s(Hy) € Hp), and every element of Gg can be written as the
product of elements from Hy U H; U H_1. However, since (g, —1,ef) = (ef,1,9)~* (and
(9,—1,e9) = (eg,1,9)7") is not in H_q, we see that (H;)™' ¢ H_;.

Finally we use Theorem 4.1 to show that the Steinberg algebra associated to an
unperforated Z-graded groupoid G can be realised as the Cuntz—Pimsner ring of an
Ak (Go)-system. This is an algebraic analogue of [16, Proposition 10], which shows that
under similar hypotheses, the reduced groupoid C*-algebra C}(G) associated to an (étale)
groupoid can be realised as the Cuntz—Pimsner algebra of a C*-correspondence over

Cr(Go)-

Corollary 4.6. Let G be a locally compact Hausdorff ample groupoid and ¢ : G — Z be
a continuous cocycle. Suppose that c is unperforated in the semse that if n > 0 and
g € G, then there exist g1,...,9, € G1 such that g = g1+ gn. Then with Hy := Gp,
Hy, := G, and H_y = G_1 the conditions of Theorem 4.1 are satisfied. Consequently,
there is a graded algebra isomorphism from Ak (G) to the Cuntz—Pimsner ring of the
Ag (Go)-system (Ax(G)-1, Ak (G)1, ).
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