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1. Introduction

Let k be a field of characteristic zero and k[X] = k[z1,- - , x,] the polynomial ring in
n variables over k. Since the remarkable works of H. Bass et al. [1] and A.V. Yagzhev [10]
concerning the Jacobian Conjecture, the study of polynomial maps H : k™ — k™ such
that its Jacobian matrix JH is nilpotent has grabbed the attention of many authors.
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Although the previously mentioned works establish that, in order to study the conjecture,
it is sufficient to focus on maps of the form X + H where H is homogeneous of degree
3, the classification of maps with nilpotent Jacobian of any degree, even inhomogeneous,
has an interest which goes beyond the Jacobian Conjecture. For example it led various
authors to formulate the following problem:

(Homogeneous) Dependence Problem. Let H = (Hy,..., H,) € k[X]" (homogeneous of
degree d > 1) such that JH is nilpotent and H(0) = 0. Does it follow that Hy,..., H,
are linearly dependent over k or equivalently does it follow that the rows of JH are
linearly dependent over k?

An affirmative answer was given in the following cases: rank JH < 1 in [1], hence
if n = 2 and in case H is homogeneous of degree 3 when n = 3 by D. Wright in [15]
(resp. when n = 4 by E. Hubbers in [14]). In dimension three an affirmative answer to
the homogeneous dependence problem (in any degree) was given by M. de Bondt and A.
van den Essen in [2]. On the other hand M. de Bondt in [3] constructed homogeneous
examples in all dimensions > 5 of nilpotent Jacobians with over k linearly independent
TOWS.

Although the answer to the dependence problem turned out to be negative in general,
studying this problem payed off in several ways. For example the assumption that the
answer to the dependence problem would be positive led the authors in [11] to construct
a large class of polynomial maps H such that JH is nilpotent. Several of these examples
were subsequently used to find counterexamples to various conjectures, such as Meisters’
Cubic Linearization Conjecture [9], the DMZ-Conjecture [12], the long standing Markus-
Yamabe Conjecture and the Discrete Markus Yamabe Problem [6].

The first negative answer to the dependence problem was found by the second author
in [8], namely

H=(y—a%z+2a(y —2%),—(y — 2%)*).

Remarkably, searching for more negative examples in dimension three, the authors of [5]
showed that, looking for such examples of the form

(u(z,y), v(@,y, 2), Mu(z,u), v(z,y, 2)))

the above example is, apart from a linear coordinate change, essentially the only example.
This example was generalized in Proposition 7.1.9 [10] to give nilpotent Jacobians in all
dimensions, with over k linearly independent rows. It was shown in [4] that for these
examples H and each A < 0, the corresponding dynamical system & = F(x), where
F(z) = Ax+ H(z), has orbits which escape to infinity, hence are counterexamples to the
Markus-Yamabe Conjecture.

Recently, in [17], Dan Yan completely classified all H of the form

(u(z,y),v(2,y,2), h(z,y))
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with nilpotent Jacobian and over k linearly independent rows. Again they all turned out
to be linearly equivalent to the first example found by the second author. These results
confirm a conjecture of the first author which asserts that if JH is nilpotent, with over
R linearly independent rows, then the corresponding dynamical system & = F'(x), where
F(z) = Az+H(z) and A < 0, has orbits which escape to infinity. To get more evidence for
this last conjecture it is therefore natural to look for nilpotent Jacobians in dimensions
> 4.

In this paper we pursue this idea and generalize the recent result of Dan Yan to all
dimensions n > 3. More precisely, we study maps of the form

H= (U(I,y),UQ(I,y,I3)7U3(I,y,$4), T 7Un—1(50,y793n)7h(95,y))

The main result of this paper, Theorem 1, completely classifies all such H, which Jacobian
is nilpotent. Moreover, in the last section we give a very detailed description of these
maps. This enables us to show that the corresponding maps F' = X + H, which Jacobian
determinant equal 1, are invertible. So we confirm the Jacobian Conjecture for these
maps. A priori, from the construction of the H’s it is not at all obvious why F' should
be invertible. The delicate proof we give below is, in our opinion, a strong indication
that the Jacobian Conjecture might be true after all (in spite of several statements of
the second author in the past). More evidence in favor of the Jacobian Conjecture can
be found in the works of Zhao and his co-authors, in which the Jacobian Conjecture is
firmly embedded in the framework of Mathieu-Zhao spaces (see [18], [19], [20], [13] and

[7)-
2. The nilpotency of JH

In this section we establish a characterization of the nilpotency of JH with H a
polynomial map of the form H = (u(z,y),u2(z,y,x3),. .., un—1(2,y, zyn), h(z,y)). One
easily verifies that an equivalent way to present these maps is by describing their Jacobian
matrix. More precisely, H is of the above form if and only if its Jacobian matrix JH is
of the form

* x 0 0 0

* % x 0 0

* % 0 x* 0
JH = (uw-) = y

* x 0 0

* x 0 0 *

* x 0 0 0

where H = (u1(x1, x2), u2(T1, T2, 23), - - -, Un—1(T1, T2, Tn), Un (21, T2)) and u; ; = %uj.
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Proposition 1. JH nilpotent if and only if

U1 +u22 =0
Uy, 1Uz,2 — Uy 2U2,1 — U2 3u32 =0
ug3(U1,1U32 — U1,2u31 — U3 4Us2) =0

U2,3U3,4(U1,1U4,2 —U12Ug41 — U4,5U5,2) =0

U2,3U3 4 Up—1n(UL 1Un2 — UL 2Un1) =0

Proof (started). Let S be a new variable and put T := S~!. Then JH is nilpotent
if and only if —JH is nilpotent if and only if det (ST, + JH) = S™ if and only if
d(T) :=det (I, + TJH) = 1. Since d(T) is a polynomial in k[x,za, - ,x,][T] of degree
n in T and d(0) = 1, the statement that d(7') = 1 is equivalent to the fact that for each
1 < i < n the coefficient of T* in d(T) is equal to zero. We will show that the coefficient
of T! being zero gives the first equation, the coefficient of T2 the second and so on. We
use some linear algebra to see this. Therefore put D,, := I, + TJH. For 1 < k < n
denote by Dy the k-th column of D,,. Then

U1,1 Uy,2
Dpqy=T1 ter, Doy =T + e,

and
Dpy = e + Tug—1,kex—1, forall 3<k <n

where e; is the i-th standard basis vector in k™.

Write (a1, ,an)" instead of Dy, ¢y and (b, ,b,)" instead of Dy, () and put ¢; =
Tuiiq1, for 2 <i<n-1.Soa; =14+Tui, a; = Tu; 1, for 2 < i < n, by =Ty 2,
by =14 Tuz2 and b; = Tu; 5 for 3 <i < n.

Lemma 1. Let d,, := det D,,. Then

n—1
dp = arby — agby + Y (—c2) - (—cx)(arbsr — brasr)
k=2

Proof. Using the Laplace expansion of d,, along the n-th column of D,, we get

dn = dn—l + (_Cn—l)det An—l
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where A, _1 is the (n — 1) X (n — 1) matrix obtained from D,, by deleting the (n — 1)-th
row and n-th column. One easily verifies that det A,,_1 = (—¢2) - - (—¢p—2)(a1b, —b1ay).

So

dp =dp—1+ (—c2) - (—cp_1)(a1b, — bray)
The result now follows by induction on n. O
Proof (finished). An easy calculation gives that
arby — agby = 1+ T(uy g + ug9) + T?(up 1uz — ui 2Us 1)
and if 2 < k <n —1, then
(—c2) -+ (—cx)(arbry1 — bragsr) =
(=D Fug g g (TPug 10 + T (ug 1up 10 — ug oupg11))

Using the previous lemma, it is left to the reader to deduce that, apart from a minus
sign, the coefficient of T* in d,, gives the k-th equation of Proposition 1, which concludes
the proof. O

Corollary 1. Notations as in Proposition 1. If us 3 = 0, then JH is nilpotent if and only
if there exist A1, Ao, c1,c0 € k and f(T) € E[T] such that uy = Aaf(Mz1 + Aex2) + 1
and ug = =M1 f(Mx1 + Aaz2) + ca.

Proof. By Proposition 1 we get that JH is nilpotent if and only if u; 1 + u22 = 0 and
U1,1U2,2 — U1 2Uz,1 = 0. Since ug 3 = 0 the result follows from Theorem 7.2.25 [10]. O

So from now on we may assume that ug 3 7# 0. Since uy, n4+1 = 0, there exists 3 <r <n
such that u; ;41 # 0 for all 2 < ¢ <7 —1 and u, .41 = 0. By Proposition 1, we have the
following equations

Uy +ugz2 =0,
U1,1U2,2 — U1 2U21 = U2,3U3,2,

ug,3(U1,1U3,2 — U1 ,2U3,1 — U3 4Us,2) = 0,

5 Ur—2,7-—1(U1,1ur—1,2 — U1 2Upr—1,1 — U7-—1,7-U7~,2) =0,

U3 Up—1 (UL 1 Up2 — UL 2Up 1) = 0.

Since ug 3 # 0, ..., ur—1, 7# 0, these equations become
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U1 +ug2 =0 (1),
U1,1U2,2 — U1 2U21 = U2, 3U3,2 (2),
U1,1U3,2 — U1,2U3,1 = U3 4U4,2 (3),

UL, 1Upr—1,2 — UL 2Ur—1,1 = Upr—1,rUr,2, (r-1),

U1 Up2 — Ut 2Uyp1 = 0 (r).

Corollary 2. Let uz 3 # 0 and r as above. If uy o =0, then JH is nilpotent if and only if
u €k and u; 2 =0 for all 2 <i <.

Proof. The if-part follows from the equations (1)---(r). Conversely, assume that the
equations (1) - - - (r) hold. Since u1 2 = 0 equation (r) gives uj 1u, 2 = 0. Assume uz 1 # 0.
Then u, 2 = 0. So equation (r — 1) implies that u,_1 2 = 0. Continuing in this way we
arrive at ug o = 0 and then by (2) that us o = 0. This contradicts equation (1), since by
assumption uy 1 # 0. Consequently u; 1 = 0, i.e. u € k. It follows from (1) that ug o =0
and that equation (r) is satisfied. Furthermore, for each 2 < i < r — 1 equation (7)
becomes ; ;+1uit+1,2 = 0, from which the desired result follows. O

3. A lemma of Dan Yan

The following result was proved by Dan Yan (see [17, Lemma 2.1]) for the case that the
field k is algebraically closed. We will extend her result to arbitrary fields of characteristic
zero. To keep this paper self-contained we give a short proof.

Lemma 2. Let k be a field of characteristic zero, q € klx1,x2] and 0 # w(q) € klq]
such that qu,|w q.,° for some ey,eq > 1. If p { qu, for every p € k[x1)\k, then q =
P(xq + b(x1)), for some P(T) € k[T] and b(x1) € k[z1].

Let p € k[z1, 2] be irreducible. If 0 # a € k[z1,z2] we denote by v,(a) the number
of factors p in a. So v,(a) > 0 and one easily verifies that if a,b € k[z1,22])\{0}, then
vp(ab) = vp(a) + vp(b). If py, # 0, then pt ps, (look at degrees). One easily deduces

If py, # 0 and d:=vp(g) > 1, then vp(gs,) =d — 1. (3.1)

Proof. First assume that k is algebraically closed.

i) We show that gu,|gs,: let p be irreducible and v,(gy,) = € > 1. Then p,, # 0, for
if pp, = 0, then p € k[z1]\k divides g¢,,, contradicting the hypothesis. Also by the
hypothesis p|g., or plw(q). We prove that in both cases p¢|q,,. Since this holds for all
prime factors p of q,, we get s, |z, -
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Case 1. p|¢z,. Then d := v,(gz,) > 1. So by (3.1) vp(geya,) = d — 1. Since vp(gq,) = € we
get Up(geya,) > € — 1. So d > e, whence p°|qq, .

Case 2. p|lw(q). Since k is algebraically closed we can write w(q) as a product of factors
q+ ¢, with ¢ € k. So plg + ¢, for some ¢ € k. Then d := v,(¢+¢) > 1. So by (3.1)
e =1,(qz,) =d—1,ie d=e+ 1. Hence p°|qg+ c. So p°|qs,-

ii) Let r := degs,q. Then r > 1. Since deg,, ¢z, < degs, ¢z, + 1, it follows from g, |Gz,
that g, = (c1(x1)z2 + co(21))qs,, for some ¢; € kl[z1]. The coefficient of x" gives
q.(z1) = c1(x1)rgr(z1). Hence deg,, ¢-(x1) = 0, i.e. g- € k*. So 0 = ¢1(21)rg,, whence
c1(z1) = 0. S0 gz, = c0(%1)Gay, €. (On, — co(21)0s,)g = 0. Let b'(21) = co(x1). Then
q € k[za + b(x1)], as desired.

iii) Now let k£ be an arbitrary field of characteristic zero. From linear algebra one knows
that if £ C L is a field extension, then any system of non-homogeneous linear equations
in n variables with coefficients in k, which has a solution in L™, also has a solution in k.
From this fact one readily deduces that if a(z1,x2),b(z1,22) € k[x1,x2] are such that
b(x1,xe)|a(z1, z2) in L]z, xs], then also b(xq, z2)|a(z1,22) in k[z1,22].

Finally assume that the hypothesis of Dan Yan’s lemma is satisfied for polynomials in
Ek[z1,22]. Then they are obviously satisfied in k[x1,2s], where k is an algebraic closure
of k. Tt then follows from i) that qy,|q., in k[z1,22]. Hence, as observed above, ¢y, |¢x,
in k[x1,z2]). Then, by the argument given in ii), which does not use the algebraically
closedness condition, we get the desired result. O

4. The equation u1(x1,x2) = p(x2 + a(x1))

In this section we assume the relations of Proposition 1 and show that uy(z1,22) =
p(z2 + a(z1)) for some a(z1) € k[z1] and p(T') € k[T].

So we have the following situation: n > 3, u; = uq(z1,x2), u; = ui(z1, z2,x;41) for
all 2 <i<n-—1and u, = u,(z1,22). We define u,+1 = 0. Put

Dy 1= Uy, 0py — Uz, Oy

Then k[z1, 22]P° = k[q] for some q € k[z1,z2] (see [10, Theorem 1.2.25]). We may assume
q(0) = 0. The equations in Proposition 1 can be written as

u11 +uz2 =0 (4.1)
—Do(u2) = uz2 3u3 2 (4.2)

ug,3 - Ui—1,i(—Do(u;) — Ui ip1uit1,2) =0, forall 3<i<n

We may assume that ui 2 7# 0 and ug 3 # 0.
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Lemma 3. Let v = vg(z1,22) + Zle vi(w1)s’, with vg # 0 and d > 2. If vo,, # 0 and
there exists w € k[x1, xa,t] such that

Dy (v) = —vswy, (4.3)

then vqg € k*, wy, = 7ﬁvfi71(.’£1)um and vy, = Q(q)g, for some Q(T) € k[T] with
degr Q(T) = 1.

Proof. The coefficient of s? in (4.3) gives vg4 € k* and the coefficient of s%~1 gives
w12V i (z1) = —dvgwg,. So w,, = _ﬁvé—l(xl)urr Then the coefficient of s°
implies that Dg(vg) = Wldvéfl(zl)vl(zl)um. Let b(xz1) € Ek[xi] with ¥ (z1)) =
ﬁvfi_l(xl)vl (1). Then Dg(vg) = Do(b(x1)). So vg = b(z1) + Q(q), for some Q(T) €

E[T]. So s, = oy, = Q(q)x,- Since vo,, # 0 we get degr Q(T) > 1. O

Let 3 < r < n be such that u; ;41 # 0 for all ¢ < r and u,,41 = 0 (observe that
Un,n+1 = Unn+1(21, T2) = 0, so such an r exists).

Proposition 2. If u; and u; satisfy the equations of Proposition 1, then uy = p(xo+a(z2)),
for some p(T') € k[T with degr p(T) > 1 and a(x1) € k[x1].

Proof. Let r be as above. Then #4171 =0 and u23,- -+ ,ur_1,» are all non-zero. So the
above equations become

u11 +uz2 =0 (4.4)
—Do(’u,z) = Ui i41Ui+1,2, for all 2 § ) S r—1 (45)
Do(u,) = 0. (4.6)

From (4.6) we get u, = H(q), for some H(T) € k[T]. Also u; = p(q). So u1,2 = p'(q)qa, =
0 (mod gy, ). Since —Dg(u;) = u1,1u;,2 —u1,2u;,1 We get —Do(u;) = ug 1u4,2 (mod gg,). So
by (4.5) we get

UL 1,2 = Ui i41Ui41,2 (7’)’L0dqx2)7 for all 2 S ) S r—1. (47)

Since u, = H(q) we get un2 = H'(q)qu, = 0(mod gy, ). So by (4.7) applied to i =r — 1
we get Uy 1Ur_1.4, = 0(modgy,). Then, multiplying (4.7) (i = r — 2) by w11, we get
u1,12uT_172 = 0 (mod g, ). Continuing in this way we find that u171r72u272 =0 (mod ¢g,2).

Finally, (4.1) implies that uy " *

= 0(modgy,2). Since w11 = p'(¢)qs, we get that
GeolP' (@) 'qe," . Let d := deg,, q and let gg(z1) be the coefficient of z5%. In Lemma 5
below we will show that ¢q(z1) € k*. So it follows from Lemma 2 that ¢ = p(x2 +a(x1)),
for some p(T) € k[T] with degrp(T) > 1 and a(z1) € k[z1], which completes the

proof. O
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In order to prove that g4 € k* we need some preparations. By 7 C k[x1, x2] we denote
the set of terms x1'xy’ with i,7 > 0. On T we define the lezicographical ordering > as
follows

37121.%‘2]1 > $1121}2]2 if J1 > jo or, if 71 =Jo if 41 > s

In other words, first look at the z9-degree and in case of equality at the z;1-degree. This
ordering is a total ordering. If 0 # f € k[z1,x2] we can write f as a finite sum of the
form f =), cit, with all ¢, € k*. The greatest ¢ appearing in f is called the leading
term of f, denoted {t(f). The corresponding coefficient ¢, is called the leading coefficient
of f, denoted lc(f). The following easy result is crucial

Lemma 4. Let uy,v € k[ry, x2] with It(uy) = 219225 and It(v) = x1%22972 be such that
11,71 > 1, 42 > 0 and jo > 1. Then

i1 jidtja—1 sps s o
It(u1,10g, — U1 205, ) = 1T g2V TI2T0 ) if iy o —dog1 # 0

Proof. The result follows easily from the fact that if u; = x1"' 227 and v = %2272
then (ul,lvmz — ’U,LQ’le) = (i1j2 — 7;2j1)x1i1+i1—1x2j1+j2—1. 0

Lemma 5. ¢4 € k*.

Proof. i) Since u; 2 # 0 and u; = p(q) we get ¢z, # 0, s0 d > 1 and N := degr p(T) >
1. We must show that s := degy, ga(z1) = 0. Therefore assume s > 1. We use the
lexicographical order described above and compute the leading terms of the u;, for all
1 <i < m+ 1. First, from u; = p(q) it follows that It(u;) = 21V 22 . Then, by (4.4)
we get [t(uy) = x5V Lo dNV+L

First assume that degy, ua > 2. It then follows from Lemma 3 and (4.2) that ug s =
Q(q)z, for some Q(T) € k[T] with p = degr Q(T) > 1. So lt(ug2) = 172" 1.
Consequently, sN —1 = ps and dN + 1 = pd — 1. Multiplying the first equation by
d, the second by s and then subtracting these new equations we get —dm — s = s,
a contradiction. So we may assume that deg,, us = 1, i.e. uz3 € k*. So there exists
2 <m < n —1, maximal such that Ay := ua3 € k*, -+, Ay '= Um,m4+1 € k*. Observe
m < r — 1. We claim that for all 2 < ¢ <m + 1 we have

lt(ui) = xl(i_l)SN—(i—l)xz(i—l)dN-i-l

We use induction on 4, the case i = 2 is already done. So assume the case is proved for
i <m+ 1. It follows from (4.5) that

U1,1UG,2 — U1,2U1 = )\iui+1}2. (48)

It then follows from Lemma 4 that the leading term of the left hand side is equal to
21N ~i251N Then (4.8) gives that It(u;11) = 21" ~i2y" N+ which proves the claim.
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ii) In particular we have [t(umy 1) = 1™V ™2™V +1 On the other hand, by Lemma 3,
there exists Q(7') € k[T] such that umi1, = Q(q)z,. So if degrQ(T) = p, then we
get lt(umt1,2) = 21P"x2P4" 1. Consequently msN —m = pr and mdN + 1 = pd — 1.
Multiplying the first equation by d, the second by s and then subtracting these new
equations we get —dm — s = s, a contradiction. So s = 0, as desired. O

5. The main result
Now we will describe the main result of this paper. Recall that

H= (ul(xay)7u2(x7ya .733), U3(l‘,y7$4)a e un—l(xaya xn)vun(xvy)) (51)

By Corollary 1 and Corollary 2, in order to describe all H in (5.1) such that JH is
nilpotent, we may assume that up3 # 0 and u; 2 # 0. As seen before, it follows from
uz 3 # 0 that there exists 3 < r < n such that w; ;41 # 0 for all 2 <4 < r —1 and
Uprp1 = 0. Let d; :=degy,,, uj, forall2<i<n—-1.Sod; >21if2<i<r—1.
Definition 1. P(T) € k[T of degree d > 1 is called nice if the coefficient of T¢~1 equals
zero. The (leading) coefficient of 79 will be denoted by pg.

Theorem 1. Let H be as in (5.1) with ug3 # 0, uz2 # 0 and r as above. Then JH is
nilpotent if and only if the following conditions hold

(a)

ur(z1,22) = p(r2 + a(xy)) and uz = —a’(x1)uy + Pa(x3 + ba (1)),

d2pd2

for some p(T) € k[T] with degr p(T) > 1, a(x1),b2(x1) € k[z1] and Px(T) € k[T

nice of degree do. If do > 2, then a”(x1) = 0.

(b) If3 S ) S r—1 and Uj—1 = Zé‘:l ci_l,j(xl)ulj +Pi—1(-73i + mbi_l(ml)), with
ci—1,j(z1),bi—1(x1) € k[z1] and Pi_1(T) nice of degree d;—1, then

l

_ 1 } : L, GHL 1
T = i i b; i\ Li+ —b;
U di—1Pd,_, [ 1j lcl 1,5 (1‘1)161 + 0; 1(x1)u1] + P, (J: 1+ ) (xl))

i

for some b;(x1) € k[z1] and P;(T) € E[T), nice of degree d;. If d;—1 > 2, then
¢;_q1,(x1) =0 for all j.
(c) If up—1 = Zézl cro1j(x)ur? + Po_qy(2r + mbrq(m)); with ¢, -1 5(x1),

br_1(x1) € kl[z1] and P._1(T) nice of degree d,._1, then

l
1 .
— +1
ur(x1,$2) = — E > T 1 Cr_ 1)] 1)“1] + b;_l(l’l)ul} + by,

dr— 1Pdr—1
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with ¢,y ; € k for allj > 1 and b, € k, b._y € k. Ifdr—1 > 2, then ¢;_, ; =0 for
all 5.
(d) No extra conditions on u; if i > r.

To prove this theorem we need some preliminaries:

Theorem 2. Let v = Zé:l ci(z1)ur' + P(s + dp%db(xl)), with P nice of degree d > 1 and
b(z1) € k[z1]. Let v and w satisfy

Dy(v) = —vswy, (5.2)
Do(w) = —wiga, (5.3)

for some w € k[x1,xo,t] with e :=degrw >0 and g € k[xy,z2,7].

i) If e=0, then

l

_ 1 1 / i+1 /
w__%(;i—l-lci(xl)ul —|—b(x1)u1) + c(z1)

with ' (1), c(x1) € k and ci(x1) € k for all 1.
ii) If e > 1 there exist c(x1) € k[z1] and Q(T) € k[T, nice of degree e, with leading
coefficient q. such that

l
_ 1 1 / i+1 / 1
g 2 et V) + Qo)

w =

iii) Furthermore, if d > 2, then ¢, =0 for all i.

Proof. Write v = wvo(z1,x2) + Z?Zl v;(z1)s" and w = wo(x1,x2) + W, where W = 0 if
e=0and W =37 w;(zy,z2)t", if e > 1. Then vy = pg € k*, vy = V0py, Wyy = Woy,
(by (5.2)) and we € k* (by (5.3)), if e > 1.

First assume d > 2. Then w,, = —d—}uv&_l(azl)um (by Lemma 3). So wy =
—Wldv(’i_l(xl)u + c(z1) for some c(x1) € k[z1]. Put b(x1) = vg—1(z1). So, if e = 0,
then w = —ﬁb'(xl)ul +c¢(z1) and if e = 1 then w = —W}db'(xl)ul + c(z1) + q1t, where
¢1 := wi. Substituting these formulas in (5.2) we get u,, 22:1 ci(z1)ur® = 0, which
implies that all ¢, = 0, since u contains zs. If e = 0, then w; = 0, so (5.3) implies that
b'(x1),c(x1) € k. This proves the case d > 2, e < 1.

Now let e > 2. Then by Lemma 3, applied to (5.3), we get g, = —
Substituting this formula into (5.3) we get

- We_ (T1)u1 2.

1 1
uLl(_d_,UdU:ifl(xl)ul,?) —u12(Woq, + 02, (W) = ———
e

we,_y (x1)uy 20:(W)
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Also, using the formula for wy obtained above, we have

1
dvg

1
Wog, = ——) q(x1)urn + —dvdvgq(ml)ul + ¢ (21)

So, combining the last two formulas, we get

1 1
—tal= g () ¢ ) + 0, ()] = unal=——ul (00)0, (W)
Hence
L @ — (@) = (0, — ——wl_, (20)0)W € K[z1, 1]
d'l)d d—1 T1 ewe e—1 )

Since u1,2 # 0 we get vg 1(®1) =0. So (O, — iwéfl(:cl)@t)(c(xl) + W) =0, whence
W = —c(acl) + Q( _1(x1)), for some Q(T) € k[T]. Since w = wo + W and
wo = — 7,7 Ud_1($1)u1 —|— c(a:l) we get the desired formula for w, using that vg—1 = b(x1)

and vg = pg and observing that Q(T') is nice of degree e. The statement in iii) follows
again from (5.2), using that w,, = —d—llwv&_l(xl)ulﬁg.

Now, assume d = 1. So v = 22:1 ci(z1)ur® + p1s+ b(z1). Using (5.2) we get

!
—U19 Zc z)ur’ + b (11)) = prws, = P1WO,
i=1

So

1 1 / 141 /
wy = __(;i—i—lci(xl)ul +b (xl)u1) + c(x1), (5.4)
for some c(x1) € klx1]. So, if e = 0, (5.3) implies again that b (z1),c(z1) € k and all
ci(z1) € k. So this case is done. Also the case e = 1 is done, using that w = wg + g1t.

So assume that e > 2. Then, as observed above g,, = _e;)e ! _1(x1)u1 2. By (5.3) and
(5.4) we get

l

(o[ 3 o™ + ¥ (@] + ¢ 1) = (0, = 2wl 1 (@)0)W) € Kl 1

priE

Since u; contains xze we get that ’(z1) = 0 and all ¢/ (x1) = 0. So

(0, - iwg_ml)aﬁ)(w Fe(a)) =0

€

Hence W = —c(z1) + Q(t + s-we—1(21)), for some Q(T") € k[T'], which is nice of degree
e. Then the formula for w fOHOWb from w = wo + W and (5.4). O
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Now we prove the main result of this paper

Proof of Theorem 1. As seen above the proof of Corollary 2, the nilpotency of JH is
equivalent to the following equations

up1 +uge =0 (1),
Up, U2 — U 2U2,1 = U2 3U32 (2),
U1,1U3,2 — U1 2U3,1 = U3,4U42 (3),

UL 1Ur—1,2 — UL 2Up—1,1 = Up—1,7Up2, (1-1),

UL,1Ur2 — UL 2Up1 = 0 (r).

First assume that JH is nilpotent. So to prove the theorem we need to solve the r
equations above. Let 2 < 7 <r — 1 and write

dj

u] = Ujo(l'l,l'g) + Zu]z (xla Z'Q)x§'+1
i=1

As u; ;41 # 0, we obtain d; > 1 and if ¢ > 1 it follows from (j) and u; 2 # O that
uj, = uj,(x1). So uj2 = uj, 2. Moreover we obtain from equation (j) that uj,, € k"

(a) By Proposition 2 we have that u; = p(z2 + a(z1)) for some p(T) € k[T] with
degrp(T) > 1 and a(z1) € k[z1]. From (1) we get ug, = —a’(x1)u; + ¢(z1), with
c(x) € k[z]. So if dy = 1, then ug has the desired form. If dy > 2, then us =
—a'(x1) + c(x1) + U, where Uy = Zfil ug, (x1)z4. It follows from (2) and Lemma 3

that ugo = —ﬁbé(ml)uzg, for some bo(z1) € Ek[x1]. Substituting these formulas

in (2), an easy calculation gives

1

1! /
_ — (0, — —
a’(z1)ur — ¢ (z1) = (Ox, .

bg(x1)8m3)U2 (S k[a)’l,l‘?,}

Since u; contains xzo we get a”’(x1) = 0 and hence

b (@1)04,) (Us + (1)) = 0

Oz, —
( dopa,

So Uy = —c(z1) + Pa(x3 + @bg(iﬂl)), for some P2(T) € k[T, nice of degree ds.
Since ug = —a'(x1) + c¢(x1) + Us it follows that us has the desired form.

(b) This case follows directly from Theorem 2 ii) and iii)

(¢) u, is obtained by using Theorem 2 i).
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(d) This follows immediately from the equations (1),---,(r), which do not contain w;
with ¢ > r.

Conversely, it is left the reader to verify that the formulas obtained in (a) - - - (d) indeed
satisfy the equations (1)---(r), which shows that the corresponding H has a nilpotent
Jacobian matrix. O

6. Invertibility
Throughout this section

H = (U(.’L‘,y),’ILQ(J),y7 $3), US(l',ya$4)a e aun—l(x7ya mn),un(xvy))

In the previous sections we completely described all such maps H with the property
that JH is nilpotent. For the corresponding maps F' = X + H we have that det JF = 1.
So if the Jacobian Conjecture is true, F' must be invertible. The main result of this
section (Theorem 3 below) confirms this. More precisely we show that F is a product of
elementary maps (see definition below), i.e.

Before we state the next result, we make some preliminary remarks. Recall that a
polynomial map is called elementary if it is of the form (21, ,x;—1, %+ a, Tit1, -+, Tn)
for some a € k[z] not containing x;. We denote such a map for short as (z; + a).
The subgroup of Autpk[zy, - ,x,] generated by these elementary maps is denoted by
E(k,n). Two polynomial maps F and G are called elementary equivalent if there exist
Ey, By € E(k,n) such that G = E; o F o F5. Since the F; are invertible we have that F
is invertible if and only if G is invertible.

Theorem 3. If H is as above and JH is nilpotent, then F € E(k,n).

So to prove Theorem 3 it suffices to show that F' is elementary equivalent to the
identity map.

First we consider the case us,, = 0, described in Corollary 1.

Proposition 3. Notations as in Corollary 1. Then F € E(k,n).

Proof. First let n > 3. By the description given in Corollary 1 we get

(F1, F2) = (z + Ao f(Mz + A2y) + c1,y — A f(Aiz + Agy) + 2
F,=x; +ui(x,y,241) forall 3< i <m—1and F, = x, + un(z,y)
Let T be the translation (x —c¢y,x—co, 23, -+ , 2, ). Replacing F' by T'o F' we may assume

that ¢; = ¢ = 0. Furthermore we may assume that Ay = Ao = 0: if for example A\; # 0
let S be the invertible linear map
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()\1.’[} + )\2y7y7x37 e ,l’n)

Then SoF oS~ = (z,y,F5,--- ,F), with F} = x; + @;(z,y, vi41) for all 3 <i < n and
F! = x, + iy (z,y). So we may assume

F= (x,y,xg + u3(x,y,x4), oy Tp—1 unfl(x7y7xn)axn + un(xvy)
Finally, let E, = (z,y, - ,Zpn_1,Tn — Un(x,y)). Then
E,oF = (l’,y, T3+ U3($7ya l‘4), oy Tp—1 Tt un—l(fra yvxn)axn)

Now one readily verifies that this map belongs to E(k,n), which implies the proposition
in case n > 3. The case n = 3 is left to the reader. O

Next we consider the case us,, 7 0 and u, = 0, described in Corollary 2.
Proposition 4. Notations as in Corollary 2. Then F € E(k,n).
Proof. By the description of Corollary 2 we get
(Fy, -, F) = (x+u,y+us(z,x3),  ,@r1 + Ur—1(x,20), 2 + ur(x))

F, =z, +uy,(z,y) and if there exists r < i < n, then F; = x; + u;(x, y, x;1+1). Replacing
F by (x —u) o F we may assume that F; = . Then, replacing F by (2, — u,(z)) o F, we
may assume that u, = 0. Next, replacing F by (z,_1 — u,—1(2,z,)) o F, we may assume
that u,—; = 0. Continuing in this way we arrive at (F,--- , F.) = (x,y, 23, -+ ,2,). So if
r = n we are done. Now let » < n. Then consider (z,, — u,(x,y)) o F. So we may assume
that u, = 0. Next consider (z,—1 — un—1(z,y,z,)) o F etcetera. Finally we arrive at the
identity map, which proves the proposition. 0O

So from Proposition 3 and Proposition 4 it follows, that in order to prove Theorem 3,
we may assume from now on that w, # 0 and ug,, # 0 and that we have an r as
above. First we claim F' is invertible if and only if (Fy,--- , F,.) is invertible: if r = n
there is nothing to prove, so assume r < n. Using that Fy, -, F. € k[xy,---,2,],
F, = 2y + up(z,y) and F; = x; + w;(x,y,x;41) for all ¢ > r; it is an easy exercise to
show that F' is elementary equivalent to the map

(Fla"' aFT‘axT-i-la"' axn)

Furthermore, since the polynomials Fy,---,F,. € k[zy,---,z,] it is well-known that
(Fi, -+, FryZpy1,- -+ ,xp) is invertible if and only if (Fy,---, F.) is. This implies our
claim. So it suffices to show that (Fy,---, F,.) € E(k,r).

Using the notations of Theorem 1 we introduce some new notations. First, if 2 < i < r
let I; denote the coefficient of T% in P;(T) and L; := d;l;. Furthermore, put d; := 2,
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Ly :=1,1, =0and by(x) := a(x). Let s > 2 be maximal such that ds_1 > 2. So2 < s <r
and d; = 1if s <i <r. Hence L; =; if s <i < r. Finally define

71 -1
Vet =Ly Ly forall 1 <k<t<r—s+1
One readily verifies that

Vit = Ls__11+t_1 and Yki—1 = Le—141—1Vkt1,6, £ 1 <k <t—1 (%)
Then the next result follows by induction on ¢, using Theorem 1 and (*).

Proposition 5. If 1 <t <r —s+1, then

t

1
Us— 14t = Z(—l)ky%,tbg@lﬂ,k(@uk +ls—144@sqt + bs—144(2)
k=1 ’

with 75 — ) ) o,

Corollary 3. Let F = (x 4+ u,x2 + ug, -+ , &y + u,). Then for every 1 <t < r — s there
exists E; € E(k,r) such that F o By = (Fy,-++ ,Fr_t_1,Fr_t,Fr_441, -+, Fy) where
Fri=ap_ i+ b i(F1) + lr—i®r—iy1, for all 0 <i <t and

r—s—t+1

1 1
F’r‘ft = Z (_1)k’yk,r757t+1 [Ebgk_)t_kuk + (k T 1)|b7(ak_+ti)ku(k+l) + -
1 ! .

1
i (k+ t)'bikjgi)kUkH] + bt (F1) + L1 + oy

Proof. By induction on t. First the case ¢t = 1. From Proposition 5 (with ¢ =7 — s+ 1)
and I, = 0 we get F,. =z, + [u,] + by, where
r—s+1 1
k
fur] i= 7 (~DF s (@)t

k=1

with b, € k and bgc_tcl)(x) =0 forall 1 <k < r— s+ 1. From Proposition 5 (with
t=r—s) we get

r—s 1
Fo_i=x._1+ Z(fl)ky’ykvr_sbikjlfk(z)uk + 12y + b1 ()
k=1 ’

Define Ey = (x1,-++ ,Zr—1, % — [ty]). Observe that [u,] € k[z,z2] and r > 2. So E; €
E(k,r). Furthermore F o Fy = (Fy, -, Fr_o, Fr_1, %, + b,.), where
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J—" + ™ (2)u” + 1,1z
r—1 r—1 k' 7k r—sVr_1_k r—1Lr

R 1
+ Z (_1)k+1ylr—l’}/k,r—s—i—lb,(rli)k(x)uk + b,»_l(.lj)
k=1 ’

Now write
r—s+1 1
k 1
(_1)k+1le—17k)r_s+1b£,3k(x)uk = lT—l’yl,T—s-i-le-_)l'Uz
k=1 '
r—s 1 -
JFZ(*l)kmlr—1’)’k+1,r—s+1b£._1_)k(:c)uk“
k=1 :

and use that l,_1Yk41,r—s+1 = Ve,r—s and l,_171,7—s+1 = 1. Then we get

k 1 k+1
Frq =, 1+Z ) s k|b£ )1 p(@)u” + (kJrl),bq(ﬂ 1 )k<$)uk+1}

o1z + biljl(x)u + br—1(x)

Since by Proposition 5 b7(02_)1(m) = 0, it follows from Taylor’s theorem that b,_1(Fy) =
br—1(x +u) =br_1(z) + bil_)l(x)u This finishes the proof of the case t =1

Now assume t > 1 and that we already know the existence of a map Ej, having
the properties as described in the statement of this corollary. In particular we have
Froy=ap s+ [tp—t] + br—t(F1) + lp—t@p—¢11. Observe that [u,_;] € k[z, 25] and define

E/ = (xlu oty Tp—t—1, T —t — [u’r‘ft]7x’r‘7t+17 e 7:1:7")

Then a similar argument as given for the case t = 1 above, shows that (F o E;) o E’ has
the desired form. O

Corollary 4. Let F = (x 4+ u, 3 + ug2, - , 2, +u,). Then F is elementary equivalent to
(Fi, -+, Fs_1,Fs, %541, , ), where Fy = x5 + Ls__llbs,l(m).

Proof. By Corollary 3, with ¢t = r — s, there exists E € E(k,r) such that

FoFE = (F17 e 7Fs—laﬁsvxs+1 +bs+1(F1) +ls+1$s+27 oy Tp—1 +br—1(F1) +lr—1xr7$r)

where

L@ 1 (r=s+1) [\, r—st1
b7 (x )u 4+ — b (x)u ]

2! (r—s4 1) st
+b5(F1) + lsxs-i-l

Fy=a, — L7 0 (2)u +
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Since bir:lsﬂ) (z) = 0, by Proposition 5, it follows from Taylor’s theorem, using F; =

T + u, that

]- 1 r—Ss rT—S8
bs_1(Fy) = bs_1(z) + b (z)u + ibf)l(:p)uQ toe mbg,l D (g)ur—s+1

So
Fy=ay— L7} [bs-1(Fy) = bs—1(2)] + bs(F1) + lszsia
So if we define
E' = (1101, ce ,110571,xs-i-L;llbsfl(xl)—bs($1),$s+1 —bs+1($1), o, Tp—1 _brfl(xl)wmr)
Then E' € E(k,r) and

E, oFoFE = (Fl, e ,stla Ty + L;jlbsfl(x) + lsxs+1>xs+1 + ls+1xs+23 Y

Tp_1 + 12, 2y)
One readily verifies that E’ o ' o E is elementary equivalent to
Fl = (F, - Fo_1,xs + L7 bs_1(2), To41, -+, 3y
which completes the proof. O
Now we are ready to prove
Proposition 6. Let F' = (x + u,x2 + ua, -+ , &, + u,). Then F € E(k,r).

Proof. We use induction on n(H ):= the number of d; > 2. Since d; = 2 we have n(H) >
1. First the case n(H) = 1. So s = 2. It follows from Corollary 4 that F' is elementary
equivalent to (Fy, Fy, 23, -+ ,2,), where Fy = x5 + a(z) (L1=1 and by (x) = a(x)). Since
Fy =2+ p(x2 + a(z)), the case n(H) = 1 follows.

So let n(H) > 1. Then s > 3. Since ds—1 > 2 it follows from Theorem 1 that
Us—1 = [us—1] + Ps—1(xs + Ls__llbs,1(m)), where [us_1] =Y cs_1ju, with ¢,y ; € k for
all j. So by Corollary 4 F' is elementary equivalent to

F/ = (Fl, e 7FS—2) Ts_1+ [Us—l} + Ps—1($s + nglbs—l(x))a Ts+ L;jlbs—l(x),

Ls41y° " axr)
Now define the elementary map

EN = (331, oy Ts—1,Ts — Ls__llbs—l(x)axs-i-lv o ,.’137«)
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Then
F' oE" = (Flv T 7F8727m871 + [usfl] + Psfl(xs)axs’ T ’xr)

Consequently, F'oE" is elementary equivalent to (Fy, -« , Fs_o,Zs_1+[us—1], Zs, -+, Tp).
Finally put H := (ug,- - ,us—2,[us—1],0, - ,0). Then obviously H is special and
n(H) = n(H) — 1. It follows from Proposition 1 that J(H) is nilpotent. So by the
induction hypothesis we get that F’ o E” € E(k,r), which implies that F € E(k,r), as
desired. O
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