Journal of Algebra 468 (2016) 296-336

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

Twistors of nonlocal vertex algebras

CrossMark
Jiancai Sun
Department of Mathematics, Shanghat University, Shanghai 200444, China
ARTICLE INFO ABSTRACT
Article history: In this paper we introduce and study the concept of twistor
Received 6 March 2016 for a nonlocal vertex algebra. This concept provides a

Available online 30 August 2016
Communicated by Masaki Kashiwara

unified framework for various constructions of nonlocal vertex
algebras, such as R-matrices, twisted tensor products, iterated
twisted tensor products and L-R-twisted tensor products of

Keywords:

Nonlocal vertex algebra nonlocal vertex algebras. Among the main results, we find
Twisted tensor product the relations among theses constructions and we also give one
R-matrix concrete example of a twistor. Furthermore, we study some
Twistor properties of twistors.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Vertex algebras are both analogues and generalizations of commutative and associa-
tive unital algebras, while nonlocal vertex algebras (or field algebras in the sense of [1])
are analogues and generalizations of associative unital algebras. In [6], one of an impor-
tant series of papers, Etingof and Kazhdan developed a fundamental theory of quantum
vertex operator algebras in the sense of formal deformation, where quantum vertex op-
erator algebras are (fi-adic) nonlocal vertex algebras (over C[[h]]) which satisfy what was
called S-locality. Furthermore, a theory of (weak) quantum vertex algebras (see [10,11])
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was developed, where weak quantum vertex algebras are generalizations of vertex super-
algebras, instead of formal deformations. Weak quantum vertex algebras in this sense are
nonlocal vertex algebras that satisfy a variation of Etingof-Kazhdan’s S-locality. In this
developing theory, constructing interesting examples of quantum vertex algebras is one
of the most important problems. Previously, inspired by twisted tensor products theory
of associative algebras (see [5,20,15,4]), we developed a theory of twisted tensor products
of nonlocal vertex algebras and their modules in [14,17-19].

Let U and V be two nonlocal vertex algebras. Motivated by a recent study [14] on
regular representations for Mobius quantum vertex algebras, a twisting operator in [13]
was defined to be a linear map R(z) : VU — U ® V ® C((z)) satisfying

Rz)(v®1l)=1®v, RE)(1®u)=u®l foruclU,veV,
R(z1)(1 @Y (22)) = (Y(22) @ )R* (21) R (21 + 22),
R(z1)(Y (22) ®1) = (L@ Y (22))R™ (w1 — 22) R* (a1).

These conditions are stringy analogues of those for a twisting map with associative alge-
bras (see [5,20]). The underlying space of the twisted tensor product U ® g V' associated
to R(z) is U ® V, while the vacuum vector is 1y ® 1y and the vertex operator map,
denoted by Yg(z), is given by

Yr(u®@v,z)(v @) = (Yu(z) @ Yy (2))(u® R(z)(veu) @)

for u,w’ € U, v,v" € V. It was proved in [13] that U ® g V is a nonlocal vertex algebra,
containing U and V canonically as subalgebras which satisfy a certain commutation
relation. (If both U and V' are weak quantum vertex algebras, it was proved that U®@r V'
is a weak quantum vertex algebra.) On the other hand, it was proved that if a nonlocal
vertex algebra K, which is non-degenerate in the sense of [6], contains subalgebras U
and V satisfying a certain commutation relation, then K is isomorphic to the twisted
tensor product U ®r V with respect to a twisting operator R(z). Also established in that
paper was a universal property for the twisted tensor product U ®g V, similar to the
one for the ordinary tensor product U ® V. The smash product UV, formulated in [12],
was also slightly generalized and realized as the twisted tensor product with respect to
a canonical twisting operator.

Furthermore, in [17], we studied iterated twisted tensor products of nonlocal vertex
algebras and of weak quantum vertex algebras. Let U, V and W be three nonlocal vertex
algebras, let R;i(x), Ra(x) and R3(x) be twisting operators for the ordered pair (U, V),
(V,W) and (U, W), respectively. We showed that U, V and W give rise to an iterated
twisted tensor product with three factors, denoted by U ®pr, V ®gr, W, if Ry(z), Ra(x)
and Rs(x) satisfy the following compatibility condition

R3*(x1 — 2)R3” (z1) RY (v2) = Ry (w2) R3’ (1) Ry* (21 — x2).
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And we found conditions for twisting operators Ty (z) : W ® (U ®gr, V) — (U ®g,
V)@ W @ C((x)) and Ta(z) : (VQr, W)U — U ® (V ®gr, W) ® C((x)) could
be split as a composition of two suitable twisting operators. If U, V' and W are weak
quantum vertex algebras, it was proved that U ®g, V ®g, W is a weak quantum vertex
algebra. Furthermore, we constructed some iterated twisted tensor product nonlocal
vertex algebras, which are isomorphic to nonlocal vertex algebra U ®g, V ®@gr, W, with
some suitable conditions. It was proved in [17] that the iterated twisted tensor product
of three factors can be lifted to that of any number of factors with compatible twisting
operators. Also established in that paper is a universal property for the iterated twisted
tensor product V1 ®g,, Vo QRr,, - QR
product V1 @ Vo ® - - - ®@V,,. And it was shown that noncommutative 2I/-planes defined by

w_1.n Vn, similar to the one for the ordinary tensor
Connes and Dubois-Violette in [3], can be realized as iterated twisted tensor product of
some nonlocal vertex algebras with suitable twisting operators.

In the theory of associative algebras, there is a notion of a twistor (see [16]). Let A,
B be algebras with multiplication 4, up and let A ® g B be a twisted tensor product
algebra with a twisting map R. The initial aim in [16] was to relate the multiplications
tagps of A®g B and puagp of A® B. It can be readily seen that pag,p = pagnl,
where 4 : (A® B)®@ (A® B) - (A® B) ® (A® B) is a map depending on R, and the
problem is to find the abstract properties satisfied by this map 7', which together with the
associativity of pagp imply the associativity of piag 5. Then they were led to introduce
the concept of twistor for an algebra D, as a linear map T': D ® D — D ® D satisfying
a list of axioms which imply that the new multiplication pupT is an algebra structure
on the vector space D. Explicitly, a twistor of D is a linear map T : D® D — D ® D
satisfying

Tled) =1®d, Td®l)=d®1l forde D,
p23T13T12 = Tuoz,  p12T13T53 = Tz,  T12T3 = T23T1o.

The multiplication pT" gives another associative algebra structure on D, with the same
unit 1.

Partly motivated by [16], in this paper, we study twistors of nonlocal vertex algebras
and quantum vertex algebras. The main purpose is to build various tools for constructing
new interesting quantum vertex algebras. Let V' be a nonlocal vertex algebra. We define
a twistor to be a linear map

T(z): VRV - VeVeC(z)),

satisfying a set of conditions which are stringy analogues of those listed before for a
twistor of associative algebras. The underlying space of the nonlocal vertex algebra V7©
associated to T'(x) is V, while the vacuum vector is 1 and the vertex operator, denoted
by Yr(z), is given by

Yr(u,2)v =Y (2)T(x)(u® v)



J.C. Sun / Journal of Algebra 468 (2016) 296-336 299

for u,v € V. It is proved that V7 is a nonlocal vertex algebra. The main results in
this paper are the relations between twistors and twisted tensor products, and iterated
twisted tensor products, and n-factor iterated twisted tensor products and L-R-twisted
tensor products. Explicitly, as one of main results in this paper, let U, V and W be three
nonlocal vertex algebras, let R (x), Ra(z) and R3(x) be twisting operators for the ordered
pair (U, V), (V,W) and (U, W), respectively, and let o be the flip operator. For nonlocal
vertex algebra K = UV ®W, we show that the operator T'(z) : KK — KQK®C((z)):

T(x) = 0050 % B2 (—2) RE(—2) R4 ()

is a twistor for K if and only if (Ry(z), Re(z),0), (R1(x), 0, R3(x)) and (o, Ra2(x), R3(x))
are compatible triples. Moreover, in this case it follows that Ry (z), Rz(x) and Rs(z) are
compatible twisting operators and K7 = U ®@g, V ®g, W. Furthermore, we generalize
this result to the case of any number of factors by induction.

Also established in the present paper is the relation between a twistor and an
R-matrix. A concept of R-matrix for a ring was introduced by Borcherds in [2] to study
quantum vertex algebras. Here we define an R-matrix for a nonlocal vertex algebra and
using an R-matrix we construct a new nonlocal vertex algebra.

The concept of twistor gives a unifying framework for these deformed constructions
of nonlocal vertex algebras. In particular, as an illustrating example we apply this the-
ory to the nonlocal vertex algebra constructed from noncommutative 2i-plane V. We
prove that nonlocal vertex algebra Vg is isomorphic to the nonlocal vertex algebra
VM1 @V ®-+-® V”)T constructed from Vi1 ® Voo ® - -+ ® Vj; by suitable twistor T'(x).

Motivated by [16], we may study twistors for modules of nonlocal vertex algebras and
generalized twistors.

This paper is organized as follows: In Section 2, we present some basic notions. In
Section 3, we study twistors of nonlocal vertex algebras. In Section 4, we present some
examples of twistors.

2. Preliminaries

For an accessible introduction to the theory of vertex (operator) algebras and their
representations, we refer the reader to [8]. We begin by recalling the notion of nonlocal
vertex algebra. A nonlocal vertez algebra (see [9], cf. [1]) is a vector space V', equipped
with a linear map

Y(,2): V= Hom(V,V((z))) C (EndV)[[z,z~1]]

v Y(v,z) = Z vpx~ "' (where v, € EndV),
neZ

and equipped with a vector 1 € V, satisfying the conditions that for v € V,

Y(1L,z)v=v, Y(v,z)l1 € V[z]] and limY(v,z)l =, (2.1)

z—0



300 J.C. Sun / Journal of Algebra 468 (2016) 296-336

and that for u,v,w € V, there exists a nonnegative integer k such that
(zo + 22)"Y (u, 20 + 22)Y (v, 22)w = (z0 + 22)"Y (Y (u, 20)v, 22)w (2.2)

(weak associativity).

We sometimes denote a nonlocal vertex algebra by a triple (V,Y, 1), to emphasize the
vertex operator map Y and the vacuum vector 1.

We now recall from [10] the notion of quantum vertex algebra.

A rational quantum Yang—Baxter operator on a vector space U is a linear map

Sx): UU - U®U®C((x)),

satisfying

S22 (2)SB(x + 2)SP(2) = SP(2)S" (v + 2)S'3(2)
(the quantum Yang-Baxter equation), where for 1 <i < j < 3,

S(z): UURU - UU U ® C((x))
denotes the canonical extension of S(z). It is said to be unitary if
S(x)S8* (—x) =1,

where §?!(z) = 0S(z)o with o denoting the flip operator on U ® U.

Definition 2.1. A quantum vertex algebra is a nonlocal vertex algebra V equipped with
a unitary rational quantum Yang-Baxter operator S(x) on V, satisfying the following

conditions:
S@)1ev)=10v forveV, (2.3)
Do 1,8(@)] =~ 8(), (2.4)
Y (u, 2)v = ePY (—2)S(—2)(v ®u) for u,v €V, (2.5)
S(z1)(Y(z2) @ 1) = (YV(22) @ 1)8% (21)S™ (21 + 22), (2.6)

where D is the linear operator on V defined by D(v) = v_21 for v € V. We denote a
quantum vertex algebra by a pair (V,S).

3. Twistors

In this section, firstly we define the notion of twistor and construct a new nonlocal
vertex algebra structure from a nonlocal vertex algebra with a twistor. Then we study
the inverse and composition of twistors.
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Definition 3.1. Let V' be a nonlocal vertex algebra. A twistor for V is a linear map
Tx): VeV -VeVeC(x)),

satisfying the following conditions:

Tx)(1®v)=1®v forveV, (3.1)
Tx)(v®l)=v®l forvelV, (3.2)
T()(1®Y (22)) = (1@ Y (22)T" (1) T (21 — x2), (3.3)

T(z1)(Y (22) ®1) = (Y (22) @ DT (w1 + 22)T* (a1), (3-4)
T2 (21)T%3(2) = T?3(20) T 2 (21). (3.5)

We now present the general twisting of a nonlocal vertex algebra.
Theorem 3.2. Let V be a nonlocal vertex algebra and let T'(x) be a twistor of V. Set
Yr(x)=Y(@)T(z) : VeV = V((x)).

Then (V,Yr(z),1) carries the structure of a monlocal vertex algebra, which is denoted

by VT,

Proof. For u,v € V, by definition we have

Yr(z)(u®wv) = Z fi(a:)Y(u(i),a:)v(i),
where

T(x)(u®v) = Z u @09 @ fi(z) e VeV eC((x)).
=1

As
file) € C((x)), Y (u, 2@ € V((x))

for 1 <14 <mn, we see that Yr(u, z)v exists in V((z)).
For v € V, with (3.1), we have

Yr(1,2)v =Y (2)T(2)(1®v) =Y (1,2)v = v.
On the other hand, for v € V, from (3.2) we get

Yr(v,2)1 =Y ()T (2)(v®1) =Y (v,2)1 € V[[z]],
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and

lim Yr(v,2)1 = lim Y (2)T(2)(v ® 1) = lim Y (v,z)1 = v.

x—0 z—0 z—0

To see weak associativity, let u,v,w € V. Using (3.3) we have

Yr(u, 20 + 22)Yr (v, 22)w
=Y (20 + 22)T (20 + 22)(1 ® Y (22))T?(22) (u @ v @ w)
=Y (204 22) 1 @Y (22))T 3 (z0 + 22)T 2 (20)T* (22) (u @ v @ w).

On the other hand, using (3.4) we get

Yr(Yr(u,zo)v, x2)w
=Y (22)T(x2)(Y (z0) ® 1)T?(x0)(u @ v @ w)
=Y (22)(Y(20) @ DT (29 4 20)T? (22) T2 (z0) (u @ v @ w).

Then the desired weak associativity relation follows from (3.5). Thus (V, Yr(x), 1) carries
the structure of a nonlocal vertex algebra, as desired. O

The following result gives the general twisting of a quantum vertex algebra.

Proposition 3.3. Let (V,S) be a quantum vertex algebra and let T(x) be a twistor of V.

satisfying
T(x)S(x)o = S(x)oT(—x), 3.6
T2 (21)8% (w2) = 8% (22) T (21), 3.7
T12($1)813($2> = 813($2)T12(.’L’1). (38)

Then (VT,8) is also a quantum vertez algebra.

Proof. From Theorem 3.2, we just need to prove:

Yr(z) = e"PYp(—2)S(—x)o, (3.9)
S(x1)(Yr(z2) ©1) = (Yr(z2) ® 1)8% (21)S™ (21 + 22). (3.10)
For (3.9), using (2.5) and (3.6), we have
Yr(z) =Y (2)T(x)
= e"PY (—2)S(~x)oT(x)
= e"PY (—2)T(—2)S(—z)o
= e"PYy(—2)S(—x)o.
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Concerning (3.10), by (2.6), (3.8) and (3.7), we get

X 1)823(331)513(1‘1 + $2)T12($2)
® 1)823(x1)T12(z2)513(x1 + x9)
X 1)T12(1'2)S23((E1)813(£E1 + .’EQ)
1

This concludes the proof. O
Now we consider the inverse of a twistor. We say that a twistor T'(x) is invertible if
T(x), viewed as a C((x))-linear map from V@V ®@C((x)) to V@V &C((z)), is invertible.
The inverse of an invertible T'(z) is a C((z))-linear map T*(z) from V @ V @ C((z)) to
V@V ®C((x)). We often consider T~!(z) as a C-linear map
T Hz): VeV VeV eC(x)).

We can easily have:

Lemma 3.4. Let V be a nonlocal vertex algebra and let T'(x) be an invertible twistor
satisfying the following two conditions

T2 (21)T 3 (29) = T3 (22) T 2 (21), (3.11)
T (21)T? (29) = T (22) T3 (21). (3.12)

Then T~1(x) is also a twistor for V.

Next we discuss the composition of twistors. The composition of two twistors T'(x)
and S(x) is a C((z))-linear map T'(z)S(z) from V@V to V@V ® C((z)). We have:

Proposition 3.5. Let V' be a nonlocal vertex algebra and let T'(z),S(x) : V@V -V ®
V @ C((x)) be two twistors for V, satisfying (3.7), (3.8) and the following conditions:

T2 (21)S" 2 (20) = S (22) T (1), (3.13)
T2 (21) 8™ (w2) = S'3(22) T3 (21). (3.14)
Then
(1) S(x) is a twistor for VT (resp. T(z) is a twistor for V5).

(2) T(x)S(z) (resp. S(x)T(x)) is a twistor for V.
(3) (VI)S = VTS (resp. (V)T =V5T).
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Proof. (1) We just need to prove:

S(l‘l)(l ® YT(JZQ)) = (1 ® YT(.IQ))Slg($1)Su(1‘1 — .132), (315)
S(l‘l)(YT(JJg) X 1) = (YT((L‘Q) X 1)513(1‘1 + .’EQ)SQB(.Il). (316)

For (3.15), using (3.3), (3.13) and (3.14), we have

S(z1)(1® Yr(xa)) = S(21)(1 © Y (22))T* ()
= (1 @Y (22))S™(21)S™ (1 — 22)T*(2)
= (1@Y (22))S" (1) T (22) 8" (21 — 2)
= (1® Y (22))T% (2) 5" (1) 5" (21 — x2)
= (1® Yp(22))S"3(21)5"2 (21 — x2)

Concerning (3.16), by (3.4), (3.7) and (3.8), we get

S(a1)(Yr(ze) ©1) = S(z1) (Y (22) @ )T (22)
(Y(z2) ® 1)S™ (21 + 22) S (21)T"?(22)

= (YV(22) ® 1)S"3(z1 + 22) T2 (22)5%3(21)
(Y (z2) @ 1)T 2 (22)S™3 (21 + 22)S% (1)
(Yr(z2) ® 1)S"3 (21 + 22) 5% (21).

We can prove that T'(x) is a twistor for V¥ similarly.

(2) Next we prove T'(z)S(x) is a twistor for V. In the first, for v € V, using (3.1), we
get

Tx)S(x)(1@v)=T)(1ev)=1Qwv,
and with (3.2), we have
Tx)S(@)(vel)=T)(vedl)=v® 1.
From (3.4) and (3.14), we have

T(x1)S(x1)(Y (22) @ 1) = T(@1) (Y (22) ® 1)S7 (21 + 22) 5% (21)
Y(:BQ) (24 1)T13(.’£1 —+ ZL’Q)TQB(’Il)SlS(iCl + Z'Q)SQS(ZL'l)
Y(JZQ) ® 1)T13($1 =+ 21?2)513(1‘1 + $2)T23($1)523(1‘1),

(
(

and using (3.3) and (3.8), we get



J.C. Sun / Journal of Algebra 468 (2016) 296-336 305

T((L‘l)S(Cbl)(]. &® Y(l‘g)) = T(:El)(]. & Y(mQ))Sl?’(xl)Sm(a:l - 1‘2)
= (1 X Y(:L‘Q))TB((El)Tm({L‘l — 1'2)513(561)512(331 — .1‘2)
= (1 X Y(:L‘Q))T13($1)513($1)T12(1‘1 — 56'2)512(3?1 — .%‘2).

Furthermore, using (3.13), (3.5) and (3.7), we have

T12(.731)812($1)T23($2)523($2) — le(l‘l)T23($2)512($1)S23(

8
N
N

(3) The vertex operator map of (V1) is (Yr)s(z) = Yr(2)S(z) = Y(2)T(2)S(x),
while the vertex operator map of V9 is Yrg(z) = Y(2)T(x)S(x). So it is immediate
that (VT)% = VT9. This completes the proof. O

4. Examples of twistors

In this section we present some examples of twistors, such as R-matrices, twisted
tensor products, iterated twisted tensor products and L-R-twisted tensor products. Fur-
thermore, the nonlocal vertex algebra constructed from noncommutative 2I-plane is
realized as a deformation of a nonlocal vertex algebra constructed from a polynomial
algebra via a suitable twistor.

4.1. R-matriz

Motivated by the notion of an R-matrix of a ring in [2]|, we formulate the following
notion:

Definition 4.1. Let V' be a nonlocal vertex algebra. An R-matriz for V is a linear map
Sx): VeV VeV eC((x),

satisfying the following conditions:

S)(1ev)=1wv forveV, (4.1)

SEvel)=ve1l forveV, (4.2)

S(1)1 @Y (22)) = 1@ Y (22))5 (21 — 22)8" (1), (4.3)

S(a1)(Y (22) ® 1) = (Y (22) ® 1)8%(21)S (21 + 22), (4.4)
(4.5)

812(x1)813(m1 —|—$2)S23($2) — 823($2)813($1 +$2)812($1).

The following is from [14]:
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Lemma 4.2. Let V' be a nonlocal vertez algebra and let S(z) be a unitary rational quantum
Yang-Bagzter equation on V. Then (2.3) and (2.6) are equivalent to (4.2) and (4.3),
respectively.

Remark 4.3. Note that from Lemma 4.2 the notion of a unitary rational quantum Yang—
Baxter operator S(x) in the definition of a quantum vertex algebra is a special case of
an R-matrix.

We have the following construction of nonlocal vertex algebras from R-matrices:
Theorem 4.4. Let V' be a nonlocal vertex algebra and let S(x) be an R-matriz for V. Set
Ys(z) =Y (2)S(z) : V@V = V((x)).

Then (V,Ys(x),1) carries the structure of a nonlocal vertex algebra.

Proof. For u,v € V, by definition we have

Ys(z)(u®v) i u(j),x)v(j),
where
S(z)(u®v) = iu@ @0V @ fi(z) € VeV aC((x).
j=1
Since

fi(@) € C((2)), Y(u,2)0? € V((x))

for 1 < j < m, we see that Ys(u,x)v exists in V((z)).
For v € V, by (4.1) we get

Ys(1,z)v =Y (2)S(z)(1®v) =Y (1,2)v =v.
On the other hand, for v € V, with (4.2), we have
Ys(v,2)1 =Y (2)S(z)(v® 1) =Y (v,2)1 € V[[z]],
and

hm YS(U )1 = lim Y(2)S(2)(v ® 1) = lim Y (v, z)1 = v.

z—0 x—0
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Concerning weak associativity, let u,v,w € V. Using (4.3) we obtain

Ys(u, xo + 22)Ys (v, 22)w
=Y (20 + 22)S(x0 + 22) (1 ® Y (22)) 8% (22) (u @ v @ w)
=Y (20 + 22)(1 @ Y (22))S™(20)S™ (20 + 22)S5% (22) (u @ v @ w).

On the other hand, from (4.4) we have

Ys(Ys(u, zo)v, x2)w
=Y (22)S(22)(Y (20) ® 1)§(20) (u ® v @ w)
=Y (22)(Y(20) ® 1)S*(22)S" (z2 + 20)S" 2 (20) (u ® v @ w).

Then the desired weak associativity relation follows from (4.5). Then (V,Ys(z), 1) carries
the structure of a nonlocal vertex algebra. This completes the proof. O

The following two lemmas give the relations between a twistor and an R-matrix. First
of all, we have:

Lemma 4.5. Let T'(z) be a twistor satisfying (3.11) and (3.12). Then T(z) is an R-matrix.
Proof. Using (3.3) and (3.11), we have

T(x1)(1 @Y (x2)) = (1 @Y (22)) T3 (21)T 2 (21 — o)
= (1Q Y (22))T% (2 — x2)T ().

By (3.4) and (3.12), we get

T (1) (Y (22) ©1) = (Y (22) @ )T (w1 + 22)T (1)
= (Y(Z’Q) X 1)T23($1)T13($1 + £C2).

From (3.11), (3.5) and (3.12), we obtain

T2(2)TY (2 4 2)T?3(2) = T (z + 2) T2 (2)T?3(2)
— TV (q 4 )T ()T ()
=T?()T"(x + 2)T*(2).

This completes the proof. O
Conversely, we have

Lemma 4.6. Each invertible R-matriz S(x) satisfying (3.11) and (3.12) is a twistor.
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Proof. Using (4.3) and (3.11), we have

SE)(1@Y (22)) = (1®Y (22))8" (21 — 29)8" (1)
= (]. X Y(xg))813(1'1)512($1 - 1’2).

By (4.4) and (3.12), we get

S(x1)(Y(22) ® 1) = (Y (22) ® )8 (21)S™ (21 + 32)
= (Y(.’EQ) 024 1)813(1'1 + .’E2)823(£B1).

From (3.12), (4.5) and (3.11), we obtain

S2(2)S*(2)SB(z + 2) = S2(2)S™ (x + 2)S8%3(2)
=SP(2)SB(x + 2)S*3(2)
= 8%(2)8*2(2)S"3 (x + 2).

By the invertibility of S(x), we have

S (2)8%(2) = S*(2)S"(x).
This concludes the proof. 0O
4.2. Tuwisted tensor product nonlocal vertex algebras

Let U and V be two nonlocal vertex algebras. We have an (ordinary) tensor product
nonlocal vertex algebra U ® V', where the vacuum vector is 1 ® 1 and the vertex operator
map is given by

Y(u@uv,z) (v @v)=Y(u,z)u’ @Y (v,z)v for u,u’ € U, v,v' € V.
That is,
Yugv () = (Yu(z) @ Yy (2)) 0,
where 023 is the linear operator on (U ® V)®2, defined by
cBuveu @v)=ueu @uev
for u,u’ € U, v,0' € V.

We now recall the notion of a twisting operator, which was formulated and studied
in [14].
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Definition 4.7. Let U and V' be nonlocal vertex algebras. A twisting operator for the
ordered pair (U, V) is a linear map

Rz): VU - UV aC((z)),

satisfying the following conditions:

Rz)(v®1l)=1®v forveV, (4.6)
Riz)1®u)=u®1 foruecl, (4.7)
R(z1)(1 @Y (22)) = (Y(22) ® 1) R**(21) R (w1 + x2), (4.8)
R(x1)(Y(z2) ®1) = (1 ®@ Y (22)) R (21 — 22) R* (21). (4.9)

Remark 4.8. It can be readily seen that the flip operator ¢ on V' ® V for a nonlocal
vertex algebra V is a twisting operator and we in particular have

c(1®Y () = (Y(22) ® 1)0%c*?, (4.10)
o(Y(z)®1) = (1 @Y (13))0 20, (4.11)

We will use these two equalities frequently in the following.

The following gives the twisted tensor products of nonlocal vertex algebras, which was
proved in [14].

Theorem 4.9. Let U, V' be nonlocal vertex algebras and let R(x) be a twisting operator
of the ordered pair (U, V). Set

Yr(z) = (Y(2) ® Y (2))R%(—a). (4.12)

Then (U ® V,Yg(x),1 ® 1) carries the structure of a nonlocal vertex algebra, which
contains U and V' canonically as nonlocal vertex subalgebras.

We get the relation between a twisting operator and a twistor in the following two
lemmas. Firstly, we can construct a twistor from a twisting operator:

Lemma 4.10. Let U ®g V' be a twisted tensor product nonlocal vertex algebra, then the
operator

T(zx)=0®R®(—2): U)o UaV)=UaV)®UeV)C((x))

is a twistor for U@V and (U V)T =U g V.
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Proof. For u € U, v € V, using (4.6), we get
Tx)(u@rv®l101)=0®RB(—2)(uerel®l)=uRve1®1,
and by (4.7), we have
Tr)(1®1u®v)=0®RP(—2)(1910uev) =113 u®w.

From (4.8) and (4.11), we have

T(r1)(lvgy ® Yugv(r2))
=oBR®(—2)(101®Y (22) @ Y(22))0™
= (1@ Y (22) @ 1@ Y (23))R* (—21) R* (=21 + w2)0 ™
1®1®Y(x) @Y (22)0®363 R3* (—21)R*3 (=1 + 29)0,

and on the other hand,

(lvgv @ Yuev (22))T" (21)T " (21 — 22)
= (191®Y(x2) @Y (22))0 0 R**(—21)0* R* (—x1 + a2).

Then we have
T(x1)(luey ® Yugv(z2)) = (lugy @ Yuev (22))T" (21)T " (21 — 2).
By (4.9) and (4.10), we get

T(x1)Yvov(z2) © lugy)
=0BRB (1) (Y(22) @Y (22) @1 ®1)0*
=B (Y(22) @10 Y (2) @ )R* (=21 — 22) R* (—21)0™
= (Y(z2) @Y (22) ® 1 ® 1)0M 63 R3* (—1 — 25) R¥ (—21)0%,

and on the other hand,

Yvev (z2) ® lugy )T (21 + 2)T% (1)
=Y (22) @Y (22) ® 1 @ 1)0*3 0 R* (— 1 — 12)0* R*(—2,).

Then we obtain

T(x1) Yooy (z2) © luegy) = Yuev (2) ® lugy )T (21 + 22)T% (1)



J.C. Sun / Journal of Algebra 468 (2016) 296-336 311

It is easy to see that

T12(:L,1)T23(1,2) _ 0'23R23(—{L‘1)0'45R45(—:L'2)
— 0’45R45(—£L‘2)0'23R23(—$1>

= T23($2)T12($1).
Furthermore, we have

Yr(z) = Yygv (2)T'(x)
= Yugv (2)o®R* (—x)
— (Y(2) ® Y ()02 RS (—)
= (Y(z) @ Y(2))R*(—x).

That is, U@ V)T =U®grV. O
Conversely, we have:
Lemma 4.11. Let R(z) : VU = U ®V ® C((x)) be a linear map and let T'(x) be a
twistor for U @V defined by T(z) = 0?3R?3(—xz). Then R(z) is a twisting operator for
the ordered pair (U,V) and U gV = (U V)T.
Proof. Forue U,veV,
w11 =T@)(1evel®l)=c?R¥(-r)(urrvelx®1l).
Then we get R¥®(—2)(u®@v®1®1) =u®1®v® 1. That is,
Rz)(v®1l)=1Q®w.
Similarly,
101uev=T)1910u®v) =c®R¥*(-2)(121Ru®v).
Then we have R?3(—2)(1®1®u®v) =1 ®u® 1 ®v. That is,
Rz)(1®u)=u®1.

And

T(z1)(luev ® Yoy (22)) = 0 R*(—21)(1© 190 Y (22) @ Y (22))0*®,
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and on the other hand, we have

(lvev @ Yuev (22))T" (21)T " (21 — 2)
= (101®Y (22) ® Y (22)0®0?® R¥ (—21)0 3 R*(—x1 + x2).

Then applyingto 1@ v@u®1®u ® 1, for u,uv’ € U, v € V, we obtain
R(z1)(1 @Y (22)) = (Y (22) ® 1)R* (1) R (21 + 22).
Similarly, we have
T(21)(Yoev(22) ® lugy) = 02 R (—21)(Y (22) @ Y (22) ® 1 @ 1)0 ™,
and on the other hand, we get

Yvev (z2) ® lugy )T (21 + 2)T% (1)
= (YV(22) @Y (22) @ 1® 1)0®36® R* (—x1 — x2)0® R (—2).

Then applyingto 1®v® 10 v @u®1, for u € U, v,v" € V, we have
R(z1)(Y(22) ®1) = (1@ Y (22))R*? (21 — 22) R*3(21).

Finally, we have

Then we obtain U @z V = (U@ V)T. O
We will say that the twistor T'(x) is afforded by the twisting operator R(z).

Remark 4.12. In [12], a notion of nonlocal vertex bialgebra and a notion of nonlocal
vertex module-algebra for a nonlocal vertex bialgebra were formulated, and a smash
product construction of nonlocal vertex algebras was established. Given a nonlocal vertex
bialgebra H and for a nonlocal vertex H-module algebra U, we had a smash product
U$H. In [14], the smash product construction was slightly generalized, and it was shown
that the smash product UV is a twisted tensor product with respect to a canonical
twisting operator. Thus from Lemma 4.10 and Lemma 4.11, we know that the smash
products in [14] also can be related with twistors.
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Furthermore, we have:

Proposition 4.13. Let U and V' be two nonlocal vertex algebras and let R(x),S(x) :
VeoU—-UVeC((x)) be two twisting operators satisfying:

RY(21)S*(29)0'? = 025" (22) R* (1), (4.13)
o2 R*(21)S1 % (22) = 5?3 (z2) R (21)0*. (4.14)

Denote by Tr(z) (resp. Ts(x)) the twistor for U @ V afforded by R(x) (resp. S(z)).
Define (RS)(x) (resp. (SR)(z)) : VU - UV C((x)) by

(RS)(z) = R(x)aS(x) (resp. (SR)(z) = S(x)oR(x)).
Then:

(1) Ts(xz) (resp. Tr(x)) is a twistor for U @grV (resp. U @g V).

(2) Tr(z)Ts(x) (resp. Ts(x)Tr(x)) is a twistor for U ® V afforded by the twisting op-
erator (RS)(x) (resp. (SR)(z)).

(3) (UerV)Ts =U ®psV (resp. (U®s V)R =U®sr V).

Proof. (1) We just prove Tg(z) is a twistor for U ®g V. For w € U, v € V, using (4.7),
we have

Ts(z)(1®1u®v) =022 (—2)(1010uer) =110 udwv,
and similarly using (4.6), we get
Ts(x)(u@v®1®1)=0®SP(—2)(uerel®l)=uevel®1.
From (4.8) and (4.11), we obtain

Ts(x1)(lvey ® Yueav(22))
= 0888 (—11) 1210 Y (22) ® Y(22)) R (—22)
=0B1QY(22) @1 @Y (22))9% (—21)5%3(—21 + 22) R (—x5)
= (1®10Y(22) @Y (22))0% 0383 (—21)S% (—21 + 22)R¥ (—12)
= (1®10Y(x2) @Y (2))0?303 834 (=21 ) R (—22) 573 (=1 + 22),

and on the other hand, we have

(lugv ® Yueav (22)) T8 (21)T8° (31 — x2)

= (1®1®Y (22) @Y (x2)) R (—12)0% 5% (—21)0?3 8% (—x1 + ),
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and by (4.14), we get that

Ts(z1)(lvev @ Yugav(z2)) = (lugy ® Yue v (22))Ts" (21)T§ (21 — 2).

Similarly, by (4.9) and (4.10), we have

Ts(z1)(Yvorv (v2) © lugy),
=0B8%(—x1)(Y(22) @Y (12) @ 1 ® 1) R (—12)
=BV (22) @1 @Y (22) ® 1)S** (—x1 — 22) S (—21 ) R*(—x2)
= (Y(z2) @Y (22) ® 1 ® 1)0?63 83 (—2) — 29) 5% (—21) R*3 (—12)
= (Y(z2) @ Y(22) @ 1 @ 1)0* 0353 (=1 — 29) R*(—29) S* (—21),

and on the other hand, we have

(Yognv(22) ® lugv)T5’ (21 + 22) 15 (21)
= (YV(22) @Y (22) @ 1 ® 1)R*(—12)0?° 5% (=1 — 29)05 % (— 1),

and by (4.13), we obtain that

Ts(z1) Yueav(z2) @ lugv) = Yooy (22) @ lugy)Ts® (21 + 2)T5 (41).

And obviously,

T51~2(1171)T§3(x2) _ 0'23523(—$1)0'45S45(—{L‘2)
_ 0_45545(_]:2)0_23523(_1,1)
= T3 (22)T5" (a1).

(2) We need to prove (RS)(x) is a twisting operator for ordered pair (U, V). Forv € V|
using (4.6), we have

(RS)(z)(v®1) =R(z)oS(x)(v®l)=R(z)o(1®@v) =R@)(vel) =11,
similarly, for v € U, using (4.7), we get
(RS)(z)(1®@u) = R(z)oS(z)(1®@u) =R(x)o(u®l) = Rx)(1®u) =u® 1.

By (4.8) and (4.11), we have

(RS)(x1)(1 ®@ Y (22)) = R(w1)0S(21)(1 ® Y (22))
= R(z1)o (Y (22) ® 1)5% (1) 5" (21 + 22)
R(z1)(1® Y(xg))012023523(x1)5'12(iv1 + z9)

® 1)R23(x1)R12(x1 + x2)012023523(x1)512(x1 + x9),

T (
= (Y(x2)
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and on the other hand, by (4.14), we obtain

(Y (22) ® 1)(RS)?3 (1) (RS)*(x1 + x2)
= (Y(z2) ® 1)R®(21)0?S® R (21 + 2)025" (21 + 2)
= (Y(l’z) X 1)R23(x1)023012R23(x1 + 1’2)512(1‘1)023012512($1 + 1172)7

from a direct calculation, we have
(RS)(z1)(1 @ Y(z2)) = (Y(z2) ® 1)(RS)?*(x1)(RS)** (21 + x2).

Similarly, using (4.9) and (4.10), we get

(BS)(x1)(Y (22) @ 1) = R(z1)oS(21)(Y (22) ® 1)

R(z1)o(1 @Y (22))S"% (21 — 22)5%3 (1)

R(21)(Y (22) ® 1)0*0'282 (21 — 22)5%3 (1)

= (1®Y (22))R¥(x1 — 22)R*(21)03625"2 (21 — 29)5%3(21),

and on the other hand, by (4.13), we have

(1@ Y (22))(RS) (21 — 22) (RS)* (1)
= (1®Y (22))R (21 — 22)0'282 (21 — 22) R¥ (21)022 5% (11)
= (1 (39 Y(xg))R12(1'1 - $2)012023R12($1)523(1‘1 - 1172)0’12(723523({1}1)7

from a direct calculation, we obtain
(RS)(21)(Y (22) ® 1) = (1 @Y (22))(RS)" (w1 — 22)(RS)* (a1).
Furthermore, we get
Tr(z)Ts(z) = 02 R* ()02 8% (—z) = 023 (RS)*3(—x).

That is, Tr(x)Ts(x) is a twistor for U ® V afforded by the twisting operator (RS)(x).
(3) It is easy to see that

Yoenv(@)Ts(@) = (Y(2) ® Y (2)) R (~2)0* §%(~x)
= (Y(2) ® Y (2))(RS)*(~)

= YU@RSV(:E)'

This concludes the proof. O
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4.3. Iterated twisted tensor product nonlocal vertex algebras

First of all, we review some results of the construction of iterated twisted tensor
products of nonlocal vertex algebras from [17].
Let U, V and W be nonlocal vertex algebras, let

Ri(z): VoU—-UcVaC((r),
Ry(z): WV —=VeWeC((x),
Rs(z): WU —->UW C((z))

be twisting operators for the ordered pairs (U, V), (V, W) and (U, W), respectively. Define
operators

Ti(z) = R®(x)R¥(z): WRU®g, V)= (Ueg, V)W @ C((z)),
Ty(z) = RI2(x)R23(z): (VRr, W)U = U® (Vegr, W)®C((z)).

The following was proved in [17]:

Theorem 4.14. Let U, V' and W be nonlocal vertex algebras, let Ri(x), Ra(x) and Rs(x)
be twisting operators for the ordered pairs (U, V'), (V,W) and (U, W), respectively. Then
the following conditions are equivalent:

(1) Ty(z) = R$3(x)Ri?(x) is a twisting operator.

(2) Ty(x) = RI2(z)R3(x) is a twisting operator.

(8) The twisting operators Ry(x), Ra(x) and Rs(x) satisfy the following compatibility
condition (called the hexagon equation):

R3(x1 — 2)R3*(21) R (z2) = Ry (22) R3’ (1) Ry” (w1 — x2). (4.15)

Furthermore, if all the three conditions are satisfied, then the monlocal vertex algebras
U®rp, (Vegr, W) and (U Rpg, V) ®@r, W are equal. In this case, we will denote this
nonlocal vertezx algebra by U ®pr, V ®pr, W, which contains U, V and W canonically as
nonlocal verter subalgebras.

In particular, if we take one of the compatible twisting operators Ry (z), Ro(x), Rs(x)
as a usual flip, respectively, then we have

R%2<$1)U23R%2($2> = R%S(mg)alzng(xl), (4.16)

RI2(z1)R23(22)0'? = 0 Ri? (20) R¥ (1), (4.17)
012R§3(x1)R%2(a:2) = R%3($2)R§2($1)O’23. (4.18)
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That is, (Ri(z), Ra(x),0), (R1(x),0, Rs(z)) and (o, Re(z), R3(x)) are compatible, re-
spectively. These three equalities are very crucial in the proof of the following results.

Consider the nonlocal vertex algebra K = U@V ®W and the operator T'(z) : KQK —
K ® K ®C((z)):

T(x) = 00" 0* R33(—x) Ry’ (—x) Ry (—1x). (4.19)
As one of main results of this paper we have:
Theorem 4.15. With notation as above, T(x) is a twistor for K if and only if
(R1(2), Ra(x),0), (R1(x),0,R3(x)) and (o, Ra(x), R3(x)) are compatible triples. More-
over, in this case it follows that Ry(x), Ra(x) and Rs(x) are compatible twisting operators

and KT = U ®r, V®R2 Ww.

Proof. For the “if” part, for u € U, v € V, w € W, we need to prove

Tx)(12110uerew) =111 u®vQw, (4.20)
T)(u@rvewelelel)=urewelelel, (4.21)
T'(z1)(lugvew @ Yugvew (72))

= (lvgvew ® Yoevew (22))T" (21)T"? (1 — 22), (4.22)
T(z1) Yuevew (r2) ® lugvew)

= (Yoovew (22) @ lugvew )T (21 + 22)T% (1), (4.23)
T2(21)T? () = T (22) T2 (7). (4.24)

At first, foru e U, v € V, w € W, we can easily have

T2)(12110u®v®w)
= o*oPoBRP(—2)RY (—2)RIN (—2) (191210 u® v w)
= oMo oBRP(—2)RP (—2)(1210u® 13 v e w)
=c*oPrP1ouelerel®w)

=101R1QuR®v®w,

and

Tr)(u@vewe®lelel)
= Moo RB(—2)RP (—2) R (—2)(u® v w1011 1)
= Mo eBRB(—2)RYP (—2)(u@rv®10w®1®1)
=c*oPrBueleuelowel)
=uRUAuW®1®1I®I1.
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Concerning (4.22), from (4.8) and (4.11), we have

T(z1)(lvgvew @ Yuevew (T2))

= 0o oBRP (—21) R (—21) RN (—21)(1 @1 @13 Y (22) @ YV (22) ® Y (22))
. 578556 567

= 0o P RE (—21) R (—21)(1© 1@ Y (22) © 1 © Y (22) @ Y (22))

“R3(—x1)R3*(— 1 + 22)0 8050057
=00%0P (1Y (22) ® 1 QY (22) ® 1 ® Y (22)) R (—21) R} (—21 + 22)

RS (=) R3®(—x1 + 22) R3D (—21) R3N(—1 + 12)0 80057
cH1R10Y (1) @1 @Y (12) ® Y(22))00 0% 0?03 R (— 21 ) RT? (21 + 22)
RS (—21)R3® (=1 + 22) R3° (—a1 ) R3 (— 1 + 12)0 800057
12101RY(x) @Y (x2) @Y (22)03 0?0560 623 63 R (—21 ) RPP (— 1 + )
RS (—x1)R3®(—y + 22) R3° (21 ) R3* (— 1 + 12)0 800057,

using (4.18), we get R3%(—z1 + 29)R3®(—x1) = 0P R3%(—21) R3%(—21 + 72)0°°, then

T(z1)(lugvew @ Yugvew (72))
=(1®13010Y(12) @Y (22) ® Y(22))0* 0¥ 0000?33 R3* (—21) RP (21 + 22)
: Rg7(71:1)R§’6(—x1 + Iz)Rém(*Il)Rg (—x1 + x2)0780560’67
= (101010 Y(22) @Y (22) @ Y (22))030% 000576263 R3 (—21) RP (—21 + x2)
- RS ()0 R3®(— 21 ) RIS (—1 + 22)0 R34 (—1 + 2)0 8050567
=(1®1010Y(22) @Y (22) @Y (z ))0,340.450_560,670_230,34]%{%4(_zl)
)o

Rg7( ) 45R56( z1)o 78 67R23( ml—l-acg)R%E‘(—xl+x2)R§4(—x1+x2),

and on the other hand, we have
(lvevew ® Yvevew (22)) T (21)T? (21 — x2)
=(191010Y (1) @Y (x2) @Y (22))0 80067
0¥T0™ 0% R () RS~ R (—1)
o3 oo R (—x1 4 20) R (—x1 + 22) R (—21 + 29),
and by direct calculation we know that
034545556567 523 534 R34y RS (— 1 )0 RIS (— )0 T80T

RP(—m1 + 22) RSP (—1 + 22) RY (a1 + 2)
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0'780'560670'370'780'23]“2%3(—1’1)R;S(—xl)R§7(—$1)034U45023

‘RP(—a1 + 22) R (—21 + 22) RY (—21 + 22).

Then we have (4.22).
For (4.23), using (4.9) and (4.10), we have

T(z1)Yugvew (22) @ lugvew)
= oo R (—21)RY (—21) R (—21) (Y (22) @Y (22) @ Y(22) @ 1@ 1 ® 1)

0,450,230_34

=Moo RB(—2) R (—21)(Y(22) @ Y(22) @ 1 @ Y (20) @ 1 ® 1)

R (—21 — 22) RS (—a1 )0t 0205

=Moo B(V(22) @1 @Y (22) @ 1@ Y (22) ® 1) R (=21 — 20) R} (—11)
R (s — ) R () R — ) B (1) 0

oo ando)
=YV (22) @Y (22) @ 1 @Y (22) @ 1 ® 1)0 80 0" 3 R3* (—21 — 29) R (—x1)
. R67(—l‘1 _ xQ)R78(—l‘1)R56(—.Z‘1 _ Z‘Q)R67(—.r1)0'450230'34
=YV (22) @Y (22) @Y (22) 1 ® 1 ® 1)0570°0 0805704 3 R3 (—2y — 29) R} (—11)

RS (—xy — 29) RS (—21) RS (—21 — 22) RS (— 1) 0?0?03,

by (4.17), we get R (—x1)R36(—z1 — 22) = 0" R35(—x1 — 22) R} (—21)0*5, then

T(x1)Yvevew (r2) ® lugvew)
(Y(22) @ Y (22) @Y (22) © 1 ® 1 1)057006™8557 64534 R34 (—zry — 20) R¥ (— )
RS (—xy — 29) RSB (—21) R3S (=21 — 20) RS (— 1) 0¥ 02303

67 56 78 67 45 34

*(-
=Y (22) @Y (22) Y (22) @1 ® 1R 1)0° 0°°cCc® c™0
(

. RiA( Tl — $2)R67( T, — $2)R1 ( 1’1)R56(—.’E1 - I'Q)Rgg(—.’El)Rg7(—ZL'1)O'450'23034
= (Y(22) ®Y(22) @Y
A R34( 1 — JZQ)R67(

045 0_230,34

x2) R1IV1I® 1>0_670_560_780_670_450_34

21 — 32)0" RS’ (—x1 — 22) RY®(—21) 0™ R (—x1) RS (—21)

and on the other hand,

Yvevew (2) ® lugvew )T (z1 + 22) T (z1)
=(Y(22) @Y (22) @Y (22) 1 ® 1 ® 1)0%P5?3534
037078023}3%3(—%1 - xg)RES(—xl - $2)R§7(_x1 - .’IJQ)

0% oo™ R (— a1 ) R5* (— 1) Ry (1),
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by the direct calculation we have

087550555 g o3 R (—xy — 29) RS (—1 — 12) 0" RA® (—2y — 20) RIS (—11)
BRI (—2) RS (— a1 )0 PP 0

= 045023034037078023R%3(—xl — xg)RZS(—xl — 29) Ry (—x1 — x2)
09T R (—x) ) RYE (— 1 )RS (—21).

Then we have (4.23).
For (4.24), from (4.19), we have

le(scl)T23(x2)
= oM B R () RE (—1 ) RY (—0 )T 0707 RIS (—z) REY (—2) RS (—72)

— 0670'780340'450'23]%%3(7$1)R§5(7951)056R?6(7$2)R;8(7I2)Rg7(7x2)R§4(71’1),
from (4.16), we have R3®(—x1)0"S R3S (—x3) = 00" RS (—24)0*° R3%(—1), then

T12($1)T23(£L’2)
= 0TS M B R (00 ) REP (—1 )0 R (—w) RIS (—2) BT (—22) R (—1)
—_ 0670'780'34(7450'23]%%3(71’1)0’45056]%?6(712)0'45]%%5(7%1)R§8(7952)Rg7(71'2)R§4(7.%1)

070 0% RE® () B (—02) RYT (—22)0 01507 3 () R (—1 ) R (1)

T23 (SEQ)T12 (l’l)

Next we prove the “only if” part. For (4.16), for v’ € U, v € V, w € W, we take
11w,1®v®1and v’ ®1® 1, then

T2 (@) T?(22)(1®10weledeleu’ @1®1)
= 0% 0 R (1) Ry (1) RY (—21)0"T 0™ 0™ R (—2) RS (—0) R (~ )
(1Ie1lowelereleu' @1e1)
_ 0_340_450231%?3(_331)R4215(_m1)Rg4(_x1)067056R?6(_l_2)
(1e1lowelereu"@11x1)
= 03P R (—21) 0 R (—20) (121010 we v @u" @101 1),

and on other hand, we also have

T%(29)T?(21)1®010wR1V 10w @1®1)

= 0%T0T 0% BRI (2RI () BT (—22)0 0 0™ B (—oy ) RE (—0 ) R (1)

(191wl eleu" @1®1)
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= 657578650 R3O (—00) RIS (—a2) RS (— )0 015 RY (— 1)
(19101 wer®1leu" ®111)
090 R (—22)0 0P RP (—21)(1®101wed ou' ©1®1® 1),
from (3.5), we know that (4.16) holds.

Concerning (4.17), we also take 1® 1@ w, 1®v' ® 1 and v” ®1® 1, using (4.9) and
(4.10), we have

T(z1)(Yvevew (r2) @ lugvew)(1®10uwelev @12u" @1®1)

= o3P0 R (—x1)RY (—21) R (—21) (Y (22) @ Y (22) @ Y(22) @ 1® 1 ® 1)
coPe®rM1eleweler eleu’ ®101)

=Y (22) @Y (22) @Y (22) ® 1@ 1 ® 1)070°0 08054 3 R3* (— 21 — 29) R (—11)
RS (—xy — 22) RE(—21) R3S (21 — 22) RS (— 1) 0¥ 0?03
(leleweler®leu" @1e1)

= (Y(22) @Y (22) @Y (22) @ 1 ® 1 ® 1)0%70%0 680576 034 R (21 — 9) RI® (—11)
RS (—z1 —22) R (—21 —20) (1212120 uwed’ @191 1),

and on the other hand,

Yvevew (2) ® lugvew )T (21 + 22)T (21)
(191welereleou' ®1e1)
= (Y(z2) @Y (22) @Y (22) @1 ® 1 ® 1)0¥0?3534
. 0370'780'23]%%3(7%1 - LTJQ)R’QYS(*SUl - ZL’Q)Rg?(*LUl - ZL’Q)
090 ORI (—x ) RIE (—21) RS (—21) (1910wl @1u’ @1®1)
= (Y(22) @Y (22) @Y (20) 1@ 1 @ 1)0 0?33
. 0370780231%%3(—3:1 — 20)RIB(—x1 — xg)R§7(—x1 — 9)
0O RY (—2))(1®1weler eu’ @121 1),
then from (3.4) we can easily have (4.17).

For (4.18), we still take 1® 1 @ w, 1 ® v’ ® 1 and v’ ® 1 ® 1, from (4.8) and (4.11),
we have

T(x1)(lvevew ® Yugvew (22)) (1010w o100 @101’ ©1®1)

= 000 R (—21) R’ (—1) R} (—21) (1 © 1@ 1@ Y (22) @ Y (22) @ Y (22))
0800 (101wl @l1eu’" ©@191)

=(1®1010Y (22) @Y (22) ® Y(22))030% 000570263 R3 (—21) RP (—21 + x2)
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RS (—21)R3®(— 1 + 22) R3® (—21) R3 (— 1 + 12) 0800057
(1912welereleu" @1®1)
=(1®1010Y(22) @Y (22) ® Y(22))030% 565762363 R (— 1)

RS (—x) R (—x1 + 22)R3P(—21)(101010weu’ v 1211 1),

and on the other hand, we have

(lvevew ® Yugvew (22))T" (21)T"? (21 — 2)
(1e1owelereleu' @1w1)
—(1®1010Y(x2) @Y (22) ® Y(x3))o 806557
382 R (— 11 ) R (21 ) RY (—21) 0% 0¥ 023
“RB(—z1 + 22) R (—x1 + 22) RN (—21 4+ 22)(1010 w1l @10’ @1®1)
=(1®1210Y(r2) @Y (22) ® Y(22))0 8070557
.0370_78023}%%3(_%1)]{;8(_ml)R§7(_x1)0_34045
R (11 +12)(19101wer@l1eu’ @1®1),

then from (3.3) we directly get (4.18).
Finally, from (4.18), (4.16) and (4.17), we have

R3*(x1 — 2)R3* (21)RY (v2) = 02 R3’ (21) Ry (w1 — 22)0 ™ RY® (22)
= 0"’ R3*(21)0 " R{® (x2) Ry (w1 — @2)
= R{*(22) R3? (21) R3? (21 — 22).

That is, Ri(z), Ra(z) and Rs(x) are compatible. It is easy to see that

Yr(r) = Yugvew (z)T(z)
= (Y(2) @Y (z) @Y (2))o® 0536366 R?3 (—2) Ry (—x) R3 (—x)
= (Y(2) @Y (2) @Y (2))RP(—2) Ry’ (—x) R (—x).

That is, KT =U @p, V&g, W. O
4.4. N-factor iterated twisted tensor product nonlocal vertex algebras
In this subsection, we begin by recalling the construction of a twisted tensor product

of any number of factors.
The following is lifted from [17]:
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Lemma 4.16. Let V1, V5, ..., V, be nonlocal vertex algebras, let R;;(z) : V; @ V; = V; ®
V; @ C((z)) be twisting operators for 1 < i < j < n, such that for any i < j < k
the twisting operators R;j(x), Rji(x) and Rii(x) satisfying the hezagon equation, let

T ) . (x) = RI%_(2)RE(x) be twisting operators defined by

Té—l,n(x) o (Ve ORp_1.n Vn) Vi = V;® (Va1 ORp_1.n Vn) ® C((w))

fori=1,...,n—2. Then for 1 <i < j < n—2, the twisting operators R;;(x), qu,n(f‘)
and T? (z) satisfy the hexagon equation.

n—1n

The following was proved in [17]:

Theorem 4.17 (Coherence Theorem). Let Vi, Va, ..., V, be nonlocal vertex algebras, let
Rij(z):V; @V, = V; @ V; ® C((z)) be twisting operators for 1 <1i < j < n, such that
for any i < j < k the twisting operators R;;(x), Rjr(x) and R;(x) satisfy the hexagon
equation, and let T;—Lj () be twisting operators defined by

T, y(0) = RE (@) F@):
(ijl ®R;_1 VJ) RV, = Vi® (ijl QR4 VJ) ®C((z)) fori<j—2,

T;—l,j(x) = R??('r)R]lg—lz(x) :
Vi@ (Vica®r,_y; Vi) = (Vica ®r,,y ; Vi) @ Vi@ C((x)  forizj+1.

Then for i,k ¢ {j — 1,4} the twisting operators R;,(x), Tﬁm (z) and T;_, ;(x) satisfy

the hexagon equation. Furthermore, for any 1 < i < n the (inductively defined) twisted
tensor product nonlocal vertex algebras

Vi

n—1,n

14 Ry * - ®Ri73,i72 Vi—a ®Tf:12i (‘/;—1 ®Ri—1,i VZ) ®Tff11 ; Vvi‘i‘l ®Ri+1,i+2 - QR
are all equal.
Next we construct twistors from n-factor iterated twisted tensor products:

Theorem 4.18. Let Vi, Vs, ..., V, be nonlocal vertex algebras, let R;j(z) : V; @ V; —
Vi@ V; @ C((x)) be twisting operators for 1 <i<j<m,andlet K=V @Vo®---QV,.
Then the following two conditions are equivalent:

(1) The operator T(z) : K @ K - K @ K @ C((x)) defined by

T(x)
_ O_n,n+1 (O,n—l,no_n+l,n+2)

. (O_n—k,n—k+10,n—k+2,n—k+3 . O_n+k—2,n+k—1o,n+k,n+k+1)
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. (023045 . _0_271—2,271—1) (R%g(—x)Rgg(—x) o R2n—2,2n—1(_x))

n—1,n

—kn—k+1 —k+2,n—k+3 b2kt A
(an_z (—z)Ry T () Ry R 2 () B hmh (_x))

(R o) R () ) R (<o)

15 a twistor.
(2) For any triple i < j < k € {1,...,n}, {Rij(z), Rjx(x),0}, {Rij(z),0, Rix(x)} and
{0, Rji(x), Rir(x)} are sets of compatible twisting operators.

Moreover, if the conditions are satisfied, then the twisting operators {R;;(z)}1<i<j<n
are compatible, and we have KT = V) ®p,, @Va @pyy - @R, 1 ., V-

Proof. The proof is by induction on the number of factors n > 3. For n = 3, the result
is Theorem 4.15. Now, assuming the result holds for n — 1 factors with their correspond-
ing twisting operators, and given Vi, Vo, ..., V, nonlocal vertex algebras, satisfying the
hypothesis of the theorem, we consider the algebras Uy = Vi,...,Up_2 =V, 9, U,_1 =
V-1 ®R,_1, Va, with the twisting operators defined as in the Coherence Theorem.
For simplicity of notation, in the following we only prove the case of n = 4.
Let V; be nonlocal vertex algebras for i = 1,2, 3,4, let

Rig(z): Va@Vi = Vi @Va®C((z)), Ras(x): V3@Ve— V2@ Vs C((x)),
Riz(z): V3V = Vi@VseC((x), Ru(): ViolV =-VieVyeC((x)),
Rog(z): Vi@Voa—=12@V,@C((x)), Ra(z): ViVs—=V3eV,®C((x))
be twisting operators for the ordered pairs (V1,Va), (Va,Vs), (V1,Vs), (Vi,V4), (Va, Va)
and (V3, Vy), respectively.

If we take one of the compatible twisting operators Ria(x), Ras(z), Ri3(x) as a usual
flip, respectively, then we have

Ry3(21)0* Ry3(w2) = R35(w2)0 “RY3 (1), (4.25)
Ry3(21) R (22)0"? = 0* Ri3(w2) RT3 (1), (4.26)
o2 Ri5 (1) Ry3 (w2) = R33(w2) Ri3 (w1)0™. (4.27)

That is, (Ri2(x), Res(x),0), (Ri2(x), 0, Ri3(x)) and (o, Ras(x), R13(x)) are compatible,
respectively.
If we take one of the compatible twisting operators Ri2(z), Roa(z), R14(z) as a usual

flip, respectively, then we have
Ri3(21)0* Ryj(22) = R3j(x2)0 2 RT3 (21), (4.28)
Ry3(21) R (a2)0"® = 0 Ry (w2) RY3 (1), (4.29)
o RYj (1) Ryi (2) = R3j(22) Rij(w1)0 ™. (4.30)
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That is, (Ri2(z), R2a(z),0), (Ri2(z),0, R14(x)) and (o, R2a(z), R14(x)) are compatible,
respectively.

If we take one of the compatible twisting operators Ri3(z), R34(z), R14(z) as a usual
flip, respectively, then we have

Ri3(%1)0™ Ry} (x2) = R34 (w2)0 ' * RT3 (1), (4.31)
Ry3(x1) R (22)0'? = 0™ Ri%(22) RT3 (1), (4.32)
o2 RY}(x1) Ry3 (22) = R34 (w2) Ri3(21)0”°. (4.33)

That is, (Ri3(z), Raa(x),0), (Ri3(x), 0, Ria(x)) and (o, Rsa(x), R14(x)) are compatible,
respectively.

If we take one of the compatible twisting operators Ro3(x), R34(), Ros(x) as a usual
flip, respectively, then we have

R23($1) 23R§i(£) R34(372) 12R§§(m1), (4.34)
st(xl)Rgi(@)UlQ = 023R24(x2)R2§(m1), (4.35)
012R24(x1)R§Z(x2) = R:% (x2)R24($1) . (4.36)

That is, (Ras(z), R3a(x),0), (Ra3(x), 0, Res(z)) and (o, R3a(x), Rea()) are compatible,
respectively.
We need to prove these conditions (4.25)—(4.36) together are equivalent to

T(z) = ot? (034056) (023045067) (R?g(—x)Rgg(—x)RgZ(—x))
- (RY3(—z)R35(—x)) Ri3(—x)
is a twistor.

For the “only if” part, we shall use the hypothesis of the theorem for Vi ®g,, V2 Q®rz,
(V3 ® Vy). And we have the following twisting operators:

Riz(z) : Va@ Vi = Vi @ Vo @ C((2)),
T2, (x) = RB2(x)RE(x) : (V3o Vi) @ Ve = Va® (V3@ Vy) @ C((x)),
T3y(z) = Ri3(z)Rij(x) : (V5@ Vi) @ Vi = V1 @ (V3 ® V) @ C(()).

If we take one of the twisting operators Ri2(z), T (), Tay(z) as a usual flip, respectively,
then we need to prove

Ry (1) (0% 0™ (T5,) P (2) = (T54)* (z2) (00 ) Ri5 (1),
Ry (21)(T50)% (22)(0120%%) = (0%0%) (T5,) "2 (w2) R (1),
(T30 (1) (T5) 2 (w2) = (T54)* (w2) (Tsy) (1) 0.
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That is, (Ri2(x), T3y(x) = Ry3(x)R33(x),0'%0%%), (Riz(x),0'%0%%, T3, (x) = Ri3(x) x
R¥(x)) and (0, Tg(x) = Ri3(2)R33(z), Tay(x) = RI3(x)R¥3(z)) are compatible, respec-
tively. These are also equivalent to:

Ri3 (1) (0% 0%) (Ra3 (22) R3]} (w2)) = (R33(w2) R3(22)) (070 *) RY5 (1), (4.37)
Ry (1) (RT3 (w2) RT3 (22)) (0120%%) = (00 (R15 (w2) RY} (w2)) R (1), (4.38)
o2 (RY3 (1) R4 (1)) (Ra3 (22) R3] (w2))

= (R33(22) B3 (x2)) (Ri3 (21) BT} (21))0” (4.39)

For (4.37), from (4.25) and (4.28), we have

Ri3(21)(0%0°") (Ra3(22) R34 (22)) = Ri3(z1)0™ Ra3(w2)0 3“R”’(ch)

= R33(x2)0 " R (21)0* R33(x2)

_R23(5E2)0'12R34((£2) 23R34( )
(R23(:1:2)R24(m2))(012023)}2‘;’3(901).

Concerning (4.38), by (4.26) and (4.29), we get
Ry3 (1) (RE5 (w2) RY1(22))(0120%%) = 0P R (22) Y3 (1) RYj (w2)0 0™

= 0% Ri3(22) R3 (21) R} (22)0 ™
= 0P R}3(x2) 0™ R} (22) RT3 (21).

For (4.39), using (4.27) and (4.30), we obtain
o' (R (21) R} (1)) (R33 (22) R (22)) = o' RY3 (1) Ra3 (w2) RYY (1) R34 (2)
R23($2)R13($1) 23R14($1)R%i($2)
R23($2)R13(xl)R24(952)R14(331) 3
(R23(IQ)R24(932))(R13(171)R14(=’171)) 5,

With the induction hypothesis, these conditions (4.37)—(4.39) hold if and only if

Ty(x) = (0¥ ™) (0™ 0") o R (—2) (T5,)" (=) (T5) ™ (—)
= (070™)(0™0")0* RE (—2) (R33(—2) R34 (—2)) (Ri5(—) R{3(~))

is a twistor for V1 ®g,, Vo @1, (V3@ Vy).
We also have another twistor T3 (x) for V1 @ Va2 ® (V3 ®g,, Va):

Ti(z) = 095 (034550) (623545 557) (623545 RET (— 1)) (034050 o'45)

_ 0'450560'671%31(—.12)0'560'45.
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By (4.31) and (4.34), we have

T112(£L'1)T223 (.’52) _ 045056067]%%1(7991)0560'45
70091003 087 R () R (—2) B (—2) RIS () RS (—2)
= 0807802100505 RS (—ay) RS (—2) R (—02) RS (—2) B33 (—2)
. 045056067RgZ(_x1)0_56045

= 15 (w2) 1 (21).
Using (4.33) and (4.36), we get

T112(331)T213($2) — 0'450’560'67Rg1(—$1)0'560'45
00360100 0 R () R () RS (—2) R (—2) RY (~2)
= 0¥0™ 0% 100 0% RIS (—w2) Ry3(—w2) Ryj " (—w2) R (—a2) Rij (—a2)
. 0450_56067R21(_x1)0_560_45

= Ty (22) 11 (21).
Furthermore, we can easily have

T123(.’131>T212($2) — 0'890'9’100'10’11R;)2711(—.’171)0'9’100'89
10 % 08502 R () R (—2) RES (—2) RS (—2) RS (—22)
= 0850307 00% R () R (—02) RS (—02) R (—2) I ()

89 9,10 10,11 p10,11 9,10 _89
00V e P Ry (—x o Vo

= Ty (22) T (1),
and

T123(x1)T213(x2) _ 08909,10010,11}2;2711(_ml)ag,loasg
- 000910015 R (—w2) Ry (— ) Roy * (— o) RT3 (—a2) R} (—2)
= 0"96%0%105" 0P RIS (— ) R33(—w2) Roy " (—w2) RY (—w2) RY (— o)
. 08909,100_10,11R§2,11(_m1)09,10089
= Ty (o) T (1)

From the second result in Proposition 3.5, we know that T'(z) = Ti(x)T2(x) is a
twistor for V; ® Vo ® V3 ® Vj.
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To see the “if” part, given a twistor T'(z) for V1 ®r,, V2 @72, (V3 ® Vi), we have:

T(z1)(lvieveeviev ® Yviovevievi(T2))
= (lvieveeviev: ® Yievevsev: (22)) T (21) T2 (21 — z2), (4.40)

T(z1) Yviewevsevi (T2) ® lviev,evsevs)
= Wiovevev: (2) @ lnevevevi) T (21 + 22) T2 (21), (4.41)
T (21)T% (29) = T (22) T 3 (21). (4.42)
From (4.40), for v{ € Vi, vh, vl € Vo, v3,v4 € V3, vg € Vy, taking 101 Q0v301®1®
5011007181181, 1801911,0101,0101®17®18111,10181Q0v,01®
12051007 ®1®1801and 1910100,010100;01Q1®v) ®1®1, respectively, we
can have (4.27), (4.30), (4.33) and (4.36), correspondingly. Similarly, using (4.41), taking
the same elements, we get (4.26), (4.29), (4.32) and (4.35), correspondingly. Finally, by

(4.42), taking the above elements, we get (4.25), (4.28), (4.31) and (4.34), respectively.
For 1 <i<j<k<4, from (4.25)—(4.36), we have

R% (1 — z2)Ri (21)RY) (22) = 02 R (31) R (31 — 2) 0 R} ()

_ 012R23($ ) 13R13($2)R]k(1'1 71.2)
= RlQ(xQ)R“C (:L'l)RJlk(fEl — LL‘Q).

That is, R;j(x), Rjx(z) and R;(x) are compatible. It is easy to see that

Yr(z) = Yvigvaevsev, (€)1 ()
=Y (2)®Y(@)eY(r)®
- RY3(—2) Ry3 (o) R§L (—a) Ri5(—x) R33(—2) Ri3 (—x)
= (Y(2)@Y(2) @Y (2) @Y (2))Ri5(—x) Ry3 (—) RS} (—x)
- R (—2) R34 (—x) Rij (—x).

( ))0230_450670_340_560_450,450560_340_670_450_23

That is, KT =V} ®g,, Va ®Rr,, V3 @R, Va. This concludes the proof. O
4.5. L-R-twisted tensor product nonlocal vertex algebras

Now we come to L-R-twisted tensor product nonlocal vertex algebras. Firstly, we
recall the notion of an L-twisting operator, which was formulated and studied in [18].

Definition 4.19. Let U and V be nonlocal vertex algebras. An L-twisting operator for the
ordered pair (U, V) is a linear map

Qz): UV - U®V ®C((z)),
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satisfying the following conditions:

Q) (u®l)=u®l foruel, (4.43)
Qz)(1®v)=1®v forveV, (4.44)
Qz1)(1 @Y (22)) = (1 @Y (22))Q" (21)Q" (w1 — 2), (4.45)
Qz1)(Y (22) ® 1) = (Y (22) ® 1)Q"* (21 + 22) Q% (x1). (4.46)

Remark 4.20. Note that if we take U = V in the Definition 4.19, we know that an
L-twisting operator satisfies all the conditions in the definition of a twistor except (3.5).

Now we present the L-R-twisted tensor products from [18].
Theorem 4.21. Let U, V' be nonlocal vertex algebras, let R(x) be a twisting operator and

let Q(x) be an L-twisting operator of the ordered pair (U,V), respectively, satisfying the
following conditions:

R (21)Q% (2z2) = Q"% (w2) R (z1), (4.47)
R®(21)Q" (w2) = Q" (w2) R* (a1). (4.48)

Set
QYr(z) = (Y(2) ® Y (2))Q" (x) R* (~x). (4.49)

Then (U @ V,gYr(x),1 ® 1) carries the structure of a nonlocal vertex algebra, which
contains U and V' canonically as nonlocal vertex subalgebras.

Next, we study the relations among a twisting operator, an L-twisting operator and a
twistor in the following lemmas. Firstly, the following result enables us to get a twistor
from an L-R-twisted tensor product.

Lemma 4.22. Let U g®g V be an L-R-twisted tensor product of nonlocal vertex algebras
U and V. Then oTr(z) = Q' (2)0*R?3(—x) is a twistor for nonlocal vertex algebra
UxV.

Proof. For u € U, v € V, by (4.7) and (4.44), we have

oTr(r)1®10uev)=Q"™(2)0®R¥(—2)(1®10u®v)
= Q)P 1ouel®v)
=1®1Q0u®u,

and using (4.6) and (4.43), we get
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oTr(@)(u@v®1®1)=Q"(2)0®R*?(—2)(u@ve1®1)
= Q" @)0Pu®1ve1l)
=u®uvlel.

From (4.8), (4.11) and (4.45), we have

QTr(z1)(lugy @ Yugy (22))

=oTr(z1)(1®1®Y (22) ® Y (22))0™*

= Q" (21)0®R®B(—21)(1 @13 Y (22) ® Y (22))0™

= QM(z1)0P(1 @Y (22) ® 1 ® Y (22))R¥*(—1)R® (=1 + 29)0™
=QMz1)(1®1®Y (22) ® Y (22))0* 03 R¥* (—21)R* (—x1 + 22)0™
=(1®10Y(x2) @Y (22))Q (21)Q (x1 — 22)0*3 03 R3* (—21) R® (—x1 + 22)0™
=(1®1QY(x) @Y (22)Q"(21)Q (21 — 22)0?3 0 R3* (—21) 0 R® (—x1 + ),

and on the other hand,

(lvev @ Yuev(22))QTw (1)QTF (21 — x2)
=(1®1QY(x) @Y (22)0®Q(21)0P R¥ (—x1)Q™ (1 — 22)0 PR3 (—x1 + x)
= (]. ®1® Y(.’EQ) ® Y(xg))Q16(1'1)045025R25(—1'1)Q14(1'1 - $2)023R23(—$1 + 1’2).

Then we get

oTr(z1)(lvev @ Yuev(22) = (luev @ Yuev (22))oTk (21)oTh (21 — 32).

Similarly, by (4.9), (4.10) and (4.46), we have

QTr(z1)(Yuev(r2) ® lugy)

= Q"™M(21)0PR® (—21)(Y(22) @Y (12) ® 1 ® 1)0*®

= Q" (21)0®(Y(22) @1 @Y (22) ® 1) R¥*(—21 — 22) R (—21)0?

= QM) (Y(22) @ Y(22) @1 ® 1)o® 03 R¥ (—x1 — 29) R (—21)0®

= (Y(22) @ Y(22) ® 1 @ 1)Q*® (w1 + 22)Q%* (1)0* ¥ R3* (—y — 22) R* (—21)0*3
= (YV(22) @Y (22) @ 1@ 1)Q (21 + 22)Q% (7)o" o3 R3* (— 21 — 20)0?> R (—11),

and on the other hand,
Yuev(z2) @ luey) QT (21 + 22)q TR (1)

= (Y(!L‘Q) & Y(LL'Q) ®R1® 1)023Q16($1 + .1‘2)025R25(—£L'1 — wg)Q36($1)U45R45(—.’L‘1)
= (YV(22) @Y (22) @ 1@ 1)Q (21 + 22)0?30?° R¥ (—x1 — 22)Q%(21)0® R¥ (—11).
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Then we get
QTr(z1)Yuev (22) © luev) = Yvev(22) ® luev)QTr (21 + 22) TR (21).
Using (4.47), we get
QTR (21)QTR (v2) = Q™ (21)0* R* (—21)Q™ (22)0 " R™ (~a2)

— Q14(xl)023Q26(x2)R23(—x1)045R45(—x2)
— 0'23Q14(:E1)Q26(1‘2)O'45R23(7%1)R45(*172),

and from (4.48), we have

QTR (22)QTR (x1) = Q*°(22)0 ™ R™ (—x2) Q" (21) 0™ R** (—a1)
_ 045Q36($2)Q15(.’)31>R45(—$L’2)0'23R23<—$1)
Q" (x1)

= 0¥ (29) Q5 (21)0 23 R¥ (—1 ) R¥ (—»).
By the direct calculation, we finally have:
QTR (21)QT (w2) = QTR (22)QTR (1)
This concludes the proof. O
Conversely, we have:

Lemma 4.23. Let R(z) : VU — UV ®C((x)) be a twisting operator, Q(z) : URQV —
UV ®C((z)) be a linear map and let gTr(x) be a twistor for U @ V defined by
oTr(z) = Q" (x)0?3R*3(—x). Then Q(z) is an L-twisting operator for the ordered pair
(U, V) and U g@rV = (U@ V)eTr.

Proof. For u € U, by (3.2), we have

w1101 = Tr(r) (t®l1®1®1)
= Q"M (2)oBPRB(—r)(u®1®1®1)
=Q"(@)(u®1e1e1),

then Q(z)(u ® 1) = u ® 1. Similarly, for v € V, using (3.1), we get

11010v=Tr(=)(121®1Qv)
=Q"(2)0®R¥®(-2)1®121®v)
=Q"121®1w),

then Q(z)(1®@v) =1®wv.
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For u e U, v',v" € V, by (3.3), we have

QTr(21)(lvgy @ Yuev(22))(u®@101@0 @ 1®0")
= QM@)o RB(—2)(1®10Y(12) @Y (22))0P(u®1010v @1 ®v")
=Q")1®1219Y(@)(uel®l1ev ®v"),

and on the other hand,

(lrev @ Yoev (22)oTH (1) oTH (11 — 22)(u @12 130 @ 1@ v")
= (1©1®Y(12) @Y (22))0*°Q"* (21)0* R* (—a1)

QM (w) — 22)0BRB(—2 +22) (U121 @1 0")
=(1®1®Y(22) @Y (22))Q"(1)Q" (31 —22)(u®1®1® 1@V ®v")
=(1218Y(22) @Y (22))Q(z1)Q" (1 — 22)(u@ 1@ 1@ @0"),

then
Qz1)(1 @Y (x2)) = (1@ Y (22))Q" (21)Q" (21 — x2).
For u,u’ € U, v"” € V, from (3.4), we have

QTr(z1) Yvev(22) @ lugy)(u@ 101w @1®1e0v")
= Q" (1) R® () (Y(22) @Y (22) @ 1@ Do B (u®1@u @12 120")
=QMz)(Y(m) @11l )(ued @121x"),

and on the other hand,

(Yvev(22) ® luev)QTr (21 + 22) TR (1) (u® 1@ v ©19 1®v")
= (Y(z2) @Y (22) ® 1 @ 1)03Q (21 + 22)0° R*® (—x1 — x2)

Q¥ (1)oP R () (u@1ev @10 10v")
=(Y(z2) @Y (22) 1 @ 1)Q" (21 + 22)Q* (1) (u® v/ ®1®1®1®v")
=Y(22)®1 @12 1)Q" (21 + 22)Q* (r1)(u®@ v ®1®1®v").

Thus
Q1) (Y (22) @1) = (Y (22) @ Q" (w1 + 22)Q% (1)
This concludes the proof. O

Remark 4.24. For u € U, v € V, we just used R(z)(v®1) = 1®v and R(z)(u®1) = 1Qu
in the proof of Lemma 4.23.
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Similarly, we also have:

Lemma 4.25. Let R(z) : Vo U = U®V ® C((x)) be a linear map, Q(z) : U®V —
UV ®C((z)) be an L-twisting operator and let oTr(x) be a twistor for U®V defined
by Tr(z) = Q" (2)0?*R*3(—z). Then R(x) is a twisting operator for the ordered pair
(U,V) and U gerV = (U V)eTr,

4.6. The noncommutative 2l-planes

In this subsection we present a concrete example. It is shown that the nonlocal ver-
tex algebras Vq associated with the noncommutative 2/-planes defined by Connes and
Dubois-Violette in [3] could be realized as nonlocal vertex algebras constructed from
V11 @ Vaa ® - - - ® V); by a suitable twistor T'(z). And this nonlocal vertex algebra is very
similar to the quantum vertex algebra of Zamolodchikov—Faddev type studied in [7].

Definition 4.26. Let [ be a positive integer and let Q = (qij)rli,jzl be a complex matrix
such that

Gii = ¢ijq; =1 for 1 <4, j <L (4.50)
Define Aq to be the associative algebra with identity (over C) with generators
Xin, Yin (=1,...,1, n€Z),
subject to relations
XimXjn =i XjnXim, YimYin = ijYinYim, XimYjn = ¢;i¥jnXim (4.51)
fori,j=1,...,1, myn € Z.

Let {e1,...,e} denote the standard Z-basis of Z!. It is straightforward to see that
Aq is a Z!-graded algebra with the grading defined by

deg X; m =¢€;, degY,, =—e; forl1<i<Il mel. (4.52)
Set

A+:<Xi,m7 }/j,n‘iajzla"wla m7n20>a
AG = (Xisns Yy |6 = 1,...,1, m,n < 0),

which are Z!-graded subalgebras of Aq.

A vector w in an Ag-module W is called a vacuum vector if Aaw = 0, and an
Aq-module W equipped with a vacuum vector which generates W is called a vacuum
Agq-module.
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Set
Vo = Aq/(AqAf). (4.53)
a left Ag-module, and set
1=1+ (AqAa) € Vq.

Clearly, 1 is a vacuum vector and Vg equipped with 1 is a vacuum Ag-module.
For 1 <i <, set

u =X, 11, oW =Y 11eVq (4.54)
and set
Xi(z) = ZXimx*”*l, Yi(z) = ZYmaf”*l € Aql[z, =z~ 1]]. (4.55)
neZ nez

Now we endow Vg with the structure of a weak quantum vertex algebra (cf. [7,17]).

Theorem 4.27. Let Q = (¢ij)1<i,j<i be a complex matriz such that ¢;; = 1 and ¢;jq;; = 1
for 1 < 4,5 <1, let Ag be the associative algebra associated with Q and let Vg be
the universal vacuum Ag-module. There exists a (unique) weak quantum vertex algebra
structure on Vg with 1 as the vacuum vector such that

V(,2) = Xy(a), Y(O,2) = Yila) fori=1,....1

Let W be any Ag-module satisfying the condition that for any w € W, X;,w =
Yimw = 0 for 1 < i <1 and for m sufficiently large. Then there exists a (unique)
Vg-module structure on W with

Y (u,2) = X;(x), YD, 2)=Yi(x) fori=1,...,1
Conversely, any Vg-module W is an Ag-module with
X;(2) =Y (uD,2), Yiz)=Ywo?,z) fori=1,...,1
Furthermore, similar to Proposition 3.8 in [7], we have (cf. [17]):

Proposition 4.28. Let V be any nonlocal vertex algebra and let v be any map from
{u® @ | i=1,...,1} to V such that

Y ((u™), 21)Y (0(uD), 22) = q;; Y (Y (D), 22) Y (9 (D), 1),
Y(w(v(”),xl)Y(lb(v‘”), To) = qz‘ij(v(j)),xz)Y(w(U(i))afﬂlﬁ
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for 1 <i,5 <. Then there exists a unique nonlocal-vertex-algebra homomorphism from
Vg to V, extending 1.

For each 1 <i <[, n € Z, the algebra A,,, (associated with 1 x 1 matrix g;;) generated
by the elements X ,, and Y; ,, is commutative and is isomorphic to C[ X, Y; ], which is a
polynomial algebra. Let V;; be the universal vacuum module constructed from A,,;. From
Theorem 4.27, we know that V;; is a nonlocal vertex subalgebra of Vq. In the following
we show that Vq can be realized as a deformation through a twistor of Vi; ® --- ® V.
Moreover, Theorem 4.18 provides an explicit formula for the twistor T'(x) which recovers
the iterated twisted tensor product.

We make the following vector space identification

Vo =+ Viu®--@Vy,
u® |—>1®~~®u(i)®~~~®l,
(@ ,_>1®...®,U(i)®...®1’
where u(Y) maps to the position 2i — 1 and v(Y) maps to the position 2i for u?, v € Vq,

1<i <1
It is easy to see that:

Proposition 4.29. Let V;, a nonlocal vertex subalgebra of Vg, be the universal vacuum
Ag.,-module for 1 <i <. Let T(x) be a linear map defined on generator as

T(z) : “(i)‘g’“(j)—{Z:ﬁg;’@), z; zij (4.56)
T(z) : “(i)@’”(j){zzggi’(ﬁ, z; Zij (4.57)
T(z) : v(i)®u(j)_{;::;gz;j;’(j)’ ZZ zij (4.58)
T(@): o gl {;(JL %g;}j)’ Z iii (4.59)

for u® v € Vi, w9 0 € Vi, i 5 € {1,...,1}. Then T(z) is an invertible twistor
for nonlocal vertex algebra Vi1 ® Vaa @ --- @ V).

Furthermore, we have:

Proposition 4.30. The nonlocal vertex algebra Vg is isomorphic to the nonlocal vertex
algebra (V11 @ Vaa ® -+ ® V”)T constructed from Vi1 ® Voo ® -+ ®@ Vi by the twistor
T(x).
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