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In this paper we introduce and study the concept of twistor 
for a nonlocal vertex algebra. This concept provides a 
unified framework for various constructions of nonlocal vertex 
algebras, such as R-matrices, twisted tensor products, iterated 
twisted tensor products and L-R-twisted tensor products of 
nonlocal vertex algebras. Among the main results, we find 
the relations among theses constructions and we also give one 
concrete example of a twistor. Furthermore, we study some 
properties of twistors.
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1. Introduction

Vertex algebras are both analogues and generalizations of commutative and associa-
tive unital algebras, while nonlocal vertex algebras (or field algebras in the sense of [1]) 
are analogues and generalizations of associative unital algebras. In [6], one of an impor-
tant series of papers, Etingof and Kazhdan developed a fundamental theory of quantum 
vertex operator algebras in the sense of formal deformation, where quantum vertex op-
erator algebras are (�-adic) nonlocal vertex algebras (over C[[�]]) which satisfy what was 
called S-locality. Furthermore, a theory of (weak) quantum vertex algebras (see [10,11]) 
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was developed, where weak quantum vertex algebras are generalizations of vertex super-
algebras, instead of formal deformations. Weak quantum vertex algebras in this sense are 
nonlocal vertex algebras that satisfy a variation of Etingof–Kazhdan’s S-locality. In this 
developing theory, constructing interesting examples of quantum vertex algebras is one 
of the most important problems. Previously, inspired by twisted tensor products theory 
of associative algebras (see [5,20,15,4]), we developed a theory of twisted tensor products 
of nonlocal vertex algebras and their modules in [14,17–19].

Let U and V be two nonlocal vertex algebras. Motivated by a recent study [14] on 
regular representations for Möbius quantum vertex algebras, a twisting operator in [13]
was defined to be a linear map R(x) : V ⊗ U → U ⊗ V ⊗ C((x)) satisfying

R(x)(v ⊗ 1) = 1 ⊗ v, R(x)(1 ⊗ u) = u⊗ 1 for u ∈ U , v ∈ V ,

R(x1)(1 ⊗ Y (x2)) = (Y (x2) ⊗ 1)R23(x1)R12(x1 + x2),

R(x1)(Y (x2) ⊗ 1) = (1 ⊗ Y (x2))R12(x1 − x2)R23(x1).

These conditions are stringy analogues of those for a twisting map with associative alge-
bras (see [5,20]). The underlying space of the twisted tensor product U ⊗R V associated 
to R(x) is U ⊗ V , while the vacuum vector is 1U ⊗ 1V and the vertex operator map, 
denoted by YR(x), is given by

YR(u⊗ v, x)(u′ ⊗ v′) = (YU (x) ⊗ YV (x))(u⊗R(x)(v ⊗ u′) ⊗ v′)

for u, u′ ∈ U , v, v′ ∈ V . It was proved in [13] that U ⊗R V is a nonlocal vertex algebra, 
containing U and V canonically as subalgebras which satisfy a certain commutation 
relation. (If both U and V are weak quantum vertex algebras, it was proved that U⊗RV

is a weak quantum vertex algebra.) On the other hand, it was proved that if a nonlocal 
vertex algebra K, which is non-degenerate in the sense of [6], contains subalgebras U
and V satisfying a certain commutation relation, then K is isomorphic to the twisted 
tensor product U⊗RV with respect to a twisting operator R(x). Also established in that 
paper was a universal property for the twisted tensor product U ⊗R V , similar to the 
one for the ordinary tensor product U ⊗V . The smash product U�V , formulated in [12], 
was also slightly generalized and realized as the twisted tensor product with respect to 
a canonical twisting operator.

Furthermore, in [17], we studied iterated twisted tensor products of nonlocal vertex 
algebras and of weak quantum vertex algebras. Let U , V and W be three nonlocal vertex 
algebras, let R1(x), R2(x) and R3(x) be twisting operators for the ordered pair (U, V ), 
(V, W ) and (U, W ), respectively. We showed that U , V and W give rise to an iterated 
twisted tensor product with three factors, denoted by U ⊗R1 V ⊗R2 W , if R1(x), R2(x)
and R3(x) satisfy the following compatibility condition

R23
2 (x1 − x2)R12

3 (x1)R23
1 (x2) = R12

1 (x2)R23
3 (x1)R12

2 (x1 − x2).
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And we found conditions for twisting operators T1(x) : W ⊗ (U ⊗R1 V ) → (U ⊗R1

V ) ⊗ W ⊗ C((x)) and T2(x) : (V ⊗R2 W ) ⊗ U → U ⊗ (V ⊗R2 W ) ⊗ C((x)) could 
be split as a composition of two suitable twisting operators. If U , V and W are weak 
quantum vertex algebras, it was proved that U ⊗R1 V ⊗R2 W is a weak quantum vertex 
algebra. Furthermore, we constructed some iterated twisted tensor product nonlocal 
vertex algebras, which are isomorphic to nonlocal vertex algebra U ⊗R1 V ⊗R2 W , with 
some suitable conditions. It was proved in [17] that the iterated twisted tensor product 
of three factors can be lifted to that of any number of factors with compatible twisting 
operators. Also established in that paper is a universal property for the iterated twisted 
tensor product V1 ⊗R12 V2 ⊗R23 · · · ⊗Rn−1,n Vn, similar to the one for the ordinary tensor 
product V1 ⊗V2 ⊗· · ·⊗Vn. And it was shown that noncommutative 2l-planes defined by 
Connes and Dubois-Violette in [3], can be realized as iterated twisted tensor product of 
some nonlocal vertex algebras with suitable twisting operators.

In the theory of associative algebras, there is a notion of a twistor (see [16]). Let A, 
B be algebras with multiplication μA, μB and let A ⊗R B be a twisted tensor product 
algebra with a twisting map R. The initial aim in [16] was to relate the multiplications 
μA⊗RB of A ⊗R B and μA⊗B of A ⊗ B. It can be readily seen that μA⊗RB = μA⊗BT , 
where μ : (A ⊗ B) ⊗ (A ⊗ B) → (A ⊗ B) ⊗ (A ⊗ B) is a map depending on R, and the 
problem is to find the abstract properties satisfied by this map T , which together with the 
associativity of μA⊗B imply the associativity of μA⊗RB . Then they were led to introduce 
the concept of twistor for an algebra D, as a linear map T : D ⊗D → D ⊗D satisfying 
a list of axioms which imply that the new multiplication μDT is an algebra structure 
on the vector space D. Explicitly, a twistor of D is a linear map T : D ⊗D → D ⊗D

satisfying

T (1 ⊗ d) = 1 ⊗ d, T (d⊗ 1) = d⊗ 1 for d ∈ D,

μ23T13T12 = Tμ23, μ12T13T23 = Tμ12, T12T23 = T23T12.

The multiplication μT gives another associative algebra structure on D, with the same 
unit 1.

Partly motivated by [16], in this paper, we study twistors of nonlocal vertex algebras 
and quantum vertex algebras. The main purpose is to build various tools for constructing 
new interesting quantum vertex algebras. Let V be a nonlocal vertex algebra. We define 
a twistor to be a linear map

T (x) : V ⊗ V → V ⊗ V ⊗ C((x)),

satisfying a set of conditions which are stringy analogues of those listed before for a 
twistor of associative algebras. The underlying space of the nonlocal vertex algebra V T

associated to T (x) is V , while the vacuum vector is 1 and the vertex operator, denoted 
by YT (x), is given by

YT (u, x)v = Y (x)T (x)(u⊗ v)
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for u, v ∈ V . It is proved that V T is a nonlocal vertex algebra. The main results in 
this paper are the relations between twistors and twisted tensor products, and iterated 
twisted tensor products, and n-factor iterated twisted tensor products and L-R-twisted 
tensor products. Explicitly, as one of main results in this paper, let U , V and W be three 
nonlocal vertex algebras, let R1(x), R2(x) and R3(x) be twisting operators for the ordered 
pair (U, V ), (V, W ) and (U, W ), respectively, and let σ be the flip operator. For nonlocal 
vertex algebra K = U⊗V⊗W , we show that the operator T (x) : K⊗K → K⊗K⊗C((x)):

T (x) = σ34σ45σ23R23
1 (−x)R45

2 (−x)R34
3 (−x)

is a twistor for K if and only if (R1(x), R2(x), σ), (R1(x), σ, R3(x)) and (σ, R2(x), R3(x))
are compatible triples. Moreover, in this case it follows that R1(x), R2(x) and R3(x) are 
compatible twisting operators and KT = U ⊗R1 V ⊗R2 W . Furthermore, we generalize 
this result to the case of any number of factors by induction.

Also established in the present paper is the relation between a twistor and an 
R-matrix. A concept of R-matrix for a ring was introduced by Borcherds in [2] to study 
quantum vertex algebras. Here we define an R-matrix for a nonlocal vertex algebra and 
using an R-matrix we construct a new nonlocal vertex algebra.

The concept of twistor gives a unifying framework for these deformed constructions 
of nonlocal vertex algebras. In particular, as an illustrating example we apply this the-
ory to the nonlocal vertex algebra constructed from noncommutative 2l-plane VQ. We 
prove that nonlocal vertex algebra VQ is isomorphic to the nonlocal vertex algebra 
(V11 ⊗ V22 ⊗ · · · ⊗ Vll)T constructed from V11 ⊗ V22 ⊗ · · · ⊗ Vll by suitable twistor T (x).

Motivated by [16], we may study twistors for modules of nonlocal vertex algebras and 
generalized twistors.

This paper is organized as follows: In Section 2, we present some basic notions. In 
Section 3, we study twistors of nonlocal vertex algebras. In Section 4, we present some 
examples of twistors.

2. Preliminaries

For an accessible introduction to the theory of vertex (operator) algebras and their 
representations, we refer the reader to [8]. We begin by recalling the notion of nonlocal 
vertex algebra. A nonlocal vertex algebra (see [9], cf. [1]) is a vector space V , equipped 
with a linear map

Y (·, x) : V → Hom(V, V ((x))) ⊂ (EndV )[[x, x−1]]

v �→ Y (v, x) =
∑
n∈Z

vnx
−n−1 (where vn ∈ EndV ),

and equipped with a vector 1 ∈ V , satisfying the conditions that for v ∈ V ,

Y (1, x)v = v, Y (v, x)1 ∈ V [[x]] and lim Y (v, x)1 = v, (2.1)

x→0
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and that for u, v, w ∈ V , there exists a nonnegative integer k such that

(x0 + x2)kY (u, x0 + x2)Y (v, x2)w = (x0 + x2)kY (Y (u, x0)v, x2)w (2.2)

(weak associativity).
We sometimes denote a nonlocal vertex algebra by a triple (V, Y, 1), to emphasize the 

vertex operator map Y and the vacuum vector 1.
We now recall from [10] the notion of quantum vertex algebra.
A rational quantum Yang–Baxter operator on a vector space U is a linear map

S(x) : U ⊗ U → U ⊗ U ⊗ C((x)),

satisfying

S12(x)S13(x + z)S23(z) = S23(z)S13(x + z)S12(x)

(the quantum Yang–Baxter equation), where for 1 ≤ i < j ≤ 3,

Sij(x) : U ⊗ U ⊗ U → U ⊗ U ⊗ U ⊗ C((x))

denotes the canonical extension of S(x). It is said to be unitary if

S(x)S21(−x) = 1,

where S21(x) = σS(x)σ with σ denoting the flip operator on U ⊗ U .

Definition 2.1. A quantum vertex algebra is a nonlocal vertex algebra V equipped with 
a unitary rational quantum Yang–Baxter operator S(x) on V , satisfying the following 
conditions:

S(x)(1 ⊗ v) = 1 ⊗ v for v ∈ V, (2.3)

[D ⊗ 1,S(x)] = − d

dx
S(x), (2.4)

Y (u, x)v = exDY (−x)S(−x)(v ⊗ u) for u, v ∈ V, (2.5)

S(x1)(Y (x2) ⊗ 1) = (Y (x2) ⊗ 1)S23(x1)S13(x1 + x2), (2.6)

where D is the linear operator on V defined by D(v) = v−21 for v ∈ V . We denote a 
quantum vertex algebra by a pair (V, S).

3. Twistors

In this section, firstly we define the notion of twistor and construct a new nonlocal 
vertex algebra structure from a nonlocal vertex algebra with a twistor. Then we study 
the inverse and composition of twistors.
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Definition 3.1. Let V be a nonlocal vertex algebra. A twistor for V is a linear map

T (x) : V ⊗ V → V ⊗ V ⊗ C((x)),

satisfying the following conditions:

T (x)(1⊗ v) = 1 ⊗ v for v ∈ V , (3.1)

T (x)(v ⊗ 1) = v ⊗ 1 for v ∈ V , (3.2)

T (x1)(1 ⊗ Y (x2)) = (1 ⊗ Y (x2))T 13(x1)T 12(x1 − x2), (3.3)

T (x1)(Y (x2) ⊗ 1) = (Y (x2) ⊗ 1)T 13(x1 + x2)T 23(x1), (3.4)

T 12(x1)T 23(x2) = T 23(x2)T 12(x1). (3.5)

We now present the general twisting of a nonlocal vertex algebra.

Theorem 3.2. Let V be a nonlocal vertex algebra and let T (x) be a twistor of V . Set

YT (x) = Y (x)T (x) : V ⊗ V → V ((x)).

Then (V, YT (x), 1) carries the structure of a nonlocal vertex algebra, which is denoted 
by V T .

Proof. For u, v ∈ V , by definition we have

YT (x)(u⊗ v) =
n∑

i=1
fi(x)Y (u(i), x)v(i),

where

T (x)(u⊗ v) =
n∑

i=1
u(i) ⊗ v(i) ⊗ fi(x) ∈ V ⊗ V ⊗ C((x)).

As

fi(x) ∈ C((x)), Y (u(i), x)v(i) ∈ V ((x))

for 1 ≤ i ≤ n, we see that YT (u, x)v exists in V ((x)).
For v ∈ V , with (3.1), we have

YT (1, x)v = Y (x)T (x)(1⊗ v) = Y (1, x)v = v.

On the other hand, for v ∈ V , from (3.2) we get

YT (v, x)1 = Y (x)T (x)(v ⊗ 1) = Y (v, x)1 ∈ V [[x]],
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and

lim
x→0

YT (v, x)1 = lim
x→0

Y (x)T (x)(v ⊗ 1) = lim
x→0

Y (v, x)1 = v.

To see weak associativity, let u, v, w ∈ V . Using (3.3) we have

YT (u, x0 + x2)YT (v, x2)w

= Y (x0 + x2)T (x0 + x2)(1 ⊗ Y (x2))T 23(x2)(u⊗ v ⊗ w)

= Y (x0 + x2)(1 ⊗ Y (x2))T 13(x0 + x2)T 12(x0)T 23(x2)(u⊗ v ⊗ w).

On the other hand, using (3.4) we get

YT (YT (u, x0)v, x2)w

= Y (x2)T (x2)(Y (x0) ⊗ 1)T 12(x0)(u⊗ v ⊗ w)

= Y (x2)(Y (x0) ⊗ 1)T 13(x2 + x0)T 23(x2)T 12(x0)(u⊗ v ⊗ w).

Then the desired weak associativity relation follows from (3.5). Thus (V, YT (x), 1) carries 
the structure of a nonlocal vertex algebra, as desired. �

The following result gives the general twisting of a quantum vertex algebra.

Proposition 3.3. Let (V, S) be a quantum vertex algebra and let T (x) be a twistor of V
satisfying

T (x)S(x)σ = S(x)σT (−x), (3.6)

T 12(x1)S23(x2) = S23(x2)T 12(x1), (3.7)

T 12(x1)S13(x2) = S13(x2)T 12(x1). (3.8)

Then (V T , S) is also a quantum vertex algebra.

Proof. From Theorem 3.2, we just need to prove:

YT (x) = exDYT (−x)S(−x)σ, (3.9)

S(x1)(YT (x2) ⊗ 1) = (YT (x2) ⊗ 1)S23(x1)S13(x1 + x2). (3.10)

For (3.9), using (2.5) and (3.6), we have

YT (x) = Y (x)T (x)

= exDY (−x)S(−x)σT (x)

= exDY (−x)T (−x)S(−x)σ

= exDYT (−x)S(−x)σ.
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Concerning (3.10), by (2.6), (3.8) and (3.7), we get

S(x1)(YT (x2) ⊗ 1) = S(x1)(Y (x2) ⊗ 1)T 12(x2)

= (Y (x2) ⊗ 1)S23(x1)S13(x1 + x2)T 12(x2)

= (Y (x2) ⊗ 1)S23(x1)T 12(x2)S13(x1 + x2)

= (Y (x2) ⊗ 1)T 12(x2)S23(x1)S13(x1 + x2)

= (YT (x2) ⊗ 1)S23(x1)S13(x1 + x2).

This concludes the proof. �
Now we consider the inverse of a twistor. We say that a twistor T (x) is invertible if 

T (x), viewed as a C((x))-linear map from V ⊗V ⊗C((x)) to V ⊗V ⊗C((x)), is invertible. 
The inverse of an invertible T (x) is a C((x))-linear map T−1(x) from V ⊗ V ⊗C((x)) to 
V ⊗ V ⊗ C((x)). We often consider T−1(x) as a C-linear map

T−1(x) : V ⊗ V → V ⊗ V ⊗ C((x)).

We can easily have:

Lemma 3.4. Let V be a nonlocal vertex algebra and let T (x) be an invertible twistor 
satisfying the following two conditions

T 12(x1)T 13(x2) = T 13(x2)T 12(x1), (3.11)

T 13(x1)T 23(x2) = T 23(x2)T 13(x1). (3.12)

Then T−1(x) is also a twistor for V .

Next we discuss the composition of twistors. The composition of two twistors T (x)
and S(x) is a C((x))-linear map T (x)S(x) from V ⊗ V to V ⊗ V ⊗ C((x)). We have:

Proposition 3.5. Let V be a nonlocal vertex algebra and let T (x), S(x) : V ⊗ V → V ⊗
V ⊗ C((x)) be two twistors for V , satisfying (3.7), (3.8) and the following conditions:

T 23(x1)S12(x2) = S12(x2)T 23(x1), (3.13)

T 23(x1)S13(x2) = S13(x2)T 23(x1). (3.14)

Then

(1) S(x) is a twistor for V T (resp. T (x) is a twistor for V S).
(2) T (x)S(x) (resp. S(x)T (x)) is a twistor for V .
(3) (V T )S = V TS (resp. (V S)T = V ST ).
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Proof. (1) We just need to prove:

S(x1)(1 ⊗ YT (x2)) = (1 ⊗ YT (x2))S13(x1)S12(x1 − x2), (3.15)

S(x1)(YT (x2) ⊗ 1) = (YT (x2) ⊗ 1)S13(x1 + x2)S23(x1). (3.16)

For (3.15), using (3.3), (3.13) and (3.14), we have

S(x1)(1 ⊗ YT (x2)) = S(x1)(1 ⊗ Y (x2))T 23(x2)

= (1 ⊗ Y (x2))S13(x1)S12(x1 − x2)T 23(x2)

= (1 ⊗ Y (x2))S13(x1)T 23(x2)S12(x1 − x2)

= (1 ⊗ Y (x2))T 23(x2)S13(x1)S12(x1 − x2)

= (1 ⊗ YT (x2))S13(x1)S12(x1 − x2).

Concerning (3.16), by (3.4), (3.7) and (3.8), we get

S(x1)(YT (x2) ⊗ 1) = S(x1)(Y (x2) ⊗ 1)T 12(x2)

= (Y (x2) ⊗ 1)S13(x1 + x2)S23(x1)T 12(x2)

= (Y (x2) ⊗ 1)S13(x1 + x2)T 12(x2)S23(x1)

= (Y (x2) ⊗ 1)T 12(x2)S13(x1 + x2)S23(x1)

= (YT (x2) ⊗ 1)S13(x1 + x2)S23(x1).

We can prove that T (x) is a twistor for V S similarly.
(2) Next we prove T (x)S(x) is a twistor for V . In the first, for v ∈ V , using (3.1), we 

get

T (x)S(x)(1⊗ v) = T (x)(1⊗ v) = 1 ⊗ v,

and with (3.2), we have

T (x)S(x)(v ⊗ 1) = T (x)(v ⊗ 1) = v ⊗ 1.

From (3.4) and (3.14), we have

T (x1)S(x1)(Y (x2) ⊗ 1) = T (x1)(Y (x2) ⊗ 1)S13(x1 + x2)S23(x1)

= (Y (x2) ⊗ 1)T 13(x1 + x2)T 23(x1)S13(x1 + x2)S23(x1)

= (Y (x2) ⊗ 1)T 13(x1 + x2)S13(x1 + x2)T 23(x1)S23(x1),

and using (3.3) and (3.8), we get
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T (x1)S(x1)(1 ⊗ Y (x2)) = T (x1)(1 ⊗ Y (x2))S13(x1)S12(x1 − x2)

= (1 ⊗ Y (x2))T 13(x1)T 12(x1 − x2)S13(x1)S12(x1 − x2)

= (1 ⊗ Y (x2))T 13(x1)S13(x1)T 12(x1 − x2)S12(x1 − x2).

Furthermore, using (3.13), (3.5) and (3.7), we have

T 12(x1)S12(x1)T 23(x2)S23(x2) = T 12(x1)T 23(x2)S12(x1)S23(x2)

= T 23(x2)T 12(x1)S23(x2)S12(x1)

= T 23(x2)S23(x2)T 12(x1)S12(x1).

(3) The vertex operator map of (V T )S is (YT )S(x) = YT (x)S(x) = Y (x)T (x)S(x), 
while the vertex operator map of V TS is YTS(x) = Y (x)T (x)S(x). So it is immediate 
that (V T )S = V TS . This completes the proof. �
4. Examples of twistors

In this section we present some examples of twistors, such as R-matrices, twisted 
tensor products, iterated twisted tensor products and L-R-twisted tensor products. Fur-
thermore, the nonlocal vertex algebra constructed from noncommutative 2l-plane is 
realized as a deformation of a nonlocal vertex algebra constructed from a polynomial 
algebra via a suitable twistor.

4.1. R-matrix

Motivated by the notion of an R-matrix of a ring in [2], we formulate the following 
notion:

Definition 4.1. Let V be a nonlocal vertex algebra. An R-matrix for V is a linear map

S(x) : V ⊗ V → V ⊗ V ⊗ C((x)),

satisfying the following conditions:

S(x)(1 ⊗ v) = 1⊗ v for v ∈ V , (4.1)

S(x)(v ⊗ 1) = v ⊗ 1 for v ∈ V , (4.2)

S(x1)(1 ⊗ Y (x2)) = (1 ⊗ Y (x2))S12(x1 − x2)S13(x1), (4.3)

S(x1)(Y (x2) ⊗ 1) = (Y (x2) ⊗ 1)S23(x1)S13(x1 + x2), (4.4)

S12(x1)S13(x1 + x2)S23(x2) = S23(x2)S13(x1 + x2)S12(x1). (4.5)

The following is from [14]:
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Lemma 4.2. Let V be a nonlocal vertex algebra and let S(x) be a unitary rational quantum 
Yang–Baxter equation on V . Then (2.3) and (2.6) are equivalent to (4.2) and (4.3), 
respectively.

Remark 4.3. Note that from Lemma 4.2 the notion of a unitary rational quantum Yang–
Baxter operator S(x) in the definition of a quantum vertex algebra is a special case of 
an R-matrix.

We have the following construction of nonlocal vertex algebras from R-matrices:

Theorem 4.4. Let V be a nonlocal vertex algebra and let S(x) be an R-matrix for V . Set

YS(x) = Y (x)S(x) : V ⊗ V → V ((x)).

Then (V, YS(x), 1) carries the structure of a nonlocal vertex algebra.

Proof. For u, v ∈ V , by definition we have

YS(x)(u⊗ v) =
m∑
j=1

fj(x)Y (u(j), x)v(j),

where

S(x)(u⊗ v) =
m∑
j=1

u(j) ⊗ v(j) ⊗ fj(x) ∈ V ⊗ V ⊗ C((x)).

Since

fj(x) ∈ C((x)), Y (u(j), x)v(j) ∈ V ((x))

for 1 ≤ j ≤ m, we see that YS(u, x)v exists in V ((x)).
For v ∈ V , by (4.1) we get

YS(1, x)v = Y (x)S(x)(1⊗ v) = Y (1, x)v = v.

On the other hand, for v ∈ V , with (4.2), we have

YS(v, x)1 = Y (x)S(x)(v ⊗ 1) = Y (v, x)1 ∈ V [[x]],

and

lim YS(v, x)1 = lim Y (x)S(x)(v ⊗ 1) = lim Y (v, x)1 = v.

x→0 x→0 x→0
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Concerning weak associativity, let u, v, w ∈ V . Using (4.3) we obtain

YS(u, x0 + x2)YS(v, x2)w

= Y (x0 + x2)S(x0 + x2)(1 ⊗ Y (x2))S23(x2)(u⊗ v ⊗ w)

= Y (x0 + x2)(1 ⊗ Y (x2))S12(x0)S13(x0 + x2)S23(x2)(u⊗ v ⊗ w).

On the other hand, from (4.4) we have

YS(YS(u, x0)v, x2)w

= Y (x2)S(x2)(Y (x0) ⊗ 1)S12(x0)(u⊗ v ⊗ w)

= Y (x2)(Y (x0) ⊗ 1)S23(x2)S13(x2 + x0)S12(x0)(u⊗ v ⊗ w).

Then the desired weak associativity relation follows from (4.5). Then (V, YS(x), 1) carries 
the structure of a nonlocal vertex algebra. This completes the proof. �

The following two lemmas give the relations between a twistor and an R-matrix. First 
of all, we have:

Lemma 4.5. Let T (x) be a twistor satisfying (3.11) and (3.12). Then T (x) is an R-matrix.

Proof. Using (3.3) and (3.11), we have

T (x1)(1 ⊗ Y (x2)) = (1 ⊗ Y (x2))T 13(x1)T 12(x1 − x2)

= (1 ⊗ Y (x2))T 12(x1 − x2)T 13(x1).

By (3.4) and (3.12), we get

T (x1)(Y (x2) ⊗ 1) = (Y (x2) ⊗ 1)T 13(x1 + x2)T 23(x1)

= (Y (x2) ⊗ 1)T 23(x1)T 13(x1 + x2).

From (3.11), (3.5) and (3.12), we obtain

T 12(x)T 13(x + z)T 23(z) = T 13(x + z)T 12(x)T 23(z)

= T 13(x + z)T 23(z)T 12(x)

= T 23(z)T 13(x + z)T 12(x).

This completes the proof. �
Conversely, we have

Lemma 4.6. Each invertible R-matrix S(x) satisfying (3.11) and (3.12) is a twistor.
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Proof. Using (4.3) and (3.11), we have

S(x1)(1 ⊗ Y (x2)) = (1 ⊗ Y (x2))S12(x1 − x2)S13(x1)

= (1 ⊗ Y (x2))S13(x1)S12(x1 − x2).

By (4.4) and (3.12), we get

S(x1)(Y (x2) ⊗ 1) = (Y (x2) ⊗ 1)S23(x1)S13(x1 + x2)

= (Y (x2) ⊗ 1)S13(x1 + x2)S23(x1).

From (3.12), (4.5) and (3.11), we obtain

S12(x)S23(z)S13(x + z) = S12(x)S13(x + z)S23(z)

= S23(z)S13(x + z)S12(x)

= S23(z)S12(x)S13(x + z).

By the invertibility of S(x), we have

S12(x)S23(z) = S23(z)S12(x).

This concludes the proof. �
4.2. Twisted tensor product nonlocal vertex algebras

Let U and V be two nonlocal vertex algebras. We have an (ordinary) tensor product 
nonlocal vertex algebra U⊗V , where the vacuum vector is 1 ⊗1 and the vertex operator 
map is given by

Y (u⊗ v, x)(u′ ⊗ v′) = Y (u, x)u′ ⊗ Y (v, x)v′ for u, u′ ∈ U, v, v′ ∈ V.

That is,

YU⊗V (x) = (YU (x) ⊗ YV (x))σ23,

where σ23 is the linear operator on (U ⊗ V )⊗2, defined by

σ23(u⊗ v ⊗ u′ ⊗ v′) = u⊗ u′ ⊗ v ⊗ v′

for u, u′ ∈ U , v, v′ ∈ V .
We now recall the notion of a twisting operator, which was formulated and studied 

in [14].
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Definition 4.7. Let U and V be nonlocal vertex algebras. A twisting operator for the 
ordered pair (U, V ) is a linear map

R(x) : V ⊗ U → U ⊗ V ⊗ C((x)),

satisfying the following conditions:

R(x)(v ⊗ 1) = 1 ⊗ v for v ∈ V, (4.6)

R(x)(1 ⊗ u) = u⊗ 1 for u ∈ U, (4.7)

R(x1)(1 ⊗ Y (x2)) = (Y (x2) ⊗ 1)R23(x1)R12(x1 + x2), (4.8)

R(x1)(Y (x2) ⊗ 1) = (1 ⊗ Y (x2))R12(x1 − x2)R23(x1). (4.9)

Remark 4.8. It can be readily seen that the flip operator σ on V ⊗ V for a nonlocal 
vertex algebra V is a twisting operator and we in particular have

σ(1 ⊗ Y (x2)) = (Y (x2) ⊗ 1)σ23σ12, (4.10)

σ(Y (x2) ⊗ 1) = (1 ⊗ Y (x2))σ12σ23. (4.11)

We will use these two equalities frequently in the following.

The following gives the twisted tensor products of nonlocal vertex algebras, which was 
proved in [14].

Theorem 4.9. Let U , V be nonlocal vertex algebras and let R(x) be a twisting operator 
of the ordered pair (U, V ). Set

YR(x) = (Y (x) ⊗ Y (x))R23(−x). (4.12)

Then (U ⊗ V, YR(x), 1 ⊗ 1) carries the structure of a nonlocal vertex algebra, which 
contains U and V canonically as nonlocal vertex subalgebras.

We get the relation between a twisting operator and a twistor in the following two 
lemmas. Firstly, we can construct a twistor from a twisting operator:

Lemma 4.10. Let U ⊗R V be a twisted tensor product nonlocal vertex algebra, then the 
operator

T (x) = σ23R23(−x) : (U ⊗ V ) ⊗ (U ⊗ V ) → (U ⊗ V ) ⊗ (U ⊗ V ) ⊗ C((x))

is a twistor for U ⊗ V and (U ⊗ V )T = U ⊗R V .
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Proof. For u ∈ U , v ∈ V , using (4.6), we get

T (x)(u⊗ v ⊗ 1 ⊗ 1) = σ23R23(−x)(u⊗ v ⊗ 1 ⊗ 1) = u⊗ v ⊗ 1 ⊗ 1,

and by (4.7), we have

T (x)(1 ⊗ 1 ⊗ u⊗ v) = σ23R23(−x)(1 ⊗ 1 ⊗ u⊗ v) = 1 ⊗ 1 ⊗ u⊗ v.

From (4.8) and (4.11), we have

T (x1)(1U⊗V ⊗ YU⊗V (x2))

= σ23R23(−x1)(1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45

= σ23(1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2))R34(−x1)R23(−x1 + x2)σ45

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ23σ34R34(−x1)R23(−x1 + x2)σ45,

and on the other hand,

(1U⊗V ⊗ YU⊗V (x2))T 13(x1)T 12(x1 − x2)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45σ25R25(−x1)σ23R23(−x1 + x2).

Then we have

T (x1)(1U⊗V ⊗ YU⊗V (x2)) = (1U⊗V ⊗ YU⊗V (x2))T 13(x1)T 12(x1 − x2).

By (4.9) and (4.10), we get

T (x1)(YU⊗V (x2) ⊗ 1U⊗V )

= σ23R23(−x1)(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23

= σ23(Y (x2) ⊗ 1 ⊗ Y (x) ⊗ 1)R34(−x1 − x2)R45(−x1)σ23

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ45σ34R34(−x1 − x2)R45(−x1)σ23,

and on the other hand,

(YU⊗V (x2) ⊗ 1U⊗V )T 13(x1 + x2)T 23(x1)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23σ25R25(−x1 − x2)σ45R45(−x1).

Then we obtain

T (x1)(YU⊗V (x2) ⊗ 1U⊗V ) = (YU⊗V (x2) ⊗ 1U⊗V )T 13(x1 + x2)T 23(x1).
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It is easy to see that

T 12(x1)T 23(x2) = σ23R23(−x1)σ45R45(−x2)

= σ45R45(−x2)σ23R23(−x1)

= T 23(x2)T 12(x1).

Furthermore, we have

YT (x) = YU⊗V (x)T (x)

= YU⊗V (x)σ23R23(−x)

= (Y (x) ⊗ Y (x))σ23σ23R23(−x)

= (Y (x) ⊗ Y (x))R23(−x).

That is, (U ⊗ V )T = U ⊗R V . �
Conversely, we have:

Lemma 4.11. Let R(x) : V ⊗ U → U ⊗ V ⊗ C((x)) be a linear map and let T (x) be a 
twistor for U ⊗ V defined by T (x) = σ23R23(−x). Then R(x) is a twisting operator for 
the ordered pair (U, V ) and U ⊗R V = (U ⊗ V )T .

Proof. For u ∈ U , v ∈ V ,

u⊗ v ⊗ 1 ⊗ 1 = T (x)(u⊗ v ⊗ 1 ⊗ 1) = σ23R23(−x)(u⊗ v ⊗ 1 ⊗ 1).

Then we get R23(−x)(u ⊗ v ⊗ 1 ⊗ 1) = u ⊗ 1 ⊗ v ⊗ 1. That is,

R(x)(v ⊗ 1) = 1 ⊗ v.

Similarly,

1 ⊗ 1 ⊗ u⊗ v = T (x)(1⊗ 1 ⊗ u⊗ v) = σ23R23(−x)(1 ⊗ 1 ⊗ u⊗ v).

Then we have R23(−x)(1 ⊗ 1 ⊗ u ⊗ v) = 1 ⊗ u ⊗ 1 ⊗ v. That is,

R(x)(1⊗ u) = u⊗ 1.

And

T (x1)(1U⊗V ⊗ YU⊗V (x2)) = σ23R23(−x1)(1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45,
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and on the other hand, we have

(1U⊗V ⊗ YU⊗V (x2))T 13(x1)T 12(x1 − x2)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45σ25R25(−x1)σ23R23(−x1 + x2).

Then applying to 1 ⊗ v ⊗ u ⊗ 1 ⊗ u′ ⊗ 1, for u, u′ ∈ U , v ∈ V , we obtain

R(x1)(1 ⊗ Y (x2)) = (Y (x2) ⊗ 1)R23(x1)R12(x1 + x2).

Similarly, we have

T (x1)(YU⊗V (x2) ⊗ 1U⊗V ) = σ23R23(−x1)(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23,

and on the other hand, we get

(YU⊗V (x2) ⊗ 1U⊗V )T 13(x1 + x2)T 23(x1)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23σ25R25(−x1 − x2)σ45R45(−x1).

Then applying to 1 ⊗ v ⊗ 1 ⊗ v′ ⊗ u ⊗ 1, for u ∈ U , v, v′ ∈ V , we have

R(x1)(Y (x2) ⊗ 1) = (1 ⊗ Y (x2))R12(x1 − x2)R23(x1).

Finally, we have

YR(x) = (Y (x) ⊗ Y (x))R23(−x)

= (Y (x) ⊗ Y (x))σ23σ23R23(−x)

= YU⊗V (x)σ23R23(−x)

= YU⊗V (x)T (x).

Then we obtain U ⊗R V = (U ⊗ V )T . �
We will say that the twistor T (x) is afforded by the twisting operator R(x).

Remark 4.12. In [12], a notion of nonlocal vertex bialgebra and a notion of nonlocal 
vertex module-algebra for a nonlocal vertex bialgebra were formulated, and a smash 
product construction of nonlocal vertex algebras was established. Given a nonlocal vertex 
bialgebra H and for a nonlocal vertex H-module algebra U , we had a smash product 
U�H. In [14], the smash product construction was slightly generalized, and it was shown
that the smash product U�V is a twisted tensor product with respect to a canonical 
twisting operator. Thus from Lemma 4.10 and Lemma 4.11, we know that the smash 
products in [14] also can be related with twistors.
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Furthermore, we have:

Proposition 4.13. Let U and V be two nonlocal vertex algebras and let R(x), S(x) :
V ⊗ U → U ⊗ V ⊗ C((x)) be two twisting operators satisfying:

R12(x1)S23(x2)σ12 = σ23S12(x2)R23(x1), (4.13)

σ12R23(x1)S12(x2) = S23(x2)R12(x1)σ23. (4.14)

Denote by TR(x) (resp. TS(x)) the twistor for U ⊗ V afforded by R(x) (resp. S(x)). 
Define (RS)(x) (resp. (SR)(x)) : V ⊗ U → U ⊗ V ⊗ C((x)) by

(RS)(x) = R(x)σS(x) (resp. (SR)(x) = S(x)σR(x)).

Then:

(1) TS(x) (resp. TR(x)) is a twistor for U ⊗R V (resp. U ⊗S V ).
(2) TR(x)TS(x) (resp. TS(x)TR(x)) is a twistor for U ⊗ V afforded by the twisting op-

erator (RS)(x) (resp. (SR)(x)).
(3) (U ⊗R V )TS = U ⊗RS V (resp. (U ⊗S V )TR = U ⊗SR V ).

Proof. (1) We just prove TS(x) is a twistor for U ⊗R V . For u ∈ U , v ∈ V , using (4.7), 
we have

TS(x)(1⊗ 1 ⊗ u⊗ v) = σ23S23(−x)(1⊗ 1 ⊗ u⊗ v) = 1 ⊗ 1 ⊗ u⊗ v,

and similarly using (4.6), we get

TS(x)(u⊗ v ⊗ 1 ⊗ 1) = σ23S23(−x)(u⊗ v ⊗ 1 ⊗ 1) = u⊗ v ⊗ 1 ⊗ 1.

From (4.8) and (4.11), we obtain

TS(x1)(1U⊗V ⊗ YU⊗RV (x2))

= σ23S23(−x1)(1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))R45(−x2)

= σ23(1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2))S34(−x1)S23(−x1 + x2)R45(−x2)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ23σ34S34(−x1)S23(−x1 + x2)R45(−x2)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ23σ34S34(−x1)R45(−x2)S23(−x1 + x2),

and on the other hand, we have

(1U⊗V ⊗ YU⊗RV (x2))T 13
S (x1)T 12

S (x1 − x2)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))R45(−x2)σ25S25(−x1)σ23S23(−x1 + x2),



314 J.C. Sun / Journal of Algebra 468 (2016) 296–336
and by (4.14), we get that

TS(x1)(1U⊗V ⊗ YU⊗RV (x2)) = (1U⊗V ⊗ YU⊗RV (x2))T 13
S (x1)T 12

S (x1 − x2).

Similarly, by (4.9) and (4.10), we have

TS(x1)(YU⊗RV (x2) ⊗ 1U⊗V ),

= σ23S23(−x1)(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)R23(−x2)

= σ23(Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ 1)S34(−x1 − x2)S45(−x1)R23(−x2)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ45σ34S34(−x1 − x2)S45(−x1)R23(−x2)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ45σ34S34(−x1 − x2)R23(−x2)S45(−x1),

and on the other hand, we have

(YU⊗RV (x2) ⊗ 1U⊗V )T 13
S (x1 + x2)T 23

S (x1)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)R23(−x2)σ25S25(−x1 − x2)σ45S45(−x1),

and by (4.13), we obtain that

TS(x1)(YU⊗RV (x2) ⊗ 1U⊗V ) = (YU⊗RV (x2) ⊗ 1U⊗V )T 13
S (x1 + x2)T 23

S (x1).

And obviously,

T 12
S (x1)T 23

S (x2) = σ23S23(−x1)σ45S45(−x2)

= σ45S45(−x2)σ23S23(−x1)

= T 23
S (x2)T 12

S (x1).

(2) We need to prove (RS)(x) is a twisting operator for ordered pair (U, V ). For v ∈ V , 
using (4.6), we have

(RS)(x)(v ⊗ 1) = R(x)σS(x)(v ⊗ 1) = R(x)σ(1 ⊗ v) = R(x)(v ⊗ 1) = 1 ⊗ v,

similarly, for u ∈ U , using (4.7), we get

(RS)(x)(1 ⊗ u) = R(x)σS(x)(1 ⊗ u) = R(x)σ(u⊗ 1) = R(x)(1⊗ u) = u⊗ 1.

By (4.8) and (4.11), we have

(RS)(x1)(1 ⊗ Y (x2)) = R(x1)σS(x1)(1 ⊗ Y (x2))

= R(x1)σ(Y (x2) ⊗ 1)S23(x1)S12(x1 + x2)

= R(x1)(1 ⊗ Y (x2))σ12σ23S23(x1)S12(x1 + x2)

= (Y (x2) ⊗ 1)R23(x1)R12(x1 + x2)σ12σ23S23(x1)S12(x1 + x2),
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and on the other hand, by (4.14), we obtain

(Y (x2) ⊗ 1)(RS)23(x1)(RS)12(x1 + x2)

= (Y (x2) ⊗ 1)R23(x1)σ23S23R12(x1 + x2)σ12S12(x1 + x2)

= (Y (x2) ⊗ 1)R23(x1)σ23σ12R23(x1 + x2)S12(x1)σ23σ12S12(x1 + x2),

from a direct calculation, we have

(RS)(x1)(1 ⊗ Y (x2)) = (Y (x2) ⊗ 1)(RS)23(x1)(RS)12(x1 + x2).

Similarly, using (4.9) and (4.10), we get

(RS)(x1)(Y (x2) ⊗ 1) = R(x1)σS(x1)(Y (x2) ⊗ 1)

= R(x1)σ(1 ⊗ Y (x2))S12(x1 − x2)S23(x1)

= R(x1)(Y (x2) ⊗ 1)σ23σ12S12(x1 − x2)S23(x1)

= (1 ⊗ Y (x2))R12(x1 − x2)R23(x1)σ23σ12S12(x1 − x2)S23(x1),

and on the other hand, by (4.13), we have

(1 ⊗ Y (x2))(RS)12(x1 − x2)(RS)23(x1)

= (1 ⊗ Y (x2))R12(x1 − x2)σ12S12(x1 − x2)R23(x1)σ23S23(x1)

= (1 ⊗ Y (x2))R12(x1 − x2)σ12σ23R12(x1)S23(x1 − x2)σ12σ23S23(x1),

from a direct calculation, we obtain

(RS)(x1)(Y (x2) ⊗ 1) = (1 ⊗ Y (x2))(RS)12(x1 − x2)(RS)23(x1).

Furthermore, we get

TR(x)TS(x) = σ23R23(−x)σ23S23(−x) = σ23(RS)23(−x).

That is, TR(x)TS(x) is a twistor for U ⊗ V afforded by the twisting operator (RS)(x).
(3) It is easy to see that

YU⊗RV (x)TS(x) = (Y (x) ⊗ Y (x))R23(−x)σ23S23(−x)

= (Y (x) ⊗ Y (x))(RS)23(−x)

= YU⊗RSV (x).

This concludes the proof. �
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4.3. Iterated twisted tensor product nonlocal vertex algebras

First of all, we review some results of the construction of iterated twisted tensor 
products of nonlocal vertex algebras from [17].

Let U , V and W be nonlocal vertex algebras, let

R1(x) : V ⊗ U → U ⊗ V ⊗ C((x)),

R2(x) : W ⊗ V → V ⊗W ⊗ C((x)),

R3(x) : W ⊗ U → U ⊗W ⊗ C((x))

be twisting operators for the ordered pairs (U, V ), (V, W ) and (U, W ), respectively. Define 
operators

T1(x) = R23
2 (x)R12

3 (x) : W ⊗ (U ⊗R1 V ) → (U ⊗R1 V ) ⊗W ⊗ C((x)),

T2(x) = R12
1 (x)R23

3 (x) : (V ⊗R2 W ) ⊗ U → U ⊗ (V ⊗R2 W ) ⊗ C((x)).

The following was proved in [17]:

Theorem 4.14. Let U , V and W be nonlocal vertex algebras, let R1(x), R2(x) and R3(x)
be twisting operators for the ordered pairs (U, V ), (V, W ) and (U, W ), respectively. Then 
the following conditions are equivalent:

(1) T1(x) = R23
2 (x)R12

3 (x) is a twisting operator.
(2) T2(x) = R12

1 (x)R23
3 (x) is a twisting operator.

(3) The twisting operators R1(x), R2(x) and R3(x) satisfy the following compatibility 
condition (called the hexagon equation):

R23
2 (x1 − x2)R12

3 (x1)R23
1 (x2) = R12

1 (x2)R23
3 (x1)R12

2 (x1 − x2). (4.15)

Furthermore, if all the three conditions are satisfied, then the nonlocal vertex algebras 
U ⊗T2 (V ⊗R2 W ) and (U ⊗R1 V ) ⊗T1 W are equal. In this case, we will denote this 
nonlocal vertex algebra by U ⊗R1 V ⊗R2 W , which contains U , V and W canonically as 
nonlocal vertex subalgebras.

In particular, if we take one of the compatible twisting operators R1(x), R2(x), R3(x)
as a usual flip, respectively, then we have

R12
1 (x1)σ23R12

2 (x2) = R23
2 (x2)σ12R23

1 (x1), (4.16)

R12
1 (x1)R23

3 (x2)σ12 = σ23R12
3 (x2)R23

1 (x1), (4.17)

σ12R23
3 (x1)R12

2 (x2) = R23
2 (x2)R12

3 (x1)σ23. (4.18)
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That is, (R1(x), R2(x), σ), (R1(x), σ, R3(x)) and (σ, R2(x), R3(x)) are compatible, re-
spectively. These three equalities are very crucial in the proof of the following results.

Consider the nonlocal vertex algebra K = U⊗V ⊗W and the operator T (x) : K⊗K →
K ⊗K ⊗ C((x)):

T (x) = σ34σ45σ23R23
1 (−x)R45

2 (−x)R34
3 (−x). (4.19)

As one of main results of this paper we have:

Theorem 4.15. With notation as above, T (x) is a twistor for K if and only if 
(R1(x), R2(x), σ), (R1(x), σ, R3(x)) and (σ, R2(x), R3(x)) are compatible triples. More-
over, in this case it follows that R1(x), R2(x) and R3(x) are compatible twisting operators 
and KT = U ⊗R1 V ⊗R2 W .

Proof. For the “if” part, for u ∈ U , v ∈ V , w ∈ W , we need to prove

T (x)(1 ⊗ 1 ⊗ 1 ⊗ u⊗ v ⊗ w) = 1 ⊗ 1 ⊗ 1 ⊗ u⊗ v ⊗ w, (4.20)

T (x)(u⊗ v ⊗ w ⊗ 1 ⊗ 1 ⊗ 1) = u⊗ v ⊗ w ⊗ 1 ⊗ 1 ⊗ 1, (4.21)

T (x1)(1U⊗V⊗W ⊗ YU⊗V⊗W (x2))

= (1U⊗V⊗W ⊗ YU⊗V⊗W (x2))T 13(x1)T 12(x1 − x2), (4.22)

T (x1)(YU⊗V⊗W (x2) ⊗ 1U⊗V⊗W )

= (YU⊗V⊗W (x2) ⊗ 1U⊗V⊗W )T 13(x1 + x2)T 23(x1), (4.23)

T 12(x1)T 23(x2) = T 23(x2)T 12(x1). (4.24)

At first, for u ∈ U , v ∈ V , w ∈ W , we can easily have

T (x)(1⊗ 1 ⊗ 1 ⊗ u⊗ v ⊗ w)

= σ34σ45σ23R23
1 (−x)R45

2 (−x)R34
3 (−x)(1 ⊗ 1 ⊗ 1 ⊗ u⊗ v ⊗ w)

= σ34σ45σ23R23
1 (−x)R45

2 (−x)(1 ⊗ 1 ⊗ u⊗ 1 ⊗ v ⊗ w)

= σ34σ45σ23(1 ⊗ u⊗ 1 ⊗ v ⊗ 1 ⊗ w)

= 1 ⊗ 1⊗ 1 ⊗ u⊗ v ⊗ w,

and

T (x)(u⊗ v ⊗ w ⊗ 1⊗ 1 ⊗ 1)

= σ34σ45σ23R23
1 (−x)R45

2 (−x)R34
3 (−x)(u⊗ v ⊗ w ⊗ 1 ⊗ 1 ⊗ 1)

= σ34σ45σ23R23
1 (−x)R45

2 (−x)(u⊗ v ⊗ 1 ⊗ w ⊗ 1 ⊗ 1)

= σ34σ45σ23(u⊗ 1 ⊗ v ⊗ 1 ⊗ w ⊗ 1)

= u⊗ v ⊗ w ⊗ 1 ⊗ 1 ⊗ 1.
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Concerning (4.22), from (4.8) and (4.11), we have

T (x1)(1U⊗V⊗W ⊗ YU⊗V⊗W (x2))

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)R34
3 (−x1)(1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))

· σ78σ56σ67

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)(1 ⊗ 1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))

·R45
3 (−x1)R34

3 (−x1 + x2)σ78σ56σ67

= σ34σ45σ23(1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2))R34
1 (−x1)R23

1 (−x1 + x2)

·R67
2 (−x1)R56

2 (−x1 + x2)R45
3 (−x1)R34

3 (−x1 + x2)σ78σ56σ67

= σ34(1 ⊗ 1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ56σ67σ23σ34R34
1 (−x1)R23

1 (−x1 + x2)

·R67
2 (−x1)R56

2 (−x1 + x2)R45
3 (−x1)R34

3 (−x1 + x2)σ78σ56σ67

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ34σ45σ56σ67σ23σ34R34
1 (−x1)R23

1 (−x1 + x2)

·R67
2 (−x1)R56

2 (−x1 + x2)R45
3 (−x1)R34

3 (−x1 + x2)σ78σ56σ67,

using (4.18), we get R56
2 (−x1 + x2)R45

3 (−x1) = σ45R56
3 (−x1)R45

2 (−x1 + x2)σ56, then

T (x1)(1U⊗V⊗W ⊗ YU⊗V⊗W (x2))

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ34σ45σ56σ67σ23σ34R34
1 (−x1)R23

1 (−x1 + x2)

·R67
2 (−x1)R56

2 (−x1 + x2)R45
3 (−x1)R34

3 (−x1 + x2)σ78σ56σ67

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ34σ45σ56σ67σ23σ34R34
1 (−x1)R23

1 (−x1 + x2)

·R67
2 (−x1)σ45R56

3 (−x1)R45
2 (−x1 + x2)σ56R34

3 (−x1 + x2)σ78σ56σ67

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ34σ45σ56σ67σ23σ34R34
1 (−x1)

·R67
2 (−x1)σ45R56

3 (−x1)σ78σ67R23
1 (−x1 + x2)R45

2 (−x1 + x2)R34
3 (−x1 + x2),

and on the other hand, we have

(1U⊗V⊗W ⊗ YU⊗V⊗W (x2))T 13(x1)T 12(x1 − x2)

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ78σ56σ67

· σ37σ78σ23R23
1 (−x1)R78

2 (−x1)R37
3 (−x1)

· σ34σ45σ23R23
1 (−x1 + x2)R45

2 (−x1 + x2)R34
3 (−x1 + x2),

and by direct calculation we know that

σ34σ45σ56σ67σ23σ34R34
1 (−x1)R67

2 (−x1)σ45R56
3 (−x1)σ78σ67

·R23
1 (−x1 + x2)R45

2 (−x1 + x2)R34
3 (−x1 + x2)
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= σ78σ56σ67σ37σ78σ23R23
1 (−x1)R78

2 (−x1)R37
3 (−x1)σ34σ45σ23

·R23
1 (−x1 + x2)R45

2 (−x1 + x2)R34
3 (−x1 + x2).

Then we have (4.22).
For (4.23), using (4.9) and (4.10), we have

T (x1)(YU⊗V⊗W (x2) ⊗ 1U⊗V⊗W )

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)R34
3 (−x1)(Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)

· σ45σ23σ34

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ 1 ⊗ 1)

·R56
3 (−x1 − x2)R67

3 (−x1)σ45σ23σ34

= σ34σ45σ23(Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ 1)R34
1 (−x1 − x2)R45

1 (−x1)

·R67
2 (−x1 − x2)R78

2 (−x1)R56
3 (−x1 − x2)R67

3 (−x1)σ45σ23σ34

= σ34(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ 1 ⊗ 1)σ78σ67σ45σ34R34
1 (−x1 − x2)R45

1 (−x1)

·R67
2 (−x1 − x2)R78

2 (−x1)R56
3 (−x1 − x2)R67

3 (−x1)σ45σ23σ34

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ67σ56σ78σ67σ45σ34R34
1 (−x1 − x2)R45

1 (−x1)

·R67
2 (−x1 − x2)R78

2 (−x1)R56
3 (−x1 − x2)R67

3 (−x1)σ45σ23σ34,

by (4.17), we get R45
1 (−x1)R56

3 (−x1 − x2) = σ56R45
3 (−x1 − x2)R56

1 (−x1)σ45, then

T (x1)(YU⊗V⊗W (x2) ⊗ 1U⊗V⊗W )

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ67σ56σ78σ67σ45σ34R34
1 (−x1 − x2)R45

1 (−x1)

·R67
2 (−x1 − x2)R78

2 (−x1)R56
3 (−x1 − x2)R67

3 (−x1)σ45σ23σ34

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ67σ56σ78σ67σ45σ34

·R34
1 (−x1 − x2)R67

2 (−x1 − x2)R45
1 (−x1)R56

3 (−x1 − x2)R78
2 (−x1)R67

3 (−x1)σ45σ23σ34

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ67σ56σ78σ67σ45σ34

·R34
1 (−x1 − x2)R67

2 (−x1 − x2)σ56R45
3 (−x1 − x2)R56

1 (−x1)σ45R78
2 (−x1)R67

3 (−x1)

· σ45σ23σ34,

and on the other hand,

(YU⊗V⊗W (x2) ⊗ 1U⊗V⊗W )T 13(x1 + x2)T 23(x1)

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ45σ23σ34

· σ37σ78σ23R23
1 (−x1 − x2)R78

2 (−x1 − x2)R37
3 (−x1 − x2)

· σ67σ78σ56R56
1 (−x1)R78

2 (−x1)R67
3 (−x1),
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by the direct calculation we have

σ67σ56σ78σ67σ45σ34R34
1 (−x1 − x2)R67

2 (−x1 − x2)σ56R45
3 (−x1 − x2)R56

1 (−x1)

· σ45R78
2 (−x1)R67

3 (−x1)σ45σ23σ34

= σ45σ23σ34σ37σ78σ23R23
1 (−x1 − x2)R78

2 (−x1 − x2)R37
3 (−x1 − x2)

· σ67σ78σ56R56
1 (−x1)R78

2 (−x1)R67
3 (−x1).

Then we have (4.23).
For (4.24), from (4.19), we have

T 12(x1)T 23(x2)

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)R34
3 (−x1)σ67σ78σ56R56

1 (−x2)R78
2 (−x2)R67

3 (−x2)

= σ67σ78σ34σ45σ23R23
1 (−x1)R45

2 (−x1)σ56R56
1 (−x2)R78

2 (−x2)R67
3 (−x2)R34

3 (−x1),

from (4.16), we have R45
2 (−x1)σ56R56

1 (−x2) = σ45σ56R56
1 (−x2)σ45R45

2 (−x1), then

T 12(x1)T 23(x2)

= σ67σ78σ34σ45σ23R23
1 (−x1)R45

2 (−x1)σ56R56
1 (−x2)R78

2 (−x2)R67
3 (−x2)R34

3 (−x1)

= σ67σ78σ34σ45σ23R23
1 (−x1)σ45σ56R56

1 (−x2)σ45R45
2 (−x1)R78

2 (−x2)R67
3 (−x2)R34

3 (−x1)

= σ67σ78σ56R56
1 (−x2)R78

2 (−x2)R67
3 (−x2)σ34σ45σ23R23

1 (−x1)R45
2 (−x1)R34

3 (−x1)

= T 23(x2)T 12(x1).

Next we prove the “only if” part. For (4.16), for u′′ ∈ U , v′ ∈ V , w ∈ W , we take 
1 ⊗ 1 ⊗ w, 1 ⊗ v′ ⊗ 1 and u′′ ⊗ 1 ⊗ 1, then

T 12(x1)T 23(x2)(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)R34
3 (−x1)σ67σ78σ56R56

1 (−x2)R78
2 (−x2)R67

3 (−x2)

· (1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)R34
3 (−x1)σ67σ56R56

1 (−x2)

· (1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ u′′ ⊗ 1 ⊗ 1 ⊗ 1)

= σ67σ34σ45R45
2 (−x1)σ56R56

1 (−x2)(1 ⊗ 1 ⊗ 1 ⊗ w ⊗ v′ ⊗ u′′ ⊗ 1 ⊗ 1 ⊗ 1),

and on other hand, we also have

T 23(x2)T 12(x1)(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= σ67σ78σ56R56
1 (−x2)R78

2 (−x2)R67
3 (−x2)σ34σ45σ23R23

1 (−x1)R45
2 (−x1)R34

3 (−x1)

· (1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)
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= σ67σ78σ56R56
1 (−x2)R78

2 (−x2)R67
3 (−x2)σ34σ45R45

2 (−x1)

· (1 ⊗ 1 ⊗ 1 ⊗ w ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= σ67σ56R56
1 (−x2)σ34σ45R45

2 (−x1)(1 ⊗ 1 ⊗ 1 ⊗ w ⊗ v′ ⊗ u′′ ⊗ 1 ⊗ 1 ⊗ 1),

from (3.5), we know that (4.16) holds.
Concerning (4.17), we also take 1 ⊗ 1 ⊗w, 1 ⊗ v′ ⊗ 1 and u′′ ⊗ 1 ⊗ 1, using (4.9) and 

(4.10), we have

T (x1)(YU⊗V⊗W (x2) ⊗ 1U⊗V⊗W )(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)R34
3 (−x1)(Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)

· σ45σ23σ34(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ67σ56σ78σ67σ45σ34R34
1 (−x1 − x2)R45

1 (−x1)

·R67
2 (−x1 − x2)R78

2 (−x1)R56
3 (−x1 − x2)R67

3 (−x1)σ45σ23σ34

· (1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ67σ56σ78σ67σ45σ34R34
1 (−x1 − x2)R45

1 (−x1)

·R67
2 (−x1 − x2)R56

3 (−x1 − x2)(1 ⊗ 1 ⊗ 1 ⊗ v′ ⊗ w ⊗ u′′ ⊗ 1 ⊗ 1 ⊗ 1),

and on the other hand,

(YU⊗V⊗W (x2) ⊗ 1U⊗V⊗W )T 13(x1 + x2)T 23(x1)

· (1⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ45σ23σ34

· σ37σ78σ23R23
1 (−x1 − x2)R78

2 (−x1 − x2)R37
3 (−x1 − x2)

· σ67σ78σ56R56
1 (−x1)R78

2 (−x1)R67
3 (−x1)(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (Y (x2) ⊗ Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)σ45σ23σ34

· σ37σ78σ23R23
1 (−x1 − x2)R78

2 (−x1 − x2)R37
3 (−x1 − x2)

· σ67σ56R56
1 (−x1)(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ u′′ ⊗ 1 ⊗ 1 ⊗ 1),

then from (3.4) we can easily have (4.17).
For (4.18), we still take 1 ⊗ 1 ⊗ w, 1 ⊗ v′ ⊗ 1 and u′′ ⊗ 1 ⊗ 1, from (4.8) and (4.11), 

we have

T (x1)(1U⊗V⊗W ⊗ YU⊗V⊗W (x2))(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= σ34σ45σ23R23
1 (−x1)R45

2 (−x1)R34
3 (−x1)(1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))

· σ78σ56σ67(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ34σ45σ56σ67σ23σ34R34
1 (−x1)R23

1 (−x1 + x2)



322 J.C. Sun / Journal of Algebra 468 (2016) 296–336
·R67
2 (−x1)R56

2 (−x1 + x2)R45
3 (−x1)R34

3 (−x1 + x2)σ78σ56σ67

· (1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ34σ45σ56σ67σ23σ34R34
1 (−x1)

·R67
2 (−x1)R56

2 (−x1 + x2)R45
3 (−x1)(1 ⊗ 1 ⊗ 1 ⊗ w ⊗ u′′ ⊗ v′ ⊗ 1 ⊗ 1 ⊗ 1),

and on the other hand, we have

(1U⊗V⊗W ⊗ YU⊗V⊗W (x2))T 13(x1)T 12(x1 − x2)

· (1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ78σ56σ67

· σ37σ78σ23R23
1 (−x1)R78

2 (−x1)R37
3 (−x1)σ34σ45σ23

·R23
1 (−x1 + x2)R45

2 (−x1 + x2)R34
3 (−x1 + x2)(1 ⊗ 1 ⊗ w ⊗ 1 ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1)

= (1 ⊗ 1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2) ⊗ Y (x2))σ78σ56σ67

· σ37σ78σ23R23
1 (−x1)R78

2 (−x1)R37
3 (−x1)σ34σ45

·R45
2 (−x1 + x2)(1 ⊗ 1 ⊗ 1 ⊗ w ⊗ v′ ⊗ 1 ⊗ u′′ ⊗ 1 ⊗ 1),

then from (3.3) we directly get (4.18).
Finally, from (4.18), (4.16) and (4.17), we have

R23
2 (x1 − x2)R12

3 (x1)R23
1 (x2) = σ12R23

3 (x1)R12
2 (x1 − x2)σ23R23

1 (x2)

= σ12R23
3 (x1)σ13R13

1 (x2)R12
2 (x1 − x2)

= R12
1 (x2)R23

3 (x1)R12
2 (x1 − x2).

That is, R1(x), R2(x) and R3(x) are compatible. It is easy to see that

YT (x) = YU⊗V⊗W (x)T (x)

= (Y (x) ⊗ Y (x) ⊗ Y (x))σ45σ23σ34σ34σ45σ23R23
1 (−x)R45

2 (−x)R34
3 (−x)

= (Y (x) ⊗ Y (x) ⊗ Y (x))R23
1 (−x)R45

2 (−x)R34
3 (−x).

That is, KT = U ⊗R1 V ⊗R2 W . �
4.4. N -factor iterated twisted tensor product nonlocal vertex algebras

In this subsection, we begin by recalling the construction of a twisted tensor product 
of any number of factors.

The following is lifted from [17]:
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Lemma 4.16. Let V1, V2, . . . , Vn be nonlocal vertex algebras, let Rij(x) : Vj ⊗ Vi → Vi ⊗
Vj ⊗ C((x)) be twisting operators for 1 ≤ i < j ≤ n, such that for any i < j < k

the twisting operators Rij(x), Rjk(x) and Rik(x) satisfying the hexagon equation, let 
T i
n−1,n(x) = R12

i,n−1(x)R23
in(x) be twisting operators defined by

T i
n−1,n(x) : (Vn−1 ⊗Rn−1,n Vn) ⊗ Vi → Vi ⊗ (Vn−1 ⊗Rn−1,n Vn) ⊗ C((x))

for i = 1, . . . , n −2. Then for 1 < i < j ≤ n −2, the twisting operators Rij(x), T j
n−1,n(x)

and T i
n−1,n(x) satisfy the hexagon equation.

The following was proved in [17]:

Theorem 4.17 (Coherence Theorem). Let V1, V2, . . . , Vn be nonlocal vertex algebras, let 
Rij(x) : Vj ⊗ Vi → Vi ⊗ Vj ⊗ C((x)) be twisting operators for 1 ≤ i < j ≤ n, such that 
for any i < j < k the twisting operators Rij(x), Rjk(x) and Rik(x) satisfy the hexagon 
equation, and let T i

j−1,j(x) be twisting operators defined by

T i
j−1,j(x) = R12

i,j−1(x)R23
ij (x) :

(Vj−1 ⊗Rj−1,j Vj) ⊗ Vi → Vi ⊗ (Vj−1 ⊗Rj−1,j Vj) ⊗ C((x)) for i ≤ j − 2,

T i
j−1,j(x) = R23

ji (x)R12
j−1,i(x) :

Vi ⊗ (Vj−1 ⊗Rj−1,j Vj) → (Vj−1 ⊗Rj−1,j Vj) ⊗ Vi ⊗ C((x)) for i ≥ j + 1.

Then for i, k /∈ {j − 1, j} the twisting operators Rik(x), T k
j−1,j(x) and T i

j−1,j(x) satisfy 
the hexagon equation. Furthermore, for any 1 ≤ i ≤ n the (inductively defined) twisted 
tensor product nonlocal vertex algebras

V1 ⊗R12 · · · ⊗Ri−3,i−2 Vi−2 ⊗T i−2
i−1,i

(Vi−1 ⊗Ri−1,i Vi) ⊗T i+1
i−1,i

Vi+1 ⊗Ri+1,i+2 · · · ⊗Rn−1,n Vn

are all equal.

Next we construct twistors from n-factor iterated twisted tensor products:

Theorem 4.18. Let V1, V2, . . . , Vn be nonlocal vertex algebras, let Rij(x) : Vj ⊗ Vi →
Vi ⊗Vj ⊗C((x)) be twisting operators for 1 ≤ i < j ≤ n, and let K = V1 ⊗V2 ⊗ · · · ⊗Vn. 
Then the following two conditions are equivalent:

(1) The operator T (x) : K ⊗K → K ⊗K ⊗ C((x)) defined by

T (x)

= σn,n+1 (σn−1,nσn+1,n+2)
· · ·

(
σn−k,n−k+1σn−k+2,n−k+3 · · ·σn+k−2,n+k−1σn+k,n+k+1)
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· · ·
(
σ23σ45 · · ·σ2n−2,2n−1) (R23

12(−x)R45
23(−x) · · ·R2n−2,2n−1

n−1,n (−x)
)

· · ·
(
Rn−k,n−k+1

1,n−k (−x)Rn−k+2,n−k+3
2,n−k+1 (−x) · · ·Rn+k−2,n+k−1

k,n−1 (−x)Rn+k,n+k+1
k+1,n (−x)

)
· · ·

(
Rn−1,n

1,n−1 (−x)Rn+1,n+2
2n (−x)

)
Rn,n+1

1n (−x)

is a twistor.
(2) For any triple i < j < k ∈ {1, . . . , n}, {Rij(x), Rjk(x), σ}, {Rij(x), σ, Rik(x)} and 

{σ, Rjk(x), Rik(x)} are sets of compatible twisting operators.

Moreover, if the conditions are satisfied, then the twisting operators {Rij(x)}1≤i<j≤n

are compatible, and we have KT = V1 ⊗R12 ⊗V2 ⊗R23 · · · ⊗Rn−1,n Vn.

Proof. The proof is by induction on the number of factors n ≥ 3. For n = 3, the result 
is Theorem 4.15. Now, assuming the result holds for n − 1 factors with their correspond-
ing twisting operators, and given V1, V2, . . . , Vn nonlocal vertex algebras, satisfying the 
hypothesis of the theorem, we consider the algebras U1 = V1, . . . , Un−2 = Vn−2, Un−1 =
Vn−1 ⊗Rn−1,n Vn, with the twisting operators defined as in the Coherence Theorem.

For simplicity of notation, in the following we only prove the case of n = 4.
Let Vi be nonlocal vertex algebras for i = 1, 2, 3, 4, let

R12(x) : V2 ⊗ V1 → V1 ⊗ V2 ⊗ C((x)), R23(x) : V3 ⊗ V2 → V2 ⊗ V3 ⊗ C((x)),

R13(x) : V3 ⊗ V1 → V1 ⊗ V3 ⊗ C((x)), R14(x) : V4 ⊗ V1 → V1 ⊗ V4 ⊗ C((x)),

R24(x) : V4 ⊗ V2 → V2 ⊗ V4 ⊗ C((x)), R34(x) : V4 ⊗ V3 → V3 ⊗ V4 ⊗ C((x))

be twisting operators for the ordered pairs (V1, V2), (V2, V3), (V1, V3), (V1, V4), (V2, V4)
and (V3, V4), respectively.

If we take one of the compatible twisting operators R12(x), R23(x), R13(x) as a usual 
flip, respectively, then we have

R12
12(x1)σ23R12

23(x2) = R23
23(x2)σ12R23

12(x1), (4.25)

R12
12(x1)R23

13(x2)σ12 = σ23R12
13(x2)R23

12(x1), (4.26)

σ12R23
13(x1)R12

23(x2) = R23
23(x2)R12

13(x1)σ23. (4.27)

That is, (R12(x), R23(x), σ), (R12(x), σ, R13(x)) and (σ, R23(x), R13(x)) are compatible, 
respectively.

If we take one of the compatible twisting operators R12(x), R24(x), R14(x) as a usual 
flip, respectively, then we have

R12
12(x1)σ23R12

24(x2) = R23
24(x2)σ12R23

12(x1), (4.28)

R12
12(x1)R23

14(x2)σ12 = σ23R12
14(x2)R23

12(x1), (4.29)

σ12R23
14(x1)R12

24(x2) = R23
24(x2)R12

14(x1)σ23. (4.30)
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That is, (R12(x), R24(x), σ), (R12(x), σ, R14(x)) and (σ, R24(x), R14(x)) are compatible, 
respectively.

If we take one of the compatible twisting operators R13(x), R34(x), R14(x) as a usual 
flip, respectively, then we have

R12
13(x1)σ23R12

34(x2) = R23
34(x2)σ12R23

13(x1), (4.31)

R12
13(x1)R23

14(x2)σ12 = σ23R12
14(x2)R23

13(x1), (4.32)

σ12R23
14(x1)R12

34(x2) = R23
34(x2)R12

14(x1)σ23. (4.33)

That is, (R13(x), R34(x), σ), (R13(x), σ, R14(x)) and (σ, R34(x), R14(x)) are compatible, 
respectively.

If we take one of the compatible twisting operators R23(x), R34(x), R24(x) as a usual 
flip, respectively, then we have

R12
23(x1)σ23R12

34(x2) = R23
34(x2)σ12R23

23(x1), (4.34)

R12
23(x1)R23

24(x2)σ12 = σ23R12
24(x2)R23

23(x1), (4.35)

σ12R23
24(x1)R12

34(x2) = R23
34(x2)R12

24(x1)σ23. (4.36)

That is, (R23(x), R34(x), σ), (R23(x), σ, R24(x)) and (σ, R34(x), R24(x)) are compatible, 
respectively.

We need to prove these conditions (4.25)–(4.36) together are equivalent to

T (x) = σ45 (σ34σ56) (σ23σ45σ67) (R23
12(−x)R45

23(−x)R67
34(−x)

)
·
(
R34

13(−x)R56
24(−x)

)
R45

14(−x)

is a twistor.
For the “only if” part, we shall use the hypothesis of the theorem for V1 ⊗R12 V2 ⊗T 2

34

(V3 ⊗ V4). And we have the following twisting operators:

R12(x) : V2 ⊗ V1 → V1 ⊗ V2 ⊗ C((x)),

T 2
34(x) = R12

23(x)R23
24(x) : (V3 ⊗ V4) ⊗ V2 → V2 ⊗ (V3 ⊗ V4) ⊗ C((x)),

T 1
34(x) = R12

13(x)R23
14(x) : (V3 ⊗ V4) ⊗ V1 → V1 ⊗ (V3 ⊗ V4) ⊗ C((x)).

If we take one of the twisting operators R12(x), T 2
34(x), T 1

34(x) as a usual flip, respectively, 
then we need to prove

R12
12(x1)(σ23σ34)(T 2

34)12(x2) = (T 2
34)23(x2)(σ12σ23)R34

12(x1),

R12
12(x1)(T 1

34)23(x2)(σ12σ23) = (σ23σ34)(T 1
34)12(x2)R34

12(x1),

σ12(T 1
34)23(x1)(T 2

34)12(x2) = (T 2
34)23(x2)(T 1

34)12(x1)σ23.
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That is, (R12(x), T 2
34(x) = R12

23(x)R23
24(x), σ12σ23), (R12(x), σ12σ23, T 1

34(x) = R12
13(x)×

R23
14(x)) and (σ, T 2

34(x) = R12
23(x)R23

24(x), T 1
34(x) = R12

13(x)R23
14(x)) are compatible, respec-

tively. These are also equivalent to:

R12
12(x1)(σ23σ34)(R12

23(x2)R23
24(x2)) = (R23

23(x2)R34
24(x2))(σ12σ23)R34

12(x1), (4.37)

R12
12(x1)(R23

13(x2)R34
14(x2))(σ12σ23) = (σ23σ34)(R12

13(x2)R23
14(x2))R34

12(x1), (4.38)

σ12(R23
13(x1)R34

14(x1))(R12
23(x2)R23

24(x2))

= (R23
23(x2)R34

24(x2))(R12
13(x1)R23

14(x1))σ23. (4.39)

For (4.37), from (4.25) and (4.28), we have

R12
12(x1)(σ23σ34)(R12

23(x2)R23
24(x2)) = R12

12(x1)σ23R12
23(x2)σ34R23

24(x2)

= R23
23(x2)σ12R23

12(x1)σ34R23
24(x2)

= R23
23(x2)σ12R34

24(x2)σ23R34
12(x1)

= (R23
23(x2)R34

24(x2))(σ12σ23)R34
12(x1).

Concerning (4.38), by (4.26) and (4.29), we get

R12
12(x1)(R23

13(x2)R34
14(x2))(σ12σ23) = σ23R12

13(x2)R23
12(x1)σ12R34

14(x2)σ12σ23

= σ23R12
13(x2)R23

12(x1)R34
14(x2)σ23

= σ23R12
13(x2)σ34R23

14(x2)R34
12(x1).

For (4.39), using (4.27) and (4.30), we obtain

σ12(R23
13(x1)R34

14(x1))(R12
23(x2)R23

24(x2)) = σ12R23
13(x1)R12

23(x2)R34
14(x1)R23

24(x2)

= R23
23(x2)R12

13(x1)σ23R34
14(x1)R23

24(x2)

= R23
23(x2)R12

13(x1)R34
24(x2)R23

14(x1)σ34

= (R23
23(x2)R34

24(x2))(R12
13(x1)R23

14(x1))σ34.

With the induction hypothesis, these conditions (4.37)–(4.39) hold if and only if

T2(x) = (σ45σ34)(σ56σ45)σ23R23
12(−x)(T 2

34)45(−x)(T 1
34)34(−x)

= (σ45σ34)(σ56σ45)σ23R23
12(−x)(R45

23(−x)R56
24(−x))(R34

13(−x)R45
14(−x))

is a twistor for V1 ⊗R12 V2 ⊗T 2
34

(V3 ⊗ V4).
We also have another twistor T1(x) for V1 ⊗ V2 ⊗ (V3 ⊗R34 V4):

T1(x) = σ45(σ34σ56)(σ23σ45σ67)(σ23σ45R67
34(−x))(σ34σ56σ45)

= σ45σ56σ67R67
34(−x)σ56σ45.
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By (4.31) and (4.34), we have

T 12
1 (x1)T 23

2 (x2) = σ45σ56σ67R67
34(−x1)σ56σ45

· σ89σ78σ9,10σ89σ67R67
12(−x2)R89

23(−x2)R9,10
24 (−x2)R78

13(−x2)R89
14(−x2)

= σ89σ78σ9,10σ89σ67R67
12(−x2)R89

23(−x2)R9,10
24 (−x2)R78

13(−x2)R89
14(−x2)

· σ45σ56σ67R67
34(−x1)σ56σ45

= T 23
2 (x2)T 12

1 (x1).

Using (4.33) and (4.36), we get

T 12
1 (x1)T 13

2 (x2) = σ45σ56σ67R67
34(−x1)σ56σ45

· σ49σ34σ9,10σ49σ23R23
12(−x2)R49

23(−x2)R9,10
24 (−x2)R34

13(−x2)R49
14(−x2)

= σ49σ34σ9,10σ49σ23R23
12(−x2)R49

23(−x2)R9,10
24 (−x2)R34

13(−x2)R49
14(−x2)

· σ45σ56σ67R67
34(−x1)σ56σ45

= T 13
2 (x2)T 12

1 (x1).

Furthermore, we can easily have

T 23
1 (x1)T 12

2 (x2) = σ89σ9,10σ10,11R10,11
34 (−x1)σ9,10σ89

· σ45σ34σ56σ45σ23R23
12(−x2)R45

23(−x2)R56
24(−x2)R34

13(−x2)R45
14(−x2)

= σ45σ34σ56σ45σ23R23
12(−x2)R45

23(−x2)R56
24(−x2)R34

13(−x2)R45
14(−x2)

· σ89σ9,10σ10,11R10,11
34 (−x1)σ9,10σ89

= T 12
2 (x2)T 23

1 (x1),

and

T 23
1 (x1)T 13

2 (x2) = σ89σ9,10σ10,11R10,11
34 (−x1)σ9,10σ89

· σ49σ34σ9,10σ49σ23R23
12(−x2)R49

23(−x2)R9,10
24 (−x2)R34

13(−x2)R49
14(−x2)

= σ49σ34σ9,10σ49σ23R23
12(−x2)R49

23(−x2)R9,10
24 (−x2)R34

13(−x2)R49
14(−x2)

· σ89σ9,10σ10,11R10,11
34 (−x1)σ9,10σ89

= T 13
2 (x2)T 23

1 (x1).

From the second result in Proposition 3.5, we know that T (x) = T1(x)T2(x) is a 
twistor for V1 ⊗ V2 ⊗ V3 ⊗ V4.
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To see the “if” part, given a twistor T (x) for V1 ⊗R12 V2 ⊗T 2
34

(V3 ⊗ V4), we have:

T (x1)(1V1⊗V2⊗V3⊗V4 ⊗ YV1⊗V2⊗V3⊗V4(x2))

= (1V1⊗V2⊗V3⊗V4 ⊗ YV1⊗V2⊗V3⊗V4(x2))T 13(x1)T 12(x1 − x2), (4.40)

T (x1)(YV1⊗V2⊗V3⊗V4(x2) ⊗ 1V1⊗V2⊗V3⊗V4)

= (YV1⊗V2⊗V3⊗V4(x2) ⊗ 1V1⊗V2⊗V3⊗V4)T 13(x1 + x2)T 23(x1), (4.41)

T 12(x1)T 23(x2) = T 23(x2)T 12(x1). (4.42)

From (4.40), for v′′1 ∈ V1, v′2, v′′2 ∈ V2, v3, v′3 ∈ V3, v4 ∈ V4, taking 1 ⊗ 1 ⊗ v3 ⊗ 1 ⊗ 1 ⊗
v′2⊗1 ⊗1 ⊗v′′1 ⊗1 ⊗1 ⊗1, 1 ⊗1 ⊗1 ⊗v4⊗1 ⊗v′2⊗1 ⊗1 ⊗v′′1 ⊗1 ⊗1 ⊗1, 1 ⊗1 ⊗1 ⊗v4⊗1 ⊗
1 ⊗v′3⊗1 ⊗v′′1 ⊗1 ⊗1 ⊗1 and 1 ⊗1 ⊗1 ⊗v4⊗1 ⊗1 ⊗v′3⊗1 ⊗1 ⊗v′′2 ⊗1 ⊗1, respectively, we 
can have (4.27), (4.30), (4.33) and (4.36), correspondingly. Similarly, using (4.41), taking 
the same elements, we get (4.26), (4.29), (4.32) and (4.35), correspondingly. Finally, by 
(4.42), taking the above elements, we get (4.25), (4.28), (4.31) and (4.34), respectively.

For 1 ≤ i < j < k ≤ 4, from (4.25)–(4.36), we have

R23
jk(x1 − x2)R12

ik (x1)R23
ij (x2) = σ12R23

ik (x1)R12
jk(x1 − x2)σ23R23

ij (x2)

= σ12R23
ik (x1)σ13R13

ij (x2)R12
jk(x1 − x2)

= R12
ij (x2)R23

ik (x1)R12
jk(x1 − x2).

That is, Rij(x), Rjk(x) and Rik(x) are compatible. It is easy to see that

YT (x) = YV1⊗V2⊗V3⊗V4(x)T (x)

= (Y (x) ⊗ Y (x) ⊗ Y (x) ⊗ Y (x))σ23σ45σ67σ34σ56σ45σ45σ56σ34σ67σ45σ23

·R23
12(−x)R45

23(−x)R67
34(−x)R34

13(−x)R56
24(−x)R45

14(−x)

= (Y (x) ⊗ Y (x) ⊗ Y (x) ⊗ Y (x))R23
12(−x)R45

23(−x)R67
34(−x)

·R34
13(−x)R56

24(−x)R45
14(−x).

That is, KT = V1 ⊗R12 V2 ⊗R23 V3 ⊗R34 V4. This concludes the proof. �
4.5. L-R-twisted tensor product nonlocal vertex algebras

Now we come to L-R-twisted tensor product nonlocal vertex algebras. Firstly, we 
recall the notion of an L-twisting operator, which was formulated and studied in [18].

Definition 4.19. Let U and V be nonlocal vertex algebras. An L-twisting operator for the 
ordered pair (U, V ) is a linear map

Q(x) : U ⊗ V → U ⊗ V ⊗ C((x)),
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satisfying the following conditions:

Q(x)(u⊗ 1) = u⊗ 1 for u ∈ U, (4.43)

Q(x)(1 ⊗ v) = 1 ⊗ v for v ∈ V, (4.44)

Q(x1)(1 ⊗ Y (x2)) = (1 ⊗ Y (x2))Q13(x1)Q12(x1 − x2), (4.45)

Q(x1)(Y (x2) ⊗ 1) = (Y (x2) ⊗ 1)Q13(x1 + x2)Q23(x1). (4.46)

Remark 4.20. Note that if we take U = V in the Definition 4.19, we know that an 
L-twisting operator satisfies all the conditions in the definition of a twistor except (3.5).

Now we present the L-R-twisted tensor products from [18].

Theorem 4.21. Let U , V be nonlocal vertex algebras, let R(x) be a twisting operator and 
let Q(x) be an L-twisting operator of the ordered pair (U, V ), respectively, satisfying the 
following conditions:

R12(x1)Q23(x2) = Q13(x2)R12(x1), (4.47)

R23(x1)Q12(x2) = Q13(x2)R23(x1). (4.48)

Set

QYR(x) = (Y (x) ⊗ Y (x))Q14(x)R23(−x). (4.49)

Then (U ⊗ V, QYR(x), 1 ⊗ 1) carries the structure of a nonlocal vertex algebra, which 
contains U and V canonically as nonlocal vertex subalgebras.

Next, we study the relations among a twisting operator, an L-twisting operator and a 
twistor in the following lemmas. Firstly, the following result enables us to get a twistor 
from an L-R-twisted tensor product.

Lemma 4.22. Let U Q⊗R V be an L-R-twisted tensor product of nonlocal vertex algebras 
U and V . Then QTR(x) = Q14(x)σ23R23(−x) is a twistor for nonlocal vertex algebra 
U ⊗ V .

Proof. For u ∈ U , v ∈ V , by (4.7) and (4.44), we have

QTR(x)(1⊗ 1 ⊗ u⊗ v) = Q14(x)σ23R23(−x)(1⊗ 1 ⊗ u⊗ v)

= Q14(x)σ23(1 ⊗ u⊗ 1 ⊗ v)

= 1 ⊗ 1 ⊗ u⊗ v,

and using (4.6) and (4.43), we get
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QTR(x)(u⊗ v ⊗ 1 ⊗ 1) = Q14(x)σ23R23(−x)(u⊗ v ⊗ 1 ⊗ 1)

= Q14(x)σ23(u⊗ 1 ⊗ v ⊗ 1)

= u⊗ v ⊗ 1 ⊗ 1.

From (4.8), (4.11) and (4.45), we have

QTR(x1)(1U⊗V ⊗ YU⊗V (x2))

= QTR(x1)(1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45

= Q14(x1)σ23R23(−x1)(1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45

= Q14(x1)σ23(1 ⊗ Y (x2) ⊗ 1 ⊗ Y (x2))R34(−x1)R23(−x1 + x2)σ45

= Q14(x1)(1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ23σ34R34(−x1)R23(−x1 + x2)σ45

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))Q16(x1)Q15(x1 − x2)σ23σ34R34(−x1)R23(−x1 + x2)σ45

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))Q16(x1)Q15(x1 − x2)σ23σ34R34(−x1)σ45R23(−x1 + x2),

and on the other hand,

(1U⊗V ⊗ YU⊗V (x2))QT 13
R (x1)QT 12

R (x1 − x2)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45Q16(x1)σ25R25(−x1)Q14(x1 − x2)σ23R23(−x1 + x2)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))Q16(x1)σ45σ25R25(−x1)Q14(x1 − x2)σ23R23(−x1 + x2).

Then we get

QTR(x1)(1U⊗V ⊗ YU⊗V (x2)) = (1U⊗V ⊗ YU⊗V (x2))QT 13
R (x1)QT 12

R (x1 − x2).

Similarly, by (4.9), (4.10) and (4.46), we have

QTR(x1)(YU⊗V (x2) ⊗ 1U⊗V )

= Q14(x1)σ23R23(−x1)(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23

= Q14(x1)σ23(Y (x2) ⊗ 1 ⊗ Y (x2) ⊗ 1)R34(−x1 − x2)R45(−x1)σ23

= Q14(x1)(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ45σ34R34(−x1 − x2)R45(−x1)σ23

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)Q16(x1 + x2)Q26(x1)σ45σ34R34(−x1 − x2)R45(−x1)σ23

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)Q16(x1 + x2)Q26(x1)σ45σ34R34(−x1 − x2)σ23R45(−x1),

and on the other hand,

(YU⊗V (x2) ⊗ 1U⊗V )QT 13
R (x1 + x2)QT 23

R (x1)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23Q16(x1 + x2)σ25R25(−x1 − x2)Q36(x1)σ45R45(−x1)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)Q16(x1 + x2)σ23σ25R25(−x1 − x2)Q36(x1)σ45R45(−x1).
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Then we get

QTR(x1)(YU⊗V (x2) ⊗ 1U⊗V ) = (YU⊗V (x2) ⊗ 1U⊗V )QT 13
R (x1 + x2)QT 23

R (x1).

Using (4.47), we get

QT
12
R (x1)QT 23

R (x2) = Q14(x1)σ23R23(−x1)Q36(x2)σ45R45(−x2)

= Q14(x1)σ23Q26(x2)R23(−x1)σ45R45(−x2)

= σ23Q14(x1)Q26(x2)σ45R23(−x1)R45(−x2),

and from (4.48), we have

QT
23
R (x2)QT 12

R (x1) = Q36(x2)σ45R45(−x2)Q14(x1)σ23R23(−x1)

= σ45Q36(x2)Q15(x1)R45(−x2)σ23R23(−x1)

= σ45Q36(x2)Q15(x1)σ23R23(−x1)R45(−x2).

By the direct calculation, we finally have:

QT
12
R (x1)QT 23

R (x2) = QT
23
R (x2)QT 12

R (x1).

This concludes the proof. �
Conversely, we have:

Lemma 4.23. Let R(x) : V ⊗U → U⊗V ⊗C((x)) be a twisting operator, Q(x) : U⊗V →
U ⊗ V ⊗ C((x)) be a linear map and let QTR(x) be a twistor for U ⊗ V defined by 

QTR(x) = Q14(x)σ23R23(−x). Then Q(x) is an L-twisting operator for the ordered pair 
(U, V ) and U Q⊗R V = (U ⊗ V )QTR .

Proof. For u ∈ U , by (3.2), we have

u⊗ 1 ⊗ 1 ⊗ 1 = QTR(x)(u⊗ 1 ⊗ 1 ⊗ 1)

= Q14(x)σ23R23(−x)(u⊗ 1 ⊗ 1 ⊗ 1)

= Q14(x)(u⊗ 1 ⊗ 1 ⊗ 1),

then Q(x)(u ⊗ 1) = u ⊗ 1. Similarly, for v ∈ V , using (3.1), we get

1 ⊗ 1 ⊗ 1 ⊗ v = QTR(x)(1 ⊗ 1 ⊗ 1 ⊗ v)

= Q14(x)σ23R23(−x)(1 ⊗ 1 ⊗ 1 ⊗ v)

= Q14(1 ⊗ 1 ⊗ 1 ⊗ v),

then Q(x)(1 ⊗ v) = 1 ⊗ v.
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For u ∈ U , v′, v′′ ∈ V , by (3.3), we have

QTR(x1)(1U⊗V ⊗ YU⊗V (x2))(u⊗ 1 ⊗ 1 ⊗ v′ ⊗ 1 ⊗ v′′)

= Q14(x)σ23R23(−x)(1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45(u⊗ 1 ⊗ 1 ⊗ v′ ⊗ 1 ⊗ v′′)

= Q14(x)(1 ⊗ 1 ⊗ 1 ⊗ Y (x))(u⊗ 1 ⊗ 1 ⊗ v′ ⊗ v′′),

and on the other hand,

(1U⊗V ⊗ YU⊗V (x2))QT 13
R (x1)QT 12

R (x1 − x2)(u⊗ 1 ⊗ 1 ⊗ v′ ⊗ 1 ⊗ v′′)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))σ45Q16(x1)σ25R25(−x1)

·Q14(x1 − x2)σ23R23(−x1 + x2)(u⊗ 1 ⊗ 1 ⊗ v′ ⊗ 1 ⊗ v′′)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))Q16(x1)Q15(x1 − x2)(u⊗ 1 ⊗ 1 ⊗ 1 ⊗ v′ ⊗ v′′)

= (1 ⊗ 1 ⊗ Y (x2) ⊗ Y (x2))Q15(x1)Q14(x1 − x2)(u⊗ 1 ⊗ 1 ⊗ v′ ⊗ v′′),

then

Q(x1)(1 ⊗ Y (x2)) = (1 ⊗ Y (x2))Q13(x1)Q12(x1 − x2).

For u, u′ ∈ U , v′′ ∈ V , from (3.4), we have

QTR(x1)(YU⊗V (x2) ⊗ 1U⊗V )(u⊗ 1 ⊗ u′ ⊗ 1 ⊗ 1 ⊗ v′′)

= Q14(x1)σ23R23(−x1)(Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23(u⊗ 1 ⊗ u′ ⊗ 1 ⊗ 1 ⊗ v′′)

= Q14(x1)(Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)(u⊗ u′ ⊗ 1 ⊗ 1 ⊗ v′′),

and on the other hand,

(YU⊗V (x2) ⊗ 1U⊗V )QT 13
R (x1 + x2)QT 23

R (x1)(u⊗ 1 ⊗ u′ ⊗ 1 ⊗ 1 ⊗ v′′)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)σ23Q16(x1 + x2)σ25R25(−x1 − x2)

·Q36(x1)σ45R45(−x1)(u⊗ 1 ⊗ u′ ⊗ 1 ⊗ 1 ⊗ v′′)

= (Y (x2) ⊗ Y (x2) ⊗ 1 ⊗ 1)Q16(x1 + x2)Q26(x1)(u⊗ u′ ⊗ 1 ⊗ 1 ⊗ 1 ⊗ v′′)

= (Y (x2) ⊗ 1 ⊗ 1 ⊗ 1)Q15(x1 + x2)Q25(x1)(u⊗ u′ ⊗ 1 ⊗ 1 ⊗ v′′).

Thus

Q(x1)(Y (x2) ⊗ 1) = (Y (x2) ⊗ 1)Q13(x1 + x2)Q23(x1).

This concludes the proof. �
Remark 4.24. For u ∈ U , v ∈ V , we just used R(x)(v⊗1) = 1 ⊗v and R(x)(u ⊗1) = 1 ⊗u

in the proof of Lemma 4.23.
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Similarly, we also have:

Lemma 4.25. Let R(x) : V ⊗ U → U ⊗ V ⊗ C((x)) be a linear map, Q(x) : U ⊗ V →
U ⊗ V ⊗C((x)) be an L-twisting operator and let QTR(x) be a twistor for U ⊗ V defined 
by QTR(x) = Q14(x)σ23R23(−x). Then R(x) is a twisting operator for the ordered pair 
(U, V ) and U Q⊗R V = (U ⊗ V )QTR .

4.6. The noncommutative 2l-planes

In this subsection we present a concrete example. It is shown that the nonlocal ver-
tex algebras VQ associated with the noncommutative 2l-planes defined by Connes and 
Dubois-Violette in [3] could be realized as nonlocal vertex algebras constructed from 
V11 ⊗ V22 ⊗ · · · ⊗ Vll by a suitable twistor T (x). And this nonlocal vertex algebra is very 
similar to the quantum vertex algebra of Zamolodchikov–Faddev type studied in [7].

Definition 4.26. Let l be a positive integer and let Q = (qij)li,j=1 be a complex matrix 
such that

qii = qijqji = 1 for 1 ≤ i, j ≤ l. (4.50)

Define AQ to be the associative algebra with identity (over C) with generators

Xi,n, Yi,n (i = 1, . . . , l, n ∈ Z),

subject to relations

Xi,mXj,n = qijXj,nXi,m, Yi,mYj,n = qijYj,nYi,m, Xi,mYj,n = qjiYj,nXi,m (4.51)

for i, j = 1, . . . , l, m, n ∈ Z.

Let {e1, . . . , el} denote the standard Z-basis of Zl. It is straightforward to see that 
AQ is a Zl-graded algebra with the grading defined by

degXi,m = ei, deg Yi,m = −ei for 1 ≤ i ≤ l, m ∈ Z. (4.52)

Set

A+
Q = 〈Xi,m, Yj,n | i, j = 1, . . . , l, m, n ≥ 0〉,

A−
Q = 〈Xi,m, Yj,n | i, j = 1, . . . , l, m, n < 0〉,

which are Zl-graded subalgebras of AQ.
A vector w in an AQ-module W is called a vacuum vector if A+

Qw = 0, and an 
AQ-module W equipped with a vacuum vector which generates W is called a vacuum 
AQ-module.
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Set

VQ = AQ/(AQA+
Q), (4.53)

a left AQ-module, and set

1 = 1 + (AQA+
Q) ∈ VQ.

Clearly, 1 is a vacuum vector and VQ equipped with 1 is a vacuum AQ-module.
For 1 ≤ i ≤ l, set

u(i) = Xi,−11, v(i) = Yi,−11 ∈ VQ (4.54)

and set

Xi(x) =
∑
n∈Z

Xi,nx
−n−1, Yi(x) =

∑
n∈Z

Yi,nx
−n−1 ∈ AQ[[x, x−1]]. (4.55)

Now we endow VQ with the structure of a weak quantum vertex algebra (cf. [7,17]).

Theorem 4.27. Let Q = (qij)1≤i,j≤l be a complex matrix such that qii = 1 and qijqji = 1
for 1 ≤ i, j ≤ l, let AQ be the associative algebra associated with Q and let VQ be 
the universal vacuum AQ-module. There exists a (unique) weak quantum vertex algebra 
structure on VQ with 1 as the vacuum vector such that

Y (u(i), x) = Xi(x), Y (v(i), x) = Yi(x) for i = 1, . . . , l.

Let W be any AQ-module satisfying the condition that for any w ∈ W , Xi,mw =
Yi,mw = 0 for 1 ≤ i ≤ l and for m sufficiently large. Then there exists a (unique) 
VQ-module structure on W with

YW (u(i), x) = Xi(x), YW (v(i), x) = Yi(x) for i = 1, . . . , l.

Conversely, any VQ-module W is an AQ-module with

Xi(x) = YW (u(i), x), Yi(x) = YW (v(i), x) for i = 1, . . . , l.

Furthermore, similar to Proposition 3.8 in [7], we have (cf. [17]):

Proposition 4.28. Let V be any nonlocal vertex algebra and let ψ be any map from 
{u(i), v(i) | i = 1, . . . , l} to V such that

Y (ψ(u(i)), x1)Y (ψ(u(j)), x2) = qijY (ψ(u(j)), x2)Y (ψ(u(i)), x1),

Y (ψ(v(i)), x1)Y (ψ(v(j)), x2) = qijY (ψ(v(j)), x2)Y (ψ(v(i)), x1),

Y (ψ(u(i)), x1)Y (ψ(v(j)), x2) = qjiY (ψ(v(j)), x2)Y (ψ(u(i)), x1)
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for 1 ≤ i, j ≤ l. Then there exists a unique nonlocal-vertex-algebra homomorphism from 
VQ to V , extending ψ.

For each 1 ≤ i ≤ l, n ∈ Z, the algebra Aqii (associated with 1 ×1 matrix qii) generated 
by the elements Xi,n and Yi,n is commutative and is isomorphic to C[Xi,n, Yi,n], which is a 
polynomial algebra. Let Vii be the universal vacuum module constructed from Aqii . From 
Theorem 4.27, we know that Vii is a nonlocal vertex subalgebra of VQ. In the following 
we show that VQ can be realized as a deformation through a twistor of V11 ⊗ · · · ⊗ Vll. 
Moreover, Theorem 4.18 provides an explicit formula for the twistor T (x) which recovers 
the iterated twisted tensor product.

We make the following vector space identification

VQ → V11 ⊗ · · · ⊗ Vll,

u(i) �→ 1 ⊗ · · · ⊗ u(i) ⊗ · · · ⊗ 1,

v(i) �→ 1 ⊗ · · · ⊗ v(i) ⊗ · · · ⊗ 1,

where u(i) maps to the position 2i −1 and v(i) maps to the position 2i for u(i), v(i) ∈ VQ, 
1 ≤ i ≤ l.

It is easy to see that:

Proposition 4.29. Let Vii, a nonlocal vertex subalgebra of VQ, be the universal vacuum 
Aqii-module for 1 ≤ i ≤ l. Let T (x) be a linear map defined on generator as

T (x) : u(i) ⊗ u(j) =
{

u(i) ⊗ u(j), if i ≤ j,

qiju
(i) ⊗ u(j), if i > j,

(4.56)

T (x) : u(i) ⊗ v(j) =
{

u(i) ⊗ v(j), if i ≤ j,

qjiu
(i) ⊗ v(j), if i > j,

(4.57)

T (x) : v(i) ⊗ u(j) =
{

v(i) ⊗ u(j), if i ≤ j,

qjiv
(i) ⊗ u(j), if i > j,

(4.58)

T (x) : v(i) ⊗ v(j) =
{

v(i) ⊗ v(j), if i ≤ j,

qijv
(i) ⊗ v(j), if i > j

(4.59)

for u(i), v(i) ∈ Vii, u(j), v(j) ∈ Vjj, i, j ∈ {1, . . . , l}. Then T (x) is an invertible twistor 
for nonlocal vertex algebra V11 ⊗ V22 ⊗ · · · ⊗ Vll.

Furthermore, we have:

Proposition 4.30. The nonlocal vertex algebra VQ is isomorphic to the nonlocal vertex 
algebra (V11 ⊗ V22 ⊗ · · · ⊗ Vll)T constructed from V11 ⊗ V22 ⊗ · · · ⊗ Vll by the twistor 
T (x).
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