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sociativity conditions. It is shown that every bimodule herd gives
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definition of a bimodule herd. Every bicomodule coherd defines
a pair of (non-unital) rings. It is shown that a tame B-A bimod-
ule herd defines a bicomodule coherd, and sufficient conditions for
the derived rings to be isomorphic to A and B are discussed. The
composition of bimodule herds via the tensor product is outlined.
The notion of a bimodule herd is illustrated by the example of Ga-
lois co-objects of a commutative, faithfully flat Hopf algebra.
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1. Introduction

In classical geometry a torsor or a principal homogenous space is a G-set X on which the group G
acts transitively and freely. Equivalently, torsors can be defined as sets, termed herds or abstract cosets
(also called torsors), X with a structure mapping X x X x X — X satisfying some axioms; see [21,
p. 170], [2, p. 202, footnote] or [12, Definition 2]. In this formulation, the group G is derived rather
than given from the onset. This reconstruction of a group G from the axioms of herds is standard and
well-known. More generally, a G-principal bundle X can be given a partially defined ternary operation
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that makes it into a pregroupoid [19] or herdoid [18]. To a pregroupoid one can associate its enveloping
groupoid [20] that in the case of a principal bundle coincides with the Ehresmann or gauge groupoid.
For a recent review of these topics see [20].

All these points of view on herds and torsors together with the reconstructions of groups and
groupoids are present in non-commutative geometry. On one hand non-commutative principal ho-
mogeneous spaces and principal bundles are represented by (faithfully flat) Hopf-Galois objects and
extensions or, more generally, coalgebra-Galois extensions. On the other hand the Hopf algebra-free
notion of a quantum torsor was introduced by Grunspan in [16]. That a faithfully flat quantum torsor
is the same as a faithfully flat Galois object was observed in [24]. Independently, the notion of a quan-
tum heap was proposed by Skoda [27], and it has been shown that the category of copointed quantum
heaps (i.e. quantum heaps with a specified character) is isomorphic to the category of Hopf algebras;
this gives the way of reconstructing a Hopf algebra from a quantum heap. The gauge groupoid asso-
ciated to a Hopf-Galois extension or the Ehresmann-Schauenburg bialgebroid was constructed and led
to the development of bi-Galois theory in [23]. The Ehresmann coring for coalgebra-Galois extensions
is described in [7, pp. 392-393]. The need to describe Hopf-Galois extensions led to introduction of
B-torsors in [24] (cf. [25, Section 2.8]), while the fully symmetric Hopf-bi-Galois theory necessitated
studies of A-B torsors in [17, Chapter 5] (these can be understood as non-commutative counterparts of
pregroupoids or herdoids). The most recent step in the approach to describing Galois-type extensions
in terms of torsors was made in [3], where (faithfully flat) bi-Galois objects for coring extensions were
described in terms of (faithfully flat) pre-torsors.

In all these algebraic approaches to torsors, a non-commutative torsor or a non-commutative prin-
cipal bundle or a Galois-type extension is assumed to be an algebra with additional structure. Yet,
Galois comodules for corings [13] have been recently shown to be an effective, general and unifying
framework for the Hopf- and coalgebra-Galois theory; see [5,8,29]. The aim of the present paper is
to introduce and study bimodule herds, i.e. torsor-like objects that are not assumed to be algebras,
and to show their close relationship to Galois comodules. By using the terminology which refers to
the older notion of herds (or flocks) on sets,! we want to stress that objects we study are no longer
algebras (and hence are more general than previously studied torsors). At the same time we avoid a
term torsor which might have been used in too many different contexts. On the other hand, as we
will mention later and show in the last section of this paper, our notion in an abstract sense unifies
the classical notion of herds or torsors with the non-commutative torsors.

We begin in Section 2 by defining what a bimodule herd is. The definition of a bimodule herd
involves a bimodule and its dual. To keep the situation completely symmetric rather than consider-
ing one-sided duals with apriori no clear reason which side should be preferred, we consider a formal
dual as given by evaluation and coevaluation maps in Definition 2.1. This is very reminiscent of Morita
contexts and we discuss this relationship, by relating surjectivity of (co)evaluation maps with progen-
erator properties. Next we define a (tame) bimodule herd as a bimodule with a formal dual, called
a pen, and a unital and coassociative structure map, called a shepherd, in Definition 2.4. It is shown
that in this very general setup one can associate two corings to a bimodule herd; see Corollary 2.8.
These corings can be understood as “gauge corings” associated to a bimodule herd. The first main
result of Section 2, Theorem 2.16, reveals that in the tame case, each of these corings comes from an
entwining structure. Thus, although a bimodule herd is defined by purely module-theoretic means and
its definition makes no use of coalgebraic notions, tame bimodule herds are a source of corings and
entwining structures. In fact Theorem 2.18 and Remark 2.19 show that tame bimodule herds can be
identified with finite Galois comodules of corings associated to entwining structures. The approach to
Galois theory through bimodule herds is fully left-right symmetric and hence lays foundations for the
theory of bi-Galois comodules.

In Section 3 we formally dualise the notion of a bimodule herd, and define bicomodule coherds.
These are bicomodules of two corings with a counital and associative structure map. Although bico-
module coherds might seem at first as a mere dualisation of bimodule herds, the main reason for

1 The term herd is the English translation of the German Schar of Priifer [21] and Baer [2], advocated by Johnstone in [18].
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their introduction is revealed in Theorem 3.4, where it is shown how a coherd can be associated to a
tame bimodule herd.

Section 4 is devoted to the description of ways in which two bimodule herds can be composed.
It turns out that the composition via the tensor product is possible whenever the associated corings
can form a smash coproduct. Various facets of bimodule herds discussed in this paper are illustrated
in Section 5 by Galois co-objects for (commutative) Hopf algebras. As these objects are not algebras,
even in this simple case, the use of bimodule herds (rather than previously studied torsor and pre-
torsor algebras) becomes inevitable. The composition of Galois co-objects is shown to coincide with
the composition of corresponding bimodule herds.

The paper is supplemented with an appendix, in which we describe a categorical formulation of
bimodule herds. This is in-line with recent resurgence of interest in categorical aspects of module
and comodule theory, and also indicates a categorical framework which unifies bimodule herds with
standard geometric (or set-theoretic) herds. A different approach to the categorical formulation of
pre-torsors is given in [4].

Notation. Throughout the paper, M; denotes the category of right R-modules and right R-linear maps
where R is a unital associative ring. Similarly, we use notations gM for the category of left R-modules
and MC for the category of right comodules over an R-coring C. For an R-coring C, Ac denotes the
coproduct and &¢ denotes the counit. We refer to [1] and [9] for comprehensive introductions. If X
is an object in a category, then X is also used to denote the identity morphism on X. Simple tensors
often represent a finite sum of simple tensors.

In Sections 2-4, R and S are unital associative rings, and

o:R— A, B:S— B,

are maps of associative unital rings. All A-, respectively B-modules are understood as R-, respectively
S-modules via o, respectively f.

2. Bimodule herds

In this section the definition and fundamental properties of bimodule herds, including their rela-
tionship with Galois comodules, are given.

Formal duals. In the definition of a bimodule herd one needs to use a bimodule and its dual. We
formalise this by introducing the notion of a formal dual. This might be well known to ring and
module theorists; the definition and basic properties of formal duals are included for completeness
and for fixing the notation.

2.1. Definition. Let T be a B-A bimodule. An A-B bimodule T is said to be a formal dual of T if there
exist an A-bimodule map

ev: T®5 T— A,
and a B-bimodule map
&:T®rT— B,

rendering commutative the following diagrams:
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~ &V®sT
TORT®sT ——> B®sT

TWVi l 21)

TQ®rA T,

~ ~ ’T\®s€v A
TQ@s TQRT — > T ®s B

ev ®RT i i (2'2)

o~

A®rT T.

Here the unlabeled arrows correspond to A- and B-multiplications on T and T.

If T and T are bimodules forming a Morita context, then T is a formal dual of T. Also, if B =
End,(T), then T* = Homyx (T, A) is a formal dual of T (with ev the evaluation map, and éV the coeva-
luation map).

2.2.Lemma. Let T be a B-A bimodule and T an A-B bimodule.

(1) Suppose that T is a formal dual of T. Write T* for Homx (T, A) and *T for Hompg(T, B).
(a) The map év is surjective if and only if T is a finitely generated and projective right A-module, a faithful
left B-module and the map

VT T R [x+—> ev(X ®s 0],

is an isomorphism of A-S bimodules. If this happens, then Tisa generator as a right B-module, and
the map

T®T—B, X®aX+— V(XQrR),

is an isomorphism of B-bimodules.
(b) The map ev is surjective if and only if T is a finitely generated and projective left B-module, a faithful
right A-module and the map

o~

MT>*T, X [x—> &V(x ®rX)].

is an isomorphism of R-B bimodules. If this happens, then Tisa generator as a left A-module, and
the map

TRsT — A, X Qp x> ev(XRs X),

is an isomorphism of A-bimodules.
(2) The functors — ®p T : Mp — My and — ®4 T: M, — Mg determine a pair of inverse equivalences (i.e.
T is a progenerator as right A-module and B = End4(T)) if and only if/f is a formal dual of T such that
both maps ev and év are surjective.

Proof. (1)(a) Assume that the map &v is surjective and let e; € T, & € T be such that
&v(Y_;e; ®g €;) = 1p. Then, for all xe T,
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D er(@X) =) eiev(e;®sx) =Y Eule; QrEX=X,
i i i

where the penultimate equality follows by (2.1). This means that {e; € T, A(€;) € T*} is a finite dual
basis for the right A-module T. Using the above calculation, right A-linearity of ev and (2.2) one
easily verifies that the map

LT ST, fe )y flene,
i

is the inverse of A.
Let ¢ : B — Enda(T) be defined by b + [x+ bx]. Using diagrams (2.1) and (2.2) and the definition
of e;, € one can verify that

€1 Enda(T) > B, s> Y &V(s(e;) ®r @),

1

is the inverse of . Thus, in particular, € is injective, ie. T is a faithful left B-module. Combining ¢
with A and the fact that T is a finitely generated and projective right A-module, the map T®4 T — B,
X®a X+ 6V(X ®gX) is recovered as a chain of isomorphisms

T®AT=T®4 T* = Enda(T) = B.

Finally, take any right B-module map f: M — N such that Homg (T, f)=0. Then, in the view of just
proven isomorphism,

Homa(T,Homp(T, f)) =0 < Homg(T®4T,f)=0 < Homp(B,f)=0 < f=0.

Therefore, T is a generator of right B-modules.

In the converse direction, assume that T is a finitely generated and projective right A-module,
A is an isomorphism and that the map ¢ : B — End4(T) is a monomorphism (i.e. T is a faithful
left B-module). Let {e; € T, ej € T*} be a dual basis for right A-module T. The commutativity of
diagram (2.1) implies that the following diagram

T@rT T®aT

&v iT®AK
4

B———————————Endg(T) =<——T®usT*

is commutative. The unmarked arrow in the top row is the canonical surjection, while the unmarked
arrow in the bottom row is the standard coevaluation map. Apply the clockwise composition to
> ;ei®g A7 (e}) to obtain an endomorphism of T,

X Z eik(k_1 (ef))x) = Z eief(x) = x.

Since ¢ is a monomorphism, the preimage of this map is the unit element of B, i.e. 13 =év(}_;e; ®r
A1 (e7)). Since év is a B-bimodule map, the above equality implies that év is a surjective map.

The assertions (1)(b) are proven in a symmetric way.

(2) Suppose first that év and ev are surjective. Then we know by part (1), that év and ev induce
well-defined bijective maps T ®4 T — B and T®B T — A. One can easily check that these induced
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maps form a Morita context between A and B, which is strict by construction and hence the cate-
gories M4 and Mp are equivalent.

Conversely, if the functors — ®p T and — ®4 T induce an equivalence between the categories
Mg and My, then this equivalence is induced by a Morita context (B,A,T,T,pc,t). By putting
ev:T®s T — T ®3 T — A, where the first map is the cannonical projection and the second map
is the Morita map, and similarly év: T ®g T>T R4 T — B, we find that T is a formal dual of T such

that ev and év are surjective. O

2.3. Corollary. Let T be a B-A bimodule with a formal dual T If both ev and év are surjective, then

(1) T is faithfully flat as left S-module if and only if B is faithfully flat as left S-module.
(2) T is faithfully flat as right R-module if and only if A is faithfully flat as right R-module.

Proof. (1) Suppose that B is faithfully flat as a left S-module. Since ev and év are surjective, — ®p
T:Mp — My is an equivalence of categories (see Lemma 2.2), hence T is faithfully flat as a left
B-module. Therefore, sT = sB ®p T is faithfully flat as well.
Conversely, the surjectivity of ev and év implies that — ®4 T:Ma — M; is an equivalence of
categories, hence Tis faithfully flat as a left A-module, so sB=sT ®4 Tis faithfully flat as well.
Part (2) is proven in a symmetric way. O

B-A herds and associated corings. The main object of studies of this paper is given in the following

2.4. Definition. Let T be a B-A bimodule with a formal dual T. T is called a bimodule herd or sim-
ply a B-A herd provided that there exists an S-R bimodule map ¥ : T — T ®g T ®s T rendering
commutative the following diagrams

T ———————— > TR T®sT

;l ie‘v@sr (23)
BRsT

ST —— BRs T,

14 ~
T —————————>T®rTQsT

= l/ \L T®rev (2-4)
TQ®ro

TR R —— = T Qr A,

12 ~
T TRRT®sT
VJ/ J/y@ﬁ@sr (2.5)
b T@r®sT®sy ~ =
TRrT®sT TORTRsTOrT®sT.

The map y is called the shepherd, and the formal dual T is referred to as the pen.
The bimodule herd (T, y) is said to be tame provided T satisfies conditions of Corollary 2.3, i.e.
the maps ev and év are surjective and T is faithfully flat as an R- and S-module.

2.5. Notation. Let T be a formal dual of a B-A bimodule T, and let y:T—>TQr T ®s T be an S-R
bimodule map. The application of y to an element x € T is denoted by
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y®) =x" @ x? @5 x3

(summation implicit). Given y, define

14 —~ _~
Ya: T ————=T@rT®sT ———>T®sT®sT,

and

14 ~ -
YB: T ———TQrTQsT —TRrT®pT,
where the second maps are the canonical surjections.
2.6.Lemma. Let T be a formal dual of a B-A bimodule T, and let y : T — T ®g T ®s T be an S-R bimodule
map. If y satisfies property (2.3), then y, is a right A-module map. If y makes (2.4) commute, then yp is a
left B-module map.
Proof. The A-linearity of y4 is proven by the explicit calculations that use diagram (2.3) in the second

and the last equalities, diagram (2.2) in the third equality, and diagram (2.1) in the fifth equality. For
allae Aand xeT,

yaa=x" @ x? @5 x%a
—xV @, X<2>eAv((x<3>a)<1> R (x<3>a)<2>) ®s (x¥a)
—x u ev(x<2> ®s (x<3)a)<l))(x<3)a)<2> ®s (x<3>a)
=xVev(x? @5 (x¥a) ") @4 (x¥a)? @5 (xPa
_ @(Xm Ok X(2>)(X<3>a)<1> ®n (x<3)a) (2) ®s (X<3>a)(3>
=ya(xa).

The second statement is proven by symmetric arguments. O

2.7. Proposition. Let T be a formal dual of a B-A bimodule T, and let y : T — T ®g T ®s T be an S-R
bimodule map.

(1) Assume that the map y makes diagram (2.3) commute. For all right A-modules N, the map
OnHoma(T.N)@sT > N@aT®sT,  f®sx+> (f@aT ®s T)(ya).
is an isomorphism of right A-modules, natural in N. In particular, writing T* = Homa (T, A),
T*@sT=T®sT,
as A-bimodules. Furthermore, the following diagram

5T4>T®5T

\/
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in which the unmarked arrow is the evaluation map, is commutative. Finally, if T is completely faithful as
a left S-module, then T = T*,
(2) Assume that the map y makes diagram (2.4) commute. For all left B-modules N, the map

On:T ®rHomp(T,N) > T@rT®pN, x®g f> (T®rT ®p f)(ys®),

is an isomorphism of left B-modules, natural in N. In particular, writing *T = Hompg (T, B),

TRR*T=TQrT,

as B-bimodules. Furthermore, the following diagram

T Qg *T S T®rT .,

N

in which the unmarked arrow is the evaluation map, is commutative. Finally, if T is completely faithful as
aright R-module, then T = *T.

Proof. (1) By Lemma 2.6, ®y is a right A-module map. The inverse of ®y is given by

Oy :N®aT®sT —>Homa(T.N)®sT, n®aX ®sx+> ni(R) ®sx,

where A :j": — T* X+ [x > ev(X ®s X)] is the map described in Lemma 2.2. Indeed, first, for all
neN,XeT and xeT,

ON o O (N®aR ®sX) =nr(R)(x'V) ®4 %P @5 x)
=n®aev(X ®sx1)x? @5 x8
=n@axev(x' @p x¥) @5 x®
=n®aX Qs X,

where the third equality follows by (2.2) and the final equality by (2.3). Second, for all f €
Homu(T,N) and x€ T,

Oy 0 ON(f ®s %) = f(xT)A(x?) ®s x®)

= f(x") ev(x'? @5 —) ®s x
= f(xMev(x? ®s —)) ®s x
— S @1 )-) @5 57
= [ ®sx,

where the third equality follows by the right A-linearity of f, the fourth equality is a consequence of
(2.1), and the final equality follows by (2.3).

The forms of @y and O 1 imply immediately that these maps are natural in N. The commutativity
of the triangle diagram follows by the following direct calculation, for all f € Homx4(T, A) and x€ T,
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ev(Oa(f ®s %) = ev(f (x1)x? @5 x) = f(xV ev(x? ®5x?)) = f(eV(x") @ x?)xP)) = f(x),

where the second equality follows by the right A-linearity of f and the left A-linearity of ev, and the
last equality is a consequence of (2.3).

Finally, note that @);1 =1 ®s T. The tensor functor — ®s T of a completely faithful module reflects
exact sequences (see [1, p. 233]), hence it also reflects isomorphisms. Thus, if T is a completely faithful
left S-module, A is the required isomorphism.

The statement (2) is proven by symmetric arguments. O

Since, in the definition of a bimodule herd, the pen T appears only in the forms T ®s T and
T ®g T, Proposition 2.7 implies that a posteriori the definition of a bimodule herd does not depend on
the choice of a formal dual of T.

2.8. Corollary. Let (T, y) be a B-A herd.

(1) The A-bimodule C = T ®s T =T* Qs T is an A-coring with coproduct

Ac X ®@s XX ®s Ya(X),

and the counit &¢ = ev. T is a right C-comodule with the coaction ya.
(2) The B-bimodule D=T Qg T =T ®g *T is a B-coring with coproduct

Ap :XQrX+— VB (X) R X,
and the counit ep = év. T is a left D-comodule with the coaction yg.

Proof. (1) The maps @y in Proposition 2.7 establish an isomorphism of functors @ : Homa (T, —) ®s
T — —®4 T ®s T. The domain of @ is a comonad on the category of right A-modules, hence so is
the codomain of @. This implies that T ®s T is an A-coring with the described comultiplication and
counit.

For a less categorical proof, one can use the following direct arguments. By the definition of the
map ev and Lemma 2.6 both the coproduct and counit are A-bimodule maps. The coassociativity
of Ac follows immediately by diagram (2.5). The equality (¢¢ ®4 C) o A¢c = C is an immediate
cosequence of diagram (2.4). The other counitality property, (C ®4 &¢) o A¢ =C, is established by
converting ev to év with the help of the diagram (2.2), and then by using (2.3).

By Lemma 2.6, y4 is a right A-module map. It is coassociative by (2.5) and is counital by (2.4).

The assertion (2) is proven by symmetric arguments. O

2.9. Example. Take a finitely generated projective right A-module T, and set B =End4(T) and R = A.
Let T =T*. Then T is a bimodule herd with

y:T>T®sT®sT, XHZEi@Afi®SX,

1

where e; € T, fie T is (any) finite dual basis for T. The coring C is simply the (finite) comatrix
coring [13].

2.10. Example. Let Sbea ring, possibly without a unit. We say that a right S-module M is firm if and
only if the multiplication map induces an isomorphism M ®§§—> M. A ring is called firm if it is firm
as a left, or equivalently right, S-module. If S has a unit, then firm modules are exactly the unital
modules. The category of all firm right modules of S and S-linear maps between them is denoted
by Ms.
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A right A-module T is said to be §ﬁrmly projective [28] if it is an S-A bimodule that i is firm as a
left S-module, and if the functor — ®s T : Mg — My has a right adjoint of the form —®4 T, where T
is an A-S bimodule that is firm as a right S- -module. Denote the unit of the adjunction by 7 and the
counit by €. Then 7z : ST ®aT and €4: T ®sT— A If S has a unit, then an S- -firmly projective
right A-module is precisely a finitely generated and projective right A-module.

Let T be an S-firmly projective right A-module and use notation as above. Let S be the Dorroh-
extension of S, which is a ring with unit. One can easily observe that M @ N =M ®s N for M € Mg
and N e M. Furthermore, T is a formal dual of T, having ev=¢€4, R=A, B=End4(T) and éV:T ®4
T B, ev(x ®aX)(¥) =x€4(X ®s y). Finally, T is a bimodule herd, where the shepherd y =n7: T —
T®sT®aT, is the unit of the adjunction on T. The associated A-coring C is the comatrix coring
associated to the firm bimodule T as defined in [15]. The associated B-coring D coincides with the
construction of a coring out of a firm ring that is an ideal in a unital ring (see [6, Theorem 1.6]).

2.11. Example. Let C be an R-coring, and let v : C g A — A ®g C be an R bimodule map entwining
C with A. This means that ¢ satisfies the following conditions

Yo (C®rua)=(Ua®rC)o(A®R V¥)o (¥ ®r A), Yo(C®ra)=a®gC,

(AQRAC) oy = (¥ ®r C) o (CRR ¥) o (Ac ®r A), (A®réc)o¥ =¢&c ®r A,
where pa: A®gr A — A is the multiplication in the R-ring A (with unit o : R — A).
Set C := A®g C to be the A-coring associated to this entwining structure. Assume that T is a finite

Galois (right) comodule of C. This means that T is a right C-comodule that is finitely generated and
projective as a right A-module and that the canonical map

can:T*®sT—>C=A®rC, f®s x> f(x0) ®r X1),
where S = EndC(T), is bijective (an isomorphism of A-corings). Here x — x(o) ®g X(1) (summation
implicit) denotes the coaction of C on T (the C-coaction is then x — Xy ®4 14 ®r X(1)). Set B =

End4(T), T=T4&:T QrT* > T®RaT*=B,and ev: T*®s T — A the standard evaluation. Consider
the translation map

T:C>T"®sT, c>can~ (14 ®gC).

Then T is a bimodule herd with the shepherd

y:T>TRrT*®sT, X X©0) QR T(X(1))-

Proof. Since y is a composition of left S-module maps, it is a left S-module map. For all a € A and
c € C, write

V¥ (c®ra) ZZGV, ®rc’.
v

The right A-linearity of can™! implies that, for allae A and c € C,

T(0)a= Za]/,t(c‘/'). (2.6)
¥

In particular, for all r € R, T(c)a(r) = a(r)T(c), i.e. the image of T is in the centraliser of R in T*®s T.
Since the coaction of A®g C on T is right A-linear, and the right A-multiplication in A ®g C is given
through v, the equality mentioned above yields, for all xe T and r € R,
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y (x1) = (xr)0) ®& T () 0)) = Y _ X0)Ty Bk T(XE[/])) =X©O)F ®r T(X(1)) =X0) Or TX@)r =y T
v

This proves that y is a right R-module map.

Let {e; € T, ef € T*} be a dual basis. Identifying B with T ®4 T* we can identify 1 with
Y iei®a e;. Take any x € T and apply the identity map (T ®x can~ 1) o (T ®4 can) to >iei®a ef ®s X
to conclude that

X0) ®a T(X1)) = Zei ®a e ®s x.

1

This means that the map y makes the diagram (2.3) commute. Next, take any c € C, and evaluate the
identity map canocan~! on 14 ®g ¢ to obtain evoT = « o &c. This equality then yields, for all x € T,

X0 ®r ev(T(x1))) = x(0) ®r @ (ec(X(1))) =X ®k 14,

i.e. the diagram (2.4) is commutative. The commutativity of diagram (2.5) follows by the C-colinearity
oft. O

2.12. Neotation. Given a B-A herd (T, y) with a pen T, define an R-bimodule C as the equaliser

(eveRrT®sT)o(T®sY)
C——=TQ®sT ARRT ®sT. (2.7)
a@rT®sT

Symmetrically, define an S-bimodule D as the equaliser

(T®RT®s&)o(y ®rT)
D——=T®rT TQrT ®s B. (2.8)
TRRT®sH

2.13. Proposition. Let (T, y) be a B-A herd. Define C by the equaliser (2.7) and D by the equaliser (2.8).
(1) If the equaliser (2.7) is a Tg-pure equaliser (i.e. if it is preserved by the functor T ®g —), then
C=T®sT=A®C,

as A-R bimodules.
(2) Ifthe equaliser (2.8) is a s T-pure equaliser, then

D=T®rT=D®sB,
as S-B bimodules.
Proof. (1) Set
a=TRRa@rT®sT, k=T®g ((ev®rT ®sT)o(T®s7y)),

and note that, for all xe T,
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Koy @) =x1 @ ev(x? @5 xPM) @ xF@ g B
=X @ ev(xN? @g x DB @ x? @ x
=x1 @g 14 ®¢ x? @5 x"
=doy(X).
The second equality follows by (2.5), and the third one is a consequence of (2.4). Since the

equaliser (2.7) is Tg-pure, and x and & are the equalised maps tensored with Tg, we conclude that,
forall xeT,

yx)eT®gC.

Hence we can define

0:T®sT—>AR®C, 0=(everT ®sT)o (T ®sy).

The map 6 is left A-linear, since ev is left A-linear, and it is right R-linear since y is right R-linear.
Furthermore, the map 6 is bijective with the inverse

071 AQRC—>T®sT, a®RZ?i®in'—>Za/X\i®sxi~
i i

Indeed, for all Xe T and x e T,

07 100(R ®sx) = ev(X ®s xm)x<2> ®s x3 :’)?é?/(xm ®R x<2>) ®sx¥ =% ®sx,

where the second equality follows by (2.2), while the last equality is a consequence of (2.3). Second,
forallae A and ) ;X Qs x; € C,

006! (a ®R Z?z ®s Xi) = Zev(a’fi ®s X,m) ®R X,§2> ®s X,@
i i

= aev(zi\i ®s Xim) ®R X,Q) ®s X,§3>
i

=a®r Z/X\z ®s Xi,

1

where the A-linearity of ev is used in the first equality, and the last equality follows by the definition
of C.

Statement (2) is proven by symmetric arguments. 0O
2.14. Lemma. Let (T, y) be a B-A herd.

(1) The equaliser (2.7) tensored with Ty is a split equaliser. Consequently, if T is a faithfully flat right R-
module, then (2.7) is a pure equaliser in M (i.e. tensoring it with any left R-module V gives an equaliser).

(2) The equaliser(2.8) tensored with sT is a split equaliser. Consequently, if T is a faithfully flat left S-module,
then (2.8) is a pure equaliser in sM.
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Proof. (1) Denote the equalised maps in (2.7) by ¢¢ and &¢ and set as before

@=T®r{c=TOra®rT®sT, «k=T@réc=T®k (VAT ®sT)o(T®sY¥)).

Define

e TORARRT®sT - TRrT ®s T, XQRAQRX ®s Y — Xa Qr X Vs V.

Obviously, mcoa@ =T Qg T ®s T. Furthermore, for all x, ye T and X e T,

K oTc OK(y ®R/X\®S X) — er(/X\ ®s X(])) ®R EV(X(Z) s X(3)(1>) ®R X(3><2) ®s X(3)(3)
— yev(&\ ®s X(1><1)) ®r EV(X<1><2) ®s X(1><3>) ®r X2 ®s x3
=yev(X ®sx'") @r 14 @k x @5 x?

=qomcok(y®rX Qs X),

where the diagram (2.5) is used to derive the second equality. The third equality follows by (2.4).
This proves that T ®g ¢c and T ®g &c is a contractible pair, hence (2.7) tensored with Ty is a split
equaliser.

Assume now that T is a faithfully flat right R-module. Since Ty is flat, T ®p C is the equaliser of
T ®r ¢c and T ®g &c. The latter is a split, hence absolute, equaliser of right R-module maps, thus, for
all left R-modules V, T ®g C®g V is the equaliser of T Qg ¢c ®g V and T Qg &c ®r V. Since faithfully
flat modules reflect equalisers, we conclude that C ®g V is the equaliser of {c ®g V and & ®g V. This
means that (2.7) is a pure equaliser of right R-module maps.

(2) This is proven by symmetric arguments. In particular, the splitting morphism is

JTDIT(X)R/T\(X)SB(X)ST—)T@R?@ST, XQrRX Qsb®@s y > XxQrX s by. O

Recall that, for any (unital associative) rings K and L, a ring map K — L is called a split extension
if it is a K-bimodule section.

2.15. Lemma. Let (T, y) be a B-A herd.

(1) If o is a split extension, then the equaliser (2.7) is a split (hence pure) equaliser of R-bimodules.
(2) If B is a split extension, then the equaliser (2.8) is a split (hence pure) equaliser of S-bimodules.

Proof. This lemma is proven by calculations similar to that in the proof of Lemma 2.14. If 7o, : A— R
is an R-bimodule map such that L T 00t = R, then the splitting morphism for the equaliser (2.7) is
e ARR T®5 T — T®5 T, a @R X ®s X — (@)X ®s x. Symmetrically, if mg:B— SisanS- blmodule
map such that g o g =5, then the splitting morphism for the equaliser (2.7) is wp : T ®g T®sB—
T®RT X®RX®5b0—>X®RX7T/3(b) O

2.16. Theorem. Let (T,y) be a B-A herd, and let C be defined by the equaliser (2.7) and D by the
equaliser (2.8).

(1) Assume that
(i) T is a faithfully flat right R-module and A is a faithfully flat right (or left) R-module, or
(ii) « is a split extension.
Then:



T. Brzeziriski, J. Vercruysse / Journal of Algebra 321 (2009) 2670-2704 2683

(a) Cisan R-coring with coproduct

Ac:C—C®gC, Z’%@MH%@H/(XI‘),

1

and counit ec = ev|c.
(b) C is entwined with A (over R) by themap  : C g A —> A®g C,

Y Ri®sxi@rar Y ev(Ri®s (%)) @k i) @5 (@),

1 1

(c) Tisaright (A, C, y)g-entwined module with the coaction y.
(2) Assume that

(i) T is a faithfully flat left S-module and B is a faithfully flat left (or right) S-module, or
(ii) B is a split extension.

Then:

(a) D is an S-coring with coproduct

Ap:D—>D®rD. Y xi®rXi— ¥(X)®rXi,

1

and counit ep = éV|p.
(b) B is entwined with D (over S) by themap ¢ : B®s D — D ®s B,

Y b@sxi@rFi> Y (bx)'V @k (bx)? @5 &((bx) R X;).

1 1

(c) Tisaleft (B, D, ¢)s-entwined module with the coaction y .

Proof. (1)(a) Under either of the hypotheses, the equaliser (2.7) is Tr-pure, thus, as explained in the
proof of Proposition 2.13, y(T) € T ®g C. Consequently, Ac(C) € T ®s T Qg C. Furthermore, writing
as before ¢¢ and &¢ for the maps equalised in (2.7),
(6c®rC)oAc=(ev@RrT ®s T ®r C) o (T ®s ¥ ®k O) o (T ®s ¥)lc
=(everT ®s T®r O) o (T®s T®r T ®s ) o (T ®s ¥)lc
=(A®rT®sy)o(ever () o(T®sy)lc
=(A®r T ®sy)o(@® C)

={c®rC)oAc,

where the second equality follows by diagram (2.5), and the fourth equality is a consequence of the
definition of C. In view of Lemma 2.14 (in the case of hypothesis (i)) or Lemma 2.15 (in the case of
hypothesis (ii)), the equaliser of right R-module maps ¢¢ and &, i.e. the equaliser defining C, is a
pure equaliser, hence A¢(C) € C ®g C. Therefore, Ac is a well defined R-bimodule map C — C ®g C.
It is coassociative by diagram (2.5).

For any c € C,

(everT ®s T)o (T ®s ¥)(c) =14 ®r .
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Applying A ®g ev to this equality and using (2.4) we immediately obtain

14 ®r ev(c) =ev(c) ®g 14.

If A is a faithfully flat right or left R-module (hypothesis (i)), the above equality implies that, for all
c € C, ev(c) € R. On the other hand, if there is an R-bimodule map 7, : A — R such that 7y o =R,
then applying it to both sides of the above equality one concludes that ev(c) = (« o gy o ev)(c),
i.e. ev(c) € R as needed. That &c = ev|c is a counit for A¢ follows by the definition of C and dia-
gram (2.4).

(1)(b) and (1)(c). By either of the hypotheses, C is defined by a Tg-pure equaliser. Thus, by Propo-
sition 2.13(1), AQr C = T®s T as A-R-bimodules. Using the explicit form of this isomorphism in the
proof of Proposition 2.13(1), one easily finds that the induced right A-module structure on A ®g C is,
forallae A, ceC,

(1a®r0)a:=0(0""(1a ®r 0)a) = ¥(c @r a).

Furthermore, the induced (i.e. compatible with the isomorphism 6) A-coring structure on A ®g C
comes out as A ®g Ac and A ®g &c. This implies that C is entwined with A by ¢ (cf. [7, Proposi-
tion 2.1]). Since T is a right T®5 T = A ®g C-comodule with the coaction yy4, it is a right entwined
module. The induced C-coaction (T ®4 0) o Y4 comes out as y.

The assertions (2) are proven by symmetric arguments. O

2.17. Remark. The observations of Theorem 2.16 under the hypotheses (ii) are a bimodule version of
the construction of a Hopf algebra from a (copointed) quantum heap in [27]. More specifically, let H
be a quantum heap (over a commutative ring k) with the structure map y : H - H ® H ® H, and
let m, : H— k be an algebra character. Then H is a k-k bimodule herd, and let C be the associated
k-coring (coalgebra). Then the map 7y Q¢ H|c : C — H is an isomorphism of coalgebras with the
inverse (ty @k H @k H) o y.

Herds and Galois comodules. The following theorem, which is the main result of this section, estab-
lishes tame B-A-herds as a way of describing finite Galois comodules.

2.18. Theorem. Let T be a B-A bimodule that is a progenerator as a right A-module, B = End4(T), and
assume that

(i) Ais a faithfully flat right R-module and B is a faithfully flat left S-module, or
(ii) o and B are split extensions.

Then the following statements are equivalent:

(a) T is a (tame) bimodule herd.

(b) There exists a right entwining v : C g A — A ®g C over R such that T is a right Galois comodule over
C = A®g C with S = End®(T).

(c) There exists a left entwining ¢ : B ®s D — D ®s B over S such that T is a left Galois comodule over
D =D ®s B with R = End®(T).

Proof. (a) = (b) Theorem 2.16 implies that there is an entwining as stated and that T is a right
entwined module (i.e. a right comodule of the coring C = A ®p C) with coaction y (note that by
Corollary 2.3, Ty is faithfully flat under condition (i)). By construction, T* ®s T = A ®g C, with the
isomorphism described in the proof of Proposition 2.13 which,with the choice of the coaction on T,
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coincides with the map can. Thus it only remains to identify S with the endomorphism ring EndC(T).
Since B =Enda(T), EndC(T) is a subalgebra of B consisting of all s € B such that, for all x T,

sy (%) =y (sX).

Obviously, S € End®(T). Apply the map évV®s T to this equality and use diagram (2.3) to find that

S®sXx=15 Qs SX. (2.9)

If hypothesis (i) holds, then B is faithfully flat as a left S-module and—by the fact that B is an
endomorphism ring of a progenerator—T is a progenerator of left B-modules, T is also faithfully
flat as a left S-module. Thus the equality s ®s x = 15 ®s sx, for all x € T, implies that s € S, hence
S = End€(T).

On the other hand, suppose that there is an S-bimodule map 7g : B — S, such that 7go 8 =S.
Combining 74 with the inclusion EndC(T) CEnda(T) = B, we obtain a map 7 : EndC(T) — S. Clearly,
7 is a retraction for the inclusion S C Endc(T). If we apply g ®s T to (2.9), then we find 7 (s)x = sx,
which means exactly that S = Endc(T).

(b) = (a) Follows by Example 2.11.

The equivalence of (a) and (c) is proven by symmetric arguments. O

2.19. Remark. With the assumptions of Theorem 2.18, there is a bijective correspondence between the
following sets:

(a) the set of shepherds y : T > TQrT*®s T;

(b) the set of right entwining structures ¢ : C g A — A ®g C over R such that T is a right Galois
comodule over C = A ®g C with S = EndC(T);

(c) the set of left entwining structures ¢ : B ®s D — D ®s B over S such that T is a left Galois
comodule over D =D ®s B with R = EndD(T).

Starting with y one constructs the R-coring C € T*®s T and entwining v as in Theorem 2.16. The
translation map 7:C — T* ®s T (cf. Example 2.11) is simply the obvious inclusion, and since the C-
coaction on T is given by y, the procedure of obtaining a shepherd from t described in Example 2.11
reproduces y.

Starting with an entwining map v and the translation map 7 : C — T* ®s T, one defines y as in
Example 2.11. Using the fact that 7(c) =can~1(14 ® ¢) one easily finds that the image of 7 is in the
R-coring C defined by equaliser (2.7). The corestriction of T establishes then an isomorphism of C
with C. Explicitly, the inverse of 7 is C 3 }_; f' ®s x' = 3_; f'(x{y))x{;). By Theorem 2.16 there is an
entwining map ¥ : C ®g A — C Qg A. Using the A-linearity of T, (2.6), one finds that the composition

TQRA _ ¥ _ A®pT™!
CRRA———>CQrA —> AQr(C —— AR®RC,

equals .

2.20. Remark. In some interesting situations, condition (ii) of Theorem 2.18 implies already con-
dition (i). This can be seen as follows. Let T be a B-A bimodule that is a progenerator as right
A-module. Then, by applying the Hom-tensor relations, we obtain the following natural isomorphisms

sHom(T, —) = sHom(B ®p T, —) = s Hom(B, Homx (T, —))
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sHom(B, —) = s Hom(T ®4 T, —) = s Hom(T, Homg(T, —)).
Therefore, sB is projective if and only if sT is projective. Under this projectivity condition, sB is
faithfully flat if and only if 8 is a split monomorphism of left S-modules; see [22, 2.11.29].
Similarly one proves that Ag is projective if and only if Ty is projective. Under this condition,
Ap is faithfully flat if and only if ¢ is a split monomorphism of right R-modules.

In particular, if sB and Ar are projective and, o and S are split extensions (condition (ii) of
Theorem 2.18), then sB and Ay are faithfully flat (condition (i)).

3. Herds versus coherds

By formally dualising the definition of bimodule herds, the notion of a bicomodule coherd is intro-
duced. It is shown that a tame bimodule herd is also a bicomodule coherd of corresponding corings.

Bicomodule coherds.
3.1. Definition. Let C be an R-coring and D an S-coring. Consider a bicomodule (X, pP-X, p%:C) e

DMC. A bicomodule (X, pC-X, pX:P) € CMP is called a companion of X if there exist a C-bicomodule
map

cov:C— X ®s X,
and a D-bicomodule map

cov:D — X®g X,

such that the following diagrams commute,

pXC
X X®rC
puxl lXtX’RCOV (31)
D® X ———— X@r X®s X,
CoV®s X
_ pCX _
X C®rX
pXD l lcov@R)_( (3.2)
X®D————> X®s X®r X.
X®scov

Furthermore, a D-C bicomodule X with a companion X is called a bicomodule coherd if there exists
an S-R bimodule map

X XQrX®s X — X,

rendering commutative the following diagrams,
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X®pcov _
XQrC — XQr X ®s X
X®Rréc l i){ (33)
X®RrR — X,
cov®s X

D®s X ————— X®Qp X®s X

emxl lx (3.4)

S®s X = X,
_ _ XQrX®s X _
XRQRXQs XQrXQ@s X — = XRrXQ®s X
x®R>‘<®SXi lx (3.5)
X ®r X ®s X ~ X.

The theory of herds as developed in Section 2 can now be formally dualised. In particular, given a
bicomodule coherd X, the C-bicomodule X ®s X is a non-unital ring (over R) with multiplication

Ux =X®s x: X®s X ®r X ®s X > X ®s X.

The map cov:C — X ®s X is a C-unit for X ®s X, i.e. the following diagram is commutative

— pCX@sX _ X@sp*C _
CORX@X <~ K@ X ———— > X @5 X®R C

COV®R)_<®SX\L l)?@sx li@sX@RCOV

)_(®5X®R)_(®5XT>)_(®5X<T)_(®5X®R)_(®SX~

Symmetrically, X ® X is a ring with product x ®g X and with a D-unit cov. Furthermore, one
can define an R-bimodule A’ as the following coequaliser

_ (X®s)o(cov@rX®sX) -
CRrX®s X X@sX —> A,
ECORX®s X

Since the tensor functor preserves coequalisers, the map px descents to the associative product (4 :
A’ ®r A’ — A’, by the formula

a0 (TTaA @R TTA) =TTA 0 UX.

Suppose C is faithfully flat as a left R-module, then by a (dual) descent argument, we can construct
a unit for the R-ring A’ as follows. Consider the following split coequaliser of R-bimodules
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C®RrEC®RC c
EC®R
ec®RC®RC - - o
CRRC®rC CRRC ———=
A
C®RrAC ¢

Since tensoring with a faithfully flat module reflects coequalisers, one obtains the following co-
equaliser or R-bimodules

C®rec ec
C®rC C —R.
ec®rC

By the universal property of coequalisers there exists a unique R-bimodule map «’: R — A’ such that

maocov=c'oe&c.

One easily checks that, for all a € A’, ua(@®ga’ (1)) = ua (@’ (1g) g a) =a, i.e. that A’ is a (unital)
R-ring with the unit map «’.

In a symmetric way, if D is a faithfully flat left or right S-module one obtains the (unital) S-ring
B’ as the coequaliser

B (X®RX)o(XDRX®5COV) _ .
XQrX®sD X@X — > B.
X®@rX®s€D

The unit map in B’ is a unique morphism B’ : S — B’ such that g o Cov= 8" o &p.

Construction of coherds. Given an A-coring C and a right C-comodule T, set S = End(T). By the
strong structure theorem for T is meant that the functor — ®s T is an equivalence of the categories Mg
and MC.

3.2. Lemma. Let C be an A-coring, T a right C-comodule for which the strong structure theorem holds. Then
forall N e My and M € AMC, the canonical morphism

N ®4 Hom® (T, M) — HomS(T, N ®4 M)
is an isomorphism.

Proof. This follows by a double application of the equivalence of categories between Ms and M€
through the functors — ®s T and HomC(T, -),

N®a HomS(T, M) ®s T =N ®4 M =HomC(T,N®, M) ®;s T.
Since T is faithfully flat as a left S-module, the claim follows immediately. O

Let (T, y) be a tame B-A herd. Then we can consider the R-coring C, which is entwined with the
R-ring A by ¢ and the S-coring D which is entwined with the S-ring B by ¢ as in Theorem 2.16.
Denote as before C = A ®g C and D =D ®s B for the associated A-coring and B-coring. Recall from
[9, 32.8(2)] that C ®g A is a right C-module (i.e. a right entwined module): the right A-module
structure is given by C ®g 4, where 14 is the multiplication on A, and the right C-coaction is given
by (C ®g ¥) o (Ac ®g A). For an element X ®s x ®g a € C ®g A (representing a finite sum of simple
tensors), the right C-coaction reads explicitly as
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- ~ 2 3
0 A (R @5 x@r 1) =X @5 xV) @p ev(x? ®; (x<3>a)m) ®R (x<3>a)< ' ®s (x<3>a)( ), (3.6)
Symmetrically, B ®s D is a left D-comodule.

3.3. Theorem. Let (T, y) be a tame B-A herd. Consider the R-S bimodule T = (C ®g 'T\) N (T ®s D). Then

Yhi:T— HomC(T C®rA), h1(x)(y) = (T ®s T Qg ev)(x ®s ), is an isomorphism of R-S bimodules;
Yhy: T - D Hom(T, B Qs D), ha®)(y) = (EVRs T ®r T)(y Qg X) is an isomorphism of R-S bimodules;
) h: T—>T, h—ev®AT| =T ®p €V|5, is an R-S bimodule map;

) T isa C-D bicomodule.

Proof. (1) Elements of HomC(T, C @ A) are exactly right A-linear and right C-colinear morphisms
T — C ®g A. Since ev is right A-linear, for any X € T, hy(%) is right A-linear as well. To check that
hq (%) is right C-colinear, write X=X ®s X ®g y € T (summation implicit), and calculate,

PR (hy (X @5 x @R 7)(1))
=% @s x" ®r ev(x? ©s (x¥ ev(F @5 1)) @r (xP ev(T ©s )P ®5 (xP ev(T ©5 )
—7@sx @g ev(x? @5 (v(x* @r 7)y)") @k (V(x* @ 7)) @5 (V(x* @k T)y)"
=X®sX®rev(Y ®s y<1>) ®ry? ®s y?
=hXesx@r ) (") @r ¥ @5 y®
=(MRRsx®r V) T @5 T)(y (),

where we used (3.6) in the first equatlon dlagram (21) in the second equality and the defining
property of D applied on the element X ®sx @Ry €T C T ®s D in the third equality. Therefore, hy (%)
is right C-colinear. Since éV is surjective, there are e; € T and ¢; € T = T*, such that V() ;ei®re) =
1p. Hence it is possible to define a map

l<1:Homc(T,C®R A)—T, ¢I—>(¢®A/f)<zei®Aa>-
i

Diagram (2.2) and the property év(>_; e; ®g €;) = 15 immediately imply that ky o hy = T. In the other
direction,

hioki(@)x) =Y e ev(ei ®sx) =Y p(eiev(e ®s X)) = p(x),

i i

by the right A-linearity of ¢, diagram (2.1) and éV(}_;e; ®r €;) = 15.

(2) This is proven by symmetric arguments.

(3) Obvious.

(4) We first prove that T is a left C-comodule. By Theorem 2.16, C is an R-coring with co-
multiplication T ®g y|c, hence (T ®g ¥)(C) C C Qg C. Similarly, D is an S-coring with comulti-
plication y ®g T|p hence (y ®s T)(D) C D ®s D. Therefore, it follows that (T ®g ¥ ®s TWT) C
(C®rC®T)N(T ®s D®s D). Consider C ®k C ®g A as a right C-comodule with coaction C @ o ®r4.
By a similar computation as for hq, we find that the map

h:(T®ry ®s T)T)C(C® C® T)N(T®s D®s D) — Hom (T, C @k C ®p A),

h(c®r ¢ ®rX)(X) =c @R ¢’ @R V(X ®s X),
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is well defined. Applying Lemma 3.2, we therefore find a well-defined map

ho(T®ry ®rT):T — HomC(T,C ®g C ® A) = C ®g HomE (T, C ®x A).

Hence (C ®g k1) o ho (TOry ®rT): T — C®g T defines a comultiplication on T. Up to an isomor-
phism this is just the restriction of the map T ®g ¥ ®g T. Coassociativity and counitality now follow
immediatelly from the diagrams (2.5) and (2.4). By symmetric arguments one shows that T is a right
D-comodule. The coassociativity between left C- and right D-coaction follows from diagram (2.5). O

3.4. Theorem. Let (T, y) be a tame B-A herd. Consider corings C and D of Theorem 2.16. Then the R-S

bimodule f =(C ®r ’T\) N (/f ®s D) of Theorem 3.3 is a companion of T and (T, x) is a D-C coherd, where
X:TQrT®sT— T isgiven by

XX®RX ®sy ®RY ®r2) = EV(X®rX)yev(Y ®r 2), (3.7)
forallx,ze TandX @s y@rY T C T®sT®rT (summation implicit).

Proof. We first prove that T is a companion for T. To this end, we must define a C-bicomodule map
cov:C — T ®s T. By means of the canonical inclusion ¢: C — f®5 T, from the definition of C as an
equaliser, we can consider A¢ as a map Ac:C — C ®g /T\®5 T. Furthermore, as y(T) C D ®s T, we
know that A¢(C) = (f@g ¥)(C) C’T\®5 D ®s T. Since T is flat as a left S-module the functor — ®s T
preserves all limits, so in particular intersections. Therefore

CRrRTOSTHINT®sD®sT)=((C@RTNHNT®sD) @ T=T®sT.

This defines a C-bicolinear map

cov=Ac: C—>T®5T

By similar arguments,

Cov=Ap:D—>TQrT

is well defined and is clearly D-bicolinear. Dlagram (3.1) is now exactly diagram (2 5). Diagram (3.2)
follows from (2.5) tensored on the left with T ®pg — and on the right with — ®s T.

Now take any X ®g X ®s y € T ® C (summation implicit). The condition of diagram (3.3) comes
out as

xev(R ®s y) =vx@r D)y Vev(y? @5 y®).

Similarly, for all X ®rX ®s y € D ®g T (summation implicit), diagram (3.4) commutes since

EV(x@sR)y = ev(x'V ®g x?)xP ev(x ®s y).

Finally, diagram (3.5) commutes because of the bilinearity of ev and év and by diagrams (2.1)
and (2.2). O
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Reconstruction of the herd. Let (T,y) be a tame A-B herd. By Theorem 3.4, T = (C ®g T) N (T ®s D)
is a companion of T and (T, x) is a D-C coherd, where C and D are corings of Theorem 2.16, and
X :T®rT®sT— T is given by (3.7). Furthermore, we know from the first part of this section that
we can construct the R-bimodule A’ as the following coequaliser

3 (T®sx)o(cov@rT®sT) 7a
CRRT®sT T®ST%A/.
ec®rT®sT

Recall that A’ is in general a non-unital R-ring, but if C is faithfully flat as a left or right R-module
(e, if T is faithfully flat as a left R- or right S-module), then A’ has a unit.

Put w=(T ®s x)o(cov@r T ®sT) —ec @ T ®s T. Then A’ =T ®s T/Imw consists of classes
that satisfy

[eV(R®s XY ®s Yy OrZ®s 2| =[X @5 X®r Y Qs yeV(Z®s 2)] (3.8)

(summation implicit). This follows by the defining property of D.
Similarly, there is a (non-unital) S-ring B’ given by the coequaliser

_ (X ®rT)o(TO®RT ®5T0V) _ .
TQrT ®sD TQT —— > B'.
T@rT ®sép

3.5. Theorem. Let (T, y) be a tame A-B herd and let A’, B’ be rings constructed above.

(1) There are ring morphisms v4 : A’ — A and vg : B’ — B.

(2) Ifthemaph: T — T of Theorem 3.3(3) is an isomorphism, then v4 and vy are isomorphisms, in particular
A’ and B’ are unital rings.

(3) If'f is flat as a left R- and right S-module and T = T®sD=CQgT, then maps va and vg are isomor-
phisms of rings.

Proof. We only prove the statements for rings A and A’. The statements for B and B’ are verified by

symmetric arguments. 3
(1) Consider the map ev: T ®s T — A, given by

eV(X ®sX®RrY ®s y) =ev(X®s x)ev(Y ®s ),
then obviously, évow = 0. Hence by the universal property of coequalisers, there is a map v4 : A’ — A.

Using the properties of the evaluation maps, it is easily checked that v4 is a ring morphism.
(2) Consider the following diagram with coequalisers as rows:

(TRsx)o(cov@rT®sT)

T,
CRRT®sT T@STA4>A/
ecOrRT®sT
i Q®rh®sT l h®sT i vQ
v T®sur.)o(COREV) ~ 7o
CRrRT®sT TT —— Q.

ec®rT®sT

Here (1, 4:T ®g A— T denotes the action of A on T. One can check that the diagram is commuta-
tive, hence the map vq exists by the universal property of coequalisers. Since h is an isomorphism,
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Vq is an 1somorphlsm as well. We claim that AZ Q. Put w = (T ®sut,a)o(CQrev) —ec ®r T Qs T.
Then Q =T ®s T/Imz consists of classes of elements that satisfy

[eV(R ®@s XY ®s y] = [X@s xev(Y ®s ¥)]. (3.9)

Obviously ev : T ®s T — A satisfies evow = 0, hence the universal property of coequalisers yields a
map v: Q — A. Conversely, define a map A — Q as follows. By assumption, the map ev is surjective,
therefore, for all a € A, there exists a (not necessarlly unique) element X, ®s Xq € T®sT (summation
implicit) such that a = ev(X; ®s X). Define v’ : A — Q, V/(a) = [Xs ®s Xq]. Take another element
Va®s Va € T ®s T such that ev(Yq ®s Ya) =a, and use the defining property of Q (3.9) to compute

[Xa ®s Xq] = [Xg ®5 Xq - 1]
= [Ra ®s xgev(X1 ®s x1)]
= [ev(Ra ®s X0)X1 ®s 11 ]
= [ev(Ja ®s ya)X1 ®s X1]
=[Va ®s Yal.

Thus the map v’ is well defined. Obviously v o V' = A, and a similar computation to the one above
shows that v ov=Q.Hence A=ZQ = A.
(3) Under these conditions, the defining coequaliser diagram for A’ reduces to

N (T®s X)o(coV@RT@s D®sT) _ -
CORT®sD®sT — T®D®sT ——— A
ec®rT®sD®sT

Since y(T) C D ®s T, the flatness of T as a right S-module implies that T s )/(T ®sT) C T®5
D ®s T. Using a similar notation as in the proof of part (2), we define a map v, : A— A’ by v} (a) =
[Xs ®s ¥ (x4)]. This map is well defined since,

(1)

[%a @5 x§ 2

®r Xa ® xu ] ®s Xa ®R Xq ®Sxa EV(Xl ®SX1)]

ev(Ra ®s x5 x5 @5 %) @r ®1 ®s 21 ev(x @5 x1)]

[%a
=[
= [ev(Ra @5 x{)ev(x @5 x7 )x1 ®s X\ @r 2l @5 %]
= [ev(Ta ®s yai1 ®s 1} @r 2 @5 117 ]

=[¥

a ®s Y (Vo))

where 7, ®s ya € T ®s T is any element such that ev(J, ®s ya) = ev(Rg ®s Xq) = a. It is easily checked
that v/, is the inverse of v4. O

3.6. Remark. Theorem 3.5 shows that there are (at least) two situations in which the original base
rings A and B of the tame bimodule herd T can be reconstructed from the associated coherd. Both
cases have non-empty sets of examples.

The situation of Theorem 3.5(2) occurs when T = A = B is a ring and the associated entwining
maps ¥ and ¢ of Theorem 2.16 are bijective. This is the case described in [3, Theorem 4.9].

An explicit example of the situation of Theorem 3.5(3) will be discussed in Section 5, where we
consider Galois co-objects. As in this situation R = S =k is a commutative ring, and T =T as k-
module, the flatness conditions on T are already contained in the flatness of T.
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4. Composition of Herds

The aim of this section is to describe a way in which two bimodule herds can be composed by
means of the tensor product.

Consider in addition to the ring morphisms o : R — A and B :S — B a third ring morphism
Kk:Z— K.

4.1. Lemma. Let T be a B-A bimodule with a formal dual T, and let P be an A-K bimodule with a formal
dual P.Then V =T ®4 P is a B-K bimodule with formal dual V =P ®4 T.

Proof. We define evy out of evp and evr as follows

evy =evpo(P®aevi @A T): POAT ®sT®4P — K.
Similarly, we define évy out of évp and évy by

&y =7 o (TP @aT):T®4 PRz P®4aT — B.

An easy computation shows that the commutativity of the diagrams (2.1) and (2.2) applied on P
and T forces the same diagrams for V to be commutative. O

Let £ and C be two A-corings and consider an A-bimodule map
0:CR®rE—>ERaC,
which renders commutative the following diagrams,

Ac®aE C®pAe
CRINCRLIE<——CRIE ——>CRaE®AE

CRrE®AC o ERAC®AE, (4.1)
m A’
ERACRIC ————ERUC ———ER®aE®aC
E®alAc Ae®aC
C® ®sE
Cone — 2 ConA Cone — 2 | AgaE
U\L l: ai \L: (42)
EQQQC ——— = A®aC, ERQC ——— E®a A
ee®aC E®nec

These conditions hold if and only if the A-bimodule £ ®4 C is an A-coring with coproduct
(ER®a0 ®4C)o(Ag ®4a Ac) and counit eg R4 ¢ (see [11] for the case of a commutative base).
In this case, the A-coring structure on £ ®4 C is called the smash coproduct of £ and C and denoted



2694 T. Brzeziriski, J. Vercruysse / Journal of Algebra 321 (2009) 2670-2704

4.2. Theorem. Let (T, yr) be a B-A herd and (P, yp) an A-K herd. Denote by C = T ®s T the A-coring
associated to T as in Corollary 2.8 and £ = P ®z P the A-coring associated to P. Then V =T ®4 P is a B-K
herd with shepherd yy satisfying

YrAa®aP=(T®1y&p 4T ®sT ®aP)oyy,

T ®ayp.a=(T®aP®zP®nevr®aP)oyy, (4.3)

if and only if there exists a map 0 : C ®4 £ — £ ®4 C, which defines a smash coproduct £ ®, C. (Hence
C®a & isan A-coring.)

Proof. By Lemma 4.1, V="P ®a Tisa formal dual of T ®4 P. Suppose first that C ® £ is a smash
coproduct. Denote by yra: T — T ®a T ®sT and ypa:P ®z P ®a P the projections of yr and yp
respectively, constructed as in Notation 2.5. Define yy : V — V ®g V ®s V as the following composi-
tion:

Yv ~
V=TQ®aP VeKVRsV

YT, AQAYP.A i

TR®A0®4P
T®AT®5T®AP®ZP®AP%T(@AP@ZP@AT@ST@AP

We need to check that yy satisfies diagrams (2.3)-(2.5). First note that évp = e¢. Diagram (2.3) for V
then comes out as (unadorned tensor product is over A)

Y1,AQYP.A TRORP
TP ——————> T®T Rs TP ®z P®P —> TQRP ®; P®T ®s TP

T®T®5T®e‘vp®l’l T®&P®T®ST®P\L

= TRT ®s TRAQP - T®T ®s TOP
®T®ST®P\L
R®rT®P B®s TQ®P.
BRsTQP

The small square in this diagram commutes because of the left diagram in (4.2), the other part of the
diagram commutes by diagram (2.3) applied to T and P. In the same way, one proves that V satisfies
the condition of diagram (2.4). Diagram (2.5) for V looks as follows (unadorned tensor product is
over A)

Y1,AQYP.A TRoQ®P
TP TRCRERQP TRERCRP
l YT.A®YP.A Y1.4®CRYp Q7 POP l Yr.A®Yp AQ7ZPOCEP l
TR®T®s YT, AQE@Yp A TRCR02QP
TRCRERQP TRCRCRERERP —————> TRCRERERCRP
i TRC®P TRO?RERP i TRORERCRP l
TREQRCRP T ®rERCRCRERP ————— > TRERCRERCKP,

TRERT®sYT,A®Yp, A TR®ERCROQP
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where 62 = (0 ®4C) o (C®a0) and 02 = (E ®40) o (0 ®4 E). The upper left square in this diagram
commutes by (2.5) for T and P, the upper right diagram commutes by the right pentagon in dia-
gram (4.1), the lower left square commutes by the left pentagon in (4.1), and the lower right square
commutes trivially. Finally, Eq. (4.3) can be easily verified.

Conversely, suppose that V =T ®4 P is a herd with the shepherd yy. Then we define 0 : C®4 & —
£ ®4 C as follows,

CRa E®al

TRsTR4P®zP PR;P@aT®sT

:l:®s Yv ®z?
VT @aER@AC®AEVP

T@sT®AP®ZTS®AT®ST®AP®z’15

By similar diagram chasing arguments, one proves that ¢ indeed defines a smash coproduct on £ ®4
C, provided that Eq. (4.3) are satisfied. O

5. Galois co-objects

The aim of this section is to show how Galois co-objects for a commutative Hopf algebra and their
composition can be interpreted in terms of bimodule herds. In this section we fix a commutative
ground ring k, and do not deal with k-rings and k-corings, but with k-algebras and k-coalgebras.
Throughout this section H is a Hopf algebra (with coproduct Ap, counit €y and the unit map
ny -k — H, x—~ x1y) that is faithfully flat over its commutative base ring k, with a bijective antipode.
The symbol S denotes the antipode of a Hopf algebra H. The unadorned tensor product is over k. We
use the Sweedler notation for coproduct, i.e. Ay(h) =h(1) ® h), A% (h) =ha) ® h) ® hg), etc.

Galois co-objects as Galois comodules. Let C be a right H-module coalgebra, that is, C is a k-coalgebra,
with coproduct A¢ and counit &c, and a right H-module such that, for all ce C and h € H,

Ac(ch) =cayhay ® cyh),  eclch) =ec(c)en(h).

A right (H, C)-Hopf module M is a right k-module that has a right H-module structure and a right
C-comodule structure o™ : M — M ® C with the following compatibility condition

oM (mh) =myhay ® m)he),

for all me M and h € H, where oM (m) = m( ) ® mq is the Sweedler notation for a coaction. The
category of all (H,C)-Hopf modules with H-linear C-colinear maps between them is denoted by
ME(H ). It is known that out of these data one can construct an H-coring C = H® C, with H-bimodule
structure

gh®o)g =ghg, ®cgpy),

for all h, g, g’ € H and ¢ € C, coproduct H® A¢ and counit H ® &c. In this way the category of (H, C)-
Hopf modules is isomorphic to the category of right C-comodules, MfI(H) = MC€. Furthermore, C is
a right (H, C)-Hopf module with the regular H-module and C-comodule structures. Hence there is a
functor
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. C
G=—®C: M — M (H).

This functor has both a left adjoint F and a right adjoint H given by

F=—@uk:M§(H) - M,

H =Hom§ (C, —) : M (H) — M.

The adjointness of (F,G) follows by [10, Proposition 8.7.1], the adjointness of (G, H) is a general
Hom-tensor relation.

An H-module coalgebra C is called a Hopf-Galois co-object if and only if the pair (F,G) is an in-
verse equivalence. The uniqueness of adjoints implies that C is a Galois co-object if and only if (G, H)
is a pair of inverse equivalences, which means in particular that C is a right Galois comodule for the
H-coring C = H ® C. By [28, 3.4 and 3.7], every Galois co-object C is therefore finitely generated and
projective as a right H-module. Furthermore, Example 2.11 shows that out of this Galois co-object we
can construct a k-H herd which describes exactly the Galois properties of C as a right C-comodule
(see Theorem 2.18).

The group of Galois co-objects and the composition of herds. Recall from [10, Theorem 8.7.4] that if C is
a Galois co-object for H, then the map

5:COH—C®C, 8c®h) =ca®cah,

is bijective. Define C as the left H-module, which is isomorphic to C as a k-module and with H-action
given by

h—¢=2¢s1(h).
5.1. Lemma. Let C be a Galois co-object for H, then

ev:f®C—>H, ev=(ec ® H) 05!
is an H-bilinear map.

Proof. The map ev is the cotranslation map, and the H-bilinearity property is a dualisation of the H-
bicolinearity property of the translation map; see [26, Remark 3.4(d), (e)]. We include the direct proof
for completeness.

Since § is bijective, we can write an element in C ® C uniquely as a finite sum of elements of the
form d(1) ® do)h, where d € C, h € H. By definition, ev(d) ® d)h) = &c(d)h. The map § is a right
H-module map, hence the right H-linearity of ev is clear. The left H-linearity is proven as follows:

EV(h/ —~dnH® d(z)h) = EV(d(])Sil H)® d(z)h)
=ev(dm S~ (")) ®@d@yec (ST (1) @)h)
=ev(dm S~ (M) ®de) S (M) S(S™' (1) 3)h)
= s(dS‘l (h/)(l))5(5_1 (h/)(z))h =¢£c (d)h/h

=h'ev (d(]) ® d(z)h),

where we used the antipode property in the third equality. O



T. Brzeziriski, J. Vercruysse / Journal of Algebra 321 (2009) 2670-2704 2697

Recall that the antipode S of a commutative Hopf algebra H is always involutive, that is S is
bijective and S~! = S. Furthermore, if H is a commutative Hopf algebra, then the set of Galois co-
objects forms a group with the tensor product over H as the composition. Our next aim is to show
that this composition can be obtained from the composition of herds as described in Section 4. For
this purpose, we need to associate to a Galois co-object C a bimodule herd different from the one
described in Example 2.11. For the rest of the section we assume that H is commutative as k-algebra.
A right H-module coalgebra C is now understood as an H-bimodule with the same left and right
action, and C is an H-bimodule with the same left and right action — defined in the preamble to
Lemma 5.1.

5.2. Theorem. Let C be a Galois co-object for a commutative Hopf algebra H. With notation as above, Cisa
formal dual of the H-bimodule C, with ev = (¢c ® H) 08! and &V = S o ev. Furthermore, C is an H-H herd
with shepherd

A2=(Ac®C)oAc=(C®Ac)oAc:C>CRCXC,
andpena

Proof. The maps ev and éV are H-bilinear by Lemma 5.1 and by the fact that S™! = S. Since § is
bijective, there is an isomorphism

9 =(C®8)o(B®H) :CRH®H - C®C®C.

Thus to check the commutativity of diagrams (2.1) and (2.2) suffices it to evaluate them on elements
P cRh®h) = 1) ® C(z)h(]) ® C(3)h(2)h,, where c € C and h, h’ € H. For (2.1),
cayevichay ® cahh’) = cayec(c@)en(h’ = cen (Wi’
=ec(cy)Shay)cayhah’

= &V(cay ® cohy)ehph',

where we used the antipode property in the penultimate equality. The commutativity of (2.2) can be
checked in a similar way:
ev(cy ® cpha)ee) = hh' =éc(capha) =~ cphah’
= CS(h(]))h(z)h/
= cep(h)h' = cep(h)S*(h')
=cq) < &c(c@)en)Sh)
=) < &V(cha) ® cahp)h’).
Finally, we need to check that A% is a shepherd. Clearly, the map satisfies the coassociativity con-

dition. Since 8(c ® 1) = c(1) ® c(2), eV(Ac(c)) = &c(c) 1 = EV(Ac(c)). Hence diagrams (2.3) and (2.4)
commute as a consequence of the counit condition of C. O

5.3. Theorem. Let C be a Galois co-object for a commutative Hopf algebra H. Consider C as an H-H herd with
a pen C and shepherd A% as in Theorem 5.2. Then the coalgebra E defined by the equaliser
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(evaleC)o(CAd)

E——=C®C HRC®C
NHRCRC

is isomorphic to C.

Symmetrically, the coalgebra F defined by the equaliser of (C RCR&V) o (A% ®C)and (C®C ® ny) is
also isomorphic to C.

Consequently, if C is a flat k-module (and hence the herd C is tame), rings A and B constructed from the
coherd associated to C in Theorem 3.5 are isomorphic to H.

Proof. Set w = (ev@C ® C) o (C® A2) — (ny ® C ® C). For any §(c®h) =c(1) ® ch e C®C,

() ®@ch) =ha) @ cnhe) @ cphe) —1n @ ca) @ cp)h.

This implies that

®woAc=0, (eg®CQ®C)owod=AcoucH—S4, (5.1)

where pcy:C®H — C is the multiplication of H on C. By the first of Eqgs. (5.1) and the universal
property of equalisers, there is a map vc : C — E such that A¢c =e o vc. Since Ac is injective, so is
vc. The second of Egs. (5.1) implies that e o vc o pc. g 08~ oe is the identity map on E. Hence v is
surjective.

The statement about the coalgebra F follows by symmetric arguments. The statement about the
rings A and B follows by the fact that C ~“CQEXF®C=C®C as k-modules and then by Theo-
rem 3.5. O

Consider two H-module coalgebras C and D over a commutative Hopf algebra H. Then C ®y D is
again an H-module coalgebra with the H-module structure given by

(c®n d)h =c®y (dh) = (ch) ®n d,

and comultiplication

Acgyp(c®ud) =ca) ®nda) ®c@) ®n d2).

Moreover, if C and D are Galois co-objects, then C ®y D is again a Galois co-object (see [10, Sec-
tion 10.1]). In particular, the map

Scoup :COED®H - COuD®C®y D, c®yd®hcay®yda) ®c@) @ndph,

is an isomorphism as the composite of isomorphisms

COHDOH=C®yDQH®y H=Z(C®H) Qnen (D ®H)
=Z(C®C)QHegH (D®D)=(C®u D)®(C®u D),

where §¢c ® HgH dp is the penultimate isomorphism.

There are two ways of constructing a formal dual C@H\D of C®y D: one as in Theorem 5.2 (with
evaluation maps denoted by ev and éV) the other as in Lemma 4.1. The latter construction gives a
formal dual of the form D Qu C. The following lemma asserts that both constructions are mutually
equivalent.
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5.4. Lemma. With notation as above, the twist map
T: C@?D ~D Xy 6,
is an isomorphism of H-modules. Furthermore, the following diagrams commute,

ev

COKHD®C®KD H
T®C®HD\L
D®HC®C®HD EEOE—— D®HD 4> H
D®Hevc®HD VD
— &v
COD®C®uD H

CyD®T i

C®HD®D®HC —_— C®HC —H
C®HeVD®HC &vc

Proof. We only check the commutativity of the first diagram, the commutativity of the second di-
agram follows by similar arguments. By bijectivity of dcg,p, an element of C®y D ® C @y D is

a k-linear combination of cq) ®p d1) ® c2) ®u dyh, with c € C, d € D and h € H. Note that
ev(ca) ®H d(l) ®C@2) ®n d(z)h) =¢c(c)ep(d)h. On the other hand

evp o(D ®y evc ®uD)(t(ca1y ®H dy) ® c2) ®n d2)h) = evp(dy ®u eve(cay ® ¢2))d2)h)
=evp(d1) ®n ec(0)d)h)
=¢ec(c)ep(d)h.

This completes the proof. O

5.5. Lemma. Given H-Galois co-objects C and D, write A%’H for the projection of A% to C®y C ® C and
A%’H for the projection of AZD to D ® D ®y D. Consider the H-coring C =C ® C with comultiplication

CoAL,: CRC—CR®COHCAC,
and counit evc, and the H-coring D = D ® D with comultiplication
A2, ®D:D®D—->D®D®yD®D,
and counit évp (see Corollary 2.8). Then the map o : C ®y D — D®y C, forallx € C,d € D, h € H, given by

o(ca) ®ce) ®@uda ®dph) =dq) ®d@) ®x cay ®ce)Sh),

defines a smash coproduct between C and D.
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Proof. Note that o is well defined, since the combined isomorphism

Sc®Hdp
CIDIH=ECQQIH®yD®H ————= CRCRqy D®D,

means that any element of C ® D is a k-linear combination of c(1) ® co) ®u d(1) ® doyh, for ceC,
d € D, h € H. The involutivity of S and the definition of o immediately imply that o is a right H-
linear map. For the left H-linearity, first note that the repeated application of the antipode and counit
axioms vyields, for allce C,de D,g,he H

g—cay®ce ®nda ®@dah

=c1yS(® 1) ®c2S5@)@ ®HdnS(S(®)3) 1, ®d@S(5©)3) 5, S(S(5@)3) 3))h-

Applying o to the above equation, and using the properties of the antipode, including S~! =S, we
obtain

d1)S(S(8)3) ) ®d@S(S(8)3)) o) ®H c1)S(®) 1) ® €2)S(8)2)S(S(8)3)) 3, S (M)

=d1)S*(81)) ® d2)S*(82)) ®H €(1)S(&(s5)) ® C(2)S(&(4)S*(&3))S(h)

=dm&n) ®d)gwR) ®H €(1)S(8w) ®C2)EH (&) S(h)

=dm)g®dp) ®u ey ®c)Sh).
This proves that o is also left H-linear. To check the left pentagon in (4.1), for any c(1) ® c2) ®n d(1) ®
d)h € C ®u D, compute

(0 ®C)o(C®HO0)(ca) ®Cr) OH CB) ® @ Qn diy ®d)h)
=da) ®d2) QH c(1) ® C2) ®H €3) Q C(a)S(h).

On the other hand

(D ®H Ac) oo (c1) ®cp) ®y da1y ®dyh)
=dm ®de) ®n a1y ® ¢S 1) ®n €3S 2) @ ¢4 S()@3)
=dq) ®d@) ®H c1) ® c2) ®H ¢3)S(Sh) 1)) S 2) ® cayS(h)3)
=da) ®d) ®H c1) ® C) ®H €3) ® c@Sh).
The commutativity of the right pentagon (4.1) is easy. To check the right diagram in (4.2) take again
c1) ®c@) ®uda) ®dp)h € C ®y D, and compute
da) ®d) —eve(ca) ®ce)S(h) =da) ®de) < ec(©)S(h)
=éec(0)da) ®dp)h
=evc(ca) ®ce)da) @d@)h.

Similarly,

&Vp(da) ®d) = cy ® c)Sh) = ep(d)ca) ® cz2)S(h) = c1y ® c)€Vp(dy ® dyh),



T. Brzeziriski, J. Vercruysse / Journal of Algebra 321 (2009) 2670-2704 2701

which expresses the commutativity of the left diagram in (4.2). So we conclude that o is a smash
coproduct map as required. O

5.6. Theorem. Let H be a commutative Hopf algebra. Consider two Galois co-objects C and D. Then the herd
associated to the composed Galois co-object C ® y D coincides with the herd obtained by composing the herd
associated to C and the herd associated to D, using the smash coproduct described in Lemma 5.5.

Proof. By Theorem 5.2, the shepherd of C ®y D is given by

A%®HD:C®HD_)C®HD®CT®H\D®C®HD.

On the other hand, the shepherd of the composed herd constructed by Theorem 4.2 is given by

Yeoup = (C®n 0o @y D)o (A% y ®n A ) :COHD—COD®D®Y C®C®yD.

These two herd structures can be mutually identified by the commutativity of the following diagram

Agup -
C®nD COuD®C® DRC®y D
A%.H@’HA%,Hi lC®HD®T®C®HD
COHCRCOIDOD®D ——————> COuD®D®u C®C®yD. u|
C®Ho®uD

5.7. Remarks. Dualising the results of this section, it is possible to construct bicomodule coherds
out of Galois objects over a cocommutative Hopf algebra H. These Galois objects are known to form
a group under the cotensor product. This composition would be then related to a composition of
bicomodule coherds by means of smash products.

In [14, Chapter 10], the group of Galois co-objects for a commutative Hopf-algebroid is computed.
The results of this section can be extended to this more general framework.

Acknowledgments

We are grateful to Zoran Skoda for inspiring comments. The first author would like to thank
Gabriella Bohm for a discussion. The second author would like to thank members of the Mathematics
Department at Swansea University for the warm hospitality during his stay in Spring 2008. He also
thanks the Fund for Scientific Research - Flanders (Belgium) (FW.0. - Vlaanderen) for a Postdoctoral
Fellowship.

Appendix A. The categorical formulation of (co)herd bi(co)modules

Let R and & be categories, and take a monad A = (A, mx, n4) on R (A is an endofunctor: R — ‘R,
my is a multiplication and 74 is a unit) and a monad B = (B, mp, ng) on &. Let F: & — R be an
A-B bialgebra (or bimodule) functor. This means that F comes equipped with natural transformations
0:FB— F and A: AF — F such that

Fm
FBB — > FB FB —— F

SR N &

FB————>F, F,
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maF A B
AAF ——— = AF AF —— F AFB —— > FB
Axr Py = Ao 4
naF
A Py
AF ———— > F F, AF ———— = F .

Consider a B-A bialgebra functor F:R>6 with structure maps 0, A Then FF is an A-A bialgebra
functor with structure natural transformations AF and Fo. Slmllarly FF is a B-B bialgebra functor
with structure natural transformations AF and F 0. With these data F together with bialgebra natural
transformations

ev:FF — A, & :FF — B,
such that
F& - F -
FFF —— > FB FFF ————— > BF
eVFl \LQ Fevl li
. 0 ~
AF ——— F FA——F

is called a formal dual of F.2 An A-B bialgebra F together with a formal dual Fis called a herd functor
if there exists a natural transformation, the shepherd,

y :F— FFF,
such that
y
F F ——— FFF
Fng naF
FB y AF | v FFy
Fév evF yFF
~ FFF —— > FFFFF
FFF

Dually, one defines a coherd functor as a C-D bicoalgebra functor F : & — 9 of two comonads C :
R — M and D: S — S with a companion D-C bialgebra functor F : R — & together with a natural
transformation x : FFF — F satisfying axioms dual to the ones for a herd functor.

Take R = G = Set, fix a set X and consider the X-representable functor A =B =F = F=
Map(X, —). Since all the functors appearing in this example are representable, by the Yoneda lemma
all the natural transformations between them are determined by suitable functions (elements of
Map(Y, Z) for suitable sets Y and Z). For example, the multiplication m4 : Map(X, Map(X, —)) =
Map(X x X, —) — Map(X, —) is determined by a mapping § : X — X x X so that ms = Map(s, —).

2 In view of the similarity of the axioms of a formally dual functor to that of a Morita context, the sextuple (A, B, F.F,ev, &)
can be termed a pre-Morita context.
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Similarly, the unit is determined by the (only possible) function X — {x}. The only choice for § that
makes Map(X, —) a monad is the diagonal mapping § : x — (x, X). Set

A shepherd y is determined by a function x : X x X x X — X. In terms of the mapping x, the triangle
and square diagrams for y read, for all x; e X,i=1,...,5,

X (X1, X1, X2) = X2 = X (X2, X1, X1),
X (X (X1, %2, X3), X4, X5) = x (X1, X2, X (X3, X4, X5)).

Thus Map(X, —) is a herd functor on Set (with the formal dual and bicoalgebra structures described
above) if and only if X is a herd; see [21, p. 170], [2, p. 202, footnote] or [12, Definition 2]. This
example justifies the choice of terminology.

Next take R = M and & = Mg, the categories of right modules over rings R and S respectively,
and consider monads — ®g A, — ®s B, for an R-ring A and an S-ring B. Take F to be the tensor
functor — ®s T (for an S-R bimodule T). Then F is a bialgebra over the above monads if and only if
T is a B-A bimodule. Furthermore, a functor F = — ®R T is a formal dual of F if and only if Tisa
formal dual of T. Finally, T is a herd B-A bimodule if and only if — ®s T is a herd functor (with the
formal dual, monads, etc. as specified above).

References

[1] EW. Anderson, K.R. Fuller, Rings and Categories of Modules, Springer-Verlag, Berlin, 1974.
[2] R. Baer, Zur Einfiihrung des Scharbegriffs, J. Reine Angew. Math. 160 (1929) 199-207.
[3] G. Bohm, T. Brzezifiski, Pre-torsors and equivalences, J. Algebra 317 (2007) 544-580; ]. Algebra 319 (2007) 1339-1340,
erratum.
[4] G. Bohm, C. Menini, Pre-torsors and Galois comodules over mixed distributive laws, Appl. Categ. Structures, in press,
arXiv:0806.1212, 2008.
[5] G. Bohm, J. Vercruysse, Morita theory for coring extensions and cleft bicomodules, Adv. Math. 209 (2007) 611-648.
[6] G. Bohm, J. Vercruysse, Morita theory of comodules, Comm. Algebra, in press, arXiv:0710.1017, 2007.
[7] T. Brzezifiski, The structure of corings. Induction functors, Maschke-type theorem, and Frobenius and Galois-type proper-
ties, Algebr. Represent. Theory 5 (2002) 389-410.
[8] T. Brzezinski, Galois comodules, J. Algebra 290 (2005) 503-537.
[9] T. Brzezifski, R. Wisbauer, Corings and Comodules, Cambridge University Press, Cambridge, 2003; http://www-
maths.swan.ac.uk/staff/tb/Corings.htm, erratum.
[10] S. Caenepeel, Brauer Groups, Hopf Algebras and Galois Theory, K-Monogr. Math., vol. 4, Kluwer Academic, Dordrecht, 1998.
[11] S. Caenepeel, G. Militaru, Shenglin Zhu, Frobenius and Separable Functors for Generalized Module Categories and Nonlinear
Equations, Lecture Notes in Math., Springer-Verlag, Berlin, 2002.
[12] J. Certaine, The ternary operation (abc) =ab~!c of a group, Bull. Amer. Math. Soc. 49 (1943) 869-877.
[13] L. El Kaoutit, ]. Gémez-Torrecillas, Comatrix corings: Galois corings, descent theory, and a structure theorem for cosemisim-
ple corings, Math. Z. 244 (2003) 887-906.
[14] B. Femi¢, Azumaya corings, braided Hopf-Galois theory and Brauer groups, PhD thesis, Universidad de Almeria and Vrije
Universiteit Brussel, 2008.
[15] J. Gémez-Torrecillas, J. Vercruysse, Comatrix corings and Galois comodules over firm rings, Algebr. Represent. Theory 10
(2007) 271-306.
[16] C. Grunspan, Quantum torsors, J. Pure Appl. Algebra 184 (2003) 229-255.
[17] D. Hobst, Antipodes in the theory of noncommutative torsors, PhD thesis, Ludwig-Maximilians Universitdt Mi{inchen, 2004.
[18] P.T. Johnstone, The ‘closed subgroup theorem’ for localic herds and pregroupoids, ]. Pure Appl. Algebra 70 (1991) 97-106.
[19] A. Kock, Generalized fibre bundles, in: Categorical Algebra and Its Applications, Louvain-La-Neuve, 1987, in: Lecture Notes
in Math., vol. 1348, Springer-Verlag, Berlin, 1988, pp. 194-207.
[20] A. Kock, Principal bundles, groupoids, and connections, in: Geometry and Topology of Manifolds, in: Banach Center Publ.,
vol. 76, Polish Acad. Sci., Warsaw, 2007, pp. 185-200.
[21] H. Priifer, Theorie der Abelschen Gruppen. I. Grundeigenschaften, Math. Z. 20 (1924) 165-187.
[22] L.H. Rowen, Ring Theory, vol. I, Academic Press, Boston, 1988.
[23] P. Schauenburg, Hopf bi-Galois extensions, Comm. Algebra 24 (1996) 3797-3825.
[24] P. Schauenburg, Quantum torsors with fewer axioms, math.QA/0302003, 2003, preprint.
[25] P. Schauenburg, Hopf-Galois and bi-Galois extensions, in: Galois Theory, Hopf Algebras, and Semiabelian Categories, in:
Fields Inst. Commun., vol. 43, Amer. Math. Soc., Providence, RI, 2004, pp. 469-515.


http://www-maths.swan.ac.uk/staff/tb/Corings.htm
http://www-maths.swan.ac.uk/staff/tb/Corings.htm

2704 T. Brzeziriski, J. Vercruysse / Journal of Algebra 321 (2009) 2670-2704

[26] H.-]. Schneider, Representation theory of Hopf-Galois extensions, Israel ]. Math. 72 (1990) 196-231.
[27] Z. Skoda, Quantum heaps, cops and heapy categories, Math. Commun. 12 (2007) 1-9, arXiv:math.QA/0701749.

[28] ]. Vercruysse, Equivalences between categories of modules and categories of comodules, Acta Math. Sin. (Engl. Ser.) 24
(2008) 1655-1674.

[29] R. Wisbauer, On Galois comodules, Comm. Algebra 34 (2006) 2683-2711.



	Bimodule herds
	Introduction
	Bimodule herds
	Formal duals.
	B-A herds and associated corings.
	Herds and Galois comodules.

	Herds versus coherds
	Bicomodule coherds.
	Construction of coherds.
	Reconstruction of the herd.

	Composition of Herds
	Galois co-objects
	Galois co-objects as Galois comodules.
	The group of Galois co-objects and the composition of herds.

	Acknowledgments
	The categorical formulation of (co)herd bi(co)modules
	References


