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1. Introduction

In this paper, X stands for a (projective, geometrically irreducible, nonsingular al-
gebraic) curve of genus g > 2 defined over an algebraically closed field K of any
characteristic p, and, for an odd prime d different from p, G denotes a d-subgroup of
Aut(X), that is, a subgroup whose order is a power of d.

If K is the complex field, then X can be viewed as a Riemann surface, and for this case
R. Zomorrodian proved |G| < 9(g — 1); see [24,25]. He also pointed out that the bound
is sharp if and only if g — 1 is a power of d = 3 and g > 10. His approach, inspired by
Harvey’s work [8], was based on the method of Fuchsian groups including Singerman’s
Theorem, and it was largely used later in the studies of the minimum genus problem
and the maximum order problem for other types of automorphism groups; see the survey
paper [5].

For recent results on d-groups of Riemann surfaces see [9].

If K is any field, especially of positive characteristic, a completely different approach
is necessary. However Zomorrodian’s bound still holds, see Theorems 3.1 and 3.2. The
most interesting case arises when the bound is sharp, that is d = 3, g = 3" + 1, and
|G| = 3"*2 with h > 1. For a curve X for which this occurs, we use the name “extremal
3-Zomorrodian curve”. Obviously, G is then a Sylow 3-subgroup of Aut(X).

In the present paper, extremal 3-Zomorrodian curves are thoroughly investigated. Our
approach relies on Group theory. We look inside the action of G viewed as a permutation
group on the points of an extremal 3-Zomorrodian curve X', and try to extract as much
as possible useful properties regarding both the geometry of X and the structure of G.
Doing so, deeper results on groups whose order is a prime power are helpful and can be
used in the following way.

Since the center Z(G) of G is non-trivial, Z(G) contains some subgroup of order 3.
Such a subgroup Z gives rise to a quotient curve X = X'/Z so that the quotient group
G = G/Z is a subgroup Aut(X). From Proposition 4.4, either X is elliptic with zero
j-invariant, or the cover X'|X is unramified, and in the latter case X is also an extremal
3-Zomorrodian curve (with Sylow 3-subgroup G). Therefore, we are led to work out
the former case, that is, to carry out a detailed investigation of “elliptic type” extremal
3-Zomorrodian curves.

It turns out that the assumption for a group to be a Sylow 3-subgroup G of an
elliptic type extremal 3-Zomorrodian curve is quite restrictive; see Lemmas 5.1 and 5.3.
In particular, either |Z(G)| = 3 or Z(G) is an elementary abelian group of order 9; see
Proposition 4.4. In the former case G is of maximal nilpotency class, that is cl(G) = h+1
where |G| = 3"*2; while in the latter case cl(G) = h. Also, G contains a subgroup of
index 3 which is either abelian, or minimal non-abelian; see Lemma 5.3. These properties
of G together with classical results of Burnside and quite recent results obtained in [17]
are enough to determine completely the possibilities for G in terms of generators and

relations; see Theorems 5.5 and 5.6.
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Another important issue is the existence of extremal 3-Zomorrodian curves, especially
of elliptic type. Analogously to what was proven for Riemann surfaces in [25], no extremal
3-Zomorrodian curve of genus g = 4 exists; see Lemma 4.3. The only familiar example
of a (non-elliptic type) extremal 3-Zomorrodian curve is the plane Fermat curve Fg of
degree 9 (and genus 28) which has an automorphism group G of order 243 isomorphic to
(CoxCg)xCs3. Tts quotient curve X = X /Z(G) is an elliptic type extremal 3-Zomorrodian
curve of genus 10; see Example 4.1.

A complete, positive solution for the existence problem of elliptic type extremal
3-Zomorrodian curves is given in Section 6. For every h > 2, we construct an elliptic type
extremal 3-Zomorrodian curve X of genus g(X) = 3" + 1 as a degree 3 Kummer exten-
sion of an elliptic curve with vanishing j-invariant and prove that a Sylow 3-subgroup
G of Aut(X) has center Z(G) = C3 x C3; see Proposition 6.6. Among the four quo-
tient curves arising from the order 3 subgroups of Z(G), just one is elliptic while the
others are (possibly isomorphic) elliptic type extremal 3-Zomorrodian curves of genus
3"=1 4+ 1; see Remark 6.7. Actually, for h > 4, at least two of the latter three curves
are not isomorphic as both possibilities (being of order 3 or 9) for the center of a Sylow
3-subgroup do occur. Using the curve in the order 9 case, this process repeats as far as
h > 5 and provides at least two non isomorphic elliptic type extremal 3-Zomorrodian
curves of genus 3"~1 + 1. We illustrate how to obtain in this way several examples of
genus 10, 28 or 82; see Examples in Sections 6 and 7.

In Section 8 we exhibit an infinite family of extremal 3-Zomorrodian curves of non-
elliptic type.

Our final remark regards the case d = p not considered in the paper. Let S be a
p-subgroup of X. If the p-rank v(X) of X is positive then Nakajima’s bound yields
IS] < 3(g(X) — 1), [16] see also [10, Theorem 11.84], and this bound is attained by an
infinite family of curves; see [7]. If v(X) = 0 then G fixes a point of X, see [6] or [10,
Lemma 11.129], and Stichtenoth’s bound gives |S| < 4p/(p — 1)2g, [19,20]; see also [10,
Theorem 11.78]. This case is thoroughly investigated in [13,15].

2. Background and preliminary results

For a finite subgroup G of Aut(X), let X denote a non-singular model of K(X)%, that
is, a (projective non-singular geometrically irreducible) algebraic curve with function
field K(X)“, where K(X)“ consists of all elements of K(X) fixed by every element in
G. Usually, X is called the quotient curve of X by G and denoted by X' /G. The field
extension K(X)[K(&X)€ is Galois of degree |G]|.

Since our approach is mostly group theoretical, we prefer to mostly use notation and
terminology from Group theory rather than from Function field theory.

2.1. Background on automorphisms of algebraic curves

Let ¢ be the cover X|X where X = X/G. A point P € X is a ramification point
of G if the stabilizer Gp of P in G is nontrivial; the ramification index ep is |Gp|; a
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point Q € X is a branch point of G if there is a ramification point P € X such that
#(P) = Q; the ramification (branch) locus of G is the set of all ramification (branch)
points. The G-orbit of P € X is the subset o = {R | R = g(P), g € G} of X, and it is
long if |o| = |G|, otherwise o is short. For a point @, the G-orbit o lying over @ consists
of all points P € X such that ¢(P) = Q. If P € o then |o| = |G|/|Gp| and hence Q is
a branch point if and only if o is a short G-orbit. It may be that GG has no short orbits.
This is the case if and only if every non-trivial element in G is fixed—point-free on X,
that is, the cover ® is unramified. On the other hand, G has a finite number of short
orbits.

In this paper we deal with subgroups G of Aut(X) whose order is prime to p.

Let g be the genus of the quotient curve X = X' /G. Since p { |G|, the Riemann-Hurwitz
genus formula is

S

2g-2=G|(25 -2) + ) _(IG| - &) (1)

i=1

where £1,...,¢s denote the size of the short orbits of G.
Result 2.1. [10, Theorem 11.56]. If G is abelian then |G| < 4g(X) + 4.

Let £ be an elliptic curve equipped with its group law “@)” with respect to a point
O € &. For a point Q € &, the translation ¢ is the map P — Q €D P and the translation
group of & consists of all translations, and it is a subgroup of Aut(Xx’). Since € is
commutative, any two translations commute. Also, the conjugate of a translation by any
automorphism is still a translation. This gives the following well known result.

Result 2.2. The translation group J(E) of € is a sharply transitive permutation group on
E, and Aut(E) = J(E) x Gp for any P € £.

Since any genus 2-curve X has an involutory automorphism in the center of Aut(X),
and the groups of order 9 are abelian, Result 2.1 has the following corollary.

Result 2.3. Let g(X) = 2. Then Aut(X) has no subgroup of order 9.
2.2. Background on groups whose order is a power of an odd prime

In our proofs we use some basic results on d-groups, see [1-3,11], together with a
corollary to the classification of finite subgroups of the projective linear group PGL(2,K);
see [22] or [10, Theorem A.8].

Result 2.4. [14, Theorem 2.37 (iii)]. Let N be a normal subgroup of G. Then G/N is
abelian if and only if N contains G'.
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Result 2.5 (Burnside basis theorem, see [11, Chapter 3, Satz 8.15]). Let G be a d-group.
Then G/®(G) is an elementary abelian group whose rank is equal to the minimum number
of generators of G.

A non-abelian group is minimal non-abelian if each of its proper subgroups is abelian.

Result 2.6. /23, Lemma 2.2] Let G be a non-abelian d-group. Then G is minimal non-
abelian if and only if G can be generated by two elements and |G'| = d.

For a group G of order d™ with d prime, let {1} = Zy < Z1 = Z(G) < Z; <
-+ Zy -+ < Z, = G be the ascending central series of G where Zy11/Zx = Z(G/Zy),
for 0 < k < n, and n = cl(G) is the nilpotency class of G. Here cl(G) < m — 1, and
if equality holds then G has maximal nilpotency class. Let G be of maximal nilpotency
class. Then its descending central series G = K1(G) > K3(G), - > Ki(G) > --- > {1}
with K;+1(G) = [K;(G),G] has the same size m — 1, and Z;(G) = K,,—1(G) for i =
0,1,...m — 1. Furthermore, its characteristic subgroup

G1 = Cg(K2(G)/K4(G))
is the fundamental subgroup of G; see [11, Definition 14.3].

Result 2.7. /23, Theorem 2.4] Let G be a d-group of mazimal class. Then |G : G'] = d2,
G' = ®(G) and G can be generated by two elements.

Result 2.8. /23, Theorem 3.5]. Assume that a non-abelian d-group G has an abelian
mazximal subgroup. Then G is of maximal nilpotency class if and only if either |Z(G)| = d

or [G: G = d>.

Result 2.9 (Corollary to Dickson’s classification, see also [22, Theorem 1]). For an odd
prime d, let G be a d-subgroup of PGL(2,K). If d # p then G is cyclic and it has two
fized points in the natural 3-transitive action of PGL(2,K) on the projective line over K.

2.8. Preliminary results on 3-groups

Essential ingredients from Group theory in our proofs are a number of deeper results
on 3-groups including classification theorems in terms of generators and relations.

Result 2.10. [17, Corollary 3.5] Let G be a 3-group of order at most 3°. If G has a unique
minimal non-abelian subgroup then G is isomorphic to one of the following groups.

(i) Groups of order 35 and of mazimal nilpotency class containing an abelian mazimal
subgroup;
(i) <a,b,cla®=0"=c*=1,b"ta"tba=c,cla"tca= a3 c b7 chb=b"3 >.
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Result 2.11. [17, Lemma 2.12] Let G be a 3-group of mazimal nilpotency class. If its
fundamental subgroup G1 is non-abelian then |G| > 3% and G is isomorphic to one of
the following non-isomorphic groups.

(i) |G| = 3% and G = <151,52>3 | st = 536_1 =1,5% = s7% 1 J[s1,8] = s2,[s2,8] =
5557 [s2,81] = 83 ) where § =0, 1 2.
(i) |G| = 3%t and G (s1,80,5 | 37 = 63 = 1,83 = o33 [s1,5] = 50, [50,8] =

55572, [s2,81] = 55" 'Y where § = 0,1, 2.

Result 2.12. [17, Theorem 3.6]. Let G be a 3-group of order > 3%. Then G has a unique
minimal non-abelian subgroup whenever G has no abelian mazximal subgroup but it has a
mazimal quotient G such that

(i) G is of mazimal nilpotency class;
(ii) G has an abelian mazimal group.

Result 2.13. Let G be a group of order 3™ with m > 4 whose center is an elementary
abelian group of order 9 and contains a subgroup C of order 3 such that the quotient
group G/C is of mazimal nilpotency class. Then three of the four quotient groups G/Z
with {1} S Z S Z(G) have center of order 3, and one has center of order 9.

Proof. With the above notation, Zo = {g : gvg=tv=! € Z;,Vv € G}. Alson = m — 2
as G//C has order 37! and (maximal) nilpotency class m — 2. Thus, |Z;| = 3F+!
for 1 < k < m — 2. In particular, |Z3| = 27. For an order 3 subgroup U of Zj, let

= {u: wou~tv~! € U,Yv € G}. Obviously, Z; < U < Z,. Moreover, g € U if and
only if the coset gU is in Z(G/U). Take g € Zs \ Z; together with v € G such that
gv # vg, and set t = gug~ v, Obviously, t € Z; is a nontrivial element. Take for U the
subgroup generated by ¢. Then U = Z; whence |U| > 27. Since |Z5| = 27 and U < Zs,
this yields U = Zy. Therefore, |Z(G/U)| = 9, and Zy = {g : gvg~'v~" € U,Yv € G}.
Now, choose an order 3 subgroup D of Z; other than U. Obviously, U N D = {1}. Since
D ={u:uvu"'v' € D,Yv e G} and D < Z,, it turns out that D = {u : uou" v~ =
1,Yv € G}, that is, D < Z;. Thus Z(G/D) = Z,/D whence |Z(G/D)| =3. O

The following classical result is due to Blackburn [4], see also [11, Satz 14.17, 14.22].

Result 2.14. Let G be a 3-group of mazimal nilpotency class. Then its fundamental group
G1 is metacyclic with cl(G1) < 2, and (G') = {1}. Furthermore, each of the maximal
subgroups of G other than G1 is also of mazimal nilpotency class.

A refinement of Blackburn’s classification [4], see also [17, Lemma 2.11] is given in the
following result.

Result 2.15. Let G be a 3-group of mazimal nilpotency class and of order > 3°. If
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(i) G has an abelian subgroup H of index 3,
(ii) G can be generated by two elements,
(iii) every element in G\ H has order three,

then
<81a8275|81 - S ﬁg - 1 [Slaﬁ] = 52, [827ﬂ] = 8538;33 [81782] = 1>7
G — 32e+1;
G = ria 3¢ 3e~! 3 —3.,-3 (2)
<517527ﬂ|51 = 52 = B = 13 [5175] = S2, [527ﬁ] = 82 51 7[81352] == 1>7
for |G| = 3%;

where H = (s1, $2).

Proof. From (ii), we have [G : ®(G)] = 9, and hence the maximal subgroups of G are
exactly its subgroups of index 3. Since G is of maximal nilpotency class of order > 243, its
maximal abelian subgroups are not of maximal nilpotency class. Therefore, (i) together
with Result 2.14 yield that H coincides with the fundamental subgroup G; of G. Now,
from [17, Lemma 2.11] one of the following cases occurs:

(A) |G| = 3%¢*! with e > 2,
(1) G = (s1,82,8 | S? = 32 = fB 1, [s1,8] = s2,[s2,8] = 8535;3’[31332] =1),
where G1 = (s1,s2) and g® =1 for all 9 € G\ Gy;
(2) G=(s1,52,8 s} =53 =1, =53, [s1,8) = s2,[52, 8] = 53°57°, [s1,52] =
1), where G = <51,82> and (g3) = (s3° ) for every g € G\Gl;
(3) G = (s1,52,0,5 | 83" =53 "= =103 = = s 352‘131‘ e, B] = s1,[s1,8] =
89, [52, B] = 85 257°, [s1,0] = [s51,82] = 1), with Gy = (a,51) = (a, 51, 53).
(B) |G| = 3%¢ with e > 2
(1) G = (s1,82,8 | si’e = 83671 = 53 =1,[s1,8] = s2,[52,8] = 8535;37 [s1,82] = 1),
where G1 = (s1,82) and g3 =1 for all g € G\ Gy, or

(2) G = (s1,82,8 | Si’ﬁ = Sgp b= LB = 836_1,[81,@ = s9,[80,08] =
s5357°, [s1,82) = 1), with Gy = <51,52) and (g%) = ( 671> for every g E G\ Gy;
(3) G = (s1,s0,0,83 | s t = = B = 1,08 = s7%s; sy ,[a,ﬂ] =
s1,[51, 8] = s9,[s2,8] = s5°s7 ,[51, a] = [81,82] = 1), where v = 1,2, G; =

(o, 81, 82) and if e > 2 or v = 2 then G; = (a, $2).

Clearly, Cases A(2) and B(2) are not possible by (iii) since no element g € G \ G; may
have order 3 by (¢3) = (s3° ') and (g3) = (s3" '), respectively. For Cases A(3) and B(3),
we exhibit an element g € G\ G such that g has order 9. This will imply that Cases
A(1) and B(1) cannot occur as well, so that Result 2.15 is true. Let ¢ = /3. Then ¢
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has order 9 whenever (a8)3 = s3° ' for Case A(3) and (a3)% = s53° " for Case B(3). In
both cases, the condition is equivalent to

(aB)? = sasta®. (3)

The proof of (3) is carried out in several steps.
2.3.1. Step 1

B7sy By = Bsaf. (4)
From [s1, ] = s and 3% =1,

Brsy Bsyt = B (s BT 1 B) T B(sy BT s B) T = B sy 871 = By 1B sy
and
Bsafp? = Bsy B s1B8)8% = Bsy B 's

whence (4) follows.
2.8.2. Step 2

Bsaf3” = sisa. (5)

From [sg, 3] = s5%s7°, we have s§ = 3 1s;'fs; 2. Combining this with Equation (4)
gives

sisy = (B7"sy ' Bsy%)s2 = B sy Bsy ! = Bsaf?,
which shows (5). Since «, s1 and sy commute, (5) yields
s?szaZ = 0425?32 = a?Bsq 2. (6)

2.3.3. Step 3
From [a, 8] = s1 and [s1, 8] = s2, we infer aﬁsfl = Baand 5152871 = sy = B2sy.
Hence,

a?Bsyff? = 04(04/381_1)5182571 = a(ﬂa)slsgﬁ’l = 04504(5182/371) = 04501(5251)
= (aﬁ)zﬁsl.

Multiply both sides by «. Since «, $1 and s commute pairwise, Equation (6) gives
(aB)?Bas; = (af)?fsia = s3sya°. (7)

Furthermore, afs; = fa yields (aB)?Bas; = (af)?.
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2.8.4. Step 4
If Case A(3) occurs then o3 = s73s5 163" Whence s3s90% = siso(s7%s5 83 1) =

—1
_If Case B(3) occurs then o = s7°s; 1543 whence s3s,0% = s3s5(s7%s5 's53 ) =

331
2 .

2.8.5. Step 5
Finally, Claim (3) follows from Step 4 and Equation (7). O

In [17], 3-groups with a unique minimal non-abelian subgroup of index 3 are classified.
Let G be such a group with its minimal non-abelian subgroup H of index 3. By Result 2.6,
|H'| = 3. With this notation, [17, Lemma 2.17, Theorems 3.8, 3.9] have the following
corollary.

Result 2.16. Let G be a 3-group of order > 3° which has a unique minimal non-abelian
subgroup H of index 3.

(i) If H is metacyclic then G is of mazximal nilpotency class, and the converse also holds.
(ii) If H is not metacyclic, and G\ H contains at least §|G| elements of order 3, and
G/H' is isomorphic to the group in Result 2.15, then

(s1,80,B,2]s3" = 3" =a® =1, =22, [s1, 8] = 59, [s2, 8] = 55 87°,

G [s1,80] =z, [z, 81] = [1,80] = 1);  for |G| = 32"F1 e > 3;
(s1,82,B,z]s8" = 83" =23 =1,0% =22, [s1, 8] = 50, [52, 8] = 55 °57°,
[s1,82] =z, [w,81] = [1,82) = 1); for |G| = 3?72 n>2;

where H' = (x).

Proof. Since G is assumed to have a unique minimal non-abelian subgroup H, Claim
(i) follows from [17, Theorem 3.7]. Therefore, H is assumed to be non-metacyclic. From
[17, Theorems 3.8, 3.9], G is one of the non-isomorphic groups below where k = 0,1, 2
and v =1, 2.

@) |G| = 3%*2,
(1) G = (s1,80,0,x | 83 = s5 = 2 = 1,85 = aF [s1,B8] = s9,[50,0] =
55 357°, [s1,82) = , [x,81] = [, 8] = 1),
(2) G = (s1,52,8,7 | Si’c = 536 =28 = 1,8 = 5%’8_19516,[31,5] = s9,[s2,8] =
55573 [s1,80) = , [, 51] x, Bl =1),

(3) G = (s1,80,0, 0,0 | 53 = 33671 =2% =1,8% = 2F,0% = s7%s5 18§ 1,[04,6] =
s1,[s1,0] = =, [s1, 8] = 2 [s2, 8] = 5557 %, [51,82] = [w, 0] = [z, ] = 1),
(4) G = (s, mafor | s = s =27 = 1,6 = 2 a? = sy sy s, [on B =

81, [51) ] =, [ ] = 82, [527 ] =352 351_3a [31752] = [xaa] = ['r76] = 1>;
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(I) |G| = 3%+,

(1) G = <51a527ﬂax | 516 = 536_1 =2 = 1’/83 = xk,[sl,ﬂ} = 527[523ﬂ] =
555575 [s1,80) =, [2,81] = [x,ﬁ] =1),

(2) G = (s1,80, 8,2 | 63 =3 =23 =1, = 3 "2F [s1,8] = s,[50,8] =
82_381_3’ [51732] =, [:E,Sl] = [xvﬂ] = 1>’

(3) G=(s1,80,0, 8,2 |51 =si =2 =18 =20 = 5%, 55> [0, 8] =
51, [8170‘] =, [5176] = 52, [5275] ) 38137[81782] = [ ) ] [37 B] = 1>

(4) G = (s1,82,0a,B,z | 53 f= s%p_ =23 =1,83=2F a®=s7%s; ! 353 z, o, B] =
s1,[s1,0] =z, [s1, 8] = 9, [52, B] = 55 °57°, [51, 82] = [2,0] = [z, 5] = 1).

Now, the proof is performed in several steps.

2.8.6. Step 1

From [17, Theorem 3.6] G = G/H' is a 3-group of maximal class with an abelian
maximal subgroup H = H/H'. Also, G = G/H' is isomorphic to the group in Result 2.15.
The proof of [17, Theorems 3.8, 3.9] shows that either Case (I)(1) or Case (II)(1) occurs
for G as they are the unique possibilities for G such that G is one of the groups in
Result 2.15. In both cases, (s1, s2) is a minimal non-abelian subgroup, and hence H =
(s1, s2). It remains to prove that Cases k = 0, 1 cannot actually occur. For this purpose,
an inductive argument on |G| is used.

We begin with Case (I)(1). First, let |G| = 3%¢*2 with e > 2. Observe that z € Z(G)
as x commutes with both s; and 8 by [z, 8] = [z, s1] = 1.

2.3.7. Step 2
We prove [z, s3] = 1. Since

(@, 52] = [ 51, 8] = 2 (578 — D)siB) (s B 51)
=2 1B s B(s1asy )BT s B,

[1,51] = 1 yields [x,80] = 2718 sy (BxB~ )51 8. From this and [z,5] = 1, [z,s2] =
e 1B sy es)B = 1.

2.8.8. Step 8
We prove that s3 € Z(G). From [s1,s0] = [s2,51]"! = 27! and z € Z(G), s1
commutes with [s1, s3]. Hence from [11, Hilfssatz 1.3 (a)],

qe—1 e—1 1. aqe—1
[53 ,81) = [82,81]3 = (x 1)3 =1. (8)
Since both subgroups (s?,ss) and (s3,s1) are proper subgroups of H, the assumption

on H = (s1,s2) to be minimal non-abelian yields [s;,s3] = 1 and [sq,s?] = 1. From

-2 -3 -3 -2
Bsafl = 85787 = 817857,
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_ e—1 o e—1 _ e—1, _ e—1 e—1, _
B 153 ﬂ:(322513)3 :(522)3 (313)3 :(Sg ) 27

which is equal to s3° by (s3" )3 = 1. This together with (8) yield s3" ' € Z(G). Since
x# 3, we also have that s3° ' is another generator of Z(G).

2.83.9. Step 4
The quotient group G = G/(s3" ') is given by

~ - - ~ Q€ qe—1 - ~ - - - - ——a .-
G =(31,5,8,7 | si’ = sg =3%=1,3%=7", [31, 8] = 32, [32, 8] = 35 3513,

[51752] =1, [‘%’51] = [i‘,ﬂ] = 1>»

and hence G satisfies Case (II)(1) with the same value of k as in G. From s € H,
in the natural homomorphism G — G, every element of order 3 in G \ H produces an
element in G of the same order 3. Therefore, G\ H contains at least as many as 4|G/|/9
elements of order 3.

2.3.10. Step 5

With some formal changes, the above arguments apply to Case (II)(1). Therefore, if
G satisfies Case (II)(1) with a given value of k then G = G/(s3" ') satisfies Case (I)(1),
and it has at least as many as 4|G|/9 elements in G\ H.

2.8.11. Step 6

Therefore, with an inductive argument on e, it suffices to rule out the cases
k = 0,1 when |G| is assumed to be as small as possible, namely |G| = 35, that
is, ¢ = 2. A MAGMA aided computation shows that if |G| = 3% and & = 0 then
G = SmallGroup(729,49) while if £ = 1 then G = SmallGroup(729,54). In the former
case G \ H contains 162 < 324 = 4|G|/9 elements of order 3, a contradiction. In the
latter case G\ H contains no elements of order 3, again a contradiction. 0O

2.4. Some preliminary results on 3-groups of automorphisms of elliptic curves

Assume that p # 3. Let £ be the elliptic curve of homogenous equation X34+Y34 73 =
0. Then &€ has zero j-invariant, P = (—1,0,1) is an inflection point of £, and the map
(X,Y,Z) = (X, Y, Z) with a primitive cubic root of unity e is an order 3 automorphism
a of £ fixing P. Actually, & has two more fixed points on £, namely P; = (—¢,0,1) and
Py = (—£2,0,1). The map (X,Y,Z) — (¢X,e%Y, Z) is another order 3 automorphism
B of £. Since @ and § commute, B preserves the pointset 7 = {P, Py, P,}. Let J(&)
denote the translation group of £. Then S belongs to j(c‘:’) but @ does not. Choose a
3-subgroup G of Aut(€) such that some element of order 3 of G has a fixed point on £.
Since Aut(X) acts transitively on the points of £, such a fixed point may be assumed to
be P. Then
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(i) |G| = 3"+ with h > 1;
(ii) [Gp| = 3.

Furthermore, Gp = (@) and 8 € Z(G). More precisely, Z(G) = (3) as Z(G) preserves
and (ii) holds.

Lemma 2.17. G = H x Gp where H =GN J(E).

Proof. If |G| = 9 then G = (B) x Gp and the claim follows for h = 1 by 5 € J(&). Let
W =GN J(E). Then W is a nontrivial normal subgroup and G = G/W is a subgroup
of Aut(€) where the quotient curve & = £/W is also elliptic as no nontrivial element in
J(€) fixes a point in €. By induction on h, assume that G = 7" x ép where T' < J(€) and
P is the (unique) point of & lying under P in the cover £|€. Let T be the subgroup of G
containing W such that T = T /W. Then no nontrivial element in T fixes a point of £.
Furthermore, |T| = |H|, and T is a normal subgroup of G. Therefore, G = T x G'p. Now,
let 0 be the T-orbit of P, and take any point P’ from o. Then P’ = t(P) for some t € T.
On the other hand, J(£) contains an element j such that j(P’) = P. Then j{(P) = P
whence j € G. Since |o| = |T| this yields that G N J(£) contains at least as many as
|T| = |H| elements. As Gp N J(&) is trivial, this shows that G N J(£) = T whence the
claim follows. O

Lemma 2.18. The centralizer Cg,, of Gp in G is an elementary abelian group of order
9.

Proof. Since Gp = (@) and & fixes exactly three points, namely those in 7, Cs(Gp)
preserves 7. This together with Gp yield |Cs(Gp)| = 3. Therefore C(Gp) is the direct
product of Gp and Z(G) = (6). O

The possibilities for the structure of H = GN.J(E) in Lemma 2.17 are rather restricted.

Proposition 2.19. If h is even, say 2n, then H = Csn x Csn. If h is odd, say 2n — 1, then
E[ g C3n X C3n—1.

Proof. Since H is a subgroup of .J(&), we have H = U x V where U = C5: x Cs; with
i>jand i+ j=h. Let T = aUa '. Consider the set of all elements @ € U such that
aua~' € U. Actually, this set W is a subgroup of U. Since U is cyclic, W is also cyclic
and it consists of all elements 4 € U whose order divides |IW|. In particular, since @ and
aua~" have the same order, 4 € W implies aua—! € W, that is, the subgroup of G
generated by W together with & is the semidirect product W x (&).

If W is trivial then U N T = {1} and hence U x T is a subgroup of H, whence
H = U x T and the first claim follows. Otherwise, W x Gp is a proper subgroup of
G. Since W is cyclic, we have |[W| = 3. Therefore W x G'p has order 9 and is abelian.
Thus W x Gp = W x Gp. Therefore a generator of W commutes with &, and hence
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W = (B) showing that W = Z(G). Look at the quotient group H = H/Z(G). Since
Z(G) = W < U, we have that U = U/Z(Q) is a subgroup of H of order 3~!. The
same holds for the subgroup 7' = T/Z(G) of order 3=, Let § € U NT". If 4 is nontrivial
then there exist @,t € U \ W such that ut—' € W. If & = ¢ then @ = au'a~" for some
@ € U. This implies @' € W whence 4’ € Z(G) and 4 = 4’ € Z(G), a contradiction.
Similarly, if @ = t3 (or @ = tf?) then 4 = au'a~'f for some @' € W. Since § € W,
this implies @ = @' whence & € W = Z(Q), a contradiction. Therefore, UNT is trivial,
and |H| = |U||T| whence |H| = 32(=1. On the other hand, |H| = TH| = 3ttt
Thus 2(: — 1) < i+ j — 1 whence ¢ — 1 < j. Since i > j, this yields either ¢ = j or
j=i—1 0O

Lemma 2.20. If h > 2 then the following hold.

(i) G is of mazimal nilpotency class.

(ii) G can be generated by two elements.

(iii) Bvery element in G\ H has order 3.
) In terms of generators and relations, G is given in Result 2.15.

(iv

Proof. As G is non-abelian and H is an abelian maximal subgroup of G, Result 2.8
applies. Since |Z(G)| = 3, this gives the first claim whence the second claim follows
by Result 2.7. To prove the third claim, apply the Hurwitz genus formula for G. From
a € G, G has k > 1 short orbits and Hurwitz genus formula gives

k
0=2g(6) —2=1G|(26 —2) + > (1G] - ).

i=1

Therefore, g =0, k =3 and ¢; = %\C_H Since a has exactly three fixed points, the same
holds for every nontrivial element in Aut(€) fixing a point. Thus, ¢; produces as many
as 20; = 2|G| elements of order 3. Since k = 3, this shows that G \ H has at least |G|
elements of order 3. On the other hand, |G| — |H| = £|G/|. From this Claim (iii) follows.

Finally, Result 2.15 gives Claim (iv). O
3. Cased #£ p

Let G be a subgroup of Aut(X') whose order is d* where d is a prime and h > 1 is an
integer.

If the quotient curve X = X'/G has genus g(&X) > 2, then the Hurwitz genus formula
yields |G| < g(&X) — 1.

If X is elliptic, then the cover X'|X is ramified, and the Hurwitz genus formula gives
2(g(X) — 1) > |G| — |£] where ¢ is any short orbit of G. Since |¢| < |G|/d, this yields
Gl < 24 (g(x) - 1).
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We are left with the case where X = X'/G is rational. Assume that |G| > 4(g(X) —1).
Then the quotient curve X is rational; see, for instance, the proof of [10, Theorem 11.56].
Therefore, the Hurwitz genus formula applied to G gives

k k
209(X) — 1) = —2d" + > (d" — ;) = —l1 — Ly + > _(d" — 1) (9)
j=1 j=3

where {1,...¢; denote the short orbits of G on X. Since g(X) > 2, (9) yields that G
has at least 3 short orbits. Also, in (9) each ¢; is a power of d. For d = 3 this yields
|G| < 9(g(X) — 1) and if equality holds with g(X’) # 2 then G is not abelian by (ii) of
Result 2.1. Actually, the case g(X) = 2 with |G| = 9 cannot occur from Result 2.3.

Dealing with the case d > 5, assume that |G| > %(Q(X) —1) > 4(g(X) — 1). Since
¢; divides d", ¢; < d"~! holds for every i. If G has exactly three short orbits then (9)
gives,

2(g(X) — 1) = —2d" + (3d" — t1 — by — £3) > d" — 3d" ' = d""(d - 3),

whence |G| = d" < d%dg(g()() — 1), a contradiction. Similarly, if G has four short orbits,
then (9) gives

2g(X) —1) = 2d" — b1 — by — b3 — £y > 2d" — 4d" ™1 = d"1(2d — 4),

whence |G| = d" < 534 (g(X) — 1) < 2% (g(X) — 1), again a contradiction. We are left
with the case where G has at least 5 short orbits. Since d > 5, the Hurwitz genus formula

gives
2(g(X) —1) > 3d" — by — by — b3 — by — 5 > 3d" — 5d" 71 > 3d" — d" = 24"

whence |G| = d" < (g(X) — 1); again a contradiction.
Therefore, the following result is obtained.

Theorem 3.1. If G is an d-subgroup of Aut(X) with an odd prime d different from p
9(g(X) — 1) ford=3;
Gl <4, (10)

=& (g(X)—1) ford> 3.

For d = 3, if equality holds then G is not abelian and g(X) # 2.

For abelian groups, the above bound is sharp for d > 5. In fact, the Fermat curve Fy
of affine equation 2¢ + y? + 1 = 0 has genus % (d — 1)(d — 2) and Aut(F,) has an abelian
subgroup of order d? which is the direct product of two cyclic groups of order d.

For non-abelian groups a slight improvement on the bound in Proposition 3.1 is given.
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Theorem 3.2. Let G be a non-abelian d-subgroup of Aut(X) where d is an odd prime
different from p. If Z is an order d subgroup of Z(G) such that the quotient curve

X = X/Z has genus at most 1 then X is elliptic and
G| < 74 (a(X) - 1), (11)
apart from the case where
d=3, and |G| =9(g(X) — 1). (12)

Proof. Obviously, Z is a proper subgroup of G. If the quotient curve X = X /Z is rational
then the quotient group G' = G/Z is a isomorphic to a subgroup of PGL(2,K). From
Result 2.9, G is a cyclic group. But this yields that G is an abelian group, a contradiction.

Therefore X is elliptic. Since the set consisting of all fixed points of Z is left invariant
under the action of G, it is partitioned in G-orbits, say Q1,..., Q. From the Hurwitz
genus formula applied to Z,

k
2(g Zm

k
= Gi'_|< )

i (1Zp] ~ 1) |Z‘Z”'
L |Gp|\Z| P G

P; be the point of X lying under the Z-orbit €;. Then Aut(X) has a subgroup M;
isomorphic to Gp,/Zp, that fixes P;. From (ii) of Result 2.2, this subgroup of order d
is actually trivial with just one possible exception when d = 3 and [Gp, : Zp,| = 3. For
d > 3, the above bound reads

d—1
G|

2Agl¥) ~ 1) = k< 16] >

whence (11) follows. In the exceptional case, (12) holds with g(X) >2. O
4. Extremal 3-Zomorrodian curves

From now on

p#3,

is assumed. We use the name of “extremal 3-Zomorrodian curve” for any curve X with
a non-abelian 3-subgroup G in Aut(X’) attaining the bound in Proposition 3.2 for d = 3.
Obviously, the group G with respect to an extremal 3-Zomorrodian curve X is a Sylow
3-subgroup of Aut(X). We begin with two sporadic examples.
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Example 4.1. The genus 10 curve X with affine equation 2%y3 + 23y% + 1 = 0 has a
non-abelian automorphism group of order 81 isomorphic to “SmallGroup”(81,9) in the
MAGMA database.

Example 4.2. The Fermat curve Fy of degree 9 has genus 28 and Aut(Fy) has a non-
abelian subgroup of order 243 which is the semidirect product of an abelian group of
order 81 (direct product of two cyclic groups) and a subgroup of order 3.

We remark that Example 4.1 is the quotient curve of Fy with respect to the center of its
automorphism group of order 243. This shows that the non-elliptic case in Proposition 4.4
can occur.

The following proposition shows that no extremal 3-Zomorrodian curve of genus 4
exists.

Lemma 4.3. There exists no extremal 3-Zomorrodian curve of genus g(X) = 4.

Proof. By contradiction, X is a genus 4 curve and G is a subgroup of order 27 in Aut(X).
From (ii) of Result 2.1, G is not abelian as 27 > 4g(X) + 4 = 20.

Up to isomorphisms, there exist two non-abelian groups of order 27, namely G =
U(3,3) = (C3 x C3) x C3 and G = Cy x C5. In both cases, the center Z(G) of G has
order 3, and the G/Z(G) is an elementary abelian group of order 9. In the latter case,
G = {(a,b:a’ = b> = 1,b7tab = a*) and G has three subgroups of order 9 while the
elements of order 3 form an elementary abelian subgroup H of order 9.

The Hurwitz genus formula applied to Z(G) reads,

6=2g(X)—2=06(g(X)— 1)+ 2A,
where A counts the number of fixed points of Z(G). Hence g(X) < 2.

If X is rational, then a Sylow 3-subgroup of Aut(X) is cyclic by Result 2.9, a contra-
diction. Case g(&X) = 2 does not occur by Result 2.3.

Hence X is elliptic, and A = 3. The latter claim yields that G has a short orbit of
size 3. Therefore, |G p| = 9 for any point P fixed by Z(G). From [10, Theorem 11.49] Gp
is a cyclic group of order 9, this rules out case G = U(3, 3). Finally, to deal with case
G = Cy x C5 two cases are distinguished according as an element g € G \ Z(G) of order
3 has a fixed point or not. In the former case, no element in G\ Z/G) has a fixed point,
as being conjugate to g or ¢ in G. Furthermore, no element G of order 9 other than
those in Gp has a fixed point as its cube is in Z(G). Therefore, from the Hurwitz genus
formula applied to G, 6 = 2g(X) —2 = 54(g(X) — 1) +24, which is a contradiction. In the
latter case, ¢ has exactly three fixed points. In fact, if H is the quotient group H /Z(G)
then the Hurwitz genus formula applied to H gives 0 = 2g(X) — 2 = 3(g(X) — 2) + 2\
where X is the quotient curve X / H and X counts the number of fixed points of H on X.
From this, g(X) = 0 and A = 3. Hence the unique short H-orbit has size 9.
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Therefore, G has two short orbits, one consists of the three fixed points of Z(G), the
other has length 9. From the Hurwitz genus formula applied to G, 6 = 2g(X) — 2 =
—54 + 24 + 18 = —12, which is a contradiction. O

The following result shows that the center of a Sylow 3-subgroup of Aut(X) plays an
important role in the study of extremal 3-Zomorrodian curves X.

Proposition 4.4. Let G be a Sylow 3-subgroup of Aut(X) of an extremal 3-Zomorrodian
curve X of genus g(X) = 3" +1 with h > 2. Let Z be an order 3 subgroup of Z(G). Then
the quotient curve X = X/Z is either elliptic (with zero j-invariant), or an extremal
3-Zomorrodian curve of genus 3"~ +1 and G = G/Z is a Sylow 3-subgroup of Aut(X).
Furthermore, there exists at most one subgroup Z for which X is elliptic. If such a
subgroup Z exists and h > 3 then either Z(G) = Cs3, or Z(G) = C5 x Cs.
Proof. By Proposition 3.2, g(X) > 0. From Lemma 4.3, |G| > 81 and hence g(X) # 2
by Result 2.3.

First case g(?? ) > 2 is considered. From the Hurwitz genus formula applied to Z,
a(X) —1>3(g(X) —1). Since g(X) — 1 = 9|G| and |G| = 3|G|, this yields g(X)—1>9.
Now, from Proposition 3.2 applied to e = 3, g(X) — 1 = 9|G| follows.

From now on, g(X) = 1. With notation as in the proof of Proposition 3.2, |Gp,
3|Zp,|, and

2(a(X) — 1) = k2[G.

For k > 2, this yields (11) with equality. Therefore, k& = 1, and the set £ of all fixed
points of Z has size 1|G|. Take a point P € X such that Gp is non-trivial. Let P be the
point of X lying under P in the cover X|X. There is a subgroup M in Aut(X) which
acts on X as Gp does on the Z-orbits. The quotient curve X=X / M is rational as M
fixes P. More precisely, the Hurwitz genus formula applied to M yields 0 = —6 + 2\
where A counts the fixed points of M. Hence, A = 3. Observe that M is not contained in
the center Z(@), otherwise the set of fixed points of M is left invariant by G and hence
|G| = 9 which contradicts |G| > 81. This yields that | Z(G)| = 3, since the group Z(G)M
generated by Z(G) and M has order at most 9 but M 5 Z(G). Therefore |Z(G)| = 3,9.
From the Hurwitz genus formula applied to G,
3G =2(a(¥) — 1) = =2/G| + (IG] = 5IG]) + X7, (1G] = ¢))
where (q,...,¢; are the sizes of the short G-orbits other than €. Since |G| and ¢; are
powers of 3, this yields j = 2 and ¢; = ¢, = #|G|. Therefore, |Gp| = 9 for P € Q,
otherwise |Gp| = 3 or Gp is trivial. From this we infer that Z is the unique order 3
subgroup of Z(G) such that the quotient curve X is elliptic. In fact, if Z(G) contains
a putative subgroup U of order 3 other than Z such that the quotient curve X /U is
elliptic, then the above argument applied to U shows that the set of fixed points of U
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has size %\G | and hence it must coincide with €. But this is impossible in our case, as the
stabilizer Gp with P € € is a cyclic group, and hence it can contain only one subgroup
of order 3.

Let 6 be one of the two short G-orbits of length %\G |, and take point @ € 6. Then the
stabilizer of ), U = G has order three, and U N Z = {1}. Furthermore, the quotient
group U =UZ /Z is isomorphic to U and it is a subgroup of Aut(X ) of order three. The
same holds true for the other short G-orbit o.

The quotient curve X=x / U is rational. In fact, the cover X — X ramifies as U
preserves the Z-orbit 6 containing the point (). From the Hurwitz genus formula applied
to U,

0= 2g(X) —2 = 3(2g(X) — 2) +2),

where X is the number of fixed points of U. Hence A = 3. If Q1, Q2, Q3 are the fixed
points of U then each of the three Z-orbits 61, 6, 65 lying over Q1, Q2, Q3 respectively is
preserved by U. If a point in such a Z-orbit is fixed by U then the same Z-orbit is fixed
by U pointwise. Since one of these three Z-orbits contains @, it turns out that U fixes
either 3, 6 or 9 points in 6, U6y U03. Furthermore, U has no other fixed point. From now
on, |Z(G)| =9 is assumed.

We are in a position to prove that V = Z(G) is not a cyclic group of order 9. Assume
on the contrary that V = Cy.

Let ¥ = X /U. From the Hurwitz genus formula applied to U,

20(X) — 2 = 3(20(X) — 2) + 2X (13)

with A € {3,6,9}. Since g(X) —1 is divisible by 27, (13) and assumption g(X) > 28 yield
that g(i’ ) — 1 is not divisible by 9. Since no nontrivial element in V fixes a point off Q,
each V-orbit disjoint from  has size 9. Since the number of fixed points of U does not
exceed 9, this yields that U has as many as 9 fixed points.

We find all points in X where the cover X|X ramifies. If some nontrivial element
v € V fixes a point P € X, then P is also fixed by Z since either v € Z, or v ¢ Z and
v3 € Z. This shows that 2 is the set of all points which are fixed by some nontrivial
element in V. More precisely, if P € § then either |Vp| = 3, or |Vp| = 9. Since Q is a
G-orbit and V is a normal subgroup, either |[Vp| = 3 for all P € Q, or |Vp| =9 for all
PecQ As Z # U, we have UNV = {1}. Then V = VU/U is a subgroup of Aut(X)
isomorphic to V. Let € denote the set of all points of X lying under the points of ) in
the cover X'|X. Since U has no fixed point in Q, we have |Q| = |G

This shows that either |V| = 3 for all points P € Q, or |V| = 9 for all points P € Q.
Now we prove that no nontrivial element in V has a fixed point outside Q.

By way a contradiction, take a point R fixed by a nontrivial element & € V. Let 1)
be the U-orbit consisting of all points lying over R in the cover X|X. Then p is left
invariant not only by U but also by a nontrivial subgroup W of V fixing a point in p
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where WU/U = (o). Since U N W = {1}, the subgroup T' = UW has order either 27
or 9, according as |[W| =9 or |W| = 3. The former case cannot actually occur. In fact,
since |p| = 3 we have |Tg| = |T| for any R € p. On the other hand |Tx| =3 by R ¢ €.
Therefore, T'= U x Z, and p is a common orbit of U and Z. The latter claim shows that
the point R lying under p in the cover X|X is fixed by U. Since no fixed point of U lies
in p, this shows that U fixes at least four points, namely R and each of the three points
lying under the fixed points of U in the cover X'|X. But this contradicts the previous
claim A = 3.
From the Hurwitz genus formula applied to V/,

o(F) ~ 1= 9(g(x") ~ 1) + e,
where X* denotes the quotient curve X /V and either ¢ = 2, or ¢ = 8, according as
|[Vp| =3 or |Vp| = 9 for P € Q. A contradiction is now obtained since 9 divides both
9(g(X*) —1) and %, but it does not g(X) —1. O
Remark 4.5. The proof of Proposition 4.4 also shows some useful properties of the action
of a Sylow 3-subgroup G of Aut(X) of an extremal 3-Zomorrodian curve X of genus
g(X) = 3" +1 with h > 2. Here, we mention some of them: G has exactly 3 short orbits,
namely Q of size $|G|, 0 and o both of size %|G|. The subgroup Z < Z(G) such that
X/Z = & is elliptic, fixes  pointwise. If |Z(G)| = 9, no other non-trivial element in
Z(G) = C5 x C5 has fixed a point on X. The stabilizer of P € Q fixes exactly three
points in  while the stabilizer of @ € 6 fixes as many as |Z(G)| points, each lying in 6,
and the same holds for Q) € o.

5. Elliptic type extremal 3-Zomorrodian curves

In the light of Proposition 4.4, it is useful to adopt the term of “elliptic type” for an
extremal 3-Zomorrodian curve X if the center Z(G) of a Sylow 3-subgroup of Aut(X)
contains a subgroup Z of order 3 such that the quotient curve X'/Z is elliptic. With this
definition, all examples from Section 6 are of elliptic type. By Lemma 4.3, any extremal
3-Zomorrodian curve of genus 10, in particular Example 4.1, is of elliptic type. Instead,
Example 4.2 is not of elliptic type.

First we collect some basic results on the abstract structure of the Sylow 3-subgroups
of an extremal 3-Zomorrodian curves of elliptic type.

Lemma 5.1. Let G be a Sylow 3-subgroup of an extremal 3-Zomorrodian curve of elliptic
type. Then

(i) G can be generated by two elements;
(i) [G:G1=9; (G) =G,
(iii) G contains exactly four mazximal subgroups, each is normal and of index 3.
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Proof. Let X = X/G’. From Result 2.4, the factor group G = G/G’ is an abelian
subgroup of Aut(z’é ). If X were rational then by Result 2.3 G would be cyclic, hence G
itself would be cyclic by (iii) of Result 2.8, a contradiction with Proposition 3.1. Similarly,
if g(X) were bigger than 2, then X would be an extremal 3-Zomorrodian curve which
is impossible as G is abelian. We are left with the elliptic case, that is, X = £. Let
P € X be a fixed point of some non-trivial element of G. Let P € £ be the point lying
under P in the cover X|€. Then G is non-trivial. Since G is abelian, this yields |G| = 9
by Lemma 2.18. This shows first claim in (ii). Since G is not cyclic, the Burnside basis
theorem yields [G : ®(G)] > 9. This together with G’ < ®(G) and [G : G'] = 9 give the
second claim in (ii). Since ®(G) contains all maximal subgroups of G, claim (ii) yields
that G/®(G) has exactly four subgroups, each being normal and of order 3. O

Proposition 4.4 and Lemmas 4.3, 5.1 have the following corollary.

Lemma 5.2. Let X be an extremal 3-Zomorrodian of genus 10. Then a Sylow 3-subgroup G
of Aut(X) of mazximal nilpotency class. More precisely, the possibilities for G are “Small-
Group”(81,7), “SmallGroup”(81,8), “SmallGroup”(81,9), and ‘SmallGroup”(81,10).

Proof. By Lemma 4.3 and Proposition 4.4, the quotient curve X' /Z is elliptic for any
order 3 subgroup of Z(G). Also, from Proposition 4.4, Z(G) has a unique subgroup of
order 3. Among the 15 groups of order 81 those satisfying (ii) of Lemma 5.1 have center

9

of order 3, and they are isomorphic to one of the four “SmallGroup”’s listed above. 0O

We prove a key result on the abstract structure of a Sylow 3-subgroup G of an extremal
3-Zomorrodian curve of elliptic type. From Result 2.12 and Lemma 2.20, we already
know (for |G| > 3%), the existence of a unique abelian or minimal non-abelian subgroup
of index 3. But we need some more properties of such a subgroup in order to determine
the abstract structure of G.

Lemma 5.3. Let G be a Sylow 3-subgroup of an extremal 3-Zomorrodian curve of elliptic
type. Then exactly one of the subgroups of G of index 3 is either abelian or minimal
non-abelian. Let H be such a subgroup. If H is minimal non-abelian then H' < Z(G)
and the quotient curve X /H' is elliptic.

Proof. Choose a point P € X fixed by some non-trivial element of GG. Let Z be a
subgroup of Z(G) for which the quotient curve & = X/Z is elliptic. Then the factor
group G = G/Z is a subgroup of Aut(£) of order $|G| such that Gp is non-trivial for
the point P lying under P in the cover X|€. From Lemma 2.17, G = H x G where
H=GnNJ(E)and H = U x V with two nontrivial cyclic groups U and V. Let H be the
subgroup of G containing Z such that H/Z = H. Then H is a subgroup of G of index
3. To show that H satisfies the property required, we may assume H to be non-abelian.

First we prove that d(H) = 2, that is, H can be generated by two elements. Let U and
V be the (normal) subgroups of G containing Z for which U = U/Z and V = V/Z. Since
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U is cyclic, we have that U is abelian. More precisely, either U is cyclic, or U = U; x Z
where U; is a cyclic group isomorphic to U. The same holds for V. Every element w € H
is a product w = wv with uw € U,v € V. Obviously, if both U and V are cyclic, then
d(H) = 2. Assume that U = U; X Z and V is cyclic. Then w = ujzv with uy € Uy, z €
Z,v € V. Since z € V, this yields w = uyv’ with uy € Uy, v’ € V. Therefore, d(H) = 2.
If both U and V are not cyclic, but z € (Uy, V1) then again w € (U, Vi) and d(H) = 2.
Otherwise, z ¢ (Uy, V7). We show that the set U1 V; = {u; € Uy, v1 € V1} is subgroup
of G. From UV = VU, we have U101 Us¥Us = U1 UaU1U2, Whence uiviUusvs = Uj UV V22
with 0 <4 < 2. Since z ¢ (U, V1) is assumed, ¢ must be equal to zero. Therefore, Uy V;
is indeed a subgroup of G. Since |U V4| = |Uy||V4| = |U||V| = |H| = %|H|, the subgroup
U, Vi of H has index 3, and hence H = U;V; x Z. Therefore U;V; = H. This implies
that U1V} is an abelian group. But then H itself must be abelian, a contradiction. Thus
d(H) = 2.

Next we prove that H' = Z. As Z < H and the factor group H/Z is abelian, Result 2.4
yields H' < Z. On the other hand, H' is non-trivial as H is assumed to be non-abelian.
Therefore, H = Z. Now, Result 2.6 shows that H is minimal non-abelian, and the
quotient curve X/H' = X is elliptic.

Finally, uniqueness of H follows from Result 2.12 when H is non-abelian, and from
Results 2.8, 2.11 and Lemma 5.1. O

Lemma 5.4. Let H be as in Lemma 5.5. If |Z(G)| = 9 and |G| > 35 then G has as many
as §|G| 4 26 elements of order 3.

Proof. We keep our notation from Remark 4.5.

We prove first that G\ H contains at least as many as 2|G| elements of order 9. Let
P € Q, and take a generator g of Gp. From Remark 4.5, g fixes exactly three points of
X, each lying in Q. Furthermore, g € G\ H, as its image g in the natural homomorphism
G + G has a fixed point on € and hence § ¢ H, equivalently g ¢ H. Thus, G contains
exactly %|Q| = %|G | pairwise distinct cyclic subgroups of order 9 each with a fixed point
in . Since each such subgroup contains exactly 6 elements of order 9, G \ H contains
indeed at least |G| = 2|G| elements of order 9.

We prove next that G'\ H contains at least 3 |G| elements of order 3. From Remark 4.5,
no non-trivial element in Z(G) \ Z has a fixed point in X'. Hence, if X'/Z is elliptic then
X/Z(@G) is also elliptic. Let @Q € 6 and Gg = (u). Then u has order 3. Furthermore, by
Remark 4.5, u has as many as 9 fixed points in X, each lying in 6. Therefore, these 9
points form a Z(G)-orbit as |Z(G)| = 9. Thus 6 splits into 3-|G| Z(G)-orbits each being
the set of fixed points of Gg where @ ranges over 6. Since |Gg| = 3, each Z(G)-orbit in
0 is preserved exactly by Sg = Gg x Z(G). In particular, Sg contains 9 elements from
Z(G) and 18 elements off Z(G). All these facts remain true for @ € o.

Our aim is to show that among the non-central elements of G of order 3, exactly
%|G | have a fixed point in 6 U o. For this purpose, look at the intersection of two such
subgroups, namely Sg and Sg with @, R € Uo. From |Sg| = |Sr| =27 and |Z(G)| =9,
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either Sg N Sk = Z(G) or Sqg = Sg. The latter case occurs if and only if Gr < Sg,
equivalently, G preserves the Z(G)-orbit containing Q. This shows that the coincidences
Sq = Sg can be counted by computing the number of Z(G)-orbits lying in §Uc on which
Gr acts. This computation can be carried out on the quotient curve X = X /Z(Q), since
the Z(G)-orbits preserved by G = (v) are as many as the fixed points of ¢ in X where
o is the image of v in the natural homomorphism G — G. Observe that X is elliptic as
the elements of Z(G) with a fixed a point in X are exactly those in Z. Further, as v
fixes R, 0 fixes the point Rex lying under R in the cover X |29 . There exist exactly
two more fixed points of v, say 5”1, Sy. Let S € X be a point lying over S in the cover
X|X. Then Gr x Z(Q) preserves the Z(G)-orbit A; containing S;. Therefore, for some
z € Z(G), vz fixes S1 whence S; € QUOU o follows. Actually, S; ¢ 2, as Z is the unique
subgroup of order 3 in Gp whereas vz € Z would yield v € Z(G). Similarly, we have
Sy € 0. Since 0 (and o) is partitioned in Z(G)-orbits whose size is divisible by 9, the
number of Gp-invariant Z(G) lie in # (and o) is divisible by 3. It turns out that each of
the three Z(G)-orbits {A1, Ag, A3} preserved by G lie in either 6 or o. Such a triple
{A1, A3, As} does not change when R is chosen from Ay or As. Since 0] = |o| = 3|G]|
and G with R € # Uo has as many as 18 elements off Z(G), the number of elements of
order 3 in G\ H is at least

1836154 = 4161

Since |G\ H| = 2|G| = §|G| + 2|G]|, the above two assertions we have already proven
yield that G \ H contains exactly #|G| elements of order 3. Since H has exactly 26
elements of order 3 which are contained in ®(G), the claim follows. O

Theorem 5.5. Let G be a Sylow 3-subgroup of an elliptic type extremal 3-Zomorrodian
curve X of genus g(X) > 82. If |Z(G)| = 9 then, in terms of generators and relations,
G is the group given in Result 2.16.

Proof. G is not of maximal nilpotency class, and none of its subgroups of index 3
is abelian by Result 2.16. Thus, the claim follows from Lemmas 5.3, 2.20 and Re-
sult 2.16. O

Theorem 5.6. Let G be a Sylow 3-subgroup of an elliptic type extremal 3-Zomorrodian
curve X of genus g(X) > 82. If |Z(G)| = 3 then, in terms of generators and relations,
G is the group given in Result 2.11.

Proof. From Lemma 5.3, G has a unique subgroup H of index 3 which is either abelian
or minimal non-abelian. Definition and properties of H are described in Lemmas 5.3, 5.4
and in their proofs.

Two cases are treated separately according as H is abelian or not.
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Case of abelian H. Result 2.6 together with (ii) of Lemma 5.1 show that G has maximal
nilpotency class. Also, from the initial part of proof of Result 2.15, H coincides with the
fundamental group Gy of G, and G is one of the groups listed in (I) and (II) in the proof
of Result 2.15. Moreover, Result 2.15 applied to G = G//Z(G) shows that

<gla§278|‘§?e = 536 = B?) = ]-7 [glaB] = g27 [5273] = §;3§I3» [51752] = ]->7

B f G« :326+1.
G = _°i|_|_e L L (14)
<51782aﬂ|5% :Sg :ﬁ3:17[81aﬁ]:327[5276]:82 S1 a[51752]:1>;
for |G| = 32°.

Since some element of order 9 falls in G \ H, for instance the generator of the stabilizer
Gp with P € Q, Cases A(1) and B(1) do not occur. Also, G\ H contains some element
of order 3, for instance the stabilizer Gg with @ € 8, Cases A(2) and B(2) do not occur,
as well. We are left with one of Cases A(3) and B(3).

In the former case |G| = 22¢*1 and we show that Z(G) = <sif€_1>. If G is given by
A(3) then [$3 " o] =[5 ", s3] =1 by s ', a, s, € H. Furthermore, since [sy, 8] = s5
and sy commutes with s;, an elementary fact on commutators, see for instance [11,
Hilfssatz 1.3 (a)], yields [s3° ", 8] = [s1, 8]3 =3 =1 whence [$3" ", 8] = 1 follows.
Similarly, for Case B(3), |G| = 22¢, and Z(G) = (s43" ). Therefore, G is isomorphic to
B(3) for |G| = 2%¢, and to A(3) for |G| = 22(¢~D+1 But this contradicts (14). Thus H
is not abelian.

Case of non-abelian H. If G has maximal nilpotency class, then the claim follows from
Result 2.11. Otherwise, from the initial part in the proof of Result 2.16, one of the cases
in (I) or (IT) occurs. Since G = G/Z(G) is given by (14), G must be isomorphic to either
I(1) or II(1) in the proof of Result 2.15; see the proof of [23, Theorem 3.8]. In both cases,
the proof of Result 2.16 shows that Z(G) has more than 3 elements, for instance, 1, z, 2
and 53" for I(1) and s3° " for II(1). But this contradicts our assumption |Z(G)| = 3. O

6. An infinite family of elliptic type extremal 3-Zomorrodian curves

We describe an explicit construction that provides an elliptic type extremal 3-Zomorro-
dian curve for every possible genus. We keep notation from Subsection 2.4 and suppose
that |G| = 3"+ with h > 2.

Since G is generated by two elements, the factor group G/®(G) is an elementary
abelian group of order 9 where ®(G) is the Frattini subgroup of G. As H is a maximal
subgroup, ®(G) is contained in H.

Let 6; be the ®(G)-orbit containing P = (—1,0,1). Then |#;| = 3"~!. Since ®(G) is a
normal subgroup of H, the H-orbit # containing P is partitioned into three <I>(C_¥)—orbits
which may be parameterized by ®(G) together with its two cosets in H.
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More precisely, §; = {f(P)|f € ®(G)} while the other two ®(G) orbits are fy =
{af(P)|f € ®(G)} and 05 = {u?f(P)|f € ®(G)} where & € H with u*> € ®(G). For a
proof of the following lemma, the Reader is referred to [26], or [12, Section 4].

Lemma 6.1. If Q € 6, then the line through P and Q meets £ in a point R € 0.

Now, take a line ¢ through P and a point Q € 65. Then ¢ has homogenous equation
mX —Y +mZ = 0 for some m € K. Furthermore, the (inflectional) tangent to & at
P has homogenous equation X + Z = 0. In the function field K(£) = K(z,y) with
7% + 7% 4+ 1 = 0, the rational function

T mx —y-+m
z+1

has one pole (with multiplicity 2), namely P, and two zeros (both of multiplicity 1), one
is Q while the other R is in #5 by Lemma 6.1. Let

Then the poles of w, each with multiplicity 2, are exactly the points in #; while the zeros
of w, each with multiplicity 1 are exactly the points in 63 U 03. From this, the following
result follows.

Lemma 6.2. There is no element in K(E) whose cube is equal to w.

Therefore, we define the curve X’ as those whose function field K(&X') is the Kum-
mer extension of K(&) defined by 23 = w. Our goal is to show that X is an extremal
3-Zomorrodian curve.

Since no nontrivial element in H fixes a point in , the above discussion also gives the

following result.

Lemma 6.3. For any g € G, the rational function g(w)/w is either constant, or its poles,

each with multiplicity 3, are exactly the points of one of the ®(G)-orbits 01,02,0s, and

its zeros, each with multiplicity 3, are exactly the points of another of these ®(G)-orbits.
To find a large 3-subgroup in Aut(X) the following result is useful.

Lemma 6.4. For any g € G, there exists a rational function v € K(€) such that v3 =
g(w)/w.

Proof. For : = 1,2,3, the sum of all points in §; can be viewed as a divisor D; of
K(£). Then deg(D;) = |6;| = 3"!, and the complete linear series |D;| has (projective)
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dimension 3"~ —1 by the Riemann-Roch Theorem. Therefore, there exists Q € Dy such
that

where S is a point in €. Since 6 is a G-orbit, some element § € G takes P to R. Then
C_JQ is conjugate to G p and hence it contains a nontrivial element g*. Since g*(@) =Q

and the fixed points of g* form a Z(G)-orbit, each of the three fixed points of g* is in 5.

Furthermore, g* preserves each of the ®(G)-orbits 61,602, 05. Now, from (15), g*(D;) =

g (D2) — g*(Q) + g*(S) whence
Dy =D —Q+g*(S). (16)

This together with (15) yield S = g*(S). Since £ is not rational, S = §*(S) follows.

Therefore, D; = Do, and hence there exists a rational function v € K(&) such that
div(v) = D1 — D3. From Lemma 6.1 the claim follows. O

Lemma 6.4 shows that for every g € G, the map ¢ defined by

9(2,9,2) = (9(2), 9(y), v2) (17)

is in Aut(X). They are as many as |G| and form a subgroup of Aut(X). The map

o(,9,2) = (2,9,¢2) (18)

is also in Aut(X’). Therefore G together with its two cosets ¢G and cG give a subgroup G
of Aut(X) of order 3|G| = 3"*+2. On the other hand, since the poles of w have multiplicity
2 and are the points in 6; while the zeros of w have multiplicity 1 and they are precisely
the points in 62 U @5, a basic fact on Kummer extensions, see for instance [21, Corollary
I11. 7.4], states that g(X) — 1 = 3(2|61| + 2|62| + 2|05|) = 3". Therefore, X is an elliptic
type extremal 3-Zomorrodian curve of genus g(X) = 3" + 1 such that G is a Sylow
3-subgroup of Aut(X) and the following result is proven.

Lemma 6.5. The group G has the following properties.

(i) There exists an order 3 subgroup Z of Z(G) such that the quotient group G/Z is of
mazimal nilpotency class and contains an abelian mazimal subgroup.
(ii) Either ®(G) = Csn x Csn X Z with h =2n+ 1, or ®(G) = Csn X C3n-1 X Z with
h = 2n.
(iii) If h > 2 then Z(G) = C3 x Cs.
(iv) For h > 3, in terms of generators and relations G is the group given in Result 2.16.
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Proof. Claim (i): Let Z be the subgroup of Z(G) generated by c. Then G = G/Z is a
subgroup of Aut(X) and some non-trivial element of G fixes a point in X. Therefore, the
claim follows from Lemma 2.17.

Claim (ii): From the definition of w, we have f(w) = w when f € ®(G). Therefore,
for every f € ®(G),

is in Aut(X’), and hence such automorphisms form a group F = ®(G). Therefore, ®(G) =
F x Z, and (ii) follows from Proposition 2.19.

Claim (iii): Z(G) contains both ¢ and 8 inducing 3 on Aut(€), where 3 is as defined
in Section 2.4, and hence |Z(G)| > 9. On the other hand, |G| = 3. Hence (iii) holds. If
h > 3, Claim (iv) comes from Theorem 5.5. O

As a corollary of the results proven in the present subsection, the following result is
obtained.

Proposition 6.6. For every h > 3 there exists an elliptic type extremal 3-Zomorrodian
curve X of genus 3" +1 such that a Sylow 3-subgroup of Aut(X) has the properties listed
in Lemma 6.5.

Remark 6.7. We point out that the curve X in Proposition 6.6 gives rise up to at least
two elliptic type extremal 3-Zomorrodian curves of genus 3"~! + 1. According to (iii) of
Lemma 6.5, Z(G) has four subgroups of order 3. From Lemma 2.13, just one of them,
say U, is such that |Z(G/U)| = 9. The arising quotient curve X' /U is not elliptic, and
hence an elliptic type extremal 3-Zomorrodian curve such that a Sylow 3-subgroup of
Aut(X/U) has center of order 9. Now, choose for U one of other three subgroups of Z(G)
of order 3. From Lemma 2.13, |Z(G/U)| = 3. If U = Z where Z as in (ii) of Lemma 6.5,
then the arising quotient curve the above elliptic curve X. For U # Z, Proposition 3.2
states that the quotient curve X' /U has genus > 2. From Proposition 4.4 it is an elliptic
type extremal 3-Zomorrodian curve of genus 3"~! + 1 such that a Sylow 3-subgroup of
Aut(X'/U) has center of order 3.

We illustrate our construction for the smallest case.

3) of order 27 generated by & and ¢ :

Example 6.8. Let G be the linear group U(3,
a,6), and Z(G) = ®(G) = G' = (B). Let

(X,Y,Z) = (Y, Z,X). Also, let J() NG = {

P?) = (17 _170)7 4= (17 _570)7P5 = (17_5270)7P6 = (07 1, _1)7
P; = (0,1,—¢), Py = (0,1, —¢?).
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Then 91 = {P, Pl,PQ}, 92 = {p37p47p5} and 93 = {p67p77pg}. NOW, take P3 for Q
Then m = ¢, as £ has equation eX +Y +eZ =0,and t = (eZ +y+¢)/(z +1). By a
straightforward computation, w = z/y%. Hence K(X) is given by

73 7> 4+1=0:
{ J:3 + yj + ; (20)
5 = g—g
Furthermore, a(w)/w = —e and 6(w)/w = 3°. Hence G = (a,8) where a(Z,7,2) =

(z,ey, —€22), and §(z, 4, 2) = (§/Z,1/Z,y). Therefore, G = “SmallGroup”(81,9). Elimi-
nation  from (20) gives 293 +4>+1 = 0 which is an (affine) equation of X’ regarded as a
plane curve. A straightforward computation shows that X" is isomorphic to Example 4.1.

Computations carried out by MAGMA package where K is viewed as the algebraic
closure of the finite field FF; can provide explicit equations for & and show the exis-
tence of elliptic type extremal 3-Zomorrodian curves with Sylow 3-subgroup of maximal
nilpotency class. Here we limit ourselves to g(&X') = 82, 244.

Let h = 5. The smallest prime ¢ such that Aut(€) has a subgroup of order |G| = 3°
defined over I, is ¢ = 271. This allows us to find an explicit equation for X over Farq,
in terms of K(&X') = K(z,y, z) we have

2 +y° +1=0;

23 — (Z/54 + 9y51 + 151y48 + 191y45 + 243y42 + 21y39 + 86y36 + 184y33 + y30_|_
153y27 + 24 4 184> + 86y'® + 21y'5 4 243y'? + 191y” 4+ 151y° + 9y + 1)/
(y°% + 9y°0 + 2619*7 + 258y** 4 138y4! + 14698 + 206y3° + 24y32 + 129>+
12y%6 + 24923 + 206320 + 146y'7 + 138y + 258y 4 261y® + 9y° + y?)x.

Furthermore, G has order 2187 and its center Z(G) is isomorphic to C3 x C3. Since
inducing f is in Z(Q), the arising quotient curve X = X'/(8) is an elliptic type extremal

3-Zomorrodian curve of genus g(X) = 82 with function field K (&, 7, () where

€+’ +n=0;

¢ = (' 4+ 99" + 15196 4+ 191n'° + 243 + 21n'3 + 8612 + 184n™" + !0+
153n° + 08 + 18417 + 86n° + 217° + 243n* + 19103 + 1519 + 9t + 1)/

(N7 + 906 + 261715 + 258114 + 138113 + 146112 + 2060 + 24710 + 120+
120® + 2407 4 2061° + 1461° + 138n* + 2581 + 2611% + 9 + 1)(£/n).

A Sylow 3-subgroup of Aut(X) is isomorphic to “SmallGroup”(729,100). Another max-
imal quotient of G is isomorphic to “SmallGroup”(729,95) which contains an abelian
subgroup of index 3. Hence the arising quotient curve is elliptic. The forth maximal quo-
tient of G is isomorphic to “SmallGroup”(729,40) whose center is an elementary abelian
group of order 9.
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Let A = 4. This time we choose ¢ = 73. Then Aut(é'_) has a subgroup of order 729
defined over 799 and our construction provides an elliptic type extremal 3-Zomorrodian
curve X of genus g(X) = 82. In terms of K(X) = K(z,v, 2),

B4y +1=0;
Z3 — (y18 + 3y15 + 52y12 + 26y9 + 52y6 + 3y3 + 1)/(y17 + 3y14 + 5y11 + 5y8+
3y° +y?)x.

A Sylow 3-subgroup G is isomorphic to the “SmallGroup”(729,40). Its four subgroups
of index 3 are isomorphic to “SmallGroup”(243,53), “SmallGroup”(243,15), “Small-
Group”(243,2), “SmallGroup”(243,53), respectively. None of these are abelian whereas
“SmallGroup”(243,2) is the unique minimal non-abelian.

The four quotient groups of G arising from the order 3 subgroups of Z(G) are
G1 = “SmallGroup”(243,3), G2 = “SmallGroup”(243,26), G3 = “SmallGroup”(243,28),
and G4 = “SmallGroup”(243,28) respectively. Here, |Z(G1)| = 9,|Z(G2)| = |Z(G3)| =
|Z(G4)| = 3, and just one of them, namely G, has an abelian subgroup of index 3.

7. Elliptic type extremal 3-Zomorrodian curves of low genus

For g(X) = 10,28, Lemma 5.3 together with Result 2.10 are enough to determine the
structure of G. Here, we give some more detail.

7.1. Genus=28

Let ¢ = 73 and X as in case h = 4; see Section 6. Four quotient curves arise from
the order 3 subgroups of Z(Q), say X, with G; < Aut(X;). Here, X is elliptic, the
other three being elliptic type extremal 3-Zomorrodian curves of genus 28. At least two

~

of them, X; and A3, are non-isomorphic. The subgroup G 2= “SmallGroup”(243,3) of
Aut(X}) has no abelian but two minimal non-abelian subgroups. The subgroup G3 =
“SmallGroup”(243,28) of Aut(X3) has no abelian but one minimal non-abelian subgroup.
The latter one holds for X4 which may be isomorphic to X.

Apply the construction in Section 6 for h = 3, and choose ¢ = 19. Then the resulting
curve X is, in terms of K(X) = K(z,y, 2),

2+ +1=0;
B =0+ + 1)/ + ).

The following maps are in Aut(X)

_ 4y 13y
flz,y,2) = (y3+12x + y3+12x+ 3-5-127 y3+12x + 3+12$ + y3+12’ 34—123”5)

9(x,y,z) = (Tx, 7y, 162),



340 G. Korchmdros, M. Montanucci / Journal of Algebra 547 (2020) 312-344

and they generate a group G isomorphic to “SmallGroup”(243,3). Its four sub-
groups of index 3 are isomorphic to “SmallGroup”(81,3), “SmallGroup”(81,3), “Small-
Group”(81,12), “SmallGroup”(81,12), respectively. The four quotient groups of G aris-
ing from the order 3 subgroups of Z(G) are isomorphic to the non-abelian groups
G1 = “SmallGroup”(81,7), Go = “SmallGroup”(81,7), G3 = “SmallGroup”(81,9),

G4 = “SmallGroup”(81,9), respectively. For 1 < ¢ < 4, |Z(G;)| = 3, and G; is of
maximal nilpotency class.

7.2. Genus=10

Let ¢ = 19. We have four quotient curves X; with G; < Aut(/l_’i) where G; is defined
at the end of Subsection 7.1. Since “SmallGroup”(81,7) has an elementary abelian group
of order 27 but “SmallGroup”(81,9) does not, we have that X; is elliptic only for either
i=3, ori=4,say i = 4. Therefore X; is an elliptic type extremal 3-Zomorrodian curve
of genus 10 with a Sylow 3-subgroup isomorphic to “SmallGroup”(81,7) for ¢ = 1,2 and
to “SmallGroup”(81,9) for i = 3. Choose that i with i € {1,2,3} for which G; = G/Z
with Z = () and B(z,y, 2) = (ex, ?y, z). Then K(X;) = K(&,7,¢) where € = a2y,n =
y3,( = z, that is,

24+l
C3:7l n 5

{§3+n2+77=0;
n%+n

Then Aut(X;) has a Sylow 3-subgroup isomorphic to “SmallGroup”(81,9), and hence
1 = 3. Actually, X is isomorphic to Example 20 (equivalently to Example 4.1). Similarly,
a MAGMA aided computation shows that K(X}) is

E4+n*+n=0;
3 = _E34£24€.
- 772 bl

Elimination of ¢ from (20) gives n” — 2n* + 3¢ +n?¢% +n — ¢3 = 0 which is an (affine)
equation of X regarded as a plane curve.

8. An infinite family of non-elliptic type extremal 3-Zomorrodian curves

The elliptic type extremal 3-Zomorrodian curve given in Example 4.1 is projectively
equivalent to the irreducible plane curve X, with affine equation y° + 2% + 23 = 0.
The singular points of X are the origin O = (0,0) and its unique point at infinity
Xoo = (1,0,0), both are triple points. For any pair (\,u) with \> = p? = 1, and
A p € K the map ay ,(z,y) = (Az, py) is in Aut(Ap). All these maps form an abelian
subgroup A of Aut(Xp) of order 27. Moreover, Aut(Xp) contains the map

X i
0[2(5177y): Ev? )
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which has order 3. The subgroup G of Aut(Xj) generated by A together with s is the
semidirect product G = A X (a2), and it has order 81. The center of G has order 3
and it is generated by a; . where ¢ denotes a primitive third of unity. From the proof
of Proposition 4.4, the set Q of fixed points of a; . has size %|G| = 9. Since aj . fixes
the (non-singular) points R; = (—¢%,0) for i = 1,2,3, the remaining 6 points of {2 are
branches (places) with center at the origin O = (0,0), or at the infinite point X of
the z-axis. Since both are triple points, the only possibility is that each such point is
the center of exactly three branches. Let Pj, P>, P3 denote the branches centered at O,
and Q1, Q2, @3 those centered at X.. Then the y-axis (resp. the line at infinity) is the
common tangent to the branches P; (resp. Q;).

Write, for brevity, F in place of K(Xp), and regard K = K(2?) as a subfield of F. A
straightforward computation shows that 23 is fixed by A. Since [F : K| = 27, the fixed
field Fix(A) of A coincides with K. Furthermore, [10, Theorem 6.42] applied to x and v,
viewed as functions in F, gives

div(z) = =3(Q1 + Q2 + Q3) + 3(P1 + P2 + P3),
div(y) = —2(Q1 + Q2+ Q3) + P+ P, + Ps+ Ry + Ry + Rs.

Now, take from F' the function

29— 323 -1 3 3
ooy =

9
Y
x3(x3 4+ 1) -7 er 6

+ 55 = 2% + ap(2®) + a5(2?). (21)

A straightforward computation shows that ¢ is fixed by both A and «as. Therefore, K (t)
is a subfield of the fixed field Fix(G) of G. Furthermore,

div(t)eo =9(P1 + P2+ Ps+ Q1+ Q2+ Q3 + R; + Re + R3).
Since [F : K(¢)] = 81, this shows that K(¢) is Fix(G).

Lemma 8.1. Let L be a function field over K containing F. If v € Aut(L) fizes t, then
preserves F'.

Proof. We first show v(K) = K. Let ¢ = 2% and «(¢) = 6. Then (21) gives y(t) =
(63 —30—1)/(0%+0), and from ~(t) = t we infer y(t) = (€3 -3¢ —1)/(£2 +&). Therefore,

(07 =30 —1)( +€) = (0* +0)(€* =3¢ —1) = (0 —)(OE +E+1)(E + 60 +1) = 0.

From this, either § = ¢, or § = —(§+ 1)/ or § = —1/(£ + 1). These three possibilities
are treated separately.

If v(€) = 6 = ¢ then v(2)3 = 2® whence y(2) = e’z with 0 < i < 2. Hence v(z) € F.
Moreover,
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0="(") +7(a%) +7(2®) =v(1)° + v(€)> + 7€) =)’ + € + E=v(y)° +4°,

whence (y) = vy with v° = 1. Thus v(y) € F, and hence v(F) = F.
If y(&) = 0 = —(£+1)/€ then y(2)3 = —(23 +1)/23. Then v(x)? = (y*/2?)3, whence
y(z) = e (y3/2?) with 0 < i < 2. Thus y(x) € F. Moreover, from y? + 25 + 2% = 0,

14 a3 v\’
0=7(") +7(%) +(") =) + —5— =7(v)" + (E) =0,
whence v(y) = v(—z/y) with v = 1. Thus y(y) € F, and hence v(F) = F.
If v(§) = 0 = —1/(£ + 1) then v(z)> = —1/(1 + 23). Hence v(z)? = (z/y®)3. Thus
y(z) = i (x/y?) with 0 < i < 2. Hence y(x) € F. Moreover, from y° + 25 + 23 = 0,

3

9
0=7(y") +7(2°) +7(2®) =(y)° - Rtk () - (%) =0,
whence v(y) = v(z/y?) with 9 = 1. So v(y) € F, and hence v(F) = F. 0O

We show how to use Lemma 8.1 for the construction of a tower of curves {X;}
with ¢ = 1,2, ..., consisting of extremal 3-Zomorrodian curves of non elliptic type. We
change our notation by setting Fy = K(X)) where Xj is the above elliptic type extremal
3-Zomorrodian curve of genus g(Xy) = 10 given by the affine equation y° + 25 + 2® = 0.
Let t € Fy be defined as in (21).

Now, Fp has a unique maximal unramified abelian 3-extension L in a fixed algebraic
closure Fjy of Fy. This means that

(i) L|Fy is a Galois extension of degree 328(F0),
(ii) L|Fy is an unramified extension,

iii) Ga 0) is an elementary abelian 3-group,
(iii) Gal(L|Fp) i 1 belian 3-g

see, for instance, the survey [18, Section 4.7]. It should be noticed that if both the
extensions L|F and F|K(t) are Galois extensions, the extension L|K(¢) needs not be
Galois. Let L’ the Galois closure of F' over K(t) in Fp, and set I' = Gal(L'|K(¢)). Then
the diagram shows the fields extensions with the relative dimensions which we deal with:

Ll

T/ (81-3%¢(F0))
L
328(Fo)
Fo
81

K()
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Therefore, |T'| = [L' : K(t)] = [L' : L][L : Fy][Fo : K(t)] = [L' : L] -3%8(F0) .81 = [/ :
L] - 328(F0)+4_ This implies that 32¢(F0)+4 divides |I'|. Since T fixes ¢, Lemma 8.1 yields
that T preserves Fy. Since L is the unique maximal unramified abelian 3-extension of Fj
in Fy, this shows that T' preserves L, as well. Let G be the subgroup of Aut(L) induced
by T on L. Then G = T'/% where ¥ is the subgroup of I fixing L elementwise. Since
2| divides [L' : L], it turns out that G contains a 3-subgroup of order 328(f0)+4 On the
other hand, the Hurwitz genus formula applied to the unramified extension L|F gives

o(L) — 1= 380 (g(Fy) — 1) = a2,
From Theorem 3.1, |G| = 329(F0)+4_ Therefore, the following result holds.

Lemma 8.2. The curve Y with function field L is an extremal 3-Zomorrodian curve such
that G is a Sylow 3-subgroup of Aut(Y).

As a byproduct, [L : K(t)] = [L : Fy][Fo : K(t)] = 3290F0)3% = |G| which shows that
LIK(t) is a Galois extension.

Lemma 8.3. The extremal 3-Zomorrodian curve Y in Lemma 8.2 is not of elliptic type.

Proof. Let Gg be the subgroup of G which fixes Xy pointwise. Then the quotient group
G/Gy is an elementary abelian 3-group of order 328(fo) > 9. Therefore, G/G( has more
than four maximal subgroups of index 3, and this holds true for G. From Lemma 5.1,
Ay is not of elliptic type. O

The above construction also works if L is taken for the unique maximal unramified
abelian 3-extension of Fy in Fy where m is any positive integer. Here K has the following
properties.

(i) L|Fy, is a Galois extension of degree 329(Fo)m,
(ii) L|Fp is an unramified extension,
(iii) Gal(L|Fp) is the direct product of 2g(Fp) cyclic groups of order 3™.

Therefore, the construction provides an infinite family of non elliptic type extremal
3-Zomorrodian curves.
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